Chuong 4

Anh xa tuyén tinh

4.1 PDinh nghia va cac tinh chat cin ban

Pinh nghia 4.1. Cho hai khong gian vector V,V'. Anh xa f:V->V
duoc goi la mot dnh xa tuyén tinh néu hai diéu kién sau dday dugc
thoa:

e fX+Y)=f(X)+ f(Y);VX, Y € V.

o f(aX)=af (X);:Va eR,VX € V.

Vi du 4.1. Anh xa
f R* - R?
(x,y) = (x+y,x—y)

12 mét anh xa tuyén tinh. That vay, ta lay hai vector X,Y € R2, gia st
X = (x1,x2) vaY = (y1,y2), khi do

SX4+Y)=f(x14+y1,x2+y2) = @1+ Y1+ X2+ Y2, X1 + Y1 — X2 — y2)
Mat khac

X))+ fX) =1 +x2,x1—x2) + (V1 + Y2, 91 — y2)
=1+ y1+x2+ Y2, X1+ Y1 —X2— Y2)
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Tudaysuyra f(X +Y)= f(X)+ f(¥Y).VX € R2,

Hon nita, v6i moi o« € R vamoi X € R?, ta c6

f(aX) = f(ax;,axy) = (ax; + axz, ax; —axz) = af (X)

Vay f 1a mot anh xa tuyén tinh.
Vi du 4.2. Anh xa

f R3 - R3
(x,y,z2) » (x+y+x,x—y+3z,x—2)

ciing 14 mo6t anh xa tuyén tinh (chtng minh tuong tu nhu vi du 4.1)

Tinh chét

Sau day 12 mot sb tinh chat cia anh xa tuyén tinh ma ta c6 thé suy ra
truc tiep tu dinh nghia

1. f(0y) = Oy.
2. f(=X)=—f(X):VX eV.

3. Hai diéu kién trong dinh nghia c6 thé thay thé bang diéu kién
tuong duong sau

f@X +BY)=af (X)+Bf (Y);VX,Y e V,Va,B R (4.1

Cac tinh chat 1,2 va 3 thuong dude s dung dé ching té hay bac b
mot anh xa ¢6 la anh xa tuyén tinh. Ta xét mét vai vi du sau day:

Vi du 4.3. Cho khéng gian vector V, 4nh xa dong nhat

IdVZV—>V
X » X

12 mét anh xa tuyén tinh. That vay, VX,Y € V,Va, B e Rtaco

Idy (@X + BY) = aX + BY = aldy (X) + Bldy (Y)
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Vi du 4.4. Anh xa
fio Pulx] = Pylx]
p(x) = p'(x)

12 mot anh xa tuyén tinh. That vay, Vp (x).q (x) € P, [x], Vo € R ta ¢é

fap (x) + Bg (x)) = (ap (x) + Bq (x)) = ap’ (x) + Bq' (x)
=af (p () + Bf (¢ (x))

Vi du 4.5. Anh xa

f: R? - R2?
(x,y,z2) » 2x—y+3z,x—y+5z+1)

khong 14 4nh xa tuyén tinh vi f (Ogs) = £ (0,0,0) = (0, 1) # Ope.

Dinh 1y 4.1. Cho dnh xa tuyén tinh f :V — V' va W la mét khong
gian vector con cua V, khi do

e Tap hap f(W) ={f(X) : X € W} la mot khong gian vector con
cua V'

o NéuW = (P) thi f(W) = (f(P)).

Hé qua 4.1. f(V) la mét khéng gian vector con cia V' va dude goi
la anh cua f, ky hiéu Im f.

Dinh 1y 4.2. Cho dnh xa tuyén tinh f : V — V' va W’ la mét khong
gian vector con cua V'. Khi doé tdp hop

fTT(W)={XeV: f(X) e W}

la mot khong gian vector con cua V.
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Hé qua 4.2. Tap hop f~' (0y) ={X € V: f(X) = Oy} la mot khong
gian vector con cua V va dudc goi la hat nhdan cua f, ky hiéu ker f.

Dinh 1y 4.3. Cho dnh xa tuyén tinh f :V — V' v6i V la mét khong
gian vector hitu han chiéu. Khi dé Im f va ker f ciing hitu han chiéu,
dong thoi

dimIm f + dimker f = dimV

Chu y 4.1. dim Im f con dudc goi 1a hang caa anh xa f, ky hiéu r(f).
dimker f dudc goi la s0 khuyet caa anh xa f, ky hiéu d (f).

Vi du 4.6. Cho 4nh xa tuyén tinh f : R®> — R? x4c dinh béi
fx,y,2)=x+2y+z,x—y—4z)
Tim mot ¢d s6 va s6 chiéu cta ker £ va Im f.

Giai. Tacoker f = {(x,y,z): f (x,y,z) = Og2} hay ker f chinh la khéng
gian con nghiém cta hé phudng trinh

x + 2y + z =0
x — y — 4z =0

Ta lap ma tran hé sb ctia hé va dua vé dang bac thang

1 2 1 d2—>d2—d| 1 2 1
A= SN
1 -1 —4 0 -3 =5

Khoi phuc hé ta dudc

x + 2y + z =0
— 3y — 5z =0
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Hé phuong trinh trén c6 mét 4n phu z, cho z = 1 ta tim dudc mot
nghiém co ban
7
3

va hé P = (X,) cing chinh la cd s6 caa ker f, suy ra dimker f = 1.

Tiép theo, ta tim cd s6 va sb chiéu cta Im f

fx,y,2)=(x+2y+z,x—y—4z2)=x(1,)+y2,-1)+z(1,-4)

Tasuyralm f = (P)véi P = ((1,1),(2,-1),(1,—4)).

Lap ma tran vector dong ctia hé P va bién d6i vé dang bac thang

1 1 1 1 1
A: 7 dr—>d>r—2d1 O _3 d3—3d3—5d> O _3
1 —4) ®7E0 o s 0 0

TasuyradimIm f =2valm f cocosélahé P = ((1,1),(2,—1)). &
Vi du 4.7. Cho 4nh xa tuyén tinh f : P;[x] — P;[x] x4c dinh nhu sau
f (ao +a1x + axx* + a3x3) = a,+(ap — 2a3) x+(2a3 — ay) x*+(ap — a;) x*

Tim co s& va sb chiéu ctia ker f va Im f.

Giai. Ta c6
ker f = {p(x) € Ps[x]: f (p(x)) = Opyp}
3 .
=Y a;x" 1a; + (ap —2a3) x + 2az —a;) x> + (ap —a;) x> =0
i=0

Pang thic a; + (ag — 2a3) x + 2az —a1) x% + (ag —a;) x> = 0 tuong
duong véi

aq =0
610:0

a0—2a3 =0
= 611:0

2613—611 =0
a3=0

dog —dadq =0

Ta suy ra ker f = {a>x? : a, € R}.
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Vay dimker f = 1 va ker f ¢6 co s6 1a hé vector P = (x?).
Tiép theo, ta xac dinh cd s6 va sb chiéu cta Im f.
Vi dimker f = 1 nén ta suy ra

dimIm f = dim P; [x] —dimker f =4—-1=3

Mat khac

ay + (ag — 2a3) x + 2az —ay) x> + (ap — a,) x>
= ao(x+x3) +ay (1 —x*—x3) +as(—2x + 2x?)

Vay Im f = (P) v6i P = (x + x>, 1 —x? — x3,—2x + 2x2).

Ta lap ma tran vector dong caa hé P

0 1 0 1
A= 1 0 -1 -1
0O -2 2 0
Ta thay r (4) = 3 nén hé P chinh 14 cd s6 ctia Im f. |

Vi du 4.8. Cho 4nh xa tuyén tinh f : R® — R> xac dinh béi
f(x,y,2)=(x+y—4mz,3x + 5y +2z,4x+ 7y + (m+ 1) z)
1. Tim m &€ ker f # {Og3}.
2. Khi ker f # {Ogs}, hay tim co s6, s6 chiéu ctia ker £ va Im f.

Giai. 1. ker f chinh la khéng gian con nghiém ctia hé phuong trinh

X + y - dmz = 0
3x + 5y + 2z =0 (4.2)
4 + 7y + (m+1)z = 0

Ta 1ap ma tran vector dong ctia hé 4.2 va bién déi vé dang bac thang

11 —4m 1 1 —4m
dr—dr—3dy
—d3z—4
4 7 m+1 TETN0 3 1Tm 41
1 —4m
d3—2d3—3d>
—> | 0 2 24+ 12m
0 0 —2m—14
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ker f # {Ogs} khi va chi khir (A) <3 hay 2m—-4=0< m = 2.

2.V6im = -2thir (A) =2,tasuyradimker f =3—-2=1vahé4.2
¢6 thé viét lai nhu sau

x + y + 8 =0

2y — 22z = 0 (4.3)

Hé 4.3 ¢6 mot 4n phu z. Cho z = 1 ta tim dudc mot nghiém co ban 1a
—19

Xi=1 1
1

va hé P = (X,) cing chinh la co sé caa ker f.

Mat khac, v6i m = —2 ta cing suy ra dudc

f(x,y,2) =(x+y+8z,3x+5y+2z,4x+7y —2)
=x(1,3,49+y(1,57)+z(,2,—-1)

Do d6, Imf = (P) véi P = ((1,3,4),(1,5,7),(8,2,—1)).

Vi dimker f = 1 nén ta dudc

dimIm f = dimR?* —dimker f =3 —-1=2

Pé tim co s6 ctia Im f ta 1ap ma tran vector dong ctia hé P va bién
doi vé dang bac thang

1 3 4 dasdds 1 3 4
A= 1 5 7 — |1 0 2 3
g 2 —1 ) 7B\ 20 _33
dz—dr+11d, I 3 4
— =10 2 3
0 0O
Vay Im f c6 co sé la hé vector P = ((1,3,4),(1,5,7)). [ |
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4.2 Pon cau, toan cau, dang cau

4.2.1 Pon chu

Pinh nghia 4.2. Anh xa tuyén tinh f :V — V' dugc goi la don cdu
néu f(X)# f(Y):VX,Y eV, X #£7Y.

Dinh ly 4.4. Anh xa tuyén tinh f : V — V' don cdu khi va chi khi
ker f = {Oy}.

Vi du 4.9. Cac 4nh xa tuyén tinh nao sau day 1a don cau:
1. f:R?> > R?xacdinhbéi f (x,y) = (x + y,x — y).
2. g :R? > R3xdc dinh bdéi g (x,y) = (x + 2y, x +3y,2x — y)
3. h: R?> - R3 xac dinh béi
h(x,y,z)=(x+4+y+z,x+2x +32,2x + 3y 4+ 4z2)

Giai. 1. Ta c6

ker f ={X e R?: f(X) = Og2} = {(x,y) :

x + y =0
x —y =0

Giai hé phuong trinh B B

Xty 0 dudc nghiém{ =
x y 0 y =

Ta suy ra ker f = {(0,0)} = {Og2}. Vay f la don cau.
2. Tuong tu nhu trén ta tim dudc

x + y =0
kerg = {(x,y): { x + 2y 0 } ={(0,0)} = {Og2}
2x — y =0
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Vay g 1a don cau.

3. Ta thay
x 4+ y + z =0
kerh =4 (x,y,2):94 x + 2y + 3z = 0
2x + 3y + 4z =0
Hé phuong trinh

X + y 4+ z =
x + 2y 4+ 3z
2x + 3y + 4z =

Il
o oo

c¢6 dinh thitc cia ma tran hé s6 bang khong nén hé c6 nghiém khéng
tam thuong, tiic ker i # {(0,0,0)} = {Ogs}. Vay h khongla doncau. W

Vi du 4.10. Cho anh xa tuyén tinh f : R?> — R? x4c dinh béi
J . y)=x+y, —x+my)
Tim m dé f 1a don cau.
Giai. Ta c6

x + = 0
kerf=§<x,y):{_x oy — 0

Anh xa tuyén tinh f 1a don cAu khi va chi khi hé phuong trinh

x 4+ y =20
—x 4+ my = 0

chi ¢6 nghiém tam thuong, tic 1a

1 1
0 —1
’_1 m‘ #£0& m#

Vay véim # 1 thi f 1a mot don cau.
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Vi du 4.11. Cho 4nh xa tuyén tinh f : R® — R? x4c dinh bdi
f(x,y,z)=mx+y+z,x+my+z,x+y+mz)
Tim m dé f khong la mét don cau.
Giai. Ta co
mx + y 4+ z =0

ker f = < (x,y,2): X + my +
x + y + mz =0

Il
o

Anh xa tuyén tinh f khong don cAu khi va chi khi ker / # {03}, hay
hé phuong trinh

mx + y + z =0
x 4+ my + z =0
x 4+ y 4+ mz =0

c6 nghiém khong tam thuong. Khi dé

m 1 1
m =
1 m 1 :0<:>|:
11 m m=—2
Vay véi m = 1;m = —2 thi f 1a khong la don cau. [

4.2.2 Toan cau

Pinh nghia 4.3. Anh xa tuyén tinh f :V — V' duge goi la toan cdu
néulm f =V.

Dinh ly 4.5. Anh xa tuyén tinh f :V — V' toan cdu khi va chi khi
dimIm f = dimV’
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Vi du 4.12. Cac 4nh xa tuyén tinh nao sau day l1a toan ciu?
1. £ : R? > R?x4c dinh béi f (x,y) = (x + y,x — y).
2. g :R? > R3xdcdinh béi g (x,y) = (x + 2y, x + 3y,2x — y).
3. h:R? - R3 x4c dinh béi
hix,y,2)=(x+y+z,x+2x+32,2x + 3y + 4z)

Giai. 1. Tacéo
Imf ={f(x.y):(x,y) e R} ={(x+y.x—y):(x,y) €eR?}
={x (L) +y(,—=1:(xy) R} =(11),(1,-1)
Khi d6 dimIm f = r ((1,1),(=1,1)) = 2. Vay f 1a toan cau.
2. Tuong tu nhucau l.tacé Img = ((1,1,2), (2,3, —1)).

Khi d6 dimIm g = r((1,1,2),(2,3,—1)) = 2. Vay g khong la moét toan
cau.

3. TacoImh = ((1,1,2),(1,2,3), (1,3, 4)).

Khi d6 dimIm#A = r((1,1,2),(1,2,3),(1,3,4)) = 2. Vay h khong la
toan ciu. [ |

Vi du 4.13. Cho 4nh xa tuyén tinh f : R? — R? xéc dinh bdi
f(x.y)=(x+mymx+y)
Tim m d€ f 1a toan cau.

Giai. TacoIm f = ((1,m), (m, 1)).
Anh xa tuyén tinh f 14 toan ciu khi va chi khi dimIm f = 2 hay

I m
0 +1
’m 1’7'é & m#
Vay véin # £1 thi f 12 mot toan cau. [ |

Vi du 4.14. Cho 4nh xa tuyén tinh f : R? — R? x4c dinh bdi
fxy)=(x+my,m’x +2y,x+(m—1)y)

Tim m dé f 1a mot toan anh.
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Giai. Ta giai bai nay theo hai cach
Cach1.TacéIm f = (((1,m), (m?,2),(1,m — 1))). Anh xa tuyén tinh
f toan anh khi va chi khi

dimIm f =r ((1.m), (m*2),(1,m—1)) =3

Ta lap ma tréan vector dong ciia hé vector ((1,m), (m?,2),(1,m — 1))

1 m
A= m? 2
1 m-—1

Vi A 1a ma tran cap 3 x 2 nén r (4) < 2. Vay f khong thé 12 mot toan
anh véi moi m.

