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LOI NOI PAU

Tap “ Bai giang toan cao cip hoc phan Pai sé tuyén tinh” chira dung noi dung cua hoc
phan To4n cao cip 2, ndm trong mon hoc Toan cao cap, danh cho dbi twgng sinh vién dai hoc
chinh qui nhém nganh kinh té: quan tri kinh doanh, ké toan, da phuong tién...ciia Hoc vién
Cong nghé Buu chinh Vién thong.

Tap bai giang nay duoc bién soan theo D& cuong tin chi hoc phan toan cao cip 2 da
duoc Hoc vién Cong nghé Buu chinh Vién thong ban hanh nim 2012, bam sat gido trinh mén
Dai s cua Hoc vién Cong nghé Buu chinh Vién thong.

Tap bai giang gdbm 5 chwong twong tmg véi hai tin chi, 30 gio hoc, 6 gid bai tap.

Chuwong 1: Logic ménh de, tap hop, anh xa.

Chuong 2: Khong gian véc to n chiéu.

Chwong 3: Ma tran va dinh thuc.

Chuong 4: Hé phuong trinh tuyén tinh.

Chuong 5: Phép bién d6i tuyén tinh va dang toan phuong trén khong gian R” .

Dé dé dang cho viéc tu hoc cua sinh vién, ndi dung tap bai giang nay duoc tac gia
trinh bay theo huéng co ban 1a :

C6 ging giit lai mot phan nao ciu tric chit ché ciia mon Pai 6, tuy nhién khong thé
bao quat ddy di ndi dung cia moén Pai sb tuyén tinh. Cac dinh Iy dugc phat biéu va chiung
minh chinh x4c.

Tai liéu nay c6 ndi dung thuan tiy toan hoc, khong 16ng ghép khai niém lién quan dén
chuyén nganh vi ddi twong chii yéu 1a sinh vién nam thir nhat Dai hoc - cao ding, chua dugc
trang bi kién thtc vé chuyén nganh. Hau hét cac ndi dung déu bat dau tir dinh nghia, din dén
tinh chat, phuong phap tinh va thuét toan voi nhiéu vi du minh hoa dé sinh vién c6 thé hoc
theo trinh tu trong tai lidu, trén 16p khong can ghi chép nhiéu, danh thoi gian nghe giang,
huéng dan.

Qua d6 mong mudn ngudi hoc cing ¢b va rén luyén phuong phap tu duy. Cha y dén
vi€c lap luan chinh x4c, chit ché, cling nhu c6 ky nang tinh toan tot. Mong mudn ngudi hoc
Xem mon toan cao cép 2 noi riéng, toan hoc noéi chung nhu mot cong cu dé hoc mén hoc
chuyén nganh khac, ciing nhu trong cong tac nghién ctru sau nay, khi giai quyét nhiing van
dé méi nay sinh....

Tac gia bay t6 long cam on t6i cac thay cd gido B mon Toan da cé nhitng nhan xét
qui bau cho tai liéu nay va mong nhan duoc nhiig gop y cua cac thay co giao, ddng nghiép
va cac hoc vién, sinh vién nham lam cho viéc trinh bay noi dung tap bai giang nay duoc tot
hon.

Ha néi, thang 11 nam 2013.
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Chuwong 1: Mé diu vé logic ménh dé - Tap hop - Anh xa

CHUONG 1
MO PAU VE LOGIC MENH PE , TAP HOP, ANH XA

Nhimg van dé dugc trinh bay trong chuong nay ¢ thé xem nhu nhitng yéu té co ban, rat
can thiét cho hoc vién trong viéc hoc tip cac mon toan cao cip néi chung va hoc phan toan
cao cap 2 néi riéng.

Trong chuong nay & phan dai cwong vé 1ogic ménh dé toan, tap hop, chiing téi chi trinh
bay nhitng van dé co ban, nhiam muc dich ciing c¢6 nhiing van dé ma hoc vién da duoc trang bi
tir dau cép hoc THCS va PTTH; tir d6 nhin manh tim quan trong cta nhiing kién thirc ma hau
nhu dai da s hoc vién khong thudng xuyén van dung, khai thac trong qué trinh hoc tap.

Anh xa 12 mot khai niém duoc dung dé dinh nghia nhiéu khai niém khac trong toan hoc,
chéng han dung dé dinh nghia ham s6, dao ham... & mon Giai tich. Trong mén hoc Toan cao
cép 2, hoc vién sé€ thr?iy anh xa con dugc st dung dé dinh nghia hau hét cac khai niém méi nhu
dinh nghia phép toan hai ngdi, tir 46 dinh nghia khong gian véc to, 4nh xa tuyén tinh, dang
toan phuong ...

Nim virng va st dung mdt cach chinh xac cac luat 16gic ménh dé, van dung triét dé cac
kién thic vé 1y thuyét tap hop, anh xa 1a mot yéu to quan trong d6i voi bat ky hoc vién nao
mudn dat két qua tot trong hoc tip cac mon toan ndi riéng ciing nhu trong moi linh vuc

nghién curu khac.

1.1 LOGIC MENH PE
1.1.1 Mg¢énh d@ va cac phép lién két ménh dé
Trong muc nay, ta chi giéi han néi vé cac ménh dé Toan.
Mot cdu khing dinh, phan anh mét didu c6 thé hodc dung hodc sai, khong thé vira ding vira
sai 1a mot ménh dé.
Logic ménh dé 1a mot hé thong 16gic don gian nhat, voi don vi co ban 1a cic ménh dé.
Viduy: “7>9”1a ménh dé sai , “tam giac déu 1a mot tam giac can”, hay “tam giac ABC
1a tam gidc vudng tai dinh 4 khi va chi khi BC? = AC? + AB*> ” la nhitg ménh d& ding,
“ x13” khong phai la mot ménh de.
Ta s& khong quan tdm dén noi dung cu thé cta timg ménh dé, ma chi dimg & tinh chat
cua n6 hodc dung hoac sai.
Ta dung ky hiéu cac chir cai p,q,r.... dé chi cac ménh d& chua xac dinh.
Néu ménh d¢ p dungtacho p nhan gia tri 1 va néu ménh dé p sai ta cho nhén gia tri 0.

Gia tri 1 hoac 0 dugc goi 1a thé hién cua p.

11



Chuwong 1: Mé diu vé logic ménh d@é - Tap hop - Anh xa

Phu dinh ciia ménh dé p 1a ménh dé dugc ky hiéu p, doc 1a khong p. Ménh & p
dung khi p saiva p saikhi p dung. Mot bang chan ly ghi lai hai kha nang d6:

p P
1 0
0 1

Tuong ty ngdn ngit thong thudng, ngudi ta ding cac lién tir dé ndi cac cau don thanh
cau phuc hop, cac lién tir thuong gap nhu “va”, “hay 13”7, “hoac...hoac..”, “néu ...thi"...

Ménh dé phirc hop duoc xay dung tir cac ménh d& don gian hon bang cac phép lién két
16gic ménh dé.
b. Cac phép lién két 1dgic ménh dé

1) Phép hdi: Hoi cua hai ménh dé p>q la mot m¢nh dé, dugc ky hiéu pAgq (docla p
va g). Ménh dé p A g chi ding khi p va ¢ clung dang, sai trong cac truong hop con lai. Co
thé ky hiéu 1a{p .

q

2) Phép tuyén: Tuyén ctia hai ménh dé p>q la ménh dé duoc ky hi¢u pv g (docla p
hodc ¢). Ménh dé pv ¢ chisai khi p va ¢ cing sai, ding trong cac truong hop con lai. Co
thé k¥ hidu {p

q

O day “ hodc p hodc ¢~ khong dugc hiéu theo nghia loai triy, tach biét trong d6 ca p.g
khong thé ciing diing, ma tat nhién p v ¢ déng khica p, ¢ cing dung.

3) Phép kéo theo: Ménh dé p kéo theo ¢, ky hiéu p = ¢, 1a ménh dé chi sai khi p
ding ¢ sai.
Chuy 1.1.

+  Néu p sai thi ménh dé nay luén dung. Hay “ tir diéu sai suy ra moi diéu tuy y”.

+  Hai ménh dé p,q & ddy phai thudc cing mot van dé, khong thé 13 hai ménh dé “xa

la” khong c6 lién quan gi véi nhau.

+  Trong phép kéo theo p = ¢, p dugc goi la gia thiét, ¢1a két luan.

+  Phép kéo theo ¢ = p dugc goi 1a dao hodc ménh dé dao ciia phép kéo theo p = g .
Tacondiénta p = g bang mot trong cac cach sau:

+ Néu p thig

12



Chuwong 1: Mé diu vé logic ménh dé - Tap hop - Anh xa

+ Mudncod p canco g
+ Mubncé ¢ thico p ladu
+  p 1a mot diéu kién du cua ¢
+ ¢ la mot diéu kién can cua p .
Phép kéo theo 1a lién két 16gic ménh dé thuong gip nhét trong cac dinh 1y.
Vi du 1.1. (tinh chét ciia tam giac déu) Tam gidc ABC la tam déu thi d6 1a mot tam giac can.

Vi du 1.2. (dinh ly Vi-et thuan) Néu phuong trinh bac hai ax? +bx+c=0,a#0 cohai

A . b c
nghiém x;,x, thi x; +x, =—— va xjx, =—.
a a

(dinh 1y Vi-et dao) Néu c6 hai s6 X;,Xysa0 cho x; +x, =8; xx, =P va S? >4P, thi x|, Xy
la hai nghiém cta phuong trinh bac hai x> —Sx+P=0.
Vi du 1.3. (dinh 1y diéu kién can vé cyc tri cta ham sd)
Cho ham s6 y = f(x) xéac dinh trén Dy, aeD;. Néu ham sé kha vi tai a va dat cuc

tri dia phuong tai a thi f'(a) =0.
Ta déu d3 biét diéu nguoc lai ciia cac ménh dé trén chua chic dang.

4) Phép twong dwong: Ménh dé (p = ¢) A (¢ = p) duoc goi la ménh d&& p tuong
duong ¢, ky hi¢u p < ¢q.

Nhu vy p < ¢ 1a mot ménh dé dung khi ca hai ménh dé p va ¢ cing dung hoic

cung sai va ménh d¢ p < ¢ sai trong truong hop nguoc lai.
Vi du 1.4. (dinh ly Pi-ta-go) Tam giac ABC la tam giac vudng tai dinh 4 khi va chi khi
BC* = AC? + 4B*.

% Tir dinh nghia ctia cac phép lién két ménh dé ta c6 bang sau:

Pl a | p |pva| prg | P=q |q=p | pSq| gvp
1] 1] 0 1 1 1 1 1 1
00| 1 0 0 1 1 1 1
1101 0 1 0 0 1 0 1
o 1 | 1 1 0 1 0 0 0

Bang chén 1y thé hién gia tri cic ménh dé.

13



Chuwong 1: Mé diu vé logic ménh d@é - Tap hop - Anh xa

Chuy 1.2.
¢+ MBbi dinh Iy sau khi duoc ching minh 1a mot ménh ¢ dung.
¢+ MBbi dinh Iy da duoc ching minh lai 13 can cir dé chimg minh dinh 1y khac.
¢+ (C6 hai loai ménh dé duoc st dung lam céan cu dé chirng minh mét ménh dé:
1. Cac ménh dé da dugce thira nhan la ding : d6 1a cac dinh nghia va tién dé.
2. Cac ménh dé da dugc chimg minh 1 dung.
Mot cong thirc ménh dé duoc goi 1a hang dung 1a mot ménh dé ding véi bat ky cac gia tri
chan 1y ctia cic ménh d& c6 trong cong thirc.
1.1.2. Cac tinh chit (hay con goi la cac luat logic)
Ta ky hiéu ménh dé twong duong hang dang 1a "=" doc 1a “dong nhat bang” thay cho
ky higu"<".
Tinh chit 1.1. Dung bang chén trj ta d& dang kiém chimg cdc ménh dé hing ding sau:
1) luat phit dinh kép  p = p
2) luatgiaohoan: pAag=gAp
pvqg=qVvp
3) luat két hop : pA(@gnar)=(pArg)nr
pvigvr)=(pvgvr
po@en=(psqer
4) luat phanphdi: pa(gvr)=(pArq)v(pAar)

pvgnrr)=(pvgn(pvr) .
5) luat bai trung : ménh && pv p ludn dung

ludt mau thudn : ménh dé¢ p A p ludn sai

6) luat De Morgan: pvg=pAq;

PANG=DV{.
Np=q9={PVvy9.
8) ludtphanchimg: p=¢g=g=7p.
9) luat liy ddng : PVDP=ED;, PAD=ED .
10) luat hap thu : pv((pAg)=p
pA(pvq)=p
Luat 16gic 7) ¢ trén con cho ta cd so dé ching minh ménh dé p = ¢ bang phuong phap

suy luan phan chung.

14



Chuwong 1: Mé diu vé logic ménh dé - Tap hop - Anh xa

Nhiéu truong hop chimg minh ring p = ¢ 1a ding bang céach truc tiép khong thuan loi,
hodc khong thuc hién dugc thi ta dung phuong phéap suy ludn phan chung.
Phuong phap suy luin phan chimg: Dé ching minh rang p = ¢ 1a dung, ta gia thiét 1a p
dung va ¢ sai, va ta ching to rang diéu d6 dan dén mau thuin. Viéc d6 qui vé chimg minh
ring (p A ¢)la sai, tirc 13 (p v ¢)1a ding, do chinh 1a p = g .
1.2 TAP HQP
1.2.1 Khai niém tap hop

Tap hop va phan tir 1a khai niém co ban ciia toan hoc, khong thé dinh nghia qua cac
khai niém da biét. Cac ddi tuong c6 chung mot s6 tinh chat nao d6 co thé xem 1a mot tap hop.
Mdi dbi tuong d6 12 mot phan tir ciia tap hop. Mot phan tir bt ky chi c6 thé hodc thudc hoic
khong thudce tap hop.

Thuong ky hiéu cac tap hop béi cac chitin 4, B,... X,Y,... con cac phan tir bdi cac chir
thuong x,y,... Néu phan tir x thudc 4 ta ky hiéu x € 4, néu xkhong thuc A ta ky hiéu
x ¢ A. Ta ciing ndi tat "tap" thay cho thuat ngit "tap hop".

Tap rong la tap khong chira phan tir ndo, ky hiéu &. Chiang han tip nghiém cia
phuong trinh x* +1=0 néu xét trong tap hop sb thuc.

Ta thuwong mé ta tap hop theo ciac cach sau:
+  Liét ké cac phan tir ctia tap hop.
+ Néu dic trung tinh chit cia cac phén tir tao thanh tap hop.
+  Dung gian d0 Venn: dé c¢6 hinh anh tryc quan vé tap hop, nguoi ta thuong bicu dién
tap hop nhu 1a mién phang gi6i han bai duong cong khép kin khong tu cit.
Céc tap hop s6 v6i qui udc thdng nhat trong toan hoc thuong gip:

+ Tapcacsdtwnhién N={0,1,2,..}.

+  Tap cac sd nguyén Z= { 0,+1,£2, }

+  Tap céc s hiru ti Qz{p/q|q¢0, p,qu}.

+ Téapcac s6 thuc R.

+  Tap céc sd phic C:{z:x+iy| x,yeIR;izz—l}.

Vidu 1.5.
s MJbi tap thé 16p 1a mot tap hop.
s B ba can bd 16p : {I6p truong, 16p pho, bi thu chi doan} 1a mot tap hop.
o Tap céc s tw nhién 1¢ nhd hon 10 1a {1,3,5,7,9}.

= Tap hop cac nghiém ctua phuong trinh xz -1=01a {—1,1} .

15



Chuwong 1: Mé diu vé logic ménh d@é - Tap hop - Anh xa

a { xeR| X +1= 0} =@ . Tap cac nghiém cua phuong trinh x> +1=0 1a tap rdng.
o W:{x,y,ze R| x+y+Z:0} 1a tap cac sb thuc x,y,z thoaman x+y+z=0.
o Ky hi¢u tép C[ ab] 1a tap cac ham s lién tuc trén [a,b] .

3

n —1
3n% +1

3

Vi du 1.6. P={pe@|p: ;neN} 1a tap cac sb hitu ty co dang p = " trong

3n” +1
d6 n 1a s6 tu nhién .

1.2.2 Tép con. Cac phép tinh vé tip hop

a. Tap con.

Pinh nghia 1.1. Tap 4 duoc goi 14 tip con cia B néu moi phan tir ciia 4 déu la phan tir cia
B,khidétakyhiéu Ac B hay Bo A4.

Khi 4 latap con ctia B thita con ndéi 4 bao ham trong B, hay B bao ham A4, hay B
chua 4.

Taco: NcZcQcRcC.

Mot cach hinh thirc ta c6 thé xem tap rdng 1a tip con ciia moi tap hop, nghia 1a véi moi
tip X : JcX.

Téap hop tht ca céc tap con ciia X duoc ky hieu L(X). Vay A4 €L (X) khi va chi
khi Ac X .Tap X — X latap con cua chinh né nén 1a phan tir Ién nhat con & 1a phan tir bé
nhit trong e@(X ).

Vidu 1.7. Cho X = {a,b,c} = e@(X) = {@,{a},{b},{c},{a,b},{b,c},{c,a},X} .

Ta thdy X ¢6 3 phintathi Z(X) c6 25 =8 phan tir.

Ta c6 thé chimg minh tong quéat rang néu X c6 » phan tir thi e@(X ) ¢6 2" phan tu.
Pinh nghia 1.2. Hai tdp 4, B bang nhau, ky hiéu 4= B, khi va chikhi Ac B vi Bc A4.
Nghia la: Ac B< (xed)=(xeB).

Dé chimg minh 4 < B ta chi can chimg minh x € 4= x € B va vi vay khi ching

minh 4= B ta chican chingminh xe 4 < xeB.
Pinh nghia 1.3. Tich D& cic ciia hai tip X, Y 1a mot tap hop, ky hidu X x ¥, gdm cac phan
tu c6 dang (x,y) trong d6 x € X va y € Y. Nghia la:

XxY={(x,y)|(xeX) A(yer)}. (1.1)

* Mo rong cho truong hop: vé1 X, X,,..., X,, 1a n tdp hop nao do, ta dinh nghia va ky

hiéu tich Dé cac ciia n tap hop nay nhu sau:
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Chuwong 1: Mé diu vé logic ménh dé - Tap hop - Anh xa

Xy x X, x..xX, ={(x1,x2,...,xn)|xl- € X, i=1,2,...,n}. (1.2)
+ Khi X; =..=X, =X thitakyhi¢u X" thay cho X x..x X .
1;\\
n lan

n
» Tich Dé cac X| x X, x...x X, con dugc ky hicu [ ] X, .
i=l

Vidu 1.8. Cho X = {a,b,c} , Y = { 1,2} = XxY= {(a,l),(b,l),(c,l),(a,2),(b,2),(c,2)}.
Chuy 1.3.
1. Ta d& dang chimg minh dugc rang néu X ¢6 n phan tir, ¥ ¢ m phan tirthi X x Y
¢b nxm phan tu.
n n
2.Giastt (xp,..x,) € [ [ X5 (¢pnx') e [ X5 thi
i=1 i=l
(Xp5enxy,) = (x"],.05x") & x; =x",,Vi=1,..,n.

3. Tich Descartes cua cac tap hop khong co tinh giao hoan.

Vidu1.9. R"= { (xl,xz,...,xn)| x; €R, i = 1,2,...,n} , vay thi Rz,R3 tuong tmg 1an luot 1a ky

hiéu ctia mit phang Oxy va khong gian Oxyz quen thudc.

= R’={(x,y)

x,yeR}.

o |R3={(x,y,z)|x,y,z eIR}.

1.2.2 Céc phép toan va cac tinh chit trén céc tap hop
a. Phép hop: Hop cta hai tdp 4 va B, ky hiéu 4 U B, 1a tdp gdbm cac phan tir thudc it nhat
mot trong hai tap 4, B . Nghia la:

AUB={x|(xe4)v(xeB)}
Vay xe AUuB < (xed)v(xeB)

xe A

hay xeAUB(:>|: .
xeB

b. Phép giao: Giao cua hai tdp 4 va B, ky hiéu AN B, 1a tap gdbm cac phan tir thudc dong
thoi ca hai tap A4, B . Nghia la:

AnB={x|(xe4) r(xeB)}.

xe A
Vady xe ANnB<(xe d) A(xeB) hay xeAmB@{ .
xe
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c. Hi¢u ciia hai tap: Hiéu ctia hai tip 4 va B, ky hiéu 4\ B hay 4— B, la tip gdm céc phan
tor thudoc 4 nhung khong thudc B . Nghia la:

A\B:{x| (xe4) /\(erB)}.

xe A

Vay xeA\B@(xeA)/\(xEB) hay xeA\B@{ cB
X

Chuy 14.
+  Phép hop, phép giao con duoc mé réng cho mdt ho cac tap hop.

+  Truong hop B < X thitdp X \ B duogc goi 1a phan bu cia B trong X , ky hiéu 1a
c2.
Ap dung 16gic ménh dé ta d& dang kiém ching lai cac tinh chit sau:
1. AuB=BUA, AnB=BnNA. (tinh giao hoan).
2. Au(BuC)=(AuB)u(C,
AN(BNC)=(ANB)NC. (tinh két hop).
3. Au(BNC)=(AuB)N(Au(C),
AN(BUC)=(ANB)U(ANC). (tinh phin bd).
Giad st 4,B 1a hai tdp con cua X thi:
4 A=A: AUD=A: ANX=A.
5. A0A=X; ANA=0D.
6.@2205;“22&)5. (luat De Morgan).
7. A\BzAr\E:Am(m)zA\(AmB) =48,
1.2.3 Ham ménh d@é. Lwong tir pho bién va hrong tir ton tai
a. HAim ménh dé
Trén tap hop D, ky hiéu S(x)1a ham ménh dé phy thudc vao bién x € D. Khi cho bién
x mot gia tri cu thé thi ta duwgc ménh dé.
Ta goitdp Dy, = {x € D|S(x)} 1a mién dang cia ham ménh dé S(x).
Vidu 110, S(x)=x"-5x+6<0 = Dgy, =[23].

b. Lwong tir
Ky hiéu V (doc 1a voi moi) dugc goi 1a lugng tir phd bién.

Ky hiéu 3 (doc 1a ton tai) dugc goi 1a lugng tir ton tai

18
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Cho S(x)1a mét ham ménh dé xac dinh trén tap hop D . Khi dé:

+ Ménh dé (Vx e D) S(x) (doc 1a v&i moi x € D, S(x)) 1a mot ménh dé chi ding néu
Dg(,y = D va sai trong truong hop nguoc lai. Khi D dé xac dinh thi ta thuong viét
tit Vx, S(x) hay (Vx), S(x).

+ Ménh @& (3x € D)S(x) (doc 1a ton tai x € D, S(x)) 1a mot ménh dé chi dung néu
Dyg(yy # & va sai trong truong hop nguoc lai.

+  Pé chimg minh mdt ménh d¢ véi luong tir pho bién 1a dung thi ta phai ching minh
dung trong moi trudng hop, con véi ménh dé ton tai ta chi can chi ra mot truong hop
dang 1a du.

+  Nguoi ta mé rong khai niém lugng tir ton tai néu Dy c6 dung mot phﬁn tar.

Véiky hiéu (3'x € D, S(x)), doc la: ton tai duy nhét x € D, S(x) .

+  Phép phu dinh luong tir

VxeD, S(x)<:>(§|xeD, %)

Ixe D, S(x) <:>(VxeD, %)
Vidu 1.11.
o (Vxe[23])ix? —5x+6<0; (FreQ):x® —5x+620 la cac ménh dé ding.
s Mbi mot phuong trinh 1a mot haim ménh dé, vi du:
{ vez|?—1=0f={-L1}.

1.3 ANH XA
1.3.1 Cac dinh nghia va vi du
Pinh nghia 1.4. M0t anh xa ti tdp X vao tdp ¥ 1a mot quy luét, ky hiéu [, cho tuong ung
mdi mot phan tir x € X voi mot phan tir xac dinh y = f(x) cua Y .
Nhu véy anh xa phai thoa man 2 diéu kién sau:
1) Moi xe X déu dugc tac dong qui luat £,
2) Mbi x € X {mg voi duy nhat mot phan tir y = £(x)

Takyhigu [f:X—>Y hay x—Lsy

x>y = f(x) x>y = f(x)
+ X duogc goi la tap nguén (hay con goi l1a tap xac dinh cia anh xa),
+ Y duogc goi la tap dich.

+ Phantir x € X goila tao anh, phan tr y = f(x)goi 1a anh cia x qua anh xa f.
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* Véi f,g: X——Y tandi fva glahaidnh xa bang nhau néu:
f(x)=g(x),véimoi xe X.
Vi dy 1.12. Mdi ham s6 y = f(x) bat ky c6 thé dugc xem 1a 4nh xa tir tap D, 1a mién xéac
dinh ciia y = f(x) vao R. Chang han:
o Hamsdbacnhat y=ax+b, a=0 laanhxa f:R - R

x> y=ax+b
\ A , x+1 ..,
= Ham phan thic y=—"y laanhxa f:R\{2} > R
x—

x+1

X y=
Y x—2

Vidu 1.13.
o Qui tic x4c dinh qué quéan cua sinh vién trong mot tap thé 16p 1a mot anh xa tir tip
hop tap thé 16p” vao tap “ 63 tinh thanh”.
o Qui tic xac dinh quan hé dong huong cia sinh vién trong mot tap thé 16p nay véi

sinh vién trong mét tap thé 16p khac khong 1a anh xa giita hai tap thé 16p khac nhau.
Pinh nghia 1.5. Choanhxa f: X >Y va Ac X, BcY.
+ Anhciia 4 quaanhxa f latap: f(4)= {f(x)| X € A} cY. (1.3)
Noiriéng f(X)=Im f dugc goi 1a tdp anh hay tap gid tricua f .
Vay yelmf <Ixe Xy = f(x).
+ Nghich anh cuta tdp con B cua Y la tap:
'®={xeXx|f(x)eB}jcX. (1.4)
< Trudong hop B 1a tap hop chi c6 mot phan tir { y} thi ta viét:
f_l(y) thay cho f_1 ({y}) .
khidé £ (y)={xeX|y=rf(}. (1.5)

1.3.2 Phan loai cac anh xa

a. Pon anh

Pinh nghia 1.6. Anh xa f:X — Y duoc goi 1a mot don 4nh néu anh ciia hai phan tir phan
biét ciia X 1a hai phan tir phan biét cua Y .

Nghia la: vV X, Xy € X5 X) # X, 3f(x1)¢f(x2) hay la

V x;,x, € X: f(xl)zf(xz):xlzxz. (1.6)
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b. Toan anh
Pinh nghia 1.7. Anhxa f:X — Y duoc goi la toan anh néu moi phan tir cia ¥ 1a anh cta
phan tir nao d6 ctia X . Nghiala Im / =7, hay la

VyeY,dxe X saocho y= f(x). 1.7)

c. Song anh
Pinh nghia 1.8. Anhxa f: X — Y vira don 4nh vira toan anh duoc goi 1a song anh.
Chuy 1.5.
+ MOt anh xa hoan toan xac dinh khi biét tap nguén, tap dich, cong thic cho anh
y=f(x).
*» Khi anh xa f: X — Y duoc cho dudi dang cong thirc xac dinh anh y = f(x) thita co
thé xac dinh tinh chat don 4nh, toan anh ciia 4nh xa f bang cach giai phuong trinh
y=f(x).yeY (1.8)
trong d6 ta xem x 13 4n va y 1a tham bién. Khi d6
* Néu voi moi y €Y phuong trinh (1.8) luon c6 nghiém x € X thi anh xa f 1a
toan anh.
Néu voi mdi y e Y phuong trinh (1.8) c6 khong qua 1 nghiém x € X thi 4nh
xa f la don anh.
Néu v6i moi y e Y phuong trinh (1.8) ludn c6 duy nhit nghiém x € X thi 4nh
xa f lasong anh.
Vidu 1.14.
a) Cho anh xa: "R >R

X y=x>+x
Xét phuong trinh y = f(x) = x* +x hay x> +x—y =0. ().
Biétsé A=1+4y ( yeR).

Néu y < —i thi phuong trinh (*) khong c6 nghiém trong R. Vay f khong toan anh.

Néu y> —% , phuong trinh (*) c6 hai nghiém phan biét trong R. Vay f khong don anh.

b) Cho anh xa
f:N—>N
xHy:x2+x
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Xét phuong trinh y:f(x):x2+x hay x> +x—y=0 (x*).(yeN)

Biétsé A=1+4y >0 (vi y € N). Phuong trinh (**)ludn ¢ hai nghiém phén biét

=l l+4y —1—1+4y

xl—f ,x2=f<0

Nhung (**)chi c6 nhiéu nhit mot nghiém trong N. Vay f don anh.
Véi y =1, phuong trinh (*3*)khong c6 nghiém trong N. Vay f* khong toan anh.
Vi du 1.15. Cac ham s6 don diéu chat 1a cac song anh tir tap xac dinh 1én mién gia tri cia no.

Dong bién chit: x;, <x, = f(x) < f(x,)

Nghich bién chit: x; <x, = f(x)> f(x,).
Vidu 1.16. Idy goila anh xa dong nhét ciia X .

ldy : X—X
x b Idy(x)=x.
1.3.3 Anh xa hop (tich), anh xa nguwgc
a. Hop (tich) caa hai anh xa
. . ‘f g .

Dinh nghia 1.9. V61 hai &nh xa X > Y — Z thi tuong ing x > g(f(x)) xac dinh mot anh xa
tor X vao Z duogc goi 1a hop (hay tich) cia hai anh xa f'va g, ky hi¢u go f.

Vay go f: X — Z c6 cong thirc x4c dinh anh :

ge f(x)=g(f(x)) (1.9)
Vidu 1.17. Cho f:R—>R, g:R >R véi cong thuc xac dinh anh
f)=x+2, g)=x".
Ta c6 thé thiét 1ap hai ham hop go f va fog tir Rvao R.
4
fog(x)=x4 +2; gOf(x)z(x+2) .

b. Anh xa nguoc
Pinh nghia 1.10. Gia sit f: X — Y 1a mot song anh khi d6 voi mdi y € Y t6n tai duy nhat

xe X saocho y= f(x). Nhu viy ta c6 thé xac dinh mot anh xa tir ¥ vao X bang cach cho
g mdi phan tir y € Y voi phan tr duy nhit x € X sao cho y = f(x). Anh xa nay duoc goi
la anh xa nguoc cua f va duoc ky hiéu f -1

Vay

F71Y 5 X xacdinhnhusau T (y)=x < y=f(x). (1.10)
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Vidu 1.18. Him sd bac nhat y=ax+b, a=0 ladnhxa /:R —> R
X y=ax+b
Giai phuong trinh (1.8) twong ung:

ax+b =y, a#0 luon c6 nghiém duy nhat x = ly b , vay f 1a mot song anh.
a” a

f ¢6 anh xa ngugc f_l:R - R, nyzly—é.
a” a

. . . 1
Hay ham s0 y =ax+b, a # 0 ¢6 ham ngugc 1a ham s6 bac nhat x:—y—é, a#0.
a” a

Vidu 1.19. Himmiicosé a:  y=a",a>0,a#1

la mdt song anh (vi ham mi don di¢u chat) c6 ham nguogc 1a ham l6garit co s a:
y=a" < x=log, y.

Vi du 1.20. Cac ham s6 lugng giac nguoc

a) Xét ham s

sin:{—z; z}%[—l; 1]
2°2
X >sinx

Ham s6 nay tang nghiém ngit va la toan anh nén 1a mot song anh. C6 ham s6 ngugc:

arcsin :[—1; 1] - {—z; 1}
22
y > arcsin y
A . . T
Nhu vay x =arcsiny < sinx =y, Vxe {_E;E} Vye [—1; 1].
Dbi voi ham sb so cip, dé phu hop voi qui wéc ky hiéu ctia ham sd 1a y con d6i s6 ky hiéu la

X, ta viét y=arcsinx < siny =x,Vy e{—%;%}, Vxe[—l; 1].

Nguoi ta thuong néi ham y = arcsinx 1a ham so6 ngugc cia ham s6 y =sinx 1a dé phu hop
v6i qui ude noi trén.
b) Tuong tu

y =arccosx < cosy=x, Vye [0;7[], Vx e [—1; 1].
y =arctanx <> tany = x,Vy e(—%;%), Vx €(—o0; + ).

y =arccotx < coty =x,Vy €(0;7), Vx &(—00; + ).
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Chi ¥ 1.6.

*

Noi chung fog# go f, nghiala phép hop anh xa khong c6 tinh giao hoan.
Pé phu hop v6i qui ude ky hiéu ciia ham s6 12 y con ddi sb ky hiéu 1a x, ta thuong
thdy d thi ctia hai ham s6 ngugc d6i xting nhau qua duong phan giac y = x.
Néu f:X — Y 1a mot song anh co anh xa ngugc f_1 :Y = X, khi d6 ta dé dang

kiém chingring /™ o f=1Idy va fo [T =1Idy .

Chi 4nh xa 13 song 4anh méi ¢ anh xa ngugc. Co thé ching minh duoc f -l cling 1a

mot song anh.

BAI TAP CHUONG 1

1.1) Tim méi lién hé giita hai tap hop sau

a) A:{xeR‘x2—3x>—4} , B:{xeR‘x<\/§—4}.

b) A la tap moi séthuc >0, B la tap moi s6 thue > tri tuyét ddi cua chinh no.

1.2) 4,B,C,D la tap con cia E . Ching minh ring:

a) A\B=O khivachikhi A c B.
b)Néu AcB,CcDthi AUCcBUD, AnCcBND.

¢)Néu AUCc AUB, AnNCc AnB thi CcB.

1.3) Cho 4, B 1a hai tip con cua E, Chimg minh ring:

a) AcB< BcA.

b) AcB< AUB=B< AUB=E.

c) AcBo ANB=A<BNA=0.
d) AN(A\B)=ANB.

e) AN(B\C)=(ANB)\(ANC).

f) AU(B\A)=AUB.

1.4) 4,B,C,D latap con cua E . Ching minh rﬁng:

a) ANB# 3 < (AxB)N(BxA)#J.

b) (AxCYN(BxD)=(ANB)x(CND).

1.5) Chting t6 cac anh xa véi cong thuc xac dinh anh sau la don anh nhung khong toan anh
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1.6) Chiing t6 cac anh xa vdi cong thue xac dinh anh sau 1a toan anh nhung khong don anh

3 2
2 f(x)= S by f(e)= 2

x°+1 x—1

1.7) Ching t6 anh xa voi cong thiic xac dinh anh sau la song anh
3
X" +4x+1
f(¥)= —%—
x“+1
1.8) Cho hai anh xa f;g:R*—— R® ¢6 cong thire x4c dinh anh nhu sau
f(x,y,z) = (2x+y—z,—x+3y—22,x+4y+22)
g(x,y,z)= (x+y—z2x+3y+z,x+2y+2z)
a) Chung to anh xa f vdi cong thiic x4c dinh anh trén 1a song anh.
b) Anh xa g véi cong thirc xac dinh anh trén c6 phai 1a mot song anh khong,
¢) Viét cong thirc xac dinh f -
d) Tim tdp anh cua mdi anh xa.
e) Xac dinh cac tap £~ (0); g (0).Véiky hiu 0 =(0,0,0).
1.9) Cho anh xa [ :R*——> R* , g: R*—— R’ ¢6 cong thirc xac dinh anh nhu sau
f(x,y,z) = (2x+y—z,—x+3y—22,x+4y+22,x—y)
g(x,y,z,t)=(x+y—z+t,x+2y—z+3t,4x+ y +2z)
a) Viét cong thirc xac dinh fog; go f.
b) Tim tap anh cua anh xa f,g.
1.10) Cho anh xa f: X — Y cho A4,Bc X va C,D c Y. Chimg minh ring;
a) Ac B= f(A)c f(B).
Tim vi du chung t6 f(4) c f(B) nhung Az B.
b) f(AnB)c f(AH)N [f(B).
Tim vi du chimg t6 f(4) N f(B)  f(ANB).
¢) f(AUB)= f(AHV f(B).
d f(CAD)=f )T D).
¢) fT(CuD) =/ (O U fT(D).
D fC\D)y= OV
Néu f don anh thi
2) f(A)c f(B)= AcB.

h) f(AnB) = f(A) N f(B).
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1.11) Ky hi¢u A=go f lahgpciahaianhxa f: X -7, g:Y — Z.Chiing minh:
a) f,g donanhthi 4 don anh.
b) f,g toan anh thi /4 toan anh.
c) h toan anh thi g toan anh.
d) # don anh thi f don anh.
e) h donanhva ftoan anh thi g don anh.
f) 4 toan anh va g don anh thi f toan anh.

