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LOI NOI PAU

Cac Em hoc sinh than mén!

Nham muc dich glup cac ban hoc sinh 16p 12 chudn bi that tot cho KY THI
TRUNG HOC PHO THONG QUOL GIA dat diém kha, diém cao dé tring
tuyén vao cac truong Cao dang, Pai hoc ma minh da xac dinh nghé nghiép cho
tuong lai, theo dinh hudng mdai.

Bo sach nay gom 8 cuon cho 8 chuyén dé, dé cac em tién dung trong 6n
luyén theo chuong trinh hoc va trude ky thi:

- KHAO SAT HAM SO

- HAM SO VA PHUONG TRiNH MU LOGARIT
-NGUYEN HAM VA TiCH PHAN

- SO PHUC VA TO HQP

- HINH HOC KHONG GIAN

- TOA PO KHONG GIAN

- LUGNG GIAC VA TOA PO PHANG

- PHUGNG TRIiNH VA BAT DANG THUC

Cuén HAM SO VA PHUGNG TRINH MU LOGARIT gém ¢6 15 phin
nhd dé tién luyén tap theo chu dé. Tit cac kién thie va phuong phap giai Toan
can ban va nang cao dan dan, két hop 6n tap Toan 1dp 10 va 11, bd sung va
md rong kién thic va phuong phap giai khac nhau, luyén tap thém Toan kho,
Toan tong hdp, cac ban rén luyén ky nang lam bai va ting budc giai ding,
giai gon cac bai tap, cac bai toan trong kiém tra, thi ct.

Du da ¢ ging kiém tra trong qua trinh bién tap song cing khéng tranh
khoi nhiing sai s6t ma tac gia chua thay hét, mong dén nhan cac gop y cua
quy ban doc, hoc sinh dé lan in sau hoan thién hon.

Tac gid

LE HHOANH PHO
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BIEN POI LUY THUA VA MU
Luyj thira véi cdc loai s6 mii
- Luy thira véi s6 mii nguyén dwong.
a" =a.a..a nthia séa (voimoiavan EN‘)
- Luy thira véi s6 mii 0 va nguyén am:
o I - . .
a"=1vaa" = — (véia#0vaneN)
a
- Luy thira véi s6 mil hitu ti;

m

’ e 9 m .
d=a"=Ya" a wéia>0var=—,neZneN)
n

- Lup thita v6i s6 mii thuc:

a®=lima™ véia>0, a eR, r, € Qvalimr,= ).
- Bién doi luy thira:
Véicacséa> 0,b> 0, ava Btupy, taco:

a®d’ = a®*"? a% " = a®": (@) = a*

(a.b)® = a®b% (a: b)* = a® b*
Quan hé so sanh
Néua>1thi:a®>d" s a> B
NéuO<a<lthi:a®>d a<p
NéuO<a<bthi.a®<b*=a>0a*>b* < a<l.
Can bac cao

- Can bdc n:
Khinlé b = a <b"=a(véimoia)
s ~ [b>0
Khinchan, b= 4Va < ib" (vaia 20).
=a

- Bién déi can bdc cao:
Véi hai s6 khéng am a, b, hai s6 nguyén dwong m, n va hai s6 nguyén p, q tuy

¥, ta co. 3fab = %Vg ;

J2 -3 40y A ~(a ;¥ ~a
Vo b
Néu 2= thi 2fa® =a® . Pac bier Yfa = Wa™ .
n m



Cong thirc lai kép, tang truong mii
Gui tién vao ngdn hang theo thé thirc lai kép theo dinh ky: néu dén ki han
nguoi gui khong rut 1ai thi Izen lai duoc tinh vao von cua ki ké tzep Néu mot

nguoi gii so tién A voi ldi suat r méi ki thi sau N ki s6 tién ngudoi dy thu duoc cd
von lan ldi la: C = A(1 + ).

Gia sir ta chia méi ki thanh m dot dé tinh 1di va giik nguyén 1ai sudt méi ki la r

Ly £ o , T A Wy 3 3
thi lai suat moi dot la — va so tién thu duoc sau N ki (hay sau Nm dot) la
m

7 N\ Nm
Al 1+ -3J . Thé thirc tinh lai khi m — + oo goi la thé thirc 1di kép lién tuc.
m

N

Nhue vay vai sé" vo"‘n ban dau la A, theo thé thirc 1di kép lién tuc, 1di sudt méi ki
la r thi sau N ki so tién thu dieoc ca von lan ldi sé la:

S = Ae"", dwoc goi la cong thirc 1di kép lién tuc hay tdng truéng mii

Chu y:

1) 0° vé nghia.

2) Ux = x% (do diéu kién xdc dinh khéc nhau).
3) Vdi A, B khéong am:
VAB =JANB ,JANB =JABva YMN =J-M-N,M <0,N<0.
Voi A khong am va B duong:

A_Ja Ja_[4 [P _J-P

V575 73 VBa'Q @P 0,0<0.
4) Cdc hang dang thirc

(a+b)’ =a’ + 2ab + b’

(a—b)* = a’ - 2ab + b

(a+b)’=a’+3a’b+3ab’+ b’

(a—b)’ =a’—3a’b + 3ab> - b’

(a+b)! =a* + 42’b + 6a’b” + 4ab’ + b*

(a—b)* =a'—4a’b + 62°b% - 4ab’ + b*

(a+b)’ =a’ + 5a'b + 10a’b? + 10a%b’ + Sab* + b’
(a—b)’ =a’ - 5a’b + 102°b% - 10a’’ + 5ab* - b, ....
a’-b’=(a+b)a-b)

a3—b3=(a—b)(a2+ab+b2)
a’+b’=(a+b)a’—ab+b?)
a"—b"=(@a-b)a" '+a" fb+..+ab" ' +b"),...
a"+b"=(a+b)a" '—a""*b+..—ab" '+ b vdinle




5) Nhi thurc Newlon
(@+b)" =) Cka"*b* = Cla"+Cja"'b+..+Cp'ab"™ + Cpb".

k=0

S6 hang tong qudt thitk + 1 la: Ty.y = Cra"™* b*.

Dac biét: (1 +x)" = Y Cix* = Cox"+C x+..+C) x".
k=0
Bai toan 1.1: Thuc hién phép tinh:

1
1

3
ENARE d 3 I
A= 8177 +(i} = —) B = 00017 —(=2)2.643 -8 * +(9°)2.

25 32
Gidi
; ! 3
3 5
a-sre (L) - o () ()
125 L\SJ N2/ )
=(3)° (} (1] =——+5 L
s) \2, 27 27
| 2 1 2 . 4
1

B = 0,001 —(-2)%.64' 8 3 (@)= (107 )3 - 2226t ~(2* )73 +1

=10-22—2" +1=7-L 1

16 16
Bai toan 1.2: Thuc hién phép tinh:
2 7 1 \ ~0.75 . ) o l\_l__;
A=27"+ LRJ _25%%; B = (=0,5)" 625" —L2+ZJ +19(=3)".
Giii
E 1 ~ 0,73 z _l l
A= 27 +(EJ —25% =3 + 2] (2] =32+ 22 -5=12.
05— {2+ 1) 1oy =((<2)' ) —(54): K(ST Sl
B=(=0,5)" —625°% —| 24— | "+19(=3)=((~ ()= 2] | +—=
g (4] ()(())()\\2, 27
=24—5-(§]4-B=1 B
by =7 27 27

Bai toan i.3: Tinh gia tri cac biéu thirc sau:
E=(054)" F= 222085



Giai

— 4
E=(057)" =05 = 05" =(%) . 1

16
F = 22—3\/_5-.8s[§ — 22—3\[5-'23\/3 " 22—3\[5+3\/5 _ 22 - 4:
Bai toan 1.4: Tinh gia tri cac biéu thirc sau:
E - 3l+2'v2_ . 91/5 ! F = (42-\{3 = 4J:\-—I )2—2\'(.'_‘
Giai
E = 31+2-1/5 . 9VZ_ - 3!+2V§ 32VZ_ Ly 3|+21/i—2l/2' = 3[ = 3

F= (42»/3 _4V )z-zJi = W23 _N3-2 503 _ 523 _l
Bai toan 1.5: Viét cac biéu thirc sau dudi dang luy thira ciia mot s véi sd mil hiru ti:
1= 4{x*Vx (x>0);)= V—sr (a>0,b>0).

Giai

1
= N 1 1Y% 7
I="\/xzi/x==x2x3 =[x} | =x®
s

SRR BICIECHECY

Bai toan 1.6: Viét céc biéu thirc sau dudi dang luy thira ctia mot s6 vai s6 mil hiru ti:

31’— — J—\[a a a a“‘ (a>0).

Giai
1 1
[T MNAY 33 1
(= gl2s[2 ‘E _ 3(3]3(3)6 _ (z) el _ (z) (z)
3V3V3 313) (3 3 3 3)°
i S U NS U S T E R TR |
J=yayayaya :al =(a2.a“.a8.a'6j it =gt a¥ =g%,

Bai toan 1.7: Rut gon cac biéu thirc:

a) A =\3+2V2 +118-82,

W |-
W |—
W | =




JI1=6v2 + 3445 +47-345 - V2
V243 +414-53
Giai
a) Taco 3+ 242 = (v2 +1)va 18842 = (4 —+/2)?
Nén A= (V2 +1) +y(4-+2) =2 +1+4 -2 =5.
b) Taco: Y11-6v2 =/(3-+2)* =3-+2

3445 +4/7-345 =—\/%(\/6+2\/§+\/14—6\/§)

=-\/%(\/(1+\B)2+\/(3—\/§)2) \/_(1+\E+3 J5)=T= 22

b) B =

Bidu thic trén tirctia B1a: 3 - +2 +242 - V2 =3

Va {2 +43 +414-543 =L(\/4+2\/§ +J28-10J§]
——(J(1+f) +J5-\BYy )— L vies-B)=22302

V2 V2

=

ViyB= —= \C
Jz
Bai toan 1.8: Rut gon cac biéu thic:
2) sz(__—14+2\/x+1
Xx+1-3Vx +1

b)P=‘/2+‘/4 < 2o —Ja-x l

4+4-x2

Giai

a)Didukién x+120,x+1#3J/x+1 & x>-1,x#8.
Cx—14+2Jx+1 _ (x+l+D)’ -4
x +1-3Vx +1 Jx+1(x+1-3)

_ W+l +5)(Wx+1-3) Jx+1+5

xrl(Wx+1-3) Jx+l

Jx+1+5
Jx+1

(dox#8)

Viy Q=

vol x> -1, x#8.




b) Diéu kién -2 < x < 2.
Pata=v2+x;b=+2-x(a,b>0)
:>a2+b2=4;a2-b2=2x

J2+ab(a’-b') 42 +ab(a-b)a’+b’ +ab)

