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Mén: Phuong phap tinh

CHUONG.1. SAI SO

1.1. NHAP MON PHUONG PHAP TiNH
1.1.1.Gigi thiéu mon phrong phap tinh

Phrong phéap tinh 1a®mén toan hc cé nhém wu giai dén két qua bang $ cho
cac bai toan, n6 cundig cac plrong phap gﬂ cho nhing bai toan trong tlc € ma
khéng co i giai chinh xac. Mén bc nay 1a &u ndi gitta toan kc ly thuyét va caorng
dung aia né trong thrc t.

Trong thoi dai tin hoc hién nay thi véc ap ding cac plrong phap tinh cangdr
nén pld bién nhim ting Hc do tinh toan.
1.1.2.Nhigm v mon hpc
- Tim ra cac phong phap gii cho cac bai toandgm: phrong phap (PPYung va
phrong phéap gn dang.
+ Phrong phap: chra Kt qua dudi dang mbt biéu thic giai tich o thé.

+ Phrong phap §n dung: throng cho Kt qua sau ndt qua trinh tinhdp
theo ndt quy Iuat naodo, ndédugc ap ding trong toeong hyp bai toan khong ci giai
dang hdic réu cé thi qua pinc tap.

- Xacdinh tinh clit nghiém
- Giai cac bai toan & cuc tri
- Xap xi ham: khi kho sat, tinh toan trén ghham f(x) kha phc tap, ta c6 th

thay ham f(x) bi ham g(x)don gian hon sao cho g(x¥ f(x). Viéc lya clpn g(x) dugc
goi 1a phép A&p xi ham.

- Panh gia sai & khi giai bai toan Bing phrong phap gn dang thi sai & xuat
hién do s sai Egh gira gia ti nhan duoc voi nghiém thec cia bai toan. Vi gy ta phii
danh gia sai&dé tir d6 chon raduoc phrong phap éi uvu nhit.

1.1.3.Trinh tz gidgi bai toan trong phwong phap tinh
- Khao sat, phan tich bai toan
- Lva chlon phrong phap da vao cac tiéu chi sau:
+ Khéi lwong tinh toan it
+ Don gian khi xay drng thuit toan
+ Sai $ bé
+ Kha thi

- Xay drng thut todn: & dung ngon ng gia haic sy do khoi (cang nin cang
tét).

- Viét cheong trinh: § dung ngdn n@ lap trinh (C, C++, Pascal, Matlab, ...)
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- Thyc hién chrong trinh, thir nghiém, sraddi va hoan cinh.

1.2. SAlI SO
1.2.1.Khai niégm
Gia sir x la $ gan ding @ia x* (x* : s dung), khidd A =|x—-x*| goi la sai $
thuc ar cua x.
Vi khéng xaadinh dugc A nén ta xétién 2 laai sai $ sau:
- Sai $ tuyet doi : Gia s Ax > 0du bé sao chgx— x*| < Ax. Khi d6 Ax
goi 1a sai $ tuyét doi.
- Sai $ twong ddi : dx :|A—)|(.
X
1.2.2.CAc lai sai 9
Dya vao nguyén nhan gay séj a c6 cac lai sau:
- Sai $ gia thiét: xuat hién do vic gia thiét bai toandat dugc mot sb diéu kién
ly twong ntam lam gim d6 phic tap cia bai toan.

- Sai $ do $ liéu bandau: xuit hién do viéc do dac va cung &p gia ti dau vao
khéng chinh xac.

- Sai $ pheong phéap : xét hién do vic giai bai toan Bng phrong phap an
dang.

- Sai $ tinh toan : xét hién do 1am tron & trong qua trinh tinh toan, qua trinh
tinh cang ntdu thi sai 6 tich Iy cang én.

1.2.3.Sai $ tinh toan

Gia sr dung n 8 gin ding x, =(i=1n) d& tinh dai luwong y, Wi
y= (%)= 00 %, %)
Trongdo :
- f 1a ham ki vi lién tuc theo caddi sb xi.
Khi d6 sai  cua ydugc xacdinh theo cong tirc sau :

n

- Sai $ tuyét doi : Ayzzimg
i=110%
n

- Sai $ turong doi : dy=> ol f AX
=N

- Trusng lop fcO dingBng : y= f(X) =X+ % +...x X
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n
‘i‘ =1 Oisuyrady =) Ax

- Truong hpp fcO ding tich ty = f(x) = x* %*...* X
Inf =In(X%X%...%,)=(nx+INn%+..+Inx)

ainf|_ 1 LAY O
=— Uisuyrady=) — =) 0%
el 2K &

n
Vay dy =) Ox
i=1

_ Truong hop dang throng: y = f(x) =L
2

oy _1 _y ]

aXl a X%

- AX_L+| 5 < Dol B
‘XZ‘ ‘Xz‘ X2
_Ay _Ax A% _

=S 0y=—"=—=+—=L=0X%+0%
v % %

- Truong hop dang iy thira : y = f(X) = ¥ (a >0)
Iny = Inf = alnx

‘amf _a

Suy rady = a% =aoX

X
Vide1.1:
Cho & 10,25; 0,324 ; = 12,13
Tinh sai 6 cia :
3
Y1 :ba—\/E : y,=a-blc
Giai :
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8y, = 8(a’)+ 8(b~/c)=38a + b + })—80

Aa Ab Ac
+_ ——
a| |b] e |

Ay, = Na')+AlbYe ):\aE\&fH}hJE\ab& )

S5 4 bae (R 2
2 o]

. 1
= 3 + —
2

Ay, =3
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BAI TAP CUOI CHUONG 1

Néu khai ném sai $ tuyét doi.

Néu khai ngm sai $ twong doi.

Dya vao nguyén nhan gay séj &rinh bay cac ld sai $.
Trinh bay sai & tuyét déi khi f [a ham cé dng Hng.
Trinh bay sai & twong déi khi f 14 ham c6 dng tich.

a ke

2
Cho a= 10.25, b= 0.324, ¢~ 12.13. Tinh saidcia y = —— .

bJ/c

7. Cho a~ 10.25, b~ 0.324, ¢~ 12.13. Tinh saifscia y= a*—b/c.

8. Tinh tké tich kibi cau coduong kinh d = 3.7cm va = 3.14 + 0.0016.

9. M6t hinh ti 6 ban kinh R = 2m, oki cao h = 3m. ki AR va Ah bing bao
nhiéudé thé tich V c6do chinh xac 12AV = 0.1m°?

10.Mét hinh du c6 ban kinktay R = 5.87cm. Tinh thtich hinh &u vsi d6 chinh
xac 1a 0.01cr?

11. Xacdinh sai 8 tuyét di cia cac 8 gan dung sau éu biét sai $ twong déi cua
chung:

o

a=35727,=1%
b =0,896;5, =10%
c = 231,440, =1%
12. Khi do mot sd goc, ta nin duoc két qua sau:
a=48b=752044" , ,
Hay xacdinh sai  teong d6i cua cac 6 gan dingdoé, réu sai $ tuyét ddi cua
phépdo la 1”.
13. Xacdinh $ céc clir s dang tin trong cacéegan dlng sau khi kit sai $ tuyet
doi cua chung:
a=0,1132A,=0,1.10°
b = 2,325:A, =0,1.10*
c=293,481A.=0,1
14. Hay xacdinh $ céc clir b dang tin trong cacdsgan ding sau khi kit sai $
tuong doi cua chung la:
a=0,22187, =0,2.10"

b = 0,02425,, =0,5.102
c =0,000135p, =0,15
15. Quy tron cac&;gan dang dréi day wi 3 chir b 6 nghia dang tin va xadinh
sai $ tuyét ddi, sai $ twong déi cua chang:

a) 1,255
b) -392,85
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c) 0,1545
d) 625,55
16. buong kinh @a ndt duong tronduoc do chinh xacdi 1mm la d = 0,842m.
Tim dién tich hinh tronio.
17.Tim gia ti ham u = x§z° néu:
x=37,1vaA, =0,3
y=9,87vaA, =0,11

18.Hay xAacdinh sai $ tuyét d6i cua $ xap xi sauday, cho bét sai $ tuong doi
caa no:
b = 12627;3, =0,2%
19.Tinh sai $ tuyét d6i giéi han va sai 6 twong di giéi han cia thé tich hinh &u:
v =L
, 6
néu choduong kinh d = 3,5 £ 0,03cm va= 3,14 + 0,0016.
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CHUONG.2. GIAl GAN PUNG PHUONG TRINH

2.1. GIOI THI EU
Dé tim nghém gin ding dia phrong trinh f(x) = 0 &n tién hanh qua 2wc:

- Tach nghém: xét tinh clt nghiém caa phrong trinh, phrong trinh c6 ngléim
hay khong c6 bao nhiéu n@m cac khang chra nghém réu c6.Ddi véi busc nay,
ta c0 tit dung plrong phapdd thi, két hop voi cacdinh Iy ma toan éc hd tro.

