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1.1 Mot so vi du dan dén bai toan quy hoach
tuyén tinh

V~i du 1.1 (Bai toan lap ké hoach san xuét). Mot trai cua cua cac khic

g6 thanh cac tam van. Cé hai loai van: van thanh pham va van st dung

trong xay dung. Gia su, doi véi:

e Van thanh phim can 2 gis dé cua va 5 gio dé€ bao 10m van.

e Van dung trong xay dung can 3 gio dé cua va 3 gig dé bao 10m
van.



1.1 Mét s6 vi du Trang 2

May cua lam viéc t6i da 8 gid trong ngay, va may bao lam viéc tdi da 15
gio trong ngay. Néu loi nhuén ctia 10m van thanh pham la 120 (ngan
dong), va 1¢i nhuan ctia 10m van xay dung la 100 (ngan dong). Trong
ngay, trai cua phai cua bao nhiéu van méi loai dé 1¢i nhuan l6n nhat?

Giai. Goi x;, x, > 012 ludng van thanh pham va van st dung trong xay

dung.
Loal | panh phém - x, | Xay dung -
Thoi gian anh pham - x; ay dung - x,
Cua 2 3 <8
Bao 5 3 <15
Loi nhuéan 120 100

Tong 1¢i nhuan
z = 120x; 4+ 100x, — max

khi d6 x;, x, théa diéu kién thoi gian 1am viéc may cua
2x1 +3x, <8

va diéu kién vé thoi gian 1am viéc may bao
5x1 +3x, <15

Tém lai can tim x;, x, sao cho

z = 120x; + 100x, — max
V6i cac rang budc
2X1 + 3X2
5X1 + 3X2

x1>0,x2>0

=
=

Vi du 1.2 (Bai toan khau phan #n). Chuyén gia dinh dudng dinh thanh
lap mét thuc don gom 2 loai thuc pham chinh A va B. Ctd mot (tram
gram):

e Thuc phdm A chita 2 don vi chét béo, 1 don vi carbohydrate va 4
don vi protein.

e Thuc pham B chita 3 don vi chat béo, 3 don vi carbohydrate va 3
don vi protein.
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Néu mét (tram gram) thuc phdm A gia 20 (ngan dong) va mot (tram
gram) thuc phdm B gia 25 (ngan dong). Nha dinh dudng mudn thic &n
phai cung cp it nhat 18 don vi chat béo, 12 don vi carbohydrate va 24
don vi protein. Bao nhiéu (tram gram) thuc phdm moéi loai dé c6 gia nho

nhat nhung van cung cap du dinh dudng?

Giai. Goi x1, x, 1an lugt 1a luong thuc phdm A va B.

Loai "
Thanh phan TPZA-x; | TPB-x;
Chat béo 2 3 > 18
Carbohydrate 1 3 > 12
Protein 4 3 > 24
Gia mua 20 25

téng s6 tién mua x;, x, thuc phdm A va B 1a

z = 20x; + 25x, — min

Yéu cau lugng thuc phdm phai dam bao nhu cau chat béo

2X1 + 3X2 > 18
nhu cau Carbohydrate
X1 + 3X2 > 12

nhu cau Protein
4x1 + 3x, > 24

Vay ta can tim x;, x, sao cho

z = 20x; + 25x, — min

V6i cac rang budc

2x1 + 3x, >
X1 + 3X2 >
4x; + 3x, >

X1 >20,x,>0

Vi du 1.3 (Bai toan van tai). Mot nha san xuét c¢6 2 nha may: Mot nha
may 6 Vinh Phic va mét nha may ¢ Binh Dudng. C6 3 kho hang phan
phoi san pham dit 6 Ha Noi, TP. HCM va Can Tho. Nha m&y 6 Vinh

*TP: Thuc pham

2

18
12
24




1.1 Mét s6 vi du Trang 4

phic; Binh Duong, ¢6 kha nang cung cip t6i da 100; 140 tAn méi tuan.
Luong cau ciia cac kho ¢ Ha Né6i, TP. HCM va Can Tho lan ludt tit 100;
60 va 80 tan trd 1én. Chi phi van chuyén (tram ngan) mdi tan cho nhu
bang bén dudi. Héi can van chuyén bao nhiéu tdn hang héa tit nha san
xuat dén cac kho hang é Ha Noi, TP. HCM va & can tho dé chi phi nhé
nhat nhung van dép tng da nhu cau?

Tram thu Ha Noi TP. HCM | Can Tho
Tram phat W;:100 W,:60 W5:80
Vinh Phic-Q,: 100 5 7 9
Binh Duong-0,:140 8 7 10
Gidi. Goi x;; 1a lugng hang van chuyén tit tram phat thidi;i = 1,2 dén

tram thu thid j; j = 1,2, 3. Tong chi phi van chuyén
Z=X11+X12+ -+ X23 — min
Tram phat thi phat hét hang va tram thu thi nhan da hang:

Tram phat 1 phat hét hang
Tram phat 2 phat hét hang
Tram thu 1 thu du hang
Tram thu 2 thu da hang
Tram thu 3 thu di hang

X11 + X12 + x13 = 100
X21 + X2z + x23 = 140
X11 +X21 = 100

X12 + X220 = 60

X13 + Xp3 = 80

Vay ta can tim x;; sao cho

Z=X11+X12+ -+ X3 — min
V6i cac rang budc

X11 + X12 + x13 = 100

X21 + X22 + Xo3 = 140

X11 + X1 = 100

X12 + X22 = 60
X13 + x23 = 80
Xij >0 1= 1,2;j =1,2,3
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1.2 Cac dang bai toan quy hoach tuyén tinh

1.2.1 Dang tong quat

Tu cac vi du muc bai toan quy hoach tuyén tinh dang tdng qudt
dudc phat biéu nhu sau:

Z = C1X1 + CaXy + -+ + ¢px, — max (hay min) (1.1)
V6i cac rang budc

anx; + apxa + - 4+ amx, <()(=) b
a1Xy + apx; + -+ 4+ aymx, = (>)(=) b.2 (1.2)
AmiX1 + amaXa + -+ + AmpXp, = (Z)(:) bm

e Ham tuyén tinh (I.I) goi 14 ham muc tiéu.

e Hé bat phuong trinh, bat phuong trinh tuyén tinh (T.2) goi 14 cac
rang budc. Ve trai caa cac rang budc la cac ham tuyén tinh véi
X1, X2, ..., X, la cac bien so.

1.2.2 Dang chuan

Ta néi bai toan quy hoach tuyén tinh c6 dang chudn néu né cé6 dang
nhu sau:

Z = C1X1 + C2Xp + -+ + ¢pXx, — max, (hay min) (1.3)
V6i cac rang budc

anx; + apxy + - 4+ awx, = b

Clzl')C1 + azz'XQ + -+ Clz,fxn < b'z (14)

am1X1 + Am2X2 + -+ AmnXn = bm
x;>0,j=1,2,....n (1.5)
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1.2.3 Dang chinh tac

Ta néi bai toan quy hoach tuyén tinh c¢é dang chinh t&dl néu né c6 dang
nhu sau:

z = c1X1 + Cax3 + -+ 4 X, — max, (hay min) (1.6)
V6i cac rang budc

ainxy —+ aipxy + -+ aipx, = b1

a21'x1 + Clzz'xZ + - + Clz,fxn = b2 (17)

AmX1 + amaXo + -+ AmaXp = bm
x;>0,j=12,....,n (1.8)

Vi du 1.4. Nhan dang cac bai toan quy hoach tuyén tinh sau:

a. z = 3x; + 2x, — min
V6i cac rang budc
{ 2x1 + X <
3xy — 2x, < 6
X1 = 0, Xy = 0
Cé dang chuan.
b. z = 2x; + 3x, + 4x3 — max
V6i cac rang budc

3x1 + 2x5 — 3x3 < 4
2x1 + 3x, 4+ 2x3 < 6
3x¢1 — Xp + 2x3 > =8
x1>0,x,>0,x3 >0
C6 dang téng quath.

C. z =3x1 +2x, + 3x3 — 2x4 — max
V6i cac rang budc

2X1 + 6X2 + 2X3 — 4X4 = 7
3X1 + 2.X2 — 5X3 + X4 = 8
6X1 + 7.X2 —I— 2X3 + 5X4 E 4

xX1>20,x>0,x3>0,x4>0

Cé dang tong quat.

TM6t s6 sdch c6 dinh nghia khac vé dang chuén va dang chinh tic. Cac ban can doc
ky dinh nghia khi tham khao cac tai liéu khéac.

1C6 thé dé dang chuyén sang dang chinh tic bang cach nhan hai vé rang budc thi
3 vii —1
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d. z = 2x; + 5x5 + x3 + X4 + 4x5 — min
V6i cac rang budc
{ 3x1 + 2x2 — X3 + 2xs
4x; + 5x + 3x3 4+ 2x4 =7
X1 >0,x,>0,x3>0,x4 >0,x5 >0

C6 dang chinh téc.

I
n

e. z = 2x; + 5x, — max

V6i cac rang budc

3X1 + 2X2 < 6
2X1 + 9X2 < 8
X1 = 0

Cé dang tong quat.
f. z =2x; +3x, - min
V6i cac rang budc
2xl + Xy — X3 = 4
3x1 + 2x2 4+ x3
X1 — X3 = 6
X1 = O, Xy = 0

Cé dang tong quat

Il
oo

Chu y. Bai toan tim gia tri nhé nhéat ciia ham muc tiéu c6 thé viét
thanh bai toan tim gia tri 16n nhat cia ham muc tiéu va ngudc lai bang
quan hé:
n n
machjxj = —min —chxj (1.9)
J=1 Jj=1
tuong duong
maxz = —min(—z) (1.10)

Do d6, khéng mat tinh tdng quat trong phan Iy thuyét ta chi phat biéu
bai toan tim gia tri 16n nhat ham muc tiéu (maxz). Bai toan tim gia
tri nhé nhat ham muc tiéu (min z) thi c¢6 thé s dung (L.10) dé chuyén
sang bai toan tim gia tri 16n nhat ciia ham muc tiéu .

Vi du 1.5. Chuyén céc bai toan quy hoach tuyén tinh tim max ham
muc tiéu thanh tim min ham muc tiéu hay ngudgc lai

a. z = 2x; + 3x, + 4x3 —> max
V6i cac rang budc
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3X1 + 2.X2 — 3X3 < 4
2x1 + 3x, + 2x3 < 6
3X1 — X, + 2X3 > -8

X1 = 0,)62 ZO,X:; ZO
b. z = 3x; + 2x, — min
V6i cac rang budc
2x; + xp <
3x7 — 2xp, < 6
x1>0,x,>0

Giai.
a. Bai toan trong cau a tudng dudng véi

—z = —2x; —3x, —4x3 — min

V6i cac rang budc

3X1 + 2X2 — 3X3 < 4
2X1 + 3X2 + 2X3 < 6
3X1 — Xy + 2X3 > —8

x1>0,x2>0,x3>0

b. Bai toan trong cau b tuong duong véi

—z = —3x1 — 2Xx, > max

V6i cac rang budc
2x; + x» <
3X1 — 2X2 < 6

x1>0,x3>0

1.3 Chuyén bai toan quy hoach sang dang
chinh tac

1.3.1 D3i chiéu bat dang thic cua cac rang budc
Néu ta nhan hai vé ctia bat phuong trinh

kixy + kaxo + -+ kyx, > b
v6i —1 ta dude bat phuong trinh

—k1x1 —kaXa — - —kpXy < —b
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Vi du 1.6. Chuyén bai toan quy hoach tuyén tinh sau sang dang chuén:

z = 2x1 + 3x, + 4x3 —> max
V6i cac rang budc

3X1 + 2X2 — 3X3 < 4
2x1 4+ 3xp, 4+ 2x3 < 6
3X1 — X, + 2X3 > -8

x1>0,x2>0,x3>0
Giai. Ta nhan rang budc thi ba
3x1 — x5 +2x3 > —8
v6i —1, ta c6 bai toan quy hoach dang chuén tuong duong:

z = 2x1 + 3x, + 4x3 > max
V6i cac rang budc

3X1 + 2.X2 — 3X3 < 4
2x1 + 3x, + 2x3 < 6
13y + xp — 2x3 < 8

xX1>20,x>0,x3>0

1.3.2 Bién khong rang budc

Ta biét, mot s6 bat ky chinh 1a hiéu cta hai s6 khong am. Gia st x j
khong c6 rang budc khong am, ta c6 thé thay x; bang hai bién X7 =0
va xX; = 0 sao cho

+

Xj=X; =X

V6i cach nay, ta c6 thé chuyén bai toan khong cé rang budc khong am
thanh bai toan c¢6 rang buoc khong am
Vi du 1.7. Chuyén bai toan quy hoach tuyén tinh sau sang dang chuén
z = 2x1; 4+ 5x, - max
V6i cac rang budc

3X1 + 2X2 < 6
2X1 + 9X2 < 8
X1 = 0

e} day dau +, — trong x}', Xy khong thé hién s6 16n, s6 bé ma chi 1a x;.r 1 s6 trir va
X7 12 s6 bi tru.