=P= —
4 +ab 4 +ab
s Pl J2+ab(j_?(4+ab)=J2+ab(a—b) — PV2 = J4+ 2Zab(a—b)
+a
= P2 = \/(a’ +b> +2ab)(a—b) =(a+b)a—b)=> P2 =a’-b>=2x.
Viy P=x+/2.
Bai toan 1 .9: Tinh gia tri cua céac biéu thirc
W) |Wx iy o 74das _7-445
a) P= s/_ voi x 3 ¥ = .
Vx +4y Jxy 2 2

b) Q = 2\/x‘—1
X —

=l[ []lrongdéa>0,b>0.
x“ -1 2

Giai
a) Diéu kién x > 0; y > 0.
..+_ 7 X —
oy

VXY

Véi X:7+\/4—5,y:m nénx—y=\/§4_5vé\/—x_= 49—45=1
2 ’ 2 4
Do d6 P=+45 = 3V5. “

b)Tacéxz-lzl 1E+1[E —I:f‘a__bl

4\Vb Va 4ab
2|a—b|
24ab 2J_b

Néua>b=>Q= 2(a-b) _2a-b) a—b.
a+b-(a-b)  2b b

Néua<b=>Q= —2(a-b) =—2(a—b)=b_a‘
a+b+a->b 2a 3

10



Bai toan 1.10: Cho ham s f(x) = (x> + 12x - 31)*?",

Tinh f(a) tai a = 16 -85 + /16 + 85 .
Gigi

Taco:a= Y16-8V5 + 16 +8V5
=2’ =32+ 33(16-8V5)(16+8V5).(Y16-8/5 +/16+8Y5)
=a’=32+3(-4)a=a =32-12a

—ad+122-32=0=2>+12a-31=1
Viy f(a) = @ +12a- 31)2021=p 2020 =

Bai tosn 1.11: Cho A = _1___—— T N
Vax? +4x +1 -szv2x+1
. R 5 2A+B . o "

tri nguyén cua x sao cho C = la mot s6 nguyén.
Giai

Diéu kién xac dinh: x # 1 (do x nguyén)

Taco A= 1 ; =2(x—1).Suyra:C=2’ I

[2x +1] Ix -1 3 |2x+1| ]x—1[

Néu x > 1. Khi do:

-2
=3( 1 " 4(\<+l) O _ Alx+1) 1= 1-2x <0
30 2x+1 ) 3(2x+1) 32x +1) 32x +1)

Suy ra 0 < C < 1: C khéng thé la s nguyén.

1
-Néu-E <x <1 thi x =0 (vi x nguyén) va C = 0.
Viy x = 0 1a mot gia tri can tim

-Néux < -% thi x < -1 (do x nguyén). Ta cé:

=g(_ U (o4 o oo Ak X1
30 2x+1 ) 302x+1) 32x+1)  3(2x+1)

Suyra-1<C<OhayC=0vax=-1
Vay céc gia tri tim dugc thoa man yéu ciula:x=0,x=-1.

Bai toan 1.12: Tim gia tri nho nhét cua biéu thic:
xWx -3  2(x- 3. Jx +3
x—2\/x—3 \/x+1 3—\/x-

A=

11



Gidi
Diéu kién xac dinh x>0, x #9
_ oxx=3 26x - -3 (Wx +B)Ex D)
Wx+DWx =3) (x+Dx-3) x-3)x+1)
xv/X —3-2x H12/x —18—x —44/x -3
(x +1)(x -3)
Coxx -3x+8J/x -24  (Vx-3)(x+8)  x+8
 Wx D=3 (x+DWx-3) Jx+1
_ x—l+9: x—1 m 9
J)_c+1 \/;H \/;+1 :
= il =Tt f ) I(J§+1). 2
Vx+l vx+1 \ Vx +1

~2=6-2=4

Déu bang xay ra <> Jx +1= ,_9 1w.(\/)?+1)2=9 o Jx +1=3cx=4
VX +

Vdy gia tri nho nhat cua A = 4.
Bai toan 1.13: Pon gian bi€u thire trong diéu kién xac dinh:
M:\/_—\/kz_\/;#i/;t:_Nr a-b  a+b
a—tb Ya+tb  Va-Vb Va+ib

Giai

L a—Vb_aiab
Ya-ib Ya+ib
4 4 4 _1 4 4 4
(\/;4-\/51\/(_1_ \/B)_‘J;f\/z+1/3) _ %*‘%—UE:%
Ya-4b Ya+4b
a-b a+b = - — —
N= - = Va? + Vb +¥b? —fa? —¥/ab + ¥b? ) = 24/ab .
%o Yarib ( )
Bai toan 1.14: Pon gian biéu thirc trong diéu kién xac dinh:

1 7 | 5

a—1 \/Z+i/;a%+l' a’-a' a’-a’

M= 55" N==—->5—
a*+a? a‘—-a? a’+a?
Giai
a-1 Ja+%a 45
M= — = a‘+1
T 3 \/a_+l
a‘+a

12



_(athela-h Yadash) oy ooy g
JaWa+l) ~ (Wa+l) '

7 R s 1

1 1
3.3 3.3 (1 a2 3(1-3a2

N=a| a .2 =d :al(l )l 1(1 a)-‘-(1+a)'(1-a)=2a.
3

4 2 |

—a? a'+a’ ag(l—a) a_g(a+1)

Bai toan 1.15: Rit gon cac biéu thic:

Caf 3 _af 3
a)R= \/axﬁ_ ,ix 1+J;;] [‘2\/—+— voi a>0, x>0, a #x.

a:

\ Ja—+4x yax

a+\/a -b Ia—\/a -b

_ " 2
b) S \l 5 V 5 ,voia,b>0,a"2b.

Giai
Yfax’ - Vax 1+\/—x \/—&(\/——\/_) 1+\/5x
Ja-Jx \/‘ va -vx Yax

V— 1+J_x \/&+1+\ﬂa; 1

4
va +2J—+— 1/l-& —l+\/-—

, %;J;l+fx I
DOGORL\/_\/_ \/_] IIZI—A

.—-—/ =
= Jax 1+.vg]=\/z;(\/x ++/a).

pediicb el g,

a) Tacéd

2,2 »_ b 2 0=
thiu +v=a;uv=znenb=4uv nén

‘/a+‘/rg:\ﬁz+v2+2uv:u+v = ‘Ja*"/i‘?_—bjL\/a_\/aL—b

Tuong tu: \/g—\/l; —Jul+vi—2uv=u-v



_ /a+\/a2—b_‘la—\/a?—b
1v| 2 av 2 o
Véysz\ja+\/;r—hi\{a—\/f:“—h: a+ b .

Bai toan 1.16: Ching minh
a) V4 +243 —4-243 =2 b) 9+ /80 +3/9- /80 =3.
Gidi
2) Vi Y4+ 2J3 =423 >0 nén 4+ 243 —y/4—-243 =2
N (J4+2J§ —\/4—2\/??)‘ =4 ©4+23+4-2{3-216-12 = 4: ding.

Cach khac: Taco 4 £2+4/3 = (/3 £2/3 +1=(32 1)
b) Bat x = 3\/9+\/§6+3\/9—\/%.Tac6:

x* = 9+ /80+9—80+ 349+ 803/9—v80(/9 + 80 + Y9-80)
= 18+3V81-80 x =18+ 3x.
Do d6 c6 phuong trinh: x* - 3x - 18 =0 & (x - D +3x+6) > x=3: dpcm.

e N R

N

nén 3\/9+\/%+i/9—\/§6=—- 3+2‘/5 +3—‘/5 =

2
Chu y: C6 thé dung S = 3, P = 1 dé tim nghiém cua X* - 3X + 1 = 0.
Bai todn 1.17: Khdong dung may, tinh gia tri ding:
a) {15+ 6v6 ++/15- 646 b) ¥7+5v2 =¥7-5v2 .
Gigi
a)Tacod 32 23 =18+12+ 126 =30+ 126
W2+2V3 3223
J2 N
Cach khéc: Dat y15+ 646 + 1566 =x, x> 0.
Ta c6 x> =30 +2 v/225-216 =36 nén chon x = 6.
b)Taco: 7+542 =1+342 +6+22 =(1+ 2 )
Tuorngtu7-5x/§ =(1- \/5]3

Cach khac:

nén 15+ 66 +15—-66 = 6

14



Do do ¥7+5v2 -Y7-5v2 =142 -(1-v2) =242

Cach khac: Dat x = Y7 +5v2 —{7-5v2 . Ta co:

X = 7452 - (7-542 )-3(Y7-5v2 -Y7+5v2 ).(J(7+5V2)7-5v2) )
= 1042 +3Q/7+5v2 —{7-5+2) =10v2 + 3x.

Ta c6 phuong trinh:
X -3x-1042 =0 (x-24/2)x>+2/2x +5) =0 = x=2+2.
Bai toan 1.18: Cho x > 0, y > 0, hdy biéu thi x qua y biét ring:

Giai
Tacox>0,y>0neén: y—x :>x—y 7= 2x“:>x—L%}
_3 3 2
y=x2—1:>x2=y+1:>x=(y+1)3
Bai toan 1.19: Truc can thic ¢ mu:
1 1

NPT 6/5_\/@4——8'
Gidi
I _3-42 _@AB-V2)3Y3+249+4)
Y2433 Y92 1 '
Vis- {13+448 =523 +1)? =4-243 = (3-1)?
I 1 _da-n_(3epifa-2
%[5— 13448 431 V3-1 2 .

Bai toan 1.20: Cho x> 0,y > 0, z> 0. Chung minh:

2 2 2

A:

nén B =

x*+y?=2* <:>(x +y?- 22 +27x2y222—0

Giai

2 2 2 22y
Tacox>0,y>0,z>0nén: x*+y* =2’ <:>(x‘+y‘1 =z
\ A
4 2 2 4
& xP+3x3yd +3x3 3 4yl =27

15



2 2 2 2 2_ 2 W

9 7 =) B e

<:>:~c“+y“-zz=-3x3y3 x4y [=-3x3y’2]
\

o (X +yr -2 =21yl o (X +y - 2% + 27x%y*2% = 0: dpem.
Bai todn 1.21: Cho s6 tu nhién n 1¢, chimg minh:
11 1 I =1 & 1

N[ TELUL S W S0 U S I S
a ¢ a+b+c a" b" ¢" a"+b"+c"
Giai
T | (R G | 1 1 1 1 1
I'r gia thiét —+—+-—=——— suyra —+—=- —=
a b ¢ a+b+c a b a+b+c ¢

= (at+b)(at+b+c)c=abc-ab(a+b+c)
= (a+b)(b+c)(c+a)=0=>cd 2 s ddi nhau
Vin lé nén L+—+l=;
a" b" ¢" a"+b"+¢"
Bai todn 1.22: Cho sé tu nhién n ¢, chung minh:
1 1 thi: '4“/ax“‘l +by™ +cz" =/a +¥b + 4.

Néu ax" = by" = cz", l+l+_:
X y z

: dpcm.

Gidi

Taco ’{/ax"’l +by" 4z = "\/ax + by R glax“(l+l+l)
X y z

X y z
n[ n N B .
= iax =x'\'/;(v1—+—+—=l,nle)
X 'y z
Tuong tu: '\’/ax”’I +by"" +ez" = yilb = 24c

—~ VT (L+L+_W:q/a“+a/£+4/c_ = dpcm.