1.12) Cho hai song 4nh o, 4 cia tap {1,2,3,4}, ky hiéu nhu sau:
1 2 3 4 1 2 3 4
o= , M= )
341 2 4 3 2 1
hang dudi 1a anh cua anh xa.
a) Xac dinh ooy, uoo.

b) Xéc dinh o1, u7L.

1

¢) Chimg minh (o o ,u)fl =uloo™

1.13) Xac dinh tap hop tat ca cac ham s6 f khd vi trén [a,b] va thod man f'-5/ =0.
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CHUONG 2
KHONG GIAN VEC TO 7 CHIEU

O Pho thong trung hoc ta da dung véc to dé nghién ctru hinh hoc, vat ly. D6 1a mot dai
lugng c6 hudng. Bing phuong phap toa do ta co thé xem mot véc to trong mit phang 1a mot
b hai s6 thuc voi hai thanh phan 14 hoanh d6 va tung do cuia véc to. Mdi véc to trong khong
gian dong nhét véi mot bd ba sd thuc véi ba thanh phan. Cac phép toan nhu cong hai véc to,
nhan mot sb v&i vée to duoc thue hién tuong ung voi cac b sb nay. Ung dung cua véc to 1a
khong it, mat khac chiing ta ciing théy mot sb ddi tugng khac nhu mét sb tap hop sb, da thuc,
ham sd, v.v... cling c6 cac phép toan thoa man cac tinh chét tuong tu nhu cac phép toan cong
hai véc to, nhan sb véi véc to. Diéu nay din dén viéc khai quat hoa khai niém véc to, khai
niém khong gian véc to ra doi. Ngay nay ly thuyét khong gian véc to nhiéu chiéu dugc sir
dung rong rai trong nhidu linh vuc khac nhau cua toan hoc va céc nganh khoa hoc khac.
Trong vat 1y: lwc, moment dong luc dugc biéu dién dudi dang véc to, trong co hoc co véc to
van tbc.. . Khai niém véc to duge su dung trong cdc moé hinh kinh té va cac bai toan vé qui
hoach tuyén tinh. Hoc tot chuong ndy s& giup sinh vién nganh quan tri kinh doanh cé kién
thire dé hoc t6t mon toan kinh té.

Khong gian véc to (con goi la khong gian tuyén tinh) 12 nén tang ctia mon dai sb tuyén
tinh. Trong khuon kho hoc phan toan cao cap nay ta xét khong gian véc to thuc # chiéu. Ban
than n6 mang tinh chét khai quat va muc do triru tuong cao. Vi cong cu minh hoa chua duoc
cung cap day du vi vy dé hoc tot chuong nay doi hoi nguoi hoc phai hét strc nd luc. C6 thé
dua vao cac mo hinh cu thé va lién hé v6i nhitng phép toan va tinh chat ciia véc to trong mit
phang va trong khong gian ta di biét & pho thong dé nam kién thirc chuong nay dé dang hon.

Mic du pham vi ap dung ctia chuong d6i véi sinh vién nganh kinh té chi gii han trong
khong gian R”, nhung ching t6i van trinh bay chuong ndy mot cach twong dbi day du dé
cung cip cho ngudi hoc nhiing kién thirc co ban vé khong gian véc to.

2.1 KHAI NIEM VA TiNH CHAT CUA KHONG GIAN VEC TO

2.1.1 Dinh nghia khong gian véc to
Pinh nghia 2.1. Tap ¥ 1a tap khac & dugc goi 1a khong gian véc to thuc néu :

1. Trén V' c6 phép toan trong (+H): VxV >V
(u,v)>u+v

2. Trén V cophéptoanngoai ():RxV >V

(a,u) > au
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3. Hai phép toan trén thoa man 8 tién dé sau v&i moi u,v,weV va a,feR
V1) u+v)+w=u+mv+w)
V2) Tén tai phan tir khong @ € ¥ sao cho u+6 =0 +u =u
V3) Véimbi u eV c6 phan tir d6i —u € V sao cho u+ (—u) = (—u)+u =0
V4) u+v=v+u
VS) (a¢+ pu=au+ pu
V6) a(u+v)=au+av
V7) (af)u = a(fu)
V8) lu=u.

Céc phan tir ctia ¥ durge goi la cac véc to, cac phan tir cia R duge goi 1a cac phan tir vo
hudng. Ta ciing khong can st dung ky hiéu miii tén cho cac véc to.

Bon tién dé V1-V4 ching t6 phép cong (+) co 4 tinh chat ctia phép cong hai véc to
hinh hoc. Bon tién d& V5-V8 chimg té phép nhan (.) c6 4 tinh chat cia phép nhan mét sb véi
véc to hinh hoc .

Vi du 2.1. Tap R 1a khong gian véc to thuc trén chinh n6 . Tap C 1a khong gian véc to phiic
trén R.

Vidu 2.2. Tap R, 1a tap hop cac véc to tu do trong khong gian (trong do ta dong nhét cac véc
to twong ddng: cac véc to cung phuong, cung hudng, cing do dai). Xét phép cong hai véc to
theo quy tic hinh binh hanh va phép nhan mét sé thuc voi mot vée to theo nghia thong

thuong thi R, 13 khong gian véc to thuc. Tuong tu thi R3 céc véc to tu do trong mit phang

cling la khong gian véc to thuc.
Vi du 2.3. Khong gian véc to thuc R"= { x=(x,....x,)|x, eR,i= I,_n} .

Khai quat hoa tir phép cong véc to va phép nhan mét s6 v6i véc to hinh hoc ta co hai phép

toan xac dinh nhu sau:
© O X ) (e y, )= (0 00X, + )
. k(xl,...,xn):(kxl,...,kxn), Vk eR

. véctokhongla 6 =(0,...,0).
%,—/

n phén tir
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Vi du 24. bit P [x] la tap cac da thiuc bac <n, n la s6 nguyén duong cho trudc:
P, [x]= {p(x)|p(x) =aq,+ax+..+a,x";a,,a,..,a, € R}.

Vi phép cong hai da thirc va phép nhan mot s6 v6i mot da thirc. Vi tong hai da thirc,
tich mot s6 véi mot da thie bac < n ciing 1a mot da thire bic < n. Véc to khong twong tmg 1a

da thic @ (da thirc v6i cac hé sb déu bang 0) nén P, [x] 1a mot khong gian véc to thye.

Chi y 2.1. Tir day ta qui wdc chi néi gon 1a khong gian véc to ma khong néi day du 1a khong

gian véc to thuc nira.

2.1.2 Tinh chit co ban ciia khong gian véc to

Dinh ly 2.1.
1) Trong khong gian véc to, véc to @ 1a duy nhat.
2) Véimoi uelV, vécto dbi —u cua u la duy nhét.

k=0
u=0"

3) ku=¢9<:>{
4) —ku = k(—u) = —(ku), Yk eR, Yu eV .Pacbiét (-)u =—-u.
Chirng minh 1) :
That vay : Gia st c6 hai véc to 6,, 6,,khidotr V2)tacod 6, =6, +6, =6,
Gia str u c6 hai véc to déi u,, u,, khi dé
wy=u, +0=u +(utuy)=(u, +u)+u, =0+u, =u,.
Chirng minh 2) :
(C) +Néu k=0
Ou=0u+<9=0u+(u+(—u))=0u+1u+(—u)=(0+1)u+(—u)=u+(—u)=6’.
+Néu u=6
kO = kO + (kO +(-k0)) = kO + kO +(-kO) = k(0 +0)+(—kO) = kO +(-kO) = 6.
(=) Giastco ku=0

Néuk#0 =3 LR :»u:1.u:(lk).uzl.(ku)zlﬂ:@.
k k k k

Chirng minh 3) ban doc tu chung minh.

Tur dinh nghia va tinh chat ctia khong gian véc to ta c6 thé mo rong cac khai niém sau:
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+ Tadinhnghia hiéu u—-v=u+(-v).
+ Luatchuyén vé: u+v=wou=w-va.
Luat gidanudc: u+v=u+w=v=w.
5) Mot to hop tuyén tinh cia cac véc to u,...,u, cua khong gian véc to V ciing la mot

véc to cua khong gian véc to V.

n
Véi u,..,u, €V, a, e R thi Y ou, =ou +...+a,u, €V . That vay

k=1
n
> ooau =ou +..+au, =(ou +..+a, u )trou €V, a, e R;
k=1
biéu thire nay duogc goi la mot to hop tuyén tinh cua cac véc to Uyl

Pinh nghia 2.2. Véc to u bat ky dugc goi 1a mot to hop tuyén tinh ctia cac véc to u

et
néu u co thé viét dudi dang
n

u= Zakuk =au +...+a,u,, a, ..a, €R. 2.1

k=1
2.2 KHONG GIAN VEC TO CON

2.2.1 Khai niém khong gian véc to' con

Dinh nghia 2.3. Gid su (V,+,.) 1a khong gian véc to. Tap con W = cua V' ; W dugc goi la
mot khong gian véc to con ciia khong gian véc to 7 (hay noi tat: khong gian con ciia V) néu

W 1a mot khong gian véc to voi hai phép toan trong V' thu hep vao W .
Vi du 2.5. Gid st (V,+,.) 1a khong gian véc to. Khi d6 V' 1a khong gian con cua V va {(9}
la khong gian con cua V' .

Dinh 1y sau ddy chi ra rang néu 2 phép toan trong ¥ co thé thu hep dugc vao W thi cac

tién d& V1-V8 ludn thoa mén, do d6 W 1a khong gian véc to con ctia ¥ .
Pinh 1y 2.2. Gia stt ¥ 1a tap con khac rdng cta V' . Hai ménh dé sau day twong duong:
(1) W khong gian véc to concua V.
(ii) W 6n dinh véi hai phép toan cua V . Nghia la
Véimoi u,veW thiu+veW, (6n dinh voi phép cong)
V&imoi ueW ,véimoi @ R thi aqu e W , (6n dinh voi phép nhan).

Chirng minh
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(i) = (ii): Hién nhién theo dinh nghia.

(ii) = (i): Do W # & = Ju €W , va do tinh 6n dinh = 6 = Ou + Ou € W (tién dé V2),
véimoi ueW , —u=0u+(-ueW (tién d V3), cac tién dé con lai hién nhién dang. Vay

W 1a khong gian véc to concua V.

Vidu2.6.a)Tap W, = {u = (xl,x2,0)| X, X, € R} cR3 1a khong gian con cua R,
b) Tap W, = {v:(O,xz,x3)|x2,x3 € R} —R’® 1a khong gian con ciaR®.

c)Tap W, = { w= (x1,0,0)| X, eR} —R’ 1a khong gian con cua R’.

3
Vidu 2.7. Tap W, z{WZ(xl,xz,x3)|xl +2x, =0; x, —x, +3x, =0}C|R3.
/8 ={ w=(xl,x2,x3)|xl -x, =0; x, +3x;, = 0} cR’.
W, , W, déula cac khong gian con ciia R®.
Vidu28. W, = {w: (xl,x2,1)| X,,X, € R} cR’ khéng phai 1a khong gian con cua R’.

2.2.2 Su hinh thanh khong gian véc to con
Ta s& chi ra mot vai cich hinh thanh nén cac khong gian con cta V' .

a. Khong gian con sinh béi hé véc to

Pinh ly 2.2. Cho hé S ={u,uy,...u,}; u; €V;i=12,..m. Tap hop W gdm tat ca céc to
hop tuyén tinh ctia S 1a mot khong gian con ciia V. D6 1a khong gian con nhé nhat cia
V chtrahé §'.

m
Wz{veV|v=Zakuk=a1u1+...+au a, ...,ameR}.

n“m>
k=1

Chirng minh:

Goi W 1a tap tat ca cac to hop tuyén tinh ciia S. Ta ching minh # 1a khong gian con
bé nhat chira S .

() VéimoiueSthiu=lueW vay =S cW.

WueWyveWu=a,+...+a,u,,v=Lu +.+pLu, eW

Voimoi y, 0 e R:

yu+o0v = yaqu + ...+ yo,u, +op +...+90,

n-n nn
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=(ya, + 8B )uy +...+(ya, + 8B, )u, € W vay W 6n dinh v6i hai phép toén caa V.
Do d6 W la khong gian con ctia V' chira S'. Gia st W' 1a khong gian con cta V' chira S'.
Voi moi ueW, u=ou +...+a,u,, u,...u, €S. Vi W'chira S nénu,,..,u, eW' =
u=aoquy +..+a,u, eW'. Do dd W W' Néi cach khac W la khong gian con nho nhat

n-n

cia V chua §S.

DPinh nghia 2.4. W =Span S dugc goi 1a khong gian véc to con cta V sinh boi hé véc to S'.

Dong thoi S duoc goi 14 hé sinh ciia W .

Vi dy 2.9.
o {e =(1,0,0),¢, =(0,1,0),e, =(0,0,1)} 1a mot hé sinh cia R® vi
V(x,3,2)eR® 1 (x,.2) = x(1,0,0)+ ¥(0,1,0)+ 2(0,0,1).
o {e =(1,0,.,0),e, =(0,1,...,0),...e, = (0,..,0,1)} 1a mot hé sinh ciia R".

= Ta ching to tap W, = { u= (xl,x2,0)| X, X, € R} 0 Vi du 2.6. 1a mot khong gian véc

to con ciia R? theo cach biéu dién W, thanh mét khong gian sinh boi mot hé véc to:

W, ={u=(x,x,0)|x.x, e R} ={u=x(1,1,0)+x,(0,1,0)| x,,x, e R}

Hay 7, = Span{ (1,1,0);(0,1,0) } = R®.
o Tuongty, W, ={v=(0,x,,x,)|x,,x R} & Vidu2.6.

W, = { v=(0,x2,x3)|x2,x3 € R} = {VZx2(0,1,0)+x3(0,0,1)|xz,x3 € IR}
= Span{(0,1,0);(0,0,1)}.
Chi y 2.2.

+ Giasu S= { vl,...,vn} 1a hé sinh cua V' thi v, € V,Vi=12,..,n. Déng thoi véi moi

n
uelV : u =Zxkuk =X +...+X,U,, X, ....X, €R.
k=1

+  Cudn bai giang nay chi han ché xét cac khong gian c6 hé sinh hitu han goi 1a khong

gian hitu han sinh.
b. Giao ciia cac khong gian con
Pinh Iy 2.3. Néu W,, W, la cac khong gian con ctia ¥ thi W; "W, ciing 1a khong gian con

ctia V. Ta goi khong gian véc to con nay 14 giao cta cac khong gian con W, W, .
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Chirng minh: Ap dung Dinh 1y 2.1. ta d& dang suy ra diéu can ching minh.
Vi du 2.10. O Vi du 2.6 thi:

WinWw, = {v= (x,y,z) €R3

(vem)a(ve Wz)} :{(O,y,O)};

Tuong tu W, "W, = {v= (x,y,z) eIR3

(vel,)A(ve W3)} = {(0,0,0)}
O Vidu2.7 thi W, "W, ={60=(0,0,0)}.

2.3 POC LAP TUYEN TIiNH, PHU THUQC TUYEN TiNH
2.3.1 Céc khai niém

a. Biéu dién véc to thanh t6 hop tuyén tinh ciia h¢ véc to bat ky

Theo dinh nghia 2.2. Véc to u bat ky dugc goi 1a mot t6 hop tuyén tinh cla cac véc to

n
U],y Uy, n€u u ¢ the viet dudi dang u = Zakuk =aqu +...+a,u,, a, ...a, € R. Khi d6

n-n’

k=1

con noéi u biéu dién duoc thanh t6 hop tuyén tinh cua cac véc to uy,....u,. Hay u bicu thi

tuyén tinh qua cac véc to uy,...,u, .

Nhan xét 2.1

¢+ Tudinh 1y 2.4 ta thdy rang véc to u biéu dién dugc thanh t6 hop tuyén tinh ctia céac

véc to' uy,...,u,, khi va chi khi u e Span{u,,u,,.u,}.

¢ Khi véc to u c6 thé biéu dién duogc thanh td hop tuyén tinh cua cac véc to u,...,u,

thi cach biéu dién lai c6 thé duy nhat hodc khong duy nhat, diéu nay phu thudc vao

dac diém cua tung hé véc to cu thé.

¢+ Vécto 6 ludn co6 mot cach biéu dién duoc thanh to hop tuyén tinh qua moi hé cac

véc to uy,...,u, batky nhusau 6 =0u, +...+0u,, ta goi day la mot cach bicu dién

tam thuong ciia véc to @. Tir d6 suy ra cach biéu dién khong tam thuong cia véc to

n
6: néu ton tai mot hé s6 a, # 0 sao cho 0 = Zaiui .
i=1

Vi du 2.11. Trén R* cho hé véc to { u, =(0,-1), u, = (1,4)} ,va u=(a,b).

. y=a x=4a-b
Gia st u =(a,b) =xu, +yu, < & .

-x+4y=>b y=a

Hé phuong trinh c¢6 duy nhat nghiém véi moi a,b.
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Nhu vay véc to u = (a,b) bat ky ndo ciing chi ¢6 duy nhat mot cach biéu dién qua hé
vécto {u; =(0,-1), u, =(1,4)} .

Do d6 véc to @ eR? ciing chi ¢6 duy nhat mot cach biéu dién tam thuong qua hé véc to

da cho. Nghia la chi c6 thé viét 6 = (0,0) = Ou, + Ou, .
Vidy 2.12. Trén R* xéthe {u, =(0,-1), u, =(1,4), u; =(2,3)}, va u =(a,b)

y+2z=a

u=(a,b)=xu, + yu, + zu, < { hé c6 vo s6 nghi¢m voi V(a,b).

-x+4y+3z=>b

0 =(0,0) = Ou, +O0u, + Ouy =Su, +2u, —u, =...

v=(L6)=3u, +3u, —u; =2u, +u, +0u, =...

Trong vi du nay ta thay cac véc to v = (1,6),6,... lai ¢6 nhiéu hon mot cach biéu dién
thanh mot t6 hop tuyén tinh cta hé véc to da cho.
Vi du 2.13. Trén R® cho hé véc to {“1 = (1,—3),u2 = (—2,6)}. Ta kiém tra duoc két qua
sau: Bat ky véc to u = (a,b), 3a+b # 0 khong thé c6 cach nao biéu dién dugc thanh t6 hop
tuyén tinh cta hé {u,u,}. Nhung véc to 6 =(0,0) va cic véc to v =(a,b) théa man diéu
kién 3a+5 =0, lai c6 v s6 c6 cach biéu dién duoc thanh to hop tuyén tinh cta hé {u,,u,} :
0 =(0,0) = Ouy +0uy =2u; +1u, = —4uy —2u, = ...
b. Poc lap tuyén tinh
Pinh nghia 2.5. Cho h¢ S = {ul,...,un} gdm n véc to (cac véc to co thé tring nhau) cia
khong gian véc to V. Hé S duoc goi 1a hé doc 1ap tuyén tinh néu:
ou +..+ou, =6; a,..,a,c R =>a =.=a,=0.

Noi cach khac hé S duge goi la doc lap myén tinh néu: véc to @ chi co duy nhét mot

cach biéu dién thanh mot t6 hop tuyén tinh tim thuong qua hé S .
c. Phu thudc tuyén tinh.
Pinh nghia 2.6. Hé khong doc 1ap tuyén tinh duoc goi 1a phu thudc tuyén tinh.
Vay hé¢ S={u,..u,} phu thudc tuyén tinh khi va chi khi ta c6 thé tim duogc
a,,...,a, €R khong dong thoi bang 0, (3a, #0), saocho qu, +...+a,u, =6.

Noi cach khac hé S dugc goi 1a phu thudc tuyén tinh néu: Ngoai cach biéu dién tam

thuong, véc to @ con c6 it nhat mot cach biéu dién khong tim thuong qua hé S
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Vi du 2.14.

1) H¢ chtra véc to @ 1a h¢ phu thudc tuyén tinh. That vay Ou, +...+0u, +16 = 6.
2) Hg chira mot véc to u # 6 1a hé doc lap tuyén tinh.
3) Hé hai véc to { u,,u, } 1a h¢ phu thudc tuyén tinh khi va chi khi chung ty 1¢, nghia 1a
u, = au, hodc u, = au;;a R.

Vi du 2.15.
1) Trong Ry, hai véc to phu thudc tuyén tinh khi va chi khi hai véc to d6 ciing phuong.
2) Trong R3, ba véc to phu thudc tuyén tinh khi va chi khi chung déng phang.
3) Trong Vi dy 2.12. h¢ véc to {u; =(1,-3), u, =(~2,6)} 1a hé phy thudc tuyén tinh.
4) Trong Vidu 2.11. hé véc to {“1 =(0,-1), u, = (1,4)} 1a hé doc 1ap tuyén tinh.
5)H¢ { v =(LL1), v, =(L,-1,-1), vy =(1,3,1) } cRIa hé doc lap tuyén tinh.

2.3.2 Tinh chit ciia cac hé ddc l1ap tuyén tinh, phu thudc tuyén tinh

1) Hé véc to chua hé con phu thudc tuyén tinh 1a hé phu thudc tuyén tinh. Vi vy, moi hé

con ctia hé doc 1ap tuyén tinh 13 hé doc lap tuyén tinh.

2) Mot hé véc to 1a phu thudc tuyén tinh khi va chi khi c6 mét véc to 1a td hop tuyén tinh

cua cac véc to con lai.
3) Gia su hé véc to { v ,...,v”} doc lap tuyén tinh, va # 13 mot to hop tuyén tinh cua cac
véc tor{ v ,...,vn} , khi d6 céach biéu dién cua u qua { Viseens V), } la duy nht.
Nghia la: 3! (e, ay,....a, ) €R" saocho u =y +...+a,v,.
4)Giasu vécto u ¢ { ViseesVy } Khi @6 hé { Visees Vol } doc lap tuyén tinh khi va chi khi
cac vée to { vi,...,v, | doc lap tuyén tinh dong thoi u ¢ Span{v,...,v,}.
Chirng minh: Ta chung minh 3). Ban doc tu chirng minh céc tinh chit con lai xem nhu
nhing bai tap.
Gia str ton tai cac s B, B, € R saocho u= gy, +...+B,v,, vih¢ { vl,...,vn}d(f)c lap
tuyén tinh nén:
O=u—-u=(, -, +...+(a,-B,)v, >, - p=...=a, -, =0.
Do d6 o, = B,,....a, = B,.
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2.4 CO SO - CHIEU CUA KHONG GIAN VEC TO
2.4.1 Hang cia hé¢ véc to
a. Hé con dc 1ap tuyén tinh tdi dai ciia mot hé hiru han véc to

Pinh nghia 2.7. Cho h¢ S gdm hitu han cac véc to cia khong gian véc to V. Hé con S' ctia
hé S duoc goi 1a mot hé con doc lap tuyén tinh tdi dai cia S néu S' 1a hé doc 1ap tuyén

tinh va khong nam trong bat ky hé doc 1ap tuyén tinh niao khac cua S .

N6i cach khac S' 1a mot hé con doc 1ap tuyén tinh toi dai cuia Snéu:S' doc lap
tuyén tinh dong thoi thém bat ky véc to ndo cua S vao S' thi ta nhan duoc hé phu thudc

tuyén tinh.
Vidu 2.16. Trén R* cho h¢ véc to { u, =(0,-1), u, =(1,4), u, =(2,3), u, =(3,8) }.

- Cac hé mot véc to khac khong déu doc 1ap tuyén tinh.
- Xét cac hé hai véc to, chang han {u,,u,}, day la hé doc lap tuyén tinh. Nhung {uy,uy,u, )12
hé phu thudc tuyén tinh vi w, =—2u, —11u, , va {ul,uz,u4} la hé phu thudc tuyén tinh vi
u, = 4u, +3u,. Tit nhién {u,,uy,uy,u,}1a hé phu thudc tuyén tinh. Moi hé con cua hé
{ul,uz,u3,u4} chura {ul,uz}déu phu thudc tuyén tinh. Vay {ul,uz} la hé con doc lap tuyén
tinh toi dai cua hé da cho.
- Tuong tu céc hé {u,uy}, {u,u,}, {u,,us},{uy,u,},{uy,u,} cling 1a hé con déc 1ap tuyén
tinh tdi dai cua hé da cho.
Tinh chit ctia hé con ddc 1ap tuyén tinh t6i dai

1) Néu S' 1a hé con doc 1ap tuyén tinh ti dai ciia hé S thi moi véc to ctia S 1a t6 hop
tuyén tinh cac véc to cia S' va cach biéu dién thanh t6 hop tuyén tinh 13 duy nhét.

2) Gidsir {v,,...,v,} 1a hé con doc 1ap tuyén tinh ciia mot hé hitu han .S Khi d6 ta cé thé

bod sung thém dé duoc mot hé con doc lap tuyén tinh tdi dai ctia S chua { vl,...,vn} .

That vay, néu { vl,...,vn} khong tdi dai thi: ton tai mét véc to cua S, ky hi¢u v

n+l2

sao
cho h¢ {v,,...,v,,v,,,} doc lap tuyén tinh. Lap ludn trong tu va vi hé S hitu han nén qua trinh
bod sung thém nay s€ dung lai, cudi cung ta dugc hé { v],...,vn,vn+1,...,vn+k} doc lap tuyén tinh
tdi dai cta S .

Dinh 1y dudi day cho ta mot tinh chét quan trong cua cac hé con ddc lap tuyén tinh t6i
dai trong mot hé hitu han véc to.
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Pinh ly 2.4. Moi h¢ con ddc lap tuyén tinh toi dai ctia hé hiru han S cac véc to cua V' déu co
sO phan tir bang nhau.
B6 dé 2.1. (Pinh 1y thé Steinitz, hay con goi 1a Pinh ly trao véc to)

Néu hé S doc lap tuyén tinh c6 n véc to va mdi véc to ctia S 1a t6 hop tuyén tinh cac
véctocuahé R c6 k vécto thi n<k.
Ching minh: Gia st S ={v,,...,v,}, R={u,..,u, }. Ta s& chimg minh rang c6 thé thay dan
cic véc to ciia hé R bang cic véc to ciia hé S dé c6 cac hé R! , R? e
ma mdi véc to ctia hé S van con 14 to hop tuyén tinh cia R! , R? e

That vay, ta c6 v, =au, +...+ qu,, v, #0 (vi § doc lap) nén «,,...,a, eR khong

1

ddng thoi bang 0, ta gia s a, #0 (co thé danh lai s thir ty cia R), suy ra

1 a, a,
U =—V, ——Uy, —...——U, .
al al al

Xét hé R' = {vl,uz,...,uk} . R3 rang moi véc to cta S van con 1a to hop tuyén tinh cac véc to
cia R
Tuong tu ta c6 vy = By, + Bytty +...+ By, Vi {v,v,} doc l4p tuyén tinh, nén f,.,..., 3, R

khong dong thoi bang 0, ta gia stt 5, # 0.

Khi d6 L, b, A, _ A,

U, =—9,

-—V Uy — ... i -
B B B e
Xét hé R? = {vl,vz,u3...,uk} , moi véc to cua S cling 1a td hop tuyén tinh cac véc to cua Rz.
Néu n >k, tiép tuc qua trinh nay cudi clng ta dugc moi véc to ctia S'1a t6 hop tuyén
tinh cac véc to cua hé RF = {vl Vo seens Vi }, 1a hé con cua S . Piéu nay mau thuan véi gia thiét
hé S doc 1ap tuyén tinh. Vay n > k.

Chirng minh dinh ly. (Piy chinh 12 hé qua ctia b6 d& 2.1)

> ’lk

Gia su { Viises Yy } va { v, ""’an} la hai hé con ddc 1ap tuyén tinh t6i dai cua hé S. T

tinh toi dai ctia mdi hé, suy ra rang moi véc to cua hé nay la to hop tuyén tinh cac véc to cua
hé kia. Dodo n<k va k<n ,vay n==k.

Chu y 2.4.

+ Khai niém hé con DLTT t6i dai con dugc mé rong sang khong gian véc to cd hé sinh
hitu han. D6 1a mot h¢ véc to: doc lap tuyén tinh khong nam trong bat ky hé doc lap

tuyén tinh nao khac cua khong gian véc to.
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* Hon nita tir d6 con suy ra rang: trong khong gian véc to, moi véc to déu bicu thi tuyen

tinh mot cach duy nhat qua hé con doc 1ap tuyén tinh téi dai ciia khong gian véc to do.
b. Hang cta hé véc to

Pinh nghia 2.8. S6 cac véc to cua mot hé con doc lap tuyén tinh t6i dai cia hé S duoc goi la
hang (rank) cua S, ky hiéu r(S).

% Qui udc hé chi co véc to 6 co hang la 0. Hay r(0)=6.
Vi du 2.17. Hé véc to ¢ Vi du 2.16. ¢6 hang bang 2.
Tinh chét cia hang hé véc to: Hang ctia h¢ véc to khong d6i néu thuc hién mot s6 hiru han
céc phép bién do6i (goi 1a phép bién doi so cap) sau 1én hé S':
1) Doi chd céc vée to cua hé (hang cua hé véc to khong phu thude vao thu tu cac véc
to trong h¢) .

2) Thém (bSt) mot sb véce to 1a to hop tuyén tinh cac véc to ctia hé .

3) Nhéan mot s6 khac 0 v6i mot véc to clia hé S';
4) Cong vao mot véc to cia hé § S mot td hop tuyén tinh cac véc to khac cua S ; thi
hé S bién thanh hé S' co #(S)=r(S").
Vi céc phép bién d6i so cap nay khong lam thay doi sd véc to trong mot hé con doc lap tuyén
tinh t6i dai ciia hé, do d6 hang cua hé véc to khong thay doi.
¢. Mot s6 phwong phap tim hang ciia hé véc to
Pé tim hang cta hé véc to { Vi 2,...,vn} ta c6 thé st dung 2 céch sau:

Cach 1. Ap dung dinh nghia: chi ra hé con doc lap myén tinh t8i dai cua hé do, theo ting

budc nhu sau:
1) Loaicac vécto v, =0,
2) Giasu v, # 0, loai cac véc to v, til¢ voi v,
3) Gid stt {v,,..,v, } doc lap, khi d6 {v,....v,, v} doc lap khi va chi khi v,
khong biéu dién thanh t6 hop tuyén tinh cua { Vi seesV; } .

Cich 2. Ap dung tinh chit ctia hang hé véc to, bang cach thyuc hién cac phép bién doi so cip
1én hé véc to da cho dé dua vé hé véc to ma ta dé dang nhan dugc hang cua n6. Khi thyc hanh
ta c6 thé viét toa do cac véc to thanh mot bang, mdi véc to nam trén mot hang (hodc mét cot),

sau d6 bién ddi dé bang sd nay c6 dang bac thang theo hang (hodc theo cot).

Vi du 2.18. Tim hang cua hé véc to sau:
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{v1 =(1,LL1), v, =(,-1,1,-1), v, =(1,3,1,3), v, =(1,2,0,2), v, =(1,2,1,2)}.
Giai:

% Céch 1: v,, v,khong ti 1¢ nén doc lap. Néu v, = xv, + yv, thi

x+y=1

x-y=3 . o .
= x=2,y=-1;Vay v, =2v,—v, . Nghiala {vl,v2 ,v3} phu thude.

x+y=1

x—y=3

Néu v, =xv, +yv, thi

x+y=1
x—y=2 A A ‘A A A 1A A,
, hé vo nghiém. Vay {v,,v,,v,} doc lap tuyén tinh.
x+y=0
x—y=2
x+y+z=1
p Lo |x=y+2z=2 3 1
Néu v, =xv, +yv, +2zv, thi = x=—,y=—-—,z=0.
x+y=1 2 2
X—y+2z=2

Vay v, = %vl - %vz .Nghia 1a {v,,v,,v,,v;} phu thudc tuyén tinh.

Suy ra {vl ,V, ,v4} la mot hé con doc lap tuyén tinh t6i dai cua {vl Vs, V3,V ,v5} . Do d6 hé
véc to co hang 1a 3.

% Cach 2: Viét cac véc to thanh mot bang sé (mdi hang ing voi mot véc to)

1 1 1 1 I 1 1 1
1 -1 1 -1 0 -2 0 =2
1 3 1 3 - <0 2 0 2
1 0 2 0 1 -1 1
1 2 1 2 0 0 1 O

+ hang 1 — hang 1( gitt lai véc to v, # 0)

+ hang 2 - hangl — hang 2 ( thay véc to v,bdi véc to —v, +v,, hay noi cach khac 1a
thém vao hé mot véc to 1a mot t6 hop tuyén tinh cua cac véc to khac trong hé, roi

loai véc to v,). Tuong ty :

*+ hang 3 - hangl — hang 3; hang 4 - hangl — hang 4; hang 5 - hang4 — hang 5.
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I 1 1 1 I 1 11
0 -2 0 -2 0 1 0 1
—-30 0 0 O =<0 01 0
0 0 0 O 0 00O
0 0 1 O 0 00O

+ Hang 3 + hang 2 — hang 3; hang 4 +(1/2) hang 2 - hang 5 — hang 4.
+ -1/2hang 2 — hang 2; hang 5 — hang 3.
Bang s6 nay c6 dang bac thang theo hang. C6 3 hang c6 s6 khac khong, img vdi 3 véc to doc

lap tuyén tinh t6i dai ctia {v,,v,,v;,v,,vs}. Vay hé véc to c6 hang 1a 3.

% Ta co thé viét cac véc to thanh cdt, rdi bién dbi thanh bang c6 dang bac thang cot.

1 1 1 1 1 72> (100 0 0
1TV3T7uU3
1 -1 3 2 2 Z#»0s 1122 1 0
1Va Uy N
1 1 10 1 100 -1 1
1 -1 32 2 122 10
oy 1 0 000 1 0 000
vuysn, 1100 0 L 1 000
1 -1 210 1 -1 200
1 1 000 1 1 00 0

Bang s6 nay c6 dang bac thang theo cot. Co 3 cot ¢6 s khac khong, ung voi 3 véc to doc 1ap
tuyén tinh t5i dai ctia {v,,v, ,v3,v,,vs} sau khi bién d6i.
Chu y 2.5.

+ Khi sir dung cac phép bién doi so cap doi vdi mot hé véc to dé dua bang so vé bang

c6 dang bac thang hang (hodc bac thang cot) con goi 13 st dung phép bién ddi Gauus.

+ Sau khi hoc xong chuong ma tran, dinh thuec ta sé€ c6 thém phuong phap tim hang cta

hé véc to.
2.4.2 Co s6, s6 chiéu ciia khong gian véc to
a. Co s6 cia khong gian véc to

Pinh nghia 2.9. Mdi hé sinh, doc lap tuyén tinh cta khong gian véc to ¥ duge goi 1a mot co

so cua khong gian V.

Vi du 2.19.

o {61 =(1,0,0); e, =(0,1,0); e; = (0, 0,1)} g0i 14 co s& chinh tic cua R?.
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> Co s¢ chinh tic cia R” 1a & = {e,....e,} trong do:
e =(1,0,...,0),e, =(0,1,...,0),...,e, =(0,0,...,1).
Pinh 1y 2.8. Gid st { ¢,...,e, } 1a mot hé cac véc to cua V.
Ba ménh dé sau 1a twong dwong:

(i) He¢ { el,...,en} la mot co sd cua V.

(ii) Hé {e,....e,} 1a hé doc 1ap tuyén tinh t6i dai cua V.

(iii) Moivécto u eV tdn tai mot cach viét duy nhét :

u=xe +..+x,,x,..,x, R 2.2)

Chirng minh: (i)=(ii): Hién nhién tir dinh nghia cta co so.

(ii)=(iii): Suy tir tinh cht ctia hé¢ DLTT tbi dai.

(iii)=(i): Rd rang {¢,...,e,} 1a hé sinh. Ngoai ra néu xe +..+x,e, =6, mit khic
0 =0e, +...+0e,. Do cach viét duy nhat suy ra x, =...=x, =0. Do d6 {e,,....e, } 1a mot co
socua V.
DPinh 1y 2.9. Gia stt /' 1a khong gian hitu han sinh va { 12 ,...,vk} 1a hé doc 1ap tuyén tinh cac
véc to cia V. Khi d6 c6 thé bo sung thém dé co dugc hé { vl,...,vk,vk+1,...,vk+m} la mot
cosocua V.
Chirng minh: Gia st V' ¢6 mot hé sinh ¢ n véc to. Néu S = { vl,...,vk} khong phai la co so
thi S khong phai 1a hé sinh, do do ton tai mot véc to, ta ky hiéu v, sao cho hé

(Vs Vi sV | d0C 18p tuyén tinh. Tiép tuc qua trinh niy cudi cing ta c6 hé:

{Viseees Vs Vst sees Viun | d0C 18 tuyén tinh va 1a hé sinh, k+m<n (theo B d¢ 2.1). Vay

{Viseeos Vs Vst ses Vs ) 18 MOt €O 5O can tim.