1.3 Chuyén bai toan quy hoach sang dang chinh tic Trang 10

Gidi. Bién x, khong c6 rang budc khong am. Dt x, = x;7—x5, (x5, x5 >
0) bai toan quy hoach tré thanh:

z = 2x; + 5xf —5x; — max
V6i cac rang budc
3x1 4+ 2x5 — 2x;
2x; + 9xF — 9x5

X1 20,x;' >0,x, >0

IATA
o

1.3.3 Chuyén dang chuin sang dang chinh tac
Xét rang budc thit i trong bai toan quy hoach tuyén tinh dang chuin
ai1X1 + ainxo + -+ + AinXy < b; (1.11)

Ta c6 thé chuyén rang buéc (I.11) dang bat phuong trinh thanh phuong
trinh bang cach thém vao bién phu x,.; >0

a1 X1 + airXn + -+ AinXn + Xn+i = bl‘ (112)

Bai toan quy hoach tuyén tinh dang chuin chuyén thanh dang chinh
tac ¢6 dang nhu sau:

Z =C1X1 + CpXp + -+ + Cp Xy, — Max

V6i cac rang budc

anxy + -+ 4+ amXn + Xnpt1 = by

axy + -+ + dXp + Xn42 = b

aAmX1 + -+ + AmaXy + Xnd+m = bm
xlZoa---’xnzoaxn—l—lZO’---axn—l—mZO

Vi du 1.8. Chuyén bai todn sau sang dang chinh tic

z = 120x; 4+ 100x, — max
V6i cac rang budc
2x1 + 3x;
5x1 + 3x;

x1>20,x,>0

=
=



Trang 11 Chuong 1. Giéi thiéu quy hoach tuyén tinh

Gidi. Ta thém hai bién phu x3 > 0 v& x4 > 0 vao rang budc thi nhat va
tha hai thi dudc bai toan quy hoach dang chinh tac nhu sau:

z = 120x; + 100x, — max
V6i cac rang budc
{ 2x1 + 3x2 4+ x3 = 8
5x1 + 3x; + x4 = 15
x; >0, j=1,...,4

Vi du 1.9. Chuyén céc bai toan quy hoach tuyén tinh sau sang dang
chinh tac

a. z = 3x; + 2x, — min
V6i cac rang budc
2x1 +  x2

3X1 — 2X2

IATA
o)

x1>20,x2>0

Giai. Ta thém vao hai an phu x; va x4. Bai toan c6 dang chinh tac

z = 3x; + 2x, — min
V6i cac rang budc
2x1 + X2 + X3 =
3x1 — 2xy + x4 = 6
Xx; >0, j=1,...4

N

b. z = 2x; + 3x, + 4x3 — max

V6i cac rang budc

3X1 + 2X2 — 3X3 < 4
2X1 + 3X2 + 2X3 E 6
3X1 — X, + 2X3 > -8

X1 >0,x2>0,x3>0
Giai. Cong hai an phu x4, x5 vao rang budc 1 va 2, riéng rang budc
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thi 3 trit 4n phu xe. Bai toan ¢6 dang chinh tic

z = 2x1 + 3x, + 4x3 —> max
V6i cac rang budc

31 4+ 2xp — 3x3 + x4 = 4
2X1 —I— 3X2 + 2X3 + X35 = 6
3X1 — Xy + 2X3 — X = —8

x; >0, j=1..6

C. z =3x1 +2x5 + 3x3 — 2x4 — max
V6i cac rang budc

2X1 + 6)C2 + 2X3 — 4X4 =7
3X1 + 2.X2 — 5X3 + X4 = 8
6X1 + 7.X2 —I— 2X3 + 5X4 E 4

X1 >0,x2>0,x3>0,x4>0

Giai. Thém an phu x5 vao rang budc thit 3
z = 3x1 + 2x5 4+ 3x3 — 2x4 — max
V6i cac rang budc
2x1 + 6x2 4+ 2x3 — 4dx4 = 7

3x1 4+ 2x2 — 5x3 4+ x4
6x1 + Txo 4+ 2x3 + 5x4 + x5 = 4

x; >0, j=1,...5

Il
S

d. z = 2x; + 5x, - max
V6i cac rang budc

3X1 + 2.X2 < 6
2X1 + 9X2 < 8
X1 = 0

Gidi. Bién x, khong c6 rang budc khong am. Thay x, = x; — x;
bai toan quy hoach tré thanh:
z = 2x; + 5xf — 5x; — max
V6i cac rang budc
3x1 + 2x5 — 2x5
2x1 + 9x5 — 9x;

X1 20,x; >0,x, >0

IA TA
o
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Thém hai 4n phu x3, x4

z =2x; + 5x5 —5x, — max

V6i cac rang budc
31 4+ 2% — 2x; + X3 = 6
2x1 + 95 — 9x5 + x4 = 8

x1>0,x5 >0,x; >0,x3>0,x4>0

e. z =2x; + 3x, — min

V6i cac rang budc

2X1 + X2 — X3 = 4
3X1 + 2X2 + X3 = 8
X1 — X2 = 6

x1>0,x3>0

Gidi. Bién x, khong c6 rang budc khong am. Thay x, = xJ — x5
bai toan tuong duong véi
z =2x1 4+ 3x5 —3x; — min

V6i cac rang budc

261 + x5 — x; — x3 = 4
3x; + 2x5 — 2x; + x3 = 8
X1 o— X, X5 = 6

x1>0,x3>0,x7>0,x, >0

1.4 Dang ma tran cua bai toan quy hoach
Xét bai toan quy hoach dang chuin:

Z =C1X1 + CaXp + -+ + Cp Xy, — Max

V6i cac rang budc

anxi + apxa + -+ aixx, =< b
X1 + amxa + -+ 4+ amx, =< by
adm1X1 + Ama X2 + o + AmnXn S bm

x;j>0,j=12,...,n
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Pat
ayp diz2 -+ dip X1 by C1
dzy dzzx -+ dap X2 by (&)

A= . . . x=1 . |:b= . |ie=
Am1 Am2 *°° Amn Xn bm Cn

Ta c6 thé viét bai toan quy hoach trén thanh dang ma tran:
z = ef'x — max
V6i cac rang budc
Ax <b
x>0
Vi du 1.10. Viét bai toan quy hoach tuyén tinh sau duéi dang ma tran.
z = 120x; 4+ 100x, — max
V6i cac rang budc

2x1 4+ 3x, <
=<

5x1 + 3x;

x1>20,x2>0

Giai. Dat

(2 3\ (x1\. __ (120)
A= (53) x=(0) =) v

Bai toan bay gic la tim x sao cho

(15

z =ef'x — max
V6i cac rang budc
Ax <Db

x>0
1.5 Phuodng an chap nhan dudc
DPinh nghia 1.1 (Phuong 4n chap nhan dudc). Vector x € R” théa tat

cd cdc rang budc ciia bai todn quy hoach tuyén tinh dudc goi la phuong
an chap nhdn duoc.
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Vi du 1.11. Cho bai toan quy hoach tuyén tinh:

z = 120x; + 100x, — max
V6i cac rang budc
{ 2x1 + 3x;

=<
5x1 + 3x, <

X1 >20,x,>0

va cac phuong an:

ao(2) () == () == (2)

Phuong 4n nao la phudng 4n chap nhan dugc?

Gidi. Rang buoc dudc viét lai

5 3()=(5)

Ta xét 1an lugt cac phuong anx; > 0,i = 1,...,4.

G)6)=()=(s)

Vay x; 1a phuong an chap nhan dudc.

530 =(5)=(5)

Vay x, 1a phuong an chap nhéan dudec.

5 396)=6)20)

Vay x; khong 1a phuong an chip nhan dudgc.

e V6i phuong an x;

e V6i phuong an x,

e V6i phuong an x;
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e Vii phuong an x4

5 3E) =62 ()

Vay x, khong 1a phuong 4n chap nhan dudc.

Pinh nghia 1.2 (Phuong 4n t6i uu). Phuong dn chdp nhan dudc lam
cho ham muc tiéu cé gid tri lén nhat (neu la bai todn max) hay nhé nhat
(néu la bai todn min) thi dudc goi la phuong an toi uu.

1.6 Y nghiahinh hoc cua bai toan quy hoach
tuyen tinh

Trong phan nay ta xét dén phuong phap giai bai toan quy hoach tuyén

tinh bang hinh hoc. Phuong phap hinh hoc chi giai nhiing bai toan

quy hoach tuyén tinh hai hodc ba bién. Tuy nhién, y nghia cia phuong

phap nay cho ta y tuéng dé xay dung thuat toan cé thé giai dudc bai
toan nhiéu bién hon sé dudce trinh bay trong chuong 2l

1.6.1 Phuong phap d6 thi giai bai toan quy hoach
tuyeén tinh
Vi du 1.12. Giai bai toan quy hoach tuyén tinh

z =4x 4+ 3y — max
V6i cac rang budc

x + y =< 4
5« + 3y < 15
x>0,y>0

Giai. Tap cac phuong an chap nhan duge nhu hinh[I.1b. Ham muc tiéu
dudc viet lai
y=-4/3x+z/3 (d)

trong d6 (d) 12 mot dudng thang song song véi y = —4/3x va cét truc
tung tai z/3.

Ta nhan thiy z — max khi va chi khi z/3 — max. Nhu hinh 1.2k, dé
tang gia tri z/3 ta tinh tién duong (d) theo phuong ctia dudng thang
y = —4/3x sao cho dudng (d) van cit tap chip nhan dudec OABC.
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y y

4 KA

B
2 .
C |
of s 4w
Hinh a Hinh b

Hinh 1.1: Tap phuong an chap nhan dudc vi du

y y
z/3
4 A 4
2~‘ 2
N N
vz/3
Il C \\\(d)l Il
I NENE R ICINEIE
:—4/3x :—4/3x
Hinh a Hinh b

z/3 — max khi va chi khi (d) di qua B(3/2;5/2). Vay phuong an t6i uu

Hinh 1.2: Biéu dién ham muc tiéu vi du

x =3/2,y =5/2va gia tri ham muc tiéula z = 27/2.
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Vi du 1.13. Giai bai toan quy hoach tuyén tinh

z =2x + 5y — max
V6i cac rang budc

—3x + 2y < 6
x + 2y = 2
x>0,y>0

Giai. Tap cac phuong an chip nhan dude nhu hinh[1.3b. Tap cac phuong

5*y —3x+2y=6 5*y

41 4 +

3 3
4 s

I N

xX+2y=2
Hinh a Hinh b

Hinh 1.3: Tap cac phuong an chip nhéan dudc vi du

an chip nhan dudc ctia bai toan quy hoach tuyén tinh nay 1a tap khong
bi chan. Ham muc tiéu dudc viet lai

y=-2/5x+z/5 (d)
D6 thi caa (d) 1a dudng thang song song véi dudng
y =-2/5x

va cat truc tung tai z/5.