Cach 2. Ta ¢6 dimIm f + dimker f = dimR? = 2.

Vidimker f > 0nén dimlm f <2 < 3.

Vay f khong thé 14 toan 4nh véi moi m € R. |

4.2.3 Pang cau

DPinh nghia 4.4. Anh xa tuyén tinh f :V — V' dugc goi la ding
chu néu f vita don cdu viza toan cau.

Dinh 1y 4.6. Cho V va V' la hai khong gian vector hitu han chiéu,
dnh xa tuyén tinh f 1V — V. Khi dé, néu f la dang cdu thi dimV =
dim V. Nguge lai, néu dimV = dimV’ thi f la ding cdu khi mot
trong hai diéu kién sau day xdy ra:

e f la don chu.

e f latoan cau.
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Vi du 4.15. Cac 4nh xa tuyén tinh nao sau day la ddng ciu?
1. £ : R? > R?x4c dinh béi f (x,y) = (x + y,x — y).
2. g :R? > R3xdcdinh béi g (x,y) = (x + 2y, x + 3y,2x — y).
3. h:R? - R3 x4c dinh béi
hix,y,2) =(x+y+z,x+2x 4+32,2x + 3y + 4z)
Giai. Dua Vé.? két gué cac vi du 4.9, 4.12 va dinh ly 4’.6 ta }{héng dinh
anh xa f la dang cau, cac anh xa g, 7 khong phai la dang cau. [ |
Vi du 4.16. Cho 4nh xa tuyén tinh f : R*> — R? x4c dinh bdi
fx,y,2)=(mx+y+z,x+my+z,x+y+mz)

Tim m dé€ f 1a mot dang cau.

Gidi. Ap dung dinh 1y 4.6, f 1a ddng cAu khi va chi khi f 1a don cAu.
Theo vi du 4.11, f don cAu khi va chi khi m # 1,m # —2. Vay f déing
caukhim # 1,m # 2. [

4.3 Ma tran cta anh xa tuyén tinh

Dinh nghia 4.5. Cho V,V’ la hai khong gian vector hitu han chiéu
vi dimV = n, dimV = mva f : V — V' la mét dnh xa tuyén tinh.
Goi P = (X1, X3, ... Xp) lacosdcia V; P/ = (X{,X5,....X,,) lacosd
cua V'. Gia s

Khi do, ma tran

aiy dip ... dip
A= (f XD)Ilplf (X)]pr...[f (Xn)]p) = d21 dz2 ... don
Ami Am2 ... Qmn
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duoc goi la ma trdn ciia dnh xa tuyén tinh f trong cdp cd sé (P, P),
ky hiéu A = [f1]%.

NéuV = V' va P = P’ thi ta dung ky hiéu A = [f]p thay cho
A=1[f1p.

NéuV =V =R'va P = P’ = E, thi dung ky hiéu A = [f] thay
cho A= [f]g,.

Dinh 1y 4.7. Cho V,V’ la hai khong gian vector hitu han chiéu vdi
dimV =n, dimV' = mva f : V — V' la mét dnh xa tuyén tinh. Goi
P =(X1,X2,...Xy)lacosécua V; P' = (X1, X,,.... X)) la co sé cua
V. Khi do, VX €V ta co

Lf (XOlp = [f15 [X]1p

va

r(f) =dimIm f = r((f]5)

Vi du 4.17. Cho 4nh xa tuyén tinh f : R> — R? xac dinh béi f (x,y) =
(x —y,x + y). Tim ma tran caa f d6i véicosé P = ((1,1), (1,2)), tit d6
tinh s6 chiéu ctia Im f.

Giai. Ta co
S (1,1)=(0,2)
f(1,2)=(-1,3)

Tiép theo, ta tim toa do ctia cac vector (0,2) ; (—1, 3) dbi véi co sé P.
Xét dang thic
0,2)=a(1,1)+ B(1,2)
a+p=0
a+28=2

{a=—2
=4
B =2
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WWKQDb==(Q)

2

Tuong tu ta tinh dude [(—1,3)], = (—45)

Vay ma tran ctia f doi véicosé P = {(1,1),(1,2)} 1a

A=Uh=(f'f)

Tu day ta cing suy ra dimIm f = r (4) = 2. [ |
Vi du 4.18. Cho 4nh xa tuyén tinh f : R* — R? x4c dinh bdi
f(x,y,z,t)=(x—=2y,y —2z,z —2t)
Tim ma tran cua f trong cap co sé (P, P’) xac dinh nhu sau:

P =(1,-1,0,0),(0,1,-1,0),(0,0,1,-1),(0,0,0,1))
P’ ' =((1,1,1),(1,1,0),(1,0,0))

Giai. Ta co
f(1,-1,0,0) = (3,—1,0)
f0,1,-1,0) = (-2,3,-1)
£(0,0,1,—1) = (0,-2,3)
£0,0,0,1) = (0,0,-2)

Ta tinh dudc

0 —1
(3. =L0)]p = ( ~1 );[(—2,3, D]p = ( 4 )

4 -5

3 -2
[(Ov _2, 3)]})/ = ( -5 ) ;[(O, O, —2)]1)/ = ( 2 )

2 0

Vay ma tran cta f d6i véi cap co sé (P, P’) la

0 -1 3 =2
A== -1 4 =5 2
4 -5 2 0
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Khéng khé dé chi ra rang r(4) = 3 nén f 1a mot toan ciu. |

DPinh ly 4.8. Cho V,V' la hai khéng gian vector va P =
(X1, X2, ...Xp) la mot co s6 bat ki clia V, hé vector (Y1, Ya, ..., Yy,) tuy y
chita trong V'. Khi do, tén tai duy nhat dnh xa tuyén tinh f :V — V'
théa man f (X;) =Y;,i = 1,n.

Vi du 4.19. Cho 4nh xa tuyén tinh f : R? — R? x4c dinh béi: f (1,2) =
(0,1), £ (1,1) = (1,0). Hay xac dinh f (x1,x,) va [f].

Giai. Hé vector P = ((1,2), (1, 1)) 1a co s6 ctia R2. Ta tién hanh tim toa
d6 ctia vector X = (x1, x,) dbi véi co s6 P. Xét biéu thi tuyén tinh

X =a(,2)+B(1,1)
< (x1,x2) = (@ + B,2a + B)

a+p=x
204+ B = x5
o= Xy — Xy
{5=2X1—X2

Khi dé6

fxx2) = f((e2—x1)(1,2) + 2x; —x2) (1, 1))
= (x2—x1) f(1,2) + 2x1 —x2) f (1, 1)
= (x2 —x1) (0,1) + (2x1 — x2) (1,0) = (2x1 — X2, X2 — X1)

2 -1
[f1=<_1 1)

Nhan xét 4.1. Vi du 4.19 c6 thé dugc giai dua vao két qua sau day (suy
ra truc tiép tu dinh ly 4.7)

Tu day ta suy ra
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Pinh ly 4.9. Anh xa tuyén tinh f : R" — R™ luén cé dang tong qudt

n n n
f(x1,%x2,...,%x,) = E aljxj,z azjxj,...,g AmjXj

Jj=1 Jj=1 Jj=1

Bay gio ta sé giai vi du 4.19 theo hudng st dung dinh ly 4.9.

Vi f : R? — R? nén biéu thic cua f(x;,x,) c6 dang

f (x1,x2) = (axy + bxy,cxy + dx;)

Khi d6
£(1,2) = (a+2b,c+2d) = (0,1)
S, ) =(@+bc+d)=(1,0)

Hé trén tuong duong véi

a + 2b =0 a=
a + b =1 N =-1
c + 2d =1 c=—1

Vay f (x1,x2) = (2x1 — X2, —X1 + x3) va
2 -1
/1= ( S )
Vi du 4.20. Cho 4nh xa tuyén tinh f : R®> — R? x4c dinh bdi
f (1’_192) = (_1’ 1)’f (O’2v3) = (495) 9f (1’0’ _2) = (1’_2)
Xéc dinh f (x,y.z) va [f]}2.

Giai. Vi f : R® — R? nén biéu thiic caa f (x, y,z) c6 dang

f(x,y,2) = (a1x + b1y + c1z,a2x + by + ¢22)
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Khi do
f(A,=1,2) = (ay — by + 2c1,a; — by + 2¢2) = (=1, 1)
f (0, 2, 3) = (2b1 + 361, 2b2 + 3C2) = (4, 5)
f (1, 0, _2) = (al - 2(?1,612 - 2C2) = (1, _2)

Giai hé phudng trinh trén ta dudc

Cl1:1 Cl2:O
b1:2; b2:1

C1=0 C2=1

Vay f(x,y,z) = (x +2y,y +z) va

1 = (é ; ‘f)

|
Vi du 4.21. Cho 4nh xa tuyén tinh f : R> — R? ¢6 ma tran cta f dbi

véicosd P = ((1,1),(1,2)1a 4 = ((1) _21) Xac dinh 1 (x, y).

Gidi. Vi f : R?> — R? nén biéu thic cua f(x, y) c6 dang
S (x,y)=(ax + by, cx +dy)
Khi do
f,)=(@+b,c+d)
£(1.2) = (@ +2b,c +2d)
Vi ([f (L, D]p[f (1,2)]p) = A nén ta suy ra

@+b,c+d)=1(,1)+0(1,2) = (1,1)
(@+2b,c+2d)=—1(1,1)+2(1,2) = (1,3)

Giai hé trén ta dusca =1,b =0,c = —1,d = 2.
Vay f (x,y) = (x,—x + 2y). L
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Dinh 1y 4.10. Cho V.V’ la hai khong gian vector hitu han chiéu va
£V = V' la dnh xa tuyén tinh. Gid siz Py, P, la hai co sé clia V va
P'1, P'5 la hai co sé cia V'. Khi d6 ta cé dang thiic

P - P/
/17 = Ciiopy (IF17) Croopy

NéeuV =V, Pp =P = P, P, = P, = P thi [flp =
Cc! ([f1p) C véi C = Cp_p-.

1 -3
Vi du 4.22. Cho anh xa tuyén tinh f : R> — R3 ¢6 [f]g; =10 2
4 3

Tim [f]g/, biét hai cd s6 P, P’ xac dinh nhu sau:

P =((1,1),(1,2)
P’ =((1,0,1),(1,1,1),(1,0,0))

Giai. Ta co

/ 1 11 1 -3 L1
[f1p =Celop [f15Crsr = 0 1 0 0 2 (1 2)
1 10 4 3
5 6
— [ 2 4
-9 -—-15

DPinh ly 4.11. Cho V, V', V" la ba khong gian vector hitu han chiéu,
hai dnh xa tuyén tinh f:V -V, g:V — V" Gid sz P, P', P" lan
luot la co sé cua V,V',V”. Khi dé anh xa go f : V — V" xdc dinh
bdi (go f)(x) = g[f (x)] la mét dnh xa tuyén tinh ti V téi V" va
lgo f17 = glp /17
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Vi du 4.23. Cho hai 4nh xa tuyén tinh f : R? - R? va g : R? — R? x4c
dinh béi
S y)=x+yx+2y)
g(x,y)=02x—y,2x+y)

1. Hay xac dinh [g o f].

2. Biét hé vector P = ((1,1),(0,1)) 1a co sé caa R2. Hay xac dinh
[go flp-

Gidi. 1. Ap dung dinh 1y 4.11 ta dugc

koﬂ=knﬂ=(§_f)(i;)=(;g)

2. Tiép tuc ap dung dinh 1y 4.11 ta dudc

woﬂp=wbvh=(;‘j)(fi)=<;2)

Dinh nghia 4.6. Cho V, V' la hai khéng gian vector hitu han chiéu,
£V —V la mét dang cdu tuyén tinh. Khi do, ton tai dnh xa tuyén
tinh g : V' > Vithéa fog=I1dyva go f = Idy. Anh xa tuyén tinh
g duoc goi la dnh xa ngudc cia f, ky hiéu g = f~L.

Pinh ly 4.12. Cho V.V’ la hai khéong gian vector hitu han chiéu,
[V — V la mét dang cdu tuyén tinh, P, P’ lan ludt la co s6 ciia V

va V'. Khi do ta co
[ = (117

-1
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Vi du 4.24. Cho 4nh xa tuyén tinh f : R> — R? xdc dinh béi f (x,y) =
(x 4+ y,x +2y).

1. Tim ma tran caa anh xa ngudc f~! : R? — R? d6i véi co sd chinh
tac. T d6 xac dinh biéu thic cta £~ (x, y).

2. Tim ma tran c@a anh xa ngudc f~! : R2 — R? d6i véi co s6 B =

((1.1), (0. ).

Gidi. 1. Ap dung dinh 1y 4.12 ta dugc

[f”}=UT“=(1;)_::(31:1)
Khi d6
[ @] =[] (i) = (_21 _11) (;) = (E))Cc:—};)

Tasuyra f~!'(x,y) = 2x —y,—x + y).
2. Ap dung dinh 1y 4.12 14n nita ta dugc

[fﬂp=vm=(fi)_=(flj)

4.4 Gia tri riéng, vector riéng cua ma tran
vuong va toan tu tuyeén tinh. Van de chéo
hoa mot ma tran vuong

4.4.1 Hai ma tran dong dang

Dinh nghia 4.7. Hai ma tran A, B € M,(R) duoc goi la dong dang
vdi nhau néu ton tai ma tran khd nghich P € M,(R) sao cho B =
P71AP.
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_2
3

Vi du 4.25. Hai ma tran A = (1 2) va B = (

0 1 ) la dong dang

véinhauvi B = P"'AP v6ima trdn P = (

1 11

dong dang v6i nhau. That vy, néu 4 va B dong dang thi ton tai ma tran
kha nghich P saocho A = P~'BP.Khi d6 det A = det (P~' BP) = det B.
Piéu nay vo li vi tit dé bai ta dé dang tinh dudc det A = 1 # det B = 0.

I 3 -1 1 23
Vi du 4.26. Hai ma trdn A = [0 1 Z)VéBz 2 3 4) khong

4.4.2 Pa thuc dac trung caa ma tran vuong va toan
t& tuyén tinh

Pinh nghia 4.8. Cho V la mét khong gian vector. Khi do, dnh xa
tuyén tinh f : V — V dudc goi la todn ti tuyén tinh trén V.

Pinh nghia 4.9. Cho A € M, (R), da thic det (AI, — A) dugc goi la
da thuc ddc trung cua ma tran A, ky hiéu P4 (1).

Vi du 4.27. Ma trén A = ( i’

: ) c6 da thic dac trung
Pa(X) = det (A, — A) = ‘ A-3 4

— )2 _

e e )
—_— O =

1
Vi du 4.28. Ma tran 4 = ( 1 ) c6 da thic dic trung
0

A =1 —1
Pi(A)=det(Alz—A)=|—-1 A —1|=1-31-2
-1 -1 A
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Dinh 1y 4.13. Cho hai ma trdn A, B € M,(R), néu A, B dong dang
véi nhau thi P4 (A) = Pp (A).

DPinh nghia 4.10. Cho V la mét khong gian vector n chiéu vdi f
la mét todn tiz tuyén tinh trén V va P la mot co sé ciia V, da thitc
det (A1, — [f]p) dudc goi la da thitc ddc trung ciia todn tit tuyén tinh
f, ky hiéu Pr(RA).

Chu y 4.2. Pa thic P (1) khong phu thudc vao viéc chon cd sé P. That
vay, néu lay trong khong gian vector V mot co sd P’ khac P thi theo
dinh 1y 4.10 ta dudc

[flp = CTH(f1p) C (4.4)
vii1 CP_>p/.