H¢ qua 2.1. Moi khong gian hitu han sinh déu t6n tai co so.

Pinh Iy 2.10. S6 phan tir ctia moi co s ciia déu bang nhau.

Chirng minh: Ap dung B6 dé 2.1 ta c6 hai co s bat ky ciia ¥ déu c6 s6 phén tir bang nhau.
Dinh 1y 2.12 dan dén dinh nghia s6 chiéu cua khong gian véc to.

b. S6 chiéu ciia khong gian véc to.

Pinh nghia 2.10. S6 véc to ciia mot co so ciia ¥ duoc goi 1a s6 chiéu cia 7, ky hiéu dimV
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+ Khimdtcosdcua V co n véc to thita goi ¥ 1a khong gian n chiéu.
+ ViétdimV =n .

# Quyu6c dim{f}=0.
Vi du 2.20. Trong khong gian R”, hé gdm n véc to & = {e,...e,} trong do:

e =(1,0,..,0),e, = (0,1,...,0),e, =(0,0,...,1) 2.3)

1a mot co sé cia R goi la co s6 chinh tic. Vay dimR"=n .
Pinh Iy 2.11. Gia sit dimV =n va S ={v,...,v, } 1ahé m véc to cua V. Khi dé:
(i) Néuhé S doc 1ap tuyén tinh thi m <n.
(ii) Néuhé S 1a hé sinh ctia thi m>n.
(iii) Néu m =n thi hé S doc lap tuyén tinh khi va chi khi S 13 hé sinh.
Chirng minh: Goi P 1a mot co s cua V. Ap dung bo dé 2.1 cho hai hé P va S suy ra
cac diéu can ching minh.

H¢ qua 2.2. Trong khong gian véc to n chiéu V', moi hé gdm n véc to doc lap tuyén tinh déu

lacosdcua V.
Nhén xét 2.2.

¢+ Theo Dinh 1y 2.11. thi trong khong gian n chiéu ¥, moi hé c6 nhiéu hon # véc to
déu 1a hé phu thude tuyén tinh.

¢+ Hé qua 2.2 cho mot két qua quan trong dung dé xac dinh mot hé gom n véc to cia

khong gian n chiéu ¥ ¢ phai la co s ctia ¥ hay khong.
Vi du 2.21.
o {v=@LLD,v, =(1-1-1),v, =(1,3,1)} gdm 3 véc to ddc 1ap tuyén tinh nén 1a co
s6 cia R’
= {v =(LL1,v, =(1,-1,-1)} hé doc lap tuyén tinh chi c6 2 véc to nén khong 1a co

s cua R’

2.5 TQA PQ CUA VEC TO TRONG CO SO
Gid st # ={e,,....e,} 1amotco s¢ cua khong gian vecto V', khi dé Vu eV déu viét

dugc mot cach duy nhat u =xe +..+x,e, X,..,x, € R (cong thac (2.2) Pinh ly 2.8.

chuong 2)
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Dinh nghia 2.11. Bo gém n sd thuc (x,,...,x,) duoc goi la toa d§ cua véc to u trong co s¢
r% = { el,...,en} .
Ta ky hiéu [u]% la toa d6 ctia véc to u trong co sO P = { el,...,en} .

Véy néu u théa man (2.2) thi [u] 4 (x,5..., X, ) (véc to hang).

X

C6 thé con ding ky hidu [u] =| . | (véc to cot). (2.4)

7

Nhén xét 2.3.

¢+ Nhu véy trong hai co s khac nhau thi mot véc to sé c6 toa do khong gidng nhau.
[]  #[u]
&b 2’

¢+ Du trong khong gian vecto nao, véc to thudc loai nio thi ta thay toa do cia véc to
cling 1a mot bd cac so thuce, so thanh phan toa d6 1a s6 chiéu cua khong gian véc to
do.
Sau khi hoc chuong 3 ta s& c6 cong thure lién hé gitra hai toa d§ cua cung mdt véc to trong hai
co s¢ khac nhau.

Vi du 2.22. Trén R* xét vécto v= (L6).
a) v=(1,6)=(1,0)+6(0,1) = (1,6) la toa dd ctia u trong co's¢ chinh tic cia R*.
b) v=(1,6) = —2¢, +le,= (-2,1) la toa d6 ctia u trong co s& { e =(0,-1),e, = (1,4)}

¢) Tréen R’ véc to u = (2,2,6) = 6v, —2v, —2v, = (6,—2,-2) goi la toa dd ciia u trong co s&
(v = (LLD), v, = (L—L—1), v, = (1,3,1)} (xem Vi du 2.21).

BAI TAP CHUONG 2

2.1) Véi cac phép toan duoc dinh nghia trong R". Hay ching to céc tap hop sau la khong

gian véc to

a) Wz{u =(x,%,,..x, ) e R"|x, = x, =...=xn}.

b) Wz{u (O,xz,...xn)eR”|xl+x2+...+xn=0}.

c) W= {u =(x.,x,,..x,) e R"

X, +x, 20}.
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2.2) Céc tap hop sau trong R" co6 phai la khong gian véc to con ciia R" khong? Vi sao?
a) W= {u =(x,,%,,..x, ) € R”|x1 =X, =..=X, = 1} .

b) W= {u =(0,x,,..x,) e R"

x2>0}.

c) W= {u =(x,%,,..x,) eR"

X +x, zl}.

2.3) Tap R’ vdi cac phép toan dwoc dinh nghia trong cac truong hop sau co phai la khong
gian véc to khong? Chi 13 tién d& ma phép toan khong thoa min.

(x,y,2)+(x, ¥y z)=(x+x,y+y,z+z2)
a
a(x,y,z) =(ax,y,z) ; aeR.

x,y,2)+(x,y,z)Y=(x+x,y+y,z+2z2")
a(x,y,z)=QRax,2ay,2az) ; a eR.

(x,1,2)+(x" ',z =(x+x+ 1L,y +y+Lz+z'+1)
a(x,y,z) = (090:0) 5 a R

2.4) Xét cac ham sb xac dinh trén doan [a,b] — R v6i cac phép cong hai ham sb va phép

nhan ham s6 v6i sd thuc. Tap cac ham sb sau c6 phai la khong gian vecto khong?
a) Tap CJ,,p] cac ham lién tuc trén [a,b].
b) Tép cac ham s6 kha vi trén [a,b] (c6 dao ham tai moi diém).
¢) Tap cac ham s bi chin trén [a,b].
d) Tap cac ham s trén [a,b] saocho f(b)=0.
e) Tap cac ham s6 trén [a,b] saocho f(b)=1.
f) Tap cac ham s6 khong am trén [a,b] .

2.5) Hay biéu dién véc to v thanh t6 hop tuyén tinh cta u,,u,,u; :
a) v=(7,-2,15); u; =(2,3,5), u, =(3,7,8), uy; = (1,-6,1).
b) v=(13,5); u, =(3,2,5), u, =(2,4,7), u3 =(5,6,0).

2.6) Hay xac dinh A sao cho # 14 to hop tuyén tinh ciia Uy Uy, Uy :

a) u=(7,-2,4); u; =(2,3,5), u, =(3,7,8), uy; = (1,-6,1)

b) u= (13355)’ ul = (3:255)7 U2 = (27477)a U3 = (57671)

2.7) Chung minh hé véc to {v,,v,,v,} 1a mdt co sé ciia R’ tim toa d¢ ctia u trong co s&

nay.
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a) u=(6,9,14); v, =(,L1), v, =(1,1,2), v; =(1,2,3)

b) u =(6,9,14); v, =(11,2), v, =(1,2,3), v; =(L,L1)

c) u=(6,2,-7), v =(2,1,-3), v, =(3,2,-5), v; = (L,-L1)

2.8) Madi hé véc to sau co sinh ra R*khong?

a) u=(LL1),v=(2,2,0), w=(3,0,0)

b) u=3,1,4), v=(2,-3,5), w=(5,-2,9), s = (1,4,-1)
2.9) Cac hé véc to dudi day doc 1ap hay phu thudc tuyén tinh.

a) u = (4,-2,6), v=(6,-3,9) trong R*.

b) u =(2,-3,1), v=(3,-1,5), w=(1,—4,3) trong R>.

¢) u=(54,3), v=3,3,2), w=(8,1,3) trong R*.

d) u=(4,-5,2,6), v=(2,-2,1,3), w=(6,-3,3,9), s = (4,—1,5,6) trong R*.
2.10) Tim chiéu va mot co so cta khong gian con cua R*

a) Cac véc to co dang (a,b,c,0).

b) Cac véc to ¢6 dang (a,b,c,d)véid =a+b vac=a-b.

¢) Cac véc to co dang (a,b,c,d) véia=b=c=d.

2.11) Tim chiéu va mot co sé cua khong gian con sinh bai hé cac véc to sau:

a) v =(2,4,1),v, =(3,6,-2),v; = (-1,2,-1/2).

b) v, =(1,0,0,-1),v, =(2,1,1,0),v; =(LLL1),v, =(1,2,3,4),vs =(0,1,2,3) .
2.12) Ching minh rang tip cac ham kha vi trén [a,b] va thod man f'-5f =0 tao thanh
khong gian con cua C[a, b]- Tim mot co s& va sd chiéu ciia khong gian con nay.
2.13) Cho 3 véc to v,,v,,v, cta khong gian véc to V' . Chlimg minh:

a) Néu { v, v, }doc lap thi { v, +v,, v —v,} ciing doc lap.

b) Néu { vi,v,,v3} doclap thi { v +v,, v, +v5, v; +1;} cling doc lap.

2.14) Chung minh néu hai hé véc to { vl,...,vn} va { ul,...,um} cua khong gian véc to V' ma

mdi véc to ctia hé nay déu biéu thi dugc thanh té hop tuyén tinh cua hé kia thi hai hé d6 c6

cung hang.
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2.15) Chig minh rang cac tp con sau la cac khong gian con cua |R3 .
Vz{(x,y,z)e |R3| x+y+z=0}, Wz{(x,y,z)e |R3|x—y—Z=0}.
a) Timmotcosocua V, W,V nW.
b) Tim sb chiéu ctia cac khong gian V, W, V "W,
2.16) Chimg minh ring cac tip con sau 1a cic khong gian con cia R>.
Vz{(x,y,z)e |R3| x+2y—z=0}, Wz{(x,y,z)e |R3|3x—y+z=0}.
a) Timmotcosdcua V, W,V nWw.

b) Tim s chiéu ctia cac khong gian V, W, V "W,
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CHUONG 3
MA TRAN VA PINH THUC

Kién thirc vé ma tran va dinh thirc tuong nhu doc 1ap, nhung thuc té d6 lai 1a mot phﬁn
cong cu quan trong ding dé giai cac hé phuong trinh tuyén tinh va cic chuong sau cua tai liéu
nay. Mot s6 khai niém cta chuong khong gian véc to nhu hang ctia hé véc to, toa d cua véc
to trong céc co sé khac nhau...s€ dugc l1am r6 thém nhd ma trén, dinh thue.

Pé nam viing chuong nay yéu cau nguoi hoc phai chu dén cac ky hiéu, cac dinh nghia,
¥ nghia ctia cac phép bién ddi ma tran tiy theo muc dich cong viéc : tim hang hay tinh dinh
thirc. Dic biét can rén luyén k¥ ning tinh toan nhanh, chinh xac, xac dinh quan hé giita cac
phén tr ciia cac hang hay cac c¢0t ciia ma tran va van dung mot cach linh hoat céc tinh chét
clia ma tran, dinh thic dé tim ra phuong an t6i wu cho céc bai toan trong chuong nay.

3.1 MA TRAN
3.1.1 Khai niém ma tran

Pinh nghia 3.1. Mot ma trin cap mxn 13 bang chit nhat gdm mxn s6 dugc xép thanh m
hang n cot (1<n,meN). M&i ma tran duoc ky hi¢u béi chit cai in hoa.

Ma tran A duoc ky hiu la

aqr 92 - Ay qr 42 - Ay
a a e a a a e a
A=| 20 T T gy g2 TR T2 e @3.1)
Al 9m2 Amn Anl  9m2 Ann
, 7 y j=Lm
Ma tran A4 cap mxn co6 thé dugc victtatla 4 = [ai~] hay 4= [a.} — (3.2)
Y Imxn b= Ln

Tuy theo g;; 1a sd nguyén, thuc, phirc trong tng ta ¢ ma tran nguyén, thyuc hodc phirc. Néu

khong chi 1o ajj thi ta quy udc A4 1a ma tran thuc, nghia la a; € R.
a;; la phan tir & hang thir i va cot j clia ma trdn A;
i goila chi s6 chi hang, i=12,..m;
j goi la chi sb chi cot , j=12,.m.

+ Hai ma trdn 4= [aij] , B= [bl]] ., goila béng nhau, viét 1a 4 = B, néu chung
mxn mXn

6 cung cap, dong thoi cac phan tir & vi tri twong ing bang nhau.

47



Chuong 3 . Ma trdn va Dinh thirc

m=m
[aij]mxn:[bij]m'xn' o {n=n' - (3.3)
al]:bl-j,Vizl, s j=Ln

+ Khi m=n tandéi 4 1a ma tran vudng cap n. Cac a; 1a phan tir ¢ hang thir i va cot i

goi 14 cac phan tir trén dudng chéo chinh.
+  Tap hop tat ca cac ma tran cap mxn dugc ky hiéu M

mxn -

+ Tap hop tat ca cac ma tran vudng cap n dugc ky hiéu e/él .

8 1 9 —4
Vidu3.l. 4=(8 7 % 2 | 1a ma trdn cip 3x4.
06 4 -6

, 1
Ta cé 011:8 , ap =1 , a3 :E » a3 :0, asy =—0 .........

Chi y 3.1. Tén goi riéng cua tirng ma tran phu thudc vao hinh thirc, dic diém cua cac phan tir
trong ma trdn, sau nay ta con thay nguoi ta dua ra cac dinh nghia, tén goi ma tran tuy theo céc
phép todn ma ma tran d6 thod man.

Dudi day la tén cac ma tran thuong gdp dugc dinh nghia thong qua hinh thirc cia ma
tran.
Ma tran hang 1a ma trdn c6 1 hang. Ma tran cdt 1a ma tran c6 1 cot.

Ma tran khong la ma tran c6 moi phﬁn tela 0, ky hiula 4.

Ma tran d6i ctia ma trin A4 = [aij] la
mxn

A= [b,-j ]mxn , b = —al-j,Vz =L.mVj=1,.n
Ma tran chuyén vi cua ma tran A4 : Cho ma tran A4 cép mxn, néu ta doi cac hang cta
ma trdn 4 thanh céac cft (va do d6 cac cot thanh cac hang) thi ta dugc ma tran mai ciip

nxm, goi la ma tran chuyén vi cila ma tran trén A4, ky hiéu l1a A
t . _ : _ Cr_
A :I:cij:|n><m CU —aﬁ ,VZ— N ,]—1,
Mot s6 ma tran vudng cip n cé dang dic biét

+ ma tran duong chéo D:[dij] . dij =0 khi i+
nxn

;=1 khi i=j

+ matran donvicap n,kyhiéu 7, I, =|5; :
' olp n,kyhiga £y, 4 =[] 5y =0 khi %]
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* ma tran tam giac trén (tam giac dudi) : a; =0 Vi>j; (a,-j =0 Vi< j).
+ ma tran di xung : Néu A=A thi 4 duoc goi 1a ma tran doi xung (A la ma tran
vuong cé cac phan tir doi xung nhau qua dudng chéo chinh).

*+  ma tran phan ddi ximg : Néu 4 =—-A" thi 4 duoc goi 1a phan ddi ximg (A4 13 ma trin
vuong c6 cac phan tir d6i xung va trai dau qua duong chéo thur nhat, cac phan tr trén

duong chéo chinh bang 0).

4 1] 4 -1

’ ,e B t -4 25

Vidu3.2. Véi 4= 2 0] thi -4=|-2 0 |; 4 = L o ol
5 9 -5 -9
0 5]

B=|0 -1 4|= B=B". Daylamotma trin vudng cap 3, ddi xing.

4 6

3.1.2 Phép toian ma tran
1. Phép cong ma trin
Pinh nghia : Cho hai ma trdn cung cap 4= [aij ]mxn , B= [bij ]mxn .
Tong clia hai ma trdn 4, B 1a ma trén cing cip duoc ky hidu va dinh nghia boi
A+B :[c,.j]mxn , ¢ =ay +b; véimoi i=Lm; j=Ln. (3.4)

Tinh chit 3.1. Céc tinh chat sau dy dung d6i v6i cac ma tran ciing cap:

1) A+(B+C)=(4+B)+C;

2) A+0=0+A4A=4;

3) A+(-A)=6;

4) A+B=B+ 4.
. 2 -3 0 0 8 5 2 55
Vidu 3.3. + = .
9 4 -1 -3 1 7 6 5 6
2. Phép nhian mét s v6i ma tran
Pinh nghia : Chomatrdn 4= [aij] , va sb thuc k. Tich cua sb sb thuc & voi ma tran A4
mxn

la mdt ma tran cung cap voi A.

Ta dinh nghia va ky hi¢u:

kA = [kal-j] (3.5)
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Tinh chét 3.2.
Ta ciing kiém chtng duoc cac tinh chat sau dung voi moi Vk,heR, A e e/fmx "
1) k(A+B)=kA+kB;
2) (k+h)A=kA+hA ;
3) k(hA)=(kh)A4;
4) 14=4.
% Vi 8 tinh chét cia hai phép toan ndi trén, tap »jl;nxn la mot khong gian véc to thuec.
Vi du 3.4.
2) 1[12 -1 0}_[4 -1/3 0_.
313 9 18] |1 -3 6

25 =15 0 5 =3 0]
b) =5 .
-5 50 35 -1 10 7]

, \ . £ X y_ x 6 4 x+y
Vidu3.5. Tim x,y,z va w néu: 3 = + .
z

wl |[-1 2w Z4+w 3
. 3x 3y] [ x+4 x+y+6
Giai: Theo (3.4) va (3.5) ta duoc = .
3z 3w] [z+w-1 2w+3
3x=x+4 2x=4 x=2
3y=x+y+6 2y=x+6 =4
Theo (3.3) taco yErTy = yer = Y .
3z=z4+w-1 2z=w-1 z=1
3w=2w+3 w=3 w=3

3. Phép nhin ma tran

Pinh nghia : Tich hai ma trdn 4 = [alj]

va B:[bij] lématréncép mxn,
pxn

mxp
duoc ky hi¢u va dinh nghia béi 4B = [cy] , trong do:
mxn

p
Cij = Zalkbk] = ailblj +ai2b2j +...+al~pbpj Vo1 mOl i= l,m ,] = l,l’l . (3.6)
k=1

Vay phan tir & hang tht i cot thir j cia AB bang tong cla tich cac phan tir ciia hang
thir i ciia A4 v6i cac phan tir tuong ing cua cot thir j cua B.

Ta xem céch thuc hién viéc tim phan tir & hang thi i cotthtr j cua 4B dudi day
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LY PRI L. \.‘ ............ — S .
Hi L _Cy" =G Qg Lip.a

Nhén xét 3.1.
¢+ Ta thdy rang tich ctia hai ma trin 4 va B dinh nghia dugc khi s6 cot cia 4 bang sd
hang ctia B. Vi vdy c6 thé dinh nghia 4B nhung khong dinh nghia dugc BA néu sd
cOt cia B khong bang so hang ctia 4.
Tinh chit 3.3. Gia st 4,B,C 1a cac ma tran v6i sd cot s6 hang thich hop dé cac phép toan
sau xac dinh duoc thi ta co cac dfmg thue:
1) A(BC)=(4B)C tinh két hop.
2) A(BB+C)=AB+ AC tinh phan phdi bén trai phép nhan ma tran v&i phép cong.
3) (B+C)A=BA+CA tinh phan phdi bén phai phép nhan ma tran véi phép cong.
4) Voimoi k eR, k(AB)=(kA)B = A(kB).
5) I,,A=A=Al, véi moi ma train A cip mxn 3.7
6) Phép nhan hai ma tran khong c6 tinh giao hoan.
% Ta c6 thém cac dinh nghia:
= Matrin 4,B dugc goi la hai ma tran giao hoan néu AB=BA.
= Ma tran 4 dugc goi la ma tran kha nghich néu ton tai ma trin B sao cho

AB =BA=1.Khid6 B goila ma trin nghich dao cua A4, ky hi¢u la A1

Vay A4 ' =414=1.

1 3
1 -2 3 9 15
Vidu 3.7. a) -1 0= .
-1 2 5 7 17
2 4
Céc phan tir dugc tinh nhu sau:

o1 =114 (=2).(-)+32=9; ¢p =13+(-2).0+3.4=15.

1 = (-D.1+2.(-)+52=7; ¢ =(-1)3+2.0+54=17.
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1 3 2 4 18
1 -2 3
b)[-1 0 -1 2 -3].
1 2 5
2 4 2 6 26

o[« a5

21 | A et B

2
2} la mot ma tran kha nghich va B = {

Tandi 4= { } l1a ma tran

nghich ddo cia 4.

Pa thirc ciia ma tran
Dinh nghia 3.2.

Gid sit p(x) = ay +ajx+---+a;x* 1a mot da thirc bac k.
V6i moi ma tran 4 vudng cép n . Ta dinh nghia da thirc ciia ma tran 4 nhu sau:

p(A) =agl +ajA+-+a, A* (3.8)

Nhu viy p(d) = agl +aqy A+ +a, A" < M, Quivée 4% =1, 4' = 4.

1
Vidy3.8.Cho 4 = L

o2 |9 4
Taco: 4A° = ;
-8 17

o[t 2T 2T o] 4
PAO=1, S S0 17 of

o 3 273 2] [17 4
Ta ciing c6 thé viét p(x)z(x+2)2:Up(,at)z(AJrzzr)z{4 JL J:{g 9]

2
3} va da thie p(x) = x> +4x+4. Tim p(A).

Tinh chat cia ma tran chuyén vi

Str dung dinh nghia cuia ma tran chuyén vi, cac phép toan ma trén ta c6 cac tinh chat sau doi
vé&i ma tran chuyén vi.

Tinh chit 3.4.
1) (A4+B) =4 + B!,
2) (kA) = kA .
3) (4B) =B' 4.
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3.1.3 Ma tran chuyén co sé
a. Ma tran ciia mot hé véc to trong mot co sé&
& ={e,....e,} 1a mot co s& cua khong gian vecto V', khi d6 Vu eV déu viét duoc

mot cach duy nhat u = xje; + xpey +...+ X,e,, X[, X,..,X, € R.

X1

Takyhiéu [u] =| . |1a toadd cua vécto u trongcosd .

Xn

Bay gid ta xét mot hé gdm m céc véc to { u ,...,um} ctua khong gian véc to V', ta co:

alj

n

u; =aye +ae +...+anjen=Zal~jel- hay [ujL}: s g
i=1

I
3

|4 |

Pinh nghia 3.3. Matrdn 4 = [aij] 6 cac cot 1an luot 13 toa do cla cac véce to cua hé
nxm

{ ..., } trong co s& & dugc goi la ma trén cla hé véc to { uy,...,u,, | trong co so % .

a a1 . . . N
6121 6122 . . . Clzm
A= . . .
_anl anz . . . anm i

Vi du 3.9. Trén R2, tim ma tran ciia hé véc to { v =(3,-2); v, =(1,2); v3 =(0, 5)} trong co

s& chinh tic.

Giai: ta biéu dién cac véc to da cho trong co s& chinh tic ciia R?:
v =(3,-2) =3(1,0)-2(0,1);
vy =(1,2) =1(1,0)+2(0,1);
vy =(0,5)=0(1,0)+5(0.1).

. 310
Do d6 hé véc to { vy, v5, v3} cO ma trdn trong co s chinh tac la: Az{ ) 5]

Vi dy 3.10. Trén R, cho hé véc to S = {uy =(2.2,6), uy =(11,0), u3 =(0,1,0)}.
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Tim ma tran ctia hé véc to d6 trong co s& 4B, va trong co s& A "
B={e =(1,0,0), e; =(0,1,0), e3 =(0,0,1) } (co sé chinh tic)

,%":{ v =(LL1), v, =(L,-1,-1), v3 =(1,3,1) } (44 ching minh & Vi du 2.22).

2 10
Giai: Trong co sé chinh tic,hé Scomatranla A=|2 1 1
6 0 0
6
Trong co's A, ta dd biét uy =(2,2,6) =6y —2v; =2v3 = [uy] ., =|-2|.
-2
0 1
| 2
tuwong tu [uz]%.: ok [u3]%.: 0
1 1
L2 ] L2
6 0 1
2
Do d6 hé S ¢6 ma tran trong co s& %”1&‘1 A'=|-2 % 0
L b1
L 2 2]

Nhan xét 3.2. Trong hai co sé khac nhau ciia mot khong gian véc to, ma tran cia hé véc to
{ u, ...,um} 1a hai ma tran cung cap nhung khong gidng nhau vi toa d6 ctia mot véc to trong
hai co s¢ khac nhau thi khac nhau.
b. Ma trin chuyén co s¢
Pinh nghia 3.4. Gia st #={e,...e,}, RB'= {e',....e',} 1a hai co s cia V. Ma trén
ctia hé véc to B trong co sd A duge goi 1a ma tran chuyén tir co s& A sang co sd B
n —
Nghialandu  e'; = tye ,j=Ln thi T = [r,.j]nxn
i=1
hay e'| =t1e +thep +....+1,e,
6'2 = 11261 + 12262 +....+ tnzen
€'n =, thhpey +...+t,,e,.

3 A , A7 5 N 5 / \ A
Thi ma tran ctia hé véc to co s& & trong co s& 4 1a ma tran sau:
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h1 4o Un
by I . Dn

T=| . L. 3.9)
_tnl tn2 - tnn_

A LY A A \ 5 O s Al
Ma tran T dugc goi 1a ma tran chuyén tir co s& & sang co so A .
, [N 7 T 7l
Ky hieu # —— RB'.
Hoan toan twong ty, ta dinh nghia ma tran chuyén tir co so ' sang co so A 1a ma

A o A 7 / 5 7l
tran cua hé véc to & trong cosd A .

Kyhicu 8' -5 3. (3.10)

e A 1 A R < 5 / sl B A R <
Vi du 3.11. Trén R? , tim ma trn chuyén tir co s& 4 sang co s¢%  va ma tran chuyén tir
5 N 5 yy 4
co s& & sang co s& A . Trong do:

P = { e =(1,0), ep = (0,1)} va PB'= { e'1=43),e'y = (l,l)} .
Giai : Ap dung dinh nghia
taco e =(4,3) = 4(1,0)+3(0,1), es ' = (1,1) = 1(1,0) +1(0,1),
. . . 4 1
nén ma tran chuyén tir co s A sang B'la T = {3 J :
C6 ¢ =(1,0) = (4,3)=3(L1), e = (0,1) =—(4,3) + 4(1,1),

7 11
nén ma tran chuyén tir co sé %8 'sang B 1a P = { A } :

, A I A R < 5 g7 Al \ A R <
Vi du 3.12. Trén R3, tim ma trdn chuyén tir co s¢ & sang co s64 ' va ma tran chuyén tir
5 il 5 7 4
co s& & sang co s& A . Trong do:

B={ e =(1.0.0). &, =(0.1,0), ¢; =(0.0.1)}

B'={w =W11), v, = (1,-1,-1), v3 = (1,3,) }.

1 1 1
Giai : ta co ma tran clua p%'trong cosé B 1a T=|1 -1 3|;nénday chinh 12 ma trin
1 -1 1
chuyén tir co s A sang co s6 A"
11
2 2
.2 oz 1 1 . _
Ban doc tu kiém tra lai két qua sau: P = > 0 ) ma tran chuyén tur co s& RB' sang
o L _1
L 2 2]

cosd A
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¢. Cong thirc dbi toa dd clia mot véc to trong hai co sé khac nhau

Dinh 1y sau cho ta cong thuc lién hé giita hai toa d§ cua cung mot véc to trong hai co s&
khac nhau.

Pinh Iy 3.1. Gia st B ={e¢|,....e,}, B'={e,...e',} lahaicosdcua V.

n n
Lo Ay 1o T _ _ '
voi véctobatky u eV ; Gid su u —inei —Zyiei .
i=1 i=1
\ \ A A \ 5 i '
va T la ma trin chuyén tr co s& & sang & .

P 1a ma tran chuyén tir co s& ' sang A .
Khi do
[u],, =T[u],, G.11)

Tuong tu ta cling c6 cong thire

[u]%, = P[u]% (3.12)
(3.11), (3.12) duoc goi 1a cong thirc d6i toa do cua véc to.
Chirng minh cong thac (3.11).

Gid st u = xje; +...+x,€,, X|,...x, €R (1)
vau=ye'+..+y,e', Vv, €R(2)
Theo gia thiét ta c6
e'| =t +tthep +....+1,e,
e'y =tpe +iypne +.+1,e,
e', =t,e +hye +.+1,,e,,
thay cac e';, i=1,2,...,n vao (2 )taco
u=y (e +ty1ep +.... 0, )+
+ (tlzel +lhoer ...+t 0e, )+

+V, (tlnel t+thH,e +....+ 1,8, )
Viét lai biéu thic trén ta nhan duoc :
u= (tllyl +112y2 +""+tlnyn )el +

+(t 1 +1py0 + o H iy )ea t

3)

(g + oy + et by )en.
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Do trong mét co sé thi mot véce to chi co duy nhat mot cach biéu dién, so sanh (1) va
(3)taco

X =y oy ety
Xy =iy tipnyy t...tir,Vy

Xy =ttt Yyttt yp
Diéu nay twong duong véi

X i1 4y - - 4y ||N
b Iy . . by
L *n | _tnl bip - - tnn__yn_

hay [u]% = T[u]%,.
Ta c6 thé chi ra ma tran chuyén co so nho cong thirc (3.11) va (3.12) ma khong sir dung dinh

nghia cua ma tran chuyén co so qua vi du sau.

Vi du 3.13. Trong khéng gian véc to R?. Tim ma tran chuyén tir co s6 & sang co s6 B va

A A \ . ap! 5 i/
ma tran chuyén tur co so B sang co so R

Voi B ={e =(1,0), e, = (0,1)} va B'={e' = (4,3), e’y = (L1)}.

Gidgi:  Vu=(x,y)eR?: giast _ x} :[’“'}
u=(x,y)eR": g [u]'%) L [u]%' »

Nghiala u=xe +ye :xvevl+y|e|2

Taco u=x(1,0)+y(0,1)=x"(4,3)+y'(1,1),suyra

x=4x'+y' X'=x-y
=
y=3x+y' y'==3x+4y

LIS ) e (- 5T

Theo cong thic (3.11) va (3.12) ta co

hay

, ) : 1 4
ma tran chuyén tir co s6 & sang B' 1a T = L 3} ,

. , -3 4
va ma tran chuyén tir co so 8 'sang B 1a P = { | J.

Két qua nay ta dd c6 bang cach dung dinh nghia & Vi du 3.11.
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Vidy 3.14. Xem Vidy3.10. H¢ S ={u; =(2,2,6), up =(1,1,0), u3 =(0,1,0)}.

210

c6 ma trén trong co sé chinh ticla: A=|2 1 1]. Vi Slamotcosd (ban doc ty chung

6 0 0

minh), nén A ciling chinh la ma tran chuyén tir co s& chinh tac sang co s¢ S'.

\ A L  agp! , R
Va ma tran chuyén tir co s &8 sangcosd S la:

6 0 -1
2
a=|l2 L g
2
L, 11
L 22

3.2 PINH THUC

3.2.1 Hoan vi va phép thé bac n

Dinh nghia 3.5.

1) Mbi song anh o : { 1,2,...,n} - { 1,2,...,n}

*

i o(i)
dugc goi la mot phép thé bac n trén tap {1,2,..n} .

Ta thuong ky hi¢u mét phép thé béng mot ma trén c6 hang thi nhét 1a cac s6 1,2,...n

sap theo thir tu ting dan con hang thi hai 14 anh cta no:

( 1 2 ... n j
o= . 3.13)
ol) o) .. o)

Ky hiéu S, 1a tap tat ca cdc phép thé bac n trén tap {1,2,...n} .

Véio,ue S, =>o,ucs, .

Trong chuong 1 ta da biét tap S, co dung n! phan tir, goi S, 1a nhom d6i xtmg bac 7.

2) Anh cia mot phép thé 12 mot hoan vi cua tap {1, 2,...n} . Vi phép thé o ta c6 anh cua o 1a

hoan vi tuong Gng;:

[c() o(2) .. o®)].

3) Nghich thé ciia phép thé:

58

Xét phép thé o véi anh 1a hoan vi [0'(1) o2) .. O'(n)].

Néu co cip i < j ma o(i) > o(j) thi ta noi cd mot nghich thé ciia phép thé o .
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Ciach tim s6 k — s6 cac nghich thé cia phép thé o

Trong tap[l 2 .. n] co ij la gia tri sao cho o(i)) =1 1a mot phan tir trong hoén vi
[0'(1) o2) .. O'(n)];
Goi kj1a s6 cac so trong [o(1) o(2) ... o(n)] ding truée o(iy) =1;

Xoa sb o) =1, ton tai i, saocho o(ip) =2, goi kyla s6 cac sb con lai trong
[0'(1) o2) .. O'(n)] dung trude o(ip) =2;
Xoa sb o(ip)=2va tiép tuc dém nhu thé ...
Cudi ciing s6 cic nghich thé ciia o 1a: k =k +ky +...+k,_,
4) Dau ctia phép thé: Gia sir k& 1a s6 cac nghich thé clia o, ta dinh nghia va ky hi¢u dau ciia
phép thé o la:
seno = (—1)k (3.14)
Néu k chin, khi d6 sgno =1, ngudi ta goi o 1a phép thé chén,
Néu k 1é¢ nguoita goi o 1a phép thé 1¢, sgno = (—l)k.
5) Chuyén vi (con goi la chuyén tri) o = [io jo] 1a phép thé chi bién doi hai phan tir
in» jo cho nhau va giit nguyén cac phan tir con lai:

1 2 ... i e Jo ... n
o= 0 Jo (3.15)
I 2 .. jo « dp .. n

alip)=Jo,» o #Jo
Hay o = [io jo] 1a phép thé co tinh chét 0'( jo)

O'(k :k, k;’fio,jo
Dé dang tinh dugc: Kk =...= kip-1=0, ki, = jo—1ip»
ki0+1 :...:kjo_l :1, ij :...:kn =0 = k:2(]0 —io)—l.
Vay sgno = (- l)k = —1 noi cach khac chuyén tri 1a mot phép thé 1¢é.
6) Voimoi o,ue S, : sgn(oou)=sgno.sgnu. (3.16)
7) Vi moi chuyén vi [iO jo] va phép thé o ta co:
sgnoo[io jo]: —-sgno. (3.17)

Vi du 3.15.

Nhom dbi xting S, c6 2 phan tir la

12} 12
= va O» = .
T o) 270
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123 123 123
01:(1 2 3}’02:(1 2]’03:(2 1 3]’
123 123 123
04:(2 3 1}’05:[3 2}’ 06:(3 1}'

c¢6 dau sgno) =sgnoy =sgnos =1, sgno, =sgnoy =sgnog =—1.

Nhém déi xtg S5 c6 6 phan tir la

— N W N

[\

2 3

. 1 .
Vi du 3.16. Hoén vi [1 3 2] ung véi phép theé o, = [1 3 ZJ c6 mot nghich thé,

ky =1, Vay sgno = (—1)! = -1, day 1a mot chuyén tri [2 3] va 1a mot phép thé 1¢.
, . Y 1 23 4) |
Vidu3.17. Hoanvi[4 2 3 1] imgvéiphép thé o = 423 1) o=[1 4]
ki =3,k =1, ky=1.Vay k=5 va sgno =(-1)° =—1.
3.2.2 Pinh nghia dinh thire

e . s . |lax + by =c
Khi giai h¢ phuong trinh bac nhat hai an
a'x+b'y=c'
ta da biét cach tinh céc dinh thac D, Dy, D,.

b
' b!

a
D=
a

‘ b'—ba', D ‘C b‘ b'—bc', D
=ao —-ba , D, = =Ccb—=0C, y:
c' b’

Céc dinh thirc nay goi la dinh thirc cép hai.