Ta nhan thay z — max khi va chi khi z/5 — max. Nhu hinh dée
tang gia tri z/3 ta tinh tién duong (d) theo phuong ctia dudng thang
y = —2/5x sao cho dudng (d) van con cét tap chip nhan dudc.

z/5 — +oco khi ta tinh tién (d) huéng lén theo phuong ctia y = —2/5x.
Vay bai toan khong c¢6 phuong an tdi uu



Trang 19 Chuong 1. Giéi thiéu quy hoach tuyén tinh

7

AN

~N
2
/5*
Hinh 1.4: Biéu dién ham muc tiéu vi du

1.6.2 Tinh chét ctaa tap phuong an chap nhan duge

Pinh nghia 1.3 (Poan thang). Poan thdng néi hai diém x, va x, dudc
dinh nghia

xeR'x=Ax; + (1 - A)x,, 0<A<1} (1.13)
Theo d6, néu A = 0 ta c6 x,, va néu A = 1 ta ¢6 x,. Nhitng diém thuoc
doan thang véi 0 < A < 1 dudc goi 1a cac diém trong cta doan thang,

va X; va X, dudc goi la diém bién cta doan thang.

X1 e

X=ix F (0=, © X

Hinh 1.5: X1, X5 12 hai diém bién, x 1 diém trong

Dinh ly 1.4. Cho x, va X, la hai phuong dn chdp nhdan dudc ciia bai
todn quy hoach tuyén tinh, va x = Ax; + (1 — V)x,,0 < A < 1 la diém
thuéc doan nbi hai diém x; va x,. Khi do:

i. x cting la phuong dn chdp nhdn dugc.
ii. Nbuce'x; =e’x, thie’x = ¢Tx, = e¢Tx,.
iii. Néu ¢Tx; < eTx, thi ¢Tx < ¢T'x,.
Chitng minh. Gia st bai toan quy hoach tuyén tinh c¢é rang budc

a’x < b. Vi x, va x, 12 hai phuong an chap nhan dudc cho nén a’x; <
bvaa’x, <b.

b
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i. Véix = Ax; + (1 — 1)X,,0 < A < 1 thudc doan néi hai diém x, va x,
ta co
al’x=al Ax; + (1 -21)x,)
= )\,aTxl + (1 — )L)asz
<Ab+({1-1M)b<b
Do x théa rang budc cho nén x ciing 1a phuong an chap nhan dudc. Vay
ciac diém thudc doan noi hai phuong 4n chip nhan dudc ciing 1a céac
phuong an chap nhan dudc.
ii. Theo i), x 14 phuong an chip nhan dudc, gia tri ham muc tiéu
c’'x=cl Ax; + (1 —1)x,)
= lePx; + (1 -21)elx,
= CTX2 = CTX1
iii. V6ix = Ax; + (1 —1)X,,0 < A < 1 thudc doan ndi hai diém x, va x,,
ta co
c’'x=c? Ax; + (1 —)xy)
= )\,CTxl + (1 — A)CTXZ
<deTx, + (1 - V)elx, =c'x,
Tut dinh Iy nay, xét tap cac phuong an chip nhan dudc 1a doan thang
noéi béi hai diém x;,x, thi mot diém bién cé gia tri ham muc tiéu 16n
nhat va diém bién con lai ¢ gia tri ham muc tiéu nhé nhat. O
Vi du 1.14. Xem lai bai toan quy hoach nhu vi du[1.12]trang[16]
z =4x 4+ 3y — max
V6i cac rang budc

x + y =< 4
5« + 3y < 15
x>0,y>0

a. Ta thay xT = (1/2:2),x! = (2:1/2) 1a phuong 4n ch4p nhan dudc va
diém x thudc doan nbi hai diém x,, x,. Diém x dinh béi
2

X:AX1+(1—A)X2, AZE

ciing 14 phudng an chip nhan dudc, xem hinh [I.6k.
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y
4 k4
z/3
24k
X
1X2C
x 0 N x
Hinh b

Hinh 1.6:

b. Cho hai phuong 4an chap nhan dude x7 = (1/2;7/3) va x! = (2:1/3)
c6 cung gia tri ham muc tiéu la (z/3 = 3), thi phuong an x thudc doan
noéi hai diém x;x,. Piém x dinh béi
2
Xx=Ax;1+(1-A)x,, A= 3

cling cung gia tri ham muc tiéu la (z/3 = 3), xem hinh [1.6b. O
DPinh nghia 1.5 (Tap 16i). Tap S € R" dudc goi la tap 16i néu véi hai
diém phdn biét bat ky x, va X, thudc S thi doan néi hai diém x; va x,
ciing nam trong tap S.

Vi du 1.15. C4c tap con ctia R? trong hinh 1.7/ 14 c4c tap 16i. Cac tap
con cua R? trong hinh [1.8 khong phai 1a tap loi. O

Pinh ly 1.6. Tap tat cd cdc phuong dn chap nhan dude S = {x|Ax =
b.x > 0} ciia bai todn quy hoach tuyén tinh dang chinh tdc la mot tap
16i.

Chitng minh. Goi x;,x, € S 1a hai phuong an chip nhan dudc, theo

dinh 1y [1.45 thi
X =Ax; + (1 —1)x,

ciing 14 phuong chap nhan dudc, hay x € S. Vay S 1a tap 16i. O

1.7 Phuong an cuc bién

Pinh nghia 1.7 (T6 hop 16i). Diém x € R” la t6 hop loi clia r diém
X1,Xq,...,X, trong R” néu téntai)tl,)tz,...,)tr >0,A1+Ar+--+A, =1
sao cho X = A1X; + ArXp + -+ + A, X,.

\ 0
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C
D C
E .
A B B
(a) (b)
y

y

(c)

X
L L—x _—

X, X1 X1
./ \ X, \. X,
X

(d) (e) ®
Hinh 1.7: C4c tap 16i

(a) (b)

Hinh 1.8: C4c tap khong phai tap 16i

(c)

Dinh ly 1.8. Tap chita tdt cdc t6 hap Lo clia hitu han cdc diém trong R"
la mot tap loi.

Chitng minh. Goi S 1a tap chia tit ca cac t6 hop 16i cta r diém

X1, X1q,...,X, trong R”. Léy X,yeS

X =MX; + A%+ + A, X, Z)ti =1, A;,>0

Y=MXi+ %+ + A%, Y A=1 1;>0
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Piém thuodc doan nbi hai diém x,y c6 dang
z=Ax+(1-A)y
= ((M1 F AL = AADE + A+ A, —AA)K + -+ (AA, + AL — A)L;)xr>

A r 4 /7 /7 /7
Tathay ) AL, + A, —AA, =1, Ad; + A, —AA; >0,vayze S.Suyra §
i=1
1a tap 1oi. O

Pinh nghia 1.9 (Diém cuc bién cta tap 16i). Piém x thudc tap 16i S
dugc goi la diém cuc bién ciia S néu x khong la to hop 16i cua hai diém
cua S khdc x.

Hinh 1.9:

Vi du 1.16. Tap 16i nhu hinh [.9} cac dinh A, B,C, D va E caa da giac
14 diém cuc bién. O

Nhén xét. Tit dinh nghia diém cuc bién ctia tap 16, ta thay diém x € S
14 diém cuc bién néu mét doan thang bat ky trong S chita x thi x 1a
diém bién.

Dinh nghia 1.10 (Phuong 4n cuc bién). Piém cuc bién ciia tdp cdc
phuong dn chép nhdn dudc con goi la phuong dn cuc bién.
1.7.1 Thanh lap phuong an cd ban chip nhan

Trong phan nay ta sé két hop y tuéng ctia phuong phap hinh hoc va
phuong an cuc bién dudce trinh bay trong phan va [L7 dé giai bai
toan quy hoach tuyén tinh bang céng cu dai so.



1.7 Phuong an cuc bién Trang 24

Do phuong an cuc bién rat khé xdc dinh bang phuong phap hinh hoc
khi bai toan quy hoach cé tit ba bién tré 1én. Cho nén trong phan nay
t61 sé trinh bay phuong phap dai s6 dé tim phuong an cuc bién. Céac
khai niém dugc trinh bay trong phan nay 12 nghiém co ban, phuong
an cé ban chip nhan dudc, phuwong an cuc bién. Dé c6 thé dinh
nghia phuong an cd ban, trudc hét ta xét bai toan quy hoach tuyén tinh
dang chinh téc

z =c¢'x — max (1.14)

V6i cac rang budc
Ax=Db (1.15)
x>0 (1.16)

Trong d6 A 1a ma tran cAp m x n, ¢ € R”, va b € R”. Pit cac cot ciia ma
tran Ala A, A,, ..., A,. Rang budc (1.15) dudc viet thanh

X1A; + A, + -+ x,A, =b (1.17)
Khong mét tinh tong quat, ta gia st:
e Thi nhatlam < n.
e Thit hai 12 ma tran A c¢6 m dong doc 1ap tuyén tinh. Nghia }é hang
cua A la m, khi do6 trong n cot ctia A sé c6 m cot doc lap tuyen tinh.
Nghiém co ban caa Ax =b
Nghiém co ban cua Ax = b dudc xay dung nhu sau:

@)) Chonﬁl tap B gom m cot A, Ay,. ..., Ay, doclap tuyén tinh ctia A
(Chon co s6 cho R™).

(2) n —m bién tuong tng véi cac cot con lai cho bang khong.
(3) Phuong trinh Ax = b dudc viét lai
X1A1 +X2A2+"'+XnAn =b (118)

Trong dé A; 1a cot thit i ctia A. Pat ky., ko, . .., ki, 12 chi s6 cac bién
khong cho bang bang khong. Hé phuong trinh (1.18) dudc viét gon

Xi Ak, + X1, Ak, + -0+ Xk, Ar, = b (1.19)

hé nay c6 m phuong trinh, m 4n c6 duy nhat mét nghiém.

9S8 c6 nhiéu nhat C;" tap B
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(4) Nghiém cta hé nay két hop véi n — m thanh phan ta cho bing
khong 6 trén dudc goi la nghiém co ban ciia Ax = b.

Vi du 1.17. Cho hé phuong trinh tuyén tinh bén 4n nhu sau

X1 + X2 + X3 = 4
5X1 + 3X2 + x4 = 15

Tim tat ca nghiém co ban ctia hé phuong trinh.

Giai. Lan ludt xét cac truong hop:
Truong hgp 1. Chon B = {A; A,} dinh thuc

I 1

5 3= 2

|A1i4z| =

Cho x3 = x4 = 0, ta ¢6 hé phuong trinh

X1 + Xy = 4
5X1 + 3X2 = 15

Heé nay c6 nghiém x; = 3/2;x, = 5/2. Vay xI' = (3/2;5/2:0;0) 1a
mot nghiém co ban.

Truong hgp 2. Chon B = {4;; A3} dinh thic

Ayids| = ; (1)' — _5 £ 0 (T dbc lap tuyén tinh)
Cho x, = x4 = 0, ta ¢6 hé phuong trinh
X1 + X3 = 4
5x4 = 15

Hé nay c6 nghiém x; = 3;x;3 = 1. Vay xI = (3;0;1;0) 1a mot
nghiém co ban.

Truong hgp 3. Chon B = {A; A4} dinh thuc

1 0

s 1| =1#0(T doclap tuyén tinh)

|A1:Aq] = ‘

Cho x, = x3 = 0, ta ¢6 hé phuong trinh
X1 = 4
5X1 + x4 = 15
Heé nay c6 nghiém x; = 4;x4 = —5. Vay xI = (4;0;0; —5) la mot

nghiém co ban.
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Truong hgp 4. Chon B = {4,; A3} dinh thic

Ayids| = ; (1)' — _3 £ 0/(T doc 1ap tuyén tinh)
Cho x; = x4 = 0, ta ¢6 hé phuong trinh
X2 + X3 = 4
3x; = 15

Heé nay c6 nghiém x, = 5;x3 = —1. Vay x} = (0;5;—1;0) 1a mot
nghiém co ban.

Truong hop 5. Chon B = {A4,; A4} dinh thuc

Ayidy| = '; (1’ — 3 £ 0 (T déc lap tuyén tinh)
Cho x; = x3 = 0, ta ¢6 hé phuong trinh
X2 = 4
3x2 + x4 = 15

Hé nay c¢6 nghiém x, = 4;x, = 3. Vay xI = (0;4;0;3) 1la mot
nghiém co ban.
Truong hgp 6. Chon B = {43; A4} dinh thic

I 0
0 1

Cho x; = x, = 0, ta ¢6 hé phuong trinh
X3 = 4
X4 = 15
Hé nay c¢6 nghiém x; = 4;x, = 15. Vay x! = (0;0;4;15) 1a mot
nghiém co ban.

|A3:A4] = ' =1 # 0 (T doc lap tuyén tinh)

Trong mot nghiém co ban bat ky, n — m bién c6 gia tri cho bang khong
dudc goi la bién khong co ban, va m bién giai dude goi la bién co
ban.

