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Chuong 1

Ma tran va dinh thuac

1.1 Ma tran

1.1.1 Cac khai niém vé ma tran

Cac vi du vé ma tran

Bang s6 A =

Bang sb6 B

Bang s6 C

-1 6 6 )
1 { o dudc goi la mot ma tran cap 2 x 3.
2
(=2 V2 0
1

3 —1 9 | dudc goila mot ma tran cap 3 x 3.
\ 2 4 9

(1
2 | dudc goi 14 mot ma tran cot cip 3 x 1.

\ 3

Bangs6 D = (1 —2 —4 ) dudc goila mot ma tran dong clp 1x3.

Cac khai niém vé ma tran
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1. Mét biang hinh chit nhdt gom m x n sé thuc duge sip thanh m
dong va n cot dudc goi la ma trdn cap m X n.

ayr a1 ... dip

L ar1 dzy ... djp
Ky hiéu: 4 = (aij)mxn =

Aml Am2 ... Amn

i dudc goi la chi s6 dong.
j dudc goi 1a chi s6 cot.
a;; 12 phan ti nam 6 dong i va cot j clla ma tran A.

Tap hop tat ca cac ma tran cap m x n dude ky hiéu 1a M., (R).

2. Ma trdn cé sé dong bang sé cét (m = n) dudc goi la ma trén
vuong cap n, ky hiéu A = (a;;)

n

aiy,dsy, ..., Ay, dude goi la cac phan t& nam trén duong chéo chinh.
A1n, A2(n—1)s ---» Ap1 dUGC goi la cac phan ti nam trén dudng chéo phu.

Tap hop tat ca cac ma tran vudng cip n dude ky hiéu 1la M, (R).

2 2 =2
Vi du 1.1. CécmatrénA:<i ;);B: 3 1 -3 | lacacma
—1

tran vuong.

3. Ma trdn vuéng A = (a;;), dudc goi la ma trdn chéo néu a;; =
0; Vi 7é j, ky hléu A= dlg (Clll, azn, ..., ann).

1 0 O 10
Vidul2. Cacmatran A = | 0 2 0 |;B = ( ) la cac ma
0 0 0 e

tran chéo.
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4. Ma trén chéo cap n c6 tat cd cde phan ti trén duong chéo chinh
déeu bang mét duoc goi la ma trdan don vi cap n, ky hiéu I,.

Tt dinh nghia trén ta nhan dudc

(1)

1
1 00
Is=1 01 0
0 01
1 0 . 0
01 . 0
In: .
0 0 1

5. Ma trdn vuéng A = (a;;), duoc goi la ma trdn tam gidc trén
néua; =0;Vi > j.

Dua vao dinh nghia, ta suy ra dudc dang cia ma tran 4 nhu sau

ayr dip ... Aip

0 dzy ... dap
A= )

0 0 Ann

6. Ma tran vuong A = (a;;), dugc goi la ma trdn tam gidc dudi
néu aij; =0;Vi < j.

R6 rang néu A4 1a ma tran tam giac dudi thi A c6 dang

ail 0 Ce 0

a1 dzy ... 0
A=

an1 Aup2 ... dpn
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7. Ma trén cdp m x n ¢ tat cd cdc phan ti bang khong, ky hiéu
Opmxn (d6i khi la O), dudc goi la ma tran khong.

Tu dinh nghia ta suy ra ma tran 0,,x, c6 dang

00 ... 0
00 ... 0
Omxn: L. .
00 ... 0

8. Ma tran bdc thang

Trudc khi di vao khdi niém ma tran bic thang chung ta can tim
hiéu mét so khdi niém lién quan.

Dong khong: Mot dong ciia ma trén ¢ tat cd cde phan tit déu
bang khong dudc goi la dong khong.

Phan tit co s6 cha dong: Phan ti khdc khong dau tién cla
dong tinh tu trai sang dudc goi la phan ti co sé cua dong.

Ma tran bac thang: Ma tran bac thang 1a mot ma tran khac
khong thoa hai dieu kién sau:
e Dong khéng (néu cé) nam dudi dong khdc khong.

e Phan tit co sé clia dong dudi nam bén phdi phan tit co sé clia
dong trén.

Vi du 1.3. Cac ma tran bac thang:

(1) 21§ 21 i 02 1 1
00 0 -1 00 0 -9
00 0 O
Cac ma tran khong la ma tran bac thang:
1 2 -
-0 0 2 49 —86
C = 0 0 O D =
0 0 —1 0 -9 8 2
0O 0 0 o0
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9. Ma trdn bdc thang cé cdc phan ti co sé cia dong bdng mét, cdc
phan tui con lai bang khong dudc goi la ma tran bdc thang rit gon.

Vi du 1.4. Cac ma tran bac thang rut gon:
1 000 1 00
A=]10 01 0 |;:B=101 0
0001 00O

1.1.2 Cac phép toan trén ma tran

Hai ma tran bang nhau

Pinh nghia 1.1. Hai ma tran dudc goi la bang nhau néu chiing
cung ¢6 va co tét cd cdc phan ti tuong #ng vi tri bdng nhau.

Cho hai ma tran A = (a;;), .B = (b;), .- Khi do,

mxn’

’A:B¢>aij=bij;i=1,m,j:1,n ‘

Vi du 1.5. Tim x, y,z,¢t dé hai ma tran A =

1 2 N
( 3 4 ) bang nhau.

Gidi. Theo dinh nghia, hai ma tran A, B bang nhau khi va chi khi

X+y x+z B =
t4+y t+2z )

I
AW N =

X y
X z
t y
t

++ + +

2z =

Tt cac dang thic tréntagidiraduscx =2,y = -1,z =0,r =4. W

9
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Nhan mét so v6i mot ma tran

DPinh nghia 1.2. Nhdn mét sé véi mét ma tran la nhan sé dé vdi tat
cd cdc phan ti ciia ma trgn.

Cho 4 = (a;;),,,, thivéimoi k € Rtacé| kA = (kay)

i mxn" ‘
Dac biét (1) 4 = (—ay;),,
ky hiéu —A.

, dudc goi 1a ma tran doi cua ma tréan 4,

X

Vi du 1.6. Choma tran 4 = (2 ;),khid(ﬂA = (2 195 )

Cong hai ma tran

DPinh nghia 1.3. Cong hai ma trin cung cdp la cong cdc phan ti
tuong ung vi tri.

Néll A= (aij)mxn va B = (b,‘j) n thi’ A+ B = (a,-j + bij)

mx mxn" ‘

Vi du 1.7. Thuc hién cac phép tinh trén ma tran

1. ChoAz(l 4>va3=(6 3).T1’nhA+B.

5 2 1 7
1 =2 9 -8
2. Cho 4 = 4 0 vaB = 2 8 |.Tinh 54 —2B.
—2 4 ~1 4

Giai. Ta c6

Loarpo VAN (03 (1re a3 _(77)
52 17 541 247 6 9
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5 —-10 18 —16 —-13 6
2. 5A-2B = 20 0 - 4 16 = 16 —16
—10 20 -2 8 -8 12

Ma tran chuyén vi

Pinh nghia 1.4. Cho ma trén A = (a;;),, ., ma trén cé cdp n x m
nhén dugce ti ma tran A bang cdch doi dong thanh cot hodc doi cot
thanh dong dudc goi la ma trdn chuyén vi cua A, ky hiéu AT.

1 39

Vi du 1.8. Choma tréan 4 = ( L 2 9

11
),khidéAT: 3 2
9 2

Nhan xét 1.1. Mot s6 két qua quan trong ta c6 thé suy ra tit dinh nghia

1. (A+ B)T = AT + BT;VA, B € Myxn(R).
2. (cA)T =cAT;Ve € R, A € Myyn(R).
3. (@A + BB)T = aAT + BBT:Va,B € R; A, B € Myxn (R).

3 1

Vidul.9. Cho 4 = ( 5 _q

). Tim ma tran X théa X+4 = 3(4 + I,)T.

Giai. Pang thic da cho tusng dudng véi
X+A4 =34+1)T

& X+4 =3(AT+1))
& X =3(AT + 1Y)

(rE)()

= X =

11
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Phép nhan hai ma tran

Pinh nghia 1.5. Cho hai ma trdgn A = (a;;), va B = (b;;), . Khi

mx nxp’
do, tich cua ma tran A véi ma trdn B, ky hiéu la AB, la mét ma trdn
c6 cdp mx p va néu AB = (c;;) , thi cij duge xde dinh bdi cong thite

mxXx

n
cij = ) @ikbj = aithyj + aizbaj + ... + @inbn;.
k=1

Nhan xét 1.2. Tich hai ma tran ton tai khi sb cot ctia ma tran ding
trudc bang véi sb dong cia ma tran ding sau.

Ma tran tich c6 so dong bang s6 dong ciia ma tran ding trude va co
s0 ¢Ot bang so0 cot cia ma tran dang sau.

Phép nhan hai ma tran, néi chung, khong ¢6 tinh giao hoan.

Vi du 1.10. Tinh AB va BA véi

1 -1 3 1 2 -1
1.A=|1 =1 2 |:B=|1 -2 =2
1 -1 1 0 2 -3
10
2,4:(_11 99(1));3: 1 0
9 0
0100
0010 r
3. A= 00 01 ‘B=A
0000

Giai. 1. Ta c6

I -1 3 I 2 -1 0 10 -8
e AB=|1 -1 2 1 -2 -2 |=10 8 =5
I -1 1 0 2 -3 0 6 -2

12
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1 2 -1 1 -1 3 2 =2 6
e BA=|1 -2 =2 1 -1 2 }|=| -3 3 -3
0 2 -3 1 -1 1 -1 1 1
Cac cau 2 va 3 ban doc xem nhu bai tap. [ |

Nhan xét 1.3. Néu 4 € M, (R) thi A4 luon ludén ton tai va khi dé ta
dinh nghia 42 = AA. Tuong tu, ta dinh nghia A¥*! = A¥A v6i k > 0 va
qui uéc A° = I,.

Vi du 1.11. Cho 4 13 ma tran vuéng cip 2011 ma phan ti dong thi i 1a
i. Tim phan t& & dong thi 2 ¢t 3 cia ma tran A2

Gidi. Tit gia thibt d8 bai ta c6

1 1 1 1

2 2 2 2

A= 3 3 3 3

2011 2011 2011 2011

Ta suy ra

1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2
A2 = 3 3 3 3 3 3 3 3
2011 2011 2011 ... 2011 2011 2011 2011 ... 2011

Tt biéu thiic ciia A2 ta tinh dudc phan tit & dong 2 cot 3 1a:
2(14+2+3+4+...42011) =2011.2012 = 4046132
|

Vi du 1.12. Cho 4 13 ma tran vudéng cap 2011 ma phan t& dong thi i 1a
3i=1. Tim phan t& 6 dong thi 3 c¢6t 2011 cia ma tran 42

13
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Giai. Ta xac dinh ma tran A

1 1 | |

3 3 3 ... 3

A= 9 9 9 ... 9

32610 32(.)10 32(.)10 ] 32(.)10
Ta suy ra
1 1 1 1 1 1 1 1
3 3 3 3 3 3 3 3
A% = 9 9 9 9 9 9 9 9
32610 32610 32610 32610 32610 32610 32610 32610

Biéu thitc cia A2 cho ta tinh dudc phan tit 6 dong 3 cot 2011 ctaa A2
la:

2 3 2010 11 9 2011
O(1+3+32+3°+...43 ):9ﬁ:§(3 —1)
[ |
Vidu 1.13. Cho 4 = ((1) _11) Tinh A2, A3 va ti d6 suy ra A".
Giai. Ta co
1 -1 1 -1 1 -2
A2: =
1 =2\ (1 -1 1 =3
3 424 _
'A_AA_(O 1)(0 1)_(0 1)
<« 3 1 —n
Tu day ta suy ra A" = o 1) |

00

Vidu 1.14. Cho 4 = ( { 0

). Tinh (I, — A)*°'".

14
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Bing qui nap ta tinh duge B2°!! = (
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Vi du 1.15. Cho ma tran
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Ta suy ra A" = Oyxs V61 MOi N > 4,

1 2 4 8
2011
Do dé > 2"A"™ = I, +2A + 442 + 843 = 0 124 .
i=0 001 2
0 0 01

2. Ap dung cong thic nhi thic Newton, ta nhan dudc

B2011  _ (A + 14)2011
2011 )
= Z C21011Al =14+ C21011A + C22011A2 + C23011143

=0
l 2011.2010 2011.2010.2009

I 2011 5 G
2011.2010
=10 1 2011 —
0 0 1 2011
0 0 0 1

1.1.3 Céac phép bién d6i s6 cap trén ma tran

Chung ta c6 ba phép bién ddi so cap trén ma tran. Cu thé nhu sau:

e Doi ché hai dong (cot) bt ki ciia ma trdn.
e Nhén mét dong (cot) véi mot sé khdc khong.

e Cong vao mot dong (cot) mét dong (cot) khac.

Cac phép bién d6i sé cAp chiém mét vi tri quan trong trong bién
doi ma tran vi né “it” lam thay d6i “ban chat” cia ma tran. Do dé, ta
thuong hay dung cac phép bién d6i nay dé chuyén mét ma tran phiec
tap vé dang don gian hon, xem xét cac dic diém ctia ma tran don gian
roi rat ra cac tinh chat ctia ma tran ban dau. Van dé phat sinh 1a bién
doi t6i dau thi dude xem 14 “don gian”™ Két qua sau day sé cho ta 1di
giai dap:

16
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Dinh 1y 1.1. Moi ma tran bat ky déu cé thé chuyén vé dang bdc
thang rut gon thong qua cdc phép bién déi so cap.

Vi du 1.16. Dung cac phép bién ddi so cip chuyén ma tran
1 111
A= 1 2 3 4
2 3 4 6
vé dang bac thang rit gon.

Giai. Ta co

1111 i 1111
1 2 3 4 ﬁ 0123
23 4 6 a2 01 2 4
1111 1110
d3—>dz—d» dr—dr—3d3
000 1 1amas 000 1
2100 2000
di1—>2d1—d> cr—>2cr—Cq
272 o1 2 0 0220
000 1 000 1
2000 1 1 000
c3—>c3—C2 di—5d;
0200| — 0100
000 1 d2=3d>2 000 1

1.2 Pinh thidc

1.2.1 Hoan vi va nghich thé

1. Cho tap chi s6 {1,2,...,n}. Mbi cdch sdp xép n sb6 da cho theo
mot thu tu nhat dinh duoc goi la mot hoan vi cua n so do.

17
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Mbi hoan vi ctia tap {1,2,...,n} dudc ki hiéu la (o (1),0 (2),...,0 (n)) véi
o()e{l,2,...n}vac(i)#o(j)véimoii # j.

Tt n s6 da cho ching ta c6 thé 1ap dudce n! hoan vi.

Vi du 1.17. Tit tap chi s6 {1,2} chiing ta c6 2! = 2 hoan vi la: (1,2) va
2, 1).

Vi du 1.18. Tit tap chi sb {1,2,3} ching ta c6 3! = 6 hoan vi la:

(1,2,3);(1,3,2);(2,1,3);(2,3,1);(3,1,2);(3,2,1)

2. Trong mét hodn vi néu moi lan xdy ra truong hop sé lon ding
trudéc so bée o (i) > o (j) voi i < j thi ta noi co mot nghich the.

Vi du 1.19. Tim s6 nghich thé cia cic hoan vi
(1,2,3);(1,3,2);(3,1,2); (3,2, 1)
Gigi. Dua vao dinh nghia ta nhan dudc cac két qua sau:
e Hoan vi (1,3,2) ¢6 mot nghich thé vi o(2) > o(3).
e Hoan vi (3, 1,2) ¢6 hai nghich thé vi o (1) > 0(2) va o (1) > o(3).
e Hoan vi (3,2, 1) ¢6 ba nghich thé (giai thich tuong tu nhu trén).

e Hoan vi (1,2, 3) khong c¢6 nghich thé.

3. Néu sé cdc nghich thé trong mot hodn vi bang khéng hodc la
mot so chan thi ta noi do la mét hoan vi chan. Ngudc lai, néu so cdc
nghich the trong moét hodn vi la mot so lé thi ta noi do la mét hoan
vi lé.

Vi du 1.20. Ho4n vi (1,2) 1a hoan vi chan. Hoan vi (2, 1) 14 hoan vi 18.

Vi du 1.21. Céc hoan vi (1,2,3);(3,1,2) 1a cac hoan vi chin (vi ¢6 sb
nghich thé 1an ludt bang 0 va 2). Cac hoan vi (1,3,2);(3,2,1) 1a cac
ho4n vi 1& (vi ¢6 sb6 nghich thé 1an ludt bang 1 va 3).

18
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Viéc xem xét mot hoan vi 1a chan hay 18 néu chi dung dinh nghia thi
khong phai la chuyén don gian. Pinh ly sau day giup ta khac phuc kho
khan trén:

DPinh ly 1.2. Cho o la mét hodn vi ciia tdp chi s6 {1,2,...,n}. Xét
ham déu _ ‘

(0(j)—0o(@))
(j—1)

Khi do, tap gid tri ciia sign(o) chi bao gom hai gid tri £1. Hon nita,

sign(0) = ) _

1<i<j<n

e Néu sign (o) = 1 thi o la moét hodn vi chdn.

o Néu sign (o) = —1 thi o la mot hodn vi lé.

Vi du 1.22. Xét tinh chan 18 ctia hoan vi o = (2,3, 1, 4).

Giai. Ta co

sy = Y @U@

l<i<j<4 (1)
Vay o 14 mét hoan vi chan. [ |
Nhan xét 1.4. S6 cac hoan vi chdn va 1é ctia tap chi sb {1,2,...,n} la

N 1
nhu nhau va bang " I

1.2.2 Pinh nghia dinh thdc caa ma tran vuong

1. Cho 4 13 mét ma tran vudng cap n

ailr diz2 ... dAip

az1 dpz ... dzp
A=

ap1 Qup2 ... dpn

19



Huynh Hitu Dinh Truong Dai Hoc Cong Nghiép TPHCM

Pau tién, ching ta 1ap mét tich gom » phan t& cia ma tran
A, nam & n dong khac nhau va n cét ciing khac nhau. Ching
ta sé thu dui(_)c n! tich s6 c6 dang A16(1)420(2)---Ano(n) (¥) VO1
(0 (1),0(2),...,0 (n)) 1a mot hoan vi ctia bo chi sb {1,2,...,n}.

Tiép theo, néu hoan vi (0 (1),0(2),...,0(n)) la hoan vi chén
thi ching ta gitt nguyén diu caa tich dang (x). Ngudgc lai, néu
hoan vi(o(1),0(2),....0(n)) la hoan vi 1é thi chung ta d01 dau
tich sb6 dang (). Nhu vay, sb tich s6 gilt nguyén dau va sb tich

s6 d6i dau la bang nhau va bang En!. Khi do, chung ta c6 n!
tich s6 dang +a;,(1@20(2).-no () (¥%).

2. Téng cta n! tich sé6 dang (%) dudc goi 1a dinh thic (cap n) ctaa
ma trén vuong A4 = (a;;), . Ky hiéu: det A hoac

ay;r dip ... dip

dz1 djzp ... dap
Al =1 . .

ayl1 Ap2 ... dpp

Qui uwéc: Néu 4 = (a) thidet 4 = a.

Vi du 1.238. Sit dung dinh nghia dé xay dung cong thiic tinh dinh thic

cap 2.
aylr diz
A=
dz1 dx

Ta sé xay dung cong thic tinh det A.

Giai. Giasu

Téap chi s6 {1,2} chi c6 hai hoan vi (1,2) va (2, 1). P& xay dung cong
thic tinh dinh thic ciia ma tran A, ching ta can phai xac dinh hai tich
d10(1)d20(2) CUNg v6i dau ctia ching. Cu thé, ta c¢6 bang sau:

(O' (1) , O (2)) Hoan Vi Chgln/ 1é iala(l)az(,(z)
(1, 2) chan aiiasy
(2,1) 1é —a1202]
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ailn diz

Vay det A = = dapi1az — Ad12d21. u

azy dz

Vi du 1.24. Sit dung dinh nghia dé xay dung cong thic tinh dinh thic
cap 3.
Giai. Gia su
air diz2 d4is
A= ax ax asx

dszyp dsz dsz
Tap chi s6 {1,2, 3} ¢6 6 hoan vi la:
(1,2,3):(1,3,2):(2,1,3):(2,3,1):(3,1,2): (3,2, 1)
Pé xay dung cong thic tinh dinh thic ciia ma tran A, chiing ta can

phai xac dinh sau tich a;,1)d26(2)@30(3) cung véi diu ctia ching. Cu thé,
ta c6 bang sau:

(0(1),0(2),0(3)) | Hoan vi~ch5n/1é +a10(1)q20(2)4306(3)
(1,2,3) chan a11022033
(1,3,2) 1é —a1102303)
(2,1,3) 1é —a12021033
(2,3,1) chan d12023031
(3,1,2) chan a13a>1d3n
(3,2,1) 1é —da13d22031

Vay
ain diz ais
detA = dz1 djzp djzs
aszyp dzz dadss
= (a11022a33 + a12023031 + A21032013)
— (a13a22a31 + az3a32a11 + a12a21a33)

Nhan xét 1.5. Bang c4ch Ii ludn tuong tu nhu trong vi du 1.23 va 1.24
ta sé xay dung cach tinh dinh thitc cia ma tran vudng véi cap tuy .

Vi du 1.25. Tinh dinh thic

1 4
-1 2
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Giai. Ta c6

1 4
=2—(—4)=6
|
1 3 2
Vi du 1.26. Tinh dinh thidc | 1 1 2
2 6 4
Giai. Ta co
1 3 2
1 1 2|=0101443224+162)—2.1.2+1.62+13.4)=0
2 6 4
[
x 1 6
Vi du 1.27. Giai bat phuong trinh | 0 1 0 |>0.
2 1 3x
Giai. Ta co
x 1 6
01 0 |=3x>-12
2 1 3x
Do dé, bat phuong trinh da cho tuong duong véi
3xP—-12>06 —2<x<2
Vay, bat phuong trinh c6 nghiém —2 < x < 2. |

1.2.3 Phan bu dai s6, ma tran phu hgp va cong thic
khai trién dinh thic

Phan bu dai so

Pinh nghia 1.6. Cho ma trdn vuéng A = (a;;),. Pinh thiic cia ma
tran thu duoc tiv A bang cdch xéa bé dong i va cét j nhdn véi (—1)'+/
duoc goi la phan bu dai sé ciia phan ti aij, ky hiéu A;j.
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—1
. Tinh Ay1, Az, Azz, Aszs.

[SSIN S )

1
Vidu1.28. Chomatran A = | 2 2
4 0

Giai. Taco

2 2 1 —1

o Ay = (—1)1+1 30 ‘ = —6; A = (—1)2+2 40 ' = 4.
1 0 1 0

[ A23 = (—1)2+3 4 3 ‘ = —3, A33 = (—1)3+3 2 9 ' = 2.

Ma tran phu hop

Dinh nghia 1.7. Ma trdn, ky hiéu A*, dugc dinh nghia nhu sau:

All A21 Anl
% T A12 A22 A2
A* =[(4y),] = : . "
Aln A2n Ann

vai A;j la phan bu dai sb ciia phan tiz a;j, dudc goi la ma tr@n phu

hdp cua ma trdan A.

1
) ;).TimA*

Vi du 1.29. cho ma tran 4 = (

Giai. Ta co

* All A21
AT =
( A12 A22

\/
Il
N
S
— |
wn
\—/

. Tim A*.

- O O

1 0
Vidu 1.30. Chomatran A =| a 1
c b
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Giai. Ta c6

0 10 1 0
.All—' 1‘:1,1‘122—‘ 1':1,1‘133— c 1‘:1-
00 0 0 1 0O
o Ay =— b1 ZO,A31_‘1 O‘_O,Aa.z_— a 0'20-
1
o A, = — Ccl (1) =—a,A;; = Zl b‘:ab—c
1
.A23:— cg :—b
1 0 O
Vay A* = —a 1 0 ]. |
ab—c —b 1

Coéng thitc khai trién dinh thitc

Dinh ly 1.3. (Dinh ly Laplace.) Gid st A € M, (R). Khi do,

n —
o det4 = Z a,-inj = ailAil + a,-zA,-Z + ... —|—a,-nA,-,,,i = l,n.
j=1

o det A = Z Cliinj = alelj —I—aszzj + ... —|—a,,J-An.,-,j = 1,_71
i=1

Mot sb két qua quan trong rat ra tir dinh 1y trén:
e Néu 4 = (aij)n 12 mot ma tran tam giac thi det A = a;1a2; ... dyn-
e Néu ton taii, j sao cho ajx =0,Vk # j thidet A = a;jAjj.