- Chinh xac hoa ngéin: thu kep din khaing chra nghém dé hoi tu duoc dén
gi4 ti nghiém gin dang Wi do chinh xac cho phép. Trongdic nay ta co thap ding
mot trong cac phong phap:

+ Phrong phap chiadi
+ Phrong phapdp
+ Phrong phap ép tuyén
+ Phrong phap day cung
2.2. TACH NGHI EM
* Phwong phap dé thi:
Truong hop ham f(X)ydon gian
- V& d6 thi f(x)

- Nghiém phrong trinh 1a hoankioé giaodiém cia f(x) i truc x, tr d6
suy ra 8 nghiém, khaing nghém.

Truong hop (x) phic tap
- Bién d6i twong duong f(x)=0 <=> g(x) = h(x)
- V& d6 thi caa g(x), h(x)

- Hoanhdd giaodiém cia g(x) va h(x) 1a ngléim phrong trinh, & d6 suy
ra $ nghiém, khaing nghém.

* pinh ly 1.

Gia sir f(x) lién tuc trén (a,b) va c6 f(a)*f(b) < 0. Kki6 trén (a,b)dn tai mot s
lé nghiém thuc x€ (a,b) dia phrong trinh f(x) = 0. Nghim la duy nlat néu f'(x) ton tai
va khéngddi dau trén (a,b).

Vidu 2.1:
Tach nghém cho plrong trinh : X -x +5=0
Giai :
fx)=x-x+5=0
f(x) = 3x%- 1, f'(X) =0<=>x=+1//3
Bang bén thién :
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X -0 ~1/+/3 1/4/3 +o0
F(x) ¥ i 0 ¥

0
Yep >0 40
w | Ny o

Tir bang bién thién, plrong trinh ¢6 1 ngldim x < ~1/+/3

f(-1)*f(-2) < 0, vay phuong trinh trén c6 1 ngéim x[1(-2,-1).
Vidy 2.2:

Tach nghém cho plwong trinh : 2+ x-4=0

Giai :
2+x-4=0- 2=-x+4
Ap dung phrong phapdd thi :

Tir dd thi suy ra plrong trinh trén ¢6 1 ngéin xO (1, 2).

* Dinh ly 2:
Gia sr o la nghém dang va x 1a ngléim gan dlng dia phrong trinh f(x) = 0,
cung ram trong khang nghém [a, b] va f(xX)> m > 0 khi a< x < b. Khi d6

a1
T m

Vidy 2.3:
Cho ngh@m BN du’ng @ia phrong trinh X - x - 1 = 0 la 1,22. Hayésc
lrong sai 6 tuyét doi la bao nhiéu ?

Giai :
f(x) = f(1,22) = 1,22- 1,22 -1 =-0,0047 < 0
f(1,23) = 0,588 > 0

= nghiém phrong trinh x(1,22;1,23
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f(x) = 4x%-1>4*1,22° - 1 = 6,264 = nlIx [0 (1,22;1,23
Theodinh Iy 2 :Ax = 0,0047/6,264 = 0,0008 ({& - a| < 0,008).

2.3. TACH NGHI EM CHO PHUONG TRINH PAI SO

Xét phrong trinhdai s6: f(x) =agX'+ g X +..+ a_ % =0 (1)
* Dinh ly 3:
Cho phrong trinh (1) c6  my = max{|a} i=1n
m=mada}  i=0n-1
Khi d6 moi nghiém x cia phrong trinhdéu thoa mén :
X = mz|in\|an\ <|¥ s1+m = %
* Dinh ly 4:

Cho phrong trinh (1) c6 @> 0, &, 1a h& b amdau tién. Khidoé moi nghiém
duong aia phrong trinh déu < N =1+1a/ & , wi a=max|g] i= 0n sao choa<
0.

Vidy 2.4:
Cho phrong trinh : 5% - 8X* + 2¢ -x+ 6 =0
Tim cn trén nghém deong aia phrong trinh trén.
Giai @
Taco a=-8la It sb Amdau tién, nén m = 2a = max(8,1)= ¢
Vay can trén ngh¢m duong : N =1+/8/5
* pinh Iy 5:
Cho phrong trinh (1), xét cada thic :
P () =X"f(L/X)=ag+ gx+..+ g X
6,00 = F(-X) =(-)" (X' - a X"+ a ¥ *-.+ (1" 3)
#3(x) =X f(-1/ 0= (1" (X'~ g1 X'+ g, X2-.+ 1) @)

Gia sr Np, N, N, N3 la cin trén cac ngkém dueong 011{;1 da‘ thrc f(x), o1(x),
02(X), ©3(x). Khi @6 mpoi nghiém dwong aia phrong trinh (1)déu mam trong khang
[1/N1, No] va mpi nghiém am rim trong khang[-N,,-1/ N]

Vidy 2.5:
Xét phrong trinh :

3 +2x-5=0 5 No =1++/5/3 (dinh ly 4)
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@1(X) = 3 + 2x - BX ~  Nj khong dn tai (g < 0)
0(X) = 3% -2x-5 ~  Npy=1+5/3¢inhly 4)
@3(X) = 3 - 2x - 5% ~ N3 khong dn tai (g < 0)

Vay : moi nghiém duong x<1++/5/3
moi nghiém am X>—-(1+5/3)=-8/3
2.4. CHINH XAC HOA NGHI EM
2.4.1.Phwong phap chiadbi
a. Y wong
Cho phrong trinh f(x) = 0, f(x) liéndc va trai du tai 2 dau [a,b]. Gh st f(a) <

0, f(b) > 0 (rBu ngroc lai thi xét —f(x)=0 ). Thedinh ly 1, trén [a,b] ptiong trinh co it
nhit 1 nghém p.

Cach tim nghéim p:
Dit [ao, b] = [a, b] va ip cac khang bng nhau [ab] (i=1, 2, 3, ...)
(@t bhg)/2 . f((ag4+h_)/2)>0
[ah]:¥a(al b0/2 o f(@arh)/2)

[(a1+h9)/2,b] f((a4+hy)/2)<0
Nhu vay:

- Hoac nhan dugc nghém diing o mot budc naodo:
u= (a1 +b.)/2 réu f((a.1 + by)/2) = 0
- Hoac nhan duoc 2 day {g} va {b.}, trong do:
{a.}: la daydon diéu ting va b chan trén
{bn}: la daydon diéu giam va ki chin dudi
Nén Drllimaan = Limabn = u la nghém phrong trinh.
Vidy 2.6:
Tim nghgém phrong trinh: 2 + x - 4 = 0 ling phrong phap chiaoi
Giai:
- Tach nghdm: phrong trinh cé 1 ngléim x € (1,2)
- Chinh x&c hoa ngéin: ap ding phrong phép chiadi ( f(1) < 0)
Bang két qua:

S

1 2 +
1 1.5 -

10
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125 15 -
1.375| 1.5 +
1.375| 1.438 +
1.375| 1.406 +
1.375| 1.391 -
1.383| 1.391 +
1.383| 1.387 -
1.385| 1.387 -
1.386| 1.387

lim a, = lim b, =1.386

n-a n-11
Két luan: Nghiém aia phrong trinh: x~ 1.386
b. Thugt toan
- Khai b4do ham f(x) (hardia thic, ham siéu i)
- Nhap a, b sao cho f(a)<0 va f(b)>0
- Lap
c = (atb)/2

nuf(c)>0—-b=c

ngroc laia =c
trong khi (| f (c)| > &) /*|a- > & vaf(c) I=0*

- Xuat nghiém: c.
2.4.2.Phwong phap lip
a. Y wong
Bién d6i twong duong: f(x) = 0 <=> x = g(X)

Chon gié ti bandiu x,€ khoang nghém (a,b), tinh x= g(x), % = g(x),

v X = 9 (%)

Nhu vdy ta nHin duoc day {x.}, néu day nay hi tu thi ©n tai giéi han

lim x, =7 (la nghEm phrong trinh).

Nn—oo

b. Y ngta hinh hec

Hoanhdo giaodiém aia 2d6 thi y=x va y=g(x) la ngim phrong trinh

11
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C
V vyt 1
< Y% ’ g -
B/ /Y™TX
v =g(x) S
’ AS !
P A |
L TB (.
)(I > »
l.l X: 1 XU X '-L XU X] Xz X
Hinh a Hinh b

Truong hop hinh a: bi tu dén nghém p
Truong hop hinh b: khéng &i tu dén nghém p (phan ly nghém)
Sauday ta xétdinh ly vé diéu kién hoi tu dén nghm sau mt qué trinh ip
Dinh Iy (diéu kién dii)
‘ Gia st ham g(x) xadaiinh, kh vi trén khang nghém [a,b] va noi gia tri
g(x) déu thuwc [a,b]. Khidd neu g > 0 sao cho |g’'(x} g < 1V xO (a,b) thi:
+ Qua trinhdp hoi tu dén nghém khong ph thusc vao x € [a,b]
+ Gi6i han lim x, =7 la nghém duy nhit trén (a,b).