Chu y. Nghiém co ban la nghiém cua hé phuong trinh Ax = b nén né
khong can phai thoa diéu kién x > 0, va do d6 nghiém cd ban khong
nhat thiét phai 13 phuong an chip nhan dudc ctia bai toan quy hoach
tuyén tinh. (1.14), va (1.16).

DPinh nghia 1.11. Cho x” = (xy,x,,....x,) la phuong dn chdp nhdn
duogc clia bai todn quy hoach dang chinh tac. Tap B = {A; : x; > 0}
dudc goi la hé vector lién két.
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Phuong an cé ban chiap nhan dudc

Pinh nghia 1.12 (Phuong 4n co ban chap nhan dudc). Xét bai todn
quy hoach tuyén tinh dang chinh tdc cé tdp cdc rang budc S = {x|Ax =
b,.x > 0}, nghiém co ban cua Ax = b thoa diéu kién x > 0 duodc la
phuong dn co ban chdp nhdan dugc.

Vi du 1.18. Tim tat ca cac phuong an cé ban chip nhan dudc ctia

z =4x1 + 3x, —> max
V6i cac rang budc
X1 + X2 + X3 = 4
5x1 + 3x; + x4 = 15
x; >0, j=1,...,4

Giai. Theo vi du ta c6 nghém co ban cia Ax = b va phuong an co
ban chap nhan dudc cho nhu bang bén dudi:

Nghiém cd ban Phuong an cd ban cnd
x!I' = (3/2,5/2;0;0) | xI' = (3/2;5/2;0;0)
x!' = (3;0;1;0) xI' = (3;0;1;0)

x! = (4;0;0; —5)
xI' = (0;5;—1;0)
xI = (0;4;0;3) x! = (0;4;0;3)

x! = (0;0;4;15) xI' = (0,0;4;15)

1.7.2 Thanh lap phuong an cuc bién

Pinh ly 1.13. Gid st m cét cia A, duge ky hiéu Ay, Ayg,, ..., Ay, la doc
lap tuyen tinh va

Xk, Ax, + XAk, + 0+ Xk, Ax, = b (1.20)

va xg;, >0,Vj =1,2,...,m. Khi do phuong dn co ban chép nhdn dudc
xI = (Xk,+ Xkps - - -2 Xk,,» 0,0, ...,0) la phuong dn cuc bién.

Chitng minh. Dé dang ta c6 x 1a phuong an chap nhan dugc ctua bai
toan quy hoach tuyén tinh (I.14), va (1.16).
Gia st x khong 14 diém cuc bién cta S. Khi d6 x 1a diém trong ctia mot
doan thudc S. Nghia 1a c6 hai diém phan biét u,v € S khéc x va sb
A,0 < A < 1saocho

x=Au+ (1-A)v (1.21)
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Trong do
uT:(ukl,ukz,...,ukm,ukm+l,...,ukn)20
va
vT:(vkl,vkz,...,vkm,vkm+1,...,vkn)20
Tu (1.21) ta c6
= — <j<
W oo T2 a0 am

Béi viug,,vx, vad,1—2lacac s6 duong cho nén ug, = 0vavg, =0véi
i =m+1,...,n.ula phuong an chap nhan dudc nén

Ui Ak, + U, A, + -+ up,Ag, =b (1.23)

Lay tru cho (1.23) ta dudc

(X, — Uk ) Ak, + (X, — Uky) Ak, + -+ (X, — Uk, )Ax, =D
Béi vi Ay, Ag,, ..., Ay, doclap tuyén tinh nén

Xk; = Vk;, Vi<j<m
hay x = u, suy ra gia st x # u la sai. Vay x 1a diém cuc bién caa S. O
Nhan xét. Chiing minh x = (x;;...; x,) 12 phudng 4n cuc bién:
¢ Kiém x 12 phuong an chap nhan dugc.

e Dit hé vector lién két B = {A,|x; > 0}, trong d6 A; 1a cac vector
cot cua A.

e Néu B doc 1ap tuyén tinh thi x 14 phudng an cuc bién. O
Vi du 1.19. Chitng minh x” = (1;2;3;0) 1a phuong an cuc bién ctia
z = —4x1 + 3x, + 7x3 + 8x4 — min
V6i cac rang budc
3X1 + 3X2 —I— 4X3 —I— 5X4 = 21

7x1 — X2 + X3 + 6X4 = 8
2xXx1 — X 4+ 5x3 4+ 2x4 = 15

x; >0, j=1,....4

Giai. xT = (1;2;3;0) 1a phuong an chip nhan dudc
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e Vixy, x;,x3>0néntaxét B ={A;A,; A3}.

e Lap dinh thic

3 3 4
2 -1 5
nén x’ 12 phudng an cuc bién. O

Dinh nghia 1.14. Phuong dn cuc bién ciia bai todn quy hoach tuyén
tinh dang chinh tic duoe goi la khéng suy bién néu sé thanh phan
duong ciia né la m. Néu s6 thanh phan duong it hon m thi goi la phuong
dn cuc bién suy bién.

DPinh 1y 1.15. Néu x” = (x;.x,....,x,) la phuong dn cuc bién ciia tdp
cac phuong an S = {x|Ax = b, x > 0} thi cdc cit cua A tuong ung x; > 0
déc lap tuyén tinh.

Chung minh. Goi Ay, Ay,,..., Ay, 1a [ cft caa A dng v6i x;, > 0.
Phuong trinh (I.17), Ax = b dudc viét lai:

)CklAk1 + xszkz + -+ xklAkl =b (1.24)

Ta can ching minh rang Ay, Ay,.... A, 1a doc lap tuyén tinh. Ta
ching minh bang phan ching, gia st chung khong doc 1ap tuyen tinh.
Nghia la ton tai ¢ = (¢, ¢a,...,cx) # 0 sao cho

C1Ak1 + CzAk2 + -+ CkAkl =0 (1.25)

Nhan (1.25) véi hing s6 d > 0, dau tién ta cong két qua véi (1.24)
ta dugc phuong trinh (1.26), sau do6 ta tru ket qua véi (1.24) ta duge
phuong trinh (1.27).

(xkl + dcl)Ak1 + ()Ck2 + a'Cz)Ak2 + -+ (xk, + dckz)Akl =b (1.26)
()Ck1 — dCI)Ak1 + ()Ck2 — dcz)Akz 4+ o4 (xk, — dckz)Akl =b (1.27)

Bay gio ta chon hai diém trong R”,
vl = 0,0,...,0,xk, +dcy, Xk, +dca, ..., Xk, + dck)

N

va
w! = 0,0,...,0,xk, —dcy1,xk, —dca, ..., Xk, —dck)

Béi vi d 1a hang s6 duong bat ky, ta chon nhu sau:

Xk,
0<d<min—-, ¢; #0
i el
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Véi cach chon d nhu trén, ta thay k thanh phan sau ctua v, w 1a céc sb
duong. Mac khac, tu (1.26) va (1.27) ta cing c¢6 v, w la phuong an chap
nhan dudc. Nhung ta lai c6

1 -l—l
X=-V+ —-w,
2 2

trai véi gia thiét ban dau x 1a diém cuc bién. VAy gia st k cot cubi cta
A khong doc lap tuyen tinh la sai. O

Hé qua 1.16. S6 phuong dn cuc bién ciia tip phuong dn chdp nhdn
duoc S = {x|Ax = b,x > 0} la hitu han.

Chitng minh. Béi vi s6 hé c6 m vector cot doc 1ap tuyén tinh 1a hitu han,
nén theo dinh ly thi so phuong an cuc bién cua S la httu han. [

Hé qua 1.17. Sé thanh phan duong clia mét phuong dn cuc bién tbi da
lam.

Chung minh. Theo dinh ly cac cot cua A tuong tng véi cac thanh
phan duong ctia phuong an cuc bién x € S 1a doc 1ap tuyén tinh trong
R”. Nhung khong thé c6 nhiéu hon m vector doc lap tuyén tinh trong
R™. Vay hé qua da dudc chiing minh. O

Dinh ly 1.18. x la phuong dn cuc bién cia S = {x|Ax = b,x > 0} khi
va chi khi x la phuong dn co ban chdp nhdn dudc.

Vi du 1.20. Tim tat ca cac phuong an cuc bién ciia

z =4x; + 3x, > max
V6i cac rang budc
X1 + X2 + X3 = 4
5x1 + 3x; + x4 = 15
x; >0, j=1,....,4

Giai. Tu dinh ly ta thay phuong an cé ban chap nhan dudc chinh
la phuong an cuc bién. Theo vi du ta c6 két qua:
1.7.3 Tim phuong an t6i vu tir phuwong an cuc bién

DPinh 1y 1.19. Néu bai todn quy hoach tuyén tinh dang chinh tdc cé
phuong dn toi vu thi sé co6 mét phuong an cuc bién la phuong dan toi vu.



Trang 31 Chuong 1. Giéi thiéu quy hoach tuyén tinh

Phuong an co ban cnd | Phuong an cuc bién
x!I' = (3/2;5/2;0;0) x!I' = (3/2;5/2;0;0)
xI' = (3;0;1;0) xI' = (3;0;1;0)

x3; khong phai
x4 khong phai
xI = (0;4,0;3) xI = (0;4,0;3)

x! = (0;0;4;15) x! = (0;0;4;15)

Nhén xét. Nho dinh Iy [[.19, néu ta chiing minh dudc bai toan quy
hoach tuyén tinh dang chinh tic c6 phuong an téi uu, thi né sé cé
phuong an cuc bién 1a phuong an t6i uu. Trén day ta c6 thé tim dudc
tat ca cac phuong an cuc bién (vi sé6 phudng an cuc bién 14 hitu han theo
hé qua). Do dé trong sb cac phuong an cuc bién vira chi ra, 1an lugt thi
tung phudng an ta dudc phuong an t6i uu. O
Dinh ly 1.20. Néu tip phuong dn ciia bai todn quy hoach tuyén tinh
dang téng qudt khéng réng va la mét da dién 10i thi bai todn sé ¢ it
nhdt mét phuong dn téi uu la phuong dn cuc bién.

Dinh 1y 1.21. Diéu kién can va du dé bai todn quy hoach twyén tinh
dang chinh tdc c¢é phuong dn tbi uu la tdp cdc phuong dn khong réng
va ham muec tiéu bi chdn trén (néu la bai todn max) hodc bi chdn dudi
(néu la bai todn min).

Vi du 1.21. Tim phuong 4n t6i uu cia

z =4x; + 3x, —> max
V6i cac rang budc
{x1+ X2 4+ x3 = 4
5x1 + 3x2 + x4 = 15
x; >0, j=1,...4

Giai. Tu hé cac rang budc ta co6

X1 <4 N Xy <4
va
X1<3 X2<5

suy ra x; < 3,x, < 4 va ham muc tiéu bi chan trén béi 27, do d6 bai
toan c¢6 phuong an toi vu la phuong an cuc bién. Trong vi du ta da
tim dudc tat ca cac phuong an cuc bién:
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Phuong an cuc bién | Gia tri z
x!I' = (3/2;5/2;0;0) 27/2

xI' = (3;0;1;0) 12
x! = (0;4;0;3) 12
xI = (0;0;4;15) 0

Vay phuong an t6i uu la (3/2;5/2;0;0).

1.8 Bai tap chuong 1
Bai tap 1.1. Bang phuong phéap hinh hoc gii bai toan quy hoach tuyén
tinh

z = —4x; + 3x, — min

V6i cac rang budc

X1 + x2 < 6

2X1 + 3X2 > 6

X1 — X, < 2
X1, X2 = 0

Pap an: Phuong an tbi vu x7 = (4;2) gia tri ham muc tiéu z = —10.