Cong thiic 4.4 ching t6 hai ma tran [f]p.[f]p. dong dang véi nhau,
diéu nay cho thay tinh xéc dinh cta dinh nghia 4.10 dong thoi ta luén
co

Pr(d) = Pa(d)
v6i A 1a ma tran biéu dién cta f d6i v6i mot co s6 P cta khong gian
vector V.
Vi du 4.29. Cho toan tit tuyén tinh f : R?> — R? xac dinh béi f(x,y) =
(x +y,x —2y). Tim Pr(A).

Giai. Vi da thic Py(A) khong phu thudc vao cach chon co s6 nén ta sé
biéu dién ma tran ctia toan t& tuyén tinh f d6i véi co sé chinh tac E,.

Ta co
1 1
[f]z(1 _2)

A—-1 -1
-1 A+2

Ta suy ra

Py (M) =det (A, —[f]) = ‘=/12+/\—3
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Vi du 4.30. Cho toan ti tuyén tinh f : R* — R> xac dinh béi f(x,y,z) =
(2x,x —y.2x +y —z). Tim Ps(R).

Giai. Vi da thic Pr(1) khong phu thuc vao cach chon co sé nén ta sé
biéu dién ma tran ca toan t& tuyén tinh f d6i véi co s6 chinh tac E;.

Ta co
2 0 0
[f]=(1 —1 0)
2 1 -1

A=2 0 0
-1 A+1 0
-2 -1 A1+1

Ta suy ra

Py () =det (A3 —[f]) = =(A-2)(A+1)°

Dinh ly 4.14. (Pinh ly Cayley-Hamilton). Cho f la mét todn tiz
tuyén tinh trén khong gian V véi sé chiéu n. Gid sit A la ma trén biéu
dién ctia f trong mot co sé P ctua V. Khi d6, ta c6 Py (A) = Onxn
(hO_dC PA(A) = Onxn)

Hé qua 4.3. Cho A € M, (R) va Q (1) la mét da thitc vdi hé s6 thuc.
Gia su da thuc dac trung cua A la

Pi(A) = A"+ a, A" V4 a,oA" % 4+ L+ ad +ag
Thuc hién phép chia Q (1) cho P4 (1) ta duoc
QA)=qA)Ps(A)+RQA)

trong do R (1) la da thiic co bdac nho hon n. Ap dung dinh ly Caley-
Hamilton ta dudc dang thitc sau

0 (4) = R(4)
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Hé qua 4.4. Cho A € M, (R), gid st da thic ddc trung ctia A la
Pi(A) =A"+ap A"V a, oA 2+ L+ aid +ag

Ma tran A kha nghich khi va chi khi ag # 0. Khi do, ma tran nghich
dao cua A la
1

A7l = —— (A" '+ @y A2+ ay A"+t an D)
0

I 1 0
Vidu4.31. ChomatranA=|0 1 0 )
5 3 =2
1. Tinh O (A4), biét rang O (x) = —x8 + 3x5 — 3x% + 3x3 — x.
2. Tinh 4™,

Giai. 1. Ma tran A c6 da thic dac trung la
A—1 -1 0
Pi(A)=det(Alz3—A4)=| 0 A-1 0 |=A>-3142
-5 -3 A42

Chia Q (1) cho P4 (1) ta dude thuong g (A) = —A°—-A2vadula R (L) =
202 — A,

1 3 0

Dodé,Q(A):R(A):zAZA:( 0 1 o).

—15 1 10

2. Ap dung hé qua 4.4 ta dugc

| 300 110\
A‘1:§(313—A2):§ 030|—-(01 0
00 3 53 =2
1
0
5
2
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4.4.3 Gia tri riéng, vector riéng caa ma tran vuong
va toan tuw tuyeén tinh

DPinh nghia 4.11. Cho f la mét todn ti tuyén tinh trén khong gian
vector V. S6 A dudc goi la gid tri riéng ciia f néu ton tai mot vector
X € V\ {0y} sao cho f (X) = AX. Vector X duoc goi la vector riéng
cua f ung voi gid tri riéng A.

Vi du 4.32. Toan ti tuyén tinh f : R? — R? xac dinh bdi f(x,y) =
(x,x +2y) c6 A = 212 mét gia tri riéng. That vay, lay X = (0, 2), ta thay
X # Op2 va

f(X)= f£(0,2) =(0,4) =2(0,2) =2X

Dinh nghia 4.12. Cho ma trdn A € M, (R). Sé A duoc goi la gid tri
riéng cia A néu ton tai vector X € R"\ {Og:} sao cho A[X] = A[X].
Vector X dudc goi la vector riéng ctia A ng vdi gid tri riéng A.

Vi du 4.33. Ma tran 4 = ( ? ; ) c6 A = 4 1a mot gia tri riéng. That

vay, lay X = (2, 1), ta thiy X # Oz va
2 4 2 8 2

Dinh 1y 4.15. Cho f la mét todn ti tuyén tinh trén khéng gian
vector hitu han chiéu V, P la mét co sé cia V. Khi dé, gid tri riéng
A cta todn ti f la nghiém cua da thuc dac trung Pr(A). Ngugc lai,
néu A la nghiém ciia da thic ddc trung Ps(A) thi A la mét gid tri
riéng cua toan tu f.
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Hé qua 4.5. Cho f la mét todn ti tuyén tinh trén khéng gian vector
hitu han chiéu V, P la mot co sé cia V. Khi dé tdp gid tri riéng clia
toan t f va ma tran [ f|p la nhu nhau.

, N e e en . N 3 4
Vi du 4.34. Tim cac gia tri riéng cia ma tréan 4 = ( 1 3 )

Giai. Lap da thuc dac trung cia ma tran A

Pa(A) = det (A, — A)

A—3 —4
-1 A-3
AZ—61L+5

Phuong trinh P4(1) = 0 ¢6 hai nghiém A = 1,A = 5. Vay ma tran 4

co hai gia tririénglaAl =1va A =5. [ |
1 3 2

Vi du 4.35. Tim cac gia tri riéngchtamatran A=| 0 2 3
0 3 2

Giai. Lap da thic déac trung cia ma tran A

A-1 -3 =2
PaM)=det(Als—A4) =| 0 A—2 -3
0 -3 A-2

—(A—1) (A2 =41 —5)

Phuong trinh P4(A) = 0 c6 ba nghiém A = 1,A = —1,1 = 5. Vay ma
tran A cobagiatririénglaA =11 =—-1,1 = 5. [ |
Vi du 4.36. Tim céc gia tri riéng clia toan t& tuyén tinh f : R? — R?
xac dinh béi f(x,y) = (x + y,3x — y).

Giai. Truéc hét, ta tim ma tran biéu dién cta toan tit f dbi véi co sé
chinh tic E,

1= (1f 0] [fO.D])= (; _11 )
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Lap da thiic dac trung caa toan ti f

P =decGn- () =| "5

— 32 _
-3 A+1‘_)L 4

Phuong trinh P;(1) = 0 ¢6 hai nghiém A = 2,1 = —2. Vay toan ti f

co hai giatririénglaA =2vail = —2. |

Vi du 4.37. Tim céc gia tri riéng clia toan ti tuyén tinh f : R® — R3
xac dinh béi f(x,y,z2) =(-2x+y+z,x =2y +z,x +y —2z2).

Giai. Truéc hét, ta tim ma tran biéu dién cta toan ti f dbi véi co sé
chinh tic E;

-2 1 1
[ﬂ=(U&QM[f&LM[f&Qm)=(1 ) 1)
1 1 -2

Lap da thic dac trung caa toan ti f

A+2 -1 -1
Pr(AM)=det AL —[fD=| -1 A4+2 -1 |=iA+3)>
-1 -1 A+2

Phuong trinh P;(1) = 0 c¢6 hai nghiém A = 2,1 = —2. Vay toan ta f
co hai gia tririénglal =2val = -2. [

4.4.4 Khong gian con riéng

Dinh 1y 4.16. Cho f la mét todn ti twyén tinh trén khong
gian vector V va A la moét gia tri riéng cua f. Khi do, tdp hop
{(XeV: f(X)=AX}, ky hiéu E()), la moét khong gian vector con
ciia V, dong thoi dim E(A) > 1. Khong gian E()) dudc goi khong
gian con riéng cua V ung vdi gid tri riéng A.

Nhan xét 4.2. Dua vao dinh ly 4.16 ta suy ra E (1) \ {Oy} 1a tap tat ca
cac vector riéng caa f Ung vdi gia tri riéng A va E(A) = ker(Aldy — f).
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Hé qua 4.6. Cho f la mét todn ti tuyén tinh trén khéng gian vector
V ¢6 s6 chiéu n, hé vector P la co sé cia V. Gid st A la mét gid tri
riéng cua f. Khi do

EQ) ={X e V:[flp[X]p = A[X]p}
={X e V: (AL = [f]P)[X]p = Onx1}

Thuat toan tim gia tri riéng va khong gian con riéng cua toan
tu tuyen tinh / : V — V (6 day V 1a khong gian vector ¢6 n chiéu)

1. Tim ma tran biéu dién A4 cta f d6i v6i co s6 tuy y P =
(X1, Xy, ... X,) ctia V (chd ¥ 4 = [f]p).

2. Xac dinh da thic dac trung cua toan tu f: Pr(A) =
det (AL, — A).

3. Giai phuong trinh dic trung P, (1) = 0 dé tim tat ca cac gia
tri riéng caa toan ti f.

4. Gia su A la mot gia tri riéng caa toan ti f. Ta xét hé phuong
trinh tuyen tinh thuan nhat

AL — A[X]p = Onx1 (4.5)
(051
2 o N
Néu[X], = | . |12 mét nghiém khong tAm thuong ctia hé
(077

4.5 thi vector X = o1 X1 + a2 X>... + o, X, 1a vector riéng caa f
ung vdi gia tri riéng A. Hon niia,
o1

o
E(k): o1 X1t Xo+ ...+ o, X, '2 eWwW

Un

trong do W la khong gian con nghiém caa hé 4.5.
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Nhan xét 4.3. Sau day 12 mot s6 nhan xét rit ra tit thuat toan trén:

e Hé phuong trinh tuyén tinh thuan nhat 4.5 c¢6 thé viét lai dudi
dang cu thé hon nhu sau

A—an)x; — aizX2 - . = A1pnXn =0
—an1X1 + A—axn)xs — ... — AopXn =0
—du1X] — AnaXo — . + A=—aw)x, = 0

vii A = (a,-,-)n.

e Néu V = R” thi ta thudng chon P = E,. Khi d6, néu khong gian
con nghiém W caa hé 4.5 c6 co sé la hé vector P = (X1, X»,..., X))
thi E(1) ¢6 co s6 1a hé vector P/ = (X, X7 .....X]).

Dinh ly 4.17. Cho ma trgn A € M,(R) va A la mot gid tri riéng
cua A. Khi do, tap hop {X € R" : A[X] = A[X]}, ky hiéu E(A), la mét
khong gian vector con ctia R", dong thoi dim E(A) > 1. Khéong gian
E (1) dudc goi la khong gian con riéng cua R" ung vdi giad tri riéng A.

Thuat toan tim gia tri riéng va khong gian con riéng cua ma
tran A € M, (R)

1. Xac dinh da thuc dac trung caa A: P4 (1) = det (A, — A).

2. Giai phuong trinh dac trung P4 (1) = 0 dé tim tat ca cac gia
tri riéng cia ma tran A.

3. Gia st A la mot gia tri riéng cia ma tran A. Ta xét hé phuong
trinh tuyen tinh thuan nhat

(Aln - A)[X] = Onxl (46)
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(03]
. o .
Néu [X] = | 7 | 12 mot nghiém khong tAm thudng ctia hé
Oy
4.6 thi vector X = (aq,®»,...,®,) la mot vector riéng ciia ma

tran A ung vdi gia tri riéng A. Hon nua,

o1
0%
EQ) =1 (a1,00,...,05) : : eWw

Un

trong do W la khong gian con nghiém caa hé 4.6.

Nhan xét 4.4. Dua vao dinh 1y 4.17 ta suy ra E (1) \ {Og»} 12 tap tht ca
cac vector riéng ciia ma tran A ing véi gia tri riéng A.

Vi du 4.38. Tim tat ca cac gia tri riéng va vector riéng clia ma tran
2 =3
A= .

Giai. Lap da thuc dac trung cia ma tran A

A—-2 3

PA(A)zdet(uz—A)z' R

‘ =A2—61+5
Pa thic dac trung P4(1) c6 hai nghiém A = 1,1 = 5. Vay ma tran A
co hai giatririéengla A =1va i =5.
Dé tim vector riéng ctia 4 ing véi gia tri riéng A = 1 ta tim nghiém
khong tam thuong ciia hé phuong trinh tuyén tinh thuan nhéat
(I — A) [X] = O2x1
—X1 + 3X2 =0
@ X1 — 3)C2 = 0

Giai hé trén ta dudc nghiém x; = 3, x, = «. Do do, tap vector riéng
cua A ung vdi gia tririéng A = 1 ¢6 dang {(3a, ) : @ € R\{0}}.
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Mot cach tuong tu, tap vector riéng ctia A ting véi gia tririéng A = 5

co dang {(—a,a) : @ € R\ {0}}. [
Vi du 4.39. Tim tit ca cac gia tri riéng va vector riéng clia ma tran
2 0 -1
A= 2 1 =2
-1 0 2

Giai. Lap da thic dac trung ciia ma tran A

A=2 0 1
Pi(AM)=det(A3—A)=| =2 A—-1 2 |=Rx-D*@A-3)
1 0 A-2

Pa thic dac trung P4(1) = 0 ¢6 hai nghiém A = 1,1 = 3. Vay ma
tran A c6 hai giatririénglaA =1va A = 3.

Dé tim vector riéng ctia A {ing véi gia tri riéng A = 1 ta tim nghiém
khong tam thuong cta hé phudng trinh tuyén tinh thuan nhat

(I3 = A) [X] = O3

—X1 —|— X3 = 0
< —2X1 + 2X3 =0
X1 — X3 = 0

Hé trén c6 nghiém x; = «, x, = 8, x3 = «. Do do, tap vector riéng cua
A ing véi gia tririéng A = 1 ¢6 dang {(a,B.a) : o, B € R, a? + B? # 0}.

Mot cach tuong tu, tap vector riéng ctia A Gng véi gia tririéng A = 3
co dang {(—a, 2u, ) : @ € R\ {0}}. [

Vi du 4.40. Tim gi4 tri riéng, khéng gian con riéng ctia toan tit tuyén
tinh f : R? — R? xdc dinh béi f(x,y) = 2x — y, x + 4y).

Giai. Truéc hét, ta xac dinh ma tran biéu dién 4 cta toan tit f d6i véi
¢6 s6 chinh tic E,

A=([f(1.0)] [f<0,1>])=<f _41)
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Lap da thic dac trung cia ma tran A4

A—=2 1

PA(/\):det(/\Iz—A):‘ I

‘ =1 -3
Phuong trinh déc trung P4 (1) = 0 ¢6 nghiém duy nhat A = 3. Do
d6, ma tran A c6 duy nhat mét gia tri riéng A = 3.

Tiép theo, ta xac dinh khong gian con riéng E(3). Ta c6
X1 + x2 =0
E(3) =§(x1,x2):{ 1 > }
—X1 — Xz = 0

={(x1,x2) 1 x1 + x2 =0}
={(—a,a) :x € R}

Ta thay khong gian E(3) c6 co sé 1a hé vector P = ((—1, 1)). [ |
320

Vidu4.41. Chomatran A= | 1 4 0 |.Tim gia tri riéng va vector
3 31

riéng clia toan tit tuyén tinh f trén R> c6 ma tran biéu dién 1a A trong
1. Co s6 chinh téc E;.
2. Cosdé B = ((1,1,0),(1,0,1), (0,1, 1)).