Nhan xét 1.6. Dé viéc tinh dinh thic cho don gian thi ta thudng khai
trién dinh thic theo cac hang (cot) ¢6 cang nhiéu sé khong cang t6t.
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1 2 -1 2
, . . L R 0O 2 0 O
Vi du 1.31. Tinh dinh thic cha ma tran 4 = 13 2 4
0 2 1 3
Giai. Khai trién dinh thic theo dong 2 ta dudc
1 -1 2
det A =(—-1)*"2.| -1 2 4|=-6
0O 1 3
[ |
2 0 300
-2 1 040
Vi du 1.32. Tinh dinh thicchamatranA=| 3 0 2 0 0
4 -1 2 3 1
-1 1 2 00
Giai. Ap dung cong thic khai trién dinh thic ta dude
Lo
ai trién theo c 2 1 4
30 20 0| —meilrlotheodd j_p)++s 0
3 020
4 -1 2 3 1 112 0
-1 1 200
o 2 0 3
haitrientheoed 412t 3 0 2| =20
-1 1 2
[ |
Vi du 1.33. Chiing minh dang thtc
ap az bir bz
azy Gz by ba _ ail diz €11 C12 (1.1)
0 0 ¢ ci2 dz1 dz2 C21 C22

0 0 Cy1 Cp2
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Chitng minh. Khai trién dinh thiic theo dong 4 ta dudc

air az bin bz

air aiz bz aipr apz bn
azy az by ba .
= —Co1| A1 Az by |+ cCoo| az az by
0 0 e e 0 0 ¢ 0 0 ¢
0 0 1 Co 12 11
aypz diz aylr adp
= —C12021 + c11622
21 422 21 422
_ aix diz C11 C12
azy dza C21 C22
]
x 9 -1 x
, . 1 x 2 x?
Vi du 1.34. Giai phudng trinh =0
: 0 0 x 8
0O 0 2 «x
Gidi. Ap dung cong thic 1.1 ta dude
x 9 -1 «x
1 x 2 x? x 9] x 8 ) )
00 x 8 Lxll2 x| =096 -19)
00 2 «x
Do d6, phuong trinh da cho c6 bon nghiém x = +3; x = +4. |
Nhan xét 1.7. Néu trong vi du 1.33 ta dat
A = ainl diz B = b1 biz C = C11 C12
az1 dsz bar by C21 C22
thi cong thiic 1.1 ¢6 thé viét lai nhu sau
A B
= |A||C 1.2
‘OM C‘ jAlIC] (1.2)

Bang phuong phép chiing minh nhu trong vi du 1.33 ta cling dat
dudc cac két qua

A Oz

O2xa C
=4
| IR BT

we O | =iicrs
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Cac két qua trén c6 thé mé rong cho trusng hop A, B, C € M, (R), tic

la
On Xn C A On Xn
‘ ':' —4l|c]  (1.3)

A B B C

1.2.4 Mobt s6 tinh chat cé ban caa dinh thic

1. Pinh thiic bang khong néu trong dinh thiic c¢é dong (cét) khong.

1 -3 3 1 0 2
Vi du 1.35. Cac dinhthic |2 4 1];| 4 0 3 |déubang khong
0 0 O -2 0 -1

vi méi dinh thic déu chita dong khéng hoac cot khong.

2. Pinh thic déi ddu néu ta doi chd hai dong (cot) cia dinh thic
va giit nguyén cdac dong (cot) con lai.

ain diz ... dip ain diz ... din

di1 dijx ... Q4jp aj1 djz ... Qdjp
: | 2dzl_

aj1 djz ... djp aij1 dijz ... dijp

Ap1 Adn2 ... Qpn dp1 Anp2 ... dpp

Vi du 1.36. Cho hai dinh thic

1 2 3 4 2 5 4 7
2 5 4 7 1 2 3 4
M=l s 42T a5 12 17
4 8 12 17 36 8 4
Khang dinh nao sau day ding?
a.A1=A2 C.Alz—Az
b. A2:2A1 d A2:—2A1
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Giai. Ta thay dinh thic A, nhan dude tit dinh thic A; bang cach hoan
doi dong 1 véi dong 2 va hoan déi dong 3 véi dong 4. Do d6

Ay = (1A = A

Vay dap an ta chon la a. [ |
0 1 0 x 0 x+2
0 2 0y 0 y+4
, , ) .10 3 0 z 0 z4+6
Vi du 1.37. Tinh dinh thic { 4 172 2 {
2 -1 301 -1
7 x 6 1 3 8
Giai. Ta co
0 1 0 x 0 x+2 x+2 1 x 00O
0 2 0y 0 y+4 y+4 2 y 0 00
0 3 0 z 0 z+6 §§§22+632000
1 4 1 22 1 S 1 4 21 21
2 -1 301 -1 -1 -1 0 3 1 2
7 x 6 1 3 8 8 x 1 6 3 7
x+2 1 x 1 2 1
=|y+4 2 y|[[312]=0
z+6 3 z 6 3 7

3. Néu trong dinh thiic c6 hai dong (cét) giong nhau thi dinh thiic
bang khong.

1 1 -3 2
, . s O 7 _1 4 v A N N N N
Vi du 1.38. Dinh thic {1 -3 2 bang khong vi dong 1 va dong 3
1 8 =2 2
gibéng nhau.
x2 1 =2 =2
, . x x> 1 1
Vi du 1.39. Giai phuong trinh s 1 01 1|7 0
1 0 1 1
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Giai. Vé trai ctia phuong trinh trén la moét dinh thic cé cot ba va
bon bang nhau nén luén ludén bang khéng. Vay phuong trinh da cho
¢6 nghiém la moi x € R. [ ]

4. Thiza sé chung ciia moét dong (cot) cé thé' dua ra ngodi ddu dinh
thuc.

aili dip ... dip ayp diz ... dip
kClil kaiz ka,-n =k di1 Q4ijp ... djp
an1 an2 Ann Ap1 dn2 Unn
hoac
ainl ... kalj ... Aip ayr ... dij ... dip
arr ... kazj ... dop K dz1 ... dz; ... dap
an1 ... kay; ... apn Anl .. Qnj ... dnp

Vi du 1.40. Cho hai dinh thic

10 2 =2 2 0 4 -8
A2 U3 L 426 4
4 2 1 3 4 2 1 6
1 3 4 4 1 3 4 8

Khang dinh nao sau day ding?
a. Al = Az C. Al = 2A2
b. Az - 4A1 d Az - 8A1

Gidgi. Ta thay dinh thic A, nhan dude tit dinh thic A; bang cach nhan
dong 1 cho 2, dong 2 cho 2 va cot 4 cho 2. Do d6 A, = 8A;. [ |

5. Néu dinh thiic ¢6 hai dong (cét) ti 1é véi nhau thi bang khong
(hat dong (c6t) i va j cua dinh thic dudc goi la ti lé khi d; = kd;
(tuong ung cj = kc;) voi k € R).
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1 23 a b ¢
Vi du 1.41. Cac dinh thiéc | 2 4 6 |.| ka kb kc |la biang khong
-1 2 3 x y z

vi dong 1 va dong 2 ty 1€ v6i nhau.

6. Néu dinh thiic c6 mét dong (cot) ma cde phan tiz dude tdch
thanh téng hai so thi dinh thic cing dudc tdch thanh téng ciia hai
dinh thic tuong ung.

al A1n air ... dAip ayp ... dip
biir +ci1 ... bin+cin |=1|bir ... bin |+ ci1 ... Cin (1.4)
anl e ann anl oo ann anl e ann

Vi du 1.42. Khong dung dinh nghia hay chiing minh cac dinh thic

I1+x 34y 34z I x+2 x
A= 1 3 3 1 Ax=|2 y+4 vy
X y z 3 z4+6 z

luén bang khong véi moi x, y,z.

Gidi. Ap dung cong thic 1.4 ta duge

Alz

= =
= W W
N W W
+
= =X
= W=
N W N
Il
o

Tuong tu ta cing c6 A, = 0. |

7. Dinh thiic khéng thay déi khi ta cong hodc tric vao mét dong
(cot), mot dong (cot) khac da nhdn véi mot so.
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al ain A1in ain diz2 ... dip
ail + kaﬂ ain + k(ljz ... dijn + kajn = | dj1 djp ... djn
an1 ans Ann an1 A4up2 ... Qpn
hoac
air ... aiyj :I:kalj . Aip ayr ... aipo ... dip
dazr ... dpj + kazj ... Qaop . az1 ... dAzi ... dap
Ani ... ani £kay; ... aun anl ... dpj Ann
x 1 0 2x
, < 1 4
Vi du 1.43. Giai phuong trinh S = 0.
: 1 3 x 2
2 -1 2 4
Gidi. St dung tinh chéat trén ta dudc
x 1 0 2x x 1 0 0
1 3 1 2| 1 3 1 0
2 -1 2 4 2 -1 2 0
Khai tridn c6 x 1 0
DRI2IL @)1 31
2 -1 2
= Tx (4 —2x)
Vay phuong trinh da cho ¢6 nghiém la x = 0,x = 2. [ |

m+1 m-—1 2
Vi du 1.44. Giai bat phuong trinh | m +2 2m+3 m+2 | >0.

m+ 1 m 2
Giai. Ta co
m+1 m-—1 2 m+1 m-—1 2
m+2 2m+3 m42| =22820 | 42 2m+3 m+2
m—+ 1 m 2 0 1 0
éhgglé:ngm:gi — (m2 +m — 2)




Huynh Hitu Dinh Truong Dai Hoc Cong Nghiép TPHCM

Khi dé, bat phuong trinh da cho tuong duong véi

m>*+m—-2<0&-2<m<1

Vay bat phuong trinh c6 nghiém —2 < m < 1. [ |
1 1 1 1 1
1 2 2 2 2
Vi du 1.45. Tinh dinh thie | 1 1 3 33
1 1 1 1 n
Giai. Ta co
1 1 1 1 1 1 1 1 1 1
1 2 2 2 01 1 1 1
113 3 3| Lzddiig oo 2 2 2
) d3—ds—d;
1 1 1 1 n dp—dp—d; | 0 0 0 0 n—1
=m-1)!
[ |
2 1 1 1
1 21 ... 1
Vi du 1.46. Tinh dinh thige | 1 1 2 ... 1
1 1 1 2
Giai. Ta c6
21 1 ... 1 n+1 n+1 n+1 ... n+1
1 21 ... 1 1 2 1 1
11 2 ... 1| 929ftd) 1 2 .1
1 1 1 2 1 1 1 2
1 1 1 1
1 21 ... 1
—m4+D| 112 .1
1 1 1 2
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Mat khac
111 1 1 1 1
121 ...1 010 ...0
112 ... 1]%e2224 1001 ...0 =1
... . | dz—>d3—d;
111 2 | dysdu—dr | O 0 0 1
Vay
211 1
1 21 ...1
112 ... 1|=pnp+1
111 2

Dic biét, néu A € M,(R) thi |A*| = | A" véi moi k > 0.

8. Néu A va B la hai ma trdn vudng cung cap thi |AB| = |A||B|.

Vi du 1.47. Tinh dinh thic cia ma tran
I 1 2 4 00
A= 01 4 220
00 2 I 3 1

Gidi. Ap dung tinh chét 8 ta dugc

1 1211400
detA=|01 4|2 2 0|=28=16
00 2|1 31

m 2 m—+2

Vidu1.48. Chomatran A= 0 m—1 2 . Giai phuong trinh

0 0 m+ 1
det (42011) = 0.
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Gidi. Ap dung tinh chét 8 ta dugc

det (A20“) = (det A)*°!! = [m (m2 — 1)]2011

Khi d6, phuong trinh da cho tuong duong véi

m=20
[m (mz— 1)]2011 =0& | m=1
m=—1
Vay phuong trinh ¢6 ba nghiém m = 0,m = +£1. [ |

Vi du 1.49. Cho A € M,(R) théa det A = 2 va A2 — 44 = 2I,. Tinh
det (A — 41,,).

Gidi. T gia thiét dé bai ta duge

A2 —44 =21,
& A(A-4l,) =21,

Do do
det [A (A — 41,)] = det (21,,)
& det Adet (A — 41,) = det (21,)

Videt A =2vadet(2/,) =2"néntasuyradet(4—41,)=2""1. N

Vi du 1.50. Cho A, B € M, (R) théa det A = 2 va det B = 2011. Tinh
det(2AB).

Gidi. Ta c6 det (24B) = det (24) det B = 27.2.2011 = 2011.27+! ]

9. Dinh thitc cia ma tran vudng A bang dinh thic cia ma trén
chuyén vi, tic la |A| = |AT].

Vi du 1.51. Cho A € M, (R),det A = a. Tinh det (AT.A.(AT)Z).

Gidi. Ta c6 det (A7.4.(AT)?) = det AT. det A. det(AT)? = a*. |
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1.3 Ma tran nghich dao

Dinh nghia 1.8. Ma tran vuéng A duoc goi la khong suy bién néu
det A # 0.

m m+1 m-—1

Vidu 1.52. Timm dématranA=| 0 m—1 1 12 khong suy
0 0 m 4+ 2

bién.

Giai. Tacédet A =m (m —1) (m + 2). P& ma tran 4 khong suy bién thi
m # 0

det A0 mm—1)(m+2)#0&3 m#1
m # =2

Pinh nghia 1.9. Cho A € M,(R), néu ton tai B € M,(R) sao cho
AB = BA = I, thi B dudc goi la ma tran nghich ddo ctia ma tran A,
ky hiéu A~!, con ma trdn A dudc goi la ma tran khad nghich.

, A 2 ) A : R A
Vi du 1.53. Ma tran 4 = ( {1 ) ¢6 ma tran nghich dao la ma tran
I -1
B = .
I 2 3
Vidul54. Matran A = | 2 1 2 | ¢6 ma trdn nghich dao 1a ma
I —1 1
1 5 _1
A BN O
tran B = 0 3 -3
1 _1 1
2 2 2
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Vi du 1.55. Ma tran 4 = ( 01 ) khong c6 ma tran nghich dao. That

00

z

(0o )(27)=(56) 7

Viéc xac dinh mo6t ma tran vuéng da cho c6 kha nghich hay khong
la mét viéc khong don gian néu ta chi dua vao dinh nghia, két qua sau
day giup ta giai quyet kho khan nay.

vay, lay ma tran bat ki B € M,(R), gia stt B = ( o f ) khi d6

Dinh ly 1.4. Cho A € M,(R), ma trdn A khd nghich khi va chi khi

A khoéng suy bién. Hon nita, ma trdn nghich ddo cia A la duy nhdt
1

va dude xdc dinh béi A™! = ——A*, § day A* la ma tran phu hop

i det A
cua A.

Hé qua 1.1. Néu ad —bc # 0 thi ma trgn A = < . 4

a b ) khd nghich

va ma tran nghich ddo A™! xdc dinh bédi
1 d b
A7 =
ad — bc ( —c a )

3
1

Vi du 1.56. Ma tréan A = (

~1 4
dao 47! = .
o ( 1 _3)

Vi du 1.57. Tim ma tran nghich dao ciia ma tran

=(43)2(50)

36
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Gigi. Tacs A= ' 3 -2 2 %)= 7 3 ) xnigs,
-1 2 2 1 -5 0
5\ 5 7

1
Vi du 1.58. Tim ma tran nghich dao ciia ma tran 4 = ( a
c

S = O

—_— O O
SNS——

Gidi. Ap dung dinh 1y 1.4 ta dugc

0 O
Trong vi du 1.30 ta da biét A* ( 1 0 ) Hon nua,
ab—c —b 1
0 O
detA:InéntasuyraAlz( —a 1 0) [ |
ab—c —b 1

m m?3

Vi du 1.59. Tim m dé ma tran 4 =
’ 0 m-—1

) khé nghich. Véi m
tim dudc, hay xac dinh 471,

Giai. Ma tran 4 kha nghich khi va chi khi 4 khong suy bién, diéu nay
tuong duong véi

m # 0

detA#O@m(m—l)#O@{m#l

V6i m xac dinh nhu trén ta suy ra dudc

4o 1 m—1 —m3
 m(m—1) 0 m
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Vi du 1.60. Tim cac s6 thuc a,b, ¢ d& ma tran

o S O
S o O 9
S oo &
S Q o

kha nghich.

Gidi. Pau tién, ta tinh dudc

detA=@+b+c)a+b—c)la+c—b)(b+c—a)

Ma tran A kha nghich khi va chi khi 4 khéng suy bién, diéu nay
tuong duong véi

a+b+c#0
a+b—c#0
det A # 0 & d+c—b£0
b4+c—a+#0

Nhan xét 1.8. Ta con c¢6 mot thuat toan khac d€ tim A~! chi qua cac
phép bién doi so cip trén dong. Thuat toan nay kha tién lgi khi xi Ii
nhitng ma tran c6 dang dic biét. Cac budc tién hanh thuat toan (ta gia
thiét 4 € M, (R)):

e Buéc 1: Lap ma tran (A|l,) bdng cdch ghép ma trdan don vi I,
vao bén phdi ma trdn A.

e Budéc 2: Dung cdc phép bién doi so cip dé dua ma tran (A|l,)
vé dang (A'|B), trong dé A’ la ma trdn bdc thang rit gon.
Néu A'=1,thi B= A"

Néu A’ # I, thi ma tran A khéong khd nghich nén khéng cé ma
tran nghich dao.
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Vi du 1.61. Tim ma tran nghich dao ciia ma tran
011
A=1|1 0 1
1 10

Giai. Ta co

1 1 1
O 1 110 d1—3(d\+dz+d3) L1 13 5 3
A)=]10 1]0 1 101/0 10
I 1.0[{0 0 1 1 1.0[{0 0 1
1 1 1
N U T B
d3—>d3—d, S
00 —~lf—3 — 3
1 1 1
di—di+d>+d;3 100 12 21 %
dr—>—d; 11 1
d3—>—d3 0 0 1 5 5 _5
1 -1 1 1
Tudaytasuyrad'l=-| 1 -1 1 [ |
2
1 I -1
Vi du 1.62. Tim ma tran nghich dao ciia ma tran
1 00O
a 1 00
A=
d b 10
f e c 1
Giai. Bang cach 1y luan nhu vi du trén ta tinh dudc
1 0 0 O
—a 1 0 0
Al =
ab—d —b 1 0
f* c¢b—e —c 1
Vvl f* =ae+cd —abc— f. |
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1.3.1 Tinh chat

1. Néu ma tran A kha nghich thi cac ma tran A~ !, A7 ciing kha
nghich va (A7) ™" = 4; (47) ' = (4.

2. Néu hai ma tran A, B € M,(R) kha nghich thi ma tran tich AB
ciing kha nghich va (4B) ™' = B~1471.

Tong quat: Néu m ma tran A,, A, ..., A, € M,(R) kha nghich
thi ma tran tich A,4,...A,, cing kha nghich va (4,4,...4,,) " =
ATAL AT

Truong hop 4, = A, = --- = A,, = A, ta c6 mot hé qua rat hay la
(Am)—l — (A—l)m.

3. Néu A kha nghich thi det A~' = (det A)~".
Vi du 1.63. Cho 4 € M, (R);det A = a # 0. Hay tinh det(2011(4~1)%).

Gidi. Ap dung tinh chét 3 ta dugce

det (2011(47)") = 201" det (47)* = 201" (det 47')* = 2011

a*
Vi du 1.64. Tim ma tran nghich dao ciia ma tran
I 11 1 00
A=10 1 1 210
0 01 3 31

Gidi. Ap dung tinh chét 2 va két qua trong vi du 1.58 ta nhan duge
—1 -1

1 00 1 11
A7t =210 011
331 0 01
I 0 O I -1 O
=1 -2 1 0 (0 I -1
3 =31 0 0 1
I -1 O
=| -2 3 -1
3 -6 4
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Vi du 1.65. Cho hai ma tran A, B € M, (R) théa hai diéu kién:
o detA=a(a0).detB =b(b%0).
o det (A7' + B71) = (ab)™".

Tinh det(4 + B).

Giai. Truéc hét,tac6 A+ B = A(A' + B~') B. Tu day suy ra

det (A+ B) =det[4(A™'+ B™') B]
=det Adet (A" + B7")det B =1

1.3.2 Phuong trinh ma tran AX = Bva XA =B

Pinh ly 1.5. Cho A € M,(R);det A # 0, phuong trinh AX = B co
nghiém khi va chi khi B € M,x,(R), déng thoi nghiém dé la duy
nhét va duoe xdc dinh béi X = A™'B.

Pinh 1y 1.6. Cho A € M, (R);det A # 0, phuong trinh XA = B co
nghiém khi va chi khi B € Mx,(R), dong thoi nghiém dé la duy
nhét va duoe xde dinh béi X = BA~'.

Vi du 1.66. Giai phuong trinh AX = B véi

(1) (1)

Giai. VidetA = 1 # 0va A, B € M,(R) nén phuong trinh da cho cé
nghiém duy nhéat

vern=(10)(37)-(5 %)
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Vi du 1.67. Giai phuong trinh X4 = B véi

() (2)

Giai. VidetA = 1 # 0va A, B € M,(R) nén phuong trinh da cho c6
nghiém duy nhéat

o[22 1 o) (o0 2
X=B4A"= ( 0 1 -1 1) \-11
Vi du 1.68. Giai phuong trinh AXB = C véi

(e () ()

Giai. VidetA = det B =1 # 0va A, B,C € M,(R) nén phuong trinh
da cho ¢6 nghiém duy nhéat

X =A"'CB™!
(1 =3 0 1 1 =2
S\ =2 7 1 2 -2 5
_ 7  —19
—\ =17 46

Nhan xét 1.9. Truong hgp det A = 0, cac phuong trinh ma tran dugc
giai nhu sau:

e Phuong trinh AX = B sé v6 nghiém khi B ¢ M,x,, con néu
B € My, thi ma trdn X sé cé cdp n x p, ta gid st X = (Xij)nxp
va thay truc tiép vao phuong trinh AX = B dé xdc dinh cdc x; .

e Phuong trinh XA = B sé v6 nghiém khi B ¢ M,y,, con néu
B € My, thi ma trdn X sé c6 cap q x n, ta gid stz X = (X;;)gxn
va thay truc tiép vao phuong trinh XA = B dé xdc dinh cdc x; 17
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Vi du 1.69. Giai phuong trinh AX = B véi

= (1) (0 2)

Gigi. Ta thdy A € M>(R) va detA = 0. Ma tran B 1a mot ma tran
vudng cap 2 nén ma tran X ciing la ma tran vudng cip 2, ta gia st

X = ( Mt ), thay vao phuodng trinh AX = B ta dudc
X21  X22

( 2 4 X11 X12 . 1 -2
1 2 X21 X722 - 3 —6
2X11 + 4X21 = 1
X1+ 2xp1 = 3
< 2xX12 + 4xp = 2
X12  + 2xpp = —6
Hé trén vo6 nghiém nén phuong trinh da cho cing v6 nghiém. [ |

Vi du 1.70. Giai phuong trinh XA = B véi

3 6 9 18
A_(z 4)’B_<6 12)

Giai. Ta thay A € M>(R) va detA = 0. Ma tran B 1a mot ma tran
vudng cip 2 nén ma tran X ciing 14 ma tran vudng cip 2, ta gia st

x="r e , thay vao phuong trinh X4 = B ta dudc
X21 X22
X11 X12 36) (9 18
X21 X2 2 4] \6 12
3x1 + 2x12 = 9
6 4 = 18
N X11 + 4X12

321 + 2x2p = 6
6x21 + 4x,, = 12
3x11 + 2x12 = 9
321 + 2X20 = 6
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Giai hé phudng trinh trén ta dudc nghiém
9 —2a 6—2b

3 s X12 = A5 X1 =

véia,b € R. [ |

;X202 =D

X11 =

14 Hang cua ma tran

1.4.1 Khai niém vé hang caa ma tran

Pinh nghia 1.10. Ma trgn A € My,«,(R) dugc goi la c6 hang r, ky
hiéu r(A) = r, néu ma trén A théa hai diéu kién:

e Ton tai mot ma tran con vudng cap r ciia A cé dinh thic khdc
khong.

e Moi ma trdn con vuéng ctia A cé cap khong bé hon r + 1 déu cé
dinh thic bing khong.

1 1
Vidu 1.71. Matran A = | 0 1 ¢6 hang bang 2 vi ma tran con
00

S W N

1 2 . PR . . N o
< | 3 ) cua A c6 dinh thic bang 1 (tic khac khong), hon ntra cac ma

tran con c6 cap khong bé hon 3 ciia A ciing chinh 12 A. Ma det A = 0
nén theo dinh nghia ta dudc r(4) = 2.

(all aip ... A1y ... Clln\
0 dzp ... dApr ... A2y
Vidul.72. Matran| 0 0 ... a, ... ap, |V6ia; #0,i=1,r
o o ... 0 ... O
\o 0 ... 0 ... 0 )

c¢6 hang bang r.
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Vi du 1.73. Tim hang ctia ma tran

1 -1 2 3
A=|11 2 3 4
3 6 9 12
e 20 2, A A N 1 _1 N A A
Giai. Truéc het, ta thay ma tran B = | 2 la m6t ma tran con

cia Acodet B=3#0.Vayr(A) > 2.

Mit khéc, néu ta goi C 1a mot ma tran con cia A c¢6 cAp khong bé
hon 3 thi trong ma tran C ludn c6 dong 2 va dong 3 ty 1€ vé6i nhau, ta
suy ra det C = 0. Do do6 r(A4) = 2. [ |

1.4.2 Tinh chéat
1. Néu 4 € M, thi 0 < r (4) < min{m,n}.
2. Néu A € M, (R) thi

e 7 (A) = n khi va chi khi det A # 0. Tu day ta cing suy ra A
kha nghich khi va chi khi r(4) = n.

e r(A) < n khi va chi khi det 4 = 0.

3. r(A) =r (AT) v6i moi A € My (R).

4. Néu A, B € Myysn (R) thir (4 + B) <r (A) +r (B).

5. Néu A € M,yxn,(R) va B € Myx,(R) thi r (AB) < min {r (4),r (B)}.
6. Néu A, B € M, (R) thir (A4 B) <r(A)+r(B) <n+r(AB).