Bai tap 1.2. Cho bai toan quy hoach tuyén tinh:

z = =2x1 + 6x5 +4x3 — 2x4 + 3x5 —> max
V6i cac rang budc
X1 + 2X2 + 4X3 = 52
4X2 + 2X3 + Xy = 60
X1 + 3X2 + X5 = 36

x; >0, j=1..5
Chitng minh x” = (0;34/3;22/3;0;2) 1a phuong an cuc bién.
Bai tap 1.3. Cho bai toan quy hoach tuyén tinh
Z = X1 + 2x5 + 2x3 — min
V6i cac rang budc
X + X2 = 6
2X2 + X3 = 8

x;j >0, j=12,3
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a. Tim tat ca cac phuong an cuc bién.
b. Tim phuong an t6i uu.

Pap an:

a. Phuong 4n cuc bién x7 = (2;4;0); xI = (6;0;8)
b. Phuong an t6i uu x” = (2;4;0)



Chuong 2
Phuong phap don hinh

Muc luc chuong 2

2.1 Phuong phap don hinh cho bai toan dang
chinh tac c6 san ma tran don vi

2.1.1 Phuong phap don hinh

Nam 1947, nha toan hoc George Bernard Danzig dua ra phudng phap
don hinh, y tuéng co ban ctia phuong phép 1a bat dau xét tit mét phuong
an cuc bién ban dau (phuong an cé ban chap nhan dudc), ta xem né ¢
12 phuong an t6t nhat hay chua, néu chua 1a phuong an t6t nhat ta lan
luot xét dén cac phudng an cuc bién lién ké sao cho lam tang gia tri
ham muc tiéu. Qua trinh tién hanh dén lic thu dude phuong an t6i uu
hoac gia tri ham muc tiéu khong htru han. Phuong phap don hinh c6
bon buéc:

Budce 1. Thanh lap moét phuong an cuc bién.

Budc 2. Xét xem phuong an cuc bién hién hanh da 1a phuong an tbi uu
hay chua bang dau hiéu toi uu (xem tiép trang [52). Néu phuong



Trang 35 Chuong 2. Phuong phap don hinh

an cuc bién nay 1a phuong an t6i wu thi két thic. Ngudc lai, néu
bai toan c¢6 phuong an mdi tot hon (xem tiep trang thi sang
budc 3.

Budc 3. Xay dung mot phuong an cuc bién méi sao cho gia tri ham
muc tiéu 16n hon hoac bang gia tri ham muc tiéu cua phuong an
cuc bién truéc do.

Buéc 4. Quay vé buédc 2.

Ta xét bai toan quy hoach tuyén tinh dang chinh tic nhu sau:

z =c1Xx1 + Caxp + -+ + cpx, — max (2.1)

V6i cac rang budc

Aixy +Ayx; + -+ Apx, =D (2.2)

x;>0,j=1,...,n 2.3)

Gia st c¢6 phuong an cuc bién x c¢6 m thanh phan duong 1a xi,.. .., xx,,
(cuc bién khong suy bien) va hé vector co sé lién ket1a B = {Ay,;...; A, }-

Ta dat
B = (Aklf---EAkm);cB = (ckl;...;ckm);xB = (Xkys -3 Xk,,)

Biéu dién cac cot ctia hé cac rang budc2.5theo co sé B, ta dudc hé rang
budc tuong duong

[Ax, 18 Xk, + [Ak,)s Xe, + - + [A, 1B Xk, + - + [Ak, 8 Xk, =1 [b]s
—— —— N—— —— ——

B B B B B
AP AP AZ AB b

Bai toan dudgc viét lai:

Z = Ck, X1 + CikyXky + - + Ck,, Xk, + -+ + Ck,Xk, — Max (2.4)
V6i cac rang budc

A,f] Xk, + A,fzxkz + -+ A]fmka + -4 Afnxkn = b? (2.5)

x;>0,j=1,...,n (2.6)

*[Ak; |5 1a toa do ctia cot Ay, theo co s6 B
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Bai toan dudc viét tudsng minh nhu sau
Z = Ck, Xk, + CkyXky + *++ + Ck,, Xk, + *++ + Ck, Xk, — Max 2.7
V6i cac rang budc
Xk, +a1ky i Xy T+ A1k, Xk, = by
Xk +ask,, Xk, + 0+ A2k, Xk, =b
2 2km+1 +1 ' 2 2 (2.8)
Xk Tmkpyir Xk T+ Amky Xk, = bm
Xk, 20,j=1,....n 2.9

trong d6 0 < b.
Chu y.
° A/?/ =B A, vab® =B'b.

° A,f,,j =1,...,m la cac vector don vi.
J

2.1.2 DAu hiéu t6i wu

Trong phan nay, ta sé tim hiéu diu hiéu dé€ biét mét phuong an cuc bién
c6 la phuong an toi uu hay khong. Trude het, ta nhan rang budc thi i

cho ¢,, cac rang budc tré thanh:

Chy 1 0 (ki@
Ol st Y s | e
0 Chp 1 \Ckm Amkm+1

(cxa,
n Ckzé'lzkn
\ Chy Ay

LAy tong ctia m rang budc & trén ta dudc

ka+1 +

Xn:

Cklbl
Ck2b2

Ckmbm

(cB;Algl )kal 4+ (cB;A,fm)ka + (CB;A£m+l>ka+1 +

+ (c®; Al \xi,

chuyén vé trai ctia [2.11] qua vé phai ta dudc

(e?:b%) — (¢ Al Yxi, — - — (e® AL Vi,

B. AB
_ (c ’Akm+l>ka+l

(c?:b")

— e <cB;A£n)xkn =0

(2.10)

(2.11)

(2.12)
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cong ve trai cua[2.12 vao ham muc tiéu[2.7] ta dudc

7z = (cB;bB)—((cB;A,fl) — Ck,) Xk,

Ak,
B. AB B. AB
—((c ,Akz)—ckz)xkz—---—((c 7Akm)_ckm)ka
Ak2 Akm
B. AB B. AB
_ ((c ’Aka) — ckm+1) Xy — - — ({€ JAE ) — Chy) Xk
Akm+1 B

trong do
A, = (cB;A,fl) —ck, = (1;0;...;0)(ckys Chos = 3 Ckyy) — Chey = 0

tuong tu ta c6 Ax, = Ag, = -+ = Ay, = 0. Vay ham muc tiéu[2.7] tuong
duong véi
zZ = (CB;bB) _Akm+1ka+1 —---—Aknxkn (213)

Nhéan xét. A; = 0v6imoi j € {ky;...;km}.

DPinh 1y 2.1 (D4u hiéu tbi vu ctia bai todn max). Cho x la phuong dn
cuc bién co hé vector cd sé lién ket don vi cua bai toan dang chinh tac.
NeuO<Ag,.j=1,...n thi x la phuong an toi uu.

Chitng minh. Do 0 < Ay, j =1,...n va theo2.13]ta c6

z = (e b%) = Ag,y Xkpyy — = Ak, Xk, < (eDF)
suy ra x 1a phudng an t6i vu. O
Vi du 2.1. Cho bai toan quy hoach tuyén tinh

z =5x1 — X — 19x3 — 16x4 — max
V6i cac rang budc

X1 + X, + 2X3 — 3)C4 = 5
2X1 — X2 + X3 + 5X4 = 2
—3X1 + 4X2 + 7X3 — 8X4 = 9

x; >0, j=1,....4

Chtng minh x7 = (25/13;64/13;0; 8/13) 1a phuong an cuc bién, t6i uu
cua bai toan da cho.

Giai. Ta can ching minh hai diéeu:
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Chitng minh x7 14 phuong an cuc bién
Xét hé vector lién két B = {A;; A,; A,}. Pinh thic

I 1 =3
-3 4 -8

B doc lap tuyén tinh, cho nén x” 13 phuong an cuc bién.

Ching minh x’ 1a phuong an tbi vu:

P& dung dude dau hiéu tdi vy, ta can biéu dién cac vector cot theo co s6
B. Nghia la rang budc tuong duong

X1 + ?X3 =
X2 + ?X3
—I— ?X3 —I— X4 =

viéc nay c6 nghia la ta di giai tim x;; x»; x4 theo cac bién con lai. Hé céc
rang budc tuong duong

X1 + 7/13X3 = 25/13
Xy + 46/13X3 = 64/13
9/13x;5 + x4 = 8/13

Diat e? = (c1;¢2:¢4) = (5;—1;—16), ta tinh

—c1=(5;-1;-16)(1;0;0)—5=0
—c=(5-1-16)(0; ;00— (-1) =0
—c3=(5—1;-16)(7/13;46/13;9/13) — (—19) = 92/13
—c4=(5:—1;-16)(0;0;1) — (—=16) =0

Do moi 0 < A; nén phuong 4n cuc bién x 1a phuong 4n t6i wu. O

2.1.3 Thanh lap phuong an cuc bién méi

DPinh ly 2.2 (C6 phuong 4n méi t6t hon). Gid sit ton tai cét Ay, ngodi
hé vector co sé lién két don vi,ve{m+1;...;n},saocho Ax, <O0:

i. Néu trén cot A,fv moi phan ti déu nhé hon hay bdng 0 thi bai
todn khong cé phuong dn tbi uu.
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ii. Néu trén cot A7 ton tai ajx, > 0 thi ta cé thé tim dudc moét
phuong dn cuc bién mdi tbt hon x.

Chung minh. Ham muc tiéu dudc viét lai

zZ = (CB;bB) — Akm+1ka+1 — s — Akuxku — s — Akn'xkn — max (214)
Phuong an hién thoi ¢6 xi,,,, = -+ = X, = -++ = Xk, = 0. Ta nhan thay

¢6 thé tim phuong 4n méi t6t hon bang cach ting gia tri cia Xk, sao cho
phuong an méi van thoa rang budc

Xk, = b1 —aik, Xk, >0

Xg; = b; — ik, Xk, > 0 (2.15)

Xk = bm — Amic, Xk, > 0

i. Viajr, <0,v=1,...,m va theo[2.15

Xk, = bl/alku; hay Xk, th_y }/7 khi Ak, = 0

Xk, > bi/air,; hay xi, tuy y khi a;x, =0

Xk, = bm/amk,; hay xi, tuy y khi api, =0

do d6, c6 thé chon x;, 16n mot cach tuy y va khi d6 z — +oo hay bai
toan khong c6 phuong an toi uu.
ii. Do ton tai air, > 0 nén gia tri x;, phai thoéa

) b; b,
0 < xk, <min DAk, > 0 =
Aik, Ark,
r , 4. ,
ta chon x;, = , phuong an méi c6 dang
Ark,
X =(Xpys oo Xk 3 Xhy s Xhyp g s o+ o3 Xyt Xy 15 - 3 Xkys + - -3 Xk )
=(b1 — A1k Xky: - -3 Dr—1 = Qr 1k, Xiy; 0 b1 — Ar 14y Xy s
0;...5%k,;...30) (2.16)
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Tiép theo, ta chiing minh x 14 phudng an cuc bién tét hon phuong an
x. That vay, hé vector co s6 lién ket mdéi

{Aks A Ak Ag A,

L
doc 1ap tuyén tinh, hay x' 14 phuong an cuc bién. Mat khac

7 = (cB;bB) — Ap,xx, > (cB:bB) =
Vay x 14 phuong an cuc bién méi t6t hon x O
Nhan xét. Do ham muc tiéu

B.1,B
z = <c ,b )_Akm+1ka+1_"'_Aknxkn — max

nén khi c6 nhiéu A; < 0 ta s& chon sao cho —A ;x; 16n nhat. Tuy nhién,
ta thuong chon A; am nhat (nghia la s6 am c6 tri tuyét doi 16n nhat).

Vi du 2.2. Cho bai toan quy hoach tuyén tinh

z = —7x1 + 26x, — 9x3 — max
V6i cac rang budc
X1 — 2Xx» = 5
- X2 4+ x3 =7
x; >0, j=12,3

a. Chiing minh x” = (5;0;7) 1a phuong an cuc bién.
b. Ching t6 x” 1a phuong an cuc bién t6i vu ctia bai toan.