Giai. 1. Lap da thuc dac trung cia ma tran A

A=3 -2 0
Pr(M)=det(Ms—A) =| -1 A—4 0
3 -3 A-1

=A-DA-2)(A-9)

Da thic déac trung Ps(1) c6 ba nghiém A = 1,1 = 2,4 = 5. Do d6,
toan ta f cobagiatririénglaA =1,1 =2, =5.

e Ung véi gi4 tri riéng A = 1, ta x4c dinh khong gian con riéng E(1).

Ta co
—2)61 — 2)C2 =0
E(l) =1{(1,x2,x3):9 —x1 — 3x2
—3x1 — 3x, = 0

={(0,0,0) : @ € R}

Il
o
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Ta thay khong gian E(1) c¢6 co sé 1a hé vector P, = ((0,0, 1)).

° Ijng véi gia tri riéng A = 2, ta xac dinh khong gian con riéng E(2).
Ta c6

—X1 — 2x5 = 0
E(2) = {(x1,x2,x3): —X1 — 2x
—3X1 — 3)62 + Xx3 = 0

={(20,0,-30) : x € R}

Il
o

Ta thay khong gian E(2) c6 cd s6 1a hé vector P, = ((—2, 1, —3)).

e Ung véi gid tri riéng A = 5, ta xac dinh khéng gian con riéng E(5).

Ta co
2x1 — 2X2 =0
E() ={(1,x,x3):9 —x1 + X2 =0
—3X1 — 3X2 + 4X3 = 0

_ {(a,a,ga) a GR}

Ta thay khong gian E(5) c6 co sd 1a hé vector P; = ((2,2,3)).

2. Vi gia tri riéng cta f khong phu thudc vao viéc chon co sé nén trong
truong hop ndy f van cé cac gia tririenglal =11 =2,1 = 5.

Dé cho tién cho viéc trinh bay, ta dat X; = (1,1,0), X, = (1,0,1) va
X3 = (0, 1, 1)

e Ung véi gid tri riéng A = 1, ta x4c dinh khong gian con riéng E (1).

Ta co
—2X1 — 2X2 = 0
E (1) = X1X1 + X2X2 + X3X3 . —X1 — 3)C2 = 0
—3X1 — 3X2 =0

:{0X1+0X2+O(X320(€R}
={x(0,1,1) : ¢ € R}

Ta thay khong gian E(1) c6 co s6 1a hé vector P = ((0, 1, 1)).
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e Ung véi gi4 tri riéng A = 2, ta x4c dinh khong gian con riéng E(2).
Ta c6

X1 — 2x5 =0
EQ2) ={x1X1+xXs+x3X3: X1 — 2x»
—3X1 — 3X2 + Xx3 = 0
= {2aX; +aX; —3aX;:a € R}
= {a(—1,-5-2) :ax € R}

Il
o

Ta thay khong gian E(2) c¢6 co sé 1a hé vector P, = ((1,5,2)).

e Ung véi gi4 tri riéng A = 5, ta xdc dinh khong gian con riéng E(5).
Ta co
2X1 — 2X2 =0

E(S) = X1X1+X2X2+X3X3: —X1 + X2
—3)61 — 3X2 —+ 4X3 = 0

I
o

3
= O[X1+0(X2+506X3CO[€R

= {a(2,§,§) o€ R}

Ta thay khéng gian E(5) ¢6 co s6 1a hé vector P;=(4,55). 1

4.4.5 Chéo héa ma tran vudng va toan ti tuyén tinh

Pinh nghia 4.13. Ma trgn A € M,(R) dudc goi la chéo héa dugce
néu né dong dang véi mét ma tragn chéo D, tuc la ton tai ma trén
S € M, (R) khong suy bién sao cho D = S~'AS. Khi ay, ta goi S la
ma tran lam chéo hoa ma trdan A.

DPinh nghia 4.14. Cho V la khéng gian vector hitu han chiéu, f la
mot todn tiz tuyén tinh trén V. Todn ti f dudc goi la chéo héa dudc
néu ton tai mot co sé P ctia V sao cho [ f]p la mét ma trdan chéo.
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Dinh 1y 4.18. Cho f la mét todn ti tuyén tinh trén khéng gian
vector hitu han chiéu V. Khi do, todn tiz f chéo héa dudc khi va chi
khi trong V ton tai moét co sé gom toan cdc vector riéng ciia f.

Hé qua 4.7. Cho f la mét todn ti tuyén tinh trén khong gian vector

V vdi s6 chiéu n. Gid stk Ay, Aa, ..., Ak la cdc gid tri riéng cia todn ti
f, cdc vector X1, X, ..., Xx lan luogt la cdc vector riéng ciia f ung vdi

cdc gid tri riéng nay. Khi do, hé vector (X1, X», ..., Xx) la hé doc lap
tuyén tinh. Tt dé suy ra néu todn ti f c¢é n gid tri riéng phdn biét
thi chéo hoa dudgc.

Dinh ly 4.19. Néu da thiic ddc trung P4() ciia ma tran A € M, (R)
co n nghiém phan biét thi ma tran A chéo hoa duogc.

Vi du 4.42. Ma tréan 4 = chéo héa dudce vi da thic dac trung

1 2
P4(A) = A2 — 51 + 4 ¢6 hai nghiém phan biét A = 1,1 = 4.

3

1
Vi du 4.43. Tim a,b dé ma tran 4 = 2 chéo héa dudge.
0

—_ S Q

0
0
Giai. Ma tran A c6 da thic dac trung P4(1) dude xac dinh béi
A—=3 -1 —a
Pys(A) =det(Al3 —A) = 0 A-—-2 -b

0 0 A-1
=A-1DA-2)(A-3)

Pa thic dac trung P4(1) c6 ba nghiém phan biét A = 1,A =2,1 =3
nén ma tran A chéo héa dude v6i moi a,b € R. [ |
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Vi du 4.44. Chiing t6 rang toan tit tuyén tinh f : R? — R? xac dinh béi
f(x,y) = (=3x — 5y, x + 3y) la chéo héa dugc.

Giai. Truée hét, ta tim ma tran biéu dién cta toan tit f dbi véi co sé
chinh tac E,. Ta c6

1£1=(1f (1.0} [f(0,1)1)=(_13 ;5>

Pa thiic dic trung ca toan t& tuyén tinh f c¢6 dang

A+3 5

Pr(X) =det (Al —[f]) =‘ 1 A—3

'=A2—4

Ta thiy phuong trinh dic trung P £(A) = 0 c6 hai nghiém phéan biét
A = £2 nén toan t& tuyén tinh f chéo héa dudc. [ |

Vi du 4.45. Chiing té rang toan ti tuyén tinh f : R? — R3 x4c dinh béi
f(x,y,z) =(x—2y,x +4y,—x + y 4+ 4z) la chéo hoa dudgc.

Gidi. Trudc hét, ta tim ma tran biéu dién cta toan t& f dbi véi co s6
chinh tic Es. Ta c6

1 -2

0
f1=(1f1.0.0] [f(OLO] [fO0D])=| 1 4 0
-1 1 4

Pa thitc dic trung cta toan t& tuyén tinh f c6 dang

Pr(A)=det A -[fD=A-2)A=-3)(A -4

Ta thiy phuong trinh Ps(1) = 0 c6 ba nghiém A = 2,1 = 3,1 = 4
nén toan t& tuyén tinh f chéo héa dudgc. [ |

Dinh nghia 4.15. Cho P(x) la mét da thiic va m la mét s6 nguyén
duong. Sé thuc a dudc goi la nghiém béi bac m (hay goi tit la boi m)
ctia P(x) néu P(x) = (x —a)"Q(x) véi Q(x) la mét da thicc khong
nhdan a lam nghiém.
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Vi du 4.46. Cho da thiic P(x) = (x —1)(x —4)>. Ta thiy x = 1 1a nghiém
bo6i bac 1 caa da thic P(x), con x = 4 la nghiém béi bac 3 cia da thic
P(x).

DPinh 1y 4.20. Cho V la mét khong gian vector cé n chiéu, f la
mot todn tiz tuyén tinh trén V. Goi Ay, Ay, ..., Ak la tdt cd cde gid
tri riéng doéi mot khdc nhau cia f, ni,ns,...,n; lan lugt la boi
cua cdac nghiém Ay, Ay, ..., Ak trong da thic Pys(A). Khi do, todn
tw f chéo hoa dugc khi va chi khi ny + ny, + --- + npy = n va
dim E(Aq) = ny,dim E(Ay) = na,...,dim E(Ar) = ng.

DPinh 1y 4.21. Goi Ay, A,, ..., A la tdt cd cdc gid tri riéng doéi mot
khdc nhau cia A € M,(R), ny,n,, ..., ng lan lugt la boi clia cdc
nghiém A1, As, ..., Ak trong da thiic P4(A). Khi do, ma tran A chéo
hoa dudc khi va chi khi ny + ny, + -+ + nxy = n va dimE(A) =
ny,dim E(A,) = ny,...,dim E(Ax) = ng.

2 0 -1
Vidu4.47. Chingtomatran A=| 2 1 -2 | lachéo héa dugc.
-1 0 2

Giai. Trong vi du 4.39 ta da biét A c6 hai gid tririéng A = 1va A = 3
v6i boi 1an lugt 14 2 va 1.

Mat khac cing tu vi du 4.39 ta dudc dim E(1) = 2 va dim E(3) = 1.
Ap dung dinh ly 4.21 ta suy ra ma tran A chéo héa dudgc. |
Vi du 4.48. Chiing t6 rang toan tit tuyén tinh f : R?> — R x4c dinh béi
f(x,y,z) =(x—2y,x +4y,—x + y + 3z) la chéo hoa dudgc.

Giai. Trudc hét, ta tim ma tran biéu dién cta toan ti f doi véi co sé
chinh tic Es. Ta c6

1 -2 0
f1=([f1.0.0] [£(0.1.0)] [fO.0D])=| 1 4 0
13
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Pa thiic dic trung ca toan t& tuyén tinh f c¢6 dang

Pr(A) =det M5 —[f) =(A—-2) (A —3)?
Phuong trinh dac trung Ps(A) = 0 ¢6 hai nghiém A =2va A =3
v6i boi 1an lust 1a 1 va 2. Do d6, toan tit f c6 hai gia tri riéng A = 2 va

A =3.

e Ung véi gid tri riéng A = 2, ta xdc dinh khong gian con riéng E (2).

Ta co
X1 + 2x2 = 0
EQ2) ={(1,x2,x3) 19 —x1 — 2x; = 0
X1 — X2 — X3 = 0

={(—2a,0,30) : ¢ € R}

Ta thay khong gian E(2) c6 co s6 1a hé vector P, = ((—2,1,-3)).
Do do dim E(2) = 1.

e Ung véi gia tririéng A = 3, ta xac dinh khong gian con riéng E (3).
Ta c6

2X1 + 2X2 = 0
EQB) ={(&,x2,x3) 07 —x1 — X2
X1 — X2 =0

={(—a,a,p) :a,p € R}

Il
o

Khong gian E(3) c6 co s6 1la hé vector P, = ((—1,1,0),(0,0,1)). Do
d6 dim E(3) = 2.

Ap dung dinh 1y 4.20 ta khing dinh toan t& f chéo héa duge. W

Dinh 1y 4.22. Cho V la mét khéng gian vector cé n chiéu, f la mét
toan tiz tuyén tinh chéo hoa duoc trén V. Goi A, A,, ..., A la tat cd
cdc gid tri riéng doéi mét khdc nhau cia f, ny,na, ..., ng lan lugt la
boi cua cdc nghiém Ay, A,, ..., Ak trong da thic Pr(A). Gid st cdc hé
vector Py, P,, ..., Py lan ludt la co sé clia cdc khong gian con riéng
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E(A1), E(A2),..., E(Ax). Khi do, hé vector P = Py U P, U---U Py la
moét co sé gom cdc vector riéng cia f, dong thoi [f]p sé la mét ma
trdn chéo gbm toan cdc gid tri riéng ciia todn ti f, sé lan xudt hién
cdc gid tri riéng A bang véi sé chiéu ciia khong gian con riéng E()).

Dinh ly 4.23. Goi A1, A,,..., A la tdt cd cdc gid tri riéng doéi mot
khac nhau ctia ma tran chéo hoa duoc A € M,(R), ny,n,, ..., ng
lan luot la boi ciia cdc nghiém Ay, A, ..., Ak trong da thitc P4(M).
Gid si cdc hé vector Py, Ps, ..., Py lan lugt la co s6 cia cdc khong
gian con riéng E(A1), E(A,),..., E(Ax). Khi do, hé vector P = P; U
P,U---UP = (X1,X5,....X,) la co s6 cia R” va néu dat S =
([X1] [X2] ... [Xa]) thi S la ma trdgn lam chéo héa ma trdn A.
Hon nita, ma tran chéo D = S™'AS toan cdc gid tri riéng ciia ma
tran A, sb lan xudt hién cdc gid tri riéng A bang vdi sb chidu cia
khong gian con riéng E(A).

3
4
—6

Vi du 4.49. Chéo héa ma tran 4 =

S O N
S W W

Giai. Ma tran A c6 da thic dac trung P4, (1) = (A —2) (A —3) (A + 6).
Ta thiy phuong trinh dic trung c6 ba nghiém phan biét A, = 2,4, =
3,A3 = —6. Do d6, ma tran A chéo hoa dudc.

° Ijng véi gia tri riéng A = 2, ta xac dinh khong gian con riéng E(2).
Ta c6

—5X2 — 3X3 = 0
EQ2) = (x1,x2,x3) 19 —x2 — 4x3
8X3 = 0

Il
o

= {(,0,0) : ¢ € R}

Khong gian E(2) ¢6 co s6 1a hé vector P; = ((1,0,0)).
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e Ung véi gi4 tri riéng A = 3, ta x4c dinh khong gian con riéng E(3).

Ta c6
Xl—SXZ—3X3:O
E(3) =1 (x1,x2,x3): — 4x3 = 0
9)C3 =0

= {(5a,,0) : @ € R}

Khong gian E(3) ¢6 co s6 la hé vector P, = (—5,1,0).
e Ung véi gia tri riéng A = —6, ta xdc dinh khéng gian con riéng

E(—6). Taco

—8x; — - = 0
E(=6) = d(xixpxa):) 0¥ 7 % = 3% }

— 9X2 — 4X3

7 4
=l ——a,——a,a):xeR
[~z s 5

Khong gian E(—6) ¢6 cd s6 1a hé vector P; = ((—7,—32,72)).

Il
o

1 =5 -7
Theo dinh Iy 4.23, matran S = | 0 1 —32 | la ma tran lam
0O 0 72

chéo ctia ma tran A. Hon nua,

20 0
D=S1'4S=|0 3 0
00 —6

[

Vi du 4.50. Chéo héa toan t& tuyén tinh f : R®> — R> xac dinh béi
f(x.y,2) =(x—=2y,x +4y,—x — 2y + 2z).