7. Néu A € My (R) va X € M,(R) 12 mot ma tran khong suy bién
thir (AX) =r (A).

8. Néu 4 € Myn(R) va Y € M,,(R) 12 mét ma tran khong suy bién
thir (YA) =r (A).

9. Néu A’ 1a ma tran nhéan dugc tit ma tran A qua cac phép bién dsi
sd cap thi r(A) = r(4').
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Tt cac tinh chat trén, ching ta rat ra mot thuat dé tim hang ctia ma
tran. Thuat toan bao gom cac budc sau:

e Buéc 1: Dung cdc phép bién doéi so cdp chuyén ma tran A vé
ma tran bdc thang A’ (trong qud trinh dung cdc phép bién doi
so cdp chiing ta co thé loai bé dong khong, néu cé nhiéu dong
doi mot ti 1é véi nhau thi ta chi can gig lai mét dong, loai bé
cdc dong con lai).

e Budc 2: Hang cia ma trén A bang sé dong khdc khéng cia
ma tran A'.

Vi du 1.74. Tim hang ctia ma tran

1 1 1
A= -1 —2 =3
0o 1 2
Giai. Ta co
11 1 s (11T
A= -1 2 3| 222 o 1 2
0o 1 2 01 2 )
d3—>ds+d ! ! 1\
=310 -1 -2
00 0 )
Vay r (A) = 2. |

Vi du 1.75. Tim hang ctia ma tran

\O
|
—_
[\ T\ e R
|
[\
—
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Giai. Vi cac cot thit hai, tu, ndm do6i mot ti 1é v6i nhau nén ta cé thé
x6a cot tha tu va tha nam

3 -1 1 3 -1 1
d2—>d2—d1
x6a cot 4 va 5 3 1 O d3—dz—3d, 0o 2 -1
- _— = B
9 -1 2 ds—ds—5dy 0 2 —1
15 1 2 0O 6 =3

Ta thay cac dong hai, ba, bén ctia ma tran B d6i mét ti 1é véi nhau
nén ta c6 thé x6a dong thit ba va dong thi tu

x6a dong 2,3 va 4 3 —1 1
B——M >
( 0o 2 -1 )

Vay ta két luan r(4) = 2. [ |
Vi du 1.76. Tim m dé hang cia ma tran

1 -1 2 1
A= 2 -2 m+5 m?>+1
1 -1 2 m—1
bang 3.

Giai. Ta co

s dad I —1 2 1
A ﬁ 0 0 m+1 m?>—1
TE N o0 0 0 m-2
Ta xét hai truong hop:

e Néum = —1 hoic m = 2 thir (4) = 2.

. \m# -1
m

o Néu thi r(A4) = 3.

m # —1

Vay gia tri m can tim la
m# 2
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Vi du 1.77. Tuy theo gia tri caa m tinh hang ciia ma tran

-1 0 2 1 0
2 1 -1 2 2
A=
1 1 1 3 2
-2 -1 1 m =2
Giai. Ta c6
-1 0 2 1 -1 0 2 1
x6a cot 5 2 1 -1 2 dr—d>+2d; 0 1 3 4
—_— —_—
1 1 1 3 d3—ds+d; O 1 3 4
2 -1 1 m )0 -1 =3 m-2
-1 0 2 1 -1 0 2 1
x6a dong 3 dz—>ds+d>
_— 0 1 3 4 —_5 0 1 3 4
0O -1 -3 m-—-2 0 0 0 m+2
Néum = —2 thi r(4) = 2.
Néu m # —2 thi r(4) = 3. [ |

Bai tap chuong 1

Phan tu luan
Bai tap 1.1. Cho 4 1a ma tran vudng cip 2012 ma phan tit 6 dong i 1a
i. Tim phan tit 6 dong 2 c6t 7 cia ma tran A2.

Bai tap 1.2. Cho 4 12 ma tran vuéng cap 2012 ma phan tit 6 dong i 1a
(—=1)i. Tim phan tt 6 dong 3 cot 2 clia ma tran A2.

Bai tap 1.3. Cho 4 1a ma tran vudng cip 2012, trong d6 phan tit 6 dong
i cot j 1a (—1)'™/. Tim phan t& & dong 2 cot 2 cia ma tran A2

Bai tap 1.4. Cho 4 1a ma tran vudng cip 2012, trong d6 phan tit 6 dong
tha 7 14 2-!. Tim phan t& 6 dong 1 c6t 2012 ctia ma tran A2

Bai tap 1.5. Cho 4 1a ma tran vudng cap 2012, trong d6 phan ti § dong
thit i 14 i. Tim phan t& 6 dong 1 c6t 2000 ctia ma tran A2.
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Bai tap 1.6. Cho ma tréan 4 =

/(1) (1)) Tim ma tran A42°!!,

/cos o sino

Bai tap 1.7. Cho ma tran A = ) Tim ma tran 42011,

sina¢ —cosa
(O
\

]

Bai tap 1.8. Cho ma tran 4 =

1 0
0 1 |.Tim s6 nguyén duong n nhé
0 0

[e)

nhét thoa A" = 03x3-

Bai tap 1.9. Cho ma tréan 4 = (0 0

) 0). Tim ma tran (I — 4)*°'".

Bai tap 1.10. Cho ma trédn A = (; (1)) Tim ma tran A42°!!,

0 01
Bai tap 1.11. Choma tran 4 = [0 0 0. S6 nguyén duong n nhd
0 00

nhit théa A" = ;x5 12 bao nhiéu?

Bai tap 1.12. Cho ma tran A = . S6 nguyén duong n 16n

oo oo
o o oo
oo O -
O O = =

nhét théa A” # Osx4 12 bao nhiéu?
<o gn R 00 . o e
Bai tap 1.13. Cho ma tran 4 = ( 1 O)' Tim ma tran tong

2011
Z A" = [ 4 2A + 4A4% + 8A3 4 .. 4 22011 42011

n=0

Bai tap 1.14. Cho ma trédn A =

S O O

1 1
0 1].Tim ma tran téng
00

2011
D (=)' A" =T - 24+ 447 —8A% + . — 22011 42011

n=0

49



Huynh Hitu Dinh Truong Dai Hoc Cong Nghiép TPHCM

2011
Bai tap 1.15. Cho ma trén 4 = < 01 8) Tim ma tran tong > A"
- n=0

2011,
Bai tap 1.16. Cho ma tran 4 = <(1) 8) Tim ma tran téng Y. E1-4".
n=0

2011

Bai tap 1.17. Choma tran 4 = <8 _01) Tim ma tran téng > 2" A".
n=0

Bai tap 1.18. Cho 4 14 ma tran vudng cip 2011 théa det 4 = 1. Pinh
thic cia ma tran 447! 1a bao nhiéu?

Bai tap 1.19. Cho 4 13 ma tran vudng cip 2011 théa det 4 = 4. Pinh
thic ctia ma tran S(A_l)2 14 bao nhiéu?

-1 0 2

Bai tap 1.20. Cho 4 = . Tim phan t& 6 dong 2 cot 3 caa

—_— = O =
—_ RN

1
0
0

S b~ =

ma tran A~!?

1 m m
Bai tap 1.21. Dinh thic cia ma trén | m  m? l1a bao nhiéu?
3

m? m3
m? m3 m*

Bai tap 1.22. Tim s6 thuc m dé ma tran

A= m 1 m—1 0 m—1 0
N0 m—1 1 m-—1 1 m—2

kha nghich.

1 0

1 2 3 .
(3 5 1).Tlmma

771.Timma
1 7 7

2011
Bai tap 1.23. Ma tran nghich dao ciia ma tran 4 = (O 1) .

Bai tap 1.24. Cho hai ma tran A = (; i) , B

tran X thoa AX = B.

Bai tap 1.25. Cho hai ma tran A = (; i) , B

tran X thoa AX = B.
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Bai tap 1.26. Cho hai ma tran 4 = (; z) , B = (; i) Tim ma tran

X thoa AX = B.

Bai tap 1.27. Cho 4 la ma tran vuéng cap n. Biét det A = 20 va 42 —
34 = 101,. Tinh det (4 — 31,,).

Bai tap 1.28. Cho 4 12 ma tran vudng cap n. Biét det 4 = 2011 va
A— A7' = I,. Tinh det (42 — I,).

Bai tap 1.29. Cho 4 € M, (R), biét det A = 2 va det (474 — AT) = 1.
Tinh det (4 — I,,).

Bai tap 1.30. Cho 4 € M,(R) kha nghich, biét det (51, — A) = 2 va
A2 =54+ I, = Opxp. Tinh det A71,

Bai tap 1.31. Tinh cac dinh thic

0120 73 4 1 0120
2270 0120 7 3 4 1
A=l 3 4 22T h 27 02T 270
0 4 4 0 0 4 4 0 0 4 4 0
Bai tap 1.32. Tinh cac dinh thic
00 12 713 4 1120
71 3 4 00 1 2 2 3 4 1
A4_1027’A5_1027’A6_1170
00 4 4 00 4 4 22 21
Bai tap 1.33. Tinh cac dinh thic
4100 0212 001 2
2300 01 3 4 00 3 4
oo 71’ 210077 1112
00 2 1 1100 2135
Bai tap 1.34. Tinh cac dinh thic
1112 211 2
20 3 2 201 2
A: A:
=1 24" 711 4 4
2 4 4 8 1112
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Bai tap 1.35. Tinh cac dinh thic

SRS N FRC
4
A12: -1 -1 4 1 2 ,A13: 2 (1) :: )
b=t =120 14135
0O -1 -2 0 0
Bai tap 1.36. Tinh cac dinh thic
1 1 1 x 2 2
A14: a b C ,A15: 2 x 2
b+c c+a a+b 2 2
Bai tap 1.37. Tinh cac dinh thic
x 1 1 1 X 1 1 1
1 x 1 1 -1 x 1 1
A=l 1w "M T 1 x
1 1 1 x -1 -1 -1 x
Bai tap 1.38. Tinh cac dinh thic
x+1 x 1 1 I x x% x3
2 x2 1 1 x x3 x* x°
Bis=| | oy 1'PT 0 x 1
X 0 1 x x 0 1 x
Bai tap 1.39. Tim m théa
2 m 4 2 m 4
a.|3 0 0]<0 c.lm O 0 |=0
1 1 2 1 1 m
1 1 3 1 1 3
b.|1 2 m|=>0 d.|1 2 m|>0
1 1 m 1 1 m

Bai tap 1.40. Tim m thoa
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Bai tap 1.41. Giai cac phuong trinh

x x 1 0

Bai tap 1.42. Giai phuong trinh

Bai tap 1.43. Tinh hang ctia cac ma tran

—
31_J37
7 ~ —
— oA <+
o2 =g !
—
~o oS | T — A
567817_~00
Nt 1 O
— T N <
— N 0 <t _
N I "
3 e
e
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o o 8 — —
o
N O oo NI X
— NN <t — \n on <
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Bai tap 1.44. Tinh hang cta cac ma tran

(1 2 —11 2 (1
24 1o |2
4 8 -1 2 2 4

\7 15 —9 8 18 \ 7
(3 -1 1 -2 1 (2
31 0 2 -1 1

bl g 12 2 d1
\ 15 1 2 2 -1 \ 1

-1 1 2 2
I 0 4 =2
-1 2 8 2
-9 8 14 18
I 11
211
I 21
112

Bai tap 1.45. Tim m d€ cAc ma tran sau c6 hang lan lugt bang 1,2,3,4.

(1 m 1 2 1 m 1 2
L 23m-1 2 m+4 2 3m—1 2 m+4
1 4 5m—1 m+4 2m+7 4 5m—1 m+4 2m+7

\2 2m 2 4 2 2m 2 m+ 4

(3 m 0 1 3 m 0 1
b. 6 2m m 2 d 6 2m m 2

9 3m 0 m+2 9 3m 0 m+2
\ 15 Sm+1 0 7 15 5m 0 7

Bai tap 1.46. Tim m d€ ciac ma tran sau ¢ h

ang lan luot bang 1,2,3,4.

(1 m 1 2 1 m 1 2
a 2 3m—1 m+2 m+3 . 2 3m—1 2 m+4
4 5m—1 m+4 2m+7 4 5m—1 m+4 2m+7
\ 2 2m 2 4 4  4m 4 8
(n1 2 2 2 1 1 1 m
-2 m 2 2 1 1 m 1
b. -2 =2 m 2 d. 1 m 1 1
-2 =2 =2 m m 1 1 1
Bai tap 1.47. Ma tran nao sau day kha nghich?
11 2 1 20
a.| 2 2 4 c.l] -3 00
1 20 1 0 2
1 1 -2 -2 1 2
b.| -2 0 2 d. 4 3 —1
3 0 -3 2 4 1
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Bai tap 1.48. Ma tran nao sau day kha nghich?

0O 3 -6 1 20
a.| -1 -4 4 c.| 300
3 6 0 -1 10
I 1 -2 -2 1 2
b.l] 2 0 2 d. 4 3 —1
3 0 -3 2 4 1

Bai tap 1.49. Tim m dé cac ma tran sau kha nghich:

m+ 1 1 3 m+ 1 1 3
a. 2 m—+2 0 c. m+3 m+3 3
2m 1 3 2Zm+2 m+3 3
m+1 m+42 0 m m m
b. 2 m+ 2 0 d. 1 m 1
m—4 3 m+4 2 1 1 m

Bai tap 1.50. Tim ma tran nghich déo cta cac ma tran:

(v ) <))

123 a0 6 1 -1
b.l| 4 5 6 | -3 ‘\N1a 7 | 4 2
7 8 9

Bai tap 1.51. Tim ma tran nghich dao cua cac ma tran:

1 2 3 I -1 1
a.| -1 -3 =2 c.| -1 1 1
0o 3 4 I 1 -1
-1 1 1 1 -1 2 2 1
I -1 1 1 I -3 -1 1
b I 1 -1 d. 0o 1 -1 1
1 1 1 -1 -3 5 1 -1

Bai tap 1.52. Tim m dé cdc ma tran sau kha nghich, tim ma tran
nghich dao trong cac truong hdp do.
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31 m 2 =2 0
a.| 2 3 1 c.lm -1 m—1
7 7 2m+3 1 -3 m—1
3 -1 -3 m—1 2 m
b. m 1 m+7 d. 0 m—+1 3
m+3 0 2m+7 0 0 m—1

Bai tap 1.58. Tim m dé cdc ma tran sau kha nghich, tim ma tran
nghich dao trong cac truong hgp do.

21 m 2 1 m
a.| 3 7 0 c 3 7 m
1 0 0 1 m O
1 1 m 1 m 3
b. 1 m 1 d| 2 2m+1 7
m 1 1 1 m+1 2

[\

Bai tap 1.54. Cho hai ma tran A = (_21 31) ,B = (2 (6)) Tim ma

tran X thoa X4 = B.

Bai tap 1.55. Cho hai ma tran 4 = (_13 _25) , B = (O 2). Tim ma

tran X thoa AX = B.

1 2 3 7 =32
Bai tap 1.56. ChohaimatranA=|2 5 6 |.B=|-1 2 7
35 12 &8 9 3

1. Tim ma tran X thoa XA = B.

2. Tim ma tran X thoa AX = B.

o . oo {1 =1y -1 1 -3
Bai tap 1.57. ChohalmatranA—(3 _2),3—(0 { _7).

1. Tim ma tran X thoa X4 = B.
2. Tim ma tran X thoéa AX = B.

Bai tap 1.58. Cho hai ma tran A = (_21 _21 i) ;B = <2 —2)‘
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1. Tim ma tran X thoa XA = B.

2. Tim ma tran X thoa AX = B.

Phan trac nghiém

Bai tap 1.59. Cho hai dinh thic

1 2 3 4 2 5 4 7
2 5 4 7 1 2 3 4
B1=l36 8 4" 48 12 17
4 8 12 17 36 8 4
Khang dinh nao sau day la ding?
a. Ay = A, b. Ay = —A, c. A, =2/, d. A, = 2/,
Bai tap 1.60. Cho hai dinh thiic
1 2 3 4 2 4 6 16
25 4 7 2 5 4 14
Bi=l36 8 4" |36 8 -8
4 8 12 17 4 8 12 34
Khang dinh nao sau day ding?
a. A\ = A, b. A = —A, c. A, =2/, d. A, = 4A,
Bai tap 1.61. Cho hai dinh thiic
1 2 -3 4 2 4 -6 8
A = a b —c d A, = 2a 2b —2c¢ 2d
3 6 -8 4 6 12 —-16 8
4 8§ —12 17 4 8 =12 17
Khang dinh nao sau day ding?
a.2A; = A, b. A, = 8A; c. A, = 4A, d. A, = 16A,
Bai tap 1.62. Cho hai dinh thic
1 2 -3 4 2 4 -6 8
a b —c d 2a 2b —2c¢ 2d
BM=l36 g 4 "M% 6 12 —16 3
4 8 —12 17 8 16 —24 34
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Khang dinh nao sau day ding?
a. 16A1 = Az b. A2 = 8A1 C. Az = 4A1 d. Az = 2A1

Bai tap 1.63. Cho hai dinh thic

1 2 3 «x 1 2 3 6-—2x
25 4 vy 2 5 4 8-2
A = A =
""136 8 z|"727 |36 8 16-2z
4 8 12 ¢ 4 8 12 24 -2t
Khang dinh nao sau day ding?
a. Al = Az b. Az = 2A1 C. Az = —2A1 d. Az = —4A1
2 1 m
Bai tap 1.64. Chomatran A =| 3 7 0 |.Khéng dinh nao sau day
1 0 0
dang?
a. A kha nghich khi va chi khi m khac 0.
b. A luén kha nghich.
c. A ludén c6 hang bang 3.
d. A c6 hang bang 3 khi va chi khi m = 0.
Bai tap 1.65. Cho ma tran
-1 -1 -1
A= 1 2 3
o 1 2
. Khang dinh nao sau day ding?
a. A c¢6 hang bang 3. c. A c6 hang bang 1.
b. A ¢6 dinh thiic bang 0. d. Céc khang dinh trén déu sai.

1 23
Bai tap 1.66. Chomatran A = | 2 4 6 |. Khang dinh nao sau day
1 35

dang?
a. A c6 hang bang 2. c. A ¢6 hang bang 1.
b. A ¢6 dinh thic bang 0. d. Céc khang dinh trén déu sai.
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3 5 3
Bai tap 1.67. Chomatran A = [ 2 4 6 |.Khang dinh nao sau day
9 15 9
dang?
a. A c6 hang bang 3. c. A ¢c6 hang bang 1.
b. A ¢6 dinh thitc bang 0. d. Céac khéng dinh trén déu sai.

1 00 2 —1 3
Baitap1.68.ChoAd=| -3 1 0 |.B=[ 0 2 4 | Tinhdet(34B).
13

2 0 0 1
a. 324 b. 18 c.6 d. 20
1 -1 2 3
A , 0O 2 1 0
Bai tap 1.69. Tinh 31 0 —1
0O 1 -1 0
a. 30 b. -30 c. 15 d.-15
1 2 -1 3
01 0 1
Bai tap 1.70. Tinh
ai tap 1.70. Tin 02 0 4
31 5 7
a. 16 b. -16 c. 32 d. -32
1 0 O .
Baitap 1.71. ChoA=| 2 1 0 |.Tinhdet((34)7")".
3 -1 2
1 1
a.6 b. 54 c. — d. —
6 54
1 0 m
Bai tap 1.72. Chodinhthitc A = |2 1 2m—2 |. Timm d& A > 0.
1 0 2
a.m>?2 b.m <2 c.m>0 dm<1
1 2 -1 3
A , 01 0 4
Bai tap 1.73. Tinh 02 0 1/
31 a b
a.7a + 21 b. 7a + 21b c.7a —2b d. —7a —21
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2111
Ssopa ] 1 311
Bai tap 1.74. Tinh 114 1
1 115b

a. 176 — 11 b. 17b + 21 c.7b —10 d. 76 + 10

Bai tap 1.75. Cho A, B € M, (R) v det A = 2, det B = 3. Tinh det (24B).

a.6 b. 12 c. 24 d. 48
1 1 -1 1
e A 2 2 1 5 £ N A 1s
Bai tap 1.76. Cho A = 3 4 2 0| Keét qua nao sau day la
-1 1 0 3
dung?
a.det A = —53 c.det A = 63
b. det A = —63 d. Cac cau a,b,c déu sai

Bai tap 1.77. Cac gi4 tri nao sau day la nghiém ctia phuong trinh

1 x 2x x?

1 2 4 4

1 -1 =2 1 =0

2 3 1 -1
ax=2,x=-1 cx=2,x=3
b.x=3,x=-1 d. Céc cau a, b, ¢ déu sai.

Bai tap 1.78. Cho ma tran vuéng cap 2 c¢6 cac phan ti 1a 2 hoidc — 2.
Két qua nao sau day la dung?

a. det 34) = —72 c. det (34) = 45
b. det (34) = 30 d. det (34) = 27
1 x x2 x3
A . 1 a a*> a3
Bai tap 1.79. Giai phuong trinh T 0.
1 ¢ ¢2 ¢3
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a. Phuong trinh v6 nghiém.
b. Phuong trinh c6 ba nghiém a, b, c.
c. Phuong trinh ¢6 ba nghiém a + b,b + c,a + ¢
d. Phuong trinh cé vo s6 nghiém.
Bai tap 1.80. Tim s6 nghiém phan biét cia phuong trinh

1 2 x O
2 1 -1 3
=0
1 2 2x x
-2 1 3 1
a. 1 b. 2 c. 3 d. 4

. Két qua

Bai tap 1.81. Cho hai ma tran 4 = ( (1) 8 ) ,B =

S O O
(OSTI \S R

nao sau day la dung?

a. AB = BA.

b. AB xac dinh nhung BA khong xac dinh.
00

c.BA=10 0
00

00
van-(99)

Bai tap 1.82. Tim nghich ddo cia ma tran

(07 ) =3
(14) +(11) <(11)

Bai tap 1.83. Ma tran nao sau day kha nghich?

&Gl

—
Sl
[=5lo
o NS [
WlQW|lw
N—

—
w
—
w

-2 1 2 I 20
a 4 3 -1 c.| 300
2 4 1 I 0 2
I 1 =2 1 12
b.l -2 0 2 d.| 2 2 4
3 0 =3 1 20
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1

Bai tap 1.84. Cho f (x) = x2 —2x + 3;4 = ( ! ) Tinh f(A).

-1 2
a 1 1 o 1 1
-1 1 -1 2
b 1 2 d. Céc cau a,b,c déu sai.
W -1 3
1 -1 1 2 4
A . ) . 2 2 35 7
Bai tap 1.85. Tim hang cia ma tran A = 45 2 10
5 -6 7 6 18
a. 1l b. 2 c.3 d. 4
1 1 1 1
<o gn 23 4 1 ae e s e x
Bai tap 1.86. Cho 4 = 34 6 6 . V61 gia tri nao cua m
4 4 m+4 m+7
thi r(4) = 3?
a.m=1 b.m=3 c.m # 1 d.VmeR

. o (1= -1 1 =3
Bai tap 1.87. Cho hai ma tran 4 = (3 _2),3_( 0 1 _7).

Tim ma tran X thoa X4 = B.
2 -1 1 2 1 -1
a.X_(3 ) _2) c.X_(32_2)
27 3 d. Khong c6 ma tran X.
b.X=| -1 -2
-1 2
Bai tap 1.88. Cho 4 € M, (R) biét rang r(4) = 3. Két qua nao sau day
dang?
a.detAd =1 b.detA =0 c.detA =2 d.det A =3
Bai tap 1.89. Cho 4 € M3, (R), B € M, (R) biét det B # 0 va r(4) = 3.
Khang dinh nao sau day la dang?
a.r(AB) =1 b.r(AB) =3 c.r(AB) =4 d.r(AB) =5
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I 0
\ e A N . 2 > A l O 2
Bai tap 1.90. Tim nghich ddo cia ma tran 4 = < 010 ) ( 11 )
0 1

b. A7l =

Al
¢ 2 1

d. Khéng ton tai A~.

TN O = —
_
[
Lo
V\/
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Chuong 2

Hé phuong trinh tuyén tinh

2.1 Hé phuong trinh tuyén tinh tong quat

2.1.1 Khai niém tong quat

Dinh nghia 2.1. Mot hé phuong trinh tuyén tinh la moét hé thong
gom m phuong trinh bdc nhdt véi n dn cé dang tong qudt nhu sau:

anx; + apxs + .. + ampx, = b
A Xy + amxs + .. + awgux, = by

(2.1)
AmiX1 + amaX2 + ... + GupXn = by

véi a;;,b; € R;i = 1,m,j = 1,nla cdc hé so va x;,i = 1,n la cdc dn.

Ta dat
aix diz ... dip X1 by
A= Cl‘21 a.22 a%n ,X _ .X.2 ’B _ b2
Adm1 Am2 ... Qmn Xn bm

R6 rang hé phuong trinh 2.1 c6 thé dudc viét lai duéi dang AX = B. Ta
goi A 1a ma tran hé s6, X 12 ma tran cot &n va B 1a ma tran cot hé s6 tu
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do ctia hé phuong trinh 2.1.