Giai.
a. x’ = (5;0;7) la phuong an chap nhan dudc. Xét hé vector lién két
B ={A;; A3}

c6 dinh thuc

. I 0

Vay B doc 1ap tuyén tinh, suy ra x7 1a phuong an cuc bién.
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b. Cécrang budc da c6 san hé vector lién két don vi {A; A3} ctia phuong
an cuc bién x. Ta dat ¢® = (¢;;¢3) = (=7; -9), va tinh dudc

Ay =0
Ay =( B§A2)—02 =3
Az =0

Do ¢6 A, < 0 nén phuong an cuc bién x” = (5;0; 7) khong la phuong an
toi uu. O

2.2 Bang don hinh

Bang don hinh ¢6 dang nhu sau:

B B B B B
B cB bB Akl Akm Akm+l Akv Akn
Chk, Ch,y Ckm+1 Ck, Ck,
Ak] Ck, bl 1 0 alkm+1 Ak, aik,
<« Ak,~ Ck, br 0 e 0 arkm+1 e (arku) e ark,
Akm ckm bm O O amkm+1 amkv amkn
z min Ak1 Akm Akm+1 Akv Akn

Bang 2.1: Bang don hinh

Chu y. Trong bang don hinh:
e B 1a hé vector co sé lién két ctia phudng an cuc bién hién thoi.
e Cot A,fv tuong tng A, vao co sé lién két dudc goi 1a cot xoay.

e Dong c6 chi sb cung véi chi sb véi cot ra khoi hé vector co s6 lién
ket goi 1a dong xoay.

e Phan ti nam trén dong xoay va cot xoay goi 1a phan tit truc.

Tém tat thuit toan don hinh

Pé bat dau dudce véi thuit toan don hinh thi cic rang budc phai ¢ san
hé vector co s6 lién két don vi (ma tran don vi) va 0 < b.

N
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Budc 1: Chon vector vao c6 s6 lién két. Néu min {Ak,; Ak, <0} =
Ay, thi vector Ay, 1a vector mdi vao co sé lién két, sang budc 2.
Ngudc lai, néu A, > 0v6imoi j thi phuong an cuc bién hién thoi
12 phuong an t6i uu, thuat toan két thic.

Budc 2: Chon vector ra khéi ¢ sé lién két. Trong budc 1 da xéac dinh
dudc Ay, 1a vector mdi vao co sé lién ket.

e Néu a;;, < 0véimoii thibai toan khong c6 phuong an tbi uu,
thuat toan ket thuc.
e Néu c6 air, > 0, ta tinh

r

Ark,

b,
ik, > 0} =

min {
Aik,

vector A, ra khéi co s6 lién két.

Budéc 3: Lap bang don hinh mdi. H

e Xac dinh phan ti truc a,, .
e Chia dong chita phan ti truc cho phan ti truc.
e Cac phan ttt dong i cot j khac cia bang dudc tinh

Aik; dik,

ark, drk, [ark, = (aikjarkv —a,kja,-kv) Jark, (2.17)

aikj -

e Tinh lai Ay, = (cB;A,fi) — Ck; -
Vi du 2.3. Giai bai toan quy hoach sau:

z =4x; + 3x, —> max
V6i cac rang budc
X1 + x3 =
5x1 + 3x, < 15
x;j>0,j=12

Pay chinh 1a phép khit Gauss - Jordan



Trang 43 Chuong 2. Phuong phap don hinh

Gidi. Ta chuyén sang dang chinh téc:

z =4x1 4+ 3x, > max
V6i cac rang budc
X1+ x2 4+ x3 = 4
5x1 + 3x; + x4 = 15
x;>0,j=1,....,4

Buéc lap thi nhit. Phuong 4n cuc bién ban dau x7 = (0;0; 4;15) ¢6
hé vector co s6 lién ket don vi B = {A3; A4}. Bang don hinh ctia phuong
an xuat phat x

A¥ AP AP AP

B B
B |e” | b%—7 3 0 0
A, 0 4 1 1 1 0
A, 0 |15 5 3 0 1
max A -4 -3 0 0

trong d6 ¢® = (c3;¢4) = (0;0). Ta tinh dugc:

A3 :A4 =0
Ay =(cP;AT) —c1 = (0;0)(1;5) — 4 = —4
Ay =(e®:AZ) —c, = (0;0)(1:3) -3 = -3
z=(cB;bB) =0
O day do ¢6 A, A, < 0 nén phuong an cuc bién hién thoi khong la

phuong an t6i uu.
Xac dinh vector méi vao hé vector co sé lién ket.

vay vector lién két méi A;. .
Xac dinh vector ra khoi hé vector co sé lién ket. Ta lap ty so

. | b 4 15 15 b,
miny—:a;; >0y == — = — = —
a1l 1 5 5 asy

vay A, 1a vector ra khéi hé vector cd s6 lién két. Hé vector co s lién két
méi B = {As; A} vac® = (c3:¢1) = (0;4).
Bang don hinh cho phuong an mgi

B
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AP AP AP A7

B B
B |e” | b% — 3 0 0
A, [0 ?
A | 4
max

Chia dong chita phan ti truc cho phan ti truc, nghia 14 chia dong 2 cho
5 ta dudc

T AT AT AT A7
B |e” | b% — 3 0 0
A, [0 ?

A |43 1 385 o 15

max

cac a;; khac dudc tinh dua vao bang truédc bang cong thiic

Aik; Qik,
Ark; Qrk,

ajx;, = ark, = (aik;ark, — ark,aik,) /ark,
cu thé phan t& 6 6 (?) dudc tinh nhu sau:

11
:(5) =(x5-1x3)/5=2/5
B) 3

tinh tuong tu cho cac g;; con lai ta duge

AP AP AP AP
B B 1 2 3 4
B | e” | b” —7 3 0 0

A; | 0] 1 0 2/5 1 -1/5
A | 4] 3 1 3/5 0 1/5
max

Tiép theo ta tinh A

Az =A; =0

Ay =(eB;AB) — ¢, = (0:4)(2/5:3/5) —3 = -3/5

Ay =(eBAB) — ¢, = (0:4)(—1/5:1/5) -0 =4/5
z =(cB;b8) = (0;4)(1;3) = 12
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Chuong 2. Phuong phap don hinh

s|lnwe| A A A A7

B | e” b7 —7 3 0 0
A, 0 1 0 2/5 1 -1/5
A, 4 3 1 3/5 0 1/5
max A 0 -3/5 0 4/5

Bude lap thi hai. Do ¢6 A; < 0 nén phuong 4n hién thoi x7

(3;0: 1;0) khong 1a phuong an t6i wu. Ta chon cot A, 1a cot méi thay
cho cot A; trong hé vector co s6 lién ket. Bang don hinh mdéi lam tuong

tu nhu budc trén, ta dudc két qua sau:

Bl | AT A7 A7 A7

B |e” | b% —4 3 0 0
A, | 3 |52 0 1 5/2 -1/2
A, 4 | 3/2 1 0 -3/2 1/2
max A 0 0 3/2 1/2

Moi 0 < A; nén phuong 4n cuc bién hién thoi x” = (3/2;5/2;0;0) la

phuong an t6i vu. Gi4 tri 16n nhat ctia ham muc tiéu 1a 27/2.

Vi du 2.4. Giai bai toan quy hoach tuyén tinh

z =2x1 — 3%, + X3 > max

V6i cac rang budc

X1 — 5X2 + X3
3X1 + 2X2 — 2X3
4x, + X3

x; >0, j=1273

Gidi. Chuyén bai toan sang dang chinh téc:

z = 2x1 — 3X2 + X3 > max
V6i cac rang budc

X1 — S5x3 + X3 + x4
3X1 + 2X2 — 2X3 +
4X1 + X3

X; >0, j=1,...6

IATATA

15
20
10

O

15
20

X6 10

Ta c6 phuong an cuc bién ban dau x7 = (OEO; 0;15;20; 10) va hé cac
vector co s6 lién két don vi B = {A4; As; Ag}. Ung véi hé vector lién két

B
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nay, ta diat ¢® = (c4;c5;¢6) = (0;0;0). Ta c6 bang don hinh cho phuong
an cuc bién nay nhu sau
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Bl AT A7 AF A7 A7 A7
Bl | = —3—1 0 0 0
A, 0|15 1 -5 1 1 0 0
As 0 |20 3 2 -2 0 1 0
Ag 0 |10 4 0 1 0 0 1
max A -2 3 -1 0 0 0

Vicé A; < 0 nén phuong 4n hién thsi khong 1a phuong 4n t6i vu. Ta
chon vector A, la vector méi vao hé vector cd sé lién ket thay cho vector
A¢. Bang don hinh méi:

T2 (AT AT AT AT AT A
B e b" ——9—3 06 0 o0
A, (0252 0 5 34 1 0 -4
A- |0 |252] 0 2 114 o 1 -3/4
A 2|52 1 o 14 o0 o 14
max AT 0 3 12 0 0 12

Vicé A; < 0 nén phuong an hién thoi khong 1a phuong an téi uu. Ta
chon vector A; la vector méi vao hé vector co sé lién lién ket thay cho
vector A;. Bang don hinh méi:

i Tya Al AT AT AT AT AT
B |e® b i —g—3 0 0 0
A, 05 3 5 0 1 0 1
Ac |ol40] 11 2 o o 1 2
A |1/10l 4 o 1 o o 1
max A 2 3 0 0 0 1

Moi 0 < A; nén phuong an cuc bién hién thoi x! = (0;0;10;5;40) la

phuong an t6i uu. Gi4 tri 16n nhat ciia ham muc tiéu la 10.

Vi du 2.5. Giai bai toan quy hoach tuyén tinh

z = 2x1 4+ 3x, + X3 > max
V6i cac rang budc

X1 — 5X2 + Xx3 = 6
2X1 + 2X2 = 7
—X1 + 2X2 < 5

x; =0, j=1273

O
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Gidi. Chuyén bai toan sang dang chinh tic

z = 2x1 4+ 3x, + X3 > max
V6i cac rang budc

X1 — Sx2 + x3 = 6
2X1 + 2X2 + Xy =7
—-X1 + 2X2 + x; = 5

x; >0, j=1,...5

Ta c6 phuong an cuc bién ban dau x” = (0; 0; 6: 7: 5) va hé cac vector co
s6 lién lién ket don vi B = {A4; As; Ag}. Bang don hinh:

ST AT AT AT AT A

B |e” | b” — 3 i 0 0
A, (1161 1 5 i 0 0
A, ol 7] 2 2 0 1 0
A- |0 |5 | 1 2 0 0 1
max A -1 -8 0 0 0

Vicé A; < 0 nén phuong 4n hién thoi khong 1a phuong an t6i wu. Ta
chon vector A, la vector mdi vao hé vector co sé lién ket thay cho vector
A;. Bang don hinh méi:

ST (AT AT AT AT AT
B |c”| b 2 3 i 0 0
A, (113721 32 0 i 0 52
A, o 2 | 3 0 0 1 -1
A, | 352 12 1 0 0o 12
max A -5 0 0 0 4

Vicé A; < 0 nén phuong an hién thdi khong 1a phuong 4n t6i wu. Ta
chon vector A; la vector méi vao hé vector co sé lién ket thay cho vector
A,. Bang don hinh méi:

5| we | AT A7 A7 A7 A7
B le® | b 3 3 i 0 0
A, 1 |39/2 0 0 1 1/2 2
A, 2 2/3 1 0 0 1/3 -1/3
A, 3 | 17/6 0 1 0 1/6 1/3
max A 0 0 0 5/3 7/3
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Moi 0 < A; nén phudng an cyc bién hién thai x” = (2/3;17/6;39/2;0;0)
la phuong an toi uwu. Gia tri 16n nhat cia ham muc tiéu la 88/3. O

Vi du 2.6. Giai bai toan quy hoach tuyén tinh

z = —2X1 — X2 + X3 + X4 —> max
V6i cac rang budc
X1 + X2 4+ 2x3 — X4 = 2
— 2x — Tx3 + 3x4 + x5 = 3
—3X3+2X4 +X5:7
x; >0, j=1,...,6