Giai. Truéc hét, ta tim ma tran biéu dién cta toan ti f d6i véi co s6
chinh tic Es. Ta c6

1 -2 0
/1= (1f100] [fO.LO] [fO0D)=| 1 4 0
-1 =2 2
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Pa thic dic trung cia toan t& tuyén tinh f c¢6 dang

Py () =det A5 = [f]) = (A =2)> (A —3)

Phuong trinh dic trung Ps(A) = 0 ¢6 hai nghitm A =2val =3
v6i boi 1an lugt 1a 2 va 1. Do d6, toan tit f c6 hai gia tri riéng A = 2 va
A =3.

e Ung véi gid tri riéng A = 2, ta xac dinh khéng gian con riéng E(2).
Ta c6

X1 + 2xp = 0
EQ2) =1(x1,x2,x3):9 —x1 — 2x, =
X1 + 2x, = 0

={(2a,a,B) :a,p € R}

o

Khong gian E(2) c6 cd s6 1a hé vector P; = ((—2,1,0),(0,0,1)). Do
dé dim E(2) = 2

e Ung véi gid tri riéng A = 3, ta xac dinh khéng gian con riéng E(3).
Ta c6

2x1 + 2x5 = 0
EQB) =q(x1,x2,x3) 1] —x1 — X2
X1 + 2x2 + x3 = 0

={(—a,a,—a) :a € R}

Il
o

Khong gian E(3) c6 co s6 la hé vector P, = ((—1,1,—1)). Do do,
dim E(3) = 1.

Ta thay dim E (2) + dim E (3) = 3 nén toan tit f chéo héa dudc.

Dit P = PyUP, = ((=2,1,0),(0,0,1), (=1, 1,—1)), ta suy ra P la mét
co s6 ciia R? gom cac vector riéng cta f. Hon nita,

[f]p =

S O N
S NN O
w o O

194



Huynh Hiutu Dinh Truong Dai Hoc Cong Nghiép TPHCM

Bai tap chuong 4

Phan tu luin

Bai tap 4.1. Cho anh xa tuyén tinh f : R> — R? ma tran cla f d6i véi

2

cosd B =((1,1),(1,0)) 1a 4] Tim biéu thic cta f.

1
3
Bai tap 4.2. Cho 4nh xa tuyén tinh f : R?> — R? dinh béi f(x;,x5) =

(x1 4 3x2,2x; + 4x,). Tim ma tran ctia anh xa ngude /' : R? — R? d6i
v6i cd s6 chinh téc.

Bai tap 4.3. Cho anh xa tuyén tinh f : R> — R? dinh béi f(x,y) =
(4x,4x — y). Tim ma tran cla f d6i véico sé6 B = ((1,1), (—1,1)).

Bai tap 4.4. Cho hai 4nh xa tuyén tinh f : R?> — R> dinh béi
S (1, x2,x3) = (X1 + X2 + X3, X1 + X2 — X3,%1 — X2 — X3)
va g : R?* - R? dinh béi
g(x1,x2,x3) = (X1 — X2 — X3, X1 + X2 — X3, X1 — X2 + X3)

X4c dinh biéu thic 4anh xa hop go f : R? — R3.

Bai tap 4.5. Cho anh xa tuyén tinh f : R?> — R? dinh béi f(x,y) =
(x + y,x — y). Tim ma tran ctia f d6i v6i co s6 B = ((1,1), (1,0)).

Bai tap 4.6. Cho anh xa tuyén tinh f : R> — R2. Ma tran ctia f dbi

véicosé B = ((0.1). (1.0)) 1a (;

i) Tim biéu thic caa f.

Bai tap 4.7. Cho anh xa tuyén tinh f : R> — R? dinh béi f(x,y) =
(x —y,x — y). Tim ma tran cta f d6i véi co s6 B = ((1, 1), (1,2)).

Bai tap 4.8. Cho anh xa tuyén tinh f : R> — R? ma tran cla f d6i véi

cosé B = ((0,—1), (1,0)) 1a (; ‘11) Tim biéu thic ctia f.

Bai tap 4.9. Cho anh xa tuyén tinh f : R> — R? ma tran cta f d6i véi

cosd B =((1,1), (1,-1)) 1a ((1) (1)) Tim biéu thic cta f.
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Bai tap 4.10. Cho 4nh xa tuyén tinh f : R*> — R?, ma tran cta f dbi
. , 1 3Y e e S .

Vi co s6 E, la (2 5). Tim biéu thic cia anh xa nguge f~!: R? — R2,

Bai tap 4.11. Cho 4nh xa tuyén tinh f : R*> — R? dinh béi f(x,y.z) =

(x —y,y —z,—x + z). Tim ma tran cua f dbi véi co sé Es.

Bai tap 4.12. Cho 4nh xa tuyén tinh f : R*> — R? dinh béi f(x,y,z) =
(x —y,y —z,—x + z). Tim ma tran caa f dbi véi co sé chinh tac.

Bai tap 4.13. Cho 4nh xa tuyén tinh f : R*> — R? dinh béi f(x,y,z) =
(x + v,y + z,x + z). Tim ma tran cta f d6i véi co sd chinh tic.

Bai tap 4.14. Cho 4nh xa tuyén tinh f : R*> — R? dinh béi f(x,y,z) =
(x+y+z,x—y+z,x+y+3z2). Tim ma tran caa f doi véi co s6
B = ((1,1,0), (0,1, 1), (1,0, 1)).

Bai tap 4.15. Cho anh xa tuyén tinh f : R?> — R3, biét ma tran caa f

1 1 1
d6i véi cosé B = ((1,1,0), (0,1,1), (1,0,1)la| 2 1 -1
-1 0 1

1. Tim biéu thic cta f.
2. Tim biéu thic cta f~' (néu co).
Bai tap 4.16. Cho anh xa tuyén tinh f : R*> — R3, biét ma tran caa f
1 1

d6i véicosé B = ((1,1,—1), (=1,1,1), (1,-1,1) 1a | 2

1
1 4
-1 3 1

1. Tim biéu thic cta f.
2. Tim biéu thic cta f~' (néu co).
Bai tap 4.17. Cho anh xa tuyén tinh f : R* — R? dinh bdi

J(x1,x2,x3) = (x1 + X2 + X3, X1 — X2 + X3, X1 + X2 — X3)

Tim ma tran cta anh xa ngudc f~' : R® — R? d6i v6i co s6 chinh
tac.
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Bai tap 4.18. Cho anh xa tuyén tinh f : R* — R? dinh bdi
fx.y,z)=(x+y+zx—y+z,x+y—2)
Tim biéu thiic cia 4nh xa ngude /! : R3 — R3.
Bai tap 4.19. Cho anh xa tuyén tinh f : R* — R? dinh bdi
fx.y.z2)=x+y,y+z.x+72)
Tim biéu thiic ctia 4nh xa ngude /! : R3 — R3.
Bai tap 4.20. X4c dinh m d€ anh xa tuyén tinh f : R?> — R? dinh béi
fx,y,z)=(mx+y+z,x+my+z,x+y+mz)
¢6 anh xa ngudc ! : R?® — R3.
Bai tap 4.21. Xac dinh m d€ anh xa tuyén tinh f : R®> — R? dinh béi
fx,y,z)=(mx+y+z,x+my+z,x+y+mz)
khong ¢6 anh xa ngude /! : R?> — R3.
Bai tap 4.22. Cho 4nh xa f : R* — R? dinh béi
f(x,y,2)=(x+y+z,x+2y+z,x+y+32)
1. Chiing minh f la dang cau.

2. Tim ma tran cta f doi véi co s6 chinh tac cia R3.

3. Tim ma tran ctia f d6i véicosé B = ((1,1,—1), (=1, 1, 1), (1,—1, 1))
(giai bang hai phuong phéap).

Bai tap 4.23. Tim da thic déc trung ctia cac ma tran sau

1 2 3 4 1 2 3 4 1 2 3 4
0123 0123 1123
A= 0023’3_ 0023’C_ 1 02 3
0002 0122 1102
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Bai tap 4.24. Tim gia tri riéng cta cac ma tran
1 -1 0 1 11
1 0),B=|1 2 2|, C=|1 -1 1
0O 0 3 2 2 4
Bai tap 4.25. 1. V6i gia tri nao cta m thi vector X = (m, 1) 1la vector
. ) N 20
riéng cua ma tran A = .
0 2
2. V6i gia tri nao ctia m thi vector X = (m, m) la vector riéng cia ma

0 2
tran A = .
ran (3 0)

3. Vi gia tri nao cua m thi vector X = (m,m,m) la vector riéng ctia

500
matran A=|0 5 0].
0 0 5
Bai tap 4.26. 1. Tim céc vector riéng ung véi tri riéng A = —1 cia ma

0 1
tran A = .
ra (1 0)

2. Tim cac vector riéng tng véi tri riéng A = 2 cia ma tran A =

27 =5
-5 3 )
3. Tim cac vector riéng tng véi tri riéng A = 0 cia ma tran A =
2 00
000
000
4. Tim cac vector riéng ung véi tri riéng A = 2 cia ma tran 4 =

2
0
0

S O O
(=l —Re]

Bai tap 4.27. Vector X = (2,-2) la vector riéng ctia ma tran A =

0 1)\, A N
- ang vdi tri riéng nao?
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1 00

Bai tap 4.28. Chomatran A= |2 1 0]. Ung véi tririéng A = 1, ma
7 2 1

tran A c6 bao nhiéu vector riéng doc 1ap tuyén tinh?

N\ e A ~ - A kd A 1 2
Bai tap 4.29. Vector X = (—2,2) la vector riéng cia ma tran ( 4 3)

ung véi tri riéng nao?

Bai tap 4.30. Ma tran <§ ?) ((?; i) (_31 _25) ¢6 cac tri riéng nao?
NP N . , 1 1\, e
Bai tap 4.31. Vector X = (7,7) 1a vector riéng ctua ( 1 1) ang vdi tri

riéng nao?

. 11\ [(7 2\ (2 1 )
Bai tap 4.32. Cho ma tran 4 = (1 2) (0 7) (_1 1).Ma tran A

¢6 cac tri riéng nao?

<en . A , ~ (1 2) .
Bai tap 4.33. Vector X = (2,4) la vector riéng cia ma tran ( 5 4) ang
véi tri riéng nao?

o (1 1) (17 28\ (2 -1 )
Bai tap 4.34. ChomatranA_<1 2)(0 14) (_1 1).MatranA

c6 cac tri riéng nao?

e 2 —1\[7 o) 1 1 )
Ba1tap4.35.ChomatranA—(_1 1)(12 14) (1 2).MatranA

c6 cac tri riéng nao?

Bai tap 4.36. Chéo héa cac ma tran sau (néu cé):

I -1 0 I 11
aAd=|-4 1 0 c.B=1[1 2 2
0 0 3 2 2 4
-1 1 1 31 -1
b.C=|1 -1 1 dD=|11 1
I 1 -1 11 1
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Phan trac nghiém
Bai tap 4.37. Trong cac anh xa sau, anh xa nao 13 4nh xa tuyén tinh
tt R? — R2?

a. f(x1,x2) = (x1 +3x2 + 1,2x1 + 4x,).

b. f(x1,x2) = (x1x2,2x1 + 4x5).

c. f(x1,x2) = (6x1 —2x2,2x1 — X2).

d. f(x1,x2) = (Xlz,xz)-
Bai tap 4.38. Trong cac anh xa sau, 4nh xa nao 14 4nh xa tuyén tinh
t R? — R2?

a. f(x1,x2) = (x1 +3x2 + 1, 2x1 + 4x,).

b. f(x1,x2) = (x1X2,2x1 + 4x2).

c. f(x1,x2) = (6x1 — 2x2,2x1% — x3).

d. f(x1,x2) = (2x1, X1 — X2).
Bai tap 4.39. Trong c4c 4nh xa sau, 4nh xa ndo la anh xa tuyén tinh
tur R? — R??

a. f(x1,x2) = (x1 +3x2+ 1, 2x1 + 4x,).

b. f(x1,x2) = (X1 + x2,2x1 + 4x3).

c. f(x1,x2) = (6x1 — 2x2,2x1% — x3).

d. f(x1,x2) = (2x; +4,x1 — x2).

Bai tap 4.40. Cho ma tran A = (m 0

! O) v6i m € R. Khang dinh nao
sau day dung?

a. A chéo hoa dudc khi va chi khi m = 0.

b. A khong chéo hoa dudc khi va chi khi m = 0.

c. A chéo hoéa dudc véi moi m.

d. A chi c6 mot tri riéng.

(’)n ) v6i m € R. Khang dinh nao

Bai tap 4.41. Cho ma trén A = (:1

sau day dung?
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a. A chéo hoa dudc khi va chi khi m = 0.

b. A khong chéo hoa dudgc khi va chi khim = 0.
c. A chéo hoa dudc véi moi m.

d. A khong c¢6 mot tri riéng nao.

1 1 a
Bai tap 4.42. Chomatran A = |0 2 b | véia,b € R. Khang dinh
0 0

(98]

nao sau day dung?
a. A chéo hoa dudc khi vachikhia = 0,6 = 0.
b. A chéo hoa dudc khi va chi khi a = 0.
c. A chéo hoa dudc véi moi a, b.
d. A khong chéo héa dudc v6i moi a, b.

Bai tap 4.43. Cho ma tréan 4 = v6i a € R. Khang dinh nao

S O O

1
1
0

- O

sau day dung?
a. A chéo hoa dudc khi va chi khia = 0.
b. A chéo hoa dudc khi va chi khia = 1.
c. A chéo hoa dudc véi moi a.
d. A khong chéo héoa dudc véi moi a.

Bai tap 4.44. Gia sit A 12 mot ma tran vudng cap 3 c¢6 3 vector riéng 1a
(1,2,1):(1,0,1);(1,0,0) lan lugt Gng véi cac tri riéng 1a 1, 2 va 3. Pt

1 11
P =|2 0 0].Khang dinh nao sau day dung?
1 10

(1
a. A dudc chéohéava P71AP = | 0
\0
(2
b. A dudc chéo héava P~'AP = |0

\0
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300
c. A dudc chéohéava P71AP = |0 2 0].
0 01

d. Céac khéng dinh trén déu dung.

Bai tap 4.45. Gia stt 4 1a mét ma tran vuong cap 3 c6 3 vector riéng
1a (2,2,1);(1,1,1);(2,0,0) 1an ludt tng véi cac tri riéng 12 3, 2 va 4. Ma

300
tran P nao sau day théa dang thic P~'AP =0 2 0.
00 4
(221 212
aP=[11"1 c.P=|210
\2 0 0 110
(122 212
b.P=|12 0 drP=[(01 2
\1 1 0 01 1

Bai tap 4.46. Gia st 4 1a mot ma tran vuong cap 3 c6 da thiic dic trung
1a ¢ (A) = A (A —2) (A — 4). Khang dinh nao sau day ding?

a. A chéo hoa dudc.

b. A chéo héa dudc khi va chi khi ting véi tri riéng 0, A c6 hai vector
riéng doc 1ap tuyén tinh.

c. A chéo hoa dudc khi va chi khi ang véi tri riéng 2, A ¢6 hai vector
riéng doc 1ap tuyén tinh.

d. Achéo hoa dudc khi va chi khi tng véi tri riéng 4, A c6 hai vector
riéng doc 1ap tuyén tinh.
Bai tap 4.47. Gia st 4 1a mot ma tran vuong cap 3 c6 da thitc dic trung
1a ¢ (A) = (A —2)* (A — 4).Khang dinh nao sau day ding?

a. A khong chéo hoa dudc vi 4 khong c6 hai tri riéng phan biét.

b. A chéo héa dudgc.

c. A chéo hoa dudc khi va chi khi ing véi tri riéng 2, A ¢6 hai vector
doc 1ap tuyén tinh.

d. A Cac khang dinh trén déu sai.
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Bai tap 4.48. Cho f 1a anh xa tuyén tinh tit R> — R? x4c dinh béi
f(x,y)=(x+y,2x + 3y).