1
X 'y z)
\13

Bai toan 1.23: Trong khai trién nhj thirc: P(x) = (x_i +xvx | ,x>0.
a) Tim hé s cua x" b) Tim s hang khong chira x.

Giai
NE

la:

S6 hang tdng quat cua P(x) = [x_5 +xvx

/

2 13k-52

13-k
Tyr1 = (?"_‘[x_3j (x\[;)k =Cix 4
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13k —52

a) Hé s6 cua x'? tmg voi =13 k=101a: T, = C =286.

b) S hang khong chira x tmg vai 13k - 52=0 < k=41aTs = C, = 715.

[a [b

21
Bai toan 1.24: Trong khai trién nhi thirc (v } , tim hé s6 ctia s6 hang
YO Y |

chira a va b ¢6 s6 mii bang nhau.

Gidi
- l l 1 21-k l k
3 3 21 3 2
Ta co (3\/%+\/%] - ETJF?T]: c al_ 21_
s ab k=0 b6 a®
2 21-k k k 21-k 9 2-3k  4k-21
=ZC'2‘la 5 6h% 6 =3'Crg 6 b *

k=0 k=0
Somucuaavabbangnhau¢:>42 3k=4k-21 & 7k=63=k=9.
Viy hé s cua sé hang chira a va b c6 sb mii bang nhau trong khai trién la:
C, =21 593930,
92!

5N

Bai toan 1.25: Tim sé hang khong chira x trong khai trién L X 2&_J , x>0
X

biét ring tdng cac hé sé cua khai trién (a + b)" bang 4096, n € N".
Giai
Tacé: (a+b)'= D Cra""b*
k=0
Do véy tdng cac hé s6 khai trién cua (a + b)" la
C'+C +Cl +..+CP =(1+1)" =2"
Theo gia thiét, ta co: 2" = 4096 <> n = 12.
Véin=12taco:

Sb hang tdng quat cua khai trién la:
24-3k

C2™*x 4 (keNvaks12)

17



Suy ra s6 hang khéng chira x tuong (mg véi s hang ¢6 k thoa man:
24 -3k ,
220 20 k=8 (thoa man)

Vay s6 hang khéong chira x 1a: C* .2 %,

Bai toan 1.26: M0t nguoi gui 15 tridu déng vao ngan hang theo thé thue lai kép
ki han 1 ndm vai lai suat 7.56% mot nam. Gia su 1ai sudt khong thay doi, hoi 6
tién nguot do thu dugc (ca von lan lai) sau 5 nam 1a bao nhiéu tri¢u dong?

' Gidi
Ap dung ¢ong thirc tinh 13 kép: € -~ A(1 + ) nén sau 5 nam nguoi gui thu
duoc mot sd tién ca von 1an 1ai 1a: C - 15(1 ¢+ 0.0756)° = 21.59 (tricu dong).

BAI TAP
Bai tap 1.1: Tinh gon:

D) =W l 1
2:47 43
+( ) (q)

by W62 5

) § = e 3 '
53250 +(0.7)".( ) ° N2-3
1ID-DS
a)S - 1173, b)T 4.

Bai tap 1.2: Tinh gon:
a) T =(vx - Vx + D(Wx +¥x + H(x-vx + 1), x>0.

, 2\/4—\/5 +y21+ 80
b)S - |
V10 =2
1ID-DS
a) Dung hang dang thie T - x? 4 x i1,
b)v/21+ V80 = /1 +44/5 + (2V5)' =1424/5, S - 1.
Bai tap 1.3: Tinh gon:
a) A=120+14v2 41201442

by B=(§/25 + 446 — 1+ 246 W1 =26 |

HD-DS
a)A =4 b) Dung hang dang thirc, B -~ 0.
Bai tap 1.4: Chung minh:
. I 1 1 1 I
Néu-~1+~l+]?: - thi =5 + =i e =
a b ¢ a+b+c a b < a +h +c¢

18



HD-DS
Tergithigh Latela b g lpd T 2l
a b ¢ a+b+c a b a+b+c ¢

Bai tap 1.5: Chung minh:
\/::11 +Va'p? +\/le +¥a%* = \/({/;’+ by .

HD-DS

Binh phuong tuong duong.
Bai tip 1.6: Cho n la s6 nguyén duong théa man: C'*, —C" , =7(n+3).Tim hé
s cua x® trong khai trién:
I'd ) s N
P(x) = L—}H’F ] ,vGi x> 0.
>

/

HD-DS
Cl,-C',=7n+3) © n=12.
2 \ 12 5(2-k) _13‘ 60-11k
WX k=0

Hé s6 cia x® 1a C;‘zz“ =7920.

Bai tap 1.7: Tinh hé s6 cua x’ trong khai trién (2 —i/gx)m biét rang sb tu nhién n
thoéa man hé¢ thic:
Chyr + Chast + T+t Cio} = 4096

2n+1

HD-PS
2 = (141 =Y, +CL L +C L+ e+ OO

2n+l

2n+l _ 2n+l 0 | 2 3 2n+l
0 - (1 ) C2n+l C2n+l C2n+l C2n+l C7n+|
Suy ra 2" = Z(C'ZnH +Cipp o +Cf:::) nénn = 6.

Do d6 (2 - 33x )2 = Zc{gz‘“ (-4/3)* x*

Hé sb cua x° img voi k = 9 1a C),2'7°(3/3)" = -47520.

[3-45

Bai tap 1.8: Cho x = .[>~——= . Khong ding may tinh, hay tinh gia tri cua biéu
V3445
thire B = x* - 6x* + 12x° - 4x* - 13x + 2023.
HD-bS

. B=2018.

) ]3—\/5*\/ G-+57  3-45
V3+ds VB+5)3E-V5) 2
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X -X X -X

Bai tap 1.9: Cho sh(x) = =2, ch(x)= > véia>0,a#l.
Chimg minh:
a) ch’(x) - sh’(x) = 1
b) ch’(x) - sh’(x) = o I _— 2’ ~e “.
) ch(x) - sh’(x) L . .
HD-PS

Dung gia thiét va hiang déang thirc.

2

BIEN DOI LOGARIT

Dinh nghia va tinh chit
- Légaritcosé a: a=logsh <>a“=b0<a=1vab>0)
- Légarit co s6 10: logob = lgb hay logh
- Logarit co s e: log,b = Inb (e ~2,7183)
- Tinh chat: log,] = 0va log,,ab =bvdia> 0 a#l.
a®® =bvéia>0b>0ax=l.

Bién déi logarit
Trong diéu kién xdc dinh thi:

loga(b.c) = log,b + log,c

F e

logah = log,b - logac, IogaLlJ = -logac
£ C

log.b® = alog.b (véi moi a), log, /b =%logi bmeN)
Cic logi co so
Légarit co s6 10: logeb = Igb hay logh
Légarit co s6 e: log.b = Inb (e ~2,7183)
Déi co 56
Trong diéu kién xdc dinh:

logpx = log, x hay log.b. logyx = log,x
log, b

a

logpa = —1— hay log,b.logya = 1, log , b= llog,,b
log. b 2 o

a
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Quan hé so sinh
Voia>0,a=1,b>0 ¢>0:
Néu a > 1 thi: log.b > log.c <>b > c.
Néu0 < a< 1 thi: log,b > log.c <>b < c.
Néua> 11thi:logsh>0 < b > 1.
Néu0 < a<1thi:loghb>0<b<1.
logsb = log,c < b =c.
Bai toan 2.1: Tinh:

1 1
A=log 125; B=log,.—; C=log, —: D=log, 36.
g% Bos 5 gZ 64 g%
Giai
A= logll25 log,l—’ B= log05 =log,;0,5=1
5\ /
1 =2
C—log1 54 log1[ —y D= log;36=log,€(g) ==2.
Bai toan 2.2. Tinh:
¢4 \log,y 5 logg 5 2
Azleg.\ls : B:' 3510&12 : ::lll : D:(L) é
8, 32
Giadi
A=3""=18;

B= 3%lom2_ 3log,z’ =% =37

1 lo 2 1
C= LQ " @y < gens g _55 o L

y 125
7/ ¢ \logys2 "1“ Iogl‘Z
o)
\ 32 2
Bai toan 2.3: Tinh:
a) M =loggl2- logs15+logs20 b) N =%log736 - log714 - 3log73\/ﬁ.

Gidi
a) M =loggl2 - loggl5 + logg20 = log — ZOJ = logs4’ = log,, 2* = .

b)N=-;—log736-log7l4-3log7%fﬁ log7( JIO%Tz =
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Bai toan 2.4: Tinh:
log;36—log,12

a)M = b) N =36"%° 4.10'"82 _gloe=
log, 9
Gidi
a)M=log536—log512 _ logs3 1
log, 9 2log;3 2

b) N = 36"%° +10""62 _8Jog, 3 = 685 410005 _ole:?’ =524 5 333
Bai toan 2.5: Tinh gon:

a) M =log, a‘ \g_\/_ b) N = logslogs %j%js\/ifg , n ddu can.
a S
Giai
23/ 4 )+l+4..l IL; 23 S _4
a)Tacoa' CE =q 354 6°.Dod6:M=log,,m =m
Ya Ya 60

b) Vi c6 n d4u can nén i/%/—s_j; =5(;J . Do d6: N = log; log, #W_T\B =-n
Bai toan 2.6: Tinh gon:
a) M =log72 - 2 logz—zs%+ log\108  b)N =logé—log0,375 +2log/0,5625 .
Gigi
a) M =log72-2 log22—576 +1ogv108 = log(23.3%) - log +log\/—22—3"

16 3

= log 21‘.32.%7,—0.2.32 1 = 1og[22°.3'2' ) =20log?2 —%log3

b) N =log%—log0,375+210g\/0,5625 =log2™ - 1og(0,5°.3) + 2log /0,5* 3
[o]

= log2? - log2™ - log3 + 2log2? + 2log3 = log2™* + log3 = log%.

Bai toan 2.7: Rut gon céc biéu thuc:
A = log36. logg9. loge2; B = logs2. loga3. logeS. log6. logs7.
Giai

W N

1
A = logs6.loge2.logs9 = logs2. %log29 = %log39 =

= logs2.10g43. logs4. logeS. log76. logg7
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1
_ log2 _ log3 . log4 . log5 ' log6_log’[ _ log2 =log 2 2110% 221 -
log3 log4 log5 log6 log7 log8  log8 B =B
Bai toan 2.8: Rut gon céc biéu thic:
A = logb® + log . b*; B = aVou? _pilows

Giai
pp— 2 4 _ 2 4_ Bl 2_ 2
Ta co: A = log,b” + log , b" =logab” + Elogﬂb = logab” + logab™ = 2log,b”.
bat x = Jloga b = logb=x"=b= a*
Mat khéc logpa = L, = Jlog,a = i
X

X

’l
, Jlog, b Jlog, : Xy
Dodo: B=av®’ —_pV™*=3"-a *=0.