Nn— oo
Luuy:
‘ - binh ly dang réu ham g(x) xaainh va ki vi trong (eo,+x), trong khi
do dieu kién dinh ly thai man.
- Trong tuong hop tong quétdé nhan dugc Xap Xi X, voi do chinh xéc
cho trgc, ta ten hanh phépip chodén khi 2 xap xi lién tiep tha méan:

X = ¥ S T
q
Vidy 2.7:
Tim nghém: X - x - 1 = 0 ting phrong phapip.
Giai:
- Tach nghdm: phrong trinh c6 Mt nghém € (1,2)
- Chinh xac hoa ngéin:

+
X-X-1=0e x:x3—1;x:X—21; x=%x+1
X

Chon g(x) =¥ x+1

12
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S
g(x)_és(x+1)2 <1 Ox0(1,2

=> ap ding phrong phapdp (chon x, = 1)

X g(x) =Jx+1
1 1.260
1.260 1.312
1.312 1.322
1.322 1.324
1.324 1.325
1.325 1.325
% - Xs| <& = 10°
Nghiém phrong trinh x= 1.325
c. Thugt toan
- Khai bao ham g(x)
- Nhap x
-Lap: y=X
X = g(x)

trong khi |x - y| >
- Xuat nghém: x (haic y)
2.4.3.Phwong phép tép tuyén
a. Y wong
Chon xg € khaang nghém (a, b).
Tiép tuyen tai Ay (Xo, f(Xo)) Cit truc X tai diém c6 hoanhdd x,,
Tiép tuyén tai A; (x4, f(x1)) Cit truc X tai diém c6 hoankdo x,, ...,
Tiép tuyen tai Ay (X, f(X)) Cit truc x tai diém c6 hoanhdo x, ...
Ctr tiép tuc qué trinh trén ta c6 &hién din dén nghém p caa phrong trinh.
* Xay dwng cong thic lap:
Phrong trinh tép tuyén tai A, (X, f(X))
y - f(x) = F(Xi)*(x - Xi)
Tiép tuyén cit truc x tai diém co ta do (Xys1, 0)
Do vay: 0 — (%) = f'(Xi)*(Xke1 - %)

13
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f (%)
X¢)

Xk+1:Xk_f.(

b. Y ngta hinh hgc

&

f(x)

“'x

a

Dinh ly (diéu kién hai tu theo Furier -diéu kién dii)

Gia s [a,b] la khang nghém cia phrong trinh f(x) = 0.bao ham f'(x),

7(x) lién tuc, khdngdoi diu, khdng tiéu dit trén [a,b]. Khidé ta clon xip xi
nghiém bandau x,a,b] sao cho f(®*f’(x o) > 0 thi qué trinhdp < hoi tu d&én
nghém.

Vidy 2.8:

Giai:

Giai phuong trinh: X + x - 5 = 0 ing phrong phap @p tuyén

- Tach nghém:
fx) = +x-5
f(x) = 3x% + 1 > 00x
lim f(X) =—o0; Ilim f(X) =+

X— —00 X — 400
Phrong trinh trén c6 1 ngéin duy nht.
f(1)* f(2) = (-3)*5<0
Vay phrong trinh ¢6 1 ngléim duy nhit x € (1, 2)
- Chinh xac hoa ngéin:
f'(x) =6x>00x €(1, 2)
f'(x) > 0 Ox
Thoa mandiéu kién hoi tu Furier, &p dng phrong phéap ép tuyén.
Chon voi xo = 2 (Vi f(2). f’(2) > 0)
X f(x)/f'(x)
2 0.385

14
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1.615 0.094
1.521 0.005
1.516 0.000
1.516

Vay nghigm x~ 1.516

c. Thugt toan

- Khai bdo ham f(x), fdh(x)

- Nhap x

-Lap y=x

— f(y)/fdh(y)

trong khi [x - y| >
- Xuat nghiém: x (haic y)
2.4.4.Phwong phap day cung
a. Y wong
Gia sir [a, b] Ia khang nghém phrong trinh f(x) = 0. Gi A, B la 2 diém trén

dd thi f(x) c6 hoanhdoé twong ung la a, b. Piong trinh duong thing qua 2diém
A(a,f(a)), B(b, f(b)) cd dng:

y—-f(a) _x—a
f(o)- f(a) b-a

Day cung AB ét truc x tai diém c6 ta d6 (xg, 0)

Do do:
0O-f(@ _x-—-a
f(o)- f(a) b-a
_ . _(b-a)f(a
T ) - f(a)

Néu f(a)*f(x,) < 0, thay b = xta c6 khang ngh&ém mai 1a (a, %)
Néu f(b)*f(x,) < 0, thay a = xta c6 khdang nghém mai 1a (x, b)

Tlep tuc 4p ohng phrong phap day cung vao kimg nghém mai ta duoc gia ti
Xo. Lai tiép tyc nhr thé ta nkin dugc cac gia fr X3, X4, ... cang &#n gin VGi gia tr
nghiém phrong trinh.

b. Y ngtta hinh hgc

15



Mén: Phuong phap tinh

Vidy 2.9:
Giai phuong trinh ¥ + x - 5 = 0 ling phrong phap day cung.
Giai:
- Tach nghim: Phrong trinh c6 1 ngkdim x € (1, 2)
- Chinh xac hoa ngéin:
f(1)=-3<0;f(2)=5>0
Bang két qua:
a b X f(x)
1 2 1.333 -0.447
1.333 1.379 -0.020
1.379 1.385 -0.003
1.385 1.386 -0.000
1.386 1.386
Vay nghiém phrong trinh: x~ 1.386
c. Thugt toan
- Khai b4do ham f(x)
-Nhapa, b

- Tinh x=a— (b - a)f(a) / (f(b) - f(a))
- Néu f(x)*f(a) < 0.
Lap b=x
x=a— (b -a)f(a) / (f(b) - f(a))
trong khi |x - b| %
Nguoc lai
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x =a- (b -a)(a)/ (f(b) - f(a))
trong khi |x - a| =
- Xuat nghém: x

17
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BAI T AP CUOI CHUONG 2

Trinh bay cac boc tim nghém gan ding @a phrong trinh.
Trinh bay cach tach ngim bing phrong phapdé thi.
Trinh bay cach tach ngim cho plrong trinhdai s6.
C6 bao nhiéu plong phép chinh xac hoa nghi? Liét ké cac ptrong phapdé?
Trinh bay y téng aia phrong phap chiabi dé chinh xac héa ngéin.
Trinh bay that toan plxong phap chiadi dé chinh xac hoa ngéin.
Trinh bay y tong phrong phapip dé chinh xac héa ngén.
Trinh bay that toan plxong phapdp dé chinh xac héa ngéin.
. Trinh bay y trong phrong phap ép tuyén dé chinh xac héa ngén.
10.Trinh bay that toan plrong phap ép tuyén dé chinh xac hoéa ngéin.
11.Trinh bay y téng phrong phap day cundé chinh xac héa ngén.
12.Trinh bay that toan plrong phap day cundé chinh xac hoa ngén.
13.Tim nghém gin dling cac phong trinh:

a.X-x+5=0

bxX—x—-1=0

C.sinx—x+1/4=0

d.X¥-4x-1=0

bang phrong phap chiaéi véi sai $ khéng qua 10

© N Ok~ DNRE

14. Tim nghém gan ding cac phiong trinh:
a.X-x+5=0
b.X-4x-1=0
bing phrong phéap day cungovsai $ khdng qua 18
15. Tim nghém gan dang cac phong trinh:
a.é6—-10x+7=0
b.X+x-5=0
bing phrong phap #p tuyén vi sai $ khéng quéa 18
16. Dung phrong phéap dp tim nghém duwong cho plxong trinh X — x — 1000 = 0
véi sai $ khong qua 18
17. Tim nghém duong cho plrong trinh: X + 3 —2x — 2 = 0.
18.Tim ngh&m am cho ptiong trinh: X - 3% + 75x — 1000 = 0.
19.Dung céac phong phap c6 thdé tim nghém gin dang cho plrong trinh sau:
Cos2x+x—-5=0
20.Viét chuong trinh tim nghim cho cé dng ©ng quét:
f(x) =ax"+ax"'+...+a.Xx+a=0
a. Ap ding phrong phap chiaoi

18
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b. Ap ding phrong phap day cung
21. Viét chuong trinh tim nghém cho phrong trinh & — 10x + 7 = 0 bng phrong
phap tép tuyen.
22. Viét cheong trinh xaatinh gia ti x;, X, theodinh 1y 3.
23. Viét chrong trinh tim @n trén @a nghém dwong phrong trinhdai sé theodinh
ly 4.
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CHUONG.3. GIAI HE PHUONG TRINH PAI SO TUYEN TiNH

3.1. GIOI THI EU
Cho k¢ phrong trinh tugn tinh:

X+ a,%*..+ 8, X= 4.,
A Xt A Xttt 8, X= &,

AuXt %+t 3, X= 8,
Hé phuong trinh trén cé thduoc cho lbi ma tén:

(&, a, .. a, a,,]
&, 8y .. B, By,

Am+1 =

&y G o By G
Van dé: Tim vect nghém x =, %, ..., %)

* Phwong phap:

- Phrong phépdl]ng (Krame, Gauss, khair): Bic diém cia cac ’pb:orng phap
nay la sau @t so hiru han céq Ix¢c tinh, ta nAn duwoc nghém dlng réu trong qua
trinh tinh toan khéng lam trom.s

- Phrong phép gn ding (Gauss Siedel, i dr): Thong throng ta chain &
mot gia ti bandau, tir gia ti nay tinh gia rnghiém gan dang 6t hon theo nét qui taic
n&od6. Qua trinh nayguoc lap lai nhiéu 1an va \6i moét b diéu kién nhit dinh, ta nfin
duoc nghém gan dung.