Khang dinh nao sau day la ding?

a. f la song anh.

b. f la don anh nhung khong la toan anh.

c. f la toan anh nhung khong la don anh.

d. Cac cau kia déu sai.

4 -5 2
Bai tap 4.49. Choma tran A = [ 5 —7 3 |. Khang dinh nao sau day
6 -9 4

la dang?
a. (1,2, 3) la vector riéng ctua A.
b. (1,2,1) la vector riéng cua A.
c. (0,0,0) la vector riéng cua A.

d. (0,1, 1) la vector riéng cua A.

2 1 —1
Bai tap 4.50. Tim tit ca cac gid tririéngciamatran A= |0 3 |
00 2
a./\1:2,12=3,)&3=0 C. 1 k::"’
b.A =2 d. A
e n . 10
Bai tap 4.51. Cho ma tréan 4 = 5 3 . Tim cac tri riéng cia ma tran
A3,
a.)Ll:l,)Lz:6 C.Alzl,kzzg
b.A =1,1, =27 d. Céc cau trén déu sai

<. n . 1 2 A , A
Bai tap 4.52. Cho ma tran 4 = (4 3). Tim cac tri riéng cia ma tran
A3,

a./\1=—1,12:125 C./\lz—l,kz:S
b.A; =-1,1, =15 d. Céc cau trén déu sai
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4 -1 -2
Bai tap 4.53. Cho 4 = |2 1 2|, biét 4 c6 ba gia tri riéng thuc
1 -1 1
/11,/\2,},3. Tim [ = A,l + /’\2 + )t3.
a.l =6 b.I1 =7 c.l] =8 d.7/ =9

Bai tap 4.54. Trong cac 4nh xa tuyén tinh sau, 4nh xa nao c6 nhan
sinh ra béi hai vector (—1,1,0) va (—1,0, 1)?

i. f:R®— R?x4cdinhbédi f (x,y,z) = (x +y + z,0).

ii. £ :R3> — R?x4c dinh béi f (x,y,2) = (x + y,x + 2).

iii. f:R?> — R?xdc dinh béi f (x,y,z) = (x + y + z,2x + 2y + 22).

a. Chi co 1. c. Ca ba anh xa

b. Chi ¢6 i va ii d. Khong c6 anh xa nao
Bai tap 4.55. Trong cac anh xa sau, anh xa nao c6 anh sinh ra béi hai
vector (1,1),(1,2)?

i. f:R? - R? x4c dinh béi 1 (x,y) = (x, y).

ii. f :R? — R? xac dinh béi f (x, y) = (0, x).

iii. f :R? - R? xdac dinh béi f (x,y) = 2x + y, —2x + y).

a. Ca ba anh xa c.Chicoivaii

b. Chi ¢6 iii d.Chicoi
Bai tap 4.56. Cho anh xa tuyén tinh f : R?> — R3 x4c dinh béi f (x,y,z) =
(x + y 4+ z,x + y,x + z). Khang dinh nao sau day 1a dung?

a.dimker f = 0,dimIm f =3 c.dimker f = 1,dimIm f =2

b. dimker f = 0,dimIm f =2 d. dimker f = 1,dimIm f =3

Bai tap 4.57. Cho 4anh xa tuyén tinh f : R?® — R? biét

F, 1L =(1,2)
£(1,1,0) = (—1,1)
£(1,0,0) = (0, 1)
Tim f (2,—1, 1).
a. (1,1) b. (3,3) c. (1,2) d. (=2,1)
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Bai tap 4.58. Cho 4nh xa tuyén tinh f : R> — R? biét

f(,1)=(1,0)
@21 =L

Tim f (8, 5).
a. (—1,3) b. (3,1) c. (2,1 d. (=2,1)

Bai tap 4.59. Cho 4nh xa tuyén tinh f : R® — R> biét

f(,1,1)=(1,1,-1)
f(1,2,1)=(1,1,0)
f2,2,00=(2,1,1)

V6i gia tri nao caam thi X = (1,2, m) € Im f?

a.m#1 b.m=1 c.m=0 d.m#0

Bai tap 4.60. Cho 4anh xa tuyén tinh f : R> — R? biét

S = (L1
f(1.0) =(3,-3)

Véigiatrinaocaamthi X = (1,m + 1) € Im f?
a.Vm b. m # =2 c.m=-2 dm=0
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Chuong 5

Dang song tuyén tinh va dang
toan phuong

5.1 Khainiém dang song tuyén tinh va dang
toan phuong

5.1.1 Dang song tuyén tinh

Pinh nghia 5.1. Gid st V la mdt khéng gian vector, dnh xa

¢ :VxV — R
(X.,Y) » ¢(X.Y)

duoc goi la dang song tuyén tinh trén V néu ¢ tuyén tinh theo ting
bién X,Y, nghiala VX,Y,X'.Y' € V,Va,B € R ta cé

e 0 (X +BX".Y)=ap(X,Y)+ Bp (X',Y).
o (X, aY + BY)=ap (X,Y) + B (X,Y').
Dang song tuyén tinh ¢ trén V dudc goi la doi xiing néu
p(X.Y) =9 (. X)

véi moi X,Y € V.
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Vi du 5.1. Anh xa ¢ : R? x R?2 — R xéc dinh béi ¢(X,Y) = x1y; + 2x2)2
voi X = (x1,x2), Y = (y1,y») 12 mot dang song tuyén tinh déi xting trén
R2. That vay, néu lay hai vector bat ky X’ = (x/,x}). Y’ = (¥}, y}) thude
R? thi v6i moi o, B € R ta c6

(X +pX",Y) = ((xxl + Bx}) y1+2 (axz + ,Bx/z) V2
= (x1y1 + 2x2)2) + B (x{y1 + x5)2)
=g (X, Y) + fo (X', Y)

¢ (X,aY +BY') = x1(ay1 + By}) + 2x2 (ay2 + By))
=ao(x1y1 +2x2y2) + B (lei + 2X2y§)
=ap (X,Y) + Be (X, Y)

Hai dang thic trén ching t6 ¢ 13 mot dang song tuyén tinh trén R2.
Hon nita, ta thay ¢(X,Y) = ¢(¥, X) nén ¢ 1a mét dang song tuyén tinh
dbi xing trén R2.

Vi du 5.2. Anh xa ¢ : R3 x R? — R xac dinh béi
¢ (X,Y) = x1y1 + X2y2 + X3y3 — 2X1)2

voi X = (x1,x2,x3), Y = (y1, y2, y3) 12 mot dang song tuyén tinh nhung
khong d6i xting trén R3.

Vi du 5.3. Anh xa ¢ : C[a,b] x C[a, b] — R xéc dinh béi

b
so(f,g)=/f<z>g(t)dr

v6i f.g € Cla, b] 12 dang song tuyén tinh d6i xing trén C|a, b].

Vi du 5.4. Cho V la mét khéong gian vector Euclide véi tich vo huéng
(.].)- Anh xa ¢ : VxV — R x4c dinh béi ¢(X,Y) = (X|Y) la mot dang
song tuyén tinh dbi xing trén V.

Tinh chét

Sau day 1a mét s6 tinh chat cia dang song tuyén tinh ma ta suy truc
tiep tit dinh nghia
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1. ¢(0v,0y) = 0.

2. Hai diéu kién trong dinh nghia c6 thé dudc thay thé bang diéu
kién tuong duong sau

@ (1 X1 + a2 Xz, B1Y1 + BoYo) = a1Bio (X1, Y1) + a1B20 (X1, Y2) +
axB190 (X2, Y1) + 02820 (X2, Y>)

vOi moi oy, a2, B1, B2 € Ry X1, X, Y1, Y2 € V.
Vi du 5.5. Anh xa ¢ : R2 x R?2 — R xac dinh béi
¢ (X,Y)=x1y1 +x1y2 + x22 + 1

khong 1a dang song tuyén tinh vi ¢(0g2, Og2) = 1.

Dinh 1y 5.1. Cho V la mét khéng gian vector n chiéu va ¢ la dang
song tuyén tinh trén V. Gid sit hé vector P = (X1, X», ..., X,) la mét
co sé ctia V. Khi dé, vdi hai vector bt ky X,Y €V ta ¢é

0(X.Y) =) aixiy; (5.1)
i=1 =1
X1 V1
x _
i X1, =| 2 il = % |vaa; =0 (X X,):ij =Ton,
P : P : j J
Xn Yn

Ma tran A = (a;;), dudc goi la ma tran clia dang song tuyén tinh ¢
dbi vdi co s6 P, ky hiéu A = [p]p (truong hop V = R" va P = E, thi
ta ky hiéu A = [¢]).

Coéng thitc 5.1 dudc goi la biéu thiic toa dé ciia dang song tuyén tinh
@ trong co sé P.

Ta c6 thé viét dang song tuyén tinh ¢ dudi dang ma trdn

¢ (X.Y) =[X]} [elp [Y]p

Nhan xét 5.1. Mot s6 nhan xét rit ra tit Dinh ly 5.1:
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e Néu dang song tuyén tinh ¢ trén V cé biéu thic toa do trong co s6
P dudc cho béi cong thie 5.1 thi

ailr diz2 ... Aip

dz1 dpzp ... dap
lplp =

anl anz .« e ann

e Ngudc lai, néu ta biét dudc ma tran ctia dang song tuyén tinh ¢
doi véi co s6 P thi ¢ hoan toan dudce xac dinh béi cong thiic

o(X.Y) = [X]5[plp[Y]p: VXY €V

Hé qua 5.1. Néu ¢ la dang song tuyén tinh trén R" thi ¢ duodc xdc
dinh bdi
e(X.Y)= > ayxiy; (5.2)
1<i,j<n
voi X = (xX1,X2,....%,),Y = (¥1.y2,...,Vn). Hon nita, tic cong thiic
5.2 ta suy ra ma tran ctia ¢ doi vdi co sé chinh tdac E, ¢ dang

aypr dip ... dAip

dz1 dpp ... dap
[o] =

aAy1 Apz2 ... Adpp

Vi du 5.6. Cho dang song tuyén tinh ¢ : R?> x R? — R x4c dinh bdi
@(X.Y) = x1y2 + X231
voi X = (x1,x2),Y = (y1, y»). Hay xéc dinh ma tran cta ¢ d6i véi
1. Co s6 chinh tic E,.

2. Cosé P = ((1,1), (2, 1)). T d6 xay dung biéu thiic toa do caa ¢ dbi
v6ico s P.
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Giai. Dé tién trinh bay ta dat X, = (1,1), X, = (2,1).

1. Ma tran cta dang song tuyén tinh ¢ d6i véi co sé chinh téc E, 1a

o] = (‘f é)
2. Ma tran ctia dang song tuyén tinh ¢ d6i véi co sé P la
ol = ( (X1, X)) ¢ (X1, Xa) ) _ ( 2 3 )
¢ (X2, X1) ¢ (X2, X2) 3 4
Biéu thic toa d6 ctia ¢ d6i véi co sé P

o(X,Y) =2x1y1 + 3x1y2 + 3x291 + 4x2)2

X1 J1
VoL [X]p=| x2 [:[¥Y]p=| »2 | u
X3 Y3

Vi du 5.7. Cho dang song tuyén tinh ¢ : R?> x R® — R ¢6 ma tran dbi
véicosd P = ((1,1,1),(0,1,1), (0,0, 1)) Ia

1

2
[plp = -1 1
0o 2

0
3
-2
1. X4c dinh biéu thiic toa do ctia ¢ trong co sé P.
2. Tinh ¢(X,Y) véi X = (1,2,3),Y = (1,3, 5).
3. Xac dinh biéu thic ¢(X,Y) véi X = (x1, X2, x3), Y = (y1, 2, 3).
4. Xac dinh ma tran ctia ¢ dbi véi co s6 chinh tac E;.
Gidi. 1. Biéu thiic toa do ctia ¢ trong cé sé P c6 dang

¢ (X.Y) =[X]plelplY]p
= X1Y1 + 2x1y2 — X2¥1 + X2y2 + 2X3y2 — 2X3)3

X1 Y1
VOi [X]p=| x2 |:[Y]p = Y2
X3 V3
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1
2. Ta tinh dugc [(1,2.3)], = | 1 |:[(1.3.9], =] 2
1 2

Do d6 ¢(X,Y) = 6.

X1 V1
3.Taco[X]p=| x2—x1 |s[¥]p=| y2—m
X3 — Xp Y3— )2
Do d6
0 (X.Y) = [X]5lelplY]p
1 2 0 V1
= (Xl X2 — X1 X3—X2) -1 1 3 Y2 — )1
0o 2 =2 y3—DY2

= X1y1—2x3y1 +4x1y2 — 6x2)2+
4X3y2 — 3X1y3 + 5)62_)/3 — 2X3y3

4. Ma tran ctua ¢ d6i véi ¢ s6 chinh téc E;

1 4 =3
[p]=1 0 —6 5
—2 4 =2

5.1.2 Dang toan phuong

Pinh nghia 5.2. Ma tran vuéng A duoc goi la doi xiing néu A = AT.

Nhan xét 5.2. Gia stt A = (a;;),, khi d6 ma tran A 1a d6i xiing khi va
chi khi aijj = dji, i, ] = 1,_71

)1 1 4 5
Vi du 5.8. Cac ma tran A = ( ) B =14 —1 2 | 1la cdc ma
5 2 2
tran d6i xing.
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Vi du 5.9. Ma tran don vi I, 12 mot ma tran déi xing. Ma tran khong
Onxn cling 12 mot ma tran déi xing.

Dinh 1y 5.2. Cho ¢ la dang song tuyén tinh trén khéng gian vector
hitu han chiéu V. Khi do, néu ¢ dobi xiing thi ma trdan cia ¢ doi vdi
co sétuy ¥ P ctia khéng gian V la mét ma tran doi xing. Ngudc lai,
néu ton tai mot co sé P cia V sao cho ma trén cia ¢ dbi véi P la dbi
xiing thi ¢ la dang song tuyén tinh dbi xing.

Pinh nghia 5.3. Cho ¢ la dang song tuyén tinh dobi xiing trén khong
gian vector V. Anh xa

q: V — R
X - ¢oX,X)

dudc goi la dang toan phuong trén V ung vl ¢.

Vi du 5.10. Cho dang song tuyén tinh ¢ : R? x R> — R xac dinh béi
¢ (X.Y) = x1y1 4+ 2x1y2 + 3x2)1 — X2)2
v6i X = (x1,x2),Y = (y1, ¥2). Dang toan phuong ¢ Ging véi ¢ c6 dang
q(X) =9 (X, X) = x{ + 5100 — x5
voi X = (x1,Xx2).
Vi du 5.11. Cho dang song tuyén tinh ¢ : Cla,b] x C[a, b] — R xéc dinh
béi

b
</>(f,g)=/f(t)g(t)dt

véi f, g € Cla,b]. Dang toan phudng ¢ tng véi ¢ c6 dang

b
q(f>=<o(f,f>=/f2(z)dr

véi f € C[a,b].
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Vi du 5.12. Goi C™]a, b] 12 tap hgp tit ci cac ham s6 kha vi cip n lién
tuc trén [a, b]. Khi d6, anh xa ¢ : C™[a, b] x C™[a, b] — R xac dinh béi

b n

¢ (f.8) = / (Z FO @) g? (t)) dt

o \i=0

v6i f,g € C™]a,b] 1a dang song tuyén tinh trén C™[q,b]. Dang toan
phuong g tng véi ¢ c6 dang

b n

a(f)=e(f. )= / (Z[f("’(t)T) dt

o \i=0

véi f € C™[a, b].

