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CHUONG 1

GIG1 HAN HAM MOT BIEN

1.1 Céc khai niém co ban ham mot bien
1.1.1 Biénso
1.1.1.1 Dinh nghia

~ Bién s6 (hay duoc goi tat a bién) 1a mot ki higu ma ta c6 thé gan cho né mot so
bat ky thuoc mot tap s6 X = cho truéc (X < R). Tap hop X duoc goi la mién bien
thién va mdi s6 thuc x, € X dugc goi 1a mot gia tri ctia bién sé do.
Ky hiéu: x, v, z,
Mot bién chi nhan mot gia tri duy nhit duoc goi 1a hing sd.
1.1.1.2 Céc bién sé trong kinh té

Trong linh vyc kinh té nguoi ta quan tam dén cac dai luong nhu: gia ca, luong
cung, lugng cau, doanh thu, chi phi, thu nhap quoc dan, ty 1€ lam phat, ty 1€ that nghiép. ..

Khi phan tich xu hudng thay ddi tri sé cua cac dai lugng do theo khong gian, thoi
gian va theo cac diéu kién khac nhau, cac nha kinh té xem chang nhu céc bién sé.

Céc bién sb d6 duoc goi 1a bién sb kinh té.
Mot s6 Ky hiéu thuong gap:
P: Gid hang hoa (price);
Q: San Iugng (Quantity);
Q, : Luong cung (Quantity Supplied);
Q, : Lugng cau (Quantity Demanded);
TC: Tong chi phi (Total Cost);
TR: Tong doanh thu (Total Revenue);
7 . Lol nhuan
I: Thu nhap qudc dan (National Income);
C: Tiéudung (Consumption);
S: Tiét kiém (Saving);
1.1.2 Ham sb va mién xac dinh ctiia ham sb
Mot ham s f xac dinh trén mot tap hop X <R 1a mot quy tic dit twong wng moi
so thuc X e D va&imot va chi mot so6 thuc y.
Tap hop D duoc goi 12 tap xac dinh (hay mién x4c dinh) cua ham séf .
S6 y twong (ing Vi s6 X duoc goi 1 gid tri ciia ham s6 f tai diém x. Ky hiéu: f(x).

Tap f(D)={f(x):xeD} goi latap gia tri cua ham s f.



Ch:J g Ta thuong viétham s6 y = f (x) hay f(x) vax la bién doc Iap hay doi so;
e Néuham so duogc cho bgi biéu thic gidi tich y = f (x) ma khong ndi rd tap xac
dinh thi mién xac dinh 1a tap hop moi s6 thyc lam cho biéuthic f (x) c6 nghia.
Vi dy 1.1.Ham s6 f(x)=In(x* ~1) co x4c dinh Ia
D= {x‘x2 -1> O} = (—o0;—-1) U (L +o0).

Xx>1

Ham sé y=+/x* =1 comién xac dinh 1a xz—lzoc{ 1
X__

1.1.3 Db thi cia ham s6

Do thi ciia ham s y = f (x) latap hop tat ca cac diém M (x,y) cua mat phang
toa dd Oxy co6 hoanh do x 1a mot s6 thuc bat ky lay tir mién xac dinh cta ham sé va
tung do y 14 gia tri twong ung ctia ham sé tai diém x.

Cho ham sé f (x) xdc dinh trén D. Khi d6 tap G, ={M(x, f (x))|x D} goi la
do thi ham s6 f (x).

Do thi f (x) la mot duong cong trong mat phang Oxy.
Cong thuc y = f (x) con dugc goi 1a phuong trinh ctia dd thi.
Vi du 1.2. Him y = x> ¢6 db thj 1a dudng parabol

Ham y =x*, x [0, 2] ¢6 do thi 1a mot cung parabol.

yA YA

o| > of 2
1.1.4 Ham sb so cap va cac phép toan trén ham sé
Ham sé so cdp co ban
(1) Ham séhang y =c (c 1a hang sd).
(2) Ham so iy thira: y =x* (a € R)
(3) Hamsémi: y=a* (a>0va a=l)

(4) Ham sélogarit: y=log, x (a>0va a=1).



(5) Cacham lugng giac: y=sinx, y=cosx, y=tanx, y=cotx.
(6) Cacham lugng gidc nguoc:
y =arcsinx, y =arccosx, y =arctanx, y =arccotx.
Ch y: Trong giai tich toan hoc cung va géc ludn ludn duge do bang Radian.
Cac phép toan trén ham sé
Gia str cac ham s6 f(x), g(x) c6 cuing tap xac dinh D, ta co:

(f( (x))=f(x)+g(x), vxeD.
((0-8(3)= 1 (0 9(x) <.
[ ] = f(x).g(x), vxeD.

(£ (0/9(0) =5 Ve Dza(x) <6

af (x)=a.f(x), YxeD,aeR.

Vidu 1.3.Cho 3 ham sé f(x)=2x*+1 g(x)=+/x, h(x)=x+1. Xac dinh ham s6
(f(x)—-3g(x))/h(x) vamién xac dinh cia no.

Giai
(f(x)-3g(x)) 2x2-3Jx+1
h(x) 0 x+1
> x>0
Mién xac dinh: { < x>0,
X+1#0

1.1.5 M@t so dic trung ciia ham sé
1.1.5.1 Ham sé chdn va hamsé lé

Cho ham s6 y = f (x) c6tap xac dinh D, véi xe D, —x e D, taco:
o fduocgoi lahamsd chdnnéu f(-x)=f(x), vxeD.
Do thi ctia ham s6 chan d6i xang qua Oy.
e fduocgoi lahamsolenéu f(—x)=—f(x), ¥xeD.
Do thi cua ham s 1é dbi xirng qua goc toa do.
Vi du 1.4.Cacham s6 f(x)=x*, g(x)=cosx (x € R) la cac ham s6 chén:
f(—x)=(-x)" =x* = f(x), VxeR;