. ’ 5 A a a A A \
Nhu véy dinh thtc cia ma trdn 4 = { 1 12} vuong cap 2 la
dy1 ax
Al = ap a2
| | = =dajazy —appagg-
dr; a4y

. . 3 1 2 1 2
Lién h¢ cach viét trén qua nhom doi ximg S, c6 2 phantirla o) = (1 2} ,Va 0y = (2 1]
v6i ddu ctia ching 1a sgnoy =1, sgno, =-1. Do do:

a1 a2

=, .
21 922

= 88N 0] 415, (1)%20,(2) 580102 A1, (1)%20,(2) = z 8gN0O d15(1)%205(2)
oes,

Dinh nghia dinh thic cia ma tran vudng cip n bat ky duge mo rong nhu sau:

Pinh nghia 3.6. Dinh thiic ciia ma tran vuéng cip n goi la dinh thirc cép .
V6i ma trdn vuéng 4 = [aij] dinh thirc cia 4 dugc ky hi¢u 1a det 4 hay |A| va dinh
nxn

nghia boi biéu thic:
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det 4 = Z sgna.alg(l).azg(z)...am(i)...ang(n) (3.18)

ces,

+ Khin=1, A=[a;;]= det4=a, goi 1a dinh thirc cp mot.

. . L ., A a1 42
+ Khi n=2, dinh thirc cap hai cila ma tran 4 =
az1 a4

a1 a2

|4|= =aj1ax —apay)
o))

a1

+ Khi n =3, dinh thic cip ba:

ar d2 93

az) ax ax3|= Z SN0 A15(1)%26(2)30(3)
a3 ap a3 95

= ay1apa33 +a1202303] +a1302143) —

—4ap1a3a3p —a;pan1as3 —dy3dppdsy.
Nhén xét 3.3.

¢+ Dinh thtrc ciia ma trdn vuoéng 4 = [aij] 1a tong gom n! s6 hang.
nxn

¢+ MGJi s6 hang ing véi mot phép thé cua tap S, g6m hai phan:

- Phan dau: sgno
- Phan sé: Uo(1)-Do(2)-Aio(i)-dno(n) 18 tich gdm n nhan tir, d6 1a »n phan tir

trén n hang, ma & trén n cot khac nhau ctia ma tran 4. Trong mdi tich d6 khong c6 hai

phan tir ndo cung hang, ciing nhu khong c6 hai phan tir ndo cing cot.

¢+ Dinh thurc cia ma trdn vuong A = [aij] 12 mot s6, co thé khac hodc bﬁng 0.
nxn

Pinh nghia 3.7. 4 13 ma trin khong suy bién néu det 4 # 0.
Néu det 4 =0 tandi 4 1a ma tran suy bién.
% Dobi v6i dinh thic céip ba nguoi ta con c6 cac thuat toan dé tinh dinh thirc. Nhu thudt toan
Sarus va qui tic hinh sao.

&5 Thuat toan Sarus

&4y @43

9l .24 43 tayy, tape A3 - a1 — a4 —
) g a3 4 hodc ay; @y @y T axn

ST A g asi azpyT hagxTThayy Thag

P ~

—ax” ayp @3,

det A = ajapazs +apax3az) +a13ap1a3) — a11d3a3; — d12d31433 ~ 1302203
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& Qui tic hinh sao

det 4 = ajapazs3 +apap3az) +aj3ap1a3y —a11d3a3) —d1pdy1G33 — G132 43

Vi du 3.18.
8 6 8 6 . ‘ . y
A:[ 4 }3 detA:‘ 4 3‘ =8(-3)—6(—4)=0.Vay 4 1a ma trdn suy bién.
7 8 8 A ) ¥
B= 4 9 = detB = =7.9-8(—4)=95=0.Vay B khong suy bien.

2 3 -1
Vi du 3.19. Tinh dinh thitc ctama tran 4={4 6 2
1 1 2

2 3 -1
detdA=14 6 2 =2.6.2+4.1.(—1)+3.2.1—6.1.(—1)—1.2.2—3.4.2=4.
1 1 2
a b ¢
Vidu3.20. 7 3 4|=-10a+46b-17c.
8 1 2

Pinh nghia 3.8. Trong khong gian véc to n chiéu V . Gia si hé véc to { V] ,...,vn} cO ma trn
A= [aij ]nxn ung vdi co so 2B . Khi do:
Dinh thirc ctia hé véc to { vy,...,v, | tng véico so A, ky hiéu Dy {v;,...,v,} ladinh
thirc cila ma tran 4 = [aij ]nxn .
Dy {V{,.vy | =det 4. (3.19)
Vidu 3.21. H¢ gém 3vécto v =(2,4,1), vy =(3,6,1), v3 =(=1,2,2) c6 ma tran trong co

s& chinh thic A cia R 1a:

2 3 -1 2 3 -1
A=14 6 2| codetd=[4 6 2|=4. Vay Dy{v,vy,v3j=detd=4.
11 2 11 2
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3.2.3 Cac tinh chét co bén cia dinh thirc

Tur dinh nghia dinh thirc, ta co thé truc tiép suy ra mot s6 tinh chét co ban cua dinh thirc.
Dung tinh chét ciia phép thé bac n ngudi ta ciing chimg minh duge mét sb tinh chét rat quan
trong cua dinh thirc. Ban doc c6 thé xem mot sd ching minh chi tiét trong [1] Ta tam chia

céc tinh chit cta dinh thirc thanh hai loai.

a. Cac tinh chit dwoc chirng minh nhé tinh chit ciia phép thé o

Tinh chét 1. det 4’ = det 4
H¢ qua: Tinh chat nio dung véi hang thi cling dung véi cot.

Chii y: Tir tinh chat 2 cac két qua ludn duoc phat biéu voi hang dong thoi véi cot.

2 3 -1 2 4 1
Vidu3.22.6Vidu320. A=|4 6 2 |,detd=4; =detd =[3 6 1/=4.
1 1 2 -1 2 2

Tinh chit 2. Dinh thirc d6i diu néu doi chd hai hang ( hodc hai cot) cia ma tran.

H¢ qua : Dinh thirc bing 0 néu c6 hai hang (hodc hai cot) gibng nhau.

a b c a" b" c"
Vidu3.23. a) [a' b' c'|=—|a' b' c¢'|, hang 1 d6i chd cho hang 3.(H1 <—>H3)
a" b" c" a b c
6 4 3 6
w o o oo (H, = H,)
0 -1 0 4
2 5 1 -1

Tinh chét 3. Dinh thirc cia ma trin tam giac trén (hodac ma tran tam giac dudi) béng tich cac
phan tir trén duong chéo chinh.

a1 92 93 - Yy
0 6122 6123 Clzn

Dl’l = 033 a3n =142y ...Ayy -
0 0 2

Ta c6 két qua tuong tyr véi ma trén tam giac dudi.
b. Cac tinh chét suy truec tiép tir dinh nghia va tinh chit clia phép toan cng va nhén
Dé ching minh cac tinh chat don gian tiép theo ban doc chi can cha ¥ ring ¢ ca n! sd

hang trong khai trién dinh thiic, ngoai phan du sgn o, thi ching déu c6 dang sau:

alo.(l) .6120.(2) vee .aio.(i) .. ..ana(n) .

63



Chuong 3 . Ma trdn va Dinh thirc

D@ dang ching minh duoc cac tinh chét sau.
Tinh chit 4. Dinh thirc béng 0 néu c6 mot hang (hodc mdt cdt) 1a cac $6 0.

Vi khi 6 ngoai phan diu sgn o, thi mdi s6 hang trong khai trién dinh thic c6 dang

Bo(1)-D26(2) 0 lpa(n)-
Tinh chit 5. Dinh thic gap 1én & 1an néu nhan s6 & vao mot hang nao do6 (hodc mot cot)
clia ma tran.
Vi khi ¢6 mdi s6 hang trong khai trién dinh thirc c6 dang
Uo(1)-D20(2) ----kaio-(i) ey (n) -
Hé qua:
(6 thé dua thira s6 chung & mot hang (hodc mot cot) ra ngoai diu dinh thirc.
+  Dinh thirc béng 0 néu c6 hai hang (hodc hai ct) ty 1€ .
Tinh chit 6. Dinh thic dugc tach thanh tong » dinh thirc twong img néu cac phan tir trén
mot hang thir i nao d6 (hodc mot cot thir i) 14 tong ctia n s hang.

Vi khi d6 mdi s6 hang trong khai trién dinh thirc ¢6 dang

alo-(l).azo-(z)....(bia(i) +...+ Cid(i) )ana(n) .
Vi du 3.24. Khi mdi phan tir trén hang thir 3 déu 1a tong cia hai hang ti, thi dinh thirc bang
tong cua hai dinh thirc twong ng nhu sau:

a b c | |la b c¢| |la b ¢

a' b' ¢ |=la" b c'|+|a" b '
a +ap bl + b2 i) aj bl &) a b2 &)
Tir hai tinh chét trén c6 thé phat biéu la:
Tong quat : Dinh thic c6 tinh chat tuyén tinh d6i véi mdi hang (hodc mdi cot).

Cho hai ma tran 4 = [aij ]nxn , B= [bij

] va ma trén C = [cy] c6 hang thr £ 1a
nxn nxn
t6 hop tuyén tinh cta hang thir i ctia 4 va B,

ijzakabkj; l¢k

Nghia la { véimoi j=1,2,..,n

clj:aal-jJrﬂbij;

thi detC=adetd+ fdetB.
Tuong tu ddi véi cot.
Vidu 3.25.
a b c a b ¢ a b ¢
a) a' b' c' =ala' b' c'|+pla" b c'l.

aaq + ﬂaz Olbl + ﬂbz acy + ﬂCZ ai bl 5] ar b2 (65}
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aa +pfa, a a' aq a a' a a a'
b) |abj+pby, b b'l=alby b b|+plby b b
aci+pfcy ¢ ¢ ¢q c¢ c' ¢ ¢ c'
2 3 -1
Vi du 3.26. Tinh dinh thtc ctamatran A=4 6 2
10 15 -1

Nhan thay cic phan tir & cot 1 c¢6 nhan tir chung 1a 2, cac phan tir & ¢t 2 c¢6 nhén tir
chung 1 3. Sau khi dua TSC & cot 1 va cot 2 ra ngoai ta thdy xuat hién (C; =C,). Vay
det4=0.

2 3 -1 I 1 -1
detdA={4 6 2|=23.2 2 2{=60=0
10 15 -1 55 -1

Duéi day 1a mot hé qua cua hai tinh chat trén.

Tinh chit 7. Néu ta cong vao mot hang (hoac mot cdt) mot to hop tuyén tinh cac hang (hoac
céc cot) khac thi dinh thirc khong thay dbi. (Hé qua cua tinh chét 5; 6)

H¢ qua. Dinh thic bang 0 néu c6é mot hang (hodc mot cot) 14 t6 hop tuyén tinh cua cac hang

(hodc cac cot) khac.

2 3 -1
Vidu 3.27. Tinh dinh thtc clamatrand=| 4 6 2 |. detA=0 vi H3 =3H; +H,.
10 15 -1

Hodc ta cling c6 thé thuc hién cac phép bién d6i sau: (-3)H| +(~1)H, + Hy — Hx;
2 3 -1 2 3 -1
detA={4 6 2|=4 6 -2/=0.
10 15 -1) |0 0 O

Tinh chit 8. Dinh thic cia moi hé n véc to phu thudc tuyén tinh déu bang 0. (Trong khong

gian véc to n chicu)

Vidu 3.28.
2 3 -1
a) Matran A={4 6 -2|,codetd=0vi C3=-1C, +1C;.
1 1 0
2 -1 3 4 2 -1 3
. 2 3 0| 1 2 30
b) Matran B = co detB = =0 do C4=C1+C2+C3
0 2 6 4 0 6
5 3 -7 1 53 =71

hay hé véc to ¢t cua hai ma tran trén la hé phu thudc tuyén tinh.
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Vi du 3.29. Tinh dinh thtrc cdp n sau

a 1 1 .. 1 a+n-1 1 1 .. 1
a 1 .. 1 a+n-1 a 1 .. 1
D,=|11 a .. l|=la+n-1 1 a 1| (cOng cac cot vao cdt 1)
1 1 1 ... a a+n-1 1 1 .. a
1 0 0 0
1 1 1 1
1 a 1 | 1 a-1
=(a+n-D|1 1 a l{=(a+n-1)|1 0 a-1 .. 0
1 1 1 a
1 0 0 a—1

= D, =(a+n—-1)a-1)""".

3.2.4. Cac phuwong phap tinh tinh dinh thire
a. Khai trién theo mdt hang, (theo mot cot) bat ky
Chomatrdn 4= [aij ]nxn .
Dé khai trién theo mot hang, (hodc mot cot) bat ky, ta can lam quen véi cac ky hiéu
dudi day. Xét phan tir tong quat ajj .
Dinh nghia 3.9.
M;;: coO tén goi la dinh thirc con bu cua ajj 5 1a dinh thirc ctia ma trdn cdp n—1 c6
dugc bang cach xoa di hang i cot j (hang cot chira a;;) clama trén 4.
* A4y :duoc goila phan bu dai s6 ctia phan tir ajj -
4 = (-1 My (3.20)
MG&i phan tir a;; €6 mot phan bu dai sb 4;; tuong tmg.

Pinh 1y 3.2. Dinh thirc ciia ma trin 4 bang tong cua tich tit ca cac dinh thirc con cdp 1 nim
trén hang i (hodc cot j) nhan voi phan bu dai sé tuong g cia no.
M&i mot phﬁn t trén hang i (hodc cot ) 1a mot dinh thic con céip 1 trén hang (cot) do.

n

a) detA=aydy +..+a Ay, =D ay Ay (3.21)
k=1
n
b) detd=ay;jd; +..+aydy; =D ay Ay (3.22)
k=1
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(3.21) goi 1a cong thirc khai trién theo hang thir i bét ky.
(3.22) goi 1a cong thirc khai trién theo cot thir j bat ky.
Chirng minh: (Xem trong [1]).

Vi du 3.30. Tinh cac bu dai s6 cua cac phan tir trong ma trin sau

1 2 3
A=12 5 3|.
1 0 8
5 3 2 3 2 5
1+1 1+2 1+3
Ay = (-1 —40; Ay, = (-1 = 13 44 = (-1 -5,
11 =D 0 3 12 =(=1 { 8‘ 13 =(1) { 0‘
2 3 1 3 1
2+1 242 243
Ay =(-1 =-16; A =(-1 =5; Ay =(-1 =2;
b1 =(=1) 0 8 2 =1 { 8‘ 3 =(=1) { ‘
2 3 1 3 1 2
3+1 3+2 343
Ay = (-1 =-9; A3y =(-1 =3; Ay =(-1 =1.
31 =1 5 3 3 =(=1) ) 3‘ 33 =(-1) ) 5‘
Vi du 3.31. Tinh dinh thirc cip 4 sau
1 2 3 4
1 0 6 o0 2 3 4 1 2
D= —1(=1 a1 =1 o]+6(-1)*T3 -1 0|=-381.
3 -1 -1 0
2 0 -5 1 2 -5
1 2 0 -5

Ta di khai trién dinh thirc trén theo hang thir hai.
Sau d6 tiép tuc tinh hai dinh thirc cp ba dé c6 két qua cudi cung.

% Ta ciing c6 thé khai trién dinh thiic trén theo cot thir tu ctia ma tran. Dudi ddy ta s& dung
tinh chat dé bién doi hang thur hai ctia ma tran trude khi khai trién dinh thirc trén theo hang
thr hai.

Giai: khai trién theo hang thu 2

1 2 3 4 1 2 -3 4
—6C1+C3 —)C3 2 —3 4
1 0 6 0 1 0 0 0 il
D= = =1.-D*-1 -19 o0
3 -1 -1 0 3 -1 -19 0
2 -6 -5
1 2 0 -5 1 2 -6 -5

Tiép tuc triét tiéu thém phan tir ay, =—19 hang thtr hai cia ma tran trong dinh thirc

trén.(lam cho a,, =0).

Bing céach thuc hién phép bién doi sau: (—19)C) + C; —> C,.

ta co:
2 41 4 w4

D=—1 0 0|=—(=1)(=1)*" 44 5|:—(205+176):—381.
2 44 -5
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Ta da tiép tuc khai trién dinh thirc céip 3 nhén dugc theo hang thu 2, roi tinh ndt dinh
thirc cp 2 cudi cing.

1 3
] , , 10 1 2
Vi du 3.32. Tinh dinh thtc cap 4 sau F = 3 1 -1
2 0 -5
1 2 3 4 _261”3%63 12 2
o1 2T 0 0 0
B -1 -1 0 - 3 -1 -4 -6
1 2 0 -5 1 2 -1 -7

2 2 2 20 0]
=1.(-1** -1 4 —6|=—|-1 -3 —5:2‘ ‘
2 -1 -7 |2 -3 -9

15
=23.(-1) = —6(9—5)=-24.
19
Dinh nghia 3.10. Ma tran C; = 4; |, trongdé 4;; 1a phn b dai s ciia phan tir a; clia
nxn

matrin A = [aij] , duoc goi 1a ma tran phu hop cua 4.
nxn

x
Vi du 3.33. Tim ma trén phu hop ctama tran 4 = { Jt/} .
z

ap=x o 4=t ap =y Ap=-7
anq ZZ(—)Azl =-), 022:I<—)A22 =X,

t —
Ma tran phy hop clama tran 4Ala C, = { 1 .

Vi du 3.34. Xem Vi du 3.30.

1 2 3 40 -13 -5
Matrdn 4=2 5 3| comatranphyhopla C, =|-16 5 2
1 0 8 -9 3 1

Nhén xét 3.4.
¢+ Cong thirc khai trién theo cot thir j (3.22) va cong thic khai trién theo hang i (3.21)
cho phép tinh dinh thirc cdp # theo tong cac dinh thirc cap n—1.
¢ Viéc chon hang thir i hay cot thu j 1a tuy y, ta nén chon hang thir i hodc cdt j ma co

a; = 0 thi ajj Al-j = 0. Vi vy dé tinh dinh thirc ta thuc hién cac cong viéc sau:
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+  Chon hang i hodc c6t j c6 nhiéu phan tir bang 0.
+ Thyc hién cac phép bién d6i (cong vao mot hang mot to hop tuyén tinh cac hang
khac) dé triét tiéu thém cac phﬁn t trén hang (hoéc cot) da chon.

+  Khai trién theo hang hoac ¢t chi con lai it nhat phﬁn tir khac 0.

3.2.5 Cong thirc khai trién Laplace theo & hang (k cot)
Tu matrdn 4 = [ l]] ta xét k& hang: ij,....i; va k cOt: ji,..., ji, voichi y
1<i <ip <..<ip <n; 1<j) <jp<..<jp<n.
Ban doc can xac dinh duoc cac yéu td sau
+ Ma tran con cdp & 1a ma trdn gdm céc phan tir nim trén giao ctia k hang k cot.
Co C,]f (s6 t0 hop chap k cia n ) ma tran con cip k trén k hang da chon.
+  Dinh thic con ce”ip k 1a dinh thirc cia mot ma tran con ciip k.

+  Dinh thic con ce”ip k cua ma trdn con léy trén k hang: i,...,i; va k cOt: ji,..., jx

ky hiéu la: Mjl’ e (3.22)

I ees i
MJi ma tran con cip k cho ta mot dinh thirc con cép k twong Gmg nén ciing c6 C,]f
dinh thirc con cip k trén k hang da chon.

. Mh’ 2k 1y dinh thirc con bu ciia dinh thie M /%% | 3.23)

]5 ak ll’ ’k

Dé c6 dinh thirc con bu ctia Mljl’ »Jk thi tir ma tran A ta xoa di khang i,...,i; va
1> ’k

k cot ji,..., j chua Mjl’ l’jk Khi d6 cac phan tir con lai lap thanh mot ma tran con
LERE”

cip n—k . Pinh thirc cp 7 —k ctia ma tran nay chinh 1a dinh thirc con bu.

Tuong Gng ta ciing co C,]f dinh thirc con bt cap n—k .

. Aljl’ »J dugc goi 12 phin ba dai s6 cua Mzh’ ;jk
- ,k 1otk

Céng thirc: Ajl’ B R VRl (3.24)

15 5]( ll’ ’k

Trén k hang ijj,...,i; da chon ta co Ck dinh thirc con cép k: Mjl’ »Jk , va tuong ung la C,]f
I seeesli

phan bu dai s6 Aljl’ wJk
1> ’k
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@t --dr2-- 3~ -Arg-

a a ay a
Vidu3.35. Xétmatan A=| 20 422 933 9
d3q - _6%33_ —Ai3_ _d3y-

ag) dgp ajzy gy

Néu ta chon hai hang 13 hang 1, hang 3 thi ta c6 6 dinh thirc con cap 2:

12 4,13 14 1,23 2,24 34
My, Myy, Mi3, Mi3 , Mi3 , Mi3

” a a a a
Chang han M1132 =1 12 ; M1133 =1 T3
al a3 az] 433
a a b _23 a a \ . 7 \ o
M1233 =72 B M3 = 2L T dinh thirc con bu cua M1233 .
dzy 433 ag1  Aqq
a a a a o
Do do A1233 = (i3 20124 P20 2% 04 bu dai s6 cua M1233 .
aql  d44 gl 44

Tuong ty voi cac dinh thire con cap 2 khac.
Pinh ly 3.3. (Dinh Iy Laplace khai trién theo k& hang k cot)
1) Khai trién & hang i,...,i :
detd= > MIde gl (3.25)

7 [/
1< <.<iy <n

I<ji<.<jiy<n
Dinh thiic cia 4 bang tong ciia tich tat ca cac dinh thirc con cip & nam trén & hang
I yeen iy VOL phan bu dai sb trong tmg cia nd.
2) Khai trién & cot ji,..., jj :
det A= Z M Tk g Ji (3.26)

. . NS PR AN 4
I<i<.<ip<n

I<j;<.<j,<n
Dinh thic ciia 4 bang tong tat ca cac dinh thirc con cdp k nam trén k cot 1w Jk
nhan voi phan bu dai s6 twong ing cia no.
Dic biét khi k =1 ta c6 cong thirc (3.23); (3.24) 14 cong thirc khai trién theo hang va theo cot.
Chirng minh: (tham khao [1]).
Nhén xét 3.5.

¢+ Phuong phap khai trién theo k hang cé tac dung trong nhiéu truong hop. Sau day la
mot vai vi du tong quat ¢ thé xem nhu cac dinh 1y.
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all alk 0 0
akl akk 0 0
Vidu 3.36. Tinh D, =
ar e Cg by o b g
Cn—kl1 - Cn—kk bn—k,l bn—k,n—k
ayl e a bll bl,n—k
a1 o k| kg Du—kon—k

Vi M = 0 néu { e i} # { L)

a b 00 0

c d 00 0 203 -1
Vidu337.Tinh Ds=le f 2 3 —1=|" b|4 6 2|=4(ad —be);

¢ h 46 2 1 o2

P11 2

Ta da khai trién dinh thic theo hai hang dau. Trén hai hang nay trong s6 10 dinh thic
cap hai chi c6 duy nhat mét dinh thic cap hai

12 a b
M12 = zad—bc,
c d

con moi dinh thirc cap hai con lai déu bang 0 vi c6 it nhat mot cdt toan so 0.

b
Phan bu dai s6 cta dinh thic cip hai M12 _‘a P =ad—bc la
c
2 3 -1
12 =(- 1)1+2+1+2 4 6 2|=4.
11 2

do d6 D5 —M12 x A 12 —4(ad bC)
C6 thé ap dung truc tiép két qua Vi du 3.36.
Vi du 3.38. Chting minh rang véi moi ma tran cing cap 4, B ludn c6

det AB =det A.detB.

That vay, gid st 4= [ ajj ]nxn , B= [bij ]nxn , C=4B= [cij ]nxn trong d6 ¢;; = i by -
k=1

Xét dinh thirc cdp 2n dudi day:
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0 0
dij O
0 0
D2n = _\1\ O
=l by

Khai trién Laplace theo n hang dau ta c6 D,, =detA .detB (4p dung két qua Vi du 3.38).

Ta s& chung té rang D,, = det AB .

Bang cach thuc hién phép bién doi khong lam thay dbi gia tri ctia dinh thuc:

b11C1 +b21C2 +...+bn1Cn +Cn+l _)Cn+l

(nhan by v6i cot 1, by voi cbt 2,..., b, v6i cdt n cua D,, , xong cong tat ca vao cot n+1) thi

dinh thttc D,,, tr¢ thanh:

72

ay .. a, ¢ 0 0
Dy, = g - Gy, G 0 0 .

-1 - 0 0 by b

S B Do

O - -1 0 b,y b,

....Tiép tuc bién doi twong ty nhu trén sau n budc, cudi cung ta duge

a A p 1 -y
_ |9 Aun  Cnl Cnn s _
Dy =| | v )| Ve C=[cy ]m = 4B.
-1 :
0 -1 0 0
Khai trién Laplace theo n hang cudi ta dugc
-1 - 0 a1 - Clp
DZn _ (_1)1+2+...+n+n+1+...+2n S : :
0o - -1fc c

nl
2n(2n+1) n

=(=1) 2 -detC =detC =det 4B.
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H¢ qua: Véi 4,B e M, taco

1. det(4B)=det(BA); (AB# BA).
2. det(4")=(deta)".
3. det(kd)=k".detA.

% Ngoai hai phuong phap ké trén ta c6 thé dung mot s tinh chat dua ma tran vé dang tam

gi4c trén dé tinh dinh thirc ctia ma trén.
Vi du 3.39.

23 | -1 2 3
detd=[5 4 0|=[0 5 4=(-1)51=-5
01 0of [0 01

Ta d thyc hién cac phép bién d6i sau C, <> C3 <> (.

3.3 MA TRAN NGHICH PAO
3.3.1 Piéu kién cin va du dé ton tai ma tran nghich dao

Ta di biét, ma tran vuong A4 duogc goi la kha nghich néu ton tai ma tran vuong cung ciip
B sao cho AB = BA = I . Phép nhan ma tran c6 tinh két hop nén ma tran B & dinh nghia trén
néu ton tai thi duy nhét mot ma tran nghich dao cua 4, ky hiéu A1 Viéc kiém tra ma tran
vudng A c6 kha nghich hay khong bang dinh thirc nhanh chéng hon nhiéu cach sir dung dinh
nghia.
Pinh Iy 3.4. (diéu kién can) Néu A4 kha nghich thi 4 khong suy bién.
Chirng minh: Néu 4 kha nghich thi:

A4 =T = det Adet A =det 447 = detI =1

Do d6 A4 khong suy bién (tat nhién ciing c6 det Al = 1 #0).
(&)
Pinh Iy 3.5. (diéu kién di1) Néu det 4 = 0 thi 4 kha nghich va
-1 1 t
A= C 3.27
det 4 4 ( )

v61 C 4 1a ma tran phy hop ctia 4.
Chirng minh: Véi gia thiét det 4 = 0 ta s& chi ra ton tai ma trin vuéng cung cip B sao cho
AB=BA=1.
Trude hét ta chimg minh két qua sau.
det4 néu i=k

ailAkl +...+ ainAkn = {0 néu iz k’
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Va ay Ay + .t apidy = {detA néu i=k
0 néu i #k
Khai trién dinh thirc cia ma trin 4 theo hang thur k ta duogc:
ap A + ...+ ag, 4y, =det 4

Xét ma tran A4'co dugc tir 4 bang cach thay hang thr k£ ctia 4 boi hang tha i, ma
tran nay c6 dinh thirc bang 0.

Vay a; Ay +...+ @iy Ay, 12 dinh thirc clia ma tran A", khai trién theo hang tht &, do
d6 bang 0.

Tom lai ta co:

g det4 néu i=k (3.28-2)
a; .ta; = .. ««0-a
i1%1 in“tkn 0 néu i#k
Hoan toan tuong tu, khai trién theo cot ta co:
det4 néu i=k
ay A + ot api Ay = . (3.28-b)
0 néu i #k

Tur (3.28-a), (3.28-b) suy ra
AC, =C 4= (det 4).1

v6ol det 4 #0 taco

1 ; 1

ACt = ——Cla=1
detA” AT deta A
hay 4 1c’— 1C’A—I
Y detd )7 deta A '
Pat B = cl=al.
det A
H¢ qua:

a) Néu BA=1 hoic AB=1 thitdntai 4 va 4 =B,
b) Néu A, Bla ma tran kha nghich thi A_l, B'l, AB, A’ cling kha nghich
-1 -1 t
va(a™') =4 (aBy' =Bat, (A1) =(at)
¢) Néu 4 1a ma tran kha nghich cip n, B 1a ma tran cap nx p . Khi d6 phuong trinh
ma trin AX = B c6 nghiém duy nhat

X=4B. (3.29)

74



Chuong 3 . Ma trdn va Dinh thirc

Tuong tu:
Néu A 14 ma tran kha nghich cdp n, B 1a ma trdn cip pxn.
Khi d6 phuong trinh ma trin X4 = B ¢6 nghiém duy nhét
X=BA"
Chirng minh:
a) BA=1 = detA=0 = 34 ' va
B=B(A4 Y =BHA =471
b), ¢) Bdc gia ty ching minh.
3.3.2. Cac phuwong phap tim ma tran nghich dio

(3.30)

Ta c6 thé tim ma trin nghich dao bang cach ding dinh nghia, dinh 1y vé ma trdn nghich

dao. Dung dinh 1y hay con néi 1a ding ma tran phy hop 1a cach thuong dung nhat.

Phwong phap ding ma tran phu hop

1 2 3
Vi du 3.40. Tim ma trdn nghich ddocliamatrdan A=|2 5 3
1 0 8
Giai:
40 -13 -5
Taco detd=-120 vaCy=|-16 5 2
|9 3 1|
[0 -3 s L T40 -16 -9] [-40
Vay A2 16 5 2| =-|-13 5 3 |=|13
Sl 3 5 2 1] |5

16 9
-31.

-1

Ban doc c6 thé tham khao thém mot phuong phap nira dé tim ma tran nghich dao A!. Theo

thuat toan Gauss-Jordan ta thuc hién cac budc sau:
Thuat toan Gauss-Jordan:

1) Viét ma tran don vi I bén phdimatrdn 4: A4 |1

2) Thyc hién cac phép bién dbi Gauus 1én cac hang (hodc cot) cua A|[ mot cach dong

thoi dé dua ma trdn 4 & vé trai vé ma tran don vi / (cach bién ddi gidng nhu ta dwa ma tran
ve dang tam giac trén, dudi. Chu y trong ca qua trinh, chi bién d6i theo hang hoéc chi bién doi

theo cot).

3) Khi vé trai trd thanh ma tran don vi thi vé phai 1a ma tran Al

(3.31)
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1
Vidu3.41. Tim 47 véi A=|2
1

S D N

3
3 | bang thuat toan Gauss-Jordan .
8

Giai:

Viét ma trin A canh ma tran don vi |

1 23100
2531010
1 0810 01
Bién d6i ddng thoi ca hai ma tran bang phép bién dbi so cap vé hang.
1 2 3 1 00
0 1 =3[=2 10  2b+hy —>hy; ~hy+hy—h
0 2 5 |-1 01

-3 -2 0 2h2 + h3 - h3
0 0 -1]-5 2
2 3 1 0
01 -3 -2 1 0 —h3 - h3

01 0 13 -5 -3 —3h3+h1—)h1;3h3+h2—)h2

0 5 2 -1
40 16 9
vay 41 =] 13 5 3],
5 2 -1

Nhén xét 3.6.

¢ Tim 47! theo phuong phap Gauss-Jordan s& dé dang khi cac phan tir ctia A7 1a cac
sO nguyén c6 gia tri tuyét doi khong 16n (thuong gap khi det 4 = +1) hodc trong mot
sO truong hop ma tran cép cao, c6 tinh chit dic biét.

¢+ Vi ma tran cip hai, ba thong thuong nén ding phuong phap ma tran phy hop.
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3.4. HANG CUA MA TRAN

Hang cia mdt ma trdn duoc dinh nghia qua hang ciia hé véc to hodc dinh nghia qua cép
cao nhat cua dinh thirc con trong ma tran d6. Tir d6 dan dén cac phuong phuong phap khac
nhau dé tim hang cua ma tran. Du béng cach nao thi ta cling tim dugc ra mot sb goi 1a hang
ctia ma tran cho trude. Tuy nhién, tuy theo muc dich cta viéc xac dinh hang ma tran thi moi
phuong phap lai c6 mot loi thé riéng. Vi du dé giai va bién luan hé phuong trinh tuyén tinh thi
dung bién dbi so cap theo hang c6 thuan loi hon.

V6i muc dich chinh 1a phuc vu cho sinh vién khoi nganh kinh t€ c6 céng cu hoc tap
mon toan kinh té, ... nén muc nay chung t6i s€ gidi thi€u cach tim hang ma tran chd yéu nho

vao bién doi so cap ma tran.

3.4.1 Pinh nghia va cach tim hang ciia ma tran bing phép bién dbi so cip
a. Dinh nghia
Pinh nghia 3.11. Xétma trin A cip nxm la ma tran cla mot hé (S) gdm m véc to nao
d6 clia khong gian véc to n chiéu. Ta goi hang ctia ma tran A4, ky hiéu r(A4), 1 hang cua hé
véc to cOt cla ma trdn A.

Nhu vdy ma tran khong c6 hang bang 0 : 7(8)=0.

r(4) = p <min(m,n).
b. Tinh chat : Tir dinh nghia trén ta thiy rang tinh chét cua hang ciia ma trin dugc suy ra tir
tinh chit cua hang hé hitu han véc to. P 1a : cac bién ddi so cép Ién cac cOt ciia ma tran
khong lam thay d6i hang ciia ma tran.
¢. Phwong phap tim hang ciia ma tran bang phép bién ddi so cip

Vi cach dinh nghia nhu trén, hang ctia ma trén cling c6 cac tinh chit va cach tinh
tuong tu hang ctia hé véc to cot ctia nd. Cac phép bién d6i so cap khong 1am thay doi hang hé
véc to la:

1) Béi chd hai véc to ciia hé cho nhau.
2) Nhan vao mdt véc to ctia hé mot s6 khac 0.
3) Cong vao mot véc to cua hé¢ mot td hop tuyén tinh cac véc to khac cua hé.

Vi vay dé tim hang ctia mgt ma tran, ta co thé coi mdi cot cua ma tran d6 1a toa do cua
mot véc to. Thuc hién cac bién d6i so cép 1én céc cOt dé dwa ma tran vé dang béc thang cot.
S4 cac vée to cot khac 0 cua ma tran chinh 1a hang ctia ma tran.

Chiy:
+ Can hiéu rd thé nao 1a ma tran bac thang cdt, dé két thic cac bién doi so cﬁp dang luc.
+ Can c6 qui tic thuc hién cac bién d6i so cap dé ta nhan dugc ma tran bac thang nhanh
nhét, cac budc bién d6i sau khong 1am hong cac budce bién doi trudc.
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+  Trong bai toan don gian chi 1a tim hang ma tran, ta c6 thé két hop ca hai loai d6i so
cap 1én cac cot, hang.

Vi du 3.42. Tim hang cua ma trdn sau bang cach thuc hién cac bién do6i so cap 1én cac cot

1 -3 4 2
A=12 1 1 4
-1 =2 1 =2
Giai:
1 -3 4 2 1 0 0 0 1 0 0 O
36’1 +02 —)6’2 6’2 +C3
A=12 1 1 4 > 2 7 -7 0|—=——=—>|2 7 0 0
—4CI+03—>C3
-1 -2 1 =2 -1 -5 5 0 -1 -5 0 0

—201 + C4 - C4

day la ma tran bac thang cot. Vayr(4) =2.
Vi du 3.43. Tim hang cua ma trin sau bang cach thyc hién cac bién d6i so cap 1én cac cot
-1 2 1 -1 1]
a -1 1 -1 -1
1 a 0 1 1]

aAry 1 27 1 00 0 0
C2—> CS 1 l 1 l 2 Cl +C2—) CZ
Giai: B % I -1 -1 a -1 —ctey ey I 0 -2 a+l -3
cg—>c| 0 1 1 1 a | c¢+eg>cq 0 1 1 1 a
c5—>C3 _2 -1 1 1 2 | —2C1+ CS—)CS 5 | .1 3 5
1 0 O 0 0 1 0 0 0 0
Q<9 1 -2 0 0 0 1 -2 0 0 0
—(a+3)cy +(a+ey+2¢4 >cy|0 1 1 0 0 0 1 1 0 0
(3-2a)cy =3¢z +2¢5 > c5 2 -1 1 2-2a 2-2a 2 -1 1 2-2a 0

N A A N 4 néu a=l
day 1a ma tran bac thang c6t. Vay r(B) = » .
3 néu a=1
3.4.2 Pinh nghia va tim hang ciia ma tran biang wng dung dinh thirc (tham khzo)
S6 véc to doc lap tuyén tinh tdi dai cua hé véc to cot béng hang ctia ma trén, tor 6 hang
ma tran con dugc dinh nghia mdt cach khac nhu sau:

a. Dinh nghia
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Pinh nghia 3.12. Matrin 4 cap mxn cd hangbang p, r(4) = p néu trong ma trin 4 ton
tai mot dinh thic con cép p khac 0, déng thoi moi dinh thirc con cép p+1 cuama tran 4
déu bang 0.