Ky hiéu
apnn diz ain | by
s (A|B) = 21 d22 a.2n by
Am1 Am2 <o Amn bm

dudc goi 1a ma tran hé s6 mé rong. Hién nhién néu biét hé phuong trinh
tuyén tinh thi ta viét ngay dudc ma tran mé rong ctia né. Ngudc lai, néu
biét dudc ma tran hé sé6 mé rong cia mot hé phuong trinh tuyén tinh
thi ta ciing dé dang khoi phuc lai hé phuong trinh dé. Do d6, ta goi ma
tran mé rong A la sy ma tran héa hé 2.1.

Dinh nghia 2.2. Néu b, = b, = --- = b,, = 0 thi hé 2.1 dudc goi la
hé tuyén tinh thudn nhdt.

Dinh nghia 2.3. Ta noi b (o1; oz; ...; ) la mot nghiém ciia hé 2.1
néu ta thay x; = oy ...; X, = o, vao hé 2.1 thi tat cd cdc phuong trinh
trong 2.1 déu dudc théa.

x + 2y — z =4
Vidu 2.1. B6 (1;2;1) langhiémcaahé { 2x + y + 3z = 7 vi
3x — vy 4+ z = 2

khi ta thay x = 1;y = 2;z = 1 vao hé thi cac phuong trinh ctia hé déu
thoa man.

Vi du 2.2. Hé phuong trinh tuyén tinh thuan nhat luén c6 it nhat mot
nghiém x; = x, = --- = x, = 0 va nghiém nay dudc goi 1a nghiém tam
thuong cua hé.

DPinh 1y 2.1. Ddi vdi mot hé phuong trinh tuyén tinh tong qudt thi
chi co moét trong ba truong hop nghiém xay ra la: hodc cé nghiém
duy nhdt hodc cé vo sb6 nghiém hodc v nghiém.
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Ciing giong nhu phuong trinh, viéc tim céc phuong phap giai hé
phuong trinh da thuc ddy su phat trién ctia Toan hoc. Hién nay, ching
ta da dat nhiéu két qua rat manh vé 1y thuyét ciing nhu tng dung, dic
biét 1a cac van dé vé hé phi tuyén. Tiéc 1a trong khuon khé bai giang
nay ciing nhu vé kién thitc thuc tai, tac gia chua thé giéi thiéu cho ban
doc. Xin hen mo6t ngay khong xa.

DPé khong mat nhiéu thsi gian, chiing ta sé tién hanh tim hiéu mot

vai phuong phép giai hé tuyén tinh don gian da dudc phat trién trudc
thé ky XX.

2.2 Phuong phap khu Gauss

Phuong phép khit Gauss dude xay dung dua vao nhan xét sau: Néu thuc
hién trén hé 2.1 cac phép bién d6i so cap sau:

e D4i chd cac phuong trinh cta hé 2.1 (tuong tng d; < d;).

e Nhan mot s6 khac khéng vao mot phuong trinh ctia hé (d; — ad;
v6i a # 0).

e Cong mot phuong trinh vao moét phuong trinh khac da dude nhan
mot so (tuong dng véi d; — d; + ad;).

thi ta sé dudc mot hé phuong trinh méi tuong duong véi hé 2.1.

Phuong phap khit Gauss dude thuc hién nhu sau: Khong mét tong
quat, chung ta luén gia thuyét a;; # 0. Pé ma tran A c6 dang bac thang,
dau tién, ching ta 1am cho cac phan ti 6 ¢ot thi nhat, dong thit hai tré
di bién thanh 0 bang cach nhan dong mét véi —Zi roi cong vao dong

11
i (i =2,3,..m), saum — | phép bién déi nhu vay ching ta thu dugc hé
phuong trinh tuong duong

anx: + anxay + ... + amxp, = bh
/ / /
+ abxy + ... + ay,xn = b
i (2.2)
’ ’ _ ’
+ a,,x2 + ... 4+ a,,x, = b,
. a1 aiji
trong d6 a;; = a;; — —ay;;b; = by — —b;.
j 3 . i
ai ar
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O day, ta con néi “khit 4n x;”, tiép theo bang cach tuong tu ching ta
“khit 4n x,” tit phuong trinh thi ba tré di doi véi hé 2.2. Sau dé, ta lai
“khi 4n x;” tit phuong trinh thi tu tré di (néu cé)... Qua trinh khit 4n
6 trén sé dung lai sau hitu han budc bién déi.

Nhan xét 2.1. Trong qua trinh bién d6i, néu trong hé xuét hién phuong
trinh dang Ox; + Ox, + --- 4+ Ox, = 0 thi ta c6 thé loai bé phuong trinh
nay ra khoi hé phuong trinh.

Vé mat thuc hanh, d€ giai hé phuong trinh tuyén tinh bang phuong
phap khit 4n Gauss, ta 1am nhu sau:

e Xdc dinh ma tran hé sé mé rong A = (A|B).

e St dung cdc phép bién déi so cép trén dong dé bién doi sao cho
ma tran hé sé6 mé rong chuyén thanh dang bdc thang.

o Gidi hé phuong trinh bdng qud trinh ngudc.

Vi du 2.3. Giai hé phuong trinh sau bang phuong phap khit Gauss

2x; + x2 — 3x3 =4
X1 — 2x, + x3 =0
3x1 - 2X3 =-1

Giai. Talap ma tran hé s6 mé rong A

2 1 =-3| 4

A=AB)=|1 -2 1|0

3 0 —-2|-1

Bién doi 4 vé dang bac thang
2 1 =3 1 -2 1 0
_ di<d,

A=UB) =1 =2 1|0 2222 1 3|4
3 0 -2|-1 3 0 —-2|-1
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2 1 1]o . 1 -2 1 0
Sdy— dy—d3—8d
Zz jz 231 0 5 —5|4 3TA3Tsa 0O 5 -5 ;9
TETA N 6 5|1 o0 1|-=
5
Ta khoi phuc lai hé phuong trinh
X1 — 2XZ + X3 = 0
5X2 — 5X3 = 4
29
X3 = —?
19 24 29
Giai hé trén ta dudc nghiém x; = —?; Xy = —?; X3 = = [ |
Vi du 2.4. Giai hé phuong trinh sau bang phuong phap khi Gauss
X1 + x2 4+ x3 + x4 = 4
2x1 — 3x2 + 5x3 4+ Tx4 = 11
3X1 + X — 6.X3 + 5)C4 = 3
4X1 + 3.X2 + 3.X3 — 3)C4 = 6

Giagi. Talap ma tran hé s6 md rong A

1 1 1 1|4
_ 2 -3 5 7|11
A=UB) =1 3 | ¢ 5|3

4 3 3 3|6

Bién d6i A vé dang bac thang

1 1 1 1|4 1 1 1 1 4
dr—>d>—2d,
2 =3 5 7 111 d3—d3—3d; 0 -5 3 5 3
_—
31 -6 513 ds—ds—4d; 0O -2 -9 2 |-9
4 3 3 -3|6 0O -1 -1 -7|-9
4
3

1
d3—5d3—2d> 0
dy—5ds—d> 0

0

0 =51 0 |-51
0 -8 —40|—-48
1 1 1 1 4
ds—>51d4—8d3 0 —5 3 5 3
—_—
0 0 =51 0 —51
0 0 0 —2040 | —2040
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Ta khoi phuc hé phuong trinh

X1 + X2 + X3 + X4 = 4
— 5%, + 3x3 + 5x4 = 3
- 51.X3 = —51
— 2040x4 = —2040
Giai hé trén ta dudec nghiém x; = 1;x, = 1;x3 = 1;x4 = 1 [ ]
Vi du 2.5. Giai hé phuong trinh sau bang phuong phap khit Gauss
x + 2y — 3z 4+ 5 =1
x + 3y — z 4+ t = =2
2x + 5y — 4 + 6z = -1

Gidi. Talap ma tran hé s6 mé rong A
1 2 -3 5|1
A=(AB)=|13 -1 1|=2
25 —4 6|-—1

Bién d6i 4 vé dang bac thang

e 1 2 =3 511 i 1 2 =3 511
Zdzdzd‘ 01 2 —4|-3 |22 101 2 -4|-=3
wER2A N1 2 —4| -3 00 0 010
Khoi phuc lai ta dudc hé phuong trinh
2y — = 1
x 4+ 2y 3z + 5t (2.3)

y + 2z — 4 = -3

Hé trén gom c6 hai phuong trinh va bon 4n nén ta c6 thé chon x, y
lam an chinh; y, ¢ 1am 4n phu.

Pit z = a;¢r = B thé vao hé 2.3 ta dudc
x=7+"Ta— 148
{y =-3—-2a+4p
Vay hé phuong trinh da cho ¢6 nghiém
x=T+Ta—14B;y = -3 -20+4B;z =a;t =B
voi o; B € R. [ |
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2.3 Phuong phap Cramer

Dinh nghia 2.4. Hé Cramer la mot hé phuong trinh tuyén tinh cé
s6 phuong trinh bdng véi s6 4n (tic la m = n) va ma trén hé sb cia
hé khong suy bién. Cu thé hon, mot hé duoc goi la Cramer néu né cé
dang sau

ai1Xi + a12X2 4+ ... + A1pnXy = bl
a,x1, + axpxy + .. + awux, = by

(2.4)
amX1 + ampx, + ... 4+ apux, = b,

trong dé det A # 0 vdi A = (a;;), € M, (R).

Vi du 2.6. Trong cac hé phuong trinh sau day, hé nao la hé Cramer?

x + y + z =3 X +y + z =3
a.{ 2x 4+ 3y 4+ 4z = 9 c.yx + vy 4+ z =3
3x + 4y + 5z = 12 x +y + z =3
2x + ¥y - = 2 5x + y + z =1
b.q{ x + 3y + z =5 d.{ 10x + 2y + 2z = 14
x 4+ 4y 4+ 8 = 13 3x + 4y 4+ 5z = 12
Giai. Phuong an dudc chon la phuong an b. [ |
Vi du 2.7. Cho hé phuong trinh
x1 + aixa + aixs + .. + alx, = b
X1 + axxa + aixs + .. + ailx, = by (2.5)
X1+ apxa + a’xs + .. + a"'x, = b,
Tim diéu kién cta cac hé sb ay:a,;...;a, € hé 2.51a hé Cramer.
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Giai. Goi A 1a ma tran hé sb ctia hé 2.5, khi d6 ta c6

2 n—1
I a aj ... aj
2 n—1
I a, as .. a,
A= : :
2 n—1
1 ap— a1 a1
2 n—1
I a, a, ay

1 ay  af .. a}!
a, a: .. ai!

: | #£0 (2.6)
2 -1
Lan—r ayy Ay
1 a, a2 an—!

Vé trai cua bat dang thic 2.6 dudce goi 14 dinh thic Vandermonde.
D¢ tinh dinh thic nay ching ta chi can ap dung cac tinh chat co ban
cta dinh thic nén xin nhudng cho ban doc, két qua cu thé nhu sau

1 a a® .. a'!
1 a a3 .. a!
P = > (aj—a) (2.7)
1 ap—y a’_, .. a'Z} 1<i<j=n
1 a, a2 ar—!

Tu 2.7 bat dang thic 2.6 xay ra khi va chi khi bd n s6 ay;as;. .. ay
doi mot khac nhau.

Vay hé 2.5 1a2 hé Cramer khi va chi khi cac hé s6 a;;a»; . ..;a, d6i mot
khac nhau. [ |

DPinh ly 2.2. (Phuong phdp Cramer). Hé 2.4 c6 nghiém duy nhat

det A; —_ .
la x; = (jleet AJ .J = 1,n, trong dé ma tr@gn A; nhdn duoc bang cdach

thay cét thit j clia ma tran A bang cot cdc hé sé tu do clia hé 2.4.
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Vi du 2.8. Giai hé phuong trinh sau bang phuong phap Cramer

x 4+ 2y + z = 4
x — 3y 4+ 6z = 4
5 — y + z =5
Giai. Ta c6
1 2 1
e A=|1 -3 6 | =detd=75.
5 -1 1
4 2 1
e Ay =| 4 -3 6 | =detA; =75.
5 -1 1
1 41
e Ab=|1 4 6 | = detAd, =75.
551
1 2 4
e A3=| 1 -3 4 | = detA; =75.
5 -1 5
75 75 75
Vay hé co nghiemx = — =1y = —=1;z = — = 1. [ |
75 75 75

Vi du 2.9. Giai hé phuong trinh

x + ay + ada*z = a?
x + by + b*z = b?
X + ¢y + %z = ¢3

bang phuong phap Cramer, trong d6 cac sb thuc a,b, ¢ d6i mot khac
nhau.

Gidi. Ap dung 2.7 ta dugc

612

b? | = detA = (c—b)(c —a)(b—a).

C2

[ ]

o

Il
_—
o S Q
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e A =| b3 b b? | = detA; =abc(c—b)(c—a)(b—a).

e Ay =| 1 b® b2 | = detAy, =—(c—b)(c —a)(b—a)(ab + bc + ca).

.A3:

[E—
S
S

w
Q.
@
=+
AN

N

Il
~
o

|
S
~
~
o

|
Q
~
~
S

|
N
~
~
IS
+
S
+

o
~—

— — ab
* deta _47¢
detA2
* V=14 = —(ab + bc + ca).
detA3
= b
det A arbre

Tiép theo, ta sé md rong dinh 1y 2.2 cho hé phuong trinh tuyén tinh
ma s6 4n va sb phuong trinh bang nhau (hé Cramer 14 mét trudng hop
riéng cua 16p hé nay). Két qua ctia dinh 1y rat phu hop dé giai va bién
luan hé phuong trinh tuyén tinh véi s6 4n bang s6 phuong trinh.

Dinh 1y 2.3. Cho hé phuong trinh tuyén tinh AX = B vdi A = (@ij)n-
Khi do,
A S LA 2 A £ det A] . .
e Neu det A # 0 thi hé c6 nghiém duy nhat x; = Tot A ,j =1,n.
e
e Néudet A =0vatontai j € {1;2;...:n} sao cho det A; # 0 thi
hé vé nghiém.

e Néu det A = 0 va det A; = 0vdi moi j € {1;2;...;n} thi hé v
nghiém hodc vo sé nghiém.
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Chu y 2.1. Dbi véi trudng hop det A = 0 va det A; = 0 v6i moi j €
{1;2;...;n}, mudn biét hé v6 nghiém hay v6 s6 nghiém (va giai tim
nghiém) thi ta phai giai truc tiép bang phuong phap Gauss.

Vi du 2.10. Bién luan sb6 nghiém ctia hé phuong trinh sau theo m

mx + y + z =3
x + my + z =3
X + y 4+ mz = 3

Giai. Ta lap ma tran hé so A caa hé

m 1 1
A= 1 m 1
1 1 m

< m # 1
NeudetA #0 & m*—-3m+2#0 & Z 2thihécénghiémduy
m —_—
nhat.
Néu m = 1 thi hé tré thanh
X+y+z=3
x+y+z=3&x+y+z=3
xX+y+z=3

Hé trén c6 vo s6 nghiém va nghiém dudc biéu dién nhu sau

x=3—-a-—p
y=u«a
z=p

Néu m = —2 thi hé tré thanh

-2x + y + z =3
x -2y + z =3
x + y - 2z =3

Cong tung vé ba phuong trinh cta hé ta duge Ox + 0y + 0z = 9, diéu
nay la vo ly. Vay trong truong hop nay hé vo nghiém. [ |
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Hé qua 2.1. Cho hé phuong trinh tuyén tinh thuan nhit AX = Opx
véi A = (aij)n. Khi do,
e Néu det A # 0 thi hé chi c6 nghiém tam thuong x; =0, j = 1,n.

e Néu det A = 0 thi hé c6 vo sb nghiém (tiéc hé cé nghiém khong
tam thuong).

X + v + 1-mz = 0
Vidu2.11. Timm dghé { (1+m)x — y + 2z = 0 ¢
2x - my + 3z = 0

vo s6 nghiém.

1 1 1—-m
Gidi. Matranhésbciahélad=| 1+m -1 2

2 —m 3

Vi hé phuong trinh trén 14 hé thuan nhit nén né c¢6 vo6 sbé nghiém
khi va chi khi det A = 0. Tc la

1 1 1—-m m =0
l+m -1 2 —0em’—4dm=0< | m=-2
2 —-m 3 m=2

2.4 Phuong phap phanra LU

Xét lai hé phuong trinh AX = B v6i A = (a;;),. Gia stt ma tran A c6 thé
biéu dién duéi dang A = LU trong d6

liy 0 - 0 Uil Uiz Ulp
I 121 122 . O ’ U— 0 Uy -+ Uap
lnl ln2 e lnn 0 0 *tr Upp

Khidétaco B=AX = LUX =LY v6iY =UX.
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LY =B

Vay hé ban dau sé dudc phan ra thanh hai hé UX — v

Van dé giai cac hé phudng trinh trén rat don gian, dau tién la giai
hé LY = B dé tim Y, sau d6 véi Y viia tim dudc ta giai hé UX = Y dé
tim X.

Sau day ta di vao mot s6 trudng hdp thuong gap cta phuong phap
phanra LU.

2.4.1 Phuong phap Crout
V6i phuong phéap Crout thi ta cho u;; = 1,i = 1,n, tit d6 tim cac phan
t con lai cia ma tran L va U.

Sau day ta sé dung phuong phap Crout dé phan ra ma tran cap 3.
Ta co

ail diz dis lii 0O 0 I uyn ups
dz1 dzz2 dz3 = lr1 I O 0 1 ‘up
as; asy ass [31 I3 33 0 0 1
ain diz a4z 11 liiugz SLAE
< dz1 dz dz3 =\ L Dauir+ 1 Iauys + [nuas
aszy asy dss [31 Dziuin + 132 I31u13 + [32u23 + [33
Tu day ta suy ra

I =an
[y = an
[31 = ax
a2
lhUip = a2 = U = T
11

iz + o = asy = oy = asy — b1z

iUz + 30 = asy = 30 = azy — [31u12

ais
lhuiz =a13 = Uiz = —
11

azz — lr1u13
lryu1s + lppUzz = azz = Uz = —————

[
[31u13 + [30u23 + [33 = azz = 33 = azz — [31u13 — [32u23
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Bang cach tuong tu, ta c6 thé phan ra ma tran vuéng cip n. Cu thé
hon, néu 4 1a m6t ma tran vudng cap n dudc cho bdi

dayp dip -+ dip

dzy dzz -+ dap
A= ]

an1 Qpo - dpn

thi c4c phan t& ctia hai ma tran L, U dudc xéac dinh nhu sau:

Z,‘l :(lil,i = 1,2,...,1’!
ayj

Uy =-—,j =2,3,...n
Iy "
j—1
l,‘j = aj; — l,‘kukj V611<]§lfl’l
k=1
1

i—1
Ui = l_ (Cl,‘j —kz likukj) vol 1 <i < ] <n
i =1

Vi du 2.12. Giai hé phuong trinh sau bing phuong phap Crout

2X1 — X3 + X3 =4
4X1 + 3)62 — X3 =6
3X1 + 2)C2 + 2X3 =15

2 -1 1
Gigi. Hé phuong trinh trén c6 matranhésb A= 4 3 -1
3 2 2

Ap dung phuong phép Crout phin ra ma A ta dude

20 0 1_% %

L = 4 5 0 U = 3
3 7 13 0 1 —3

2 5 0 0 1
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Trudc hét ta giai hé
2 0 0 i 4
LY=B |45 0 v, |=[ 6
3 7B 15
5 5 V3
- 1 B 22
Y2 | = 3
V3 4
Tiép theo, ta giai hé
{ 1 1
2o | 2
— _ 2
ux =Y <& 0 1 _E X2 = —3
X3 4
0 O 1
X1 1
= X2 = 2
X3 4
Vay hé da cho c6 nghiém la x; = 1;x, = 2;x3 = 4. [ |

Vi du 2.13. Giai hé phuong trinh sau bang phuong phap Crout

1 3 2 4 X 10
-1 =211 y | | -1
1 2 11 z | | 5
0 1 22 t 5

1 3 2 4 1 0 0 0 1 32 4
-1 -2 11 -1 1 0 0 01335

A= 1 2 11| 1 -1 2 0 0011 =LU
0 1 2 2 0 1 -1 =2 0001

Trudc hét ta giai hé phuong trinh
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(1 0 0 0 V1
B -1 1 0 0 V2
Ly =8 | = | o
0 1 -1 -2 V4
V1 10
Y2 9
> =
V3 2
K)’4 1
Tiép theo, ta giai hé
(13 24)(x
013 5 Xo
UX =Y
“loot 1 ]| x
00 01 \x4
X1 1 \
N X2 _ 1
X3 1
SV

Vay hé da cho co nghiémla x; = 1;x, = 1;x3 = 1; x4 = 1.

2.4.2 Phuong phap Doolittle

Véi phuong phap Doolittle thi ta cho ;; = 1,i = 1, n, tit & tim cac phan

t con lai cha ma tran L va U.

Sau day ta sé dung phuong phap Doolittle dé
3. Ta c6

phén ra ma tran cap

ay; app aps 1 0 O Uy Uz U3
dz1 dzz2 Q423 = lrby 1 0 0 uzp uz;
asz; dizz2 a4szs [31 I3 1 0 0 us;
ail diz ais Ui Uiz Uis
< dz1 Az a23 = | Liun Db +usx lr1u1s + uzs
dsz1 dsx ass Isiuyy [iuns + Isuzs [31uy3 + [32u23 + U3z

Tu day ta suy ra
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Ul = a1
U2 = A1z
Uiz = di3
asy
lhyuyn = az; = Iy = —
Uil
] asi
lyyupy = az = Iz = —
Uil

[21U12 + Uzp = A2p = Uz = A2z — [r1U12
[r1u13 + Uzz = A3 = Uz3 = A3 — [21U13
[31u12 + l3oUzp = a3p = l3p = — (6132 - 131M12)

Uz2
[31u13 + l30U23 + U3z = a3z = Uzz = azz — [31u13 — [32U23

Bang cach tuong tu, ta ¢6 thé phan ra ma tran vuong cip n. Cu thé
hon, néu 4 1a mot ma tran vuong cap n dudc cho béi

aypr diz2 -+ dip

dzy dzz -+ dap
A =

dp1 Qupz *** dpn

thi cac phan tit cta hai ma tran L, U dudc xac dinh nhu sau:

uy =ayy,j =12,...,n
(7

lh=—,i=23,...,n
Ui

i—1
k=1

j—1
Zij:_(aij— Zlikukj) veil<j<i<n
A k=1

Vi du 2.14. Giai hé phuong trinh sau bang phuong phap Doolittle

X1 + 4x, 4+ 5x5s = 10
3X1 + X + 2X3 = 6
4.X1 + 2)C2 + X3 = 7
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Giai. Hé phuong trinh trén c6 ma tran hé sé la

1 45
A= 31 2
4 2 1

Ap dung phuong phép Doolittle phan ra ma tran A ta dudgc

1 0 O 1 4 5
=3 1 ofly_]o-11 -13
14 27
4 = 1 0o 0 -—-=—
11 11
Trudc hét ta giai hé
10 0 /.y 10
LY=B & |3 114 Ol » |=| 6
— 1 7
11 V3
[
N ERE R Y
V3 1
Tiép theo ta giai hé
(1 4 5 X 10
0 —11 -13 —24
UX =Y =
< 27 || 2 27
\O 0 - X3 _—
11 11
(Xl 1
=4 X2 = 1
\X_o, 1

Vay hé phuong trinh da cho c6 nghiémlax; = 1;x, = 1;x3=1 N

Vi du 2.15. Giai hé phuong trinh sau bang phuong phap Doolittle

X1 4+ 2x + 3x3 4+ 4x4 = 6
2x1 + 3x, 4+ 8x3 + 9x4 = 13
3x1; + Txo + 9x3 + 1lx4 = 19
4x1 + 6xo + 16x3 + 19x4 = 26
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Giadi. Hé phuong trinh trén c6 ma tran hé s6 1a

2 3 4
3 8 9
7 9 11
6 16 19

AW N~

Ap dung phuong phép Doolittle phan rd ma tran A ta duge

1 0 0O 1 2 3 4
2 1 00 0 -1 21
L: : =
3 -1 10 U 0 0 20
4 2 01 0 0 01
Trudc hét ta giai hé
(1 0 0 0\ Y1 6
y—p o2 1 00 vo|_| 13
3 -1 10 V3 19
>4 2 01 )\ » 26
N1 6\
V2 1
<> =
V3 2
\ v 0
Tiép theo ta giai hé
(1 2 3 4\ [ x 6
0 -1 2 1 Xs 1
UX =Y =
< 0 0 20 X3 2
0 0 01 X4 0
X1 1
N X2 _ 1
X3 1
) oy

Vay hé da cho co nghiém la x; = 1;x, = L;x3=1;x4 =0
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2.5 PDiéukién c6 nghiém cta hé phuong trinh
tuyén tinh téng quat

Poi khi viéc giai mot hé phuong trinh khéng quan trong bang viéc xem
xét hé phuong trinh dé vo nghiém hay c¢6 nghiém. Néu c6 nghiém thi
nghiém dé 1a duy nhat hay vo s6 nghiém. Nhu da biét, dinh ly 2.3 gitp
ching ta bién luan sb nghiém cta hé trong truong hop hé cé sbé 4n bang
s6 phuong trinh, tuy nhién cich lam d6 khéng thuan loi khi hé c6 sb
an 16n (viéc tinh dinh thic sé rat khé khan) hodc hé c¢6 s6 4n khac sb
phuong trinh. Két qua sau day la mot cong cu rat hiéu qua dé khic
phuc nhiing khé khan trén.