Bai toan 2.9: Tinh log,x, biét logab = 3, logac = -2 voi:
a*yb

3
C

a)x = a’b2y/c b)x =

Giai
= 1
a) log.x = loga(aBbZ\/c )=3 + 2log,b + %logac =3+23+ 5(-2) =8

431
b) logax=loga[a ‘(bJ =4+ —;logab- 3log.c =4 + %.3 -3(-2)=11.
"

Bai toan 2.10: Tim co s x biét rang:
a) logy % =-] b) logx\/g = -4,
Gidi
Didukiéncosdx>0vax = 1.

a)logx% =]l ex'= % =7T'ox=7.

g — BN
b) 10gx\/5 =4oxt=5 ox= (\/5)'4 ~53
Bai toan 2.11: Tim x biét:

1
a) logsx = 2logsa - 3logsb b) log, x = —i—log, a+—log,b.
2 2 2
Giai
a) Diéu kién x > 0.



22 L2
logsx = logsa’ - logsb3 = log, ;—3 > X= ;—

b) biéu kién x > 0.

2 1 2 1 2 1
log, x =log, a’ +log, hs =log,[a-‘.b5):> x=a’bs.
2 2 2 1 /
Bai toan 2.12:
a) Tinh log,s15 theo a = logs3. b) Tinh log41250 theo b = log,5.
Giai
g J ] 1
log;25 2log,5 2(log,l15-log.3) 2(1-a)

a) logys1S =

b) log41250 = élog2(54.2) =2log,5 + % =2b+ %

Bai toan 2.13:
a) Tinh log ; 50 theo log;15 = a, log;10 = b.
b) Tinh In6,25 theo ¢ = In2, d = In5.
Giai

a) log ;50 = log , 50=2log350 = 2log310 + 2log;5
32

= 2log310 + 2log3% = 2log310 + 2(logs15 - 1)

=2b+2(a-1)=2a+2b-2.
b) In6,25 = In(5%.0,5%) = 2In5 + 2In0,5 = 2In5 - 2In2 = 2d - 2c.
Bai toan 2.14:
a) Cho loge15 = x, log),18 =y, tinh logys24 theo x, y.
b) Cho a = logy3, b = logs5, ¢ = log2, tinh log;4063 theo a, b, c.

Giai
2
2) Ta cé x = log, 3.5 . log,3+log, 5 ) log, 2.23 - 1+2log, 3
log, 2.3 1+log,3 log,2°3 2+log,3
2-y 2-y
log,2’3 5-y

Do d6 log)s24 = = :
= log,5*  2(x+1-2y+xy)

b) log14063 = log,,(32.7) = 2log,,, 3+ log,,, 7
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2 1 2 1
+ = +
log,140 log,140 log,(2°5.7) log,(22.5.7)

2 1

+
2log,2+log,5+log,7 2log,2+log,5+1
Ta co logs2 = 1 ) , log75 = log72.log,3.10og35 = cab;
log,3 a

1 ] 1

log, 7= =
' log,3 log,2.log,3 ca

2

Vay log4063 = - T+ ! o 2a0+1 :
‘b4 2c+cab+l abc+2c+]
a ca

Bai toan 2.15: Trong diéu kién c6 nghia, chimg minh:

a) alup,ch — bl‘)gca b) loi‘c— =1+ logﬂ b.
logab X

Giai
a) alogcb = bloghal"g‘b = blogcb.logba = blogca

log, x log, x

b = =log,ab=1log, a+log,b=1+1log b
) logab x ﬂal ga ga gd ga
log, ab
Bai toan 2.16: Trong diéu kién c6 nghia, ching minh:
1 1 1 1 n(n +1)
+ + +ot = .
log,b log.b log.b log .b 2log, b
Gidi
Taco + 1 . 1 F o F 1
log,b log,b log,b log . b
1 2 3 n
= + + +.o.+
log,b log,b log,b log, b
1 n(n+l)

=(1+2+3+..+n). = .
log,b 2log,b

Bai toan 2.17: Trong diéu kién c6 nghia, chimg minh:
a+b
3

b) Néu log;»18 = a, logy454 = b, thi ab + S(a- b) = 1.

a) Néu a” + b” = 7ab thi log, = %(log7a + log7b)
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Giai
- t b =+ab = dpcm.

]

a)a’ +b’=7ab= (a+b)’=9ab=

; 2
b) a = log;18 = log22.)3 =1+210g23:>10g,3=2a 1
log,2°3  2+log,3 © 2-a
S Elepne log, 54 :1+3log23:>log23:3b——1
log,24 3+log,3 3-b
. 2a=] 3b=] B
Do d6 > = 3-b = 6a-2ab-3+b=6b-3ab-2+a=ab+5@-b)=1.
_a —-_—

Bai toan 2.18: Trong diéu kién c6 nghia, chimg minh:
a) Néu a? + ¢2 = b thi logp+ca + logh.ca = 2logp+ca.logp.ca.
b) Néu a, b, c lap cip sb nhan thi log, d ~log, d _ log, d ;
log,d—log.d log.d
Giai
a) Theo gia thiét: a° + ¢ = b* néna’ = (b - c)(b + ¢).
Xéta=1: dung.

1 1

Xéta # 1 thi loga(b-c) + loga(b+c) =2 = + =2
log . a log, a
nén logy+ca + logy..a = 2logp+ca.logy.ca
¢ ¢ A
1 log, \'L;'/l

b) Ta co log,d - logyd = - =
) BB logaa logy b (log, a)(log, b)

log (S]
1 1 ‘\a

7/

log,b log,c  (log, b)log, )

Tuong tu: logyd - log.d =

Vi a, b, ¢ lap thanh cap sb nhan nén k- =E :>logdLEJ = logj(E)
b a b \a,

Do dé log,d—log,d log,c log,d

log, d -log_d - log, a | log.d

/ /—————l— L]
VB ¥

\ /

Bai toan 2.19: Trong khai trién nhi thirc , biét s hang thir tu

bang 200. Tim x?
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Giai
DK:x>0,x# LO Ta co:

6-k k

]
ol ! ] —
2(lgx ) = . =
(x +x‘2J = 2 R SHERRD P2

\ k=0

~ 0

[ 1
dxinx-l 1 I\E/;

/

Sb hang thir 4 ing véi k = 3, theo gia thiét bang 200 nén:

3 1 T+lgx

szl(lgx+l-)+4— zzoocjx-*[g\-i-‘- =10<:>lléx_lgx:l
4lgx+4
, Tgx =1 x=10
olg?x+3lgx-4=0 (Chon).
lgx=—4 |[x=10"

Viy gié tri cantimlax =10, x = 10,
Bai toan 2.20: Tim cac gia tri x sao cho ) hang thir ba trong khai trién nhi thirc

. ( —l—(logx] | T B,
Niu-ton | 3 * +3 bang 28.
\ /
Giai
Diéu kién x > 0.
S hang thir ba trong khai trién nhi thirc Niu-ton trén la:

8log* x—?(lugx‘#}

1 —l(. 4 3 1 =2logx+

c§(3'°"‘_)(3 b I =28 3% x3 ) g 3
\ /

Theo gia thiét ta co:

28'32log2 xl--Z(logx‘H) =8 28 P 32]0g’x3—2(logx"+l) :1

= 210g2x2 -2(logx’ + 1) =0 410g2x -3logx-1=0

logx =1 x=10
o , | < 1

0gX =—— X =

: 4 | Y10
Vay x cn tim 1ax = 10 hodie x =

Y10
|

, p e M 2(‘. i
Bai toan 2.21: Cho khai trién Niu-ton Lz“’g:“ SR ’}J . Hiy tim cic

8

gia tri cua x, biét ring s6 bang thir 6 tir trai sang phai trong khai trién nay la
224,
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Gidi
k=8
Tacé: (a+b)’ =) Cha**b*.

k=0

Véia= 29877 _ (9 1 7) s p o2 s gy

Theo thu tu trong khai trién trén, sb hang th\r sau tinh theo chiéu tur trai sang
phai cua khai trién la:

To=G ((9"' +7) I (( Rk ) =56(9" +7)(3" +1)"

Theo gia thiét ta c6:

S6(91 +7)3 " +1) =224 & (;I :1? =4 9" +7=43""+1)
ST RIS e

Vay x = 1 hoac x = 2 la gia tri can tim.

Bai todn 2.22: Mot nguoi gui 15 triéu dong vao ngan hang theo thé thirc 14i kép
ki han mot quy voi lai suat 1,65% mot quy. Hoi sau bao lau ngudi d6 c6 dugce
it nhat 20 triéu dong ca von lan lai tir s6 von ban dau?

Giai
S tién ca von 1an lai ngudi giri sé ¢6 sau n quy la:
=15(1 + 0,0165)" = 15.1,0165" (triéu dong).
nén logS =logl5 + nlogl,0165 => n= log®-logl>
log1,0165

Pé c6 duoge s6 tién 20 triéu dong thi phai sau mot thoi gian la:

_ log20-logl 5
log1,0165

Bai toin 2.23: Biét rang nam 2001, dan sb 'Viét Nam la 78685800 va ti I€ tang
dan s6 nam do6 1a 1,7% va su tang dan s6 duoc udc tinh theo cong thirc tang

truong mil. Hoi cir tang dan s6 vdi ti 1é nhu vay thi dén nam nao dan s6 nudc ta
o muc 100 triéu ngudi?

8 (quy) = 4 nam 6 thang.

Gidi
Theo bai ra, ta c6: S = Ae™" = 100 = 78,6858.e>°'™, do do:
In100 = In(78,6858.¢°%7N )= N = 1“1006:;778’6858 ~14.

Vay dén nam 2015 dén sé nudc ta s& & mic 100 triéu nguoi.
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Bai toan 2.24: S 2%'%; 2139829 _1 khi viét trong hé thap phéan thi c6 bao nhiéu

chit s6?
Giadi
Liy gia tri gan ding cta log2 12 0,3010 thi duoc:
[2012.]og2] + 1 =[2012.0,3010] + 1 = [605,692] + 1 = 606
Vay sb 222 ¢6 606 chir s6.
Va [1398269.1og2] + 1 = [420920, 911] + 1 = 420921
Vay sb 2% |1 ¢6 420921 chir s6.

BAI TAP
Bai tdp 2.1: Tim co s6 x, biét:
a) log 243 =5 b) log, V3 = -0,1
HD-DS
a)x=3 b) x = 1/3.
Bai tap 2.2: Tinh gon:
a) A = log, 6.log, 9.log, 2 b) B =/log; ;4.
HD-DPS
a) A=2/3 b) B =2.

Bai tap 2.3: Tinh gon:
a) M =36"%° +10'"’
b) N =log, 2.log, 3.log, 4.log, 5.log, 6.log, 7

HD-DS
a)y M =30 b) N = 1/3.
Bai tap 2.4: Tinh:
25 23 4
a) A =loga(a3.i/;) b) B = log, E_-_?i .
a*~a
HD-bS
a)A= 16 b)B= 16 .
5 15
Bai tap 2.5: Tinh log»s24 theo a = log6isva b = log»18,
HD-DS

5-b
2(a+17ab-2b)
Bai tap 2.6: Tinh log,2 theo x = log,5; y = 10g.60 va z = log,108.

logss24 =
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D-DS
log.2 = %(3y -3x-7z).