Tur d6, ta c6 thé dinh nghia: hang ciia ma trdn A4 chinh la cép cao nhét cua dinh thirc con
khac 0 trong ma tran 4.

r(4) = p <min(m,n).

Néu A vudng cip n thi det A= 0 < r(d)=n.

detA=0<=r(4d)<n.

b. Tinh chit : véi cach dinh nghia theo dinh thiic ta ciing thay ngay rang mot sd phép bién
d6i vé hang, cot cia ma tran s& khong anh hudong dén hang ciia ma tran.

1) Hang cta ma trdn khong thay d6i qua phép chuyén vi ma tran : r(4) = r(4").

2) Hang ciia ma tran khong thay doi qua cac phép bién ddi so cap 1én cac hang, cot, cta
ma tran.

Ta biét raing mot ma tran vudng cap k khong suy bién thi luén duoc dua vé dang ma tran
tam gidc trén, hon nira 1a dang ma tran don vi cAp & bang cac phép bién doi so cap cia ma

tran. B&i vay ta co két qua sau:

Pinh Iy 3.6. Gia sir A= [ay] 1a mdt ma tran cAp mxn. Néu c6 dinh thirc con khac 0,
mxn

cdp p va moi dinh thirc con cip p +1 bao quanh né déu bang 0 thi r(4)=p.
Chirng minh: (tham khao [1])
¢. Phwong phap tim hang ciia ma tran bang ing dung dinh thirc

Pé tim hang ma tran A4 ta tim dinh thtic con cép 2 khac 0. Bao dinh thic nay béi cac
dinh thirc con cap 3. Néu tat ca cac dinh thirc cip 3 bao quanh déu bang 0 thi r(4) =2. Néu
¢6 dinh thirc con cip 3 khac 0 thi ta tiép tuc bao dinh thirc cap 3 nay béi cac dinh thic cép 4...

2 1 2 3
Vidu 3.44. Tim hang clama trdan 4={-2 9 —4 7
-4 3 1 -1
Giai:
2 1
cod =20,
-2 9

xét hai dinh thirc cap 3 bao quanh dinh thirc cap hai trén déu bang 0 1a

2 1 =2 2 1 3
2 9 -4/=0,2 9 7|=0.
-4 3 1 -4 3 -1

Vay r(4)=2.
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2 1 0 4
. -4 -2 1 -7
Vi du 3.45. Tim hang cua ma tran B = | L4
1 4 3 -4
Giai:
L 0
Ton tai dinh thic { =1.
2 1 0
Bao dinh thtic nay béi dinh thirc cap 3: |-4 -2 1|=1.
3 1 -1

Dinh thtre cap 4 duy nhat bao dinh thirc 3 trén chinh 1a dinh thtc |B|=0. Vay r(B) =3.

a 1 1 1
. 1 a 1 1
Vidu 3.46. Tim hang cia ma trdn A4 =
1 1 a1
1 1 1 a
Taco |4 =(a+3)a-1).
Vay Khi a#-3,a#1 thi r(4)=4;
Khi a=1thi r(4)=1;
1 -3 1
Khi a=-3,c6|1 1 =320 = r(4)=3.
11 1

3.4.3 Phuong phap tim hang ciia hé véc to bang ing dung dinh thirc

Tur tinh chit 8 cua dinh thuc, ta biét rr?lng dinh thirc ctia mot hé n véc to hé phu thude
tuyén tinh trong khong gian véc to # chiéu bang 0. Do d6 néu trong co s¢ A = { el,...,en}
cua khong gian véc to, Dy { Viseens vn} # 0 thi hé { Vises Vy } doc lap tuyén tinh. Nguoc lai, gia
st hé { vl,...,vn} ddc lap tuyén tinh, ta s€ chimg minh Dy { Vi ,...,vn} # 0. That vay, gia su

n
_ _ \ A 3 3 0
v = Zaijei , A= [aij ]nxn la ma tran cua{ vl,...,vn}trong cosd A
i=1

detA=Dgy{v,...v,}, vi hé {v,...,v, | doc lap tuyén tinh nén no 1a mot co s cua
khong gian n chiéu V. Vay ta co:

n
_ _ by A 9 O 2
e; = Zbij"i , B= [bij ]nxn 12 ma trin cia 4 trong co s& {vl,...,vn}.
i=1

A va B chinh 13 cic ma tran chuyén co s& tir co s& 5 sang co s& { V] ,...,vn} va nguoc lai.
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= AB=1 = det4+#0. 3.32)
Pinh Iy 3.7. Trong khong gian véc to n chiéu, hé véc to { Vi ,...,vn} doc 1ap tuyén tinh

khi va chi khi Dy {vl,...,vn} #0.
Hé qua: Trong khong gian véc to n chiéu, hé véc to { vl,...,vn} phu thudc tuyén tinh khi va
chi khi r{vl,...,vn} <n.
Vidu 3.47. H¢ vécto v =(2,4,1), v, =(3,6,1), v; =(-1,2,2)
c6 ma tran trong co so chinh tic & cua R 1a 4:

-1

3
A= 6 2 |,detd=4;
1 2

— AN

Vay r{vl V2, v3} =3.Pay 1a hé véc to doc 1ap tuyén tinh.

Vi du 3.48. Hé véc to vy =(2,1,—4), vy = (1,-9,3), v3 = (3,-8,1) c6

2 1 3
1 -9 =8=0= r{v,m,ni}<3.
-4 3 -1

Day 1a h¢ véc to phy thudc tuyén tinh.

Nhén xét 3.7.
¢+ Trong thyc hanh ta c6 thé két hop phuong phép nay véi phuong phap bién ddi so cap
1én cac hang, cac cOt ma tran thi qua trinh tim hang ma tran s€ nhanh hon.

¢+ Khi ma tran dugc dua vé dang tam giac hodc bac thang hang (hodc ma tran bac thang
cOt). S4 cac véc to hang (56 cac véc to cot) khac0 1a hang cua ma tran.

Vi du 3.49. Tim hang ctia ma tran sau

1 -3 4 2
A=12 1 1
-1 2 1 2

Giai: Cach 1 : Bién ddi theo cot

1 3 4 2 1 0 0 0 1 0 0 0

A=|2 1 1 4 |—2ataza o 7 7 o|2¥S82G o 7 g 9
—4c ey —>cs

12 1 2| 3q+ce, |-1 =5 5 0 1 =5 0 0

r(4)=2.
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Cach 2 : Bién ddi theo hang, cot
1 -3 4 2 2k +hy —>h, 1 -3 4 2

A=|2 1 1 4| MEh2h o 7 7 0l
1 2 1 =2 0 -5 5 0
c3+cy =, 1 -3 2 4 1 -3 2 4
%[o 0 0 -7|——|0 0 0 1|.rA4)=2.
0 0 0 0 0 00

Vi du 3.50. Tim hang cta ma tran sau theo tham s m

4 1 4 m 2
2 3 6 8 5
1
3

B= .
-6 -9 =20 -11
2 5 4 3
Giai:
3 2 5 4 3 1 -1 -1 4 =2
2 3 6 8 5 2 3 6 8 5
B— - -
1 -6 -9 =20 -11 1 -6 -9 -20 -11
4 1 4 m 2 4 1 4 m 2
I -1 -1 4 =2 I -1 -1 -4 =2
2 3 6 8 5 0 5 8 16 9
- -
1 -6 -9 =20 -11 0 0 0 m 1
4 1 4 m 2 0 0 0 0 O

= r(B)=3;Vm.

Ban doc ty tim hi¢u cac budc bién doi tim hang ma tran B.

Chu y:
+  Trong qua trinh tinh dinh thirc hay tim hang ctia ma tran chiing ta thuong dung dén cac
phép bien doi doi vai cac hang, cdt cua ma tran. Ta goi do 1a cac phép bien doi so cap
ma tran .

+ Céac phép bién ddi so cap d6i v6i ma tran, dua ma tran vé dang tam giac hodc dang béac
thang de tim hang hoac tinh dinh thuc ciing goi la cac phép bien doi Gauus.

+ Pé cb két qua tuong ung voi cac muc dich khac nhau thi ngudi thuc hién can nim
viing 1y thuyét dac biét 1a thude cac tinh chat cta dinh thirc va hang ctia ma tran.

Ta c6 thé tom tit noi dung trén bang mot bang tong két dudi day:
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Muc dich
Tinh dinh thire Tim hang ma trian
Phép BBSC
Cho 2 hang H, <> H, o "
DPinh thirc d6i dau Khoéng doi

(Hodc 2 cot C, (—)Cj )
Nhan mot s6 k khac 0
voi L hang  kH, — H, Dinh thite gép 1én k lan Khong déi
(hodc1¢ot kC, — C,)
Cong 1 t6 hop tuyén tinh cua
cac hang (cft) vao mot hang "
(cot) kH, + H, > H, Dinh thtrc khong doi Khong doi

(kC,+C, - C))

BAI TAP CHUONG 3
1 3 0 1 2 -3

3.1) Cho 4=|-1 2|,B=|3 2|,C=|1 2 |. Tinh:
3 4 -2 3 4 -1

a) (A+B)+C; b) A+(B+C); ¢) A ,B',C" ;d) A'B; e) BC.

2 -5 1 1 -2 -3 0 1 -2
3.2) 1) Cho 4= , B= , C = . Tinh 34+4B-2C.
3.0 -4 0 -1 5 1 -1 -1

2) Cho cac ma tran

1 0 -1 1 301 2 -2 t
A=|-2 -1 2 3|, B=|1 -3 0 3| Tinh AfB,B’A,(B’A).
01 2 1 201 4

3.3) Trong khong gian véc to »/é cac ma tran vuodng cép 2. Ba ma tran sau c6 doc lap myén

11 1 0 1 1
tinh khong: 4 = , B= , C= .
11 0 1 0 0

3.4) Trong khong gian véc to ejé cic ma tran vudng cip 2. Tim toa do cua ma trin

2 3 111 0 -1 1 -1 1 0
A= trong co sO , , s .
I A P AP
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35) Tinh: {2 3}{_7 3 } - {2 3}{2 0}[—7 3 } o [17 -6 T |
5 7115 =2 5 7110 3|5 2 35 -12
3.6) Cho 4, B 1a hai ma trdn ¢& m x n . Ching minh rang
a) r(A+B)<r(A)+r(B).
b) { r(AB) < r(A)
r(AB) < r(B)
3.7) Tim céc vi du vé hai ma tran A4, B vudng cép 2 thoa man tung diéu kién sau:
a) r(A+B)<r(A), r(B).
b) r(A+ B)=r(A)=r(B).
c) r(A+ B)>r(A), r(B).
3.9) Cho ma tran 4 = [aij] vudng cap n. Ta goi Trd = aj| +ayy +...+a,, (tong cdc phan ti
trén duong chéo chinh) 1a vét cia 4 . Chimg minh:
a) Tr(A+B)=TrA+TrB;
b) TrAB = TrBA (mac du 4B # BA);
c)néu B=P '4P thi Trd=TrB;
d) khong ton tai ma tran A, B sao cho AB—BA=1.
3.10) Tinh céac dinh thuc sau:

=2 3 t-5 7
-4 -1’ -1 143
o k
3.11) Tim céc gid tri cia k sao cho ol 0.
3.12) Tinh cac dinh thic
01 11 2 -5 1 2 7 6 37 6 -5 8 4
1 01 1 -3 7 -1 4 357 2 7 5 2
a) ; b) ; C) ; d)
1 1 01 5 -9 2 7 5 4 35 7 5 3 7
1 110 4 -6 1 2 5 6 5 4 -4 8 -8 3
3.13) Tinh dinh thurc cua cac ma tran sau:
3 -2 -5 4 1 3 9 27 3 2 -5 4
-5 2 8 -5 1 -1 1 -1 0 2 0 -5
a) A= ; b) B= ; ¢) C=
-2 4 7 3 1 2 4 8 -2 4 7 3
2 -3 -5 8 1 -2 4 -8 0 -3 0 8
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3.14) Tinh dinh thirc cta cic ma tran sau:

-2 4 3 -1 3 3 t+3 -1 1
a) A=| 1 t+1 =2 |;b)B=|-3 t+5 3 |; ¢)C=| 7 -5 1
0 0 (-4 -6 6 t—4 6 -6 t+2
1 x x2 x3
3.15) a)Giéiphuongtrinh:1 2 4 8 =0.
13 9 27
1 4 16 64
3 4 3
b) Chomatrin A=|—-4 3 11|, Tinh det 4; detf(A)biét f(x):x3—3x2+4.
1 1 2
2 99
3.16) Biét 299, 966, 161 chia hét 23. Ching minh [9 6 6| chia hét 23.
1 6 1

3.17) Khéng can tinh dinh thirc, chimg minh cc dang thirc sau:

a b ax+by+e| |a b ¢
a) ap b2 ar)x + b2y +Cy|=lap b2 .
as b3 azx + b3y +C3 as b3 Cc3

labclaaz 1 a & 1 a a°
B[l b cal=l b b; ol b bl=(a+b+o)l b b
Locabl | o ¢? 1l ¢ & 1 ¢ ¢
1 1 1
. X1 Xy Xy
3.18) Cho dinh thitc Vandermond D,, = .
xi ! xél_l x,’;_l

n (k-1 n=1( n
Chimng minh: D, = H (xi_xj):H(H(xk_xi)J:H H(xk—xi)}

1< j<i<n k=2\i=1 i=1\k=i+1
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Chuong 3 . Ma trdn va Dinh thirc

3.19) Tim hang cta cac ma trén sau:

4 3 52 3 4 3 52 3 1 0 -1 1 -1 -3
8 6 -7 4 2 8 6 -7 4 2 2 21 -9 0 2
a) |8 3 -8 2 7|; b)|8 3 82 7|;¢ |3 -1 1 -8 -4 =2|;
4 3 1 2 -5 43 1 2 -5 6 1 1 -16 -5 -3
18 6 -1 4 —6] 8 6 -1 4 —6 11 0 1 2 -2
6 -5 8 i 3 m 1 2 -1 2 1 -1 1
9 -6 m 3 1 4 7 2 -1 1 -1 -1

d) ;) C= ;8 D=
7 0 3 -7 1 10 17 4 0 1 1
-4 4 -8 4] 4 1 3 3 1 2 2 -1 1

3.20) Céac ma tran sau c6 kha nghich khong, néu kha nghich hay tim ma tran nghich dao:

21 -1 1 4 2 I -1 2 11 2
a) A=|0 1 3|; b)B=|-1 0 I|;¢c)C=|-1 2 1|;d)D=|2 3 2
21 1 2 23 2 -3 2 1 3 -1
m—1 3 -3 m+1 7 3
3.21) Chomatrdn A=| -3 m+5 -3 |; B=| -1 m—1 -2
-6 6 m—4 m—-5 2m-5 m-6

Tim cac gia tri cia m dé A4,B 1a cac ma tran kha nghich.
3.22) Giai phuong trinh AX = B v&i an la ma tran X , trong do:

I -1 1 1 1 1 -1
A=|-1 2 1|, B= 0 2 2
-2 3 1 1 -2 2

3.23) V6i A4, B 1a hai ma vudng cung cap. Chimg minh ring néu 4B = BA thi v6i moi s6 tu
nhién n >0 ta co:

n
(A+B)" = 4" +nd""'B +@An‘232 +. 4B =Y Cha"RBE,
k=0

3.24) Tinh
: , b A 17 : 1 =27
a - ; ;¢ .
0 A 3 4
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Chwong 4. H¢ phwong trinh tuyén tinh

CHUONG 4
HE PHUONG TRINH TUYEN TiNH

O bac THCS va Pho thong trung hoc, hoc sinh di gip cac hé phuong trinh tuyén tinh
don gian (goi 1a hé phuong trinh bac nhét hai 4n hodc ba én). Hoc sinh d3 co thé giai h¢
phuong trinh bac nhat hai an hodc ba an bang phuong phap ding cac phép bién dbi twong
duong hé phuong trinh.

Hé phuong trinh tuyén tinh 1a hé phuong trinh ma cac an s can tim & bac mot, day 1a
bai toan thuong gip phai khi nghién ciru cac dbi twong c6 quan hé tuyén tinh. Dbi v6i hé phi
tuyén nguoi ta xap xi boi hé tuyén tinh. Vi vay hé phuong trinh tuyén tinh c6 rat nhiéu tng
dung trong thuc té: cac bai toan ky thuat, phan tich théng ké trong tam 1y hoc, xa hoi hoc va
kinh t€ hoc...

Qua chuong nay, nguoi hoc sé biét cach giai hé phuong trinh tuyén tinh bang phuwong
phap dinh thirc d6i v6i hé Cramer, phuwong phéap khir Gauss c6 thé giai duge moi hé.

Tuy nhién trong thuc té, ta c6 thé phai khao sat cac bai toan hang trim phuong trinh
ddng thoi, véi s6 an ciing rat 16n. Tinh trang 4y trong thyc hanh da gdy ra nhiéu khé khan 16n
dén ndi hau nhu khong thé giai quyét ndi néu chi dung phwong phép so cap. Vai sy hd tro cta
may tinh va cac thuat todn méi da khién cho hé phwong trinh tuyén tinh dugc ung dung hiéu
qua d¢é giai quyét cac bai toan thuc té.

Pé hoc t6t chuong ndy sinh vién can phai sit dung thanh thao cong cu 1a ma tran va
dinh thuc dé giai cac hé phuong trinh tuyén tinh trong cac trudng hop cu thé.

Ta lai thdy ring giai cac hé phuong trinh tuyén tinh 1a cong cu dé giai quyét mot sb
van dé & chuong 2 va cac chuong cudi cua tai liéu nay.

4.1 KHAI NIEM VE HE PHUONG TRINH TUYEN TiNH
4.1.1 Dang tong quat
Hé m phuong trinh tuyén tinh n 4n s6 (1<m,n eN) c¢6 dang tong quat:
ap Xy +apxy .. tay,x, = bl
ar1X| +ax»xy +...+ay,x, =b
2141 2242 2n*n 2 @.1)

A1 X] + A2 Xy + oot Ay X, = by,

n
Hodc viét tat Zaijxj:bi i=1,...m.

J=1
Trong do:
¢ X|,Xp,....X, la n anso,

a;; lahé sO cua an thir j trong phuong trinh thi 7, ajj eR.
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Chwong 4. H¢ phwong trinh tuyén tinh

*+ b lah¢ s6 vé phdi cua phuong trinh thtr i; i =1,...,m;j=1,..,n ; b; eR
+ Khi cac vé phai b, =0 (i =1,...,m) thi h¢ phuong trinh dugc goi 14 thuan nhat.

ap X +appxy +...ta,x, Zbl

apr1Xx) +azpyxy +..+ary,x, = b2

Néu (1) 1a mot hé khong thudn nhat

A X] + Ao Xy + .ot Apyp X, = by,

apxy +6112)C2 +...+a1nxn =0
ar1Xy +arXxy +...+ar,x, =0 \ ,
thi (2) 219272 2nn goi 1a hé thuan nhat tuong tng cuia (1)

A1 X] + Ay Xy + .o+ Ay X, =0
+  Nghiém cua hé phuong trinh 12 bo gdbm 7 sb (0‘1 ,0 ,...,an) sao cho khi thay
x;=0;, i=12,.,n vao (4.1)tacocac déng thirc sd dang.
+  Nghiém téng quat ctia hé¢ phuong trinh 1a nghiém khi hé phuong trinh c6
v6 s6 nghiém, phu thudc vao mot vai 4n s nhan nhiing gia tri tuy y.

+ Nghiém riéng ctia hé phuong trinh 1a nghiém gom n s xac dinh
(aol,aoz,...,aon ) , nhan dugc sau khi ta thay cac an tuy ¥ ciia nghiém

téng quat béi mdt bd gia tri cu thé.

+ Giai mdt h¢ phuong trinh la di tim tap hgp nghiém cua h¢.

+ Hai hé phuong trinh cing an goi 1 trong dwong néu tap hop nghiém cia ching
bang nhau. Vi vay dé giai mot h¢ phuong trinh ta c6 thé giai hé phuong trinh tuong
duong cia no.

4.1.2. Dang ma trin ciia hé phwong trinh tuyén tinh

Vi hé (4.1) ta xét cac ma tran

ap ap . ay xi by
a a . a X b
A=| 2 T2 T |72 p=| 2
Ayl Ay - Qyp X, b,

A, X, B lan lugt dugc goi 1a ma tran hé s6, ma tran 4n s6 va ma tran vé phai.
Khi d6 hé phuong trinh (4.1) duoc viét lai dudi dang ma tran nhu sau:
AX =B 4.2)
4.1.3. Dang véc to ctia h¢ phwong trinh tuyén tinh

Neéu ta ky hiéu véc to v; = (ay;,...,a,,;) €R™ 1a véc to cft thir i clia ma trén A4, va

vécto b=(b,....b,) e R™ la véc to vé phai, thi hé (4.1) duoc viét dudi dang véc to nhu sau
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Chwong 4. H¢ phwong trinh tuyén tinh

XV +xvy +..+x,v, =b 4.3)
V6i cach viét nay ta thay rang hé phuong trinh (4.3) c6 nghiém khi va chi khi
be Span{vl,...,vn} .
Vi du 4.1. Xét hé phuong trinh viét dudi dang tong quat:

2)(?1+2)C2— .X'3+ .X'4:4
4X1+3X2— X3+2X4=6 .
8)(?1 +5.X'2 —3X3 +4X4 =12

Hé phuong trinh trén viét dudi dang ma tran nhu sau:

X

2 2 -1 1
X2

4 3 -1 2 =| 6.
X3

8 5 -3 4 12
X4

Dang véc to cua hé¢ phuong trinh 1a:

x(2,4,8)+x,(2,3,5) + x3(—=1,-1,-3) + x4(1,2,4) = (4,6,12)..
voi ky hiéu v =(2,4,8), vy =(2,3,5),v3 =(=1,-1,-3), vy =(1,2,4); b=(4,6,12).
4.2 Dinh ly vé su ton tai nghi¢m
Pinh ly 4.1. (Kronecker - Capelli) H¢ phuong trinh (4.1) c6 nghi¢m khi va chi khi
r(4)=r(4)

trong d6 A 1a ma tran c6 dugc bang cach bo sung thém vao ma tran hé s0 4 mot cdt cudi la
ve€ phai cua hé phuong trinh.

| ay by
A=| ¢+ o r 4.4)
Al nn bm

Chirng minh: H¢ (4.1) c6 nghiém khi va chi khi ton tai X],X0 5.0 Xy, eR” sao cho
v +xvy +...+x,v, =b.
Nghia 1a b € Span {vl,...,vn} .
VAY #(VseesVy) = F(V[ser Vs b) . DO 0 #(A) = r(A).
Vi du 4.2. Xét hé phuong trinh trong Vi du 4.1.

2 2 -1 1
c()matrémhéséA: 4 3 -1 2|,c6r(A4d)=3.
8 5 -3 4
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Chwong 4. H¢ phwong trinh tuyén tinh

22 -1 1 4
matrinbdsung A={4 3 -1 2 6 |cor(4)=3.
8 5 -3 4 12

#(A) = r(A), do d6 hé phuong trinh c6 nghiém.

x = 3y + 4z = 2
Vi du 4.3. Xét hé phuong trinh <2x + y + =z =
-x — 4y + 3z =5

1 -3 4 1 -3 4 2
A=|2 1 1|, r(A)=2; A=|2 1 1 4|, r(4)=3.
-1 -4 3 -1 -4 3 5

Vay hé phuong trinh trén v6 nghiém.

Trong thuc hanh ngudi ta biét duoc hang ciia timg ma trén chi trong ciing mot qua trinh
tim hang cia ma trdn bo sung.

Vi du 4.4 Bién d6i ma trdn bo sung ciia hé phuong trinh trong vi du 4.1

22 -1 1 4] 2h-h->h |2 2 -1 1 4

A=l4 3 21 2 6|-h2m o 1 21 0 2|
8 5 -3 4 12 03 -1 0 4
22 -1 1 4 2 21 -1 4
SBhthoh o1 1 0 2 |28 C24A g g 1 -1 2
00 2 0 -2 000 2 -2

r(A)= r(4) =3 Vay hé phuong trinh trong Vi du 4.1. ¢6 nghiém.
Vi du 4.5 Bién d6i ma tran bo sung cua hé phuong trinh trong Vi dy 4.3
1 3 4 2] hahon [1 -3 4 2] [1 =3 4 2
A=[2 1 1 4|2k o 7 7 0lso 7 -7 0
-1 4 3 5 o -7 7 7 o 0 o0 7
=1(A)=2 < r(4) =3.

Vay hé phuong trinh trong Vi du 4.3 v6 nghiém.

4.2 MOT SO PHUONG PHAP GIAI HE PHUONG TRINH TUYEN TiNH
4.2.1 Phuwong phap Cramer (con goi la phwong phap dinh thirc)
Xét hé n phuong trinh tuyén tinh » an dang (4.3) AX = B.
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Chwong 4. H¢ phwong trinh tuyén tinh

Pinh nghia 4.2. H¢ n phuong trinh tuyén tinh » an ¢6 ma tran hé s6 4 khong suy bién duoc
goi 1a hé¢ Cramer.
Pinh 1y 4.2. (Pinh Iy Cramer) Moi hé Cramer déu ton tai duy nhat nghiém. Cong thirc
nghiém duoc xac dinh nhu sau :
det Ai
X; = .
det 4

Trong d6 A4; 1a ma tran cép n,co béng cach thay cdt thir i cia ma trén hé¢ sd A boi cot

i=1,2,..,n. (4.5)

hé s6 vé phai.
Chirng minh:
Cach 1) det4=0 = hé {v,..,v,} 1a mdt co sd cia R”. Do d6 b duge bicu dién duy nhat
thanh to hop tuyén tinh cia {vl,...,vn}. Nghia 1a ton tai duy nhat X{,X,....,X, sao cho

XV +XpVy +..+x,v, =b.

Goi A = { e,....e, } 1a co so chinh tac cia R”. Khi do:

n
D; =Dy {vi,.., Vi1, b Vs 1oV} = Dip {vl,...,vl-_l, Zxk"k ,Vi+1,---,"n}
k=1

=X, D (Vs Vi1V Vi sV =D = x;=D; /D, i=1,..,n.
Trong d6 D; =det4;, D=detA.
Céch 2) Viét hé phuong trinh ¢ dang ma tran 4X = B, det 4 = 0.

Phuong trinh ma tran nay thoa mén cac diéu kién ciia y ¢)Hé qua cta dinh 1y vé ton
tai duy nhat ma tran nghich dao (chwong 3), nén c6 duy nhat nghiém:

X=4'B
=X = Cc /B
det A
o] ) o]
. 1 b2
=1 X :detA All A2i Al’ll :
L *n | L 116 ]
1
i = M(Alibl + Ayiby + -+ Ayiby )
det 4.
= etA,; i—-1,2,..,n
det A

Trong do 4;; 1a phﬁn bu dai sb cua cac phﬁn to ay;, k=1,2,..,n trén cft thir i cia ma tran A.
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Chwong 4. H¢ phwong trinh tuyén tinh

2x + 3y - z =1
Vi du 4.6. Giai hé phuong trinh <3x + 5y + 2z = §.
x - 2y = 3z = -1
2 3 -1
Gidi: Co |4 =3 5 2|=22#0, dayhé¢ Cramer.
1 2 3
1 3 -1 2 1 -1 2 3 1
|4]=[8 5 2|=66, |4|=3 8 2|=-22, |4]=3 5 8|=44.
-1 2 3 1 -1 3 1 -2 -1
x:@:3
|4
LA Lz ‘A X |A2| ‘a 5 A1y
Do d6 hé c6 nghiém duy nhat y:W:—l hay nghiém cta h¢ 1a (3, -1, 2).
22@22
4

Nhén xét 4.1.
¢+ Phuong phép Cramer chi giai dugc h¢ Cramer.
¢ Dbi v6i hé o sb phuong trinh, s6 an cao thi viéc thuc hién rit mat cong néu khong
sir dung cac phan mém dé tinh.
¢+ Phuong phap Cramer c6 mot uu diém 14 khi hé phwong trinh nao di duoc khing
dinh 1a hé Cramer thi c6 nghia la hé d6 hoan toan xac dinh.
Vi du 4.7. Giai hé phuong trinh tuyén tinh truong hop tong quat, xét hé (4.1).
Gia su h¢ phuong trinh ¢6 nghiém va r(A) = r(Z) =p; p< min(m,n) .
Giai: Khong giam tong quat, gia st p véc to hang phia trén ctia ma tran A tao thanh hé doc
1ap tuyén tinh t6i dai ctia hé cac véc to hang ctia 4.
al cee alp
Giasa | ' "-. 1 [#0.Vivay hé (4.1) tuong duong v6i p phuong trinh dau

a a

pl pp
ap X +appxy +...+a1pxp +.tay X, Zbl
ar1X) +axxy +...+a2pxp ..t ayr, X, :b2
Ap1X) +ap2 X+t dpp X+t dp, X, =b),
(truong hop khac cach gidi hoan toan tuong tu)

H¢ phuong trinh trén duoc viét lai:

92



Chwong 4. H¢ phwong trinh tuyén tinh

ap X +appxy +..+ alpxp = bl —(a1p+1xp+1 +...+ alnxn)
(4 1)’ an1x1 +asxy +...+a2pxp :b2 —(a2p+1xp+1 +...+a2nxn)

ap|X| +apoXy +.tap,x, =b), —(app+1xp+1 +...+apnxn)

day 1a hé¢ Cramer c6 vé phai phu thudc vao cac an Xpilsees X - Vi mdi bo gid tri cu thé
cdc an & vé phai la (x”,,},x,,1"..,x%,) thi h¢ (4.1) tré thanh mot hé Cramer, c6 nghiém
duy nhét (x*l,x*z,...,x*p,x0p+1,xp+10...,xon) , trong do x*l,x*z,...,x*p duoc tinh theo bd

e 0 0 0
SO (X7 py1sXpi1 X )
Cac an x,,,1,...,x, €6 thé nhan vo sb bo gia tri thy y. Vay hé co vo s6 nghi¢m phu

thudc vao cac an Xptlsees Xy -
/”Lxl +Xy) +X3 +Xy =1
X1 +1X2 +X3+X4 =1

Vi du 4.8. Giai va bién luan theo tham s6 1 hé .
X| +Xp +AX3 + Xy =1

X| +Xp +X3 +AX4 =1

Giai:
a 1 1 1
. I a 1
Matran hé sO 4= {1 (Xem Vi du 3.45. Chuong 3).
a
1 1 1 a

Taco detd =(A+3)(A—1).
Khi A # -3, = 1: Hé da cho la hé¢ Cramer nén c6 nghiém duy nhét. Ngoai ra khi thay doi vai
trd ctia cac an trong hé thi hé khong thay doi
1

X =X) =X3 =X4 = XIZXZZX3=X4=m.

do d6 hé c6 nghiém duy nhét: [—— ;1 1.1
A+3  A+3 A+3  A+3
Khi A=1: r(4)= r(Z) =1, h& phuong trinh d3 cho tuwong duong véi phuong trinh
. o X =l Xy xy
x| +xy +x3 +x4 =1. Hé phuong trinh ¢6 v6 so6 nghiém
Xp,X3,X4 € R
Hay nghiém tong quat ctia hé c6 dang

(1-)(?2 —X3 —.X'4,.X'2,X3,X4); Xp,X3,X4 € R.
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Chwong 4. H¢ phwong trinh tuyén tinh

Khi A =-3: detA=0= r(4) <4 (theo vi du 3.65 : r(4)=3) nhung ma trén bd sung A cb

dinh thic con cip 4:

=64#0 = r(4)=4 = hé vd nghiém.

Két luan : Hé c6 nghiém duy nhatkhi A= -3,1#1.
He¢ c6 vo s6 nghiém dang (1—xy —x3 —x4,%p,%3,%4 ) khi 2 =1.
H¢ vo nghiém khi 4 =-3.
4.2.2 Phuwong phap ma tran nghich dao

Pinh ly 4.3. HE Cramer AX = B, vdi cac ma tran tuong ung

ajp app . ap by X1
a a . a b X
A=|20 T2 R g 12 x| 2
ay Ay - Gy b, X,
c6 nghiém duy nhdt X = 47'B. (4.6)

X +2x) +3x3=a
Vi du 4.9. Giai h¢ phuong trinh {2x +5xy +3x3 =b .

X +8x3 =c
1 2 3| x a
Giai: Dang ma trdn cua hé 1a 2 5 3|x|=|b
1 0 8| x3 c
1 2 3 —-40 16 9
Matrinhésd A=|2 5 3|codetd=—-120; A ' =|13 -5 -3/
1 0 8 5 =2 -1

do do6 h¢ da cho la hé Cramer c6 nghiém theo cong thic (4.6) X = A,
X 40 16 9 ||a
Vay |x, |=| 13 =5 3| b
X3 5 2 -lj|c

—40a +16b +9c¢ x; =—40a +16b +9c
=| 13a-5b-3c | ={x, =13a—5b-3c la nghi¢ém duy nhat ciia hé.
S5a-2b-c x3=5a-2b-c

Nhin xét 4.2. Hai phuong phéap trén chi ding duge dbi véi hé Cramer.
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4.2.3 Phuong phap khir Gauss
Xét hé m phuong trinh tuyén tinh n an, dang (4.1)
a. Nguyén tic
+  Khir bt an cua hé.
+  Giai hé phuong trinh tuyén tinh bang phuong phap khir Gauss 1a thyc hién cac phép
bién ddi twong duong (co thé ddi chd cac an néu can) dé dua hé phuong trinh (4.3)
vé hé twong duong A'X'=B'.
+ Neén thuc hién khir cac 4n theo thir tu
x Phuong trinh thir nhit c¢6 4n x1(ay; #0) ta s& khir x; & cac phuong trinh con lai
(tir phuong trinh thir hai dén phwong trinh cudi)
x» Néu ¢ phuong trinh thir hai c6 an Xy (apy #0) ta s& khir x, & cac phuong trinh
con lai (tir phuong trinh thit ba dén phuong trinh cudi)
. Qua trinh tiép tuc dén khi dugc phuong trinh c6 it 4n nhat c6 thé, gia sir khir
dugc p—1 an. Phuong trinh c6 it an nhét la phuong trinh ¢6 n—(p —1) an.
Phuong trinh ¢ it 4n cang d& tim nghiém.
Nhén xét 4.3.
¢ Ta co6 thé kiém tra duoc rang: khi thyc hién cac phép bién doi twong dwong hé
phuong trinh thyc cht 1a thuc hién cac phép bién ddi so cip trén cac hang ctia ma
tran bod sung A cua hé .
> Doi chd hai phuong trinh < D6i chd hai hang cta A
» Nhan, chia méot sé khac 0vao ca 2 vé ciia mot phuong trinh < Nhan, chia mot
s6 khac 0 vao mot hang cia A
> Cong vao mot phuong trinh mot td hop tuyén tinh cac phuong trinh khac <
Cong vao mot hang cta A mot td hop tuyén tinh cac hang khac
b. Thuce hanh: Dung bién ddi Gauss trén ma tran A
& Khtr x; ¢ cac phuong trinh con lai (tr phuong trinh thtr hai dén phuong trinh cudi)

thuc chét 1a 1am cho cac hé s6 a;; =0, i =2,3,...,n. Giasir a; #0.

Bang cach diung phép bién dbi sau trén ma tran A

(_a” jHl +H; > H; (i=23,..n)
a1

& Tuong tw khir x, tirc 1a 1am cho cac hé s6 a,, =0, i=3,..,n.

Gid sur ay, #0. Tuong tu

(_aﬂ JH2 +H; > H; (i=3,..n)
a
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Qua trinh ti€p tuc sau méot so budc...
&5 Su dung cac phép bién doi so cap trén cac hang cia ma tran bo sung 4 (c6 thé doi

chd cot ciia 4), dua A vé dang bac thang sau day

a’ll.\ b
— a' b'
y BDSC(H) O pp 'P @.7)
b p+1
O O .,

trong d6 a'yq,... 0.

a4 pp #
& Néu mot trong cac b'yi1sesb'yy khic O hay r(A4)< r(Z), thi ton tai phuong trinh
ma vé trai bﬁng 0, vé phai khac 0, nén hé vo nghiém.
2 Néu b'yyq =...=b', =0 hay r(4)=r(4)=p, thi h¢ da cho twong duong véi h¢
p phuong trinh , # 4n s sau véi chit y 1a 1< p <min(m,n).
% Khi r(4)= r(Z) = p, c6 mot trong hai truong hop sau:
*  Truong hop p =n thi hé c6 dang
a'yyx'1+a'jpyxh+..+a', x', =bY
a'yp x'y+..+a'n,x', =b"

4.8)

Céc an x'|,...,x", lacacan x,...,x,, nhung c6 thé thay doi thir tu chi so.
Ta giai hé tim nghiém bang céch gidi tir phuong trinh cudi tim x',, r6i ti€p tuc tim cdc an con
lai x',_;,x",,_9,...,x"1. H¢ c6 duy nhat nghiém.