Dinh 1y 2.4. (Dinh ly Kronecker - Capelli) Néu A = (A|B) la
ma trdn hé sé6 mé rong clia hé phuong trinh tuyén tinh AX = B thi
r(A) > r(A). Hon nita,

o Néu r(A) > r(A) thi hé vo nghiém.

e Néu r(A) = r(A) = n thi hé cé nghiém duy nhdt (6 day n la sb
dn ciua hé).

e Néu r(A) = r(A) < n thi hé cé vé sb nghiém.

Vi du 2.16. Tim m dé hé phuong trinh sau c6 vo s6 nghiém

x + 2y + z =1
2x + 5y + 3z
3x + Ty + m?*z = 6

I
W

Giai. Lap ma tran hé so mé rong cua hé

1 2 11
A=4|B)=|2 5 3|5
3 7 m?*|6
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Ta bién doi A vé dang bac thang

PP S U B B Y B B
Zﬁ 0 1 1 3 T2 01 1 3
WEBA 01 m2-33 00 m2—4/0

Néum2—47é0<:>{m thi 7 (4) = r (4) = 3. Khi d6, hé c6
m

nghiém duy nhét.

2 m=>2 . 32 1A 2 oA A N
Neu|: 2th1r(A)=r(Z):2. Khi d6, hé c¢6 vo so nghiém.

m=2 N N
Vay |: thoa diéu kién deé bai. [ |
m= -2
Vi du 2.17. Tim m d€ hé phuong trinh sau v6 nghiém
x 4+ 3y + z = —1
—2x — 6y 4+ (m-1)z = 4

4x + 12y + (3+m?)z = m-3

Gidi. Lap ma tran hé s6 mé rong ctia hé
1 3 1 —1

A=(AB)=| -2 =6 m—1 4
4 12 m*+3|\m-3

Ta bién d6i A vé dang bac thang

3 1 —1

—  dr—dr+2d
A L2220 0 0 m+1| 2

GEBCN G 0 M2 m+ 1

d3—d3—(m—1)d> I3 1 !
00 m+1| 2
00 0 |3—m

Néu m = 3 thir (4) = r (A) = 2. Khi d6, hé da cho ¢6 vd s6 nghiém.

Néum = —1 thir(4) = 1 < r(4) = 2. Khi d6, hé da cho c6 vo
nghiém.
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A m 75 —1 N A 3~ A PN
Néu L3 thi r (4) =2 < r (4) = 3. Hé da cho v6 nghiém.
m

Vay m # 3 thoa yéu cau dé bai. [

2.6 Hé phuong trinh tuyén tinh thuan nhét

Trong cac phan trudc, ta da tim hiéu so luge mét vai tinh chat so dang
cta hé phuong trinh tuyén tinh thuan nhét, chang han nhu hé qua 2.1.
D& ¢6 cai nhin téng quat va sau sic hon, ching ta sé danh riéng muc
nay dé xay dung phuong phép tim sb6 nghiém ctia hé thuan nhét, cach
biéu dién nghiém ctia hé théng qua khai niém nghiém co ban v.v...

D€ thuan tién cho viéc trinh bay, ching ta sé néu lai mét s6 dinh
nghia quan trong.

DPinh nghia 2.5. Hé phuong trinh tuyén tinh thudn nhdt la hé
phuong trinh co dang sau

anx; + apxa + - 4+ apmxp, = 0
a1 X1 + axpxy + - 4+ dypuXx, =

(2.8)
amX1 + amaxa + -+ + ampx, = 0

Hé 2.8 c6 thé viét dudi dang ma tran AX = O,,x; V6i

ailr dip ... dip X1 0

az1 dpp ... dzp X2 0
A = . . . . ’ X = . 9 Ole =

ami Qma ... QAmn X5 0

Nhu da biét, hé phuong trinh tuyén tinh thuan nhat luén cé nghiém
tam thuong x; = x, = --- = x, = 0. M6t cau héi dat ra 1a khi nao hé
chi ¢6 nghiém tam thuong, khi ndo hé ¢6 nghiém khéng tam thusng (vo
s6 nghiém). Két qua sau day c6 thé xem nhu mot hé qua truc tiép cta
dinh ly 2.4.
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Dinh 1y 2.5. Cho hé phuong trinh tuyén tinh thudn nhdt AX =
Omx1. Khi do,

o Néu r(A) = n thi hé chi c6 nghiém tam thuong.

e Néu r(A) < n thi hé cé nghiém khéng tam thuong (v6 sb
nghiém,).

Vi du 2.18. Tim m dé hé phuong trinh sau chi ¢6 nghiém tam thudng

mx + y + z =0
2mx + y + 2z = 0
3x +y — z =0

Giai. Ta lap ma tran hé so cua hé

m 1 1
A= 2m 1 2
3 1 —1

Hé chi c¢6 nghiém tam thuong khi va chi khi det A # 0, diéu nay
tuong duong véi

m 1 1
2m 1 2 |#0&m+3#0& m# -3
31 —1

Vi du 2.19. Tim m dé hé phuong trinh sau c6 nghiém khéng tam
thuong
x 4+ my 4+ m?z = 0
mx + m?’y + z
m>x + y + mz = 0

Il
o

Giai. Ta lap ma tran hé so cua hé

2

m
m 1

1 m?
A= m m?* 1
m
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Hé c6 nghiém khong tam thuong khi va chi khi r(4) < 3 hay det A =
0. Piéu nay tuong duong véi

2

1 m m
m m? 1 :Oé—(m—l)z(m2+m+l)220<:>m:1
m?> 1 m
Vay m = 114 két qua can tim. |

Vi du 2.20. Tim m dé hé phuong trinh sau cé nghiém khong tam
thuong

mx + (m+1Dy -— (m2 + 1) z + 5t =0
(m*-1)x + (m—-5y + z + Bm—-Dt = 0
X + (m*+1)y — (m-4z + 6mt = 0

Giai. Talap ma tran hé so cua hé

m m+ 1 —(m2+1) 5
A= m>—-1 m-=5 1 3m —1
1 m>+1 —(m—4) 6m

Vi A 1a mot ma tran cé cap 3 x 4 nén r(A4) < 3. Hé phudng trinh trén
c¢6 bén 4n nén ta suy ra hé luén c6 nghiém khéng tam thudng véi moi
tham s6 m. |

Nhan xét 2.2. Trong truong hop hé c6 nghiém khong tam thuong, dé
tim nghiém téng quat ctia hé ching ta dung phuong phap khit Gauss.
Cu thé hon, néu r(A) = r < n thi nghiém téng quat ctia hé 2.8 c6 dang

xl == (pl (al’a27'~- aan—r)
X2 =@ (01,02, ..., 0lp—y)
Xr =@ (01,02, ...,0n—) (2.9)
Xr4+1 = (1
Xn = Qp—r
trong do6 oy, as, a3, ..., a,—, la cac so thuc tuy y.
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e Thayo; = 1,0, =0,...,0,_, = 0vao 2.9 ta dudc nghiém X;.

e Thay oy =0, = 1,...,0,—, = 0 vao 2.9 ta dudc nghiém X,.

° M@tﬂcmﬁng tu, ta thay a; = 0,...,a; = 1,...,a,_, = 0, v6i
i =1,n—r,vao 2.9 ta dudc nghiém X, _,.

Véi cach xay dung nhu trén cac nghiém X; véii = 1,n — r c¢6 dang

((@1(0.....1,....0)
Vi tri thi i bing 1
¢2(0,....1,...,0)

0, (0,...,1,...,0)
X; = 0

1
——
hang tha r+i

Pinh nghia 2.6. H¢ nghiém X, X,, ..., Xy—r dugc goi la hé nghiém
co ban cua hé 2.8.

Dinh ly 2.6. Nghiém téng qudt ctia hé 2.8 c6 thé biéu dién dudi dang
O[1X1 + O{2X2 + -+ O[n—an—r voi 1,00, ...,0y_» la cac 86 thl[c tlly _);

Vi du 2.21. Tim hé nghiém c¢ ban va nghiém téng quat ctia hé

x + y + z =0
2x + 3y + 4z =0

Giai. Lap ma tran hé s6 ctia hé va bién ddi vé dang bac thang

1 1 1 dr—>d>—2d, 1 1 1
A= i miN
2 3 4 01 2
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Khéi phuc hé ta dugc
x +y 4+ z =0
2.1
y + 2z =0 (2.10)
1
Cho z = 1 ta dudc mot nghiém cobanla X; = | —2 |. Vi hé 2.10 gom

1
hai phuong trinh va ba 4n nén hé {X,} ciing 1a hé nghiém cd ban cua
hé 2.10. Vay nghiém tong quat cia hé l1a X = aX; hay

x 1 X=«a
X=ly |=a|l 2| {y="2u

z 1 7=

Vi du 2.22. Tim hé nghiém c¢ ban va nghiém téng quat ctia hé

X 4+ y 4+ z 4+ 2t =0
2x — y — 22 4+ t =0

Gidi. Lap ma tran hé s6 cia hé va bién d6i vé dang bac thang

I 1 I 2 d>—d>—2d; 1 1 1 2
A= N
2 -1 =21 0 -3 —4 -3

Khoi phuc hé ta dude

x + y 4+ z 4+ 2t =0
— 3y — 4z — 3t =0

Lan lust cho z = 1, = 0vaz = 0,t = | ta dudc hai nghiém cé ban
cua hé la

1

3 —1

4 —~1
X, = 3 1 Xy = 0

! 1

0
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Hé {X,, X,} ciing chinh la hé nghiém c¢ ban cia hé da cho. Do d6,
nghiém téng quat ctia hé 1a

1 X =-0;—o
3 -1 3007
4 _ 4

X =1 X7 +oX, = 3 + oy 0 & )’:—5051—052
1 1 z =0
0 =0y

2.7 Céau truc nghiém cua hé phuong trinh
tuyén tinh téng quat

DPinh nghia 2.7. Hé phuong trinh tuyén tinh thuan nhdt AX =
Opmx1 dudce goi la hé thudan nhdt lién két véi hé phuong trinh tuyén
tinh tong qudat AX = B.

Vi du 2.23. Hé phuong trinh { i Ttz o= ; ¢6 hé thuin

x + 2y + z =0

nhat lién két 1a 3y -2 =0

Dinh ly 2.7. Néu X, la nghiém riéng ciia hé phuong trinh tuyén tinh
tong qudt AX = B va X la nghiém tong qudt ctia hé thuan nhat lién
két AX = Opmx1 thi X = X + X, la nghiém téng qudt ciia hé phuong
trinh tuyén tinh AX = B.

Vi du 2.24. Giai hé phuong trinh

X + y + z + 2t =
2x — y — 2z + t = 2

N

(2.11)
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Giai. Xét hé phuong trinh thuan nhat lién két véi hé 2.11

x +y + z + 2t =0
2.12
2x —y — 2z 4+ t =0 ( )

Trong vi du trén ta da biét hé 2.11 ¢6 nghiém tong quat X = o X; +
OlzXz v6i

1
2 —1
3
4 —1
Xy = 3 s Xo = 0
! 1
0
0
Mt khéc, hé 2.11 ¢6 mét nghiém riéng 13 X, = g
2
Vay nghiém tong quat ctia hé 2.11 14
X=X+ Xo=a1X; + X, + Xo
hay
1 1
_ X = -0 — U
3 = 0 3
~ 4 -1 0 4,
X = 3 + o 0 + 0 sy = 30!1 o2
! 1 2 z=a
0 t=ap+2

Bai tap chuong 2

Phan tu luan

Bai tap 2.1. Bién luan theo m s6 nghiém ctia cac hé phuong trinh tuyén
tinh sau:
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1 g(m—l)x + m—-1)y =1

X + my = 0
9 m+1D)x + m+1)y = 0
’ X + my =0
3 2(m—|—1)x 4+ (m+10)y = m
4+ (m+2)y = 2m
4 xsine + ycosa = m
xcosa — ysina = 2m
mx + 2y =1
5.
m+1Dx + 3y =1
2x 4+ 2y — 4z = m
6. ¢ 3x + 5y — z = 3
—4x — 4y + 8z = -2
x + vy + z =0
7. X + 2y — mz =
2x 4+ 3y + 2z =1
2x + 2y — z = 3
8. 3 2x + 5y — 2z = 7
6x + 6y — 3z = 2m+1
x + 2y — 2z =0
9.4 2x + 4y — 5z =1
3x + 6y + mz = 1
x + 2y - 2z 2
2x + 4y + mz = 7
4 + 3y + z = 7
11. § 2x + 4y — 2z = m+7
X 4+ 2y - z 4
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3x — vy 4+ 2z = 3
12. $ 2x + y — 2z = m
x — 2y + 4z = 4
2x + 3y - z = 1
13. { 4x + 7y + 2z = 2
8 + 12y + (m+6)z = 5
2x 4+ 3y - z = 1
14. { 4x + 7y + 2z = 2
8x + 12y 4+ (m+6)z = 4
2x + 3y — z = 1
15. ¢ 4x + (m+5y + (m—-3)z = m+1
8x + (m+11)y + (m—5z = m+4
x + my + z = m
16. x + 2y + 2z = 1
2x + m+2y + m*+2)z = m>+m
x + my + z = m
17. x + 2y + 2z = 1
2x + (m+2)y + 3z m—+ 2
x + my + z = m
18. x + 2y + 2z = 1
2x + (m+2)y + z m—+ 2
x + 2y 4+ (7T—-m)yz = 2
19. ¢ 2x + 4y — 5z = 1
5 + 10y + (m—5z = 4
mx + y + z = 1
20. X 4+ my + = m
X + y + mz = m?

Bai tap 2.2. Giai cac hé phuong trinh tuyén tinh sau bang phuong
phap khit Gauss

2x + 3y — 2z =5
2x 4+ 5y — 2z =17
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3x — y + 2z =3
2x + y — 2z =17

x + 4y 4+ 5z =1
3.9 2x + 7y — 11z = 2
3x + 1ly — 6z = 0
x + vy - z =2
4. 4 2x + y — 3z =1
3x + 2y — 4x = 3
dx + 3y + z =7
5. ¢ 2x + 4y — 2z =7
x + 2y — z =4
3x — y 4+ 2z =3
6. ¢ 2x + y — 2z =0
x — 2y + 4z = 4

2x + 3y — z =1
7.3 4x + Ty + 2z = 2
& + 12y + 2z = 5

Bai tap 2.3. Tim m d€ hai hé phuong trinh sau ¢6 nghiém chung:

1 2x 4+ 3y — 2z =5 va 3x —y + 2z =3
2x + S5y — 2z =17 2x + y — mz =7

9, x + y = 2z =1 wl ¥ - 2y 4+ 5z = 8
mx + 2y + z = 3 2x + y — mz = m

3'x+y+z:lvé{3x—2y+5228
X + vy 4+ mz = m 2x + y 4+ z = m

Bai tap 2.4. Giai cac hé phuong trinh sau bang phuong phap Crout

X1 + Txo 4+ 2x3 = 17
1. 3x1 + 5xp — x3 = 12
7)C1 + 6.X2 —I— X3 = 20
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X1 + 2x + 5x3 — 2x4 = 8
9 3x1 + 2xp — x3 — x4 = 4
' 2)61 + 5X2 - X3 —+ 5X4 = 6
X1 + 6x, + Txz3 — x4 = 14
x3y4z216 =27
5 x2y62819 = 9
T x*y2z42 =81

x8y4z8 =729

Bai tap 2.5. Giai cac hé phuong trinh sau bang phuong phap Doolittle

4.X1 —I— 7.X'2 —|— 2X3 = 20
1. 2X1 + 9)62 — X3 = 19
X1 + 5x, 4+ 2x3 = 13
X1 + 5x5 + 5x35 + 2x4 = 11
9 5.X1 + X + 2)C3 — X4 = 8
' 3X1 + 5X2 — 3X3 — 5X4 = 5
2x1 4+ 2x5 + 2x3 4+ 5x4 = 6
X2y428:4
3. ¢ x%y3z6 =64
x2y6z% =4
x3y4z216 = 81
4 x2y6z812 = 729
") x4y2z42 =9
x6y4z8 = 81
X1 + 2X2 - X3 -+ 5)64 + X5 = 8
5 4X1 — X2 -+ 5X3 + x4 -+ 4x5 = 13
2+ ox2 A+ 63+ v — x5 =9
X1 —I— 4.X2 — X3 + 8.X4 —I— X5 = 13
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Phan trac nghiém
Bai tap 2.6. Tim m dé hé sau c6 nghiém duy nhét

x 4+ 2y + z =1
2x 4+ 5 + 3z =5
3x + 7y + m?z = 6

a.m==+£2 b.m # +2 c.m=2 d.m=-2
Bai tap 2.7. Tim m dé hé sau c6 vd s6 nghiém

x 4+ 3y + z = -1
-2x — 6y + (m-1)z = 4
4x + 12y + (B3+m?)z = m-3

am=3 b.m =1 c.m= =1 d.m
x + y + z =0
Bai tap 2.8. Giai hé phuong trinh tuyéntinh { 2x + 2y — z =

3x + 4y + 3z =

ax=—-1,y=1z=0
b.x=—-a—-b,y=a,z=b;a,beR
c.x=—-a+b,y=a,z=b;a,beR

dx=1—-a,y=1,z=a;a€eR
Bai tap 2.9. Tim m dé hé sau day c6 nghiém khong tam thudng

mx + 2y + 3z = 0

2x + y — z =0
3mx — y 4+ 2z = 0
am=0 b.m=1 c.m=—1 d. Vm

Bai tap 2.10. Tim m dé hé sau day c6 vo s6 nghiém

x + 2y - z + 4t = 0
2x — y + z + 3t = 0
3mx — y + 2m?z =0
am=0 b.m =1 c.m=-—1 d. Vm
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Bai tap 2.11. V6i gia tri nao cta m thi hé phuong trinh sau day cé
nghiém khong tam thuong

x + 2y + z =0
2x + y + 3z
3x + 3y + mz = 0

Il
o

a.m=0 b.m =3 c.m==4 dm=5
Bai tap 2.12. Tim tét ca cdc gia tri m dé hé sau day c6 vo s nghiém

x 4+ y + 2z = 1

2x 4+ 2y + (m+6)z = 4

—3x — 3y + (m*-=10)z = m—1
a.m=26 b.m=2 c.m= -2 d. m

Bai tap 2.13. Tim tat ca cdc gia tri m dé hé sau day c6 nghiém duy

nhéat
mx + y + z =0
x 4+ my + z =0
x 4+ y 4+ mz =0
a.m# 1;m #2 c.m# —l;m # =2
b.m# -2;m # 1 d.m #2;m # —1

Bai tap 2.14. Tim tat ca cdc gia tri m dé hé phuong trinh sau day vo
nghiém
x + 3y + z = -1
—2x — 6y + (m—-1)z = 4
4x 4+ 12y + (3+m?)z = m-3

a.m= =41 b.m=1 c.m=—1 d. m

Bai tap 2.15. Tim tat ca c4c gid tri m dé hé phuong trinh sau day cé
nghiém duy nhéat

5 + 3y + 6z + 2011¢ = —1

x + 6y — z + 1Bm*+1)r = 6

4x — 6y + 56z + (m*-1)r = 9
a.m=0 b.m #0 c. Vm d.m
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Bai tap 2.16. Tim tét ca cac gia tri m dé hé sau day c6 nghiém duy

nhéat
x + y + z 4+ t 0
2x + 3y 4+ 4z — t =0
3x + y 4+ 2z 4+ 5t =0
4x + 6y 4+ 3z 4+ mt = 0
a.m=2 b.m # L c. Vm d.m

Bai tap 2.17. Tim tat ca cac gia tri m dé hé c6 nghiém duy nhat

X + vy + z -t = 1
2x 4+ 3y -— z + 2t = 2
mx + y + (m*+1)z — 2t = m*+1
am#0 b.m # 1 c.m#—1 d.m
Bai tap 2.18. Tim tat ca cac gia tri m dé€ hé phuong trinh sau v6 nghiém
x 4+ y + z = 1
2x + 3y - z = 4

3x + 3y + m+4)z = m>+2

a.Vm b.m = +1 c.m=-—1 d.m
Bai tap 2.19. Giai hé phuong trinh

x + vy 4+ z —t =0
2x + 3y + =z
3x + 3y + 2z 4+t =0

I
o

a.x =-5a,y =2a,z=4a,t =a;a R
b.x =5a,y = —-2a,z=4a,t =a;a R
¢c.x =—-5a,y=3a,z=2a,t =a;a R

d. Cac cau a,b,c déu sai

Bai tap 2.20. Hé phuong trinh tuyén tinh

m—-—1)x + m—1)y =1
X + my = 0

v6 nghiém khi va chi khi

am=1 b.m=0 c.m= =1 d.m= -1
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Bai tap 2.21. Hé phuong trinh tuyén tinh

m+Dx + m+1)y = 1
X + my = 0

vo nghiém khi va chi khi
am=1 b.m=0 c.m= =1 dm=-1
Bai tap 2.22. Hé phuong trinh tuyén tinh

2m+1D)x + m+10)y = m
mx 4+ (m+2)y = 2m

c6 duy nhat mét nghiém khi va chi khi
a.m=2 b.m #2 c.m= -2 d.m# -2
Bai tap 2.23. Hé phuong trinh
mx + (6m—9)y = 2m>+3m+2
x o+ my = m? + 1
c6 duy nhat nghiém khi
a.m=3 b.m # 3 c.m= =3 d.m# +£3

Bai tap 2.24. Xét hé phuong trinh tuyén tinh

4 — y = m+1
10x + 3y = 6m-—3

Chon khang dinh ding
a. Hé trén v6 nghiém véi moi m.
b. Hé trén v6 s6 nghiém véi moi m.
c. Hé trén c6 nghiém duy nhét véi moi m.

d. Céac khéng dinh trén véi moi m.

Bai tap 2.25. Cho hé phuong trinh tuyén tinh

mx + y = 1
X + my = m
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Khang dinh nao sau day la ding?
a. Hé trén c6 nghiém duy nhéat khi va chi khi m # 1.
b. Hé trén vo nghiém khi m = —1.
c. Hé c6 nghiém khi va chi khi m # +1.
d. Hé trén c6 nghiém v6i moi m.

Bai tap 2.26. Cho hé phuong trinh tuyén tinh

mx + y = 1
X + my = m

Khang dinh nao sau day la dang?
a. Hé trén c6 nghiém duy nhat khi va chi khi m # 1.
b. Hé trén v6 nghiém khi m = —1.
c. Hé c6 nghiém khi va chi khi m # 1.
d. Hé trén c6 nghiém véi moi m.

101



Huynh Hitu Dinh Truong Dai Hoc Cong Nghiép TPHCM

102



Chuong 3

Khong gian vector

3.1 Khai niém khong gian vector

Pinh nghia 3.1. Tdp hop V # @ dudc goi la mot khong gian vector
trén R néu né duoc trang bi hai phép todn, gom

1. Phép cong vector

+: VY xV -V
(X1, X2) = X1+ X,

2. Phép nhdan vector véi vo6 hudéng

RxV —=V
(¢, X)) b oaX =aX

Cdc phép todn nay théa nhiing diéu kién (hodc tién dé) sau:
1. X1+ Xo =X+ X1: VX1, X5 € V.
22 X1+ X))+ Xs5=X1+(Xo+ X3); VX1, X2, X3 e V.

3. Wy eV:X4+0y=00+X=X;VX €V.

4. VX eV, X' eV X+ X =X+ X =0y.
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5. (@+B)X =aX + BX:Va,B € R, VX € V.
6. OC(X1+X2) =aX; +aX,; Va ER,VXl,Xzev.
7. a(BX) = (@B) X:Va. B R, X € V.

8. 1 X =X;VX e€V.

Vi du 3.1. Goi R” 1a tap hop tit ca cac bo sb thuc cé » thanh phan (c6
tinh tha tu), R” = {X : X = (x1,X2,..., X4);X; € R} . PDinh nghia trén R”
hai phép toan sau:

+ R*xR*" — R”
(X,Y) > X+Y =14y, %+ Y2 s X + V)
‘RxR* — R”
(, X) P> aX = (axy,aXxs,...,0Xy,)

V6i viéc trang bi hai phép toan trén thi tap R” tré thanh mot khong
gian vector.

Vector khong la Og» = (0,0, ..., 0).
Vector d6i 1la —X = (—X1, —X2, ..., —Xp).
Vi du 3.2. Goi P, [x] 1a tap hop céc da thiic theo bién x, bac nhé hon

hoéc bang n, hé sb thuc. Mot phan ti f € P, [x] c6 dang f = ag +aix +
a>x? + .-+ a,x" (a; € R). Pinh nghia trén P, [x] hai phép toan:

+ Py[x]x Py[x] — Pulx]

(1. 8) = f 4+ g =(ao+bo) + (ay +b1)x + -+ (an + by) x"
R x Py [x] — P, [x]
(o, 1) = of =aag+ (xay) x + -+ + (aay) X"

Véi viéc trang bi hai phép toan trén thi tap P,[x] tré thanh mot
khong gian vector.