Gidi. Ta c6 phuong an cuc bién ban dau x7 = (1:0: 0; 0; 3; 7) va hé vector
co s6 lién ket don vi B = {A;; As; Ag}. Bang don hinh:

slwa| AT A A7 A7 Al A}
B |e” | b” g —ry i i 0 0
A (22 1 1 5 1 0 0
A- o3| o 2 7 3 1 0
A. ol 7] o o 3 2 0 1
max A 0 -1 -5 1 0 0

Vicé A; < 0 nén phuong an hién thsi khong 1a phuong an t6i uu. Ta
chon vector A; la vector méi vao hé vector co sé lién ket thay cho vector
A,. Bang don hinh mdi:

sT s AT AT AT AT AT AT
B |e” | b” g —ry T 1 0 0
A, (1112 12 1 12 0 0
A lol10] 72 382 o 12 1 0
Aclol10] 32 32 o 12 o 1
max AT 52 32 0 32 0 0

Vicé A; < 0 nén phuong 4n hién thsi khong 1a phuong 4n t6i vu. Ta
chon vector A, la vector méi vao hé vector co sé lién ket thay cho vector
A¢. Bang don hinh méi:

A¥ AF AP AP AF AP

B B
B |e” b —g—F i 1 0 0
A, 1 (11| 2 2 i 0 0 i
A- |0 |20] 5 3 0 0 1 1
A, | 12| 3 3 0 1 0 2
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| max | | A ] 7 6 0 0 0 3 |

Moi 0 < A; nén phuong an cuc bién hién thoi x! = (0;0;11;20;20;0) 1a
phuong an toi uu. Gia tri I6n nhat cia ham muc tiéu la 31. O

Vi du 2.7. Cho bai toan quy hoach tuyén tinh

z = 2X5 + 3x3 + 4x4 — X5 — max
V6i cac rang budc

X1 + 2X2 - X3 —+ X4 — 2X5 = =2
—X1 —I— X2 + X3 —I— X4 + 3X5 = 6
2X1 — X2 — X3 + 3X4 + X5 = -2

XjZO, ]:1,,5

a. Ching minh x” = (0; 1;2;0; 1) 14 phudng an cuc bién khong t6i uu.
b. Xay dung phuong an cuc bién méi tét hon phuong an trén.

Giai.

a. Phuong an x7 = (0;1;2;0; 1) ¢6 hé vector lién két B = {A,; As; As).

2 -1 =2
-1 -1 1

Vay x 1a phuong an cuc bién. P& dung dau hiéu t6i wu, ta can bién déi
cac rang budc tuong duong.

—1/12X1 + X3 + 1/3)(,'4 = 1
—5/3X1 + X3 — 7/3X4 = 2
1/4x, + Xy + x5 = 1

Ta dat ¢® = (c2;c3;¢5) = (2;3;—1) va tinh dude
Ay =A3 =A5=0
Ay =(c?; A7) —c1 = (2:3;—1)(=1/12:=5/3;1/4) — 0 = —55/6
Ay =(c®:Af) —cy = (2:3:-1)(1/3:=7/3; 1) — 4 = —28/3

Do ¢6 A; < 0 nén phuong 4n cuc bién x khong 1a phuong 4n tbi uu.
b. Bang don hinh ctia phuong 4n x7 = (0;1;2;0; 1)
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| w2 | A A A} A7 AC
B lc” | b 0 5 3 /T
A, 2 1 [ iz 1 0 13 0
Al 3] 2 | 53 o 1 U3 0
A1 1| 14 o 0 1 1
A 6512 0 0 843 0

A, 2 23 [ 16 1 0 0 13
As| 3 |133|-1312 0 1 0 3
A 4] 1| 14 o 0 1 1

A 38712 0 0 0 3473

Phuong an méi (0;2/3;13/3;1;0) c¢6 gia tri ham muc tiéu t6t hon
phuong an 6 cau a. O

Vi du 2.8. Giai bai toan quy hoach tuyén tinh dang chinh téc

Z = —X1 + 2x5 — 2X3 + X4 — X5 + 2X¢ — min
V6i cac rang budc
{ 2X1 — X2 — 5X3 + X4 = 5
X1 — 2x» + 2x3 + x5 = 4
—dx; + X2 + X3 + x = 2

X; >0, j=1,...6
Giai. Chuyén bai toan min sang bai toAn max, ham muc tiéu tré thanh:
—Z = X1 —2Xy + 2X3 — X4 + X5 — 2X¢ — max

Phuong an cuc bién ban dau x = (0;0;0; 5; 4:2) c6 hé vector cd s6 lién
ket don vi B = {A4; As; Ag}. Bang don hinh:

s |lne| AT A7 A7 Al A7 A?

B |c” b i 2 2 1 1 =2
A, |15 2 1 5 1 0 0
As 1] 1] 1 -2 2 0 1 0
A | 2] 2] 4 1 1 0 0 1
Al 6 -1 3 0 0 0

A, | 1| 7 2 0 4 1 0 1
As | 1|5 7 0 4 0 1 2
A | 2] 2] 4 1 1 0 0 1
max A 2 0 4 0 0 1




2.3 Thuat toan don hinh cho bai toan min Trang 52

Moi 0 < A; nén phudng an cuc bién hién thsi x” = (0;2;0;7;8;0) 1a
phuong an toi uu. Gia tri ham muc tiéu —z = -3 > max hay z = 3 —
min . O

2.3 Thuat toan don hinh cho bai toan min

Thuéat toan don hinh cho bai toan tim gid tri nhé nhat ctia ham muc
tiéu vé co ban giéng véi bai toan tim gia tri 16n nhéat, chi khac nhau &
diu hiéu t6i vu.

Pinh 1y 2.3 (D4u hiéu tbi wu ctia bai toan min). Cho x la phuong dn
cuc bién cé hé vector cé sé lién két don vi ciia bai todn dang chinh tdc.
Néu A, <0,j =1,...nthi xla phuong dn toi uu.

Dinh ly 2.4 (C6 phlI/Ong an méi tot hon). Gid si ton tai cot Ay, ngoai
hé vector cd sé lién ket, v e {m + 1;...;n}, sao cho Ag, > 0:
i. Néu trén cot A,fv moi phan ti déu nhé hon hay bdng 0 thi bai
todn khong cé phuong dn téi uu.
ii. Néu trén cot A7 ton tai a;x, > 0 thi ta cé thé tim dudc mot
phuong dn cuc bién mdi tét hon x.

Vi du 2.9. Giai bai toan quy hoach tuyén tinh

Z = X1 + x» — 3x3 — min

V6i cac rang budc

2x1 — x2 + x3 = 1
—4X1 + 2.X2 — X3 < 2
3X1 + X3 =< 5
x; >0, j=12,3
Gidi. Chuyén sang dang chinh téc
Z = X1 + X2 — 3Xx3 — min
V6i cac rang budc
2x1 — X2 + X3 + x4 = 1
—4x1 + 2x2 — x3 + X5 =
3x1 + X3 + x¢ = 5

x; >0, j=1,...6
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SToa[ AT Al AT AT AT A
B |e” | b” — i 3 0 0 0
A, (01 2 I 1 1 0 0
A- 0|2 4 2 1 o0 1 0
A. | 0|5 3 0 1 0 0 1
i 1 3 0 0 0

A, (31 2 I 1 1 0 0
A- | 0| 3| -2 1 0 1 1 0
A. | 0| 4| 1 1 o -1 0 1
79 0 3 0 0

-V . 1 0 i 2 i 0
A, | 1]3]| -2 1 0 1 1 0
Ac | 0| 1| 3 0 o 2 1 1
min Al 3 0 0 5 =2 0

Moi A; < 0 nén phuong 4n x? = (0; 3;4;0;0; 1) la phuong an t61 vu. Gia
tri ham muc tiéu z = —6. O

2.4 Bai toan chinh tic khéng cé san ma tran
don vi

Gia st can giai bai todn quy hoach tuyén tinh dang chinh tic

z =el'x — max
V6i cac rang budc
Ax b

< 0 (2.18)

A

trong dé A khong c6 ma tran don vi (khéng c6 san hé vector co sé lién
két don vi), b > 0 . Chang han can giai bai toan sau:

Vi du 2.10. Giai bai toan quy hoach tuyén tinh

z = —3x1 + 4x, + 5x3 — 6x4 — max
V6i cac rang budc
{ X1 —I— X2 + X3 —I— 13X4 = 14

2X1 + X2 + 14X4 11
+ 3X2 + Xx3 —+ 14X4 = 16

x; >0, j=1,..4
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Gidi. Do ma tran cac hé s6 A khong c6 san hé vector cd sé lién két don
vi nén khong xac dinh dudc phuong an cuc bién ban dau. Vi cac rang
budc 1a hé phuong trinh tuyén tinh nén ta cé thé bién doi dé cé ba vecto
cot don vi

N R S AN & B S D S U N
210 14 1112322510 -1 —2 —12 —17]| 222
0 3 1 14 16 0 3 1 14 16
1 L O N £ B S B A W
0 2 12 17 2= 101 2 12 17 |=2—/5
0 1 14 16) @=6732 \g 0 —5 —22 —35

1
1
3
1o -1 1 =3 . (1002754
01 2 12 17|22, (o1 0 16/5 3
00 1 22/5 7)) “=2724 \g 0 1 22/5 7

Hé cac rang buoc tuong duong

X1 + 27/5X4 = 4
X2 + 16/5X4 = 3
X3 —I— 22/5X4 = 7

Ké tiép ta thanh 1ap bang don hinh cho bai toan c6 phuong an cuc bién
x! = (4;3;7;0) nhu sau

Blwe | AT A7 A7 A7
B |e” | b% —g—rfHf 5 6
A 3] 4 1 0 0 27/5
A, | 4] 3 0 1 0 16/5
A; | 5| 7 0 0 1 22/5
max A 0 0 0 123/5
Phuong an t6i uu x = (4;3:7:0), gia tri t6i vu z = 35 O

Nhung c6 thé trong qua trinh bién d6i sau khi da c6 cac vector don vi
ma phuong an khong théa diéu kién khong am thi cach lam trén rat
khoé gap mot phuong an cuc bién ban dau.
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Vi du 2.11. Giai bai toan quy hoach tuyén tinh

z = 2X1 — X5 — 2x3 —> max

V6i cac rang budc
X1 + x2 — x3 = -1
X1 + 2% 4+ x3 = 2
x; >0, j=123

Giai. Vi ma tran cac hé so A khong c6 ma tran don vi nén chua xac dinh

dugc phuong an cuc bién ban dau. Vi tap cac phuong an 1a hé phuong
trinh tuyén tinh nén ta cé thé bien doi dé c6 hai vector don vi.

I 1 -1 —1 N I 1 -1 —1 N 1 0 -3 —4
12 1 2 01 2 3 01 2 3
Cac rang buoc tuong duong

X1 — 3X3 = —4
X, + 2X3 = 3

Pén day ta gap khé khan trong viéc tim phuong an cuc bién. Pé giai
quyeét triét dé, ta dung phuong phap sau day goi 12 phuong phap danh
thue dé giai cho trudng hop nay. O

Xét bai toan quy hoach tuyén tinh dang chinh téc:

z =c1X1 + -+ + cpx, — max (2.19)
V6i cac rang budc

amXx1 + -+ + AupXp = bm
x;j>0,j=1,...,n
Thém cac 4n X,41,...,Xp+m > 0 ma ta goi 13 an gia vao m rang budc
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khi d6 bai toan c¢6 dang

z=c1x1+ -+ cpXp —Mxy1q—-- — Mxy,4,, —> max (2.20)
V6i cac rang budc

anxi: + -+ + awXn + Xpt1 = b
a»1x1 + - 4+ AXa +  Xn42 = b
AmiX1 + - + AumnXn + Xn+m — bm

x;j=0,j=1,....n+m
trong d6 M 1a s6 duong 16n hon bat ky s6 nao ma ta can so sanh.

Dinh 1y 2.5. Bai todn 2.19) c6 phuong dn t6i vu XT = (x1,...,x,) khi
va chi khi bai todn (2.20) c6 phuong dn toi uu

4

x! = (x1,...,x,,0,...,0).