*  Truong hop p <n thi h¢ c6 dang:

a'llx'1+a'12x'2+...+a'1px'p+a'1p+1x'p+1+ ...+a'1nx'n :bvl
a'zzx'2+...+a'2px'p +a'2p+1x'p+1+ ...+a'2nx'n vaz
4.9)
' ' ' ' v
a'py X' ptay, 1 Xt +a'y, x'\y =b"),

Céc an x'|,...,x", lacac an x,...,x,, nhung c6 thé thay doi thir ty chi so.
Ta c6 thé tim cac an x'l,...,x'p (goi 1a cac an chinh) theo cac an x'p+1,...,x'n .
Cacan x',,q,....x", goila cac an khong chinh hay con goi la cac tuy y.

sang v¢ phai, ta nhan duogc:

2 ;R ' '
Chuyén cac an x'), 1,...,x",
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Chwong 4. H¢ phwong trinh tuyén tinh

a'“x'1+a'12x'2+...+a'1px'p :b'l—(a'1p+1.X'p+1+ ...+a'1nx'n)
a'sry x's+...+a's, x', =b' —(a' x' + vt a's, x' )
2242 2p&t p 2 2p+1+ p+1 2n* n (4.10)
' [ N ' ' ' '
a'p,x', =b'", (app+1xp+1+ ...+apnxn)

Khi gan cho n—p an X' il X'y O vé phai mot bo s6 cu thé (x0p+1,...,x0n) thi

hé c¢6 duy nhit mot nghiém (x*l,x*z,...,x*p,x0p+1,...,x0n). Trong do

x*l,x*z,...,x*p duoc tinh theo x0p+1,...,x0n.
n—p an X gl X'y O vé phai c6 thé nhan vo sd bo gia tri ty ¥, viy hé phuong

trinh c6 v6 s0 nghiém phu thudc n — p an so.

Chu y 4.1.

*

*

Ta chi nén dung qua trinh bién d6i lai khi nhan dugc ma trn bac thang.
Nén chon ay; =1, ay, =1 ...dé viéc bién d6i ma tran bd sung A duoc thuan loi.
Cac 4n khong chinh khong nhét thiét cdc an x' p+1s-- X", . Tl phuong trinh co it an

sO nhat ta gitr lai mét an tuy y voi h¢ sO khac khong, chuyén céc an con lai sang vé
phai, khi d6 cac an dugc chuyén sang ve phai goi la cac an khong chinh.

Chuing ta c6 dinh ly sau.
Pinh 1y 4.3. Vi hé phuong trinh tuyén tinh (4.1).

Néu r(4) =r(A) = p, 1<p<min(m,n)thi:
1) p=n : héconghiém duy nhat.

2) p<n : hécé vo sd nghiém phu thudc vao n— p ansd tiy y.

Vi du 4.10. Giai h¢ phuong trinh:

1 2 3
Giai: Matrainbd sung A=|2 5 3
1 0 8

X +2xy) +3x3=a
2x; +5xp +3x3 =0 bang phuong phap Gauss.

bel +8x3 =c

o O

Thyce hién cac bién do6i so cap lén hang cia A4 ta duoc

1 2 3 a 1 0 8 c 1 0 8 c
A=[2 5 3 b|—>|0 1 =3 b-2a|—>|0 1 -3 b-2a
1 0 8 ¢ 0 2 -5 a-c 0 0 1 5a-2b-c
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Chwong 4. H¢ phwong trinh tuyén tinh

Co r(A) = r(Z) =3 hé c6 nghiém duy nhit véi moi a,b,c. Ta nhan dugc hé phuong
trinh twong duong véi h¢ da cho 1a

X+ 8x3=c x; =—40a +16b +9c
5xy =3x3 =b-2a = <xy =13a-5b-3c 1a nghiém duy nhét ciia hé.
x3=5a-2b-c x3=5a—-2b-c

% O bai toan nay, ta co thé tiép tuc bién ddi ma tran trén dua ma trin A vé dang tam giac
(cc budc bién d6i sau khong nhét thiét phai thuc hién)

1 0 8 c Syt —>h  [1 0 0 —40a+16b+9¢
A—50 1 =3  b-2a Bhth 2ol o 1 0 13¢—5b-3c
0 0 1 5a-2b-c 0 0 1 Sa-2b-c

Vay ta da tim duoc hé phuong trinh trong duong va ciing 1a nghiém duy nhat ctia hé:
x; =—40a +16b +9c

Xy =13a-5b-3c

x3=5a-2b-c

Vi du 4.11. Giai hé phuong trinh sau bang phuong phap Gauss

X —Xx3+ x4 — x5=-3

2x1+2x2 +X3—9X4 =2

3X1 - Xy +X3— 8X4 —4X5 =-2.

6x; + xp +x3 —16x4 —S5x5 =3

X+ xp + X4+2XS:—2

Giai: Bién d6i so cap theo hang ma trén bo sung ctia hé

1 0 -1 1 -1 -3 1 0 -1 1 -1 -3
22 1 -9 0 2 0 2 3 -11 2

A=3 -1 1 -8 -4 2|—>|0 -1 4 -11 -1 N
6 1 1 -16 -5 -3 0 1 7 =22 1 15
11 0 1 2 -2] o1 1 0 3 1]
10 -1 1 -1 -3 10 -1 1 -1 =37
01 1 0 3 1 01 1 0 3 1

— 500 1 -11 4 6|—>[0 0 1 -11 -4 6 |>
00 5 -11 2 8 00 0 44 22 -22
00 6 22 -2 14 0 0 0 44 22 -22]
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Chwong 4. H¢ phwong trinh tuyén tinh

1 -1 -3
0 3 1
~-11 -4 6
2 1 -1
0 0 0

day 1a ma tran bac thang hang, r(A) = r(Z) =4<5.

H¢ c6 v6 s nghiém phu thudc vao mét an tuy y. (co6 thé dung bién doi ma tran & budc

nay dé tim nghiém).

Ciing c¢6 th¢ tiep tuc bién d6i dé ma tran c6 thém nhiéu so6 khong hon, ta s€ nhan dugc

ma tran sau:

H¢ da cho tuong duong véi hé ¢o vo sb nghiém phu thudc mot an tuy v:

X

S O o o =

S O o = O

X2

S O = = O

S = O W O

-2

-1
0

=-2
—3xy =2
X3 —3x4 =
2x4 +x5 =~1

oS O O o =
S O O = O

nghiém tong quat cua hé la:

S O = O O

S = O O O

:r(A):r(A):4.

x =-2

Xy =2+3xy

X3 =2+3xy

xR

X5 =—1-2x4

s DOoi vbi hé phuong trinh da cho, ta ¢6 thé bién doi ma tran bo sung theo cach khac, dudi

day la mot goi v:
1 0
2 2
A=[3 -1
6 1
11

O = =

C <G

[—1

O = =

—_ N W N =

Trong ma tran thir hai: c6t thir nhat chinh la cac hé so cua 4n x3, cot thir ba 1a cac hé so cua

an x;, 10 rang tir ma tran thir hai vi€c bién do6i thuén loi hon....

Vi du 4.12. Giai va bién luan theo tham s6 m hé phuong trinh

3x1 +2x2 +SX3 +4X4 =3

2x1 +3X2 +6X3 +8)C4 =5

x] —6xy —9x3 —20x4 =11

4x) +xy +4x3 +mxy =2

Giai: Bién doi so cap theo hang ctia ma tran bo sung: (ban doc tu tim hi€u cach bién doi)
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3 2 5 4 3 1 -1 -1 -4 =2
— |2 3 6 8 5 23 6 8 5
A=l 6 9 20 -1 1 -6 -9 —20 -11

4 1 4 m 2 4 1 4 m 2

1 -1 -1 -4 =2 1 -1 -1 -4 =2

05 8 16 9 0 5 8 16 9
T o5 8 16 9| o0 0 m

0 5 8 m+16 10 00 0 0 0

Khi m=0:2=r(4)< r(Z) =3 = hé v6 nghiém;
Khi m#0: r(A4)= r(Z) =3 <4 = hé c6 vd sb6 nghiém phu thudc 1 an.
H¢ da cho tuong duong voi hé sau:
X] =Xy — .X'3 - 4X4 =-2
5X2 +8)(T3 +16X4 =9
mxy =1
chon x5 tuy y, ta c6 nghiém tong quat ctia hé la:

4-m 3 Im—-16 8 L,
= —§x3;x3 tuyy; x4 =

X|=———=X3; X =
(a Sm 5°777 7 sy

).

1
m

4.4 HE PHUONG TRINH TUYEN TiNH THUAN NHAT
4.4.1 Tap nghiém ciia h¢ phwong trinh tuyén tinh thuin nhit Ia khong gian véc to con
cia R".
ap X +apxy .. tay,x, = 0
ar1xX] +arnxy +...+ay,x, =0
Xét hé 21% +axnx 2n%n ‘ @11

A1 X] + Ay Xy + .o+ Ay X, =0

*  Tap hop nghiém ciia hé phuong trinh tuyén tinh thuan nhat (4.11) luon khac & vi
ludn thoa man diéu kién ton tai nghiém: r(Z) =r(A)<n.(xem Dinh 1y 4.1).

D@ thiy X =...=x, =0 la mot nghiém cia hé (4.11). Nghiém nay duoc goi 1a
nghiém tam thuong. Nghiém c6 cac thanh phan khong dong thoi bang 0 goi la
nghiém khong tim thuong (hay nghiém khac khong).

Dinh 1y sau day chi ra diéu kién ton tai nghiém khong tim thudng ciia hé phuong trinh tuyén

tinh thuan nhat.
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Dinh ly 4.4.
He¢ (4.11) c6 nghiém khong tam thuong khi va chi khi #(4) < n; va do d6
Heé (4.11) chi c6 nghiém tdm thuong khi va chi khi (4)=n.
Truong hop 4 1a ma tran vudng cép n
Hé (4.11) c6 nghiém khong tam thuong khi va chi khi det A=0.
Hé (4.11) chi c6 nghiém tam thuong khi va chi khi det 4 # 0.
4.3.2. Cau triic tap hop nghiém

Pinh Iy 4.5. Giasit 4 1a ma tran hé s6 cua hé (4.11). Néu r(4) = p <n

thi tap hop nghiém cua hé (4.11) 1a khong gian véc to con n— p chiéu ciia R”.
Chirng minh: Ap dyng Pinh Iy 2.1 chuong 2.
Pinh nghia 4.3. Mot co s& cua khong gian nghiém goi 1a mot h¢ nghiém co ban ctua h¢
phuong trinh tuyén tinh thuan nhat.
Chu y 4.2.

+ Vé phai ciia hé¢ phuong trinh tuyén tinh thuan nhét luén bang 0 do d6 khong thay
d6i khi ta giai hé theo phuwong phéap khir Gauss. Vi vay dé giai hé phuong trinh tuyén
tinh thudn nhAt ta chi can bién d6i ma tran hé sd cua hé.

Phwong phap tim hé nghiém co bin céia hé phwong trinh tuyén tinh thuin nhit (4.11)

Gia st #(4) = p < n, khi d6 khong gian nghiém c6 s6 chidu 1a n— p, ta thuc hién cac

budc sau:

& Lap ma tran khong suy bién cap n—p.

& Cho n— p an tly y lan luot nhan céac gia tri ciia cac phan tir trén mot hang,

(hoac mdt cdt) ciia ma tran, ta cO by n—p s6 thuc xac dinh, roi tim p an chinh

theo n— p an tiy y. Ta s& c6 mot nghiém thudc hé nghiém co ban.

& Thuc hién n— p lan nhu vay, mdi 1an cho n— p an tlly y nhan gié tri ctia cac
phﬁn to trén mot hang khac nhau, (hodc mot cot khac nhau) ta s€ nhan dugc
n — p nghiém, d6 chinh I hé nghiém co ban can tim.

Néu chon ma tran ce”ip n—p la ma trdn 7, _ p(ma tran don vi cép n—p), thi h¢

nghiém co ban tim dugc con dugce goi 1a mot hé nghiém co ban chuan tic.
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X —3X2 +4X3 +2)C4 =0
Vi du 4.13. Giai h¢ phuong trinh thudn nhat <2x; + x; + x3 +4x4 =0.
—X| — 4X2 +3X3 + 5X4 =0

Giai: Giai hé theo phuong phap khir Gauss, xét ma tran hé sd

1 -3 4 2 1 -3 4 2
A=|2 1 1 4| 2hthom Jo o5 5 ol
hl+l’l3—)h3
1 -4 3 5 0o -7 7 17
1 3 4 2] ! . 1 -3 4 2
Iy +hy = Iy 2 hi > hypi=2.3
>0 7 =7 0 0 1 -1 0|=r(4)=3
00 0 7 0 0 0 1

Hé s& ¢ vo sb nghiém phu thudc mét an. Chon x3 lam an tuy y.

H¢ da cho tuong duong vai hé sau

X1 =—X3
x1—3x2 +4X3 +2X4 =0
.X'2 :.X'3
Xy — X3 =0 <
X3E|R
X4=0
.X'4—0

bat V' 1a tap hop nghiém cua hé:
V ={(x1.%2,%3.%4) = (=33, %3,%3,0)=x3 (-1,,1,0)| 3 e R} .
Vay V 1a khong gian véc to con cua R4, {(—1,1,1,0)} lamotcosdcua V; dimV =1.
2x — 3%y —3x3 — 214 =0

Vi du 4.14. Giai h¢ phuong trinh thudn nhét < 4x; —7x, —5x3 —6x4 =0.
3x1 — 5X2 — 4X3 — 4X4 =0

Giai: Bién d6i ma tran hé so

2 -3 3 2] [2 -3 -3 =2 1 2 -1 -2 1 =2 -1 =2
A=|4 -7 =5 —6|e|4 -7 =5 —6|e|2 -3 3 2|0 1 -1 2
3 -5 -4 —4 1 =2 -1 2| |4 -7 =5 =6| |0 -1 1 =2

X =3x3 —2xy .
<001 -1 2|01 -1 2> ; X3,Xx4 tuyy.

—xy-2
00 0 0] [00 0 o \2TRTM

bat V' 1a tap hop nghiém cua hé:
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V= {(XI,X2,X3,X4) = (3X3 - 2X4,X3 - 2X4,X3,X4) |X3,X4 € IR} .
Hé nghiém co ban chuan tic 1a {(3, 2,1,0);(-2,-1, 0,1)} , vi khi d6 ta chon
x3 =1x4 =0 =(3,2,1,0) 12 mot nghiém.

x3 =0,x4 =1 =(-2,-1,0,1) 12 mot nghiém.

. 11
Hé nghiém co ban {(1,—1, L1);(-2,-1, 0,1)} twong voi viéc chon ma tran cap hai {0 J va

cho x3,x4 lan luot nhan gia tri cua phﬁn tir trén moi hang ctia ma tran dé tinh nghiém.

Ban doc tu tim hiéu cac phép bién d6i ¢ 1o giai trén, va tim co s, s6 chiéu khong gian
nghié€m, cling nhu tim cac hé nghiém co ban khac cua hé.
Vidu4.15. bat I}, 1, lan luot 13 tap hop nghiém cua hé phuong trinh (I) va hé phuong trinh
(II) sau :

4x1 +SXZ —2X3 +3X4 =0 2X1 —3X2 —3)63 —2)C4 =0
(1) 3)(?1+5X2+6X3—4X4_:0 , (1]) 4)(?1—7)62—5)(3—6)64:0.
le + 7)(?2 + 2)(?3 =0 3X1 —5X2 —4X3 —4X4 =0

Hay tim mot co 8, s6 chiéu clia cac khong gian con 1, V,, VNV, .

Giai:
Giai hé phuong trinh (I) :
4 5 2 3 1 0 -8 7 1 0 -8 7 1 0 8 7
A=|3 5 6 4|->(3 5 6 —4|->|0 5 30 25|—>|0 1 6 -5
57 2 0 1 2 4 3 0 2 12 -10 00 0 O
R . X1=8X3—7X4
H¢ phuong trinh (I) < .
x2=—6x3+5x4

v=(x,X,x3,X4) €N
< v=(8x3 —7x4,—0x3 +5x4,x3,%4) = x3(8,-6,1,0) + x4 (-7,5,0,1)

= 11 ={ x3(8,—6,1,0) + x4 (~7,5,0,1)|x3, x4 €R}.
Mot co s¢ cia 1] 1a { (8,-6,1,0),(=7,5,0,1) } ; dim}] =2.

Tuong tu, giai hé phuong trinh (II) ta co

Vy ={x3(3,1,1,0)+ x4 (-2,-2,0.1)

X3,X4 EIR} 5
Mbt co s ctia V5 1a { (3,1,1,0),(-2,-2,0,1)} ; dimV; =2.

Khi d6 ¥} NV, la khong gian nghiém cua hé 6 phuong trinh sau:
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4x) +5x9 —2x3 +3x4 =0
3x) +5xy +6x3 —4x4 =0
Sxp+7xy +2x3 =0
2x) =3xy —=3x3 —2x4 =0
4x) =Txy —=5x3 —6x4 =0

3x1 — 5X2 —4X3 —4X4 =0
Giai hé phuong trinh nay ta dwoc nghiém: (x4 ,—x4,X4,%4); X4 thy .
=Ny ={x(L-11LD)|x4 eR} ;

Mot coso ciia 1 NV, 1a { (L=L LD} 5 dim( NI, )=1.

Vi du 4.16. Tap W, :{u =(x,y,z) € R3| 2x-3y+4z= 0} la khong gian con cua R co
dimW, =3-1=2.
4.3.3 Moi lién hé giira nghiém ciia h¢ khong thuin nhét va phwong trinh thuin nhit
twong wng

Xét hé phuong trinh tuyén tinh khong thuan nhat: AX = B (*)

va hé phuong trinh tuyén tinh thuan nhat twong tmg ctia (*): AX = 6 (**).
DPinh ly 4.6.

1) Gia su x°%1a mot nghiém riéng cia hé (* ),} 13 nghiém tong quat ctia (*).

Khi d6 ton tai nghiém thich hop cua (**) dé X 1a tong ciia X 0ysi nghiém thich hop
cua (**),

2)Giasu X 01a mot nghiém riéng cua hé (*), X la nghiém tong quat ciia (# *).
Khidé X° +X l1a nghiém tong quét ciia (*).
H¢ qua: Gid st X 0 1a mot nghi¢ém riéng cua (*), khi do X 1a nghiém tong quét ctia (**)
khivachikhi X=X +X 1a nghiém tong quét cua (*).

X1 —3XZ +4X3 +2X4 =4
Vi du 4.17. Giai hé phuong trinh tuyén tinh khong thuan nhat 2x)+ X9+ x3+4x4 =8.
—X —4XZ +3X3 + SX4 =3

Gidi: Nhan thdy (1,1,1,1) 1a mot nghiém riéng ctia hé trén. Theo két qua cta Vi du 4.13
nghiém tong quét cia hé phuong trinh tuyén tinh thuan nhat tuong Gmg ctia hé trén 1 :

(-t,1,1,0), teR

Do d6 nghiém tong quat ctia hé phuong trinh di cho 1a (I-t,1+¢,1+¢,1), teR.
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Chi y 4.3. Khi giai hé phuong trinh tuyén tinh bang phuong phap Gauss, trong truong hop hé
¢ vo s6 nghiém thi néu mdi nguoi chon nhimg phép bién ddi so cap khac nhau 1én ma tran
b6 sung, hodc chon cac 4n khong chinh khac nhau s& dan dén két qua 1a cing mot hé phuong

trinh nhung ta s& thdy cong thirc nghiém s& khac nhau.

BAI TAP CHUONG 4
4.1) Khong giai h¢, hay xét tinh twong thich (c6 nghiém) cta cac hé phuong trinh sau:

4x1—3x2+2x3— X4 =8
3X1 —2X2 +5X3 +4)C4 =2
3X1—2X2+ X3—3)C4=7
a) 6X1—4X2 +4X3 +3X4 =4 ; b) .
X1 —4x2+ X3 + X4 =1
9x1 —6xy +9x3 +7x4 =4
5X1-6X2+3X3—X4=9

4.2) Giai cac hé phuong trinh sau bang phuong phap Cramer:

X1+X2+X3=5 3x1+x2—x3=4
a) 2x1 —4XZ + X3 =2 b) 2x1 —4XZ + X3 =-5.
X1+X2—4X3=—5 x|+ X2+2X3=5

4.3) Giai cac hé phuong trinh sau bang phuong phép ma tran nghich dao:
4x) —xy +2x3 =8 2x; —4xy +x3 =5
a) { 3+ 3x-2x3=1; b) 3x+ xp—- x3=4.
3+ xp— x3=2 X+ xp+2x3=5

4.4) Giai cac hé phuong trinh sau:

2x1+2x) — x3+ x4 =4 2x) +7xy +13x3 +5x4 =4

4x; +3x) — x3+2x4 =6 X+ xp+ Sx3+2x4 =1
2 8x) +5xy —3x3 +4xy =12 2x + Xy + 3x3+2x4 =3

3x] +3x9 —2x3 +2x4 =6 X+ xp+ 3x3+4x4 =-3

4.5) Giai cac hé phuong trinh sau bang phuong phap khir Gauus:

3)(?1-2)C2+5)C3+4X4 =2 3x1—2x2+ X3+ Xy =2
a) 16x; —4xy +4x3 +3x4 =3 ; b) 6x —4xy +4x3 +3x4 =3.
9x1 —6)(?2 +3X3 +2X4 =4 9)(?1 —6XZ +5.X3 +4X4 =4

4.6) Giai va bién luan cac hé phuong trinh sau:

3)(?1+2X2 +5X3+ 4)C4=3
(I+m)x; +x9 +x3 =1
2x1+3x2 +6X3+ SX4 =5
a) ;0 b))y +A+m)xy +x3=m .
X1 —6X2 —9X3 —20)C4 =-11

_ 2
4x+ Xy +4x3+ mxy =2 X +xy +(L+m)xy =m
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4.7) Xac dinh céc gia tri ctia tham s m sao cho cac hé phuong trinh sau:

x + y - z =1 2x + my - z = =2
a) 2x + 3y + mz = 3; b) { x - 3z = -3
x 4+ my + 3z = 2 x + 2y + mz = 1
x 4+ y + mz = 2
x + 2y + mz = 1
c) 3x + 4y + 2z = m; d) .
2x + my + 8z =3
2x + 3y - z =1

1) VO nghi¢m.
ii) C6 nhiéu hon 1 nghiém.
iii) C6 duy nhat nghiém.

4.8) Tim diéu kién ctia a, b, ¢ d hé phuong trinh sau c6 nghiém:

x + 2y - 3z = a 2x + 3y - z = a
a){2x + 6y — 1lz = b; b)yx - 2y + 4z = b.
x - 2y + 7z = ¢ 3x + y + 2z = ¢

4.9) Trong khong gian R* , hiy biéu thi tuyén tinh véc to ay qua cac véc to con lai
a1 =(LLL1); ap =(2,2,2,2); a3 =(3,0,—L1); a4 =(—12,3,8,-2);
4.10) Vécto v = (3,9,— 4,— 2) ¢6 thudc khong gian sinh boi hé véc to sau hay khong
S={ u =(1,-2,0,3); uy =(2,3,0,—1); u3 =(2,-1,2,1) }.
4.11) Hay tim mot co s&, s6 chiéu cua cac khong gian con U, W, U "W cua R*. Vi :

U :{(XI,X2,X3,)C4) GIR4‘XZ +X3 + Xy :0} 5

w ={(x1,x2,x3,x4) e|R4‘x1 +xy =0,x3 =2x4} .

4.12) bat 1, 1, lan luot 14 hai khong gian nghiém cua hé phuong trinh (I) va hé phuong

trinh (II) sau:

4x1 +SXZ —2X3 +3X4 =0 2X1 —3X2 —3)63 —2)C4 =0
(1) 3)(?1 +5x2 +6X3 —4X4 =0, (1]) 4x1 —7.X'2 —5X3 —6.X'4 =0
le + 7)(?2 + 2)(?3 =0 3X1 - 5)62 - 4X3 - 4X4 =0

Hay tim mot co s6, s6 chiéu ciia cac khong gian con ¥}, V5, V] N V5.

4.13) Tim h¢ nghi€m co ban va so0 chi€u ciia khong gian nghiém cua cac hé¢ phuong trinh sau:

X+2y+z+2+4w=0

2x—y+T7z+4t=0 b) 2x+4y+z+2t+3w=0
x+2y-3z+6t=0"
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2x;+ xp +4x3 —20x4 =0 S5xp +4xy —2x3 +x4 +6x5 =0
C) 4x1+2x2—7x3—15x4 =0 ; d) 2x1+2x2—x3+4x4+3x5 =0 ;
X —2xy +5x3 — 3x4 =0 7x; +6xy —3x3 +3x4 +9x5 =0

4.14) Dung dinh nghia, hay chung to cac hé véc to sau trong R* 1a phu thudc tuyén tinh.
a) S;={ u =(32,47); uy =(4,-3,11,2); u3 =(-5,3,-13,1); uy =(7,—1,15,9)}.
b) Sy ={ v =(1,3,0,7); vy =(4,—-3,11,2); v3 =(6,3,11,16); 14 =(1,—1,1,2)}.
4.15) Cho h¢ phuong trinh
X1+ xp+ x3+ x4+ x5=0
3x+2x) + x3+ x4 —3x5=0

Sx; +4xy +3x3+3x4 — x5 =0
X +2)C3 +2)C4 +6XS =0

H¢ nao trong s6 cac hé véc to sau 1a hé nghiém co ban cta h¢ phuong trinh trén.
a) o =(1,-2,1,0,0); & =(1,-2,0,1,0); a3 =(0,0,1,-1,0); a4 = (1,—2,3,-2,0);
b) B =(L-2,1,0,0); B =(4,0,0,—6,2); B3 =(0,0,-1,1,0);

(2,4,-1,-6,2);

) 71 =(L-2,1,0,0); 75 =(4,0,0,-6,2); 73
d) 7 =(1,-2,0,0,0); 7, =(4,3,0,-6,2); 73 =(2,4,-1,-6,2);
e) 4 =(1,-2,1,0,0); i =(4,0,0,-6,2).

4.16) Cho cac hé phuong trinh:

2X1+ Xy — X3— Xg+ XS=3 4X1-10X2+5X3-5X4+7X5=—3

O X1— X+ x3+ x4 —2x5=0 a 2x1— 2xp — x3+ x4 —2x5 =4
3x1 +3xp —3x3 —3x4 +4x5 =06 X+ 2% — X3+ x4 —2x5 =12
4x) +5xy —5x3 —=5x4 +Tx5 =9 2x) —14xy +7x3 —Tx4 +11x5 =9

a) Tim nghiém tong quat ctia hé phuong trinh tuyén tinh thudn nhat ctia mdi hé.
b) Tim nghiém téng quat cia mdi hé phuong trinh di cho, biét mot nghiém riéng ctia hé
(I) va hé (II) lan luot 1a (1,1,0,0,0); (1,0,1,1,—1);
4.17%) Chting minh ring hé phuong trinh sau ton tai duy nhat nghiém:
1/2x = ay1x +...+ a1,x,

1/2xy = ap1xy +...+ay, X
/23 = an 2nn trong do a; eR.
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4.18*) Cho hé phuong trinh tuyén tinh ¢6 10 phuong trinh va 11 an sd. Biét rang;

1) Bo s (2003, 2004, ..., 2013) 1a mot nghiém cia hé phuong trinh da cho.

2) Khi xo04 cOt thir j trong ma trén hé s6 cua hé phuong trinh da cho thi ta dugc mot ma
tran vudng co dinh thirc diing bang j ; (j =1, 2, ..., 11).

Hay tim tat ca cac nghiém ctia hé phuong trinh di cho.
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CHUONG 5

PHEP BIEN POI TUYEN TiNH VA DANG TOAN PHUONG TREN R”

Chi v&i muc dich 1a gigi thiéu phép bién ddi tuyén tinh va dang toan phuong trén R” nén
trong chuong nay ching t6i khong thé trinh bay mot cach that day du, chi tiét ngudn gbc, ban
chét, mdi lién hé sdu séc cua cac khac niém nhu 4nh xa myén tinh, dang song tuyén tinh, dang
toan phuwong. Tuy nhién nhiing van dé c6t 151 thi khong thé bo qua dugc. Dé hoc tét chuong
nay ngudi hoc van can van dung kién thirc ctia cac chuong da hoc: anh xa, khong gian véc to,
ma tran, dinh thuc va hé phuong trinh tuyén tinh.

5.1 PHEP BIEN DPOI TUYEN TiNH
5.1.1 Khai niém , tinh chit, phép toan

Trude hét ta nghién ciru mot anh xa tuyén tinh téng quat tir khong gian véc to ¥ vao khong
gian véc to W .

Pinh nghia 5.1. Anh xa 1 tir khong gian véc to V' vao khong gian W thoa man:

{f(u+V)=f(u)+f(V)
flau) =af(u)

duoc goi 1a mdt anh xa myén tinh tr ¥V vao W .

voimoi u,veV, a R (5.1

Diéu kién (5.1) con ¢ thé thay thé boi : véi moi u,veV ,a,fcR:
f(au+,3v)=af(u)+ﬁf(v). 5.2)
Ky hiéu Hom (VW) :{f: V—— W} 1a tap cac 4nh xa tuyén tinh tir ¥ vao W .

Noi riéng khi ¥ =W thi f dugc goi 1a tu dong cu trén 7, hay con goi 1a phép bién d6i
tuyén tinh trén khong gian véc to V.

Ky hiéu End(V)={f:V — V} la tap cdc phép bién doi tuyén tinh trén khong gian V' .
Dinh 1y sau cho thiy ludn ton tai anh xa tuyén tinh giita hai khong gian véc to.

Pinh 1y 5.1. Mbi 4nh xa tuyén tinh tir ¥ vio W hoan toan dugc xac dinh béi anh ctia mot co
s¢ cua V' ; nghia 1a v6i co so & ={e,...,e,} cho truéc cua ¥V, khi do v6i mdi hé véc to

Uy, €W: Tbn tai duy nhat anh xa tuyén tinh xac dinh nhu sau
f:V —>W saocho f(e)=u;,i=1,..,n.

Chirng minh: (tham khéo trong [/]).
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Pinh 1y 5.2. Anh xa tuyén tinh tir khong gian véc to ¥ vao khong gian W néi chung va trén
R” noi riéng co cac tinh chét sau
@ f(O=0
(i) voimoi veV: f(-v)=—f(v)

(i) f[Zaiv[J = Zal-f(vi), Vay,...a, €R, Vv,..,v, eV.
i=1

i1
Chirng minh:
@) (@) =/(0-0)=0/(0)=0.
(i) fOM+f( ) =f+(E)=7O@)=0= f(-v)=—f(v).
(iii) D& dang chimg minh bang cich quy nap theo m .
Dinh ly 5.3. Cac phép toan trén tip Hom (V,W).
a) V6i f,ge Hom(V,W),tuong img f + g xac dinh nhu sau
f+g:V —> W
ub f(u)+gu) (5.5)
Thi f+g e Hom(V,W)va dugc goi la tong ctia f'va g.
b) Vé6i keR, fe Hom(V,W), tuong (mg kf xac dinh nhu sau
K 1V — W
u > k(1) = k.f (1) (5.6)
Thi kf € Hom(V,W)va dugc goi la tich cia kva f .
c) Véif,ge End(V) thi tichcua f,g la f.ge End(V).

Ky hiéu /. f 1a f* vatdong quathon f,.. f 1a f".
%,—/
n
Chu y 5.1.
*+  Vay ta v6i hai phép toan: cong hai 4nh xa tuyén tinh, nhan mét s6 voi anh xa tuyén
tinh thi Hom(V, W) c6 cau tric khong gian véc to.
+ Do giéi han cia tai liéu nay ching ta chi nghién ciru cac anh xa tuyén tinh trén cac

khong gian thuc R”, R”. Boi vy vi du va bai tap chi nhic dén cac anh xa tuyén
tinh c¢6 dang sau:
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f:R"— R"

(x1,%5,%, ) > £ (X5 %0,50%, ) = (V1 VaoeeVi ) -

Tét nhién n6 mang day du tinh chat ciia mot anh xa tuyén tinh (5.1).

+  Trong ly thuyét ching t6i van ding ky hi¢u tong quat la cac khong gian VW .

Vi du 5.1. Céc anh xa sau déu la cac phép bién d6i tuyén tinh:
1) Anh xa dong nhat Id, :V >V
u = Id,(u)=u
2) Anh xa khong 0:R" — R~
u > Bu)=0
3)Anhxa f: R* — R?
(x,y) — f(x,y) = (3x—4y,2x+y),

V6ivu =(x,y), v:(x',y')eRz, keR taco:

* f(u+v)zf(x+x',y+y'):(3(x+x')—4(y+y');2(x+x')+(y+y'))

:(3x+3x'—4y—4y',2x+2x'+y+y') :(3x—4y,2x+y)+(3x'—4y',2x'+y')

zf(u)+f(v)

* f(ku) = (k(3x—4y),k(2x+ y)) = k(3x— 4y,2x + y)

ching to /' thoa man (5.1) vay f 1a mot phép bién doi tuyén tinh trén RZ.

4)Anhxa f: RP — R?
(x,y’Z)H f(x,y,Z)=(3x—4y+22,2x+y—4z)
5) Cho ma tran A:[aij] ) ,xéttwonging /: R" —» R”

(xl""’xn) = f(xla

xac dinh béi:

zkf(u).

b

---axn) = (yl""7yﬂ)

(5.3)
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Ta ciing chimg minh dugc ddy 1a phép bién d6i tuyén tinh trén R” . Nguoc lai ta c6 thé chimg

minh dugc moi 4nh xa tuyén tinh tr R” vao R™ déu c6 dang nhu trén.

n
Thyc hi¢n phép nhan ma trin ta nhan dugc cong thirc cua y;, = Zaikxk, i=12,...m
k=1

Yy =X +apX; +..+ay,X, (5.4)

Vi = Qi X) + Ay Xy +.o 4@, X,
(5.4) goi 1a biéu thuc toa do ctia phép bién doi tuyén tinh 1 .
Vi du 5.2. Cho hai 4nh xa tuyén tinh £, g :R* —>R*c6 cong thirc xac dinh anh nhu sau:
S, y)=0Bx=5y,4x+y); g(x,y) = (2x +6y,x=5y).
Cacéanhxa 2f, f+g, fog, go [ déulacac anh xa tuyén tinh tir R? >R?, ta co:
o 2f(x,y)=(6x—-10y,8x+2y).

(f +8)(x,y)=(5x +y,5x - 4y).
o fog(x,y)zf(2x+6y,x—5y)z(x+43y,9x+l9y).
o gof(x,y)=g(3x—5y,4x+y)=(30x—4y,—17x—10y).

Vi du 5.3. Cho 4nh xa tuyén tinh f: R?— R?c6 cong thirc xac dinh anh nhu sau:
f(x,»)=CBx—=5y,4x+y).

o fz(x,y) =f(f(x,y)) =(-11x-20y,16x—19y).
5.1.2 Ma trin cia phép bién doi tuyén tinh trong mét co cé

Xét anh xa tuyén tinh f:V —>W. Gia st B ={e,...e,} 1a mot co s¢ cia V,
B'={w,..,0,} 1amdtcosocia W.He {f(e),..f(e,)} lamdthé véc to trong I . Khi
d6 anh xa tuyén tinh £ hoan toan dugc xac dinh boi hé véc to { f(e),....f(e, )} .
Pinh nghia 5.2. Ma tran cua h¢ véc to {f(e1 )s-r f(€,)} trong co s& P duge goi la
ma trin cua anh xa tuyén tinh f trong cip co s& Bva B,

, m

Nghia 1a néu f(ej) = iglal_ja)l.; j=1,...,n thi ma tran cia hé {f(el),...,f(en)} trong co s¢
2" ciia khong gian W la ma trin A= [ay]

mxn
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a, 4a; a,,
a a a B'

q=|b = | Ky higu Az[f]%, . (5.7)
aml amZ a

Néu f:¥ —V khi d6 ma trdn cia f trong cip co s& (ﬁ%’) la mot ma tran A

vudng cép 7, ¢ cac cot 1an lugt 1 toa do ciia hé véc to { £(e)),..., f(e,)} viét trong
cosd B ={e,..e,}, dugc goi 1a ma trin ciia phép bién doi tuyén tinh f trong co
s& A .