Vector khong 1a 0p,(x] = 0 + Ox + 0x2 + ... + Ox".
Vector d6i 1a — f = —ag + (—a1) x + (—az) X2 + ... + (—ap) x".
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Chu y 3.1. Hai khong gian vector R” va P,[x] 1a rat quan trong (dic
biét khin = 2 van = 3), dudc tac gia s dung nhiéu trong bai giang nay
nén xin luu y ban doc nghién ciu ky cac vi du 3.1 va vi du 3.2

Vi du 3.3. Goi C[a,b] 1a tap hop tat ca ciac ham sb f(¢) lién tuc trén
doan [a, b]. Pinh nghia cac phép toan trong C|a, b] nhu sau:

Néu f, g € Cla,b] thi
o (f+8)t)=f@t)+g(t),Vt €la,b].
o (af)(?) = af(t),Vt € [a,b].

Vi viéc trang bi hai phép toan trén, tap Cla, b] tré thanh mot khong
gian vector.

Vector khong Oc[, 51 12 ham sé dong nhét khéng, tic bang khong véi
moi ¢ € [a;b].

Vector d6i 1a — f ¢6 tinh chat (— f)(¢) = — f(¢), Vt € [a, b].
Vi du 3.4. Goi R, 12 tap hgp tht ca cac cot n—thanh phan thuc

R, = . x; €R

R, cting l1ap nén mot khong gian vector véi hai phép toan sau day:

X1 »1 X1+ 0
X2 Y2 X2+ Y2
. ) + ) = )
X1 axy
X2 axy
® = )
X axp

Vi du 3.5. Tap M,,x, (R) gom tat ci cdc ma tran cip m x n cung phép
toan coéng hai ma tran va phép nhan vé huéng mét s6 thuc véi moét ma
tran tao thanh mot khong gian vector.
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3.2 T6 hop tuyén tinh va biéu thi tuyén tinh

Dinh nghia 8.2. Mét t6 hop tuyén tinh cdc vector X1, X», ..., Xm €
m
V la mot biéu thicc c6 dang > o; X; = a1 X1 + 02X + ... + @ X,y V60

i=1

o, e R Vi =1,m.

Pinh nghia 3.3. Cho m vector Xy, X3, ..., Xm € V. Vector X €V dugc
goi la biéu thi tuyén tinh qua hé vector P = (X1, X, ..., Xm) néu ton
tai mséthuco; € R,Vi = 1,msaocho X = o1 X1+ 02Xz + ... + 0 Xy

Vi du 3.6. Vector X = (3,2) c6 thé biéu thi tuyén tinh qua hé vector
(X1, X») hay khéng, biét X; = (1,1), X, = (0, 1)?

Gigi. Xét déng thic

X =a1 X1 +aX,
< (3.2)=ar(I,1) +a2(0,1)

(05} = 3 o = 3
< =
(04} + 0, = 2 0, = —1
Vay vector X biéu thi tuyén tinh qua hé vector (X;, X,). [ |

Vi du 3.7. Vector X = (1,7, —4) c6 thé biéu thi tuyén tinh qua hé vector
(X1, X») hay khéng, biét X; = (1,-3,2), X, = (2,—1,1)?

Giai. Gia st vector X = (1,7, —4) dudc biéu thi tuyén tinh qua hé vec-
tor (X1, X»), tic ton tai o, a» sao cho

X = O[1X1 + O[2X2
= (1, 7, —4) = 0 (1, —3,2) + oy (2, —1, 1)

(03] + 20{2 = 1
= —3061 — O = 7
20(1 + oy = —4
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Giai hé phuong trinh trén ta dudc o; = —3, 0, = 2.
Vay vector X c6 thé biéu thi tuyén tinh qua hé vector (X;,X,). N

Vi du 3.8. Tim m dé vector X = (1,m,5) dude biéu thi tuyén tinh qua
hé vector (X, X,) dudc cho trong vi du 3.7.

Giai. Gia st vector X = (1,m,5) dudc biéu thi tuyén tinh qua hé vector
(X1, X»), tic ton tai oy, a» sao cho

X = Oth1 + O{2X2
& (I,m,5) =a;(1,-3,2) +a(2,—1,1)

(04} + 20[2 = 1

& —3a; — o, = m

200 1 + a = 5
Tut phuong trinh thi nhét va thi ba, ta tim dude o1 = 3,00 = —1,
thay vao phuong trinh thia hai ta tim dude m = —8. [ |

Vi du 3.9. Cho vector f = 2x? + 3x — 4 trong khong gian P, [x]. Vector
£ ¢6 thé biéu thi tuyén tinh qua hé vector (u,v) véiu = 3x2+x—1,v =
—x2? — 5x + 7 hay khong?

Giai. Gia st vector f = 2x2 + 3x — 4 dudc biéu thi tuyén tinh qua hé
vector (u, v), tac ton tai a1, a» sao cho

f = ou + apv
& 2x24+3x—4=0; 32+ x—1) +ar (—x*—5x +7)
& 2x2 4+ 3x —4 = Bag —an) X2 + (a1 — 500) x — oy + Tas

30[1 — (0% = 2
< (0] - 50(2 = 3
—0 + 70(2 = —4
_ 1
T
0, = -3
Vay vector f biéu thi dudc qua hé vector (u, v). [ ]

Vi du 3.10. Tim diéu kién cta a,b,c dé vector X = (a,b,c) 1a t6 hop
tuyén tinh ctia hé vector (X; = (1,2,1), X, = (1, 1,2)).
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Giai. Xét dang thic

X :O[1X1 +O[2X2
& (a,b,c)=oa1 (1,2, 1)+ ay(1,1,2)

a2y + oy = a
< 20(1 + ar = b
o; + 20, = ¢

Ta 1ap ma tran hé sé6 md rong cta hé phuong trinh va bién d6i vé
dang bac thang

B 1 1]a dods—d; 1 1 a
A= 2 1|b —— 1 0 —-1|b—-2a
1 2|c B ds=di 0 1 c—a
d3—ds+d> I a
—> 1 0 -1 b—2a

0 0 |c+b—3a

Hé ¢6 nghiém khi va chi khi r (4) = r (4) hay ¢ + b —3a = 0. |

3.3 Déc lap tuyén tinh va phu thudc tuyén
tinh

Dinh nghia 3.4. Hé vector P = (X1, X», ..., X»n) cia khong gian vec-
tor V dudc goi la doc lap tuyén tinh néu dang thic a1 X; + axX> +
o + @ Xy = Oy x@y ra khi va chi khi a1 = oy = ... =, = 0.

Dinh nghia 3.5. Hé vector P = (X1, X», ..., X»n) cia khong gian vec-
tor V dudc goi la phu thudc tuyén tinh néu P khéng doc lip tuyén
tinh.
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Chu y 3.2. Néu hé vector (X1, X». ..., X,,) doc lap (hoéc phu thudc) tuyén
tinh, ta cling néi cac vector X;, X», ..., X,, ddc 1ap (hoic phu thudc) tuyén
tinh.

Pang thitc oy X1 + a2 Xo+ ...+ X,n = Oy dude goi 12 mét su rang budc
tuyén tinh gitta cac vector X;, X», ..., Xm. Néu oy = @ = ... = ,, = 0 thi
ta goi rang budc d6 1a tam thuong. Theo dinh nghia, hé (X;, X». .... X»)
doc 1ap tuyén tinh khi va chi khi moi rang budc tuyén tinh gitta cac
vector X1, X, ..., X,, déu la rang budc tam thuong. Hé (X;, X». ..., Xnm)
phu thuéc tuyén tinh khi va chi khi ton tai cac s6 thuc oy, s, ..., tum
khong dong thoi bang khong sao cho dang thic a1 X; + a2 X5 + ... +
omXm = Oy dudc théa man, nghia 1a c6 mot su rang budc tuyén tinh
khong tam thuong gitta cac vector X;, Xz, ..., Xpm.

Vi du 3.11. Trong khong gian cac vector tu do cia hinh hoc so cap, hé
hai vector doc 1ap tuyén tinh khi va chi khi ching khéng cung phuong,
hé ba vector ddc lap tuyén tinh khi va chi khi ching khéng dong phang,
hé bon vector ludn luén phu thudc tuyén tinh.

Vi du 3.12. Trong khéng gian R?, hai vector ¢; = (1,0),e, = (0,1) la
doc 1ap tuyén tinh. That vay, xét rang budc tuyén tinh

o161 + oxer = Op2
< o1(1,0) + a2 (0,1) = (0,0)
< (a1, a2) = (0,0)
o1 = 0

06220

Vi du 3.13. Trong R3, ba vector X; = (1,1,0), X, = (1,0,1),X; =
(0,1, 1) 1a doc 1ap tuyén tinh. That vay, xét rang budc tuyén tinh

o1 X1+ ar Xy + a3 X3 = Ops
< o1 (1,1,0) + a5 (1,0,1) + a3 (0, 1,1) = (0,0,0)
& (ap +oz, a1 +as,a; +az) = (0,0,0)
o + o = 0
& o + o3 = 0 aj=a,=03=0
o, + a3 = 0

Vi du 3.14. Trong R3, ba vector X; = (1,2,3), X, = (2,3,4), X3 =
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(3,4, 5) 1a phu thudc tuyén tinh. That vay, xét rang buéc tuyén tinh

a1 X1 +ax Xy + a3 X3 = Ops
< o1(1,2,3) +a2(2,3,4) +a3(3,4,5) = (0,0,0)
& (o + 200 4+ 3a3, 201 + 30 + 4as, 3ay + 4oy + S5a3) = (0,0,0)
o + 20[2 + 30(3 =0
& 200 + 300 + 403 = 0
37 + 4, + bS53 = 0

Hé phuong trinh trén 14 hé tuyén tinh thuan nhéat c6 dinh thic caa
ma tran hé s6 bang khong nén hé c6 nghiém khéng tAm thudng. Ta suy
ra hé vector (X;, X». X3) 1 phu thudc tuyén tinh.

Vi du 3.15. Trong R?, xét hai vector X; = (1,3), X, = (2, m). Tim tham
s6 m dé heé vector (X, X») 1a doc lap tuyén tinh.
Giai. Xét rang budc tuyén tinh

011X1 + O[2X2 = O]R2
& o (1,3) +ax(2,m) = (0,0)
& (o1 + 20,301 + may) = (0,0)

(03] + 20(2 =0
37 + moa, = 0

Hé vector (X;, X») doc 1ap tuyén tinh khi
1 3
0 6
‘ 2 m ‘ 70emz

Vay m # 6 1a cac gia tri can tim. |
Vi du 3.16. Trong R3, xét ba vector X; = (m,1,1), X, = (1,m, 1), X3 =
(1,1, m). Tim m dé hé vector (X;, X», X3) phu thudc tuyén tinh.

Giai. Xét rang budc tuyén tinh

a1 X1 +ax Xy + a3 X3 = Ogs
& ar(m, 1,1)+ax(l,m, 1) +as3(1,1,m) = (0,0,0)

moy + (0%) + o3 =0
s 0 + ma, + a3 = 0
(231 + o + maz = 0
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Hé vector (X;, X». X3) phu thudc tuyén tinh khi va chi khi

m 1 1
m =
1 m 1 |=0%
1 1 m m= -2
Vay m = 1 va m = —2 13 hai gia tri can tim. [ |

Vi du 3.17. Trong khong gian P, [x] cho ba vector f; =1, f, = x, f3 =
x2. Chiing minh rang hé vector (f1, />, f3) doc lap tuyén tinh.
Giai. Xét rang budc tuyén tinh

a1 f1 + o2 fo + a3 f3 = 0p,x
& ol +opx +a3x? =0+ 0x + 0x?

0y = 0
< Oy = 0
03 = 0
Vay hé vector ( f1, f>. f3) doc lap tuyén tinh. [ |

Vi du 3.18. Trong P, [x] cho ba vector fi = 2x%; f = x2+x + 1; f3 =
x2 — x + m. Tim m dé hé vector ( fi, f», f3) phu thudc tuyén tinh.

Giadi. Xét rang budc tuyén tinh

a1 f1 + o2 fo + a3 f3 = 0p,x
& w0 2x? +op (x2 4+ x4+ 1) + o3 (x? —x +m) =0+ 0x + 0x?
& oy + oy +az) x2 + (0 — a3) x + ay + maz = 0+ 0x + 0x?

200 + o + a3 = 0
< Oy — 03 =0
oy + maz = 0

Heé vector ( f1, >, f5) phu thuéc tuyén tinh khi va chi khi hé phuong
trinh trén c6 nghiém khong tam thuong, tiic 1a

21 1
01 —-1|=0&2m+1)=0&m=-—1
01 m

Vay m = —1 1a gié tri cAn tim. [ |
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Tinh chét

1. Hé mot vector (X) phu thudc tuyén tinh néu va chi néu X = 0Oy.

2. Hé con ctia mét hé vector doc 1ap tuyén tinh ciing 12 mot mot hé
doc lap tuyen tinh.

3. Hé vector c6 chita mot hé con phu thudc tuyén tinh 12 mot hé phu
thuoc tuyen tinh. Noi riéng, hé vector chita vector khong la mot
hé phu thuoc tuyen tinh.

4. Gia st hé vector (Xi, X», ..., X,,) doc lap tuyén tinh. Khi d6 hé
(X1, X5, ..., X,n, X) 12 phu thudc tuyén tinh néu va chi néu X biéu
thi tuyen tinh qua hé (X1, X», ..., X,,).

Ma tran vector dong

Pinh nghia 3.6. Cho hé vector (X, X3, ..., Xm) chia trong khong
gian vector R". Gia st X; = (a;1,4ai2,...,ain) i = 1,m, khi do ma trdn

X1 dix diz ... din

X2 dz1 dzp ... dzp
A = =

Xm Am1 Am2 ... Amn

dudc goi la ma tran vector dong cua hé vector (X1, X2, ..., Xnm).

Dinh 1y 3.1. Cho hé vector (X, Xa, ..., X,n) chita trong khéng gian

vector R". Gia st A la ma tran vector dong cua hé (X1, X2, ..., Xm),
khi do

e H¢ vector (X1, Xs,...,Xn) doc lap tuyén tinh khi va chi khi
r(A) = m.

e H¢ vector (X1, X, ..., Xm) phu thuéc tuyén tinh khi va chi khi
r(A) < m.
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Vi du 3.19. Trong R*, ba vector X; = (1,1,1,1), X, = (1,2,3,4), X3 =
(1,3,—1,0) 1a dbc 1ap tuyén tinh. That vay, ta lap ma tran vector dong
cua hé vector (X, X5, X3)

11 1 1
A=|12 3 4
13 10
Ta bién doi A vé dang bac thang
P2 U T T U A B B B
A% 01 2 3 |22 101 2 3
BT N0 2 2 -1 00 —6 —7

Ta suy ra r (A) = 3. Do d6, hé vector (X, X,, X5) 1a doc lap tuyén
tinh.

Vi du 3.20. Trong khong gian R*, ba vector X; = (—1,1,1,-1), X, =
(2,—1,2,—1), X5 = (0, 1,4, —3) 1a phu thudc tuyén tinh. That vay, ta lap
ma tran vector dong cua hé vector (X, X,, X3)

-1 1 1 -1
A= 2 -1 2 -1
0 1 4 -3

Ta bién doi A vé dang bac thang

I 1 —1 sded —1
1 4 _3 | 8282
1 4 -3 0

1 -1
4 -3
0 0

—1
dr—dr+2d
_—

O = =

0
0

Ta suy ra r (A) = 2 < 3. Do d6, hé vector (X, X5, X3) la phu thudc
tuyén tinh.

Vi du 3.21. Trong R3, cho ba vector X; = (1,1,1), X, = (1,2,3), X3 =
(1,1, m). Tim m d€ hé vector (X;, X». X3) 14 phu thudc tuyén tinh.

Giai. Ta lap ma tran vector dong ctia hé vector

A=

—_ = =
—_— N =

1
3
m
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Ta dua A ma tran vé dang bac thang

11 1
dr»—dr—d
TERTMN 0 0 m—1

Hé (X1, X»., X3) phu thudc tuyén tinh khi va chi khi

r(A)<3esm—-1=0&m=1

Vay m = 1 1a gia tri can tim. |

Pinh nghia 3.7. Cho hé vector (fi, f>, ..., fm) chtta trong khong gian
khong vector P, [x]. Gid st f; = ajo+aix+aixx*+...+a;,x",i = 1,m,
khi do ma trdn

f1 adip di1 ... din

fz azp d21 ... dzp
A = =

fm aAmo Adm1 <. Umn

duoc goi la ma trdn vector dong ctua hé vector (f1, f, ..., fm)-

Dinh 1y 3.2. Cho hé vector (f1, f2, ..., fm) chiia trong khéng gian vec-
tor P, [x]. Gid su A la ma tran vector dong ctia hé (f1, fa, ..., fm). Khi
do,

o H¢ vector (fi, fo. ... [n) doc lap tuyén tinh khi r (A) = m.

o Hé vector (fi, fo..... fn) Dhu thudc tuyén tinh khi r (A) < m.

Vi du 3.22. Tim m dé hé vector
(f1:x2+x+1,f2:x—l—m,f3:xz—x+m)

cta P, [x] phu thudc tuyén tinh.
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Giai. Ta lap ma tran vector dong ctia hé vector

1 1 1
A= m 1 0
m —1 1

Heé vector (fi, f». f3) phu thudc tuyén tinh khi va chi khi det 4 = 0,
tac la

1 1 1 i
m 1 0|=0&-3m+1=0&m=-—
3
m —1 1

Vay m = 1 1a gia tri can tim. [ ]

3.4 Cd sé va sb chiéu cua khong gian vector

Dinh nghia 8.8. Mot hé vector ciia V dudc goi la déc lap tuyén tinh
cuc dai (t6i dai) néu hé doc lap tuyén tinh va néu ta thém bat ki mot
vector nao ctia V vao hé thi dudc moét hé vector phu thudc tuyén tinh.

Vi du 3.23. Trong R?, hé vector (e; = (1,0),e, = (0, 1)) nhu da biét 1a
hé doc 1ap tuyén tinh. Mat khéc, néu ta lay bat ki vector X € R2 thi hé
vector (X, e;, e>) 1a phu thudc tuyén tinh. That vay, gia st X = (x1, x»),
khi do

X —x161 — xpey = Opo

Rang budc tuyén tinh trén ching t6 hé (X, e;,e,) phu thudc tuyén
tinh.

Vi du 3.24. Trong R? hé hai vector (X; = (1,1,1), X, = (0, 1, 1)) la doc
lap tuyén tinh nhung khong phai 1a doc 1ap tuyén tinh t6i dai. That vay,
néu ta lay X5 = (0,0, 1) thi hé ba vector (X;, X», X5) cling doc 1ap tuyén
tinh. Tuy nhién, hé ba vector (X;, X», X5) lai 1a doc 1ap tuyén tinh tbi
dai. That vay, ta lay bat ki vector X € R?, gia st X = (a.b,¢), ta sé
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chiing td hé (X, X,, X5, X) phu thuéc tuyén tinh. Ta 1ap ma tran vector
dong cua hé (X, X,, X3, X)

Y OO =
SO = =
A = = =

Vima tran A ¢6 cp 4 x 3nén r (4) < 3 < 4, suy ra hé (X1, X», X3, X)
phu thudc tuyén tinh.

Vi du 3.25. Trong P, [x], hé vector (f; = 1, f» = x, f3 = x?) 1a ddc lap
tuyén tinh. Mt khac, néu ta l1ay bat ki vector f € P,[x] thi hé vector
(f1. f. f5. f) 1a phu thudc tuyén tinh. That vay, gia st f = ao + a1x +
a,x?, khi dé

S —aofi—aifa—azfz = 0p,[x

Ta suy ra hé (f1, f>. f5. f) phu thudc tuyén tinh.
Vay hé vector (fi, f>, f3) 1a ddc lap tuyén tinh cuc dai.

Dinh nghia 3.9. Hang ctia hé vector P trong khong gian vector V la
s6 vector doc lap tuyén tinh cuc dai ciia hé vector do, ky hiéu: r(P).

Vi du 3.26. Trong R? cho hé vector
(X1 =(1,2,3), X2 =(2,3.4), X3 = (3,4,5))

Tim hang ctia hé vector trén.

Giai. Ta thiy hé hai vector (X;.X,) la doc 1ap tuyén tinh. Xét rang
budc tuyén tinh

a1 X1 + a2 X, + a3 X3 = Ogs
& a1 (1,2,3)+a2(2,3,4) +a3(3,4,5) = (0,0,0)
o + 20[2 + 30(3 = 0
& 2000 + 3a, + 4az = 0
37 + 4o, + S503 = 0
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Hé phuong trinh trén c¢6 dinh thiic ma tran hé s bang khong nén hé
¢6 nghiém khéng tam thuong. Vay hé vector (X;, X», X5) 1a phu thuéc
tuyén tinh. Do d6 r (X1, X», X3) = 2. [ ]

Vi du 3.27. Tim hang caia hé vector (fi = x?, fo = 2x?, f3 = x? + x)
trong P, [x].

Giai. Hé hai vector (f1, f3) 1a doc 1ap tuyén tinh. That vay, xét dang
thuc
afi +Bf3 =0p,

& ax?+B(x*+x)=0

& (@ + B)x?+ Bx =0+ 0x + Ox?

N a + B =0 N a=0
p =0 p=0
Tiép theo, ta xét hé ba vector (f1, >, f3). Ta cé

2fi— f2+0f3 =0p,x

Piéu nay chiing t6 hé (fi, f>. f3) phu thudc tuyén tinh. Ta suy ra
r (f1, fa, f3) = 2. u

Pinh ly 3.3. Cho hé vector P = (X1, X»,..., X) trong khong gian
R”., Khi do r(P) = r(A) véi A la ma tran vector dong ctia hé P.

Pinh ly 3.4. Cho hé vector P = (f1, f2,..., fm) trong khéng gian
P,[x]. Khi do r(P) = r(A) véi A la ma trdn vector dong cua hé P.

Vi du 3.28. Tim hang cta hé vector (X; = (1,1,2), X, = (1,2,5), X5 =
(0,1,3)) trong R3.

Giai. Ta lap ma tran vector dong caa hé (X, X,, X3)

W U N

11
A=11 2
01
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Bién d6i 4 vé dang bac thang ta dudc

e L2y 11 2
AZ272% o1 3 2l o1 3
01 3 00 0

Vﬁyl"(A) = 2, suy rar(Xl,Xz,X3) = 2. [ |

Vi du 3.29. Trong P, [x], tim hang ctia hé vector P = (f; = x> + 2x +
2, fh=x% f3=x+1).

Gigi. Ta lap ma tran vector dong ctia hé vector P va bién d6i vé dang
bac thang

2 21 P 1 2 2
A=10 0 1 —_— 00 1
1 10 0 0 —1
d3—d3+d> 122
- 5 0 01
0 0O
Tasuyrar (A) =2hayr(fi, f2, 3) =2. [ |

Pinh nghia 3.10. Mot hé vector ctia V dudc goi mot hé sinh cia V
néu méi vector ciia V déu biéu thi tuyén tinh dudc qua hé dé. Cu thé
hon, hé vector P C V dugc goi la hé sinh ciia V néu véi moi X €V,
Jo; € R,i = 1,m sao cho

X =1 X1 +0Xo +...+a, X,

voi X1, X3, .... Xy € P. Ta ciing noi V sinh béi P. Ky hiéu: V = (P).

Néu P chi gom hitu han phan ti thi khéng gian vector V dudc goi
la hitu han sinh.

Vi du 8.30. Hé vector (¢; = (1,0), e, = (0,1)) 1a mét hé sinh ctia R? hay
R2? = ((ey, e2)) .That vay, lay bat ki vector X € R?, gia stt X = (a, b), khi
do X = ae; + be,.
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Vi du 3.31. Hé vector (X; = (1,1), X, = (1,2), X5 = (1, 3)) cing 1a mot
hé sinh ctia R2. That vay, lay bat ki vector X € R2, gia stt X = (a,b), xét
déng thic
X =01 X1+ oxXs + a3X3
< (a,b)=ar(I,1) +az2(1,2) + a3 (1,3)
o + oy + o3 = a

<~
Oll+2052+30l3=b

Hé phuong trinh trén c6 ma tran hé s6 mé rong
— 11 1a dr—d>r—d; 1 1 1 a
A - _
1 2 3|b 01 2(b—a

Ta thay r (A) = r(4) = 2, ching t6 hé trén c6 vo s6 nghiém. Ta
suy ra X dudc biéu thi tuyén tinh qua hé vector (X, X», X3) hay R? =
<((191)7(1’2)’(1’3))>.

Vi du 3.32. Hé vector X; = (1,1,1), X, = (0,1, 1) khong la hé sinh cua
R3. That vay, lay vector X = (0,0, 1), xét dang thic

X = a1X1 + C(zXZ
& (0,0,1)=a; (1,1,1) + a2 (0,1,1)

(03] = 0
< o + o = 0
o1 + o = 1

Hé phuong trinh trén v6 nghiém, ching t6 hé vector (X;, X,) khong
1a hé sinh ctia R3.

Vi du 3.33. Hé vector (f; = 1, f = x, f3 = x?) la hé sinh cha P, [x]
nhung khong la hé sinh ctia P; [x] (tai sao?).

Pinh nghia 3.11. H¢ vector P = (X1, Xa, ..., Xi) ctia khong gian
vector V dudc goi mét co sé ctia V néu P la hé sinh ctia V va hé vector
P dbc lap tuyén tinh.
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Vi du 3.34. Hé vector (¢; = (1,0), e, = (0,1)) 1a co s6 cua R?. Hé vector
X, =(1,1),X, = (1,2) cung la co sd cia R?.

Hé (X, = (1,1), X, = (1,2), X3 = (1, 3)) la mot hé sinh cia R?> nhung
khong phai 1a mét co s6 cua R2.