Bai tap 2.7: Chung minh néu log a, log, b,log. ¢ tao thanh mot c4p s6 cong theo

2log, xlog, z

thir twr d6 thi: log, y = O<x,y,z,a,b,c21)

log, x+log, z
HD-DS
log, a,log, b.log_ ¢ tao thanh mét cép sb cong theo thir tu d6 thi:

log,a+log,c =21log b.

€
¥  HAMSO MO, HAM SO LUY THUA

Ham s6 luy thira

Ham sé y = x“ vdi a thuéc R.
Lién tuc trén tdp xdc dinh cua no.
Dao ham (x%)' = ax®!, %' = ccu™'u’;

W)=t >0, {u)=—2 véiu=up) >0
n¥Vx"" n¥Yu""

Ham s6 y = x*dong bién trén (0; +o0) khi a > 0; nghich bién trén (0; + ) khi
a<0.
Chua y: Tap xdc dinh:
y=x"(neN):D=R
y=x"(meZ\N*:D=R\{0
y=x"(aeR\Z): D= (0, +).
Ham sé6 mi
Ham sé y=a*véicoséa> 0, a # |.
Lién tuc trén tdp xdc dinh R, nhdn moi gia tri thuéc (0, + o).
{+ookhia>1 . (0 khia>1

lima* = i ;o lima® =< ]
x>0 0 khiO<a<l »»= |+oo khi O<a <l
Dao ham: (a')' = d'Ina; (¢')' = ¢*;
(@")' = a“v'lna; (¢")' = e"u' véi u = u(x).
Dong bién trén R néu a > 1, nghich bién trén R néu 0 < a < 1.
Do thi luén cdt truc tung tai diém (0, 1), nam ¢ phia trén truc hoanh va nhdan
truc hoanh lam tiém cdn ngang.
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Do thi va quan hé doi xieng

=Y

\

Cdc dang vé dinh
lim(1+lJ =¢; lim
\'-—)-w:\ X )

e'—l_

1

X

Cha p: quan hé so sanh

Néua>1thi:a*>d’ @ a>p

NéuO<a<lthi:a®>d <a<p

NeuO<a<bthi:a®<b®a>0,a">b* = a<l.
Bai toan 3.1: Tim tdp xac dinh cta cac ham s6 sau:

a)y=(x2-4x+3)'S b)y=(x2—4x+3)ﬁ.

Gidgi
a) Ham sb xac dinh khi: x> - 4x + 3 #0 < x #1 vax # 3.
vay D=R\ {1; 3}.

b) Ham s xac dinh khi: x* - 4x + 3> 0 < x < 1 hodc x> 3.

Vay D = (-00; 1) U (3; +o0)
Bai toan 3.2: Tim tap xac dinh ctia cac ham s sau:

-1
a)y=(x’-3x+ 2x)° b)y = ¥x* -3x” +2x .
Gidgi
a) Ham sé xac dinh khi: x* - 3x* + 2x > 0
S XX -3x+2)> 0 0<x<1 hoic x> 2.
Vay D =(0; 1) U (2; +0)
b) Ham s6 can bac 3 xac dinh véi moi x nén D = R.
Bai toan 3.3: Tim tdp xac dinh ctia cac ham s6 sau:

a)y=\}5_3' b)y= V4" +2* —12.

3 -1
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Giai

X

a) PK: 5_31 >0 (5-393"-1)20,3-120
& 1<3"<56 0<x<logs5.
Véy D = (0; logs5]
b) PK: 4" +2*- 12> 0 < 2" <-4 hodc 2* > 3.
© 2" 23 & x = log,3.

Vay D = [log)3; +0)
Bai toan 3.4: Chimg minh cac gioi han:

r'd X

. a*—1 ]
a) lim 2 =lna b) llmL1+iJ =
x—0 X X—b o X
Giai
X Inag* 1 tIna
a) lim =lim =lim JIna=1Ina
x—0 X r—0 X —0 xIna
b) 11mL1+—J = lim L1+J' =@,
X —»4a0 X X=hda0 )E
a
Bai toan 3.5: Tim cac gidi han sau:
2 3x+2 2x Sx
a) lims—S b) lim&—S
x—0 X x—0 X
Giai
2 Ix+2 2 Ix Ix
- . el(l-e . -1
a) limE——c——zllmLL)=—3e2.hm =3¢’
x—0 X x>0 X =0 3x
2x 5x 2x Sx
b) limS——¢ =lim(e LS 1]:2—5:—3
x—>0 X x—>0 X X
Bai toan 3.6: Tim cac gidi han sau:
a) lim 21> ~2 b) lim-Sn4X
x>0 3% 45 -2 1'—)Oe"— x
Gidi
2" -1 5" -1
2*+5°-2 4 T ¢ In2+In5 _Inl0

aj lim = |lim = =
x50 3% 5% -2 x—>03'f‘_—1+5f7—_1 In3+1InS InlS

X X
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sin4x
sin4x & 4 4
b) lim— =lim— X = .
=0 7" wWe™—]1 7°-1 3=In7

x X
Bai toian 3.7: Tim céc gidi han sau:

g¥ lim [ 14— ) b) lim(x+3J .
X —> +0 X -3 x40\ X + ]

) ] X ) 1 \K—3_
a) lim{ 1+—— | = lim 1+——J
x x-3 s | x=3

by lim[ X+ =lim[1+—2—) T [T L )
x—+o\ ¥ +1] X+ X+1 X—ian X_+1

Bai toan 3.8: Tim cac gidi han sau:

W+ 2x -1+ x . Ntax -1
a) lim b) lim—————.

x—0 tan x =0 X

Giai:

o NMrx-Y+x L (Mv2x-1 lex-1 _ sinx
a) lim =lim :

x>0 tanx s ¥ X X XCOSX
b) lim“\/1+ax-—1=1im l+ax+1 _a

EY 0 x@/(1+ax)™ +3(1+ax)"2 +..+1) N
Viy imite -l _a

v—+0 X n

Bai toan 3.9: Tim céac gidi han sau:

N o x 31,0 9 ot
0 lime cx+l-e By 1imJ3x+8 20"
x—30 3x x—=0 5x
Giai
; \/x2+x+1—e' . v’x2+x+1—1+1—e"
a) lim = lim
=0 3_1_— x>0 3x
o e v Jx2+x+1—l . x> +x+1-1
Taco lim——— =1lim
%=1 3x 0 3x(yx7 +xH +1)
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x(x+1) x+1 1 o 1=e

=lim
SOk x4 ) O3 X exH+]) 6 0 Bx

Jxl4x+l—l+l=e" 1 1 1

Viy lim = =
0 3x 6 3 6
. VBx+8-2e" . VY3x+8-2+42-2¢"
b) lm(} =lim
X Sx x—l 5x

3x+8-2 3x+8-8

Ta co: = =
5x 5x[(J3x+8)2+2.\3/x+8+4‘
3
. AB3x+8-2 3 1
nén lim = =—,
x>0 5x 5(4+4+4) 20
Valim2=2¢ - Zype -l 2
x—0 Sx §5xa0 x 5
oo ABx+8-2e 1 2 -7
Viy im——M—= — ——=—.
<0 5x 20 5 20

Bai toan 3.10: Tim céc gidi han sau:

1+32x-1-3" —x D Ux=24+x2—x+e*

= lim =— va lim =0

a) lim b) lim -
x5! Jx -1 v x" —4x+3
Giai
142137 =Y Y2x—1-x +1-3"
a) lim =lim —
x—1 J;_l =l \/x_l
o Pax—1-Yx (x—l)(\/;+1)
Ta co lim =lim -
S Vel e fex-1y + Yax-1Yx R |
Jx +1 g
= lim
= fox-1? +3ax—1. Yx + Uk
x-1 .t-l_ -
Va limi = i > .(Jx+1)=-2.1n3
x| x_l LD
3ifr. 131 _13
Vay 11m1+J2x = \/;=2—2.ln3
= J;_l 3

34

w |-



Yx-2+x> —x+e*! _limi/x—2+x2—x+1+e""l—1

b) lim , =
xol x‘—4x+3 x>l x‘—4x+3
, _ Yx-2+x>—x+1 Yx-2+1+x*-x
Ta co: f(x) = 5 = :
X" —4x+3 X —4x+3
_ Ux-2+1 . %2 —x
x> —4x+3 x*—4x+3
_ x—1 . x(x—1)
(x=1)(x-3) {/(X—Z)z-—\/3x—2+1l (x—1)(x-3)
I X
- —— =+
(x-3) {/(x—2)2—\3/x—2+1‘ x-3
x-1 X=] __
Db 86 LG ==+ = —2 v Tt 2! i & b g L
x> -6 -2 3 xixT—4x+43 = (x=1)(x-3) 2
o Yx=2+4xi-x+e 21 7
Vay lim 5 =_<c___°
X X —4x+3 3 2 6

Bai todn 3.11: Tim céc gidi han sau:

J1+tanx—\/1+sinx

a) lim 7 An(8x +1)

x—0 X
by fim ~V2x +1+sinx

=0 3x+4-2-x

Giai

. - i ) —/1+si | 1
) 11mJ1+tanx 4\/1+smx.ln(ngr1)=hm\/1+tanx 1\/ +smx. n(8x +1)

x=0 X x>0 b & X
Taco limmz8

x—0 X

... Al+tanx —y/l+sinx _ . tanx —sinx
Va lim ; = lim— .

g X7 =52 (\/l+tanx ++/1+sinx)

= lim— (l—cosx)sm.x
0 x> (y/1+ tanx +4/1 +sinx)cosx
. 5\3
.1 sz ‘sinx’ 1 1
= lim— : ="
=021 X L x J(Jl+tanx+Jl+smx}cosx 4
2
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Vay g Rt OOl B o e D g
x—0 X 4
. 5 —2x+1l+sinx . 5 —1+1-+2x+1+sinx
b) lim— =lim
0 f3x+4-2-x =0 3x14-2-x
T L N WD = 75 R
=0 f3x44-2-x 0 x-1 x—1
B i D S WY ot W S 3
=0 x-1 3x+4+2+x 4 4
Va 1-v2x+1 +sinx ’(l—\/2x+1 .sinx\_\/3x+4—2—-x
= T .
VIx+4-2-x X X ) X
[ -2 sinx ) -1-x

= + :
U+v2x+1 x ) Bx+4+2+x

1-4/2x +1 +sinx -2 N -1
=224 ]:—-=0.
.2 , 4

Do d6 lim—;
20 J3x+4-2-x

. 5 =2x+1+sinx
Vay lim
=0 J3x+4-2-x
Bai toan 3.12: Tim dao ham ctia ham s sau:
a)y=(x-1).e* b)y = x>Ve" +1.