Ky higu 4=[f],,. (5.8)

*  Ma tran cta tu dong cdu f trong co s& chinh tic goi 12 ma tran chinh tic.
Tir dinh nghia ta c6 két qua sau.

Pinh Iy 5.4. Phép bién ddi tuyén tinh f:R" — R™ véi cong thirc xac dinh anh:
S (x5 x,) = (ay %+ 4+ ay, X, ..., a4, X+ +a,,x,)

a4y

ComatinA=| --- -~ .- | trong co s& chinh tic cua hai khong gian.

a a

ml mn

Nguoc lai mdi ma trdn A = [a[j} xac dinh duy nhat mot anh xa tuyén tinh f ma A la ma

mxn

tran cua f trong co s& cho trudce.
Tong quat Vu € V' ta ludn co:
f(u)=Au. 5.9)

Noi riéng voi [ €End (V), taco:

[ ()] = Aluly (5.10)
(5.10) goi la biéu thirc dang ma trdn ctia f € End (V) d6i véi co s .
Tur déy ta chu yéu nghién ctru f € End (V).
Nhén xét 5.1.
¢ Cotuongung 1 - 1 giita End(V) va Al A

¢ Néu cb dinh co s A = { el,...,en} ctia ¥ thi: V6i mdi f eEnd(V) ton tai duy

nhét ma trin 4 = [a[j} xac dinh boi (5.10).

nxn
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¢+ Nguoc lai, cho ma tran 4 :[aij} . Xét hé véc to {uy,...,u,} cha ¥V co toa do
nxn
trong co s& B 1a cac cot cia ma trdn A, theo dinh 1y 5.1 ton tai duy nhat anh xa

tuyén tinh £ :¥ — ¥ . Do d6 [f]%,:[aij] e M.
S nxn
Ma trdn cia f €End (V) trong cac co sé khac nhau.

Ma tran cua f € End (V) trong cac co so khac nhau cua ¥ c6 quan hé dic biét. Dinh

1y sau cho biét diéu do.

Pinh Iy 5.5. Néu f €End (V). Goi 4, A" lan lugt 1a ma trdn ctia f trong hai co s 4,4

va T 1a ma trdn chuyén tir co s& & sang ' thi:

A'=T7'AT (5.11)
Chirng minh
Vi Yu eV= f(u)eV vacacgia thiét da cho ta co

=T 1) (cong thirc d6i toa do
[u]%) [u]%ﬂ() (cong thirc doi toa do )

[f(u)]/)) :T[f(u)]]y (2) (cong thic ddi toa do)

LF )] =Alu]

” (3) (biéu thire dang ma trén cta phép bién doi f)
B 9,

[f(u)]%) = A'[u]%ﬂ (4) (biéu thirc dang ma tran ctia phép bién doi f')

T [f(w)] =T (T [f(u)]%,J

- ([rw)] | o

:TI(A[u]% j nh (3)

=T7'aT ho (1).
W], oho (1)

=(rar) (4],

Tir day ta suy ra diéu can chirmg minh.

114



Churong 5. Phép bién doi tuyén tinh & dang toan phwong trén R"

Chu y: Cong thic A'=T""AT (5.11) c6 mét vai trd quan trong ddi véi mot sb bai toan vé
ma tran va dinh thirc.

Pinh 1y 5.6. V&i kR ,va 4,B lan luot la ma trdn cia f,ge Hom (V ,W)trong mot cap co
so ndo d6 thi A+ B, kA, AB lan luot 1a ma trdn cia f+g, kf, f o g trong cip co so do.

Chirng minh: (tham khao [1])
Vi du 5.4. Cho hai phép bién déi tuyén tinh £, g :R*> —R?c6 cong thirc xac dinh anh nhu sau

S, y)=0CBx—=5y,4x+y); g(x,y)=(2x+6y,x—5y). (Vidu5.2)

Tim ma tran chinh tic cua cac phép bién d6i f, g, 2f, f+g, fog, go f . (Hay con goi la

ma trin trong co sé chinh tic cua R?).
Giai:
+  Pdi v6i phép bién d6i tuyén tinh f .
Céach 1) Ta ap dung dinh nghia 5.2. cong thirc (5.8), ta co

£(1,0)=(3,4)=3(1,0)+4(0,1); £(0,1)=(~5,1)=-5(1,0)+(0,1)

, 3 -5
Vay ma trn chinh tac cia f 1a 4= {4 { } .

Céach 2) Ap dung cong thic (5.10). Viét f(x,y) = (3x—5y,4x + y) thanh véc to cot

3x-5y 3 5| x R L . 3 -5
= suy ra ma tran chinh tic cua f 1la 4= .
4x+y 4 11|y 4 1

+  Tuong tu v6i cac phép bién doi tuyén tinh con lai. Ma tran chinh tac cua cac anh xa:

3 3 -5 2 6]
f’gazf’f-‘rgafog,goflénlu'o'tla A:|:4 1:|,B:|:1 5

6 —10 501 1 43 30 —4
24= , A+B= , AB = , BA = .
[8 2} L —4} {9 19} {—17 —10}

+ Tu ma tran nhan dugc ¢ trén ta suy ra cong thirc xac dinh anh cia cac anh xa:
2f, f+g, fog, gof makhong dung dinh nghia nhu Vi du 5.2.

-

Vi du 5.5. Tim ma tran chinh tic cua anh xa f: R® — R® x4c dinh boi

f(x,y,2)=2x+y—-4z3x+5z,x—-y+2z).
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Gidi: Ta co
£(1,0,0)=(2,3,1) = 2(1,0,0) + 3(0,1,0) + 1(0,0,1).
£(0,1,0) =(1,0,-1) =1(1,0,0) + 0(0,1,0) — 1(0,0,1) .
£(0,0,1) =(-4,5,1) =—4(1,0,0) + 5(0,1,0) + 1(0,0,1) .

Vay ma trdn ciia f trong co s& chinh tac cua R® 1a

2 1 4
A=|3 0 5
I -1 1

Vidu 5.6 Cho phép bién dbi tuyén tinh f:R> — R?, x4c dinh nhu sau:
f(x,,2)=2x-y,9x+4y+ 62z, —8x—32)
a. Tim ma tran chinh tic cua f trong R>.
b. Tim ma trin cia f trong co so sau
(8)={w =(13,-4), v, =(L1,-2), v; = (3,-3,~4)| = R’.
Gidi : Cach 1) ap dung dinh nghia
a. Taco  f(1,1,0)=(2,9,-8) =2(1,0,0) +9(0,1,0) - 8(0,0,1).

£(1,0,1) = (~1,4,0) = ~1.(1,0,0) + 4.(0,1,0) + 0(0,0,1).

£(0,0,1) =(0,6,-3) =0(1,0,0) + 6(0,1,0) — 3(0,0,1)

2 -1 0
Vay f c6 ma tran ddi véi co s¢ chinh tic (&)la A= 9 4 6
-8 0 -3

b. Coso (&)={v =(13,-4), v, =(L1-2), v; =(3,-3,~4)} = R’
F(1,3,-4) = (~1,-3,4) = —1(1,3,~4) + 0(1,1,-2) +0(3,-3,~4) .
£(1,1,-2) = (1,1,-2) = 0(1,3,~4) + 1(1,1,-2) + 0(3,-3,—4).

£(3,-3,~4) = (9,-9,12) = 0(1,3,~4) + 0(1,1,-2) + 3(3,-3,~4)
-1

0 0
nén f c6 ma trn ddi véicos¢ (£) 1a 4'=| 0 1 0.
0 0 3

R4 rang, trong cac co sé khac nhau, thi mdt anh xa tuyén tinh c6 cac ma tran khac nhau.
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Cach 2) 4p dung cong thirc 4'=T""AT (5.11)

1 1 3
b. Ma tran chuyén co sé tir co s& chinh téc sang cos¢ (£) 1a T'=| 3 -1 -3|.
4 2 -4
-1 0 0
D& dang kiém tra dugc A'=T'AT=| 0 1 0], véi A 1a ma tran coa f trong co
0 0 3

s chinh tac.

Vi du 5.7. Cho phép bién dbi tuyén tinh f € End R* co ma trdn A4 tmg véi co so

B = {e,e;,e3,€,} xac dinh nhu sau: 4=

N W O N
|
—_

1
2
1k
3

i \® LS

Hay tim ma tran A4' cua [ trong co s& #B'={e ,e;,e,,¢,}.
Gii:
Cach 1) Ap dung Pinh nghia 5.2 cong thirc (5.8)
Dite'|=¢, e', =e;, 'y =e,, €', =e,. Theo gia thiét ta co:
f(e'))=f(e)=e +3e, +2e; +e, =e'|+2e',+3e's+e'y;
f(e'y)=f(e3) =—e, +3e; +e, =3e',—e's+e'y;
f(e'3) = f(ey) =2¢ +5e; +2¢, =2e'|+5e',+2e'y;
fle'y)=f(e))=¢ +2e,+e;+3e, =e'|+e'y+2e's+3e'y;

Vay ma tran 4' clia f trong co s ' = {el,e3,ez,e4} la:

1 0 21

2 3 51
A'=

3 -1 0 2

1 1 2 3

Cach 2) Ap dung cong thirc (5.11) ta c6

1 00 01 2 0 11 0 0 O 1 0 21

4 001 0|3 0 -1 2{|0 01 0 2 3 51
A'=T AT = =

010025 3 101 0 O 3 -1 0 2

0 00 Ifj1 2 1 3|0 0 0 1 1 1 2 3
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5.1.3 Véc to riéng , gia tri riéng ciia phép bién doi tuyén tinh
a. Khai niém véc to riéng , gia tri riéng ciia phép bién déi tuyén tinh

Xét phép bién doi tuyén tinh f: ¥ — V trén khong gian véc to V.
Pinh nghia 5.3. Gia stt /' 1a mot khong gian véc to, 1 : V — ¥ 1a mot phép bién doi tuyén
tinh. Véc to @ # v eV duge goi 1a véc to riéng Gmg voi gia tri riéng A cua £ néu ton tai s6
A € R sao cho

f(v) =Av. (5.12)
S6 A duoc goi 1a gia tri riéng clia f ing vadi vée to riéng v.

Mot cach twong tu, A dugc goi 1a gia tri riéng cua ma tran vuéng A4 = [ai/] néu ton tai
- n

nx

X;,...,x, khong dong thoi bang 0 sao cho

X X X 0
Al P |=A] | hay (4-A1)

xl‘l x}’l xl‘l 0

(5.13)

Khi d6 0 # v =(x,...,x,) € R" 1a véc to riéng tng véi gia tri riéng 1 ctia ma tran 4.
Pinh nghia 5.4. V6i 4 13 mot ma tran vudng cip n. Ta goi dinh thuc:
9/1’4 (A) =det(4—- A1) (5.14)
la da thire dac trung cia ma tran 4. Pay 1a mét da thuc bac »n clia 4.
Dinh ly 5.7. A, la gia tri riéng cila ma trdn A khi va chi khi 4, 1a nghiém cua da thirc dac
trung cua 4.
Néu A 1a ma tran ctia phép bién do6i tuyén tinh £ trong co s& nao d6 thi ciing néi A
1a gia tri riéng cua phép bién doi tuyén tinh f .
Vi du 5.8. Cho phép bién doi tuyén tinh
7,2 R*>R? xac dinh boi f(x,y)=GBx—5y,4x+y).

Dé dang thidy f(x,x)=2(x,x). Vdy A=2 la mot gia tri riéng va moi véc to
v=(x,x); x#0 la véc to riéng twong tmg. Nhu vy c6 vo sb véc to riéng twong ung voi gia

tririeng A =2.
Vi du 5.9. Cho phép bién d6i tuyén tinh
f: R* > R? xac dinh boi f(x,y) = (—y,x).

Ta c6 thé chimg minh duogc phép bién doi tuyén tinh nay khong co gia tri riéng thuc nio.
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Vi du 5.10. Cho phép bién ddi tuyén tinh f: R* > R

2 -1 0
comatrdnchinhticla A= 9 4 6
-8 0 -3

Ta c6 thé kiém tra dugc cac két qua sau:

2-4 -1 0
PA)=| 9 4-4 6 [=(3-2)(-1-2)(1-2).
8 0 -3-2

v = (1,3,-4) 1a mét véc to riéng twong Ug voi gid tri riéng A = —1.
v, =(1,1,-2) 1a mdt véc to riéng twong ung véi gid tririéng A =1.
vy =(3,-3,-4) 1a mot véc to riéng twong g voi gid tririéng A =3.
Pinh nghia 5.5. Cho phép bién d6i tuyén tinh f ctia /. V&i mdi A eR, ky hiéu
V/l:{veV|f(v):/”tv}:{veV|(A—/11)v:H} (5.15)
V, la khong gian concua V.
Néu A 1a gia tri riéng thi V, duogc goi la khong gian ri€éng g v6i gia tri riéng A .
Dinh 1y 5.8. A1 la gia tririéng cia f khi vachikhi V, # {H} .
Chirng minh: (ban doc tu chung minh dinh 1y ndy xem nhu mdt bai tap)

DPinh ly 5.9. Néu v,,...,v, la cac véc to riéng g v6i céc gid tri riéng phan biét 4,...,4; cua

phép bién d6i tuyén tinh f (hodc ma tran A ) thi h¢ véc to {vl yenn vk} doc lap tuyén tinh.
Chirng minh: Ta ching minh quy nap theo & .
+ Khi k =1, ménh dé diing vi h¢ mot véc to v, # 6 1a doc 1ap tuyén tinh.
* Gidsir k>1 va ménh dé ding véi k —1.He {v,..,v,_;} doc 1ap tuyén tinh.
+ Ta chiing minh hé {vl ,...,vk} la h¢ doc lap tuyén tinh. Gia st ¢6
XV +.t X0, =0 (*) tacan ching minh x, =...=x, =0.

Téac dong f vao hai vé cua (*), vi v; 1a nhitng véc to riéng ing vai cac gia tri riéng

4;, ta dugc

faw +.+xv) =1(0)=6

119



Chwong 5. Phép bién doi tuyén tinh & dang toan phwong trén R"
= hxv +. 40 =0 (FF)
Nhan 4, vao hai vé cua (*) 16i trir cho (¥*) ta duoc
(4 =AW + x4 A, +o g (B =4 = 0.

Theo gia thiét qui nap, hé véc to Ve vy | dOc 1ap tuyén tinh. Do d6
N4 =A)=x(4L -A) = =5 (4 -4)=0
Vadocéac 4,,...,4,, khac nhau tirng 461 mét, suyra x, =...=x;,_; =0.
Thay céc gid tri nay vao (*) taco x,v, =6.Nhung v, #60 = x;, =0.
Vay hé {V1 ,...,vk} 1a h¢ doc lap tuyén tinh.
b. Thuit toin tim véc to riéng va gia tri riéng ciia phép bién ddi tuyén tinh

Tir (5.13) dé tim véc to riéng va gia tri riéng ctia phép bién doi tuyén tinh £ c6 ma tran
A, ta thuc hién cac budc sau
& budc 1: Lap va gidi phung trinh déc trung det(4 - A7) =0
Tim céac gia tri riéng A 1a nghiém cua da thirc dac trung ctia ma tran 4 .
& bude 2: V61 moi gia tri riéng 4, tim dugc, giai hé phuong trinh tuyén tinh thuan nhat
X 0
(A -1 ) D=
X, 0
+ Tap nghiém tim duoc 1a khong gian riéng V/lj Umg voi gia tri riéng 4, cua f .
+  Khi d6 nghiém khong tam thuong (khac @) ctia hé 1a véc to riéng tmg voi gia tri

riéng A, cua f (hay cia ma trén A4 ).

Vidu 5.11:

a) Tim véc to riéng va gia tri riéng cta phép bién ddi tuyén tinh trén R? ¢6 ma trén chinh tic

301
la A= :

Giai:
+ Da thuc dac trung

3
%’4(/1)=‘ /1‘ =2-4H)5-4)

cocacnghiém 4 =2, 4, =5 lacacgidtririéngcua 4.

+ Véctoriéng v=(x,y) ung véi gia tri riéng 4, =2 la nghi¢ém khac 6 cua hé
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(A= 41)v=0 hay {_12 ;ﬂmzm (1).

H¢ phuong trinh (1) tuong duong v6i phuong trinh: x—y=0= y=x.
=V, = { v=(x,x)=x(LL) xeR } la khong gian riéng ing v6i gia tririéng A, = 2.
Do d6 céc véc to riéng img vai gid tri riéng A, =2 cd dang v = (x,x) = x(1,1); x# 0.

* Tuong tu, véc to riéng v =(x,y) ung voi gia tri riéng A, =5 1a nghiém khac fcua

hé¢
(A= 1,0)v=0 hay {j :ﬂmzm @.

H¢ phuong trinh (2) twong duong véi phuong trinh :2x+y=0= y =-2x.

=V, = { v=(x,-2x)=x(1,-2); xe R }
Céc véc to riéng Ung voi gia tririéng 4, =5 co dang v = (x,—2x) = x(1,-2); x # 0.

b) Tim véc to riéng va gia tri riéng cua phép bién dbi tuyén tinh 7 : R® > R?

2 -1 0
comatrdnchinhticla 4= 9 4 6
-8 0 -3

Gidi :
+  Da thuc déc trung cta 4

2-4 -1 0
P(N)= 9 4-4 6 |=(A+DA-DB-2).
8 0 -3-1

Do d6 A c6 cac gia tri riéng ﬂl =-1, /12 =1, Lj =3.

+ Gia tri riéng A, =—1 c6 cac véc to riéng v =(x,y,z) la nghiém khong tam thudng

cua hé phuong trinh (4+1)v=6 (1)

3 -1 0 ||«x 0
Dang ma tran 9 5 6 ||y|=|0].
-8 0 2|z 0
3 -1 0 3 -1 0 3 -10 -1 3 0
A+I=9 5 6|->0 0 O0|—>(4 0 1|>]0 4 1
-8 0 -2 -8 0 -2 0 0 O 0 0 O
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xeR
\ : ra J3X—y=0
h¢ phuong trinh (1) twong duong voi hé: = y=3x .
4x+z=0 4
z=-4x

Khong gian riéng ing vai gia tririéng 4, = -1 la:
Vi = {v =(x,3x,—4x)=x(1,3,-4); x R}.
Vay céc véc to riéng ung vaéi gia tri riéng A4, = —1 1a nghiém khac khong cua hé, co

dang v =(x,3x,—4x)=x(1,3,-4), x#0

*

Gi4 tri riéng A, =1 c6 véc to riéng v =(x,y,z) la nghi¢m khong tam thuong cia hé
phuong trinh  (A—1)v=0 (2)

1 -1 0 1 -1 0 1 -1 0 1 -1 0
A-I={9 3 6|—>|0 0 O0|—>0 2 -1|—>|0 2 1
-8 0 4 -2 0 -1 0 0 O 0 0 O

hé phuong trinh ( 2 ) tuong duong voi hé:

xX=y
{x -y =0
= yeR
2y +z=0
z==-2y

V, ={v=0,y-4y) =y(11,-2); yeR}.
Vay céc véc to riéng Ung voi gia tri riéng 4, =1 c6 dang
v=(y5-2y)=y(11-2),y#0 .
Gia tri riéng A; =3 c6 véc to riéng v = (x,y,z) la nghiém khong tam thuong cta hé

phuong trinh  (4-3)v=60 (3)

-1 -1 0 1 10 1 1 0
Taco A-3I=|9 1 6|—>|0 0 0|—>|0 4 3
-8 0 -6 4 0 3 0 0 O

h¢ phuong trinh trén twong duong voi hé:

x + )y = 4 4
= V, = ==V V.= = _1,1,_ 5 IR .
{ 4y —3z=0 A {v [yy.%yj y( 3jye }
3Vﬂ3 :{V:(_yayaéyj:y(_lalagj; ye I:R}

Vay cac véc to riéng g vai gia tri riéng A; =3 c6 dang

V= (—y,y,%y) = —%(3,—3,—4), y#0.
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5.1.4 Chéo hoa ma tran

Xét f eEnd(V).
a. Céc khai niém va diéu kién chéo hoa
Pinh nghia 5.7. Hai ma trin 4, B duoc goi 1a dong dang néu ton tai ma tran khong suy bién
T saocho B=T""AT.
Pinh nghia 5.8. Ma tran vuéng A chéo hoa duge néu 4 dong dang véi mot ma tran chéo.
Noi cach khac : ma tran vudng A chéo hoa duoc néu tdn tai ma tran khong suy bién T sao
cho T7'AT 1a ma trén chéo.
Pinh nghia 5.9. Phép bién doi tuyén tinh f € End (V') chéo hod dugc néu ton tai mot co s&
clia /' dé ma trdn cia f trong co s& nay c6 dang chéo.
% Ta da biét mot sd tinh chat cta hai ma tran déng dang nhu :

1. Néu 4,B dong dang thi det 4 =det B .

2. Néu 4,B dong dang thi trace A = trace B

3. Néu 4,B déngdangthi B" =T7'4"T .

4. Cong thic (5.11) cho thay hai ma tran cua mot ty phep bién ddi tuyén tinh bat ky
trong hai co s& khac nhau 1a dong dang.

Ma tran dong dang véi ma trdn 4 ma c6 dang duong chéo s€ c6 mot vai tro rat quan trong
trong nhi¢u bai toan. Vi tat ca cac nhan xét trén, ta cd bai toan sau.

Bai todn 1: Cho phép bién ddi tuyén tinh f € End (V). Hay tim co s& ciia ¥ dé ma tran cta
f trong co so nay c6 dang chéo.
Bai toan 2: Cho ma trin 4 vudng cdp n. Tim ma tran khong suy bién 7' sao cho

T7'AT c6 dang chéo.
Céac dinh ly duéi day cho ta 161 giai cua bai toan trén,
Pinh 1y 5.9. Phép bién doi tuyén tinh f € End (V') chéo hod dugc khi va chi khi ton tai mot
co s clia ¥ gdm cac véc to riéng clia f .

Chirng minh : Gia si trong co s& P = { el,...,en} cua V', matran cua f c6 dang chéo

a 0

@f(el.)=061 +o.tae +...+Oen

< ¢;1a véc to riéng ung voi gia tri riéng «; , Vi=1,2,..n.
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Dinh 1y cho ta cac diéu kién du dé phép bién do6i tuyén tinh chéo hoa duoc.
H¢ qua 1: (diéu kién da 1) Néu da thuc dic trung 2,(A) cla d6i phép bién tuyén tinh
f €End(V), dimV =n, c6 dung n nghiém thyc phan biét thi f chéo hoa dugc.

Chirng minh: Vi da thuc déc trung c6 #» nghiém phan bi¢t nén n véc to riéng tuong ting voi
n gia tri riéng nay la mot hé doc 1ap, do d6 1a mot co so cia V' gém cac véc to riéng cua f .

Vay f chéo hoa dugc.

H¢ qua 2: (diéu kién du 2) Phép bién d6i f € End (V'), dimV = n, chéo hod duge néu

Py =D (A =AD" (A = )™
A4 1 nghiém thye, khéc nhau timg ddi, v6i my +...+my =n. Dong thei dimV, =m,

hayr(A—A1)=n—m;¥ i=1,...k (5.16)

Chirng minh:
Trong mdi V, ta chon mét co s& gom m; véc to. H¢ n véc to hop lai tir cac co s¢
1

vira chon 1a mét hé doc 1ap tuyén tinh, do d6 hé nay 1a mdt co s ciia V' gdom cac véc to riéng
cua f.Vay f chéo hoa duoc.

b. Thuat toan chéo hoa
Khi giai quyét cac bai toan trén, ta thyuc hién thuat toan chéo hoa.
Thuét toan
& Budc 1: Tim cac gia tri riéng la nghiém cia phuong trinh dac trung:
det(A- AN =0 < (-)"(A-4)"...(A-24)™ =0.
& Budc 2: Kiém tra DK di . Gia sa dim V), =d; ;
di=n—r(4-4I).
+ Néu d, <m; v6i i ndo d6, 1<i<k thi f khong chéo hoa dugc. Dirng.
+ Néu d; =m; vé6imoi i =1,....k thi f chéo hoa chéo duoc. Tiép tuc:
& Bude 3: Véi mbi gid tri riéng A,
+ Tim céc véc to riéng tuong ng.
+  Trong mdi khong gian riéng V, ta chon mét co s& gom m véc to riéng.

+  He¢ gom my+o.tm=n cac véc to riéng nay la co so 2B can tim.

+ Matran T la ma tran chuyén tir co so B sang .‘%', va TVAT ¢o dang chéo.
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2 -1 0
Vidu5.12. Chéohdéamatran A= 9 4 6 |.(Xem Vidu5.11Db).
-8 0 -3

Giai:

2-4 -1 0
. Datht’rcdéctmngcﬁaA:p%(/i): 9 4-1 6 |[=(A+D)A-DB-A1).
-8 0 -3-1

Ma trdn A4 c6 ba gia tri riéng phén biét /11 =-1, 12 =1, /13 =3 nén chéo hoa duoc.
+ Voigiatririeng 4, =-1.
Khéng gian riéng ¥, = {v = (x,3x,~4x) = x(1,3,~4); x e R},
Chon mot coso cua V, 1a e’y =(1,3,—4).

+ Véigidrieng 4, =1, ¥, ={v=(y,y,-4y)=y(1,1,-2); y e R}

xeR},

+ Co s m6i gom cac véc to riéng ' ={e'j,e',,e'y}. Ma tran chuyén tir co' s chinh

chon mot co so cia V% lae', =(1,1,-2).

—4
+ Tuongty 4; =3, V/13 = {(x, —x,?xj = §(3,—3,—4)

chon mot co s¢ cua Vs la e'y =(3,-3,-4).

tac sang B'={e',ey,e} 1aT.

1 1 3 -1 0 0
T=|3 1 =3|thi 77'4T={0 1 0.
4 -2 -4 0 0 3

Vi du 5.13. Cho phép bién ddi tuyén tinh £ : R* >R> xac dinh boi:
f(x,y,2)= (3x—2y,—2x+ 3y,Z).
Tim mét co s& cua R® dé ma tran cia /' trong co sé nay c6 dang chéo.
Giai:

+  Ma tran chinh tic cia f la

3 20
A=|-2 3 0
0 0 1
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+ Da thuc déac trung

3-4 20
det(d—Al)=| 2 3-4 0 |=(-2)1-1)7.
0 0 1-4

Do d6 4 cocacgiatririéng 4, =5 va 12 =1 (kép).

*

Gia tri riéng A, =5 c6 véc to riéng v =(x,y,z) la nghiém khong tam thuong cta hé

phuong trinh: (A-51)v=46 (1)

2 2 0] [1 10
(4-51)=-2 =2 0 |>[0 0 1| =r(d-4I)=2 (%)
0 0 -4 |00 0

A : Xty =0 x=-y
h¢ phuong trinh (1) twong duong véi : ) = 0
z = z =

Khong gian riéng tmg véi 4, =5 1a Vﬂl = {v:(—y,y,O) :y(—1,1,0)|y eR },

chon moét véc to riéng { e'1 =(-1,1,0) } lam co sé cuia khong gian riéng Vi -
+ Tuong tu, gié tri riéng A4, =1, xét hé phuong trinh (4—1)v=60 (2)

2 2 0] [1 -1 0
(A-I)=|-2 2 0]=>|0 0 0| =r(d-AI)=1 (**)
0 0 0] |0 0 0

h¢ phuong trinh ( 2 ) tuong duong voi phuong trinh: x—y =0, z tuyy.

Khoéng gian riéng ung véi 12 =11la

Vi, = { v=(x,x,2)=x(1,1,0)+2(0,0,1)

x,zeR } ,
chon mot co so cia khong gian riéng V/12 la { e'y, =(1,1,0),e'y =(0,0,1) } .
+  Tu d6 chon co s& mdi gém cac véc to riéng %' = {e'l,e'z,e'3} .

Taco f(e')=5e"y, fleh) =e'y, fle)=e'5.

Ma tran cia [ trong co'sd 8" codangchéo A'=[f], =

S O W
S = O

0

0].

1

Chu y 14 tir (*) va (* *), chimg to ma trin A chéo héa dugc do thoa méan didu kién du thir 2.
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3 20
ViduS.11. Chéohdamatran 4A=|-2 3 0].
0 0 1

Giai:
+ Da thuc déc trung cua 4

3-4 =2 0| |1-4 =2 o [1-2 =2 o0
P(A)=| -2 3-4 0 |=|1-2 3-4 0= 0 5-1 0
0 0 1-4 | 0o o0 1-4 |0 0 1-2

= (5-A)(A-1)2.
Do d6 A c6 céc gia tri riéng ﬂl =5va /12 =1 (kép).
+ Gia tri riéng Z_l =5 c6 véc to riéng v = (x, y,z) la nghiém khong tdm thuong cia hé

phuong trinh: (A-57)v=6 (1)

2 2 0 110
(A-51)=|-2 =2 0|0 0 1| =r(4-41)=2 ()
0 0 -4 [0 00

h¢ phuong trinh (1) twong duong véi :
x+y =0 x=-y
=
z=0 z=0
Khoéng gian riéng tmg véi 4 =513 ¥, = {v =(-,2,0)=y(-1,1,0)| y e R }
Chon mét véc to riéng { e =(-1,1,0) } lam co s& cua khong gian riéng %

+ Tuong tu, gia tri riéng A4, =1, xét hé phuong trinh (4-7)v=0 (2)

2 2 0] [1 -1 0
(A-I)=|-2 2 0]>|0 0 0| =r(d-2l)=1 (*x)
0 0 0] |0 0 0

hé phuong trinh ( 2 ) tuong duwong voi phuong trinh: x—y =0, z tuyy.
Khong gian riéng tmg véi 4, =1 la
v, ={v=(xx2)=x(11,0+2(0,0,)| x,zeR},

chon mot co s& cua khong gian riéng V/12 la hé { e'y, =(1,1,0),e'y =(0,0,1) } .

+  Chon co s mdi gom cac véc to riéng {6'1,6'2,6'3} .
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+ Ma tran chuyén co so tir co s chinh tac sang co s6 méi {e'l ,e'2 ,e'3} la

110
T=[1 10
0 0 1
50 0

Khido 77147 ={0 1 0| c6 dang chéo
00 1

(Tir (*) va (* *), chimg to ma tran A chéo hoa duoc do thoa man diéu kién du thir 2).

1 -3 4
ViduS5.12. Chéohdéamatrdn 4={4 -7 8
6 -7 7

+  Da thuc déac trung cia 4

-4 -3 4
L= 4 -T-2 8 |=(3-DA+D".
6 -7 1-2

Da thtrc dac trung c6 nghiém A, =-1 (m; =2) va 4, =3 (m, =1).

+ Gidtririéng A, = -1, xét ma tran

2 -3 4 2 3 4
A-LI=|4 —6 8|50 1 2| =r(d-21)=2
6 -7 8 0 0 0

=dimV, =3-r(4-41)=1<2.
Khong gian riéng Vy co dim Vy =1<2=m nénma tran 4 khong chéo hoa dugec.

+  Khong can xét tiép gia tri riéng A, =3.

5.2 DANG TOAN PHUONG TREN R”
5.2.1 Pinh nghia va biéu thirc toa dd ciia dang toan phwong

Mot cach chinh xac va day dii thi dang toan phuong trén khong gian véc to ¥ phai duoc
dinh nghia thong qua mot dang song tuyén tinh ¢ : V' x ¥ —— R. Tuy nhién do giéi han cta
hoc phan nay, ta chi c6 thé nghién ctru dang toan phuong trén R” tir biéu thic toa do cia né

trong mot co s& cho trude cua R” .

128



Churong 5. Phép bién doi tuyén tinh & dang toan phwong trén R"

Giasir B ={e,...e,} lamdtcosocia R" , VuelV;u=xe +..+x,e,.

Pinh nghia 5.9. Anhxa O:R"—>R xéc dinh boi O(u) = Z a;

i,j=1

(5.17)

llll

duogc goi la mot dang toan phuong trén R”.
Dinh nghia 5.10.
Dang toan phuong Q xac dinh duong khi va chi khi Q(v) >0, v6imoi v # 6

Dang toan phuong Q xac dinh am khi va chi khi Q(v) <0, véimoi v 6.

Ou) = Z XX Zau X+ Z a;x;x; goi la biéu thic toa do cua dang toan

i,j=1 i#j=1

phuong trong co s& 4 .

Ta c6 biéu dién dudi dang ma tran ctia O(u):

a A || X2
O(u) = Zay xx; =[x x,.. xn]
=) .
a, A . Ay, || X,

Ta c6 biéu dién duéi dang tudng minh cia O(u):

i,j=1

+ A1 XX + Ao XyXo + ay3 + -+ ynXnXn -

Nhu vdy dang toan phuong c6 biéu thirc toa do 1a mot da thuce ding cip béc 2.
Vi du 5.12. Anh xa

0: R—>R
(xl,xz,x3) |—>Q(x1,x2,x3)
O(x;, %y, X3) = X% = X2, +32,X, + X,° +2x,03 + 503X, + 4237 = 3X,X; + X3X,
%+ x22 +4x,7 + 20Xy + x5 — 2%, X
1a mot dang toan phuong trén R*. Biéu thirc toa d6 ciia dang toan phuong do 1a
O(x,xy,x3) = X7+ x,7 +4x 230, + 7X X5 — 2X,x, 13

Vi du 5.13. Biéu thirc O(u) = xl2 + 5x22 - 4x32 1a biéu thirc toa d6 cia mot dang toan phuong
0:RP>R.
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5.2.2 Ma tran cia dang toan phwong trong mét co s¢

n
Pinh nghia 5.11. Gia sir dang toan phuong trén R” ¢6 biéu thirc toa do 1a: O(u) = Z A XX
i,j=1

n
trong co s& B ={e,,...e,}; voi u= xe, .
i=1

Khi d6 ma trin ciia dang toan phuong Qtrong co s 4 1a ma tran vudng cip n nhu sau:
a.. , l = J

' ' U ! ' . .
A:["v‘lm;"vz . s ay+ag=ag; Vizj=12,.n
aj ,1#]

Ky hiéu 4= [a'i/] = [Q]ﬁ la ma trin cia Q trong co s& 4 .
v dnxn o
Chu y:
+ Nhu vdy ma tran ciia dang toan phuong trong mot co sé cho trude 1a ma tran dbi
xtmg A=A4".
+  Tuong ty phép bién doi tuyén tinh, trong hai co s¢ khac nhau ma tran ciia mot dang
toan phuong trong hai co sé khac nhau 1a hai ma tran khac nhau.
Pinh 1y 5.10. Gia st A=[Q],; 4'=[0] 1an luot 13 hai ma tran cta O trong hai co s&

)

) B 5 P
P = {el,...,en} va B'= {e'l""’e'n}' Goi T :[tij]%, 12 ma tran chuyén tir co s& 4 sang
#'. Khi do
A'=T'AT . (5.18)

Vi du 5.14. Dang toan phuong Q trong Vi du 5.12. ¢ ma tran ciia Q trong co s& chinh tic

I -1 2
lad=|-1 1 1].
2 1 4

Vi du 5.15. Cho dang toan phuong Q' R®>— R c6 biéu thirc toa do trong co s chinh tic cta

R? x4c dinh nhu sau:

O(V) = x,° +4xxy + 22,3 +4x,% + X3 +2X,X5.

Ma tran ciia Q trong co s& chinh tic 1a 4 =

—_— N =
— AN
p—

Trong co s& gém cac véc to { e} =(1,0,0),e', =(-3,1,1), e’y = (=L 1,-1) } , VOi

Vv eR: v=(x,x,,x;) = zie' | + z,e', + zze'y thi Q(v) =z —22,° + 2237,
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0 0
ma tran cua Q trongcosomoila 4'={0 -2 0].
0 2

Ban doc ty kiém tra cong thic A'=T'AT .
5.2.3 Pua biéu thirc toa d§ ciia mdt dang toan phuwong vé dang chinh tic
a. Khai niém
Pinh nghia 5.12. Trong khong gian véc to thuc V cho co so B = { e, },

ueV: u=xe +..+xe, . Motdang toan phuong Q c6 biéu thic:

n n n
2
O(u) = E apx;X; = E a;x"; + E aX;X
i=1

i,j=1 I<i, j

. . . .
A \ A 0 o A 9 \ = A , o \
Neéu tim duoc mot co s& P = { e'| ,...,e'n} cua J de trong co sd nay biéu thuc ctia dang toan

phuong c6 dang

O(u) = é%’yzi L u=yet..tye, (5.19)
thi ta néi (5.18) 1a biéu thic chinh tic ciia dang toan phuwong Q, va ta da dua dang toan
phuong Qvé dang chinh tic. Co s 9/0": { e'l,...,e'n} g0i 12 co s& chinh tic twong Gmg clia

dang toan phuong. Trong co s chinh tic tuong Gmg, ma tran cta dang toan phuong c6 dang

duong chéo
4 0 .. 0
0 .. 0
A'= & .
0 0 .. 4

n

Trong cac muc tiép theo chung ta chi nghién ctru mot trong sd cac phuong phéap tim co
s& dé biéu thuc toa d6 cta dang toan phwong trong co sé nay ¢ dang chinh tic hay ma tran
ctia dang toan phuong trong co s niy c6 dang chéo. Bang mot sd phép bién dbi so cp biéu
thirc toa d6 ctia dang toan phuong ta s& nhan duoc biéu thirc toa d6 ¢ dang chinh tic.

b. Pua vé dang chinh tic theo phwong phap Lagrange

Pinh 1y 5.11. Trong khong gian véc to ¥ ludn ton tai mot co s dé biéu thire toa do cua dang
toan phuong trong co s¢ nay c6 dang chinh tic.