3.2. PHUONG PHAP KRAME

- Khai bao hanbt tinhdinh thrc ma tén vuéng ép n

-Nhap n, § (i =1,n;] :1,n+])
-d =Dt (A)
- Xét:
+d=0
+d# 0 {d = Dt(A); x; = d/d}
3.3. PHUONG PHAP GAUSS
3.3.1.Ngi dung phwong phap

- Bién ddi Ma tran A vé ma tén tam giac trén
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a, a, .. a, a,,]
&, @, .. @, a,,

A=
a; Q, ... 8, 8]
(8, B, . By By
= Al - O a' '22 a' '2n al2n+1
0 0 ...al, a.

Céach bén doi A — A’ Thuc hién n-1 Bn bién déi
Lan bién doi i Jam cho @ = 0; j =i + 1— n) king cach:
dongj=dongj+dongi*m(m=;ég)
- Tim nghém theo qua trinh ngyc: X,— Nh.1— ... — Xy
Vidy 3.1:
Giai hé pheong trinh:
2X, +4X,+3X; =4
X, +X,—=2X, =-2
4x, +1IX, +7X; =7

2 4 3 4
A=3 1 -2 -2
4 11 7 7

‘ Nhan hang 1 & -3 va nhan hang 26v 2 rdi cong wi nhau, nhan hang 1v/-2
roi cong wi hang 3 éa ma tén A taduoc:
2 4 3 4
-|0 -10 -13 -1
0 3 1 -1
Nhan hang 2 & 3 va nhan hang 36v 10 i cong wi nhau taduoc:
2 4 3 4
-0 -10 -13 -1
0O 0 -29 -58
X3=2;%=-1,%=1.
3.3.2.Thugt toan

- Nhap n, g (i =1n, j =1n+1) (nhap truc tiép haic t file)
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- Bién d6i A — A’ (ma tran tam giéac trén)
+Llap i=1->n-1
Tim j sao choja# 0.
+ Xet g =0~
Hoanddi dong i va j cho nhau.
+Lap j=i+1on

m = -g/a;
+Lap k=i- n+l; g =a*m.
- Tim nghém
n
% {anﬂ— P! 4]/ g (i=n-1)
j=i+1
Lap i=n—>1
s=0
Lap j=i+1-n;S=S+a*x,.
X = (@n+1 - S)/a

- Xuét x; (i = 1— n).
3.4. PHUONG PHAP LAP GAUSS - SIEDEL (TU SUA SAl)
3.4.1.Ngi dung phwong phap

Bién ddi he phxong trinh & dang: X = Bx+ g

X= (%, %)
trongdo: g =(o, G.s Gh)
B={}

Cach bén doi:
Xt a,Xt..+ta X= 4g,,
Xt A, Xttt a, X = &,

X T G, % Tt 8, X = Gy

&:(%féaﬂj/ Q1( j#21)

Xﬁ(am-ji:lamj/ a.( %
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Téng quat:
X =(ah+1-ji:1q xj/ a( %) ()
Cho & phrong trinh %ip xi nghiém bandau: x, = (xf ..., ){’)
Thay x, vao (*)dé tinh: x, :(x}, x;x})
>¢=(am-§lq >§j/ a(i# )
Tuong tr, tinh x, , X, ...

Téng quat:  x** :(%H‘é% K]/ a(j#
Qua trinh ip s dirng khi tha man tiéu chén hoi tu tuyét doi:
X" -x|<e @i=1n)
Khi d6 x, =(X, %,...,%) 1a nghgm cia r¢ phuong trinh.
Piéu kién hoi tu:
Hé phueong trinh cé ma &n lap B tha méan:

= miaxi‘bij ‘ <1

j=1

n
haic r, = mjaxZ‘bij ‘ <1
i=1

n
haic 3= > bf <1
i=1j=1

thi qué trinh & hoi tu dén nghim.

Vidy 3.2:
10 2 1 10
Giai hé phuong trinh 1 10 2 10
1 1 10 8

)(1:_0,2X2_0,]X3+ 1
Xo = —0,1 — 0, 2+ 1,
X3 = =0,1x — 0,I%, + 0,€
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0 -0,2 -01
B=-01 0 -0,2
-0,1 -01 O

g=(11,2;0,9

3
Do r1:m.ax2‘bij‘: 0,3< 7 théa mandiéu kién hoi tu nén ap dng phrong
phap Gauss - Siedel:

Chon X, =(0;0;0) thay vao cox =(11,2;0,9
Tuong tr tinh Xy, Xg...

Bang két qua:

X1 X2 X3

1 1.2 0.8
0.68 0.94 0.58
0.754 1.016 0.638
0.733 0.997 0.623
0.738 1.002 0.627
0.737 1.001 0.626
0.737 1.001 0.626

Nghiém h¢ phrong trinh lax, = (0,737;1,001;0, 62§

vi [ - %<10° @Qi=13
3.4.2.Thugt toan
-Nhapn, g (i=1—n,j=1—- n+l)
-Nhap x = (i=1—n)
- Lap
t=0
lap i=1-n
{S=0
lap j=1—-ndo
if (j #1) S=S+a*x
Yi=(@w1-S)/a
if (| x1[i]-x0[i]|>=¢) t=1
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Xi = Yi}
trong khi (t)
- Xuat x; (i =1 — n)
3.5. PHUONG PHAP GIAM DU
3.5.1.Ngi dung phwong phap
Bién d6i hé phrong trinh \& dang:

By~ A X T 8% m X =0
By T By X T B X 8y X=0

1
Qg "8y X T 3%~ 3, %=0
Chia dong i choa~ 0
b, —B,%—hX..— x=0
b2n+1_b21X1_ bzsxs_"'_ )(2:0 (2
bnn+1_ X~ b12xz_"'_ )SZO

Cho vect nghigm bandau x, = (%, %,..., X))
Vi x, khéng phi la nghém nén:

bln+1_b12)€_ bl3)83‘"_ )ﬁ: F§
2n+1_b21)€_ b23)83—...— )82: Fez

bnn+1_bn1){) - QZ)g_"'_ )gz Fg

R, R,....RP 1a cac & du do sr sai khac gia x, véi nghiém thec cua he
phuong trinh.

Tim R0 = max{‘ Iﬂ ‘ Iﬂ } Fﬁ"} va lam trét tiéu phanit d6 bing cach cho x
mot sb gia dxg = RY ngha laxt = x2+ RS,
Tinh lai cac $ du:
R =0
R=R-R*ox=R-pg* B (#1-}
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Ct tiép tuc qua trinh dp trén cho dén khi: ‘Rk‘<£(Di:1,_n) thi
Xk :(xf x'z‘xf) la nghEm aia k¢ phueong trinh.

Vi du 3.3:

Giai hé phuong trinh:
10 -2 -2 6
-2 10 -1 7
1 1 -10 8

Bién d6i vé hé phrong trinh trong duong
0,6+ 0,2+ 0,3 - % = (
0,3+0,2¢+ 0,3- % = (
0,8+ 0,3 + 0,%, - %= O

Cho % =(0.0,0 ~ Ry=(0,6:0,7;0,f
2omaif] o
G =x+R =08
Ri= R+ by R=0,7+0,1.0,8 0.7

Rllz RO"' 3 F8=0,6+ 0,2.0,8 0,7
R =(0,76;0,78;0

Tuong tr ta c6 ling két qua:

X1 X2 X3 R1 R, Rs
0 0 0 0.6 0.7 0.8
0.8 0.76 | 0.78 0
0.78 0.92 0 0.08
0.92 0 0.18 | 0.17
0.96 0.04 0 0.19
0.99 | 0.07 | 0.02 0
0.99 0 0.03 | 0.01
0.99 0.01 0 0.01
1 0.01 0 0
1 0 0.01 0
1 0 0 0
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Vay nghiém cia k¢ pheong trinh la x = (1; 1; 1)
3.5.2.Thugdt toan
- Nhap n, g, X
- Bién d6i hé pheong trinh (1) ¢ dang (2)
for (i=1, i<=n, i++)
{for (=1, j<=n+1; j ++)
if (il =j) a[i,j] = a [i,j)/a[i,i]
afi,ij=1
}
- Tinh r[i] bandau (i = 1- n)
fori=1-ndo
{r[i] =a[i, n+1]
forj=I->ndor[il=r[i]-a[ij] *x[j] }
- Lap
t = 0 /* cho thoat*/
[* Timrs=max {|r[i]|} (i = 1> n) & tinh lai xg*/
max = |r[1]]; k =1
fori=2—ndo
if (max < |r[i]]) {max=|r[i]; k=1}
x [K] = x [K] + r[K]
/* Tinh lai R[i] ki ém tra khi nang lap tiép theo */
d = r[k]
fori=1-n
{r[i] =r[i] - a[i, k] * d
if (Jr[i]] >=¢) thi t =1 /* cho lap*/
trong khi (t)
- Xuét nghiém: x[i] (i = 1—n)
Lwuy:

- Phrong phap chthyuc hién duoc khi g # 0, réu khdng phi d6i dong.