Giai

=-l.ln5 +0=- l.lnS.
4 4

a) Tap xac dinh D = R.
y' =e™ + (x - 1).2¢™ = (2x - 1)e*
b) Tap xéac dinh D =R.

gl xe™ 11+ 2x%e’ _ 2x[(x +1e* +1]'

Ve +1 Ve +1
Bai toan 3.13: Tim dao ham cua ham s sau:
2¢ =27 5
a)y= b)y=x"-5+x"
)y T )y

Gidi
a) Tap xac dinh D = R.
L (' In2+2™In2)(2" +27)—(2* ~27)(2* In2-2" In2)
Y @ +2 %)
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@ +27) (28 -2, 4In’2
- X -Xx\2 ln 2= X -x\2
2" +2™) 2" +27™)
b) Tap xac dinh D = (0;+00).
Tacoy=x"-5+x"=x-5+¢""nén
y' = 5x* - 5%In5 + "™ (Inx + 1) = 5x* - 5*In5 + x*(Inx + 1).
Bai toan 3.14: Tim dao ham ciia cac ham sd sau:

a)y =x"* b) y = cosx.e”™™

Giai
a) Tap xac dinh D = (0;+00).

¥R hén y' = ™ (Inx + 1).

Tacoy=x"=e
Cach khac: 1ay In 2 vé Iny = x.Inx roi maéi tinh dao ham.
. 2 (2 _
b)y' = —sinxe?™ + ——e?** =" —— —sinx |.
COSX cosX

Bai toan 3.15: Tim dao ham cua cac ham s6 sau:

a)y =(2x + 1)" - tane® b)y=Vx' -5x.
Giai
a)y' =2n(2x + )™ - (1 + tan’e")e*
, x’ —5x) 3x* -5
B ( )

s =50t syt —snt

Bai toan 3.16: Tim dao ham cua cac ham s6 sau:

.1+x3 (XT xa\h B

= 3 byy=|=||-| vdia>0,b>0
)Y ‘Ull—x3 o \b, XJ

Gidi
i ' 2
a) batu= ;7 thiy'= Vau'_—ﬂ_z—z
-X 3u (1-x7)
.o uwdu o 2xP 14X
neny = = A
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Bai toan 3.17: Tim dao ham c4p n ciia ham sd:

a)y = 3" b) y = 5*.
Giai

a) Ta chimg minh quy nap: y™ = (In3)".3*
Khin=1thiy’ = (In3).3%
Gia sir cong thirc ding khi n = k: y* = (In3)*.3*
Ta chirng minh cong thirc dung khin=k +1: y = (In3)<"!.3*
That vay: y*" = (In3)*.3%.In3 = (In3)*"".3*: dpcm.
Vay y'" = (In3)".3%.
b) y' = (kIn5).5, y" = (kIn5)%.5"
Ta chimg minh quy nap: y™ = (kIn5)". 5**

Bai toan 3.18: Chimg minh:
a)Néuy =e™ +2e™ thi: y" - 13y' - 12y = 0.

b) Néuy = “== thi y + 4y = 0.
e
Gidi
a) Tap xac dinh D = R.

y' = 4e™ - 2e* y" = 166" + 2¢™, y" = 64¢™ - 2¢™ nén:
y" - 13y’ - 12y = (64e™ - 2¢™) - 13(4e™ - 2e™) - 12(e™ + 2¢™) =0.

, COSX . -
b) Tacoy = —— =e™.cosx = y' = ¢”(-sinx - cosx)
5

y" = e (2sinx), y" = 2e™(cosx - sinx), y¥ = -4e™* cosx
Do d6 y¥ = -4y = y¥ + 4y = 0.

X

4 T Tinh tong:

S = f[l]+f|,3\]+...+f(""1).
n \n, n

Déynéua+b=1 thi

4 4 s+ @+

"2 4% 42 (4 +2)(4° +2)

AT 247+ 47 4240 _24°+ 2.4° +8 1
4% 124°+24°+4 24 +24°+8

’

v N 5)\ _
Tacé: S = f| LS ]+fL:J+...+ f(“—l)
\n n n
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Bai toan 3.19: Cho ham s6 f(x) =

Giai

f(a) + f(b) = 2




/‘_\
=
. —

s ()

Apdungthi2S=n-1=>S=——

Bai toan 3.20: Tim khoang don diéu va cuc tri ham s6:

X

a)yf-e— b)y=x"e™

X
Giai

a) Tap xac dinh D = R\ {0},

y= S8 o gex=1,
X

BBT | x |0 0 1 too
y ) = W 5

\_Oo \e/

Vay ham s6 nghich bién trong cac khoang (-o0; 0) va (0; 1) ddng bién trén
khoang (1; +e0), dat CT(1; e)
b) Tap xac dinh D = R,

y'=(2x-xY)e™, y' =0 e x =0 hodc x = 2.
BBT | x |- 0 ) +60
y' - 0 + 0 -

+00

= 4c?
y \O/t\‘-oo

Vay ham sé déng bién trong khoang (0; 2), nghich bién trong cac khoang (-c0; 0)
va (2; +), dat CD(2; 4¢2), CT(0; 0).
Bai toan 3.21: Tim khoang ddng bién, nghich bién ctia ham sd:

£ R X

3y=(3) by = l

Giai

= i I A A 2 .4 n
a) Vico so E > 1 nén ham s6 dong bién trén D = R.

, 3 3 B ,
b) Vi co so - < <1 nén ham so6 nghich bién trén tap xac dinh D=R.
23 14417 ghi P

b
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Bai toan 3.22: Cho ham s: y = f(x) = 2*.
a) Khao sat va vé d6 thi ham sb cho f(x) .

do61 ximg cua no qua Oy.

b) Suy ra dd thi cac ham s6: y =2%- 1,y =4.2% y=-2" y = (%)". y= 2l

Giai

a) y = f(x) = 2%, tdp x4c dinh D = R.

limy =+e0, limy=0= TCN: y =0 (khi x > -0) y

X=—x@

y'=2% In2 > 0, ¥x nén ham s6 dong bién trén D = R.

X =0

BBT
X |-00 +o0
y' 2
y 0 > +ow l
/
Chox=0=y=1 10 >
x=1=>y=2
x=-1= L
Y™ 3

b) Suy ra d6 thi cac ham so:

y =2"-1=1(x) - 1: Tinh tién xudng duéi 1 don vi.
y =4.2% =22 = f(x + 2): Tinh tién sang trai 2 don vi.
y = -2* = -f(x): Lay d6i xtimg qua Ox.

y= (%)x = 2™ = f(-x): Ly d6i xting qua Oy.

y= 2lxl = f(|x|) ham sb chin, khi x > 0 thi y = f(x) nén ldy phan nay va lay

Bai todn 3.23: Khao sat su bién thién va v& db thi ham sb: y=x 3%

va

Gidi

Tap xac dinh D = R\ {0}, ham s6 l¢.

5

y'=3x"= —% <0, ¥x # 0 nén ham s luén nghich bién trén cac khoang (-c0; 0)
X

(0; +o0).

Taco limy=Ilimy=0,

S

X —+00

lim y = 400, lim y =—c0 nén tiém can ngang la truc
x—0" x—0~

hoanh, tiém cén ding la truc tung.
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BBT

X |- 0 +o0
Y - -
y 0 +00
\A \A 0
-00

D6 thi cua ham sb co tdm ddi ximg la goc toa d9.
Bai toan 3.24: Khao sat su bién thién va vé db thi cua cac ham sé:
| |
a)y=x? b)y = x3.
Giai
a) Tap xac dinh D = (0; +0),

3
' 2

y'=-z.xt< 0, ¥x > 0 nén ham sé nghich bién trén (0; +o).

“—

Tacod limy =+, lim y = 0 nén tiém cén dung la truc tung, tiém can ngang la

x—0* X—>+00
truc hoanh. y A
BBT: | x |0 +00
7/ -
y +00 \*
0 q Jnd

Chox=1=>y=1.

ol 4

g P

b) Tap xac dinh D = (0; +o0), 0
y' = — }_ >0, Vx > 0 nén ham sé dong bién trén (0; +oo).
3y x?
Ta co lir(r)g y =0, lim y = +oo: khong ¢6 tiém can
X X—»+00 y A
Sl x |0 +00
y' +

y / =
0 P e et

Chox=1=>y=1, H
x=8=>y=2.

=V

41



Bai todn 3.25: Chimg minh hai d6 thi (G,), (G,) cua hai ham sb:

y=a‘vay~= L;J déi ximg voi nhau qua truc tung.

Gidi
Goi M(xo; Yo) 1a mét diém bat ki. Khi d6 diém d6i xtng véi M qua lan luot:
Truc tung 1a M'(-X,; Yo)-

g N\ Xg

Taco: M e (G)) <y, =a“ oy, = LLJ <M e (Gy)
a

Piéu d6 chimg to (G) va (G;) ddi ximg véi nhau qua truc tung.
Bai toan 3.26: Cho ham s y = x - 3x%.
a) Khao sat va v& 6 thi ham sb.
b) Tim m dé phuong trinh: x* - 3x> + 3™ = 0 ¢6 3 nghiém phan biét.
Giai
a) « Tép xac dinh: R
« Su bién thién: lim y = —o0; lim y = +o0 1
PENSS PR y
y'=3x%-6x,y' =0 x =0 hoic x = 2.
Bang bién thién:

X |-00 0 2 +00

LRI —

+ 0 - 0 4
}: /0 \ /'+oo s
Ham sb dong bién trén (- «;0), (2, + ),

nghich bién trén (0,2) va c6 diém CD(0; 0), CT(2; -4)
Do thi:y"=6x-6,y" =0 x=1.

Piém ubn I(1; -2) la tim ddi ximg.
b) Phuong trinh: x> - 3x% + 3™ =0 < x* - 3x" =-3™
Phuong trinh: x® - 3x> + 3™ = 0 ¢6 3 nghiém phan biét khi duong thang y = - 3™
cét dd thi y = x° - 3x” tai 3 diém phan biét.
Dua vao do thi da vé. ta co:
-4<-3"<0 o 3" <4 o m<logid.
Vay gia tri can tim la m < logs4.
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BAI TAP
Bai tap 3.1: Tinh:

e*t —e™ o A1+3x? —cos2x

a) lim b) lim -
x—0 X -0 X2
HD-DS
a)a—b b) 7/2
Bai tap 3.2: Tinh:
a) lim i b) lim(x+4l
u\/X+1—1 x-b-f-\x—}—l/
HD-DbS
a) 2In3 b) e’
Bai tip 3.3: Tinh:
!
a) lim (1 + sin2x )x b) lim(1 +8x)
x—0' x—0"
HD-DS
a) e’ b) ldy In trudc.