Chu y. Khi giai bai toan (2.20) bing phuong phéap don hinh thi cac hé
s0 ham muc tiéu c6 chita tham so M. Vi M 16n nén khi so sanh cac gia
tri c6 tham so M ta c6 quy uéc nhu sau:

a>0
a=0b>0

a<0
a=0,b<0

aM+b>O<:>|:

aM+b<O<:>|:

a>c

aM+b>CM+d<:>|:a=c,b>d

Vi du 2.12. Giai lai bai toan quy hoach tuyén tinh vi du2.11]

z = 2X1 — X3 — 2x3 — max

V6i cac rang budc
X1 + X — x3 = -1
X1 + 2x + x3 = 2
x; >0, j=12,3
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Giqi. Ta nhan hai vé rang budc thit nhat véi —1

z = 2Xx1 — X — 2X3 —> max

V6i cac rang budc

—

—XI—X2+X3:
X1 + 2% + x3 = 2

x; >0, j=1273
Thém vao rang budc thi nhéat, thi hai hai bién gia. Bai toan tré thanh

z =2X1 — Xy —2Xx3 — M x4 — M x5 — max
V6i cac rang budc
—X1 — X2 + X3 + X4 = 1
X1 4+ 2x 4+ x3 + x5 = 2
x; >0, j=1,...,5

Lap bang don hinh, khi giai ta coi M 1a tham sb c6 gia ti 16n hon bat
ky hang so6 nao can so sanh. Phuong an xuat phat x? = (0;0;0; 1;2), hé
vector co sd lién ket don vi B = {A4; As}.

B | w5 | A7 A7 Y Al Af

B | e” 1 b" —5 3 2 M M
A, M| 1| I 2 I 1 0
A- | M| 2| 1 2 1 0 1
) 1 9M:2 0 0

A, (21 I ) 1 1 0
A- | M| 1] 2 4 0 1 1
oM 4M+5 0  2M2 0

A, (232 0 0 1 2 12

A, | -1 | val| 12 1 0  -1/4 14

52 0 0 M3/4 M5/A

A, (232 0 0 1 2 1P

A | 212 1 2 0o 12 19
max A 0 5 0 M-2 M

Moi A; > 0 nén phuong an hién thsi x” = (1/2;0;3/2;0;0) 1a phuong
an t6i wu. Gia tri ham muc tiéu z = —2. O

\ 0
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Vi du 2.13. Giai bai toan quy hoach tuyén tinh

z = 2x1 + 5x, - max
V6i cac rang budc

2X1 + 3X2 < 6
X1 + 2x, = 4
X1,X2 = 0
Giai. Chuyén bai toan sang dang chinh tic
z = 2x1 + 5x, — max
V6i cac rang budc
2X1 + 3X2 + X3 = 6
X1 + 2X2 — X3 = 4

X1, X2, X3a X4 > 0

Pé€ xac dinh dude phuong an cuc bién ban dau ta thém vao rang budc

thit hai 4n gia x5
z =2x1 + 5x, — M x5 - max
V6i cac rang budc
2x1 + 3x2 + x3 =
X1 + 2x - X4 + x5 =

Xj ZO,] :1,...,5

TToi Al AT AT AT A

B | e” | b% —5 5 M 0 0
A, (M6 2 3 i 0 0
A- | 0| 4| 1 2 0 1 1
max A [-9M2 3M5 0 0 0
A, (512 238 1 730 0
A- lolo| -3 o 23 1 1
max AT 43 0 M5B 0 0

Moi A; > 0 nén phuong an hién thsi (0;2;0;0;0) 1a phuong an t6i wu.
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2.5 Bai tap chuong 2
Bai tap 2.1. Giai c4c bai toan quy hoach tuyén tinh:

a. z = x1 — 2X + 2x3 — min
V6i cac rang budc
X1 + X2 + 4X4 = 6
2X2+X3+5X4=8
x; >0, j=1,....4

Pap an. Phuong an t6i wu x” = (2:4;0;0), gia tri ham muc tiéu
z=—6

b. z = 2x; + 3x, + x3 — max
V6i cac rang budc

X1 — 5X2 + X3 =< 6
2X1 + 2X2 — 2X3 < 7
—-X1 + 2X2 + X3 =< 5

x; >0, j=12.3

Pap an. Phuong an t6i vu x7 = (125/12;17/6;39/4), gia tri ham
muc tiéu z = 469/12.
C. z =2Xx1 + X2 + x3 + 3x4 > max
V6i cac rang budc
X1 + 2x, + X3 =
X + 4x3 + 2x4 < 8
x; >0, j=1...,4

Pap an. Phuong an t6i uu x” = (16;0;0; 4), gia tri ham muc tiéu
z = 44.

d. z = 15x; + 19x, — min
V6i cac rang budc

3x;1 + X, > 3

X1 + Xy = 2

3X1 + 4X2 > 7
X1,Xp = 0

Pap an. Phuong an t6i wu x” = (1;1;1), gia tri ham muc tiéu
z = 34.
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Bai tap 2.2. Cho bai toan quy hoach tuyén tinh:

z = —4x1 — 5x, — Tx3 — max
V6i cac rang budc
3x 1+ X2 + X3 = 6
X1 + 2x; 4+ 3x3 = 14
x; >0, j=1273
a. Ching minh x” = (0;4;2) 12 phuong an cuc bién, nhung khong
phai 1a phuong an t6i vu.
b. Hay xay dung mot phuong an cuc bién méi tét hon phuéng an cuc
bién & cau a.
Bai tap 2.3. Cho bai toan quy hoach tuyén tinh:

z = —X1 + 2x5 — 2x3 — max
V6i cac rang budc
X1+ x + odxy = 6
2X2+X3+5X4=8
X; >0, j=1,...4
a. Ching minh x” = (0;2/3;0;4/3) 12 phuong an cuc bién, nhung
khong phai la phuong an toi uu.
b. Hay xay dung mot phuong an cuc bién méi tot hon phuéng an cuc
bién 6 cau a.
Bai tap 2.4. Cho bai toan quy hoach tuyén tinh:
z = —4x1 —3x, + 7x3 + 8x4 — min
V6i cac rang budc
2X1 + 3X2 —I— 4X3 —I— 5X4 = 20
8x1 — X, + X3 + 6X4 = 9
2X1 — Xy + S)C3 + 2X4 = 15

x; >0, j=1,...4
Ching minh x7 = (1;2:3:0) 14 phudng an cuc bién, t6i uu ctia bai toan.
Bai tap 2.5. Cho bai toan quy hoach tuyén tinh:
Z = X1 + X2 + mx3; — min
V6i cac rang budc
2X1 + X2 + X3 = 4
3X1 + 2X2 + 3X3 = 7
x; >0, j =123
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a. Chiing minh x” = (1;2;0) 14 phuong an cuc bién ctia bai toan.
b. Tim diéu kién ctia m dé x 1a phuong an t6i uu.

Bai tap 2.6. Mot cong ty san xuat hai loai son: son noi that va son ngoai
troi. Nguyén liéu dé san xuat gom hai loai A, B véi trit lugng tuong iing
12 16 tan va 18 tan. P& san xuit 1 tdn son noi that can 1 tAn nguyén
liéu A va 2 tan nguyén liéu B. D€ san xuit 1 tan son ngoai troi can 2
tan nguyén liéu A va 3 tan nguyén liéu B. Qua diéu tra thi trudng céng
ty biét rang nhu cau son néi that khéng hon son ngoai tréi qua 1 tan.
Gia ban mot tAn son néi that 14 4000 USD, gia ban mot tAn son ngoai
troi 1a 3000 USD. Khi san xuat 1 tAn son noi that phai bé ra mot chi
phi 1a 1300 USD, khi san xuét 1 tAn son ngoai troi phai bé ra mot chi
phi 1a 1000 USD. Héi can san xuét mdi loai son bao nhiéu tan dé cé lgi
nhuén 16n nhat?

Pap an. Phuong an t6i vu x7 = (21/5;16/5), gia tri ham muc tiéu
z = 17740

Bai tap 2.7. Mot cong ty san xuat hai loai son néi that va son ngoai
troi. Nguyén liéu d€ san xuit gom hai loai A, B véi trit lugng 1a 6 tn
va 8 tAn tuong tng. P& san xuat mot tAn son ndi that can 2 tan nguyén
liéu A va 1 tAn nguyén liéu B. P& san xuit mot tAn son ngoai troi can 1
tan nguyén liéu A va 2 tan nguyén liéu B. Qua diéu tra thi trudng céng
ty biét rang nhu cau son ndi that khong hon son ngoai troi qua 1 tan,
nhu cau cuc dai ctia son ndi that 1a 2 tAn. Gia ban mét tan son noi that
142 2000 USD, gia ban mét tan son ngoai troi 1a 3000 USD. Héi can san
xuat moéi loai son bao nhiéu tin dé c6 doanh thu 16n nhat?

Pap an. Phuong an t6i vu x” = (4/3;10/3), gia tri ham muc tiéu z =
38000/3.

Bai tap 2.8. Mot cong ty san xuét hai loai thuc phdm A, B. Nguyén
liéu dé san xuat gom ba loai bot, duong va dau thuc vat. Véi trit luong
du tru tuong tng 1a 30 tan, 12 tan, 6 tan. D& san xuat:

e 1tan thuc phdm loai A can 0,5 tan bét, 0,5 tan duong, 0,2 tan dau
thuc vat.

e 1 tan thuc phdm loai B can 0,8 tn bét, 0,4 tan duong, 0,4 tin dau
thuc vat.

Gia ban mét tAn thuc pham A 1a 4000 USD, gia ban mot tan thuc pham
B 14 4500 USD. Hoéi can san xuat mbi loai thuc phdm bao nhiéu tan dé
¢6 doanh thu 16n nhat?



2.5 Bai tap chuong 2 Trang 62

Pap an. Phuong an t6i uu x” = (20;5), gi tri ham muc tiéu z = 102500

Bai tap 2.9. Mot xi nghiép du dinh san xuét ba loai san phdm A, B va
C. Cac san pham nay dudc ché tao tit ba loai nguyén liéu I, II va III . S6
luong cac nguyén liéu I, II va ITII ma xi nghiép c6 lan lugt 1a 30, 50, 40.
S6 luong cac nguyén liéu can dé san xuat mot don vi san phdm A, B, C
dudc cho 6 bang sau day:

NL
Sp I II III
A 1 1 3
B 1 2 2
C 2 3 1

Xi nghiép muoén 1ap ké hoach san xuat dé thu dudc tong s6 1ai nhiéu
nhét (v6i gia thiét cac san phdm lam ra déu ban hét), néu biét ring lai
5 triéu dong cho mot don vi san pham loai A, 14i 3,5 triéu dong cho mot
don vi san pham loai B, 1ai 2 triéu dong cho mot don vi san pham loai
C.

a. Lap md hinh bai toan Quy hoach tuyén tinh.
b. Bing phuong phap don hinh, hay giai bai toan trén.

Pap an. Phuong an t6i vu x7 = (5/2;25/2;15/2), gia tri ham muc tiéu
z =285/4

Bai tap 2.10. Mot Xi nghiép chan nudi can mua mot loai thic an téng
hgp T1, T2, T3 cho gia stuc véi ty 1é chat dinh dudng nhu sau:

e 1 kg T1 chita 4 don vi dinh dudng D1, 2 don vi dinh dudng D2, va
1 don vi dinh dudng D3.

e 1 kg T2 chita 1 don vi dinh dudng D1, 7 don vi dinh dudng D2, va
3 don vi dinh dudng D3

e 1 kg T3 chita 3 don vi dinh dudng D1, 1 don vi dinh dudng D2, va
4 don vi dinh dudéng D3.

MB5i bita an, gia stc can toi thiéu 20 don vi D1, 25 don vi D2 va 30 don
vi D3. Héi Xi nghiép phai mua bao nhiéu kg T1, T2, T3 mobi loai cho
mot bita &n dé bao dam t6t vé chat dinh dudng va tong s6 tién mua la
nho nhét? Biét rang 1 kg T1 c6 gia 1a 10 ngan dong, 1 kg T2 c6 gia la
12 ngan dong, 1 kg T3 c6 gia 1a 14 ngan dong.



Trang 63 Chuong 2. Phuong phap don hinh

Pap an. Phuong an t6i uu x” = (5/18;49/18;97/18), gia tri ham muc
tidu z = 998/9