Chirng minh (day chinh la phuong phap Lagrange)

Gid st trong co s& J = {e;,...,e,} ciia khong gian véc to ¥ bicu thic toa do cta dang

>*n

toan phuong Q co6 dang:
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Q(V)_zaylj’aij dji» v Z

i,j=1

Truong hop 1: Gid strc6 a; #0, chang han a;, #0,tacod thé sap xép lai:

Q(V)_all(xl +2xlz_x J*’ Z Ay X; X j

i=2 41 i,j=2

; 2
—all(x1+z xj + Zau XX —a (Z&)ﬂ} (5.20)

i=2 @ ij=2 i=2

2 n
1
=a x1+z X; +Zaijx,-xj

i=2 411 i,j=2

N _xl+z

bit Say (.21
Vi =X;5] =2,..,n

n
N 2 '
thi O(v)=ayy" + Z ay Viy;
ij=2

Tiép tuc qué trinh nay véi biéu thic toa do ctia mot dang toan phurong méi z a'y viy; -

i,j=2
Trudng hop 2: Néu moi a; =0 va ton tai a; #0, ching han a,, #0.
=0ty
bat v =y -» (5.22)

ijy] ;j=3,...,7’l

thi 00 = Y ayxx, = Yy,

i,j=1 i,j=1
Nhu vay toa d§ cua véc to u €V trong co s¢ ban dau 1a (x;,x,,..,x, ) con trong co s& moi 1a

(yl,yz,..,yn ) dé thay X; biéu dién tuyén tinh qua (y1 3 V25 V) ) va nguoc lai.

Khi doQ(u)—Zay XX Zaymco a'yy =ap, #0,
i,j=1 i,j=1

Vi vy ta c6 thé dua vé trudng hop 1.

Ti€p tuc qua trinh trén, gia st cudi cung ta nhan dugc cong thirc tmg véi phép bien doi tuyen
tinh sau:
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Xy =y Yyt ),
Xy =l tipny, +..t4,y,
(5.23)

X, =y oy o+, ),

X hy - 4,
hay | @ =] i PP vaQW) =4z + )+t Az,

X, t

7

nl tnn Zy

Matran T = I:tij lw chinh 1a ma tran chuyén co s& tir co s& ban dau & = { ¢ o€y | SANG
coso méi B'= { e'l,...,e'n}
Xét hé véc to co toa do la cac ¢t ciia ma tran trén:
e =t sesly))s oes € = (Ey5eentyy)
Khi @6 véi moi vécto veV:v=xe +---+x,e, =ze'|+---+z,e', va
OW) = Az2 + 1z +.4+ Az,

Noi cach khéc ta da chira co so {e',...,e', | 1a mot co so m6i ma trong co so {e'),....e', }

thi biéu thirc toa d6 ctia O trong co sé ndy c6 dang chinh tc.
Vi du 5.16. X¢ét dang toan phuong ¢ Vi du 5.15.
O(V) = x,° +4xxy + 22,3 +4x,% + X3 +2X,X5.
Pua dang toan phuong trén vé dang chinh tic bang phwong phap Lagrange.
Giai:
oWw) = xlz +2x,(2x) +x3) + 4)622 + x32 +2x, X3
= (02X, +x3)7 — (22, +X3)% +4x,7 + X357 +20,x,

V=X 20+ x N=EN=20 -0 X I =2 —1fy

bat V) =X, = 9% =), = |x|=]0 1 01|l »

V3 =X X3 =3 X3 0 0 1]
=7z N 1 0 0]z

Tiéptuc ddt <y, =zy+2; = |y, |=|0 1 1|z | thi Q)=z>-22"+2z7
y3 = 22 - 23 y3 0 1 _1 Z3
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X 1 =2 -1}|1 0 0]z 1 -3 1|z
Taco X [=/0 1 00 1 1|z|=/0 1 1]z
x| [0 0 1|0 1 —Ifiz| [0 1 -1}z
1 -3 -1
Suyramatan 7=|0 1 1 | la ma tran chuyén co so tir co s¢ chinh tic sang co s méi.
0 1 -1

Do d6 coso méi la { e’ =(1,0,0),e', = (-3,L1),e'y = (-1,1,-1) };
Trong co sO {e'l,e'z,e'3}, ta co

Vv eR: v=(x,x,,x;) =z + z,e', + zze'y thi Q) =22 —22,° +22,°.

1 0 0
Va trong co s¢ {e'},e';,e';} ma trdn cua O ¢ dangchéo B={0 -2 0.
0 0 2

Nhén xét 5.2.

¢+ Néu dung cach bién d6i khac ta s& nhan duoc biéu thic toa d6 dang chinh tic khac
va tat nhién 14 trong mét co s& khac.

¢ Céc vi du cho thdy rang ciing mot dang toan phuong ta c6 thé dua vé cac dang chinh
tic voi cac hé sb khac nhau. Tuy nhién s6 cac hé sb duong va hé s6 4m 1a nhu nhau.
5.2.4 Luat quan tinh

Pinh 1y 5.12. (Sylvester - Jacobi): S cac hé s6 duong va sb cac hé sé am trong biéu thirc toa
d6 dang chinh tic ctia mot dang toan phuwong O 1a nhiing bat bién ctia dang do (tirc 1a khong

phu thudc vao viéce lya chon co so).

Pinh nghia 5.13. S6 cac hé s6 duong dugc goi 1a chi s6 quan tinh dwong va s6 cac hé s6 4m
dugc goi 1a chi s6 quan tinh 4m ciia dang toan phuong.

Gia stt (p,g) 1a cap chi sd quan tinh duong va am cua dang toan phuong Q trong

khong gian n chiéu V' khi 46 p+¢ =r (hangcia Q).
+  Truong hop r=n: Q dugc goi la khong suy bién;
+  Truong hop p =n: Q duoc goi la xac dinh duong;
+ Truong hop ¢ =n: Q dugc goi la xac dinh am.

Pinh ly 5.13. (Sylvester): Gia sir dang toan phuong Q c6 ma tran la 4 trong mét co s& nao
do cua V' . Khi do:

(i) O xac dinh duong khi va chi khi cac dinh thic con chinh goc trai cia 4 luon duong.
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(ii) O xéc dinh am khi va chi khi cac dinh thirc con goc trai cp chin la dwong va cap 1é
la am.

Vi du 5.17. Xét ma tran trong co s& chinh tic ciia mot dang toan phuong trén R’

1 -1 2
A=-1 2 -1
2 -1 6

Co cac dinh thirc con chinh 1a

1

Vi du 5.18. Ap dung Pinh 1y 5.11 va 5.12 ta kiém tra dugc dang toan phuong trong Vi du
5.17. 1a dang toan phuong xac dinh duong.

-1 1 1
Vi du 5.19. Xét dang toan phuong c6 ma tran trong co sd chinhticla 4=| 1 -5 1
1 1 -7

-1 1
I -5 3

Ap dung Pinh 1y 5.13 ta kiém tra dugc day 1a mot dang toan phuong xac dinh am.

Biang phuong phap Lagrange ta ciing nhan duoc két qua twong tu. That vay, biéu thuc toa do
cua dang toan phuong la

O() = —x,> =527 = Tx3% + 22Xy + 2,3 + 2,3

2

V=X —% X
Pit {y, =x, —%3 thi Q) =—y —4y,% =53, <0, Vv 0.
Y3 =X
Ap dung Dinh 1y 5.12 ta kiém tra duoc day 1a mot dang toan phuong xac dinh am.

Ngoai ra, con mdt sé phuwong phap nita nhu phwong phap chéo hoa truc giao, phuong
phap Jacobi ciing dua duoc dang toan phuong vé chinh tic. Tai liéu nay khong dua ra phuong
phap chéo hoa truc giao, phuong phap Jacobi.

Vi du 5.20. Dang toan phuong ¢ Vi du 5.15. khong phai 1a dang toan phuong xac dinh duong,
cling khong phai la dang toan phuong xac dinh am.
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BAI TAP CHUONG 5

5.1) Anh xa f:R? — R? nao dudi day 12 4nh xa tuyén tinh:
a) f(x,y) = 2x,x+); b) f(x.) =)
) f(x,)=(»,%); d) f(x,y)=(xy+1);
©) flny)=(ax+byextdy): D [ =Rxi).
5.2) Cho anh xa tuyén tinh /: R* — R? xéc dinh nhu sau:
f(1,0,0)=(L1), f(0,1,0)=(3,0), f(0,0,1)=(4,-7).
a) Tim ma tran chinh tic cta f .
b) Tinh £(1,3,8), f(x,»,2).
5.3) Dinh nghia: Nhan cta 4nh xa tuyén tinh f: 7V — W 1a tap
S7(0)={ver|s(v)=0},kyhitula Kerf .
Cho phép bién dbi tuyén tinh f : R*— R? ¢6 ma trén chinh tic { 28 _41} .
a) Vecto nao sau day thudc Kerf : (5,10);(3,2);(1,1).
b) Vecto nao sau day thudc Im 1 : (1,—4);(5,0);(-3,12).
5.4) Cho phép bién ddi tuyén tinh f: R®— R* ¢ cong thirc x4c dinh anh
f(x,y,z2)=(—x+y—z,x+2y—z,x+5y—-3z2).
a) Tim ma trin cia f trong co s& chinh tic cia R® .
b) f co61a mot don anh khong? Vi sao?
c) f co6la mot toan anh khong? Vi sao?
5.5) Viét ma tran chinh tic, im Im /', im Kerf cua cac phép bién doi tuyén tinh trén R”
sau day, anh xa nao co6 anh xa ngugc? Vi sao?
a) f(x,y,2)=(x—y+32,5x+6y—4z,7x+4y +2z)
b) f(x,y,2)=2x—z,—x+2z,x+2y)
c) f(x,y,2)=2x+2y—-8z,x+6y+2z,3x+6y—-9z)
d) fOe,y,z,t) =(x+4y+5z+9t,3x -2y +z—t,3y+5z+8t,4x+ 2y + 6z +8¢) .
e) f(,y,z,t)=(x+y—52z+t,3x-2y+z—t,y+z+t,4x+2y +6z—1).

g f(x,y,z,t)=(x+2y—z+t,x-2y+z—-t3y+z+2t,x+2y+1).
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0 2 1
5.6) Cho phép bién ddi tuyén tinh f:R*—> R® comatrdnchinhticla A=[1 -4 0].
30 0

Hay tim ma trdn cua f trong co so {vl,vz,v3}; Véi v, =(1,1,1), v, =(L1,0), v3 =(1,0,0).
5.7) a) Chung to v, =(1,2,3),v, =(2,5,3),v; =(1,0,10) 1a mot co sé cua R’.
b) Tim cong thirc xac dinh anh f(x, y,z) cta 4nh xa tuyén tinh f: R’ — R® biét ring
£ =(1.0,0), £(v)=(0.1,0). £(v3) = (0,0.1).

5.8) Trén R, cho cac phép bién ddi tuyén tinh / sau day dugc viét dudi dang biéu thic toa

d6, hay viét chung dudi dang ma trn
a) f(x,y,2)=(x—p,2x+3y+2z,x+y+2z).
b) f(x,y,2)=0CBx+y+z,2x+4y+2z,x+y+3z2).
c) f(x,y,2)=(x,2y,3z2).

5.9) Trén R® cho cac phép bién doi tuyén tinh f,g dugc viét dudi dang biéu thic toa do
f(x,,2)=0Cx+y+z2x+4y+2z,x+y+32).
g(x,y,2)=(x+2y+2z,x+2y—z,—x+y+4z).

Hay xac dinh cac anh xa f+g;fog;g°f;f2;f3;g3-

5.10) Cho phép bién ddi tuyén tinh £ : R*— R?® c6 ma tran chinh tic 1a

Hay x4c dinh ma tran cua cac anh xa f' 2. f 3.

5.11) Cho phép bién ddi tuyén tinh £ : R*— R c¢6 ma tran chinh tic 1a

57 -5
A=[0 4 -1
2 8 -3

a) Tim cac vecto riéng va gia tri riéng cua f .
b) Tim ma trdn cua f trong co s gom cac vecto riéng cua f .

5.12) Cho phép bién ddi tuyén tinh 1 : R*— R? c6 cong thirc xac dinh anh
f(x,y,2)=(3x+y—z,-Tx+5y—z,-6x +6y —2z).
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a) Tim mot co s cia R® dé ma tran cia / trong co s& nay c6 dang chéo.
b) Tim ma trdn chuyén co s tir co s tim dugc sang co so chinh tic ciia R®.

¢) Co ton tai 4nh xa nguoc cua f khong? Vi sao? Néu c6 hiy xac dinh cong thic f -1

5.13) Tim cac gia tri riéng, co sé cua khong gian riéng clia cdc ma tran sau:

(1 2 1 3 2 4 2 1 1
a)|2 0 21 b)[2 0 2; cl-2 1 3
-1 2 3 4 2 3 31 -1
_ 3 -1 0 0
7 -12 6
1 1 0 O
d (10 —-19 10|; e) .
3 0 5 -3
12 -24 13
- 4 -1 3 -1

0 10 2 6 -15 12 -6 -2
a)|-4 4 0f; b1 1 -51|,¢)|18 -9 -3{;
2 1 2 |12 -6 18 -9 -3
(4 -5 2 1 -3 3 -3 1 -1
d|5 -7 3|; |3 -5 3; |-7 5 -1].
16 -9 4 |6 -6 4 -6 6 -2

5.15) Tim ma trdn P lam chéo hod 4 va xac dinh P'AP.

5 7 5] (7 -12 6 5 32
a)|0 4 -1|; b) |10 —19 10|; c)|6 —4 4|;
12 8 -3 |12 24 13 4 -4 5
1 -3 3] -1 3 -1 01 0
d|3 -5 3|; e)|-3 5 -1|; f)y[1 0 1.
6 —6 4 -3 3 1 01 0

5.16) Trong mdi truong hop sau tim mot co s¢ ciia R® dé phép bién déi tuyén tinh £ c6 ma
tran dang chéo:

a) f(x,y,2)=(x—»,2x+3y+2z,x+y+2z).
b) f(x,y,2)=CBx+y+2z2x+4y+2z,x+y+3z2).
¢) f(x,y,2)=(x+2y+2z,x+2y—z,—x+y+4z).

d) f(x,y,2)=(x+y+2z2y+2z2y+32).
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5.17) Trong R*, cho cac dang toan phuong sau day dugc viét dudi dang ma tran, hiy viét

chiung dudi dang biéu thire toa do

2 -1 1 ][«x
a) [x y Z] -1 3 01|yl
1 0 -4z
5 -1 0]~
b)[xyz]—l 3 2|yl
|10 =2 4|z
50 0f«x
c) [x y Z] 0 3 0}yl
0 0 4] z]

5.18) Tim biéu thirc toa d6 cua dang toan phuong QO trén R® dudi ddy sau khi thuc hién phép
bién d6i twong tng:

a)  O(x;,X,,X3) = 2x,% —3x,° —6x,x, +2x, %, — 4x,x,

1
M=h+2w—5h

Xy =
X3 ==t )3

Yy =X +x, —2x,

Yy =X

Y3 =Xy = X3
5.19)Viét ma trdn ciia dang toan phuong Q trong co s chinh tic cua R®. Pua dang toan
phuong vé chinh tic bang phuong phap Lagrange. Tim mét co s& cia R dé biéu thuc toa do

ciia Q trong co so ndy c6 dang chinh tic:
_ .2 2 2
a) Q()c1 2 Xy ,x3) =x" 5x2 - 4)c3 + 2x1x2 — 4x1x3 .

2 2

b) Q(xl’XZ’xS) = 4x1 + x22 +x37 = 4xlx2 + 4xlx3 —3x2x3.
c) Q(xl’XZ’xS) = X)Xy X Xy + Xy X3

d) Q(xl,xz,xS) = 3x12 + 2x22 — x32 — 2x42 + 2xlx2 - 4x2x3 + 2x2x4.
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Chwong 5. Phép bién doi tuyén tinh & dang toan phwong trén R"

2 2

_ 2
e) O(x ,x2,x3) = 2)c1 + 3x2 + 4)c3 - 2x1x2 + 4)c1x3 — 3)c2x3 .

2 2

2
- 2x2 + 2x3

f) O(x ,xz,x3) = 3x1 + 4xlx2 —3xlx3 —XyX3.

5.20) Tim A dé cac dang toan phuong sau xac dinh duong:

2 2

a) Q(xl,xz,x3) = 5x1 + Xy +/”tx32

+ 4xlx2 - 2xlx3 - 2x2x3 .

2 2

2
b) Q()cl,)cz,)c3)=2)c1 + X,y +3)c3

+ lelxz + 2x1x3 .
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CHUONG I

1.1) a) Bc 4; Az{xeR‘xz —3x+4>0}=(—oo,+oo).

B=(—0,"3-4).
b) A=B=R, .
1.2) a) A\B=C0 < Ixed\BoIxedrxgB<> Az B.
b) xe AuC=>xedvxeC=>xeBvxeD=>xeBuUD
xeAnC=>xeArxeC=>xeBArxeD=xeBnD
c)xeC: *Néuxedthi xeANC=>xecANB=xecB
#NéuxgAdvi xeAUC=>xe AUB=xeB
1.3); 1. 4) Sir dung logic ménh d&.
1.5); 1.6) Dung dinh nghia hoic khao sat v& do thi ham s6
1.7) Chimgtd f'(x)>0,vxeR

1.8) a) V(X,Y,Z)eR®  pt (X,Y,Z)= f(x,y,z) tuong duong v6i hé

2x+ y— z=X
—x+3y-2z=Y c¢o6nghiém duy nhat do d6 f 1a song anh

x+4y+2z=27

b) Dung dinh nghia va tur a)

> 57 357 T35 Y TR TS ST

¢) Dung dinh nghia anh cua anh xa.
1.10) Cho4nhxa f: X — Y cho 4,Bc X va C,DcY.Ching minh rang:
a) AcB= f(4) < f(B).
Tim vi du chung t6 f(4) c f(B) nhung Az B.
+ Véi ye f(4)<3xe Adsaocho y = f(x)
xeAd=>xeB(do AcB)=y=f(x)e f(B) ﬂ‘y
Suyra f(A)c f(B).
+ Xét mot anh xa khac don anh h(x)zx2
A=[=1;0] 5 f(4)=[01]
B=[0;2] ; f(B)=[0:4]
= f(4A)c f(B); Az B.
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+ Néu f don anh thi
g f(Dc f(B)=AcB.
Laybatky xe A= f(x)e f(4)=f(x)e f(B) dof(4)< f(B)
Véi f(x)e f(B) thi Ixe B saocho f(x)ef(B)
Véi gia thiét f don énh nén 3lx € B saocho f(x)ef(B).
D6 chinh 1a phan tt xe A= f(x) e f(4)= f(x)e f(B)
Nghiala xe A= xeB hay f(4)c f(B)= AcB.

1.11) Ky hiéu h=go f lahgpcuahaianhxa f: X > VY, g: Y > Z.
Chtng minh:
a) f,g donanhthi 4 don anh. HD: C/m tryc tiép bang dinh nghia:
cach 1)
vi f donanh: Vx,x, €X; x #x, = f(x) =/ (x,)
vi g don 4nh: F(x)=f(x) :g(f(xl));tg(f(xz))
Do d6 Vx;,x, €X; x #x, =>h(x)=g(f(x))#g(/(x,))=h(x,) nghiala / don anh.
Cach 2)
Vx,x, €X; giast h(x)=h(x,)
= g(f(x))=g(f(x,)) d/n nh xa hop
= f(x)=f(x,) do g donanh
= X =x, do f donanh.
Vxi,x, €X; h(x)=h(x,) = x =x, nghiala /donéanh
b) f,g toan anh thi 4 toan anh. HD: C/m tryc tiép bang dinh nghia:
Vi gtoan anh: VzeZ; JyeY saocho: g(y)=z.
do f toananh VyeY; 3xeX saocho: f(x)=y.
Suyra VzeZ; 3xeX saocho: z= g(f(x)) =go f(x)=h(x).
Vay go f =h latoan anh.
¢) h toan anh thi g toan anh. C/m tryc tiép bang dinh nghia, hodc C/m phan chiing
d) i don anh thi f don anh. C/m tryc tiép bang dinh nghia, hodc C/m phan chimg
e) h don anh va ftoan anh thi g don anh. HD: C/m phan chung:
f) 4 toan 4nh va g don anh thi f toan anh. HD: HD: C/m phan chirng:
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123 4 123 4
1.12 o U= , MoO = .
)G”[2143j ”0(2143j

Lo (12 3 4 L (123 4
o = , M= .
341 2 43 21

CHUONG 11
2.2) a,b,c) Khong phai la khong gian vecto ;

2.3) a) Tién dé 5; b) Tién d& 7.8 ; c) Tién d& 5,8 .
2.4) a,b,c,d) la khong gian vecto ;
e, f) khong phai la khong gian vecto.
20+3+ y=7
2.5) a) Giai hé phuong trinh {3a+78 -6y =-2
Sa+8f+ y=15

= a=1LpB=-5y=0 = v=1ly +(-5u, +0u; ;

. 23 85 1
b) Phuong phap tuong tu v = (_%jul + %uz + (—%j Uy ;

2.6) a) Bai toan twong duong véi viée tim gia tri ctia A dé hé phwong trinh
20+36+ y=17
sau c6 nghi¢m <3a+74-6y=-2 = A=15.
S5a+88+ y=4
b) A#12.
a+ p+ y=0
2.7) a) H¢ phuong trinh Ja+ f+2y=0 co6nghiém a=p=y=0
a+2p+ 3y=0
= (v,5,v;) doc 1ap tuyén tinh nén 1a co s¢ cta R ; x = v, +2v, +3v;.
b) x=v, +v, +v;.

2.8) Thuc hién cac phép bién dbi so cip va ap dung tinh chét ctia hang hé véc to suy
ra:

a) 1a hé sinh cua R?;

b) khong phai 14 hé sinh cia R®.
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a+2p+ 3y=a
Hodc hé phuong trinh <« + 2/ =b
3a =c

luon c6 nghiém véi moi (a,b,¢) eR® con hé phuong trinh tuong tng véi truong
hop b) khong phai luon c6 nghiém véi moi (a,b,¢) eR*.
2.9) a) Hai vecto u,v ti l¢ v6i nhau nén phu thudc tuyén tinh;
Bang hai phuong phap nhu bai 2.9) suy ra:
b) doc 1ap tuyén tinh;
¢) d) phu thudc tuyén tinh.
2.10) a) (a,b,c,0)=a(1,0,0,0) +5(0,1,0,0) + c(0,0,1,0) ;
b) (a,b,a—b,a+b)=a(1,0,1,1)+ 5(0,1,-1,1);
¢) (a,a,a,a)=a(l,1,11).
2.11) a) Hé {v,v,,v} doc lap tuyén tinh nén 1a co sé cia R®;

b) Hé {v,v;,vs} 1acoso; v, =v +vy , vy = v +vs;
212) f-5£=0= f7=5 = ln£=5x — f(x)=Ce™, CeR

2.13) a) a(+v)+ v, —v))=0 = (a+p)vy+(a—-P)v, =0
= a=£=0.
b) a(v,+v,)+ LV, +vy)+y(v, +v3)=0
= (a+ywv+(a+pwv+(B+y)vy=0 = a=p=y=0.
2.14) Ap dunh Tinh chit ctia hang hé véc to.
2.15) V={(-y-zy.2)

v,z eR} ¢6 mot co s 1a {(~1,1,0),(~1,0,1)} ;
W ={(y+zy,2)|y,z €R} comdt co sd 1a {(1,1,0),(1,0,1)};

VOw = {(O,y,—y)|y eR} c6 mdt co so la hé mot vecto (0,1,-1).

CHUONG III
3.1
31) a) (4+B)+C=4+B+C)=|3 6
5 6
-3 2 -1
t -9 8 t
d) 4'B= e)BC'=| 0 7 10
-2 19
-13 4 -11
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HUONG DAN BAI TAP
3.3) A, B, C 14 3 véc to doc lap tuyén tinh trong khong gian véc to A, .

o o[ AH]
omwon= [ 22 9 07
P A S
o2 2L IR T 2

_{2 3} 2° 0_[—7 3}_15-35—14-26 6(2° -3°)
S5 7]o0 LS 2 35.(3°=2°) 15-2°-14.3°

T R e
T an ] e

i=1 \ k=1 i=1

3.8) b) Tr(4B) = Zn:(zn:aikbkiJ (Zbk, ”‘j =Tr(BA).
k=1

c) TrB:Tr(P’lAP) Tr((P A)P) P(P’lA))

= Tr((PP™)4)=Trd.
d) Khong ton tai 4,B vi Tr(4B—BA)=0 nhung Tr/=n=0.
3.11) a)-3 b)-9 c)-10 d) 100.
3.15) Céach 1: Khai trién theo hang thu nhét ta duoc da thire bac 3:
2% + a,x* +a;x+a, =0 c6 cac nghiém x, =2,x, =3,x; = 4.
Céch 2: Pinh thuc trong bai c6 dang dinh thirc Vandermond b?mg:
2-x)3-x)4-x)2

2 9 9 2 9 29 2 9 K
3.16) 9 6 6/=9 6 966(=2319 6 k,|=23k
1 6 1] |[I 6 161 1 6 Kk
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1 a bel] 1 a be+a(a+b+c)—(ab+bc+ca) I a a’
317) o)l b cal=1 b ca+bla+b+c)—(ab+bc+ca)=|l b b

1 ¢ ab | ab+c(a+b+c)—(ab+bc+ca)l || ¢

o

1 a & |l a a3+a(ab+bc+ca)—abc 1 a &
e |l b b|=|l b b +bab+bc+ca)—abe|=(a+b+c)]l b b

1 ¢ & |1 ¢ c3+c(ab+bc+ca)—abc 1 ¢ ¢

3.18) Nhéan —x, voi hang j-1 va cong vao hang j véij=2, 3, ..., n suy ra:

1 1 1

X, X3 X,
D, =(x; —x))..(x, —x})
x2n72 x3n72 xnn72
Tiép tuc qua trinh nay voi —x,, —x;,...,— x,_; ta dugc
n—1 n n k-1
Dn:H H(xk_xi) :H (o —x;) |-
i=1 \ k=i+ k=2\_i=l

3.19) e r(C):{3 néu m#0

2 néu m=0

3 néu m=1
g) (D)= 4 ns :
néu m#1
1—2 -2 4 | 2 -8 4
3.20) a) A’lzz 6 4 -6|; b) B’lza 5 -1 -3(;
2 0 2 2 6 4
7 4 -5 -9 7 -4
o)C =4 2 -3|; dp'=l4 3 2
-1 1 1 3 2 1
m#-—2
3.21) detA=(m—4)(m—-3)(m+2), Akhanghich < detd =0 m#3
m#4
0 5 1 9

3.22) Nghiém X =4'B=|0 3 1 7
1 -1 1 -3

3.23) Quy nap theo 7.
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A Ty
3.24) a) = ;
A "

R N R I LY L
b) = ;
0 4 0 A"

1 -2 2 -2 ,
¢) Pit A= , B= thi A=—I+B, B*=-B
3 -4 3

. 61 -62
Ap dung cau 3.24) suy ra A52_1+3132{ }

93 -94

CHUONG IV
4.1) a) Vo nghiém vi 2 =r(4) < r(Z) =3
b) C6 nghiém vi r(4)=r(4)=4.
4.2) a) (1,1,-1,-1) .
b) (-2,0,1,-1).

4.6) a)Khi m =0 h¢ vo nghiém; m = 0 h¢ c6 nghiém:

4-m 3 Om-16 8 1
xl:—__X3 5 X2: __X3 5 X4:_ .
Sm 5 m

b) Khi m(m+3) =0 hé c6 nghiém duy nhét:

- m(m+3)

( ¥ = 2—m? X 2m—1 x3:m3+2m2—m—1 ]
m(m +3) m(m +3)
Khi m =0 va m =-3 hé v6 nghiém.
4.7) HD a, b, c): - Tinh dinh thitc cia ma tran hé $6.
- Hodc xét hang ciia ma tran hé sb, ma tran bd sung theo m .
- i, ii) Ap dung dinh 1y vé& sy ton tai nghiém, iii) dinh Iy Cramer.
d)1) m=4;11) m = 4;1i1) khong sdy ra .
4.8) Ap dung dinh 1y vé su ton tai nghiém
a) 3a-2b-c=0.
b,c,d) Va,b,c.
4.9) a, =30, - 5as;

4.10) Khong vi dimSpan(S)=3.
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HUONG DAN BAI TAP
4.11) U =span{(1,0,0,0);(0,-1,1,0);(0,~1,0,1)} = dimU =3.
W = span{(1,-1,0,0);(0,0,2,1)} = dim W =2,
UNW =span{(3,-3,2,1)} = dim(U n W) =1.

4.15) HD: trudc hét tim hang ctia ma tran hé s6. Suy ra s6 chiéu khong gian nghiém.
Kiém tra hé véc to nao la hé nghiém va DLTT. b) la hé nghiém co ban.

4.16) a) Hé nghiém co ban {(1,-5,0,0,3);(0,1,0,1,0):(0,1,1,0,0)} ;
Nghiém téng quat ciia hé a) (1+a;1-5a+ B+y;7;B;3a); a, B,y R
b) Hé nghiém co ban {(2,5,0,0,6);(1,—1,0, 2,0);(0,1,2,0,0)} ;
Nghiém tong quat cta hé b)
(1+2a+ B;5a - B+y;1+2y;1+28,-1+6a); a,B,y eR.

011—1/2 a12 A aln
4.17*) a?l 6122 _.1 / 2 : . a%” ¢ 0 )
an %) Gy —-1/2

4.18%) Két hop kién thirc vé ma tran, dinh thuc, dinh ly vé nghiém cua hé phuong trinh dé
chung minh dugc cac két qua sau
+ hé da cho c6 vo sb nghiém phu thudc vao mot an sb.
+ hé thuan nhat twong tmg c6 khong gian nghiém 1a mot khong gian mot chidu va cd
(1,—2,3,—4,5,—6, 7,-8,9,-10,1 1) la mot nghiém .
x, =2003+¢

A o , i i x, =2004 - 2¢
va tr va hé qua dinh 1y 4.6 thi hé c6 nghiém

CHUONG V

5.1) a) ¢) e) 1a phép bién dbi tuyén tinh..

13 4
5.2) a) A:L . _7},

b) f(x,y,z2)=(x+3y+4z,x-7z).
5.3)
a) (5,10) € Kerf .
b) (a,b) € Im f khi va chi khi hé phuong trinh sau c6 nghiém
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2x—y=a A

< b=-4a. Vay (1,4), (-3,12)eIm f.
—8x+4y=>

1 -1 3

5.5) a) 4=|5 6 -4

7 4 2

5

Kerf ={1(-14,19,11)| R},

Im /" ={a(1,0,2) +b(0,1,1)

a,belR}.

Kerf ={1(0,1,0)|  eR}

Im /" ={a(1,0,0)+5(0,0,1)| a,b R} .

2 2 -8
1 6 1
c) A= .
36 -9
1 50
Kerf ={z(5,-1,1)| z eR} ; Im f = {b(-8,1,-9,0) + d(10,0,12,1)| b,d €R} .
1 4 5 9
3 21 -1
d) 4= ;
-1 -1 0 -1
2 3 5 8
Kerf ={t(0,-1,-1,-1)|  eR}.
Im / ={ a(14,0,0,13) + 5(0,14,0,5) + ¢(0,0,1,0)| a,b,c eR}.
3 3 3 111 0 0 1
5.6) A'=T'4T=|-6 -6 —2|,T=1 1 0|,7'=|0 1 -1|.
6 5 -1 1 00 1 -1 0
5.7)

a) {v,v,,v;} doc lap tuyén tinh do d6 1a mot co s6.

b) Gid st f:¥V ——V co matran 4; Ap dung f(u)=Au; YueV. Tl d6 suy ra két

qua
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1 2 1 30 -17 -5
hodc ching minh cong thitc B=AT, T'={2 5 0| =T=|-20 7 2
3 310 -9 3 1

5.13)

a) P(A)=]4-21|; P(A)=-A2-2)"; A=0,v =(L,-1,1);4=2,v, = (1,0,1).

b) cotl - cot3 — cotl = P(1) = (8 —A)(1+ 1)*;
A=-1,v, =(1,-2,0),v, =(0,-2,1);4 =8,v; =(2,1,2).

c)-cOt2 +cot3 — cot3 = P(L)=-CB-1)2+A1)(A-1);
A=-2,v,=(0,1,-1); A=3,v, =(5,1,4);A=1,v; =(3,-12).

d) hangl - hang2 + hang3 — hangl = P(1) = 3-A)(1+ 1)*;
A==l =(1,2,1);4=3,v, =(1,2,2).

e) P(A)=@2-2)*; 2=2;v, =(1,1,-1,0),v, = (0,0,1,1).

5.14)

a) P(A)=|4-AI

;s P(A)=(2-4); 7, ={x(1,2,0)|x eR} , dim¥, =1<3.

b) P(A)=|4-A1|; 3cotl +cot2 + cdt3 — cdt3 = P(A) =—(1+A)’;

V. ={ »(2.1,0)+2(5,0,1)

y.zeR} , dimV, =2<3.
c) cotl +2cot2 — cotl; -3¢ot3 + cot2 — cot2 = P(1)=-1°;

Vo ={ x(1,0,6) + ¥(0,1,-3)

x,yeR}, dimV, =2<3.
d) cotl + cot2 + cot3 — cotl = P(1) = (1-)A%;
Vo ={»(1,2,3)|yeR} , dimV; =1<2.
5.15)
a) P(A)=[4-2l|; hl +h2-h3 > h3 = P(2) =(1-)(2-)3B-1);

21 1 1
P=[1 1 -1|, P"'4P=|0
3 2 0

0
0].
-1 3

S NN O

b)cl +c2+c3 > c3 = P(A) =—(1+A)(1-21)*;

-1

0
0 0
1

~
Il
S = N

3
5|, P'aP=
6

S O
S = O

-1
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¢)hl-h2+h3 > hl = PA)=(1-)2-1)(3B-1);

11 1 1 0 0
P=|2 1 2|, P'aP=|0 2 0].
1 0 1 0 0 3

d)hl-h2+h3 > hl = P(A)=(4-1)Q2+21)*;

1 10 4 0 0
P=|1 1 1|, P'aP=|0 =2 0
2 0 1 0 0 -2

e)cl+c2+c3 - cl = PA)=(1-2)2-1)%;

11 3 1 0 0
P=[1 0 1|, P'aPp=l0 2 0
1 3 =3 00 2

5.16) Dung thuat toan Lagrange.
5.18) Biéu thurc toa do cua dang toan phuong tuong Gmg
a) O(y,¥2,¥3)= J’12 - 7)’22 + y32-

b) OWi.y2.¥3) =y +4y," =5y,
5.19) Ap dung phuong phép bién ddi Lagrange ta dugc:

x| [1 -1 521 »
a)|x, |=10 1 =1/2]y|;
x| |0 0 1 V3

b)|x|=| 0 1 1 }yl;

X 1 1 -1 »
) |x =1 =1 =1{iy|;

X3 _0 0 1 B2

Q(yl,yz,y3)=y12 —y% _J/32-

X 1 -1/3 0 0|y
d)x2:0100y2_

x|l [0 =2 1 0f»|’

X0 [0 =12 0 1]y,
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2

37
O35, 73) =331 e —y3 —2yj.

e)[x (=10 1 0 |y|;
X3 0 1/4 1 ||

21
O(31,32,33) =207 +§y§ ~2y3.

X 1 0 0 ||y

f)|x, (=910 1 -1/3| »|;
x| Y5 0 1|y

49 5
Q(yl,yz,y3)=ﬁyf—2y§+5y§-

5.20) a) A>2; b)|A[<53; ¢ -4/5<1<0; d)|4<2.
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