- Qué trinh hi tu khéng phy thudc vao % ma ch phu thudc vao lan chit caa he

phuong trinh.

- Moi hé phrong trinh c6 gia frriéngi > 1 déu hoi tu dén nghém mot cach

nhanh chong.
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- Néu céac phin tir a; cang &n hon cac pln tir trén dong bao nhiéu thi qua trinh
hoi tu cang nhanh.
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BAI T AP CUOI CHUONG 3
Trinh bay that toan plrong phap Krame gi hé.
Trinh bay Bi dung phrong phap Gauss dihé.
Trinh bay that toan plrong phap Gauss &ihé.
Trinh bay Bi dung phrong phap Gauss - Siedehghé.
Trinh bay thdt toan plrong phap Gauss - Siedehghé.
Trinh bay Bi dung phrong phap gim du giai hé.
Trinh bay that toan plrong phap gim du giai hé.
Giai hé phrong trinh sau ing phrong phap Gauss Jordan:
1,2x-0,8y= 1,0
{—1,5x— 0,25/=- 1,(
9. Giai hé phrong trinh sau ing phrong phap Gauss Jordan:
Xx+y+z=1
X+2y+3z=-1
3X+4y+5z=2

O N A WNE

10. Giai hé phrong trinh sau ing phrong phap Gauss Jordan:
X—-y+2z=1

2X—-y+2z=5

X+y+2z=1

11. Giai hé phrong trinh sau ing phrong phap Gauss Jordan:
X-2y+z=1

2X—y+2z=5

Xx+2y-z=1

12. Giai hé phrong trinh sau ing phrong phap Gauss Jordan:
3y-4z=-6

X+4y+5z=19

X+4y+2z=13

13. Giai hé phrong trinh sau ing phrong phap Gauss Jordan:
X+2y-3z=-2

X-y+2z=7

Sx+3y+4z=2

14. Giai hé phrong trinh sau ing phrong phap Gauss Jordan:
X—-2y+3z=6

—2X+y-z=-1

S5x—-3y+z=2

15. Giai hé phrong trinh sau ing phrong phap Gauss Jordan:
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3X+4y-z+ t=-3

2y-z=-1

5x—-6y+2t=9

X+y+z=2

16. Giai hé phurong trinh sau ing phrong phap Gauss Jordan:
3y-4z=-6

X+4y+5z=19

X+4y+2z=13

17. Giai hé phuong trinh sau ing phrong phap Gauss Jordan:
X+2y—-3z=-2

3X-y+2z=7

5x+3y+4z=2

18. Giai hé phrong trinh sau #ng phrong phap Gauss (cac phép tigh dén 5 $
l¢ thap phan):
2,1 — 4,5 — 2,04= 19,07
3,0 + 2,56+ 4,3= 3,21
6,0 + 3,5+ 2,5 =— 18,2
19. Giai hé phrong trinh sau dng phrong phap Gauss (cac phép tigh dén 5 $
[¢é thap phan):
3,2¢ - 1,50+ 0,5 = 1,8
8% +12,5% - 5,0¢= 15,5
1,0% + 4,2 - 1,,5= 4,1
20. Giai hé phrong trinh sau #ng phrong phap Gauss (cac phép tiah dén 5 $
l¢ thap phan):
8,644 + 1, 7%, + 5,4%,= 10,2
6,30 + 4,25+ 1,84,= 3,
4,21+ 7,9% - 3,4%,= 12,2
21. Giai hé pheong trinh sau #ng phrong phap Gauss (cac phép tiah &én 5 $
l¢é thap phan):
5,5% + 7,2+ 6,2= 23
7,1 + 10,56+ 8, %= 3
6,24 + 8,2 + 10,5,= 3
22. Giai hé phrong trinh sau #ng phrong phap Gauss (cac phép tiah dén 5 $
l¢ thap phan):
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1,5% +1,4+ 1,3+ 1,%,= 5,8

1,44 +1,66+ 1,26+ 1,3,= 5,9

1,3 +1,2%+ 1, %+ 1,4 = 6,0

1,24 +1,3+ 1,4+ 1,%= 5,8

23. Giai hé phrong trinh sau #ng phrong phap Gauss — Jordan:
X 2%+ %=1

2% — X+ 2X%3=5

X 2% —3%=-2

24. C6 3 lai thyc pham:
- Loai 1 chra 1don vi vitamin A, 2don vi vitamin B, 3don vi vitamin C
- Loai 2 chra 2don vi vitamin A, Odon vi vitamin B, 3don vi vitamin C
- Loai 3 chra 3don vi vitamin A, 1don vi vitamin B, 2don vi vitamin C.
Nguoi ta mudn chon mot khau phan cung ép “11 don vi vitamin A, 9don vj
vitamin B, 20don vi vitamin C”.
a. Tim fit ca sd lugng thrc prim cia nbi loai c6 the co dam bao day du nhu du
vé vitamin nhr trén.
b. Néu giddon Vi cua cac lai thuc pram lan lugt [& 600dong, 550d6ng, 500
ddng thi cé kidu phan nao ti gia 1000d6ng?
25. Mot xi nghigp dién tir san xut 2 loai Board cho may in. £2 lcai déu duoc xi
ly trong 2 phan xéng A va B. Thi giandin thiét cho ndi loai trong ndi phan
xudng cho i bang sau ¢on vi: phut)

Loai 1 | Loai 2
Phan xrong A 4 3
Phan xréng B 1 2

C6 3 cbng nhan trong phamdéng A va chiicé 1 cdng nhad trong phan mong
B. Tim sin lwong aia ndi loai trong 1 gb.

0,000k, + X, = 0,99!

X —95X% = 0,002

a) Gii bang cach 6ng hai plxong trinh.

b) Giai hé bing Gauss. Cédiéu gi kit thuong khdng?

26. Cho It phrong tr‘lnh{
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CHUONG.4. NQI SUY VA PHUONG PHAP BINH PHUONG
BE NHAT

4.1. GIOI THI EU

Trong toan hc ta throng gip cac bai tqén lién quatén khao séat va tinh giair
ca’gc ham y = f(x) nado. Tuy nhién trong tirc t€ co trong hop ta khdéng xadinh duoc
biéu thirc cia ham f(x) ma chnhan dugc cac gia ftrroi rac: Yo, Vi, ..., ¥ tai cacdiém
tuongung X, Xi, ..., %.

Van dé dit ra 14 1am sadé xacdinh giéa ti caia ham 4i cacdiém con hi.

Ta phai xay drng hame(x) sao cho:

9(x) = ¥ =fx;) véi i =0,
o(X) = f(x) WX thuc [a, b] va £ x

- Bai toan xay dng hamo(x) goi la bai toan i suy.

- Hamo(X) goi Ia ham i suy aia f(x) trén [a, b].

- Cécdiém x (i =0,n) goi 1 cac nbc mdi suy.

Ham rbi suy ding duogc ap ding trong tedng hop da xacdinh dugc biéu thic
cua f(x) nhrng né qua piac tap trong véc khao sat, tinh toan. Khi6 ta tim ham &i
suy >ép Xi Vi n6 dé don gian phan tich va kio sat lon. Trong trrong hop do6 ta clon

n+1diém bat Ky lam mbc ndi suy va tinh gia irtai cacdiém do, tr d6 xay drng duoc
ham rdi suy (king cdng tikrc Lagrange, cong tit Newton,...).

Truong hop tong quat: ham éi suy (x) khoéng ch thaa man gia trham i méc
noi suy ma con thdoman gia tr dao ham cac ap tai moc do.

0'(Xe) = F(X0); @'(X1) = F(X9); ... ...
0" (Xo) = '(X0); ©”(X1) = F'(X1); ... ...