Bai tap 3.4: Tim céc gidi han sau

\/l+4x.‘§/l_;—ex VT +x+B3+x-42""

a) lim b) lim =
) 10 X ) x>l x -1
HD-DS
V+ax VTrx—¢"  l+axV+x-1+1-¢
a) lim =lm
x—0 b'e x>0 X
Vrax T-x -1 Jl+axVT+x -Yl+x +1+x -1
X X
——Jl+4x-1 Viex-1 , . 7
=1+ néncoé —~1=—
X X 3
b) l+41n2.
9
Bai tap 3.5: Tinh dao ham cap n ctia ham sé:
a)y =x.e. b) y=e"sinx
HD-DbS
a) y™ = (x+n) e~ b) (¢* sinx)™ =22¢* sin(x + n%) :
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Bai tap 3.6: Xét tinh don diéu ctia ham so:
3x — 5—.\'
i

F

a) y= b) y=2%.

HD-DS
a) Pong bién trén D = R.

b) Ddng bién trong cac khoang (—f:— + kﬂ;%-l— kr)voikeZ.

Bai tap 3.7: Tim khoang don diéu cta ham s6:

2

a)y=§;—.b)y=x-e"
e
HD-DS

a) Dong bién trén (0; 2) va nghich bién trén (-c0; 0), (2; +o0).
b) Nghich bién trén khoang (0; +o0), déng bién trén (-e0; 0).
Bﬁ@p&&CmmgmmhMmﬁ&y=0+lTd&@bﬁnénﬂw@gmﬁw)
X
HD-PS
LAy In trudc khi tinh dao ham.
Bai tap 3.9: Cho ham sb: y = f(x) =3".
a) V& db thi ciia ham sé cho.
b) Suy ra cac do thi cua cac ham s6 sau: y = (%}‘ cy=-3%; y=3",
HD-PS
1 X X X
b) y= (5) = f(-x); y = =3" = - f(x); y =3" = f(x)).
Bai tap 3.10: Cho ham sy = x* - x*.
a) Khao sat va vé d6 thi ham sd.
b) Tim m dé phuong trinh: x* - x> + 2™ = 0 c6 4 nghiém phan biét.

HD-DS
a) BBT: _
X |- =+2/2 0 J2/2  +oo
y = 01 = @ - Jo &
y +00 0 +00
Sy

b) phuong trinh c¢6 4 nghiém phan biét khi m > -2.
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HAM SO LOGARIT

Ham so logarit

Hom s6 v = logzx véico s a>0vaa # 1.

Lién tuc trén (dp xdc dinh (0; +c0), nhdn moi gid tri thuéc R.
Gioi han

_ (+o0 khia>1
llmlog,x=] oo kh ,‘
Xt |- 10<a<l
) [—ookhia>l
lim log, x = i
ey |+ o0 khi 0<a <1
Dao ham
. 1 .
l = o ':—' = —
(0B, x) = (mxy=1 e =

(log.u)' = L; (Inu)' = L § (ln'u[) =Y iu-= u(x).
ulna u u

Ham s6 y = logax dong bién trén (0; +) néu a >1, nghich bién trén (0; + )
néul<a<l.

Dé thi luén cat truc hoanh tai diém (1, 0), nam & bén phai truc tung va nhdn
truc tung lam tiém can ding.

Do thi va quan hé doi xirng
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Cdc dang vo dinh
' X x
lim 1+l} S lime l=1;limln(1+x)=l
X —»+© \ X ) x—0 X x>0 X

Chua y: quan hé so sanh

Voia>0 a=1,b>0c¢c>0:

Néua > 1 thi: log,b > log.c < b > c.

Néu 0 < a < 11thi: logsb > log.c <> b < c.

Néua > 1 thi: logsh >0 <b> 1.

Néu0<a<1thi:logh>0eb<l.

Bai toan 4.1: Tim tap xac dinh cua cac ham s6 sau:
2)y = lg(x’ - 4) b)y = lg(x +2) + lg(x - 2).
Giai

a) PK: x*- 4> 0 < x < -2 hodic x > 2.

Vay tap xac dinh D = (-o0; -2) U (2; +o0).
x+2>0 [x>-2

b) bK: =2 S x>2.
x=2>0  |x>2

Vay tap xac dinh D = (2; +0).
Bai toan 4.2: Tim tdp xac dinh cta cac ham s sau:

a) y=J10g1(4x—1)—1 b)y= \/logﬁ(xz —«/g.x+2).
3
Giai
4x-1>0 4x-1>0

DK: < F, h‘ l' hb;’x
2) “ogg4x—1)21¢3l4x_lsl(‘wnnguc ién)

3 3
<:>l<x<l Vay ta xécdinhD=(l‘lI
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Ix?—\/§x+2>0

b) bK: ; o x -J5x+221 (ham nghich bién)
]long(xz—x/5x+2)20

ox-JSx+120x< \'/;2_1 hodc x > J§2+] :

Viy tap xac dinh D = ’ —w:%} U ‘B; 1 ;+oo).

Bai toan 4.3: Tim tdp xac dinh cua cac ham so sau:

a)y = ‘{/logx +log(x +2)

b)y =\/4log2x—log; Xx—3+Vx>=Tx+6 .
Gidi
a) bK: logx + log(x +2) >0

{log[x(x+2)]2 logl {xz +2x-120
=N <
x>0 x>0

<-1-42 >—1+42
o (XS 1 \/2hayx_ 1++/2 x>+ 2
x>0
Vz_‘iytépxécdinhD=[-l+\/5;+oo)
x>0 x>0
b) PK: ¢x* =7x+6>0 <>{x<lhay x>6

4log,x—log;x-3>0 |[I<log,x<3

[0<x <1 hay x>6
& 6<x<8.
2<x<8

Vay tap xac dinh D = [6; 8].

Bai todn 4.4: Chimg minh gigi han: lim Bt ®) L
x=0 X Ina
Gidi
In(I+x) 1

log, (1 +x)

Tacé lim =limlog, e
x—0 X x—l) X lna

Bai toan 4.5: Tim céc gidi han sau:

2) lim In(1 + 3x) b) lim In(1+3x7) _
x—0 X x>0 ] —cos2x
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Giai

In(1 + 3x) In(1 +3x)

a) lim =3.lim 3
x—0 X x—0 Ix
2 2 ) 2 . 27
b) limlr1(1+3x ):}imln(lf%x ) :llim 31n(l +23x ) : sinx | _
0 | —cos2x 0 2sin”x 2 x0 3x X

4
-

Bai todn 4.6: Tim céc gioi han sau:

. 4x : 6" -3
a) lim—— b) lim ;
x>0 log, (1 +5x) 0 In(1 + 6x) — In(1 + 3x)
Giai
. 4x 4 . 5x 4
a) lim = Jim =—
x>0 log,(1+5x) Slog,e *>0In(1+5x) 5
) lim 6" -3 i 6"'—1 31 :Lln(1+6.r)_ln(1+3x)
=0 In(+6x)—InQ+3x) =9\ x X x X

= (In6 - In3): (6 - 3) = %1112.

Bai toan 4.7: Tim cac gidi han sau:

a) lim b) lim 5
=0 In(l1+ 3x) x0  In(1+x7)
Giai:
Mo -Y+x . (Ne2x-1 Nax-1]  3x 1
a) lim =lim - . -
=0 In(1+3x) -0 X x ) InQ+3x) 3
2 1.1 5
G 9373%
e e (e -1 Y1+x —1\ In(1 +x%)
b) im——————=Ilim - : -
0 l 2 , -2 2 2
x> n(l+x") -0 X X ) X
i S =1 1 In(+x?)|_ 7
o | == e~ 08 e 1\/7 2 : E B
ety Ve’ +1) X

Bai toan 4.8: Tim céc gioi han sau:

o A2x-1+x*=3x+1+Inx C AUx-2+xt—x+1+lgx
a) lim 5 b) lim - .
x>l D= ad x —4x+3
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6V

¢ ¢t Etxp— X 1
¥ ——== = wi Aep
I T x81—1+x—zx+z—x/\€
P 4, =x Al A it BA
T T @ o+pued T w3 1
'E_—:+9—_—(X)Jmll op og
[4 I I
e-x _[1+eoxp- - 9p(e-x)
+ — =
X l
(€=X)(1-%) \1+z Xf x)
(1-x)x T Iex
E+Xp— X £+Xp— X E+Xp— X €+Xp— X

= (x)

X=X | [+Z-Xfy | X— X+[+T-X)  [+X— X+C- T-Xp

100B) ‘C £ X ] £XIOA

E+Xp— X E+xp— X Jex E+xp— X Jex
( X3 +I+x—zx+z—x/§w“=xS[+[+x—3x+z-—x/\m[[0°BL(q
'E=E+0= E lll‘l_ll[ KeA
I I XUl +]+Xg— X+ - Xgp
T I+x [—Xx ex = X per
1770 @o+pu "= xup HEA
=2 it iy op o
[T 1+Xg— X+1-xgp 77
_I+X+(I+I—XZ/‘)(I+X) B
T—X z
(1+x)(1-x) (I+I M=% 1= x [- X
C-0a-x0 " (-x¢  z+xe- x+1—1—xzﬁ:
[— X [- X
z+xs—z><+1—ﬂ/\ [+ XE— X+I—XZ/‘
e T
xuj 1+XQ—Zx+[—xz/\
[—.X Jex
- wi oo el (B

XU[+[+Xg— X+ [-xZ
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Bai toan 4.9: Tim céc gidi han sau:
1 —cosx.cos2xcos3x

a) lim JAn(x +e)
x>0 I—cosx
by lim sin(a + x)sin(a + 2x) —sin~ a '
#0 In(1 + 3x)
Giai
1 —cosx.cos2xcos3x 1 —cosx.cos2xcos3x

a) Taco LI_I}S In(x +e) =l£r()1 | —cosx
Vi 1 - cosx.cos2x.cos3x = 1 - cosx 1 cOsX - COSXCOS2XC0S3X

=1 - cosx + cosx(] - cos2x.cos3x)

=1 -cosx + cosx [1 - cos2x + cos2x(1 - cos3x)]

=1 - cosx + cosx(l - cos2x) + cosxcos2x (1 - cos3x)

l—cosx

2y kx X
|- coskx 2sin” — sm7 > i
M - ] kx X K
I-cosx 2sin? > — sin -
2
. .. l—cosx.cos2xcos3x
nén lim
x-»0 1—-cosx
= lim 1nLcosx.ﬂJrcosx.cost.1~:—cﬁ3ﬁ =1+14+1.9=14.
x>0 1—-cosx I-cosx ,
Vay liml—COSX'C052XCOS3x.ln(x+e) _—
-0 l—cosx

sin(a + x)sin(a + 2x) —sin’ a

b) lim

x>0 In(1 + 3x)
— lim sin(a + x)sin(a + 2x) —sin’ a In(1 +3x)
0 X ) X
sin(a + x)sin(a + 2x) —sin” a

Ta co lim
a—0 X

sin(a + x)sin(a + 2x) - sin’a = -% [cos(2a + 3x) - cosx] -% (1 - cos2a)

1 1 . 3 . 3x L L)X
= —= - — - = + — et —.