Vi du 5.13. Cho V la khong gian vector Euclide véi tich vé huéng (.|.).
Dang song tuyén tinh ¢ : V x V — R xac dinh béi

o(X.Y)=(X|Y);VX.Y €V
c6 dang toan phuong g cho bdi cong thiic
q(X) =9 (X,Y)=(X|X)=|X|?

Nhan xét 5.3. Néu 4 1a ma tran ctia dang song tuyén tinh dbi xiing ¢
d6i véi mét co s P nao dé thi A cliing dude goi 1a ma tran cta dang toan
phuong ¢ d6i véi co s6 ay, ky hiéu A = [¢]p. Ta thay [¢]p 12 mot ma tran
dbi xting va

g (X) = [X]p lglp[X]p: VX €V

Dang song tuyén tinh d6i xting ¢ hoan toan dudc xac dinh néu ta
biét dang toan phuong ¢ tng véi ¢. That vy, véi moi X,Y € V ta cé

gX+Y)=¢X+Y,X+Y) =X, X)+20(X.Y) +¢(Y.,Y)
=q(X)+20(X,Y)+4q(Y)

Tut déng thic trén ta suy ra

¢ (X.Y) = Sl (X +7) g (X) g (V)

Vi thé, ¢ con dudc goi 1a dang cuc ciia dang toan phudng g.
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Dinh 1y 5.3. Cho V la mét khong gian vector n chiéu, ¢ la dang song
tuyén tinh dobi xing trén V va g la dang toan phuong ung vdi ¢. Gid
st hé vector P = (X1, X2, ..., X,) la mét co sé cua V. Khi do,

qg(X) = > aijxix;

1<i,j<n (5 3)
=anxi+anxi+ ...+ amx2+2 Y ajxix;
1<i<j<n

X1

X2
vdi a;; = ¢(X;, Xj) va [X]p =

Xn
Céng thiic 5.3 dudc goi la biéu thiic toa dé cia dang toan phuong q
trong co sé P.

Nhan xét 5.4. Néu dang toan phuong ¢ trén V c6 biéu thiic toa do trong
¢ s6 P dudc cho béi cong thie 5.3 thi

e Ma tran cta ¢ d6i véi co sé P 1a

ayr dip ... dip

dz1 djzzx ... dap
lg]p =

Aul Ap2 ... dApn

¢ Dang cuc ¢ ctia dang toan phuong ¢ c6 biéu thic toa do trong co

s6 P la
n
¢p(X,Y) = ZaiixiJ’i + Z aij (xiy; + x;1)
i=1 1<i<j<n
X1 Y1
e X2 Y2
Vi [X]p=| . |il¥lp =] "
Xn Yn
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Hé qua 5.2. Néu q la dang toan phuong trén R” thi q dudc xdc dinh
bdi

q(X) = anxi +anx; + ...+ anxp +2 Y aixix; (5.4)

1<i<j<n
voi X = (x1,X2,...,X,). Hon nita, ti cong thuc 5.4 ta suy ra ma tran
cua g dot vdi co sé chinh tac E, co dang
ailr diz2 ... dAip
dz1 dpzy ... dap
[q] =
apn1 Qnp2 ... dpn

Vi du 5.14. Cho dang toan phuong ¢ trén R? xac dinh béi
q(X)= xf + 3x§ - 2x§ + 2x1Xy — 4x1X3

voi X = (x1, X2, X3).
1. Xéc dinh ma tran cta g dbi véi co sé chinh téc E;.

2. Xac dinh ma tran ctia ¢ d6i véico sé P = ((1,1,0), (1,0,1), (0, 1, 1)).

Giai. 1. Ma tran cta ¢ d6i v6i co s6 chinh tac E;

I 1 =2
lq] = 1 3 0
-2 0 -2

2. Dang cuc ¢ cta dang toan phuong ¢ dudc xac dinh béi
@ (X,Y) = x1y1 + 3x2y2 — 2x3y3 + X1y2 + X2y1 — 2X1Y3 — 2X3)1

véi X = (Xl,Xz,X.%), Y = (J/1,y2,J’3)-
bat X; = (1,1,0), X, = (1,0,1), X5 = (0,1, 1), ma tran caa ¢ d6i voi
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cd s6 P co dang

(X1, X1) ¢ (X1, X2) ¢(Xy,X3)
[glp = [0lp =] ¢ (X2, X1) @ (X2,X2) ¢ (X2, X3)
¢ (X3, X1) ¢(X3,X2) ¢(X3,X3)

6 0 2

=10 -5 -3

2 =3 1

5.1.3 Doi co s6 cho dang song tuyén tinh va dang
toan phuong

Dinh 1y 5.4. Cho ¢ la dang song tuyén tinh trén khéng gian vector
hitu han chiéu V, P va P’ la hai co sé cia V. Khi dé,

[(p]P’ = C17;—>P/ [(p]PCP—>P’

Heé qua 5.3. Cho q la dang toan phuong trén khong gian vector hitu
han chiéu V, P va P’ la hai co sé ciia V. Khi do,

[q]p = C17;—>P’[Q]PCP—>P/

Vi du 5.15. Cho dang toan phuong ¢ trén R* xac dinh béi
q (X) = 2X% + 3X§ — X% + 4X1.X2 — 8.X2X3

volL X = (Xl,X2,X3).
1. X4c dinh ma tran cta g d6i véi co s¢ chinh téc E;.

2. Xac dinh ma tran caa ¢ trong cé sé P = ((1,1,1),(0,1, 1), (0,0, 1)).
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Gidi. 1. Ma tran cia ¢ d6i véi co s6 chinh tic Es

2 2 0
gl=[2 3 -4
0 —4 —1

2. Ma tran cta ¢ dbi véi co s P

l9]p =C§3_>p 4] CEy—p
I 11 2 2 0 1 00
=10 11 2 3 —4 1 10
0 01 0 —4 -1 I 11

0 —4 -5

=| 4 -6 -5

-5 -5 -1

Vi du 5.16. Cho dang toan phuong ¢ trén R>. Biét ma tran cta ¢ d6i
v6icedsé6 P = ((1,1,1),(1,2,3),(0,0,1)) c6 dang

3 3
lglp =1 1 -1 0
3.0 2

X4c dinh biéu thic ¢(X) véi X = (x1, X2, X3).

Giai. Truéc hét, ta tim ma tran cta ¢ d6i v6i co s6 chinh tac E5. Ta ¢

_ T _
lq] = C17;_>E3[‘1]PCP—>E3 = (CE31—>P) [Q]PCE31—>P
21 =21 8
=\ 21 20 -7
8 -7 2

Tu day ta suy ra
q (X) = 21x7 + 20x3 + 2x3 — 42x;x5 + 16x1x3 — 14xpx3

voi X = (x1, X2, X3). [ |
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5.2 Dang chinh tac cua dang toan phuong.
Pua dang toan phuong vé dang chinh
tac

5.2.1 Dang chinh tic cua dang toan phuong

DPinh nghia 5.4. Cho V la khéng gian vector n chiéu, q la dang toan
phuong trén V. Néu P la mét co sé ciia V sao cho biéu thiic toa do
cua ¢ trong co sé P co dang

q(X) = A1x7 + A2x3 + ...+ Apx2

X1
y X2 N .- . . <
vai [X]p = , thi ta not q c6 dang chinh tac.
Xn

Cdc hé s6 Ay, s, ..., A, dude goi la cdc hé sé chinh tdc; co sé P dudc
goi la mét co sé g—chinh tdc.

Nhan xét 5.5. Néu P 1a mot cd s§ g—chinh tic thi ma tran ca ¢ doi
v6i ¢ s6 P co dang chéo, tuc la

Ar 0O ... 0
0 Ay, ... O
lq]lp = . . .
0O 0 ... A,
V6i A1, s, ..., A, 12 cac hé s6 chinh tac.

Ngudc lai, néu ton tai co sd P ctia V sao cho [p]p c6 dang chéo thi
biéu thic toa do cia ¢ trong cé s6 P c6 dang chinh tac.
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Dinh ly 5.5. Cho q la dang toan phuong trén khong gian vector n
chiéu V, B la mot co sé ciia V. Khi dé, ton tai co sé P cia V sao cho
Cr . »l¢olg Cop la mét ma tran chéo, hay biéu thicc cia q trong co
sé P c6 dang chinh tdc.

Hé qua 5.4. Cho g la dang toan phuong trén khong gian vector R™.
Khi dé, ton tai co sé P ctia R sao cho CETn_>1D 0] Cg,—p la mét ma
tran chéo, hay biéu thiic ciia g trong co sé P ¢é dang chinh tdc.

5.2.2 Pua dang toan phuong vé dang chinh tac

Theo dinh 1y 5.5, néu ¢ 1a dang toan phuong thi ta luén tim dude mot co
s6 g—chinh tac. Viéc tim mot co s§ g—chinh téc ctia V dugc goi 1a phép
dua dang toan phuong g vé dang chinh tic. Sau day ta sé tim hiéu mot
s6 phuong phap dua dang toan phudng vé dang chinh tac.

Phuong phap Lagrange

Cho V 1a khéng gian vector n chiéu, ¢ 14 dang toan phuong trén V. Gia
st biéu thic toa d6 cia ¢ trong cd s B = (X1, X»,...,X,) nao dé c6
dang

q(X) :alle+a22x%+...+annx3+2 Z aijxixj

1<i<j<n

X1
véi [X]p =
Xn

Y tudéng ctia phuong phap Lagrange 1a tim mét co s P; caa V sao
cho biéu thtc toa d6 ¢ doi véi P, c6 dang

q(X) = Alyiz + g1 (J’; Vi eens y,’l) (5.5)
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VOi [X]p, = (1 Y5 - o)

Tiép theo, tit biéu thic 5.5 ta tim co s6 P, ctiia V sao cho biéu thic
toa do ctia ¢ trong co s6 P, c¢6 dang

9(X) = My{” + 2235 + 2 (V5 V4o 1)

VOi [X]p, = (0] ¥§ ... vy )vay! =i

Ct tiép tuc nhu thé cho cac budc tiép theo, gia st sau k (k < n) budc
g sé c6 dang chinh tac. Khi d6, ma tran chuyén tit co sé B sang co s6
g—chinh tac c6 dang Cz_,p,Cp,>p,...Cp, _,—p,. Trong qua trinh bien
do6i dang toan phuong ¢ (va cho cac dang toan phuong ¢;,¢»,...) ta sé
gap mot trong hai truong hop sau:

Truong hop 1: a;; = 0 v6éi moi i thudc tap {1,2,...,n}.

Néu a1, = a13 = ... = a1, = 0 thi dang toan phuong ¢ chi c6 n — 1
bién va chuyén qua xt li cho ¢, (x2, X3, ..., X,).

Néu ngudc lai thi ton tai ay; # 0 véi gia trii nao d6 thuode {1,2,....n}.
Khéng giam tong quat ta gia st a;, # 0. Thuc hién phép bién dsi
X1 =x]+ x5
Xy = X — X}
X3 = X} (5.6)

/
n

Xp =X

Phép bién d6i 5.6 c6 thé viét dudi dang ma tran nhu sau

X1 1 1 0 ...0\/x
X2 1 -1 0 ... 0 x5
x3 |=]0 0 1 ... 0 X5
X 0O 0 0 0 1 x!

n

Ta thay ma tran ctia phép bién déi 5.6 12 khong suy bién vi c6 dinh
thiec béng —2. Do dé, hé vector B’ = (X1 + X5, X1 — X>, X3, ey Xn) la
mot co s6 V, dong thoi

I 1 O 0
I -1 0 0

Cp-p =

]
]
p—
]
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Biéu thic toa do ctia ¢ trong co sé B’ ¢6 dang

q(X)= 2611296/12 — 26112)6;2 + Z aijxlfx;-
ij=2
X1
v6i [X] g =
x.’
Vay v6i phép bién d6i 5.6, truong hop 1 c6 thé dua vé truong hop 2.

Truong hop 2: Cé it nhit mot a;; # 0 véi i nao dé thude tap
{1,2,...,n}.

Khong mét tong quat, gia sit a1 # 0. Khi do,

n
q(X) = 6111)6% + 2a12x1x2 + ...+ 2a1nx1xn =+ Z ajjXiXx;
i,j=2

2
ain ain ain ain
=a | x7 +2x; (—xz ot —x, |+l x4+ ...+ —x,
ar an ai an

2

ain A1n n

—dii (—Xz 4+ ...+ —Xn + Z a,-jxixj
an ar i,j=2

2
a2 ain aiz ain

=an(+ —x2+ ...+ —x)>—anu| —x2+ ...+ —x, | +
ag an ail ag

n
D aijXiX;
i,j=2

Dét )\,1 =d1 va

a a
Yy =x1+ L4+ 2x,
, aig ai
Yy = X2
Vi = x3 (5.7
y;/1 = Xn

Khi d6 dang toan ¢ c6 thé viét lai dudi dang

q(X) = 11)’/124—% (V2 300 '0) (5.8)
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v61

2 n
a2 a
Q1 (¥ V3e s n) = —an(aﬁ + .t iyé) + Y ayyy

i,j=2
Bién d6i 5.7 vé dang
o a2 , di13 adin
X1=V1——— Vo= V3= o=V
, aii ai ail
X2 = Yy
X3 = yé (5.9
— /
Xn = Y,

Phép bién d6i 5.9 c¢6 thé viét lai duéi dang ma tran nhu sau

a ain
X1 1 —ﬁ —ﬁ Y1
X 0 1 ... 0 v
Xn o o ... 1 yn

Ta thay ma tran ctia phép bién déi 5.9 1a khong suy bién vi c6 dinh
thic bang 1. Do do, hé vector

ain ais Ain
PIZ XI’XZ_ X15X3_ Xl»---’Xn_ Xl
agl ai agl

12 co s& cia V, dong thoi

1] —412 _ain

a;ip ar
1 0
CB—)PI = : .
0 0 1

Biéu thtc toa do ctia ¢ trong co sé P; c6 dang 5.8.

Tiép tuc thuat toan trén, sau t6i da n budc ta sé dua dang toan
phuong ¢ vé dang chinh tac.