Nghia la ta tim hami suy aia f(x) thba man nitng gia ti sau:

Xi Xo X X
yi = f(x) Yo Y y
y'i = f(x) Yo Y1 Y
y"i = f(x) Yo Y1 Yn
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4.2. PA THUC NOQI SUY LAGRANGE
Gia sir f(x) nhan gi ti y; tai cacdiém twonging X (i =0,n), khi d6 da thic noi
suy Lagrangei@ f(x) lada thrc bac n vadugc xacdinh theo cbng tinc sau:
n .
Lh(X) = z Y h(%
i=0
pi (X) — (X_ )Q))(X_ )i_)(x_ %(—1)( x= Pg-l)( x ﬁ() — TS(X) (*)
000 = %) (X X)X %) (X X)) MB

(*) 1a da thic bic ndbi voi x va thha man:
i 1 khi j=
| —
Pn (%) {o khi j#i
At W(X) = (X - 5)(X - 1) ... (X - %)
Suy ra:TS(x):m; MS = W’(x)
X=X

00 szu WD
4.2.1.Ngi suy hic nhdt (ngi suy tuyén tinh)
Khin =1 ta c6 bng $ liéu nhr sau:
X ‘ Xo
y =1 | Y

Da thrc ndi suy bic nhit cé cing: La(X) = Yo.po(X) + Ya.pa(X)

Trongdo: Po(X) = i
X%
X=X
pu(X) =
X~ X
Suy ra
L1(X) = Yo -4 ! "0 = Axt E
X ™% X~ X

4.2.2.Ngi suy hic hai
Khin =2 ta c6 bng $ liéu nhr sau:
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X ‘ Xo X %
y =) | Yo Yy oy
ba thrc noi suy kic hai cé dng: La(X) = Yo-Po(X) + Y1-pi(X) + V. pa(X)
N (x=%)(x= %)
Trongdo: Po(X) = (XO )(XO Xz)
(X=%)(x= %)
() =
P ) (0 %)
_ (x=%) (%= %)
pZ(X) (XZ_XO)(XZ_ X_I_)

Suy ra:
L,(x) = AX¢ + Bx+ C
V6i A, B, C la hing .
4.2.3.Ngi suy hic ba
Khin = 3 ta c6 bng $ liéu nhr sau:
X ‘ Xo X % %
y =f(x) \ Yo ¥ ¥ %
ba thrc noi suy kic ba c6 dng:
L3(X) = Yo-Po(X) + Y1.p1(X) + Y2.2(X) + Y3.p3(X)

(x=>q)(x= %) (x- %)

Trongdo: Po(X) =

Suy ra:
Ly(X) = AC + BX¥ + Cx+ L

V6i A, B, C, D la ting 9.
Vi dy 4.1:

34



Mén: Phuong phap tinh

Cho ham f(x) thé man:
X o 1 2
fx) |2 3 -1
Tim ham i suy aia f(x), tinh f(5)
Giai:

Vi n = 3 nérda thrc ni suy kic ba c6 dng:
La(X) = Yo-Po(X) + Y1-P1(X) + ¥2.P2(X) + Y3.p3(X)

Trongdd:  py(X) = (x-

(R
pu(¥) = (("1 :%))((: 2))((: ;1) _% —6x32 +8x
UREEEES
p3(¥) = Ez:gggz:ljgg: 22; : x3—3>;24+ -

Suy ra:
Ls0) = Yo Po( X+ % R( 3+ % B{ ¥+ % | )
=2.p0(X) +3.0( X~ 1.pp( §+ 0.5( ¥
Thay vao tatwgc mot da thrc bac 3.
Tur d0, thay x = 5 vao ta affugc gia ti ham f(5).
4.3. PA THUC NOQI SUY LAGRANGE V Ol CAC M Ol CACH PEU

Gia sir ham f(x) nfin gia ti y; tai cacdiém twongung % (i = 0 - n) cachdéu
mot khaang h.

Dat
t=2"%
h
khi do:
X-X=ht X- X = h.i
X-%=h.(t-1) X-X =h.(i-1)
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X-%1=h(t-1+1) X-%.1=h

X-X%+1 =ho(t-i-1) X- X1 = -h

X - X% =h.(t-n) X- X, =-h.(n-1)
0, (% + ht) = tt-21..¢-i+D€-i—1..{-n)

-0 2607 1201 )
= t(t_l)...(t—n)
(t-nil(n —i)!_(_l)l’l—i

el &y
L, (X + ht) = t(t=1)...(t n)izz(:)(t—i)i!(n—i)!

_t(t-1)..¢-n) Sy ()" G,
L (% + ht) =
n(% +ht) - IZ(; =
véi C, 1a th hop n aia i phn ti.
Vi du 4.2:

Tim ham i suy aia f(x) tha man:
Xi 0 2 4
f(xi) 5 -2

Giai:

NG — | 50—l 2
(@)= 1;(!t 2 ta?zo_ téclhfzz}
:t(t—l)(t—Z)[§+ 4 1}

+
2 t t-1 t-2

:%[5@2—1)@— 2)+ 4 (- 2p+t (- 1)}

:%[10t2—24+ 1cﬂ: 52— 19+ 5

Vay ham i suy aia f(x) la:

L2(x):gx2—6x+5
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4.4. NQI SUY NEWTON
4.4.1.Sai phan
Cho ham f(x) va h laimg $, khi do:
Af(x) = f (x + h) - f(x) dugc goi 1a sai phan &p 1ddi véi budce h.

NF(x) = —[—F(X)] :sai phan ép 2
Téng quat:
AF(x) = A[A(X)] :sai phan ép k
Céach fp bang sai phan:
Xi fxi) | Af(x) | A%F(x) | A%(x)) A"(x;)
Xo Yo
X1 Y1 Af(xo)
X2 Y2 Af(x1) | A%(xo)
X3 ys | Af(xp) | AF(x1) | A%(Xo)
Xn Yn Af(Xp) . . e | AM(Xq)

4.4.2.Cong thirc ngi suy Newton
Gia sr ham f(x) nkn gié ti yi tai cAc ndc xi cachdéu mot khoang h. Khi
do ham i suy Newton la réit da thrc baic nduoc xacdinh nhr sau:

Ln(X) = Cofo(X) + Ch( R +...+ Gon (3 *)
$o(X) =1,
Trongds: (%) =2 2:4,(9 = (X )E’g(zf‘ Y.
¢ (X) - (X_ )Q))(X_ )ﬁ_)...(X— )ﬁ—l).
" h"n! ’

Lép cac hampi(x) cé tinh clat sau:
~$i(%)=0 Di=1n
~APy (X) = P (X)

* X&c dinh cac B sb C (i=0,n)

Sai phan &p 1 aia L(x):

AL,(x) = CoAgo(X)+ CAG( A+ CAGAL J+..+ GAGL( X

1
( ) = C_L¢O(X)+C2¢1()9+---+ Q1¢n—1()9
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Sai phan &p 2 aia L(x):

CAP(X + CAP( R +...+ GAP_1( 3
Copo(X)+ Cpy( R +...+ G- X

(2)

A?L,(%)

Sai phan &p n @ia Ly(x):
AL, (X) = CrAgo(X) = G,
Thay x=x vao (*), (1), (2), ..., (n) tduoc:

(n)

Co = Ln(>0);

Vi Ly(X) = f(x) nén:
Ln(Xo) = f(Xo);
N’Lo(Xo) = AH(Xo); ...

Vay:

C=AL(X); Co=A%L (%) ...
AL 1(Xo) = Af(Xo);
A"Ln(Xo) = A(Xo)

Vidy 4.3:

Giai:

G=0" L,( %)

(X = %) (X~ %)-..(X= %-1)

+. .4+ A" (x9)
(*0) Hr
Xay drng ham ki suy thba man:
Xi 1 2 4
Yi 2 4 7
Lap bang sai phan:
Xi fx) | Af(x) | A%(xi) | A%(x) | A%(x)
1 2
2 4 2
3 5 1 -1
4 7 2 1 2
5 8 1 -1 -2 -4

Ham rdi suy Newton:
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L,(x) = 2+2X_1>@—(X_ )ﬁ)z(lx_ %) 4 50 >; A x ¥
_a (X2 %)(x= (= %)(x ¥
4!

4.5. NOI SUY TONG QUAT
Xay drng ham bi suy aia f(x) thba man gia irham va gia irdao ham cac ap

theo king gia ti sau:
X; Xo X1 X
yi=f(xi) Yo Y1 Y
y'i=f(xi) Yo Y1 Y'n
y"i=f"(x) Yo Y1 Y'n
yi=fx) | o y '

Gia sr ham @i suy én tim lada thrc bic m: Hy(X)

m= n+Zk: S (S: S5 gia thiét dugc choo dao ham ép i)
i=1

Hm(X) = Ln(X) + W(X)Hp(x)

(V1 Hn(%i)=L (X)) +W (i) Hp(x:)=y1)
Vol W(X) = (X-Xo).(X-X1).(X-Xn)

p=m-(n+l)
Pao ham ép 1:

H'm(X) = L'n(X) + W(X)H5(X) + W'(X)H(X)
Xét tai cacdiém x;;

Hin (Xi) = Lo (x3) +2W (x; )H' (xi) + W (5 )H p (%) =y

%/_/
0

= Hy ()
Pao ham ép 2:
H"m(X) = L"n(X) + 2W'(X)H"5(X) + W"(X)Hp(X) + W(X)H"5(X)
Xét tai cacdiém x;;

i (5) =L ) #2000 )+ e )

j— Hlp (Xi)
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Tuong tr: Pao hamdén cip k suy ra H<Y(x)
Ta xacdinh ham H(x) théa man:

X Xo X1 . X

Hp(Xi) ho hy - h,

H' (%) h'o h'y h,
Hp(k-l)(xi) ho(k-l) hl(k-l) » m(k-l)

Vé ban chit, bai toan tim ham jfix) hoan toan @ing bai toan tim ham k{x).

Tuy nhiéng day bic aia n6 gam di (n+1) va gi thiét vé dao ham gim di mot cap.