Hé (X; = (1,1,0), X, = (1,0, 0)) 12 mo6t hé doc 1ap tuyén tinh nhung
khong phai 1a co s6 ciia R3.

Hé (fl =1, f2 = X, f3 = XZ) la m6t co s6 cuia P, [X] Hé (gl = 1,g2 =
x+1,g3 = x2+ 1) cing 14 mot co s6 cua P [x] (tai sao?).

He (fi = 1,5, = x, f3 = x2, f4 = 2x?) 1a mot hé sinh ctaa P, [x]
nhung khong phai la co s6 cta P, [x].

Hé (fi =1, f» = x, f3s = x2) 1a mot hé doc 1ap tuyén tinh nhung né
khong phai la cd sé cua Ps [x].

Hé (e; = (1,0,0,0),e, = (0,1,0,0),e5 = (0,0,1,0),e4 = (0,0,0,1)) 1a
mot co s6 cia R* va dudce goi 1a ¢ s6 chinh tac cia R?, ky hiéu E,.

Hé (e; = (1,0,...,0),e2 = (0,1,...,0),....,e, = (0,0,...,1)) dudc goi la
co sd chinh téc ctia khong gian R”, ky hiéu E,,.

1 0 0

0 1 . . .
Helui=| o=\ . |.....un=1] . la co s6 khong gian

0 0 1

R, va dudc goi 1a co sd chinh tic.

Dinh nghia 3.12. S6 vector trong mét co sé ctia khong gian vector
V dude goi la sb chiéu cia V, ky hiéu dimV.

Tinh chét

1. Trong khong gian V, co s khong ton tai duy nhat nhung sb vector
trong cd s6 thi luén luén bang nhau.

2. Néu dimV = n thi moi hé gom n vector ddc 1ap tuyén tinh ciua V
déu la co s6 ctia V. Moi hé nhiéu hon n vector deu la hé phu thudc.
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3. Neu dimV = nva P = (X1, X, ..., X,,) 12 hé gom n vector cta V.
Khi do, P la co s6 cua V khi va chi khi r (S) = n.

4. Tu cac vi du trén ta dat dudc mot sb két qua sau:
dimR" = n;dim P, [x] =n + 1;dimR, =n

Vidu 3.35. Trong R?, cho hé vector P = ((2,1,—1),(3,2,-5),(1,—1,m)).
Tim m dé hé P 12 mét co sé ctia R3.

Gidi. P 1a mot co s6 cua R? khi va chi khi r (P) = 3, tiic 1a

2 1 -1
3 2 5|£00m—10£0em#10
1 —=1 m
Vay v6i m # 10 thi P 1a co s6 caa R3. [ |

Vi du 3.36. Trong R*, cho hé vector
P=(,1,1,m),(1,1,0,1),(1,0,1,1),(0,1,1, 1))

Tim m dé hé P 12 mot co s6 cia R*.

Giai. P la mét co s6 cia R* khi va chi khi r (P) = 4, tic la

1 1 1 m 1 1 1 m
1 1 0 1 0 0 -1 1—-m
0 0
to1 1|72 %0 21 0 1-m|”
011 1 0 1 1 1
<:>2m—37é0<:>m7é%
Vay v6i m # 2 thi P 1a co s6 ctia R, [ |

Vidu 8.837. Tim m d€ hé vector P = (fi = x>+ x+1, o =2x2+1, f3 =
x2 — x +m)la co s6 cua P, [x].

Giai. Ta lap ma tran vector dong ctia hé vector P = (f1, f2, f3)

1 1
A= 1 0 2
m —1 1
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Hé P 1a co sé caa P, [x] khi va chi khi

1 1 1
1 0 2|#082m#0&m#£0
m —1 1
Vay v6i m # 0 thi P la co s6 caa P,[x]. [

3.5 Toa d6 cuia vector. Ma tran chuyén co
SO

Dinh nghia 3.13. Gid st V la mét khong gian vector n chiéu va

P = (X1, Xa,....Xy) la mét co sé ciia né. Lay X la mot vector tivy
yeuaV, néu X = o1 X1+ axXo + - +apXp, 05 € Ri = 1,n thi b
(01,0, ..., a,) dude goi la toa do cua vector X trong co sé P, mbi

a;,i = 1,n goi la toa do thit i, ky hiéu

Un

Truong hop V = R" va P = E, thi ta dung ky hiéu [X] thay cho
[X]En

Vi du 3.38. Trong R” xét co sé chinh tac
E,=(e; =(1,0,...,0),e2=(0,1,...,0),...,en = (0,0,...,1))
Liy mot vector X € R”. Gia st X = (a1, sz, ..., o,), khi d6 ta c6

X =aje; +ozex + -+ agey

(03]
4%
Vay [X] =] .
oy
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Vi du 3.39. Trong P, [x] xét co s6

E=(fi=1Lfi=x..., fap1 =x")

Lay mot vector f € P, [x]. Gid st f = a¢ + a1x + a>x® + -+ + a,x",
khi do ta co
f=afi+aifotarfz+ - +anfn

ao

" ai
Vay [flg =

Aan

Vi du 3.40. Trong R3, hé vector P = ((1,1,1),(0,1,1),(0,0,1)) 1a mot
cd s6. Tim toa do6 ctia vector X = (1,2, 3) trong co sé P.
Giai. Xét dang thic
(1,2,3) =a; (1, 1,1) + a2 (0,1, 1) + a3 (0,0, 1)
& (1,2,3) = (1,01 + 0z, a1 + oz + 3)

o1 = 1 o1 = 1
=4 o) + o = 2 <% oy, =1
o + o + w3 = 3 O3 = 1
1
Vay [X]p = [ 1. u

1
Vi du 3.41. Trong khong gian P, [x] cho hé vector

P=(fi=x>+x+1,r=2x+1,/;=3)

Chiing t6 rang P 1a mot cd s6 ctia P, [x] va hay tim toa d6 cia vector
f = 2x%? — x + 1 trong co sé nay.

Giai. Trudc hét ta ching té6 P 1a mét co s6 ctia P, [x]. That vay, xét ma
tran vector dong ctia hé vector P

I 11
A=11 2 0
300
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Tiép theo, ta tim toa do ctia vector f = 2x2 — x + 1 trong cd s6 nay.
Xét dang thic

f=afitafortosfs
& 22—x+l=o (*+x+1)+a2x+1) +a33

(05} = 2 (05} =2
< ar + 2 = -1 &Jop=-3
01 + (0%} =+ 30[3 = 1 O[3:é
2
Vay [f1p = | -3 u
1
6

Vi du 3.42. Trong khong gian P, [x] cho hé vector
P=(fi=Lfai=(x-1.f=(x—-1?

Ching t6 réng P 1a mot cd s6 cta P, [x] va hay tim toa d6 caa vector
f = x?+ x + 1 trong co s6 nay.

Giai. Truéc hét ta ching té P 13 mét co s6 ciia P, [x]. That vay, ta xét
ma tran vector dong cua hé vector P.

1 0 O

A= -1 1 0

1 -2 1

Ta thay det A = 1 # 0 nén P 1a mét co s6 cta P [x].

Tiép theo, ta tim toa do ca vector f = x2 + x + 1 trong cd sé nay.
Xét dang thic

f=aifitofo+asf
& X4 x+l=al4+a@x—1) +as(x—1)7°

(0%} = 1 o = 3
< Oy — 20(3 =1 & Oy = 3
o — O + a3 = 1 O3 = 1
3
Vay [flp = |3 u
1
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Dinh nghia 3.14. Trong khéng gian vector n chiéu V cho hai cd sé
P =(X1,X2,....,Xp)va P' = (X{,X),....X}). Gid st

X1, = 7 |i=Tn

C11 Ci12 ... Cin
Cr21 Cp2 ... C2
C= ([Xi]P[Xé]P [Xr/l]P) . "
Cn1 Cpn2 ... Cpn

duoc goi la ma tran chuyén cé sé tit P sang P’, ki hiéu la Cp_, pr hodc
Pass (P, P').

Dinh 1y 3.5. Trong khong gian vector n chiéu V cho hai cd s6 P =
(X1, X2, ..., Xp)va P' = (X|,X5,....,X.). Ldy X €V, gid st

o B1
xp=| e =| 2
U Bn

Khi dé ta c6 mbi lién hé sau:
[X]p = Crop[X]p (3.1)

Céng thiic 3.1 duoc goi la cong doi toa do tic P sang P’
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Vi du 3.43. Trong R? cho hai co s6

P =((1,1,0),(0,1,1),(1,0,1))
P’ = ((0,0,1),(1,—1,0), (1,1, 1))

Xac dlnh CP—)P/-

Gidi. Trudc hét ta tim [(0,0, 1)] ». Xét dang thiic

(0,0, 1) =0 (1, 1,0) +O(2 (O, 1, 1) —I—O(3 (1,0, 1)

061—|- ()[3:0 =
A= o + oy = 0 < 0%

Q
=
|
|
NI

STENNIE

052+O[3:1 (0%}

-4
Vay [(0,0. D], = ( )

Tuong tu ta tim dudc

0
1

N[=N =N =
SN—

1 1
o0

Vay Cpp = 5 -1 3 u
1 1 1
2 2

Vi du 3.44. Trong R? cho hai hé vector

P=(1,1,1),(1,1,2),(1,2,3))
P =(2,1,-1),(3,2,5),(1,—1,m))

1. Ching minh P 1a co s6 cua R3.
2. Tim m dé P’ 14 co s6 cha R3.
3. Tim Cp_>P/ 1’1’ng véim = 1.

Giai.
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1. Taco = —2+#0,do d6 P la co s6 cua R>.

—_— = =
N =
W N =

2. P’1a co s6 cta R3 khi va chi khi

2 1 -1
3 2 5|10 m+20#0s m+#-20
1 =1 m

3. Khim = 1 thi P' = (2,1,-1),(3,2,5),(1,—1, 1)), ta tinh dugc

(4 0
[(2,1,=D]p=| =1 |:[3,2,9]p=| 4
\ -1/ -1
(1)
[(1L.-LD]p=1 4
\ -2
4 0 -1
Vay Cppr=|—-1 4 4
-1 -1 =2

Dinh ly 3.6. Trong khéng gian vector n chiéu V cho ba cd sé
P, P, P", khi do

o Cpp =1,
-1
o Cpsp=Cp_pn

e Cppr =CppCprspr.

Hé qua 3.1. Trong khong gian vector R”", ta xét ba co sé P, P' va E,
(co s6 chinh tdc), khi do

—1
Cpop =Cpsg,Cesp = Cg _ pCEg, 5 pr

127



Huynh Hitu Dinh Truong Dai Hoc Cong Nghiép TPHCM

Vi du 3.45. Trong R? cho hai co s6

P =((1,1,0),(0,1,1),(1,0,1))
P’ =((0,0,1),(1,—1,0),(1,1,1))

Tim Cp_>P/.

Giai. Ta c6

1 0 1 0 1 1
CE3_>p = 1 10 ;CE3_>p/ = 0 -1 1
011 1 0 1

Ap dung hé qua 3.1 ta dude

(l 0 1 (0 I 1
CP—>P’:C;:_)PCE3—>P’ = 11 0) 0 -1 1)
‘ \ 0 1 1 \1 0 1
(75
2 2
\ 313
|
1 2 -1
Vi du 3.46. Trong R? cho hai co s6 P, P’ va Cp_pr = (1 3 0 )
I 5 0
1
1. Biét [X]p = (1) Hay tim [X]p.
2

0

2. Biét [X]p, = ( ) Hay tim [X]p..

1
2
Giai.

1. Ap dung cong thic 3.1 ta duge

—_ =
N W N
o o |
~——
—
N = =
~——
Il
—
o B
~——

[X]P = CP—>P’[X]P/ = (

128



Huynh Hiutu Dinh Truong Dai Hoc Cong Nghiép TPHCM

2. Ta co
[X]P = CP—>P’[X]p/ 1
1 2 -1\ [0 -1
< [X]P’ = C;LP’[X]P = 1 3 0 1 = %
1 50 2 %

3.6 Khong gian vector con

Dinh nghia 3.15. Tap con khdc rong W ctia khéng gian vector V
duoc goi la mot khong gian vector con (hay khong gian con) cua V
néu hai tinh chét sau dudc théa:

e VX Y eW X +Y eW.

o Ve R VX e W,aX e W.

Vi du 3.47. {0} va V la hai khong gian vector con ctia V. Chung dugc
goi 14 cac khong gian vector con tam thuong ctaa V.

Vi du 3.48. Gia st m < n. Khi do, tap cac vector dang (xi, ..., X5, 0, ..., 0)
la mot khong gian vector con cua R”.

Vi du 3.49. Néu m < n thi P,,[x] 1a mét khong gian vector con ctia P, [x].

Vi du 3.50. Khong gian C'[a,b] cdc ham kha vi lién tuc trong doan
[a, b] 1a mot khong gian vector con cua khong gian Cla, b].

Chu y 3.3. Néu W 1a khong gian vector con ctia V thi W ciing 1a khong
gian vector. Do dé, ta ciing c6 cac khai niém co s6, toa do, s6 chiéu trén
khong gian W.

DPinh 1y 3.7. Néu W la khéng gian vector con ctia V thi dimW <
dim'V, dang thic xdy ra khi va chi khi W = V.
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3.6.1 Khong gian con sinh béi mot tap hop

Truéc khi di vao ndi dung chinh, ching ta tim hiéu dinh ly sau:

Dinh 1y 3.8. Giao ciia mét ho bat ky cdc khong gian vector con clia
V la mot khong gian vector con ctia V. Cu thé hon, néu {W,},c; la

mot ho cdc khong gian vector con ctia V thi (| W, la mét khong gian
ael
vector con cua V.

Dinh nghia 3.16. Trong khéng gian vector V cho hé vector P. Giao
ctia tdt cd cdc khong gian vector con ciia V chita P dudc goi la khong
gian vector con cua V sinh béi P, ky hiéu (P).

Nhan xét 3.1. Ho cac khong gian vector con ctia V chita P luén khac
rong vi ludn chia it nhat mét phan ti chinh 1a khong gian V.

Tu dinh nghia 3.16 va dinh ly 3.8 ta suy ra (P) la khong gian vector
con nhé nhéat ctia V chia P.

Hai truong hop dac biét 1a (8) = {0y} va (W) = W d6i v6i moi khong
gian vector con W caa V.

DPinh ly 3.9. Trong khéng gian vector V cho hé vector P =
(X1, X2, ..., Xpn). Khi do

o (P)=((X1.X2,...., X;n)) = {1 X1 + o2 X5 + ... + a4 X |o; € R}
o dim(P) =r(P)

e C6 s6 ctia khong gian vector con (P) la hé vector déc lap tuyén
tinh téi dai trong P.

Vi du 3.51. Tim cd s6 va sb chiéu ctia khong gian con W trong R? cho
b6i W = (P)véi P = ((1,1,1),(1,2,3),(2,3,4)).
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Giai. Ta lap ma tran vector dong ctia hé vector P
1 11
A=]11 2 3
2 3 4
Ta bién d6i ma tran A vé dang bac thang

dod 11 1 11
Aﬁ 012 01 2

—d3—2

RN 0 12 000

Vay khong gian vector con W ¢6 ¢ s6 1a hé ((1,1, 1), (1,2, 3)). Tu day
ta cung suy ra dimW = 2. |

Vi du 3.52. Tim cd sé va sb chiéu ctia khéng gian con W trong R* cho
b&i W = (P) vé6i P = ((1,0,0,—1),(2,1,1,0),(1,1,1,1)).

Giai. Ta lap ma tran vector dong ctia hé vector P

1 0 0 —1
A= 211 0
111 1

Ta bién ddi ma tran A vé dang bac thang

ey {100 =LY 100 -1
A—dz%d-‘» 011 2 |Z==5 1011 2
TET o011 2 000 0

Vay khong gian vector con W ¢6 cd sé la hé ((1,0,0,—1),(2,1,1,0)).
Tu day ta cing suy ra dimW = 2. [ |

Vi du 3.53. Tim cd s6 va s6 chiéu ctia khéng gian con W ctia P, [x] cho
b6i W= (P)véi P =(x*+x—1,x—1,x*+2x—2,2x2 + x —1).

Giai. Ta lap ma tran vector dong cua hé vector P

111
-1 10
A= -2 21
-1 1 2
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Ta bién d6i ma tran A vé dang bac thang

1 1 —1 1 1 -1
A c1<>c3 01 -1 d3—d3—d; 0o 1 -1
1 2 =2 dy—dy—2d, 0 1 -1
2 1 -1 0 -1 1
1 1 -1
ds—>d3—d 01 -1
—_—
dy—dy+d> 00 O
0 0 O

Vay khong gian W ¢6 cd s6 1a hé vector (x + x — 1, x — 1). Tt day ta
cung suy ra dimW = 2. ]
Vi du 3.54. Tim m dé khong gian con W ctia R? ¢6 s6 chiéu 1a 2 véi
W= (((1,2,1),(0,m,m+1),2,m + 1,m + 4))).

Giai. Ta lap ma tran vector dong

1 2 1
A= 1 m m—+1
2 m+1 m+4

Ta c¢6 dim W = 2 khi va chi khi r (4) = 2. Ta bién d6i ma tran A nhu
sau

1 2 1
dr—dr—d
A—=—""510 m—=2 m =A
d3—>d3—2d; 0 m—3 m—2

1 2 1
Néum =2thid =|0 0 2].Khidér(4) =3,suyrar(4)=23.
0 —1 0

Vay m = 2 khong thoéa yéu cau dé bai.

Néu m # 2 thi ta tiép tuc bién doi

1 2 1
12 1 m—:
0 m—2 m —)d3—>d3—m_§dz 0 m-—2 m A
0 m—3 m—2 o o ™Mt
m-—2
Ta thay r (4) = 2khi vachikhi —m +4 =0 < m = 4. n
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3.6.2 Khong gian con nghiém

Xét hé phuong trinh tuyén tinh thuan nhat

ajlx: + apx: + ... 4+ awux, = 0
.azlxl + ax»x, + ... 4+ ayux, = 0 (3.2)
;zmlxl + amax, + ... 4+ ampx, = 0
hay viét duéi dang ma tran la
AX = Opx1 (3.3)

Nhu da biét, hé phuong trinh tuyén tinh thuan nhét 3.2 luén ton tai
nghiém. Goi W la tap tat ca cac nghiém ctaa hé 3.2, khi d6 ta dudc cac
ket qua sau:

Pinh 1y 3.10. W la khong gian vector con cia khong gian vector R,
va duge goi la khong gian con nghiém ciia hé phuong trinh tuyén
tinh thudn nhat 3.2.

Dinh 1y 3.11. Khong gian con nghiém W c6 sb chiéu dimW = n —r
va cd sé la hé nghiém co ban (X, X», ..., X,—,) cua hé phuong trinh
tuyén tinh thudn nhdt 3.2, é day r = r(A).

Vi du 3.55. Tim c6 s6 va sb chiéu ctia khong gian con nghiém W ctia hé
phuong trinh tuyén tinh thuan nhat sau

3x + 2y + z =0
2x + 5y — 3z =0

Gidi. Lap ma tran hé s6 ctia hé phuong trinh

4= 32 1
2 5 -3

133




Huynh Hitu Dinh Truong Dai Hoc Cong Nghiép TPHCM

Bién d6i 4 vé dang bac thang

dr—3d>—2d, 3 2 1
g L3y
0 11 -—11

Tasuyrar(4) =2vadimW = 1.

Cho z = 1 ta tim dudc nghiém co ban ctia hé 1a X; = 1 va day
1
cing chinh la cd sé caa khong gian con nghiém W. |

Vi du 3.56. Tim c6 s6 va sb chiéu ctia khong gian con nghiém W ctia hé
phuong trinh thuan nhat sau

3X1 + 2X2 + X3 + 3.X'4 + SXS =0
6)C1 —|— 4.X2 + 3X3 + 5)C4 —|— 7.X5 = 0
9X1 + 6)62 + S)C3 + 7X4 + 9)65 =0
3x1 + 2xp + 4x3 4+ 4x4 + 8x5 = 0
Giadi. Talap ma tran hé s6 ctia hé
32135
6 4 3 57
A=
96 579
32 4 48
Bién d6i ma tran A4 vé dang bac thang
(321 3 5 )
d2—>d2—2d1 0 O l _1 _3
A ————
d3—>d3—3d; O O 2 —2 —6
dmdmd N\ p03 1 3
321 3 5
d3—>dz—2d» 001 -1 -3
_
ds—ds—3d> O 0 0 0 0
\0 00 4 12
321 3 5
Xoa dong 3
— | 0 01 -1 -3
000 4 12
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Tasuyrar(4) =3vadimW = 2.
Dé tim co s6 ctia khong gian W ta khoi phuc hé phuong trinh
3X1 + 2X2 + Xx3 —+ 3)64 + 5X5 =0

X3 — X4 — 3Xxs5 0
4.X'4 + 12)C5 =0

Lan lugt cho x; = 1, x5 = 0 v& x; = 0, x5 = 1 ta tim dudc hé nghiém
cd ban cua hé

S NN O

X, = i Xy =
-3

1

I
©c e ol\)lw’jk

va day cung chinh 1a co s6 ciia khong gian con nghiém W. [ |

3.7 Khong gian vector Euclide

Dinh nghia 3.17. Cho V la mét khong gian vector n chiéu. Khi do,
V duoc goi la khong gian vector Euclide néu da cho

1. Quy tdc
.y :V¥xV - R
(X.Y) = (XY)

goi la tich v6 hudng cua hai vector X va Y.

2. Quy tdc dé théa man bon yéu cau:

o~ o~ o~

X|Y) = (Y|X):VX,Y e V.

X +Y|Z) = (X|Z)+ (Y|Z):VX.,Y,Z € V.

aX|Y) =a(X|Y) = (X|aY):VX,Y € V,Va € R.
X|X)>0;VX € Vva (X|X) = 0 khi va chi khi X = Oy.
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Vi du 3.57. Khong gian cac vector tu do da hoc ¢ hinh hoc so cip 12 mot
khong gian vector Euclide véi tich vo huéng thong thuong

(71 = 7] 7] ()

Vi du 3.58. Gia stt V 1a khéong gian vector » chiéu va (X, X5, ..., X,,) 1a
mot co s cua né. Cé thé dlnh nghia mot tich vo huong trén V nhu sau:

Néu X = Zx,X vayY = Zy,X thi ta dat (X1|Y) = ley,

i=1 i=1

Néi riéng, néu V = R” va (ey, es, ..., ;) 12 mét ¢ s6 chinh tic ciia né
thi tich v6 hudéng ctia hai vector X = (x1,x2,....,x,) va Y = (¥1, V2, ..., V)

n
dudc dinh nghia (X|Y) = )_ x;y; va dudc goi 1a tich vé hudng chinh tac
i=1
trén R”.

Nhan xét ring theo cach nay thi méi co sé cia V xac dinh mét tich
vo hudng trén V. Hai tich v6 huéng xac dinh béi hai co s6 khac nhau thi
khac nhau.

Vi du 3.59. Trong khong gian vector C|a, b] xét anh xa
(' : Cla,b]xCla,b] - R

b
(f.8) = (flg)=[f{t)g@)dt

Ta thaiy anh xa (.|.) théa méan ca bon yéu cau ctia dinh nghia nén né
la mat tich vo6 hudng trén C|a, b].

Pinh nghia 3.18. Gid stz V la mét khong gian vector Euclide vdi
tich vo6 hudng (.|.). Khi dé, do dai (hay chudn) ctia vector X, ky hiéu
bdi || X |, la so thuc khong am /(X|X), nghia la | X|| = V(X |X).

Pinh ly 3.12. (B4t dang thitc Cauchy-Schwarz). Gid sit V la
mot khong gian vector Euclide vdi tich vo hudng (.|.). Khi d6 véi moi
XY € Vitaluon cé (X|Y)* < | X|*|Y |* Péng thiic xdy ra khi va chi
khi X = aY voi o € R.
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Vi du 3.60. Trong khong gian R” véi tich vo6 huéng chinh tac, bat dang
thic Cauchy-Schwarz c6 dang

n
E XiYi
i=1

n n

2 2

= 2 :xi 2 :J’i
i=1 i=1

voi x;, y; € R;i = 1,n.

Pinh 1y 3.13. Gid st V la mét khong gian vector Euclide vdi tich vo
huéng (.|.). Anh xa ||| : V - R* xdc dinh béi | X|| = /(X|X) thda
man cdc tinh chét sau day:

o [laX| = || | X||;¥X € V,Va e R.
o |X]|=0& X =0y

o [ X +Y|<|X|+|Y|:VX,Y €V. Ddng thitc xdy ra khi va chi
khi ton tai s6 o > 0 sao cho X = oY hodc Y = aX.

DPinh nghia 3.19. Gid sv X,Y la hai vector khdc khong cia khéng
gian vector Euclide V. Ap dung bt ding thiic Cauchy-Schwarz ta cé

[(XY)] -
XY
T déy suy ra ton tai duy nhdt mét géc 0 € [0, x| sao cho

[(XTY)]

cos) = ———
XYl

Ta goi 0 la goc gitia cdc vector X va Y, ky hiéu 6 = (X/?)