5 [cos(2a + 3x) + cos2a] > [1 - cosx] = -sin(2a > X) sin 5 sin >
Do dé I sin(a + x)sin(a + 2x) — sin’a

x>0 X
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/- N\

. 3x . X
3 sin” 1 ox|Sins |3
= lim—sin(2a+—x). 2 |-lim=sin> 2 |=sin2a
x—07D 2 3x x—07) 2 X 2
\ 2 / \ 2 /
Va lim In(1+3x) _ 3. Vay lim sin(a + x)sin(a + 2x) —sin" a _ lsianz.
x>0 X x50 In(1 + 3x) 2

Bai todn 4.10: Tim cac gidi han sau:

. 1+In(l+x?)—+/2x? +1 . 1—v2x+1 +sinx
a) lim b) limln| e + ;
x—0 1—cos2x x—0 J3x+4__2_x )
Giai
2y 2 '} 1 2
) lim LF 100+ %) J2x ] V2x bl Inl+x?)
x>0 l—-cos2x 0 ]—cos2x  —0]1-cos2x

Ta

6 1—-\/2x2+1_ -2x? " ( X )2 )

l-cos2x  2sin’x(14v2x2+1)  \sinx) 14422 +1
—+/2x2
Do d6 1iml‘/"—x+[ =0 1 =_l_
x>0 ] —cos2x 2 2
2 2 a2
Va limln(1+x ) _ limln(lfx ):2smz X _ l
0] —cos2x 0 x° x 2
2 2
Viy (i L I+ x) V2x tl_,
x>0 1 —cos2x
1-vV2x +1+sinx  {1-v2x+1 sinx V3x+4-2-x
b) = + :
V3x+4-2-x X X | X
___/ -2 +sinx). -1-x
J+V2x+1 x ) Bx+4+2+x
Do do lim M Zx I ¥sinx ‘—2+1J:_—l=0
x40 y3x+4-2-x \ 2 4
Vay limln e+1— 2l Rrel = In(e +0) = 1.
5 V3x+4-2-x

Bai toan 4.11: Tinh gi6i1 han:
fln(2e3 — " cos2x) - 327 + 8x \

L= lim —
8sin” x

x>0

/
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Giai
AY

. fln(Ze“ -e’ cos2x)—3/27+8xZ
TacoL = lim

-2
x—0 8sin” x

= lim
x—0

m[ln(z—coszx)+3—%/27+8x’ i
0

. 2
8sin” x

llne“(2—c032x)—i/27+8x2 ] B

. 2
8sin” x

Fd

‘In(1+1-cos2x)+3-327+8x*

8sin’ x

= lim

x—0

F

rd

Lln(l+2sin2x)+3—3 27 +8x% |

]
8sin” x

= |lim

x—0

3_127+8x>
8x’ “sin’ x

.2
_ lumf M]Him

4 x>0 2sin‘ x 0

1 —8x> i
—+lim
4 xn 8x2(9+3{/(27+8x2)+{/(27+8x3)2)

N /s

]

= —+lim| - - ! =
4 =t k9+3{/‘(27+8x2)+i/(27+8x2)2)\

1 1 1 123

4 9+33+9 4 27 108
Bai toan 4.12: Tim dao ham cua cac ham sb sau:

a) y = (3x - 2)In’x b)y =+vx’ +1log, x".
Giai
a) Tap xac dinh D = (0;+00).
Tacoy=(3x- 2)ln2x nény' = 3ln’x + ___2(3x =)l
X

b) Tap xac dinh D = (0;+0).

xlog, x* . 2Wx? +1

Tacoy=+vx" +llog,x’ nény'=

Jxt+1  xIn3
Bai toan 4.13: Tim dao ham cua cac ham s6 sau:
II—T_—., l 2 1
a)y = In(x + Vx* +a?) byy = - +D
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a) Tap xac dinh D =R.

Tacoy=In(x + \/XT;aT)nény'z \/X'+a:: 1
x+vx*+a’  Vx’+a’
b) Téap xac dinh D = R\ {0}.

2 2
Ta ch §'= In(x” +1) nén y'= ’2 _In(x ,+1) .
X +1 X"
Bai toan 4.14: Tim dao ham cua cac ham sb sau:
a)y= logﬁ(—x2+5x+6) b)y= /I’ 5x .
Gidi

a) Tap xac dinh D = (-1;6).
b) Tacoy = log ;; (—x* +5x +6)

-2x+5 B —4x+10
(—x? +5x +6)Iny3  (-x’+5x+6)In3
Tép xac dinh D = (0;+0).

nény' =

(In'5x) _ 3ln°5x 3
s3/an’sx)* 5¥In'25x  53In? 5x

Bai to4n 4.15: Tim dao ham cép n clia ham sb:

Tacoy = ¥In’5x nény'=

a)y =In(x - 5) b) y = In(6x* - x - 1).
Giai

a) Voi x> 5:
Tacoy=In(x-5)
nény' = ; Y'= . = y"'= . .

x=-5 = (x=95) (x-95)
Ta chimg minh quy nap: y" = w

(x-5)"

b)Vérix<-l hodc x > l:
3 2

Tacoy = In(6x*-x - 1) = In(2x - 1)3x + 1)) =1In|2x- 1] +In|3x+1]
1YY (=) "mla"

Nény'= . Ta chimg minh quy nap (

2x—1 3x+1 \_ax+b) ﬂ(ax+b)"”l
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_ (=D""(n-n"" N ="' (n-1B""

Suy ra y'"™
ymy 2x—1)" Gx+1)°
Bai toan 4.16: Chiing minh: Néuy = In 1—'— thixy' + 1 = e”.
+ X
Gidi
Tap xac dinh D = (-1; + o)
Tacoy' =- .Suyraxy'+l=1+l=L=e".
1 X +1 X +1
Cach khac: bién dbi: y = In 1 = - In(x+1).
1+x

Bai toan 4.17: Tim khoang don diéu va cuc tri ham s6:
a)y =In(x*- 1) b)y =x-In(1 +x)
Giai
2x
x? -1
Khi x < -1 thi y' <0 nén ham s6 nghich bién trén (-c0; -1)
Khi x > 1 thi y' > 0 nén ham sé ddng bién trén (1; +0)
Ham sb khong c6 cuc tri.

2) D = (-a0; -1) U (1; +a0), y' =

b)D:(-1;+CX)), y‘zl—L:L,y':()@x:O_
I+x 1+x
y'> 0, Vx € (0; +o0) nén ham sb dong bién trén (0; +o0)

y' <0, Vx € (-1; 0) nén ham ) nghich bién trén (-1; 0).

1 P
Tacoy" = 0 x)‘1' > 0 nén dat cuc tiéu tai x =0, ycr = 0.

Bai toan 4.18: Tim khoang dong bién, nghich bién ctia ham sb:

a)y = log, x b) y = logsx voi a =

1
=" 7 3W3-42)
Gidi

a) Vico sb e < 1 nén ham s6 nghich bién trén D = (0; +o0)

c
l B J3+42
3W3-v2) 3
Bai todn 4.19: Cho ham sé y = f(x) = logax.
a) Khao sat va vé do thi ham s6 di cho.
b) Suy ra cac d6 thi ham sd: y = logz2x, y = lga(x - 3), y = loga(-x),

b) Vi co sb >1 nén ham sé dong bién trén D = (0; +o).
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y=logl_x,y=log2|x|.

Giai
a) y = f(x) = logax, D = (0; +o0)
lim y = +o0, limy =-00 = TCD: x = 0 (khi x — 0")

¥ 340 x—0'

y:

>0, Vx > 0 nén ham s dbng bién trén (0; +e0). y 4

xIn2
BBT
x [0 +-00
] 1 ——————— ]
y " 12 / N
Y o ——> +oo 0 E 2 »

Chox=% =y=-1

x=1=2>y=0,x=2=>y=1
b) Suy ra cac do thi ham sé:
y = logy2x = f(x) + 1: Tinh tién 1én trén 1 don vi.
y = loga(x - 3) = f(x - 3): Tinh tién sang phai 3 don vi.
y = logs(-x) = f(-x): L4y dbi xing qua Oy.
y = log, x = -f(x): Lay ddi ximg qua Ox.
2

y = loga|x| = (| x|) 1a ham s6 chén, khi x > 0 thi y = f(x) nén I4y phén nay va
lay d6i xing cua n6 qua Oy.

Bai toan 4.20: Chimg minh hai dé thi (G,), (G,) cua hai ham sb:
a)y =log.x vay = log, x déi xing nhau qua truc hoanh.
b) y =a* va y = log.x dbi xtimg véi nhau qua phén giac 1.

Giai
Goi M(xo; yo) 12 mot diém bét ki. Khi d6 diém dbi ximg véi M qua lan luot:
a) Truc hoanh 1a M"(x,; -y,). Ta co:
M e (G)) & yo = logaxo < -y, = log, x, & M" € (G2)
b) Phan giac 1 1a M"'(yo; Xo). Ta co:
Me (G) @y,=a" < X, = logay, & M" € (Ga).

Bai toan 4.21: Goi (C) la dd thi ctiia ham s y = Inx va d la mot tiép tuyén bat ki
cua (C). Chimg minh rang trén khoang (0; +e0), do thi (C) ndm & phia dudi cua
duong thang d.

5)2)



Gidi
Goi X, 1a hoanh d9 cua diém M tuy y thugc (C). Tiép tuyén d cua (C) tai M c6
1
phuong trinh y =— (x - x,) + Inx,.
X

o

Khang dinh can chimg minh twong duong vai bt ding thuc sau: Vx e (0; +o0).

[L(X-xo)ﬂnxoj—-]anO@ X mX>)
X X

o a (4]

Xétg(t)=t-Intvait>0,

gt =1- %=tt;1,g'(t)=0<:>t= 1.

BBT t |-00 1 +00

g - 0 +
g\tl/

Tacog(t)>1, Vt>0 = dpcm.

Bai toan 4.22: Cho hamsé y = %x“ ~3x2 +§.
a) Khao sat va vé dé thi (C).
b) Tim m dé phuong trinh: x* — 6x* + lgm = 0 ¢ 2 nghiém phan biét.
Giai
a) » Tap xac dinh: D = R. Ham s chén
« Su bién thién:
lim y = +o0; lim y = +o0

y'=2x - 6x=2x(x*-3),y =0 x=0,x=1 3
Bang bién thién

X |-00 =r 0 NE) +o0
y' = [ # O = [ g

+°o\ ) / 5/2\ ) /--.Lm

Ham sb déng bién trén (- AT ; 0), (\/3_ :+00) nghich bién (-c0;- V3 ),(0; \/g) va co
CD (0; %); CT(+/3;-2)

56



« D4 thj ddi ximg nhau qua truc tung:

y"=6x2—-6,y"=0<:>x=i1.Diému6nI(i1;0)
b) Phuong trinh: x* — 6x” + Igm =0 & x* - 6x* +5=5 - lgm
5 1
o —x'=-3x"+= = —(5-1gm),m>0
5 5~y lem)

Phwong trinh: x* — §x2 + 1gm = 0 ¢6 2 nghiém
phan biét khi duong thang

= % (5 —1gm) cat d6 thi
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