Tiép tuc giai twong tr nhu trén, cwi cing dua W bai todn tim ham & suy
Lagrange (khéng codao ham). Sauio thay ngoc két qua ta duoc ham i suy

Hecmit @n tim H,(x).
Vi du 4.4: Tim ham Bi suy aia ham f(x) th@ man:

X; 0 1 3
f(x) 4 2 0
P(X3) 5 -3

Gidi:

Ham roi suy én tim lada thrc Hy(x).
Ha(x) = La(x) + W(x)Hy(X)
W(X) = (x-0).(x-1).(x-3) = X - 4% + 3x

L) = 4(x—1;(x— 3.5 x(>_<; 3):_:]%()(2 7t 12)

H '4(%) :gx—§+(3x2—8x+ 3 H (9+ W(3 Hy (3

H'4(0)= = + 3y (0)= 5= H; (0= =2

HW (@)= —gx— 2H, (1)=-3= H1<1):§

Tim ham H(x) thoa méan
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Xi 0 1

Hi(x) | 22/9 2/3
_22 (x=1), 2 (x-1)_ - 16+ 22

H, (X . . H, (1)=—
1) =3 (0-1) 3 (- 0) g~ M@=~
Vay
2 _ V(v
H4(x):x 73x+12+ X(x=1)(x 3)6 16x+ 22

4.6. PHUONG PHAP BINH PHUONG BE NHAT
Gia sr c6 2dai Iugng (vat ly, hod hoc, ...) x va y c0 lién & phu thuoc nhau theo
mot trong cac dng da biet sau:
o« y=f(ax + b)
. y:a+bX+C§( Tuyéntl'nh
 y=a+bcosx + csinx

e y=aé& }
« y=aX Phi tuyén tinh
nhung chra xacdinh duoc gia ti cia cac tham&a, b, cDé xacdinh duoc céc
tham $ nay, ta tim cach tinh o cap gia ti twong tng (%, y), i1, 2, ...,n lang
thuc nghém, saudd ap ding phrong phap binh pkong bé nht.
*Trwong hgp:y=ax+Db
Goi & sai $ tai cacdiém x
g =Y, -a-bx

n
Khi d6 tng binh plrong céc sai& S=> &
i=1
Muc dich aia phrong phap nay la xadinh a, b sao cho S 1a béanhNhu vay a,
b la nghé¢m hé pheong trinh:
0S

_:O
da

S _

db

(1)

Ta co:
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0p)
1

S+ @+ FR-2ay-2 by 2 apk

(2a 2y; + 2bx)

1
M=

&3 23
I
M- &

(2b>q2 25y + 2ax)

a
=

n n
na+by x=>y
i=1 i=1
n n n
ay x+by ¥=3 xy
i=1 i=1 i=1

Giai hé phrong trinh taduoc: a, b.

@ -

* Trwong hep y = a + bx + cX
Goi ¢ la sai $ tai cacdiém x;.
&=V -a-bx-cx’
n
Khi d6 tong binh plrong céac sai& S= Zeiz
=

Céac It s a, b xaatinh sao cho S 14 bé #th Nhu vay a, b, ¢ 1a ngléim cia he
phuong trinh:

?=O na+bix+cif=iy
FRRRE DR R A IS WY
OS_O i= i=1 :r:]L
%0 S i S p=3 by

Giai hé phrong trinh taduoc a, b, c.

* Tr wong hep: y = a€™.

L4y Logarit @ 5 e hai \é: Iny = Ina +bx

batY =Iny;A=1lna;B=Db; X =x.

Tadwa \é dang: Y = A + BX

Giai hé phuong trinh tadwgc A, B=>a=8,b=B
* Tr wong hop y = aX.

L4y Logarit @ s5 10 hai é: logy = loga + blogx
bat Y = logy; A =loga; B = b; X = logx
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Tadua ¥ dang: Y = A + BX

Giai hé pheong trinh tadugc A, B =>a = 10, b = B.
Vi dy 4.5: Cho bét cac @p gia ti caa x va y theo ing sau:

x | 065 | 075 | 08 | 09| 115
v, | 096 | 106 | 117 | 129| 158
Lap cong thic thec nghém cia y caing aé”.
Taco:y=al
L4y Logarit @ 5 e hai \é: Iny = Ina + bx
batY =Iny;A=1lna;B=Db; X =x.
Tadwa \é dang: Y = A + BX
Xi=x | 065 | 075 0,85 095| 1,15
Yi=Iny | -0,04 | 0,06 0,18 025| 046
X, | =2 | =Xy, |y,
435 | 393 | 092 0,89

Phrong phap binh pkong bé nht: A, B la nghém hé pheong trinh:

nA+ Bi)gzznly
i=1 i=1

AY X +BY =Y XY
i=1 i=1 i=1

5A+4.38B= 0.89
4.35A+ 3.98= 0.9

Giai hé phrong trinh taduoc: A =-0.69, B = 1.

Suyra:a=%=1/2, b=B=1.
Vay f(x) = 1/2 €.
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SAEEE A

o

BAI T AP CUOI CHUONG 4

hai f(x) = axX + bx + c.

7. Trinh bay plrong phap binh prong bé nlt véi truang hop f 1a ham phi tugn tinh
dang f(x) = a&".
8. Trinh bay plrong phap binh prong bé nlt véi truang hop f 1a ham phi tugn tinh

dang f(x) = ax.
9. Cho hing gia ti ham

Néu cong tlrc ndi suy Lagrange.
Néu céng tlrc ndi suy Lagrange & cac ndi cachdéu.
Néu cong tkrc noi suy Newton.
Néu céng tlrc ndi suy Hng quét.
Trinh bay plxong phéap binh pkong bé nlt véi truong hop f 1a ham tugn tinh kic
nht f(x) = ax + b.

Trinh bay plxong phéap binh pkong bé nlt véi truong hop f 1a ham tugn tinh kic

1,50 1,54 1,56 1,60 1,63 1,70
3,873 3,924 3,950 4,000 4,037 4,123
Sir dung cong tirc ndi suy Lageing tim gia tr ham &i cacdiém:
a) 1,52.
b) 1,55.
c) 1,58.
d) 1,61.
10.Cho hking gia ti ham
1,0 1,1 1,2 1,3 1,4 15 1,6 1,7 1,¢ 19 2,
0,5652| 0,6375| 0,71470,7973| 0,8861| 0,9817| 1,0848| 1,1964| 1,3172| 1,4482| 1,5906

Str dung cdng tikc Ni suy Newton xadinh gia ti ham &i cacdiém:

a) 1,0113.
b) 1,0428.
c) 1,9592.
d) 1,9728.

11.Cho gié ti cua haidai lwong x, y trong Bng sau:

i 1 2 3 4 5
X 0,56 0,84 1,14 2,44 3,16
Yi -0,80 | -097| -0,98 1,07 3,66

Tim xap xi ham dr6i dang bic 2: y = aX + bx + c.
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12.Cho hking gia ti ham

X 19 22 25 28 32 35
y | 0,66 | 0,367 0,223 0,14 | 0,084 0,06

Tim ham xp xi bing phrong phéap binh pkong bé nht saud6 danh gia sai&
cua ham %p xi néu:
13.Quan I gitra y va x la tugn tinh: y = ax + b:
14.Quan I§ giita y va x la tam tirc bic hai: y = ag + bx + c;
15.Quan I gitta y va x 1a ham i y = a&".
16.Cho king $ liéu:

X 2 3 4
y 16 | 26,5| 211,

Hay lap da thrc noi suy Laging trongtrng.
17. Hai dai luong x va y ph thupc theo quy lat y = ax + b. Hay xadinh a, b Bng
phuong phap binh prong bé nht, biét:

X -1 0 1
y 0,5 1 15| 25

18.Cho ham é f(x) théa man:

Xay dueng ham Bi suy Newton.
19.Cho ham é f(x) théa man:

x | 1] 0| 1
y | 3] 1] -2

Xay deng ham Bi suy Newton.
20.Cho ham 6 f(x) théa man:

y | 17 | 275| 76 | 2105
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Xay dueng ham Bi suy Newton.
21.Cho ham é f(x) théa man:

X 1 2 3 4
y | 3 2 7 -1

Xay deng ham Bi suy Laging aia f(x), tinh f(3,5).
22.Cho ham 6 f(x) théa man:

X 1 2 3 4 7
y 17,0 | 27,5 76| 210,b 1970

Xay deng ham Bi suy Laging aia f(x), tinh f(5).
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CHUONG.5. TINH G AN PUNG PAO HAM VA TICH PHAN
XAC PINH

5.1. TINH G AN PUNG PAO HAM
Nguoi ta throng dung mit sb pheong phapdé tinh din dingdao ham éa ham
f(x) tai x trongdod phrong phap apehgda thrc ndi suy throng dugc dung nht.

~ Gia sir nguoi ta phii tinh x4p xi dao ham @a ham 8 f(x) tréndoan (a,b). Tréc
h@t nguoi ta thay ham f(x) Bng da thrc noi suy P(x), saut6 lay dao ham P'(x) va coi la
Xap xi ciadao ham f'(x).