Vi du 5.17. Cho ¢ la dang toan phuong trén R? xac dinh béi

q(X) = xf + 3X§ + 6x§ + 2x1X3 + 2xX1X3 — 2X2X3
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voi X = (x1, X2, X3).
Pua dang toan phuong ¢ vé dang chinh tic bing phuong phap La-
grange va xac dinh mot co sé g—chinh téc.
Giai. Ta bién déi ¢ nhu sau
q (X) = [Xlz + 2x ()Cz + )C3) + (Xz + X3)2] + 2x§ —4x,x3 + S)C%
= (X1 + X2 4 x3)% + 2x2 — 4x,x3 + 5x2

Ta thuc hién phép d6i bién

Y1 =X1+x2+x3 X1 =Y —Yy— V3
Yy =X &1 X2=Y) (5.10)
yé = X3 X3 = J’é

Phép d6i bién 5.10 c6 thé viét dudi dang ma tran nhu sau

X1 1 -1 -1 yi
X2 |=10 1 0 Y5
X3 0 0 1 Y5

Do d6, trong co s6 P; = ((1,0,0), (—1,1,0), (—1,0, 1)) biéu thic toa do
cua ¢ co6 dang
q (X) =y} + 25 — 4ypy}s + 5957 (5.11)
v6i [XTp, = (¥] ¥, ¥4 )
Ta tiép tuc bién d6i biéu thic 5.11
a(0) =y +2(5” = 20505 +987) + 3047
=y +2(vh — »5)” + 357

Thuc hién phép dsi bién

Y =n yi =/
Vi ==Yy & Ya =y, +y3 (5.12)
V5 =5 Y3 = Y3

Phép d6i bién 5.12 c6 thé viét dudi dang ma tran

Vi 100 yY
y» | =10 11 V5
V5 0 0 1 V3
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Khi d6, trong cd s6 P, = ((1,0,0),(—1,1,0),(=2,1, 1)) biéu thic toa
do cua g c6 dang

g (X) =) +2004)° +3(v%)° (5.13)
voi [X1p, = (] ¥5 %)

Biéu thtc 5.13 ¢6 dang chinh tic nén thuat toan diung & day, co s6
g—chinh téc 14 ¢ s6 Ps. [ |

Nhan xét 5.6. Vi du 5.10 c6 thé dudc gidi ngan gon theo cach sau:
Bién d6i dang toan phuong ¢ vé dang

g (X) =x343x3 4 6x3 + 2x1x2 + 2x1x3 — 2X2X3
= [x? + 2x1 (x2 + x3) + (x2 + X3)2] + 2x3 — 4x2x3 + 5%5
=1+ x2+x3)2 42 (x2 — 2xpx3 + x3) + 3x3
= (X1 4+ X2 + x3)% + 2(xp — x3)> + 3x2

Ta thuc hién phép ddi bién

Y1 =X+ X2+ X3 X1 =y1—y2—2y3
V2 = X2 — X3 <y X2=Y2+t Y3 (5.14)
Y3 = X3 X3 = )3

Phép d6i bién 5.14 c6 thé viét dudi dang ma tran

X1 I -1 2 Y1
X5 = 0 1 1 y2
X3 0 O 1 y3

V6i phép bién ddi 5.14, dang toan phuong g sé c6 dang chinh téc
q (X) = y? 4 2y2 + 3y2 va co s6 g—chinh téc chinh 1a ¢ s6 P,.

Vi du 5.18. Cho ¢ la dang toan phuong trén R? x4c dinh béi
g (X) = 2x1x2 + 4x1x3 — 8xpx3

voi X = (x1, X2, X3).

Pua dang toan phuong g vé dang chinh tic bing phuong phap La-
grange va xac dinh mot co s§ g—chinh tic.
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Giai. Trudc hét, ta thuc hién phép d6i bién

X1 =21+ 2, X1 1 1 0 Z1
Xop = Z1—Zp <=2 X2 = 1 -1 0 Zy
X3 = Z3 X3 0 O 1 Z3

V6i phép doi bién trén thi dang toan phuong ¢ c6 biéu thic
q(X) = 22% — 22% —4z1z3 + 122525 (5.15)
trong d6 [X]p = (z1 z2 z3 ):P. = ((1.1,0),(1,—1,0), (0,0, 1)).
Ta bién d6i biéu thic 5.15 vé dang

q(X) =222 —2z3 —4z1z35 + 122,23
=2(z} — 22123 + z3) — 2 (23 — 62223 + 922) + 1623
= 2(z; — 23)* — 2(z5 — 323)> + 1623

Thuc hién phép dsi bién

Y1 =121—17I3 Z1=)y1t )3
Vo = Zp — 323 = Zy = Y2 + 3y3 (516)
V3 =23 z3 = )3
Viét duéi dang ma tran phép d6i bién 5.16
Z1 1 01 V1
z, |=101 3 V2
Z3 0 01 V3

V6i phép d6i bién 5.16, dang toan phuong ¢ sé ¢6 dang chinh tic

q (X) =2y —2y3 +16y3

va o 86 g—chinh tac 1a P, = ((1,1,0), (1,—1,0), (4, -2, 1)). n
Phuong phap Jacobi

Cho V 1a khéng gian vector n chiéu, ¢ 14 dang toan phuong trén V. Gia
st biéu thiic toa do ctia ¢ trong cd s6 B = (X1, X», ..., X,) c6 dang

q(X) =anxi+anxs+...+amx>+2 Z aijXiX;

1<i<j<n
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X1

4o X2

Xn

Pinh nghia 5.5. Cho ma trén A = (aij)n € M,(R). Khi do, cdc ma
tran Ax = (a;j)r v6i 1 <k < n dugc goi la cac ma tran con chinh cua
ma trdgn A.

DPinh ly 5.6. (Dinh ly Jacobi) Néu det Ay # 0;Vk = 1,n thi ton tai
mét co sé P ctia V sao cho biéu thicc clia dang toan phuong q trong
co sé P c6 dang chinh tdc

g (X) =det A;y? + j%jjy% et dj(tat—AI::yg
Y1
vii [X]p = | 7
"

Nhan xét 5.7. Co s6 P cua khong gian vector V thoa Dinh ly 5.6 dugc
xac dinh nhu sau:

( I ¢ c31 ... Cn—1)1 Cn1 \
0 1 C32 ... Cm-1)2 Cn2
0 0 1 coo Cn—1)3 Cp3
Cpsp=1 . . : .
o 0 0 ... 1 Cn(n—1)
\ o 0 0 ... 0 1

trong do

coadet Agi_ay
Cij = (—1)l+]M;l 5] <i<nm
detAi_l
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v6i A;—1); 1a ma trén con cua A tao béi cac dong thu 1,2,...,i —1 va cac
cottht1,....j—1,7 +1,....1.

Vi du 5.19. Cho ¢ la dang toan phuong trén R3 xac dinh bdi
q(X) = xf + 2x§ + 3x§ + 2x1X5 + 2x1X3 + 4x2x3

voi X = (x1, X2, X3).

Pua dang toan phuong g vé dang chinh tic bang phuong phép Jacobi
va xac dinh mot cd s6 g—chinh tac.

Gidi. Ma tran cia dang toan phuong ¢ trong co s6 chinh tic
1 11
gl=11 2 2
1 23
Ma tran [¢] c6 ba ma tran con chinh
A=ia = )4 =1
1 — y 412 — 1 2 y 13 — q

Ta thay det A, = 1;det A, = 1;det A3 = 1 déu la cac s6 khac khong
nén phuong phap Jacobi st dung dudc.

Ap dung Pinh 1y 5.6, ton tai co s6 P cia R? sao cho biéu thic cta g
trong cd s6 P ¢6 dang chinh tac

detAz detA3
X) =det A;y? 2 2
q(X) et A1y] +detA1yz+detA2y3
=y +y3+y3
1
V1L [X]p = | »2
Y3

Tiép theo ta can xac dinh co sé P. Theo Nhan xét 5.7 ta c6

I ¢ 31
CE3—>P = 0 1 C3p
0O O 1

trong do
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cen=CDT g T o
det A det( ; ; )
« =0T Azz1 - 1 =0
det A det( i ; )
s on = (T = 1 =
Tu day ta suy ra
1 -1 0
Cpop=|0 1 -1
0 0 1
Do d6 P = ((0,0,1),(0,1,—1),(1,~1,0)). m

Phuong phap chéo héa truc giao

Cho V 1a khong gian vector Euclide n chiéu véi tich vo huéng (.|.) (néu
V = R” va tich v6 huéng khong dudc néi ro thi ta hiéu dé6 1a tich vo
huéng chinh tic), dang toan phuong ¢ trong cd sé B ctia V ¢6 biéu thiic
toa do

q(X) = alle + a22x§ + ...+ annx,f +2 Z aijXiXj

1<i<j<n

X1
. X2
Xn

Theo Pinh 1y 5.5, ludn ton tai cé sé6 P cia V sao cho Cl . plolgChp
la mo6t ma tran chéo (hay dang toan phuong ¢ trong co s6 P c¢6 dang
chinh tic). VAn dé dat ra 1a 1am thé nao dé x4c dinh ma tran Cp_ p (tu
dé xac dinh dudc co s6 P), cac phuong phap Lagrange va Jacobi da giap
ta tra 16i cau hoi trén nhung gio chiing ta sé theo hudng tiép can khac
dua vao khai niém ma tran truc giao.
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Pinh nghia 5.6. Ma trdn A € M, (R) dudc goi la ma tran truc giao
néu AAT = I,. N6i mét cdch tuong duong, ma trén A € M, (R) dudc
goi la ma trén truc giao néu hé vector dong ciia A la mét co sé truc
chudn trong R".

11
Vi du 5.20. Ma trén A = ( */? “{5 ) la ma tran truc giao.
V2 2
1 1
z Y%
Vi du 5.21. Ma trédn A = 0O 1 0 cung la ma tran truc giao.
1 1
= %

Dinh ly 5.7. Cho P va P’ la hai co sé truc chudn ciia khéng gian
vector Euclide n chiéu V. Khi do, cdc ma trdn chuyén co sé Cp_,pr v&
Cp/_p la cdc ma trdn truc giao.

Pinh 1y 5.8. Cho ma trdn A = (a;;), € M,(R). Khi d6, cdc tinh chat
sau la tuong duong:

1. Ala ma trdan truc giao.
2. Akhd nghichva A~ = AT.

3. Hé vector dong ctia A la mot hé truc chudn trong R”.

Vi du 5.22. Tim céc gia tri x, y,z(z > 0) dé ma tran

x
A=10
y

S N O
= O =

la ma tran truc giao.
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Giai. Xét hé vector dong cia ma tran A

P =X =((x,0,x),X,=(0,2,0), X3 = (y,0,x))

Vi 4 12 ma tran truc giao nén hé vector P 1a mot co sé truc chuén
cua R3, do d6

(X1]1X2) = (X2]X3) = (X1|X3) =0
2 2 2
[ X117 = [ X2f]” = | X3]" =1

xy+x2=0

< Wwr=z2=x*>+y?’=1

1 1
Giai hé phuong trinh trén ta dudc (x =—y=—=1z= 1) va
V2 V2

(xz—%;yz%;z:l). n

Tiép theo ta sé tim hiéu clu tric clia ma tran [¢]s, xac dinh mbi
quan hé ctia ma tran [¢]z véi ma tran truc giao dé dan téi thuat toan
can tim. Vi ¢ 1a dang toan phudng nén ma tran [¢]z 12 mot ma tran
thue, d6i xing. Véi cac ma tran déi xing ta c6 mét sd két qua quan
trong sau day :

DPinh ly 5.9. Néu X, Y la hai vector riéng ting véi hai gid tri riéng
khdc nhau ciia ma tran doi xiing A thi (X|Y) = 0.

DPinh ly 5.10. Néu A € M,(R) la mét ma trdan doi xiing thi A chéo
héa dudc. Hon nita, luén ton tai mot ma tran truc giao C sao cho
CTAC la mét ma trén chéo véi cdc phan tiz nam trén duong chéo
chinh la cdc gid tri riéng cua ma tran A.

Nhan xét 5.8. Ta gia sit ma tran [¢]p c6 cac gia tri riéng A1, A,, ..., A
v6i boi tuong ung la ny,n,,...,n,. Vi ma tran [¢]p chéo héa dugc nén

nytny+...+ng=n_
dlmE()L,) :n,-;i = l,k
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Ap dung Pinh Iy 5.9 ching ta ching té dudc cdc khong gian con
riéng E(X;);i = 1,k doi mot truc giao véi nhau. Gia sit cac hé vector
P1, P>, ..., Py lan luot 1a co s6 ctia cac khong gian con riéng E(A;);i =
1. k. Khi do, cac cd s6 Py, P, ..., Py cing d6i mot truc giao véi nhau.

Tién hanh truc chuin héa Gram-Schmidt cac co sé P;;i = 1,k ta sé
dugc cac co s6 tryuc chuéin P/;i = 1, k. Khi d6, hé vector

k
P = UP,/: (Z1,Z3, ..., Zn)
i=1

bao gém céc vector riéng clia ma tran [¢]p dong thoi 1a co s6 truc chuidn
cua khong gian R”.

Do d6, néu ta dat C = ( [Z1] [Z2] ... [Z,]) thi C la ma tran lam
chéo ctia ma tran [¢]p dong thoi 12 ma tran truc giao. Ta suy ra ma tran
CT[q]3C = C'[¢g]zC 1a mot ma tran chéo véi cac phan t& nam trén
duong chéo chinh la cac gia tri riéng caa [¢]p.

Vi C kha nghich nén ton tai co sd P cta V sao cho C = Cp_, p. Khi
d6, ta nhan thay rang P 14 mot co sé g—chinh tic.

Vi du 5.23. Cho ¢ 1a dang toan phuong trén R? xac dinh bdi
q(X)= fo + 2x§ + 2x§ —2X1Xp — 2X1X3 — 2X2X3
vl X = (Xl,XZ,Xg,).
Pua dang toan phudng ¢ vé dang chinh tac bang phudng phap chéo
héa truc giao va tim mot cé sé g—chinh tac.
Giai. Ma tran cta dang toan phuong ¢ trong co sé chinh tac E;
2 -1 -1
ql=1 -1 2 -1
-1 -1 2
Pa thuc dac trung cta ma tran [¢]
Pigy (M) = det (AI3 — [q]) = A(A —3)

Da thuc dac trung Py, (A) c6 hai nghiém A = 0 va A = 3 v6i boi tuong
ung la 1 va 2.
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e Ung véi gi4 tri riéng A = 0, ta x4c dinh khong gian con riéng E(0).

Ta co
—2X1 + X2 + x3 = 0
E0) =< (x1,x2,x3): X1 = 2x 4+ X3 0
X1 + X — 2X3 = 0

= {(0,a,0) : @ € R}

Khong gian con riéng E(0) c6 cd sé la hé vector P; = ((1,1,1)).
Truc chuan héa Gram-Schmidt co sé P; ta dude co sé truc chuan

()

e Ung véi gi4 tri riéng A = 3, ta xac dinh khong gian con riéng E(3).
Ta c6

X1 + x2 + x3 = 0
E@B) =13(,x2,x3):19 x1 + x2 + x3 =
X1 + x2 + x3 = 0

={(-a—p.a,p):a,p R}

)

Khong gian con riéng E(3) c6 co sé 1a hé vector

P, =((-1,1,0),(-1,0,1))

Truc chuin héa Gram-Schmidt co sé P, ta dude co sé truc chuin

() (e %)

Ta suy ra, biéu thiic toa d6 ctia g trong co sé truc chuan

() () o 3)

¢6 dang chinh téc
q (X) = 0y7 4 3y3 + 3y3
b4
véi [X]p =1 »2 | [ |
V3
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5.3 Bai tap chuong 5

Bai tap 5.1. Dua cac dang toan phuong sau vé dang chinh tic bang ca
ba phuong phap (phuong phap Lagrange, phuong phap Jacobi, phuong
phap chéo héa truc giao):

1.

5.
6.

g(X) = 2x1% + 8x1x, + 8x,2.

q(X) = 3x12 4 2x2% + x3% + 4x1x2 + 4x2x3.

g(X) = Tx1? + 10x52 4+ Tx3% — 4x1x5 — 4x2Xx3 + 2X1X3.
q(X) = x1X2 + X2x3 + X1 X3.

q(X) = 6x1% + 3x3% 4+ 3x3% + dx1x5 — 8x3x3 + 4xyx3.

q(X) = x1X2 — X2X3 + X1 X3.

Bai tap 5.2. Cho dang toan phuong ¢(X) = x12 + x22 + 4x32 + 2x1x, +
4x,x3 + 4x1x3. P61 v6i co 86 truc chudn

dang toan phudng trén cé thé dua vé dang chinh tic nao?
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