Nhan xét 3.2. Géc gitta vector Oy va X c6 thé duge xem 1a tuy y.
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3.7.1 Cad sé truc giao, cd sé truc chuan. Truc chuan
hoa Gram-Schmidt

Pinh nghia 3.20. Cho V la mét khong gian Euclide véi tich v
huong (.|.). Ta noi

e Hai vector X, Y €V la truc giao néu (X|Y) = 0.
e H¢ vector (X1, X>., ..., Xn) la hé truc giao néu ching truc giao
tung doi mot.

o H¢ vector (X1, X, ..., X,») la hé truc chudn néu né truc giao va

| Xil| =1véi moii =1, m.

Vi du 3.61. Trong R? véi tich vé huéng chinh tac, hai vector X; =
(2,1), X, = (—1,2) la truc giao véi nhau vi (X;|X,) = 2.(—-1) + 1.2 = 0.

Vi du 3.62. Trong R? véi tich v6 huéng chinh tic, hé ba vector X; =

(1,1,1), X = (3. 3. —3), X3 = (3.—3.0) lap thanh mot hé truc giao.

Vi du 3.63. Trong R” véi tich v6 hudéng chinh tic, co s6 E, lap thanh
mot hé truc chuin.

Dinh 1y 3.14. Hé vector truc giao trong khong gian Euclide V khong
chita vector khong la mot hé doc lap tuyén tinh.

DPinh nghia 3.21. Trong khéng gian vector Euclide V c6 n chiéu, hé
goém n vector khdc khong, truc giao ting doi mét tao thanh mot co sé
ctia V va ta goi la co sé truc giao. Hé gobm n vector khdc khéng dudc
goi la co sé truc chudn cia V néu né la mot co sé truc giao va mbi
vector ciia hé cé dé dai bang mét.
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Dinh ly 3.15. Moi khong gian vector Euclide V véi sb chiéu n déu
ton tai co sé truc chudn.

Sau day ta sé chi ra cach xay dung co sé truc giao (hodc truc chudn)
tu mot co s6 bat ki.

Thuat toan truc chuian héa Gram-Schmidt

Gia st hé vector (X1, X5, ..., X;,) 1a co s6 caa khong gian Euclide V
dudc trang bi tich vo hudng (.|.). Hé vector (Y1, Y, ..., Y,) dudc thiet
lap béi cong thic

Yi =X
(X2]Y1)
Yo =X, —
2 2 A 1
X;3lY, X;3lY
Y3:X3—< 3 1)Y1—< 3 2>Y2
(Y1) (Y2]Y>)
X;|Y X; Y- X;|Y;_
Yi:Xi_( il 1)Y1—< il 2)Y2—...— (X;Yi—1) -
(Y1]Y1) (Y2]Y>) (Yi1|Yiz1)
X,|Y X,|Y- X, Y, _
Yn:Xn_( n| 1)Y1—( n| Z)Yz—...— ( nl n 1) Yn—l
(Y1|Y1) (Y2|Y3) (Yn1lYu—1)

la mot co s6 truc giao cua V. Khi d6, hé vector (Z,, Z,, ..., Z,) dudc
thiet 1ap bdi cong thic

Y,
Y1l

Y,

1Y2]]

ZIZ

2:

Y,
1Y

Z, =

14 mét co sé truc chuén cta V.
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Vi du 3.64. Biét hé vector (X; = (1,1,1), X, =
12 mot co sé cta R3. Truc chudn héa hé nay bang phuong phap Gram —

Schmidt.

(0,

-1,1), X5 =(1,2,2))

Gidi. Ap dung phuong phap Gram — Schmidt ta dude

1)

Yl = Xl - (1,1,1)

. (X2|Y1>
o= (Y1|Y1) =0.-

_ (X3|Y1) _ (X5]72)
R TATA AT

v (-

211
333

)

Khi d6 hé vector (Y7, Y,,Y3) 1a co s6 truc giao ctia R?. Hon nita, néu

ta dat

Y, ( 111 )
1= 70— | — 7= —F/—= —=

Y1l V3 V3 V3
7 Y, (O 1 1 )
2 = = s T T = T —

[ Y2]] V2 V2

Y; ( 2 1 1
3 = = T T =y T =y T~

1Y5]] V6 V6 V6

)

thi hé vector (Z,, Z», Z3) 1a mét co sé truc chuédn ctia R3.

Vi du 3.65. Truc chuin héa Gram — Schmidt hé vector sau day

(Xl - (17 1v0

0), X, =

(0,1,1,0), X5 =

(0,0,1,1), X4 = (1,0,0, 1))

Gidi. Ap dung phuong phap Gram — Schmidt ta dude

Y1:X1:
Y2:X2—
Y3:X3

Y4:X4—

(1,1,0,0)
(Xa2|Yh),
)
(X3|Y1>
Yi|Y1)
alY1)
|Y1)Y

{
(X
(Y

11

—, =, 1,0
(-z210)
(X3]Y>) _(1 1
() 33
(X4|Y2) (X4|Y3>
(VoY) 2 (Y3|Y3)

: )
.50
3

= (0,0,0,1)

Khi d6 hé vector (Y;,Y>,Y3,Y,) 1a co s6 truc giao cia R*. Hon niia,
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néu ta dat

7 Y, ( 1 1 0 O)
1 = = - = ’ b
Y1 V2 V2
7 Y, ( 1 1 2 O)
2 = = T = =
Y2l V6 V6 V6
7 Y; ( 1 1 O)
3= — T T
Y5l 333
Y,
Z4 = = (0,0,0, 1)
[ Yall
thi hé vector (Z,, Z,, Z5, Z4) 12 mét co sé truc chuin caa R*. [ |

Bai tap chuong 3

Phan tu luan
Bai tap 3.1. Xac dinh diéu kién dé vector x 13 mot t8 hop tuyén tinh
cua hé (u,v,w):
l.x=>0,m 1H)u=_>1,1,0),v=2,1,1),w = (3,2, 1).
2.x=02m+4,m+6);u=(1,2,3),v=(3,8,11),w = (1, 3,4).
3.x=2m—-4,mu=(~1,2,3),v=2,3,4),w =(1,3,5).
4. x = (x1,x2,x3);u = (1,2,3),v =(2,4,5),w = (3,6,7)
5. x=0,m,Du=(~1,2,4),v=2,1,5,w = (3,6,12).

Bai tap 3.2. X4c dinh diéu kién dé vector x khong phai 12 mét t6 hop
tuyén tinh ctia hé (u, v, w):

l.x=01,m-=9,17)u =(1,1,3),v=(2,2,5,w = (3,4, 3).
2.x=0m+2,m+4)u=(1,2,3),v=(3,7,10),w = (2,4,6).
3.x = (x1,x2,x3);u=(1,2,1),v=(1,1,0),w = (3,6, 3).
4. x = (x1,x2,x3)5u = (1,2,1),v=(1,1,0),w = (3,6, 4).

Bai tap 3.3. X4c dinh m dé hé vector sau day phu thuoc tuyén tinh:
l.u=(1,2,m),v=1(0,2,m),w = (0,0, 3).
22u=m+1mm—-1),v=02,m,1),w=~A,mm—1).

141



Huynh Hitu Dinh Truong Dai Hoc Cong Nghiép TPHCM

.u=m,1,3,4),v=mmm+2,6),w = 2m,2,6,m + 10).
4. u=m,1,3,49),v=mmm+4,6),w=2m,2,6,m + 10).
4. u=m,1,1,4),v=m,m,m,6),w = 2m,2,2,m + 10).

Bai tap 3.4. Xac dinh m dé hé vector sau day doc lap tuyén tinh:
lLu=Q2,1,1,m),v=02,1,m,m),w = (m+2,1,0,0).
22.u=02,1,1,m),v=02,1,—-1,m),w = (10,5, —1, 5m).

3.u; =(2,3,1,4),u; = (3,7,5,1) ,us = (8,17, 11,m) ,uy = (1,4,4,-3).

Bai tap 3.5. Hé vecto nao sau day tao thanh mot co s6 ciia R> va R*?
Louy = (1,2,—1),us = (2,0,1);u3 = (1,—1,0).

2.y = (1,1,0,—1) ,up = (2,2,1,1) ,u3 = (—=1,2,5,0) ,us = (0,—1,1,2).

Bai tap 3.6. Tim m d€ hé vecto sau tao thanh mot co s6 cua R3:
lL.u=(1,2,m),v=(~1,m,0),w = (m,1,0).
22u=m,1,1),v=>_0,m,1),w = (1,1, m).

Bai tap 3.7. Tim m d€ hé vecto sau tao thanh mot co s6 cia R*:
lLuy=@G, 1,2,m—1),u; =(0,0,m,0),us = (2,1,4,0),uy = (3,2,7,0).
2.u; =(1,2,3,4),u; = (2,3,4,5) ,u3 = (3,4,5,6) ,uy = (4,5,6,m).

Bai tap 3.8. Hé vector nao tao thanh mot ¢ sé ciia khong gian con W
ctia R? sinh béi cdc vecto sau:

Loy = (2,3,4),us = (2,6,0) ,u3 = (4,6,8).
2. U = (2’ 3’4)77/!2 = (59 _4’0) y Uz = (79_1’5)'

Bai tap 3.9. Hé vecto nao tao thanh mot co sé cua khong gian con W
ctia R* sinh béi cac vecto sau:

Louy = (1,2,3,4) ,up = (0,2,6,0) ,us = (0,0,1,0) ,uy = (0,2,4,4).
2. uy = (1,2,3,4) ,us = (0,2,6,0) ,u3 = (0,0,1,0) ,us = (1,2,4,4).

Bai tap 3.10. Tim s6 chiéu dim W ctia khéong gian con W ctia R* sinh
bdi cac vecto sau:

Louy = (1,2,3,4) ,us = (2,3,4,5) ,us = (3,4,5,6) ,us = (4,5,6,7).
2.u1 =(3,1,5,7) us = (4,1,2,2) ,us = (1,1,8,1) ,us = (1,2,1,2).
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Bai tap 3.11. Tim hang cua cac hé vects sau:
1l.u; =2,3,5,7),u; = (4,1,3,2) ,u3 = (8,7,13,16) ,uy = (6,4,8,9).
2.u; =(1,1,5,7),u, = (6,2,2,2) ,uz3 = (13,1,8,17) ,uy = (0,1, 1, 2).
Bai tap 3.12. Dinh m dé hé sau ¢6 hang bang 2:
lL.u=(1,31),v=>0,m+3,3),w=(,m+ 6,m+ 3).
22.u=m,1,0,2),v=m,m+1,-1,2),w = 2m,m + 2,-1,5).
.u=m,1,1),v=_>_0,m,1),w=(1,1,m).

Bai tap 3.13. Tim toa d6 cua vector u trong co s6 (11, us, u3):
1l.u=(1,2,4)u, =(1,0,0),u; = (0,1,0) ,u3 = (0,0, 1).
2.u=(m,0,1);u; =(0,0,1),u, = (0,1,0),u; = (1,0,0).
3.u=(2,3,6)u; =(1,2,3),u, = (1,3,4) ,u; = (2,4,7).

4. u=m,0,1);u; =(1,0,0),u, = (1,1,0) ,u3 = (0,—1,1).
5. u=m,m,4m)u; = (1,2,3),u>, = (3,7,9) ,uz = (5,10, 16).
6.u = (1,2m,2);u; = (1,0,0) ,u; = (0,2,0),u3 = (2,1, 1).

Bai tap 3.14. Trong khong gian R? cho tap hop

W= {u = (x1, x2, x3) : x1 + 3x2 —x3 =0}

1. Chiing minh W 1a khéng gian vector con ctua R3.

2. Tim mot co s6 caa W.

3. Chung minh vector u = (1,2,7) thudéec W. Xac dinh toa do ctia u
dbi véi co s6 vita tim dude & cau 2.

Bai tap 3.15. Trong khong gian R? cho hé vects P = (u1,u,). Tim ma
tran chuyén co s6 tit co sd chinh tic E, sang c¢o s6 P = (u1, u,) va ngudc
lai.

lL.uy =2, 1),u; = (—1,-1).
2.u; =2, 1),up; =(—1,1).
3.u; = (—=1,0),uy = (0,1).
4.u; = (1,2), up = (3,4).
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Bai tap 3.16. Trong khong gian R> cho hé vecto P = (uy,us,u3).Tim
ma tran chuyén co s, tit ¢d sé chinh tic E; sang c6 s6 P = (uy, U, u3)
va ngudc lai.

1l.uy =(1,0,1),u; =(0,1,1),u3 = (0,0, 1).
2.u; =(0,1,1),u, = (1,0,1),u3 = (1, 1,0).
3.uy=(1,2,1),u, = (-1,-1,1),u3 = (0,1, 1).
4. uy = (4,2,1),u, =(0,1,-2),u3 = (1,2, 1).

Bai tap 3.17. Trong khong gian R?, tim ma tran chuyén co sé P, =
(u1,u,) sang cd s6 P, = (v, v2) va ngudc lai.

1. U = (2, 1) , Uy = (—1,—1);U1 = (—1,0) ,Up = (0, 1)
2. up = (2, l),u2 = (3,2);1)1 = (—1,7),122 = (8, 1)
3. u = (12, 13) , Uy = (1, 1);1)1 = (1,—1),1}2 = (3, 1)

Bai tap 3.18. Trong khong gian R3, tim ma tran chuyén co s6 P; =
(u1,u,, us) sang cd s6 P, = (vy, v,, v3) va ngudc lai.

1. u; = (1,0,0),u, = (0,—-1,0),u3 = (0,0,—-1);v; = (1,0,1),v, =
(0,1,1),v3 = (0,0, 1).

2. U = (1,2,0),142 = (1,—1,3),u3 = (1,1,—1);1)1 = (1,1,0),1)2 =
(1,0,1),v3 = (0,1,1).

3.u; = (—1,2,1),u, = (1,-1,3),us = (1,1,-1);v; = (1,1,3),v, =
(1,1,1),v3 = (7,1,1).

Bai tap 3.19. Cho biét ma tran chuyén co sd tit cd s§ B sang cd s6 chinh
tic E; caa R3 1a

-1 -1 -1
Tim toa do cua vector u = (1,0, 1) theo co sé B.

Bai tap 3.20. Cho biét ma tran chuyén cd sé tit co s6 B sang cd sé chinh
tic E; caa R3 1a

I 1 2
P=|3 -1 7
I -1 1

Tim toa do cua vector u = (1,2, 3) theo co sé B.
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Bai tap 3.21. Cho biét ma tran chuyén co sé tit co sd B sang cd sé chinh
tic E; cua R3 1a

Tim toa do cua vector u = (—1,8, 1) theo co s6 B.

Bai tap 3.22. Cho biét ma tran chuyén co sé tit co sd B, sang cd s6 B,
cua R31a

va toa do cta vector u theo cd s6 By la x; = 1,x; = 1,x3 = 0. Tim [u]p,.

Bai tap 3.23. Cho biét ma tran chuyén co sé tit co s6 B; sang cd s6 B,
caa R3 1a

va toa do cua vector u theo cd s6 By la x; = 1, x5 = 1,x3 = 3. Tim [u] p,.

Bai tap 3.24. Cho biét ma tran chuyén co sé tit co s6 B, sang cd s6 B,
cua R31a

I 2
P=101
1 1

S B~ W

va toa do cua vector u theo cd s6 By 1a x; = 1,x, = 2,x3 = 3. Tim [u]p,.

Bai tap 3.25. Trong khong gian R*® cho hé vector (u; = (1,0,0),u, =
(0,—1,0),u3 = (0,0,—1)). Cho biét ma tran chuyén co sé tit co sé B,
sang c¢d s6 B, = (u;,u,,u3) cua R3 1a

1 0 O
P=10 1 O
-1 -1 1
va toa do vecto u theo cd s6 By la x; = 1,x, = —1, x3 = 0. Tim vecto u.
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Bai tap 3.26. 1. Trong khéng gian Ps [x] cho co sé
F = (l,x,xz,x3,x4,x5)
Tim [p(x) = x° — 1] .
2. Trong khong gian Ps [x] cho co s6
F=(Lx-1,x-1%x-D%x-D"x-1)°)
Xac dinh [p(x) = x° 4 4x* 4+ 3x — 1],
3. Trong khong gian Ps [x] cho co sé
F=(Lx-1,x-1%x-D%x-D"x-1)°)
Xac dinh [p(x) = x° 4+ 4x* +3x> + x> + x — 5] .
4. Trong khong gian Ps [x] cho co sé

o (l,x— . (x — 1)2’ (x — 1)3’ (x — 1)4’ (x — 1)5)
2! 3! 41 51

Xac dinh [p(x) = 6x° + 4x* + 3x3 + x? 4 4x — 5] ..
5. Trong khong gian Ps[x] cho co sé

b (l,x—l, G VGl VGl Vi (x—l)s)
2 3 4 5

Xac dinh [p(x) = 6x° + 14x* —3x3 + x? + 4x — 5] .

Bai tap 3.27. 1. Trong khong gian vector cac da thic c6 bac khong vugt
qua bon P, [x] cho hai co s6
E={lLxxx*x*;F=(Lx=1,x-1D*(x-1D>(x-1%

Tim CE—>F va CF—)E-

2. Trong khéng gian vector cac da thic cé bac khong vudt qua bén
P, [x] cho hai co s6

E={l,x,x2,x3,x4}F= l,x—l,(x ) ,(X ) ,(X )
2! 3! 41

Tim CE—)F va CF—>E-
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Phan trac nghiém
Bai tap 3.28. Cho V 1a mot khong gian c6 s6 chiéu bang bén. Khang
dinh nao sau day la dang?

a. Moi tap c6 mot phan ti déu doc 1ap tuyén tinh.

b. Moi tap c6 bén phan ti 14 tap sinh.

c. Moi tap c6 ndm phan tit 1a tap sinh.

d. Cac cau a, b, ¢ déeu sai.

Baitap 3.29. Tim [x> +2x - 2], véi B = (fi = x> +x+ 1, o =x, f5 = 1).

1 1 1 1
a. 1 b.| 1 c.| —1 d.| -1
-3 3 3 -3

Bai tap 3.30. Trong R? cho hai co s6 P, = ((1,1),(2,3)) va P, =

((1,—1),(1,0)). Biét [x]p, = (_1), hay xéc dinh [x] p,.
1

2
-5 8 -2

( : ) b.(_s) ( 1 )
Bai tap 3.31. Cho W = (((1,1,1,1),(2,3,2,3),(3,4,—1,m))), v6i gia tri
nao ctia m thi W c6 sb chiéu 16n hon 1?

am=0 b.m = -1 c. khong co m d. Vi
Bai tap 3.32. Trong R3 cho W = (((1,1,1),(2.3,2))), P = ((1,0,0) , (2,2, m))
v6i gia nao cua m thi P la co s6 cua W?

am=0 b.m=1 c. khong co m d. Vm
Bai tap 3.33. Trong R cho W = (((1,1,1),(2,3,1),(3,5,m))). Véi gia
tri nao cia m thi W ¢6 s6 chiéu 1a 2?

Bai tap 3.34. Trong khong gian P, [x] cho cac vector

fi=x>4+x+1, fh=2x+1, f3=3x>+2x +m
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V6i gia tri nao cua m thi hé vector P = (f1, f>, f3) sinh ra P, [x].

5
a.m# 1 b.m=1 c.mzi d.m;«éi

Bai tap 3.35. Trong R* cho hai co s6

P =((1,2,3),3,4,5),(2,1,4))
P '=((1,1,1),(1,1,0),(1,0,0))

1
Biét rang [X], = | 2 |. Hay tim [X],..
-1
1 —4 1 3
a. 5 b. 5 c.l| 5 d. 3
—4 1 2 —4

Bai tap 3.36. Cho khong gian vector V ¢6 sb chiéu 1a ba. Khang dinh
nao sau day la dung?

a. Moi tap sinh phai c6 nhiéu hon ba phan tt.
b. Moi tap déc lap tuyén tinh phai c6 ba phan ti.
c. Moi tap sinh ctia V ¢6 ba phan ti déu 1a cd sé cia V.
d. Moi tap sinh ctia V phai ¢6 ding ba phan ta.
Bai tap 3.37. Trong R? cho khéng gian vector con
W ={(a,a+b,a—>b):a,beR}

Khang dinh nao sau day ding?
a. ((1,0,0),(0,1,—1),(0,1,1)) la co s6 cha W.
b. ((1,0,0),(0,1,—1),(0,1,1)) la tap sinh caa W.
c. (1,1,—1),(0,1,1)) 1a co s6 caa W.
d. Cac cau trén déu sai.
Bai tap 3.38. Trong R®> cho W = (((1,-1,1),(2,1,3),(3,3,5)) va X =

(3,2,m). Tim m dé X ¢ W.

14 14
a. Vm b. Khong c6 m c.m=— d.m;«é?
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Bai tap 3.39. Trong P, [x] xét hai co s6
P = (x2+x+ 1,7x—2,2)

P’ = (x%,3x,3)
2
Biét rang [p (x)], = | 1 |. Hay tim [p (x)]p..
-3
-2 2 2 1
a. 3 b. 3 c.| -2 d.| -1
2 —2 3 4

Bai tap 3.40. Trong R* cho hé vector
pP=(1,11,1),(1,2,3,4),(0,0,0,0),(2,3,4,5))

Khang dinh nao sau day la dang?

a.r(P)=2 c.r(P)=3
b. P 1a co s6 cua R* d. P sinh ra R*
Bai tap 3.41. Tim tat ca cac gia tri ciia m dé hé vector
P = (x2+x—|— 1,2x + 1,x2—|—2x—|—m)
la co sé caa P [x].

3

am=3 b.m #3 c.m= d,m;é%

Bai tap 3.42. Cho W = ((1,1,1), (1,2, 1)) va P = ((1, 1, 1), (1,—1,m)).
Tim m dé P 1a co s6 cha W.

am=0 b.m=1 c. khong co m d. Vm
Bai tap 3.43. Trong R3 cho khong gian con
W=((1,1,1),(2,3,1),(5,—1,2)))
Tim mot co s6 P cia W va dim W.
a. dimW =2,P = ((1,1,1),(0,1,—1)).
b. dimW =2, P = ((1,1,1), (0,0, 1)).
c. dimW =3,P = ((1,1,1),(2,3,1), (5, —1,2)).

d. Cac cau trén déu sai.
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Bai tap 3.44. Trong R? cho khong gian con W = {(x,y,z) : x + y —z = 0}.
Tim mot co sé P cua W va dim W.

a. dimW=1,P = ((1,1,—1)).

b. dimW =2, P = ((=1,1,0), (1,0, 1)).

c. dimW =2, P = ((1,1,2), (2,2, 4)).

d. dimW = 3, P = ((1,0,0), (0, 1,0), (0,0, 1)).
Bai tap 3.45. Trong R* cho khéng gian con

X 4+ y + z

W — + ¢t =0
2x + 3y — z + t

(x,v,z,1): {

Tim mot c6 sé P cua W va dim W.

a. dimW =2, P = ((—4,3,1,0),(=2,1,0, 1)).

b. dimW =2, P = ((1,1,1,1),(2,3,—1,1)).

c.dimW =3,P = ((1,1,1,1),(=4,3,1,0), (=2, 1,0, 1)).

d. Cac cau kia déu sai.
Bai tap 3.46. Trong R? cho

W= (((1,1,1),(0,1,-1))): U = (((2,2,2), (1,2, m)))

V6i gia tri nao caa m th1 W = U?

a.m=20 b.m #0 c.m=1 dm#1
Bai tap 3.47. V6i gia tri nao ciia m thi khong gian con cia hé

x + vy 4+ 2z — t =0
2x + 2y + z + 0
-x + vy 4+ z 4+ mt =0

¢6 s6 chiéu 16n hon 1.
a.m#5 b.m=17 c.m#7 d. Vm
Bai tap 3.48. Trong R* cho khong gian con
W ={(x,y,z) :mx; + x3 =0}
Tim tit cad m dé dim W = 2
a.m#0 b.m=0 c.m=1 d. Vm




Huynh Hiutu Dinh Truong Dai Hoc Cong Nghiép TPHCM

Bai tap 3.49. Cho khéng gian con W = {(x,my,z) : x, y,z € R}. Tim tat
cam dé W = R3,

a.m#0 b.m=20 c.m=1 d.m#1

Bai tap 3.50. Cho khong gian con
W={((m+1Dx,y,(m+2)z):x,y,z€ R}
Tim tat ca m d€ W # R3.

a.m#—1lvam=-2.
b.m # —1vm# -2.
c. Vm.

d. Cac cau trén déu sai.
Bai tap 3.51. Trong R? cho quy tac
(X1Y) = x1y1 + x1y2 + X2y1 + mx2y>
véi X = (x1,x2),Y = (y1,y2). Tim m dé (X|Y) la tich v huéng.
a.m>1 b.m <1 c.m=1 d.m#1
Bai tap 3.52. Trong R? cho tich v6 hudéng
(X1Y) = 3x1y1 + x1y2 + X2y1 + X2)2
va Z = (1,2). Tim do6 dai vector Z.
a. |Z| =11 b.||Z]|=+5 c|Z||=11 d|z] =5
Bai tap 3.53. Trong R? cho tich v6 huéng
(X|Y) = 2x1y1 — x1y2 — X2)1 + X202
vaZ=(1,-1),T=2,m). Timm dé ZLT.
am=3 b.m=2 c.m#2 dm=1
Bai tap 3.54. Trong R* véi tich v6 huéng chinh tac, cho hé vector
P =((1,1,1,1),(0,0,0,0), (2, 1,1,m))
Tim m dé P 14 hé truc giao.

a.m=—4 b. Vm cm=23 d.m=0
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