Vi dy 5.1: Gia s ta xacdinh dugc da thrc ndi suy la:
Py(x) = 8- 29x + 5
Khi d6, dao ham RB'(x) = 24 - 29duoc xem la %p xi caa f'(x).
5.2. TINH G AN PUNG TiCH PHAN XAC PINH

Xét ham $é f(x) lién tyc trén [a,b], Au xacdinh dugc nguy@n ham F(x) ta c6
cOng thirc tinh tich phan:

2t (xdx= F(h- F(3

Nhung trongda $ cac trong hyp ta khéng xadinh duoc nguyén ham him
khéng xaadinh dugc biéu thic caa f(x) ma ch nhan dugc cac gia tircaa né i nhitng
diém rdi rac. Trong tedng hop nhr vay ta c6 th st dung cac cong tirc gin ding sau
dé tinh tich phan:

- COng thrc hinh thang.
- Cong thirc Parabol.
- Cong thirc Newton - Cotet.

5.2.1.Cong thec hinh thang
Chia [a, b] thanh @oan king nhau i khoang cach h = (b - a)/n theo cdiém
chia:y=a,x=a+h, ..., x=b.

jbf(x)dx:j;j:a f(X) dx+j;‘2 f(>)d><r...+j:_l { x dx

a

S la dén tich gii han bai duong cong f(x), x = a, X = b, vauit X.
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L J

Xg=a X, e e
Xét trén %, x], ta xemduong cong f(x) laduong thing:

1
Slz $1.thang:§ }'( ¥+ Y)

Tuong tu:

S,=5H %+ %)

1
%:E N Y1t W)
Vay:
b 1
J'a f (x)ax :Eh( W2 Y+ 2+ .+ 2) q+ )4)

5.2.2.Cong thic Parabol
Chia [a, b] thanh 2@oan bing nhau i khoang cach h = (b - a)/2n theo cac
diém chia: y=a,x=a+h, ..., x,=b.
b % % %n
f(X)dx= f( X dxt dx...+ d
Jo FO9dx=[ " f(R e [ * (3 [ Ux

a

Xét trén %, x,] xemduodng cong f(x) 1a Parabol ¢ suy Hic 2 aia 3diém x,,
X1, Xo):

D= L=y XT)%) o (xx)(x=%) (< p)(x ¥
R g ey R e e I (e v

j:j f(x)dx= j:j Ly( %) d>

Thay % =a,x =a+h, x=a+ 2h vao ta co:

X, h
f (x)dx=— 4
o 100dx=2 (0 +4y+ )
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Tuong tr:

/ h
J,, fOodx=Z( 1+ 4+ y)

J'XZn
X

2n-2

h
f (x)dx= 5( Vo2t 4 Y1t Yon)

Vay:

[ Fek=S( s+ 45+ 23+ it 29 o+ A%y 1t %)

a

Vidy 5.2:
Tinh tich phan sau theo 3 cach:
5
|:I dX2
11+x
Gidi:
i 5 dx _ 5_ T
Céch 1:1 —I =arctarx|; = arctan5—= 0.5¢
1 ]_+_)(2 1 zl
Céch 2: Chia [1,5] thanhdban thing king nhau (h = 1) & cacdiém chia:
x | 1 | 2 | 3 | a4 | s
yo | U2 | us | w10 | 117 | 126

Theo cong thc hinh thang:
| = (1/2 + 2/5 +2/10 + 2/17 +1/26)/20.628
Céach 3: Cong tinc Parabol:
| = (1/2 + 4/5 +2/10 + 4/17 +1/26)£30.591
5.2.3.Cong thierc Newton-Cotet

Chia [a, b] thanh doan king nhau i khoang cach h = (b - a)/n theo cdiém
chia:y=a,x=a+h, ..., x=b.

Patx=a+ (b-a)yt=>dx=(b-a) dt
Xi ‘ a ‘ a+h ‘ a+2h‘ ‘ b
vy | o | i | 2m | .. | 1
Khi d6:
[2f(ax=(b- a)j; f(ar(b- 2} de( b )ﬁqa()tc

a

voi @(t) =f(a + (b - a)t)
Xem @(t) & ham ©i suy Lagrangei@ n + 1diém: to, ty, ..., t.

49



Mén: Phuong phap tinh

t—lj(t—zj...(t—l) (t—o)(t—ij..(t—J)

n

@A) = Ly (1) = yo(

ol 2

o (1—0)(1—3 ..(1—”nlj

Vay; I:f(X)dXz(b‘ 9. YR
i=0
Xétn=1(h=b-a)

1t-1
R = fioadt=—5

1t-0 1
R =lomo?=5

I:f(x)dx:(b— a)[% +L21j :—2( ¥ - ¥) (Cong thic hinh thang)

Gia tri P, duoc tra trong Bng sau:
Pni
1/2 1/2
1/6 4/6 1/6
1/8 3/8 3/8 1/8
o/71 16/45 2/15 16/45 9/70
19/288 25/95 25/144 25/144 25/95 19/288

ga| b~ | W | N[~ |>S
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BAI T AP CUOI CHUONG 5
Néu céng tirc tinh gin ding dao ham trong wong hyp bai toan rac
cachdéu.
Trinh bay cong tic hinh thang tinham dlng tich phan xadinh.
Trinh bay cong tic Parabol tinh &an dang tich phan xadinh.
Trinh bay cong tic Newton-Cotet tinhan ding tich phan xadinh.
Tinh gi4 ti dao ham ép 1, dp 2, réu gia ti cia hamdugc cho trong
bang sau:

Xi 0,4 0,6 0,8 1,0 1,2 1,4

y; =f(x) | 0,4000| 1,4848 2,6813| 3,9975 5,3456 6,2465

Tinh ¢in dang y'(50) @ia ham 8 y = logx dra vao ling gia ti ¢a cho

Ssau:

Xi 50 55 60

yi = log(x) 1,6990 1,7404 1,7782

Cho ham f(x) bi bang sau:

X 50 55 60 65

yi =log(x) | 1,6990| 1,7404 | 1,7782 1,8129

Ap dung da thrc mdi suy tinh gn dingdao ham @a ham f(x) 4i x = 50 va sso
sanh i két qua tinh tee tiép.

Cho ham f(x) bi bang sau:

Xi 0,98 1,00 1,02

y; = f(x;) | 0,7739332 0,7651977| 0,7563321

Tinh ¢in dingdao ham @a ham f(x) i x = 1.

Tinh gia ti dao ham ép 1 va ép 2, réu gia ti caa hamduoc cho trong

bang sau:
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Xi 1,0 1,1 1,2 1,3 1,4 1,5

yi=f(x) | 1,266 | 1,326| 1,393 1,469 1,558 1,647

10. Cho ham y = f(x) ddi dang ing sau:

X 0 1 2 3 4 5 6 7 8
y | 12,3 11,1 72| 41 63 88 92 108 131

8
Tinh tich phani = I f (x)dx theo cdng thc hinh thang.
0

x _t*
11.Trong K thuat ta throng gip tich phan xac it ¢(x) :%Ie 2 dt
T
0

Hay tinhe(1) theo céng thc hinh thang éu chia kha@ng tich phan thanh 10 f
t2

bang nhau. Chodng gia ti ham dréi déu tich phany =e 2.

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9

1| 0,9950| 0,98020,9560| 0,9231| 0,8822 0,8353 0,7827 0,7261 0,6670 0,6

12.
1
1+ X2

1
Cho tich phan | = j dx
0

Bing cach phan haeh doan [0, 1] thanh 4toan bing nhau, tinh &n dang tich
phan trén theo congtth hinh thang.

13.Cho tich phan
I :Jl'i)r(lxdx
0
a) Bing cach phan heh [0, 1] thanh Gloan bing nhau. Tinh #n ddng tich
phanda cho ling cdng tirc hinh thang va cdngdt Simpsonbanh gia sai&?
b) Tinh din dling tich phan tréndng cong tikc hinh thang &i sai $ khong qua
3.10%

14.Cho ham f(x) dd¢i dang king sau:
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X 0 0,2 0,4 0,6 0,8
y | 1,0000| 0,9801| 0,9211| 0,8253 0,6967
Tinh tich phan#a ham sau theo congah hinh thang.
0,8
|:jf@mx
0
15.Cho ham f(x) d6i dang bing sau:
X 0,0 0,5 1,0 1,5 2,0 2,5 330 3p 40
y 1,50| 0,75 050 0,75 150 2,75 450 6/75 10,00
Tinh tich phan#a ham sau theo congath hinh thang.
4
| = j f (x)dx
0
16.Cho ham f(x) d¢i dang bing sau:
X 0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0{9 1,0
y | 1,000, 0,990 0,9620,917|0,862|0,800/|0,735| 0,671 | 0,609 0,555| 0,500
Tinh tich phan#a ham sau theo congath hinh thang.
1
| = j f (x)dx
0
17.Cho ham f(x) d¢i dang king sau:
x | 0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 o8 09 10

y 1 /1,1 1/1,20 1/1,3 1/1,4 1/1,%5 1/1,6

1/1,7 1/481,9| 1/2

Tinh tich phan#a ham sau theo congith hinh thang.

1
|:jfoodx
0

18.Cho tich phan

53



Mén: Phuaong phap tinh

1_.
SINX
=[S g
0 X

Hay phan haech doan [0, 1] thanh 1Qioan bing nhau éi tinh gin dang tich
phanda cho ling cdng tirc hinh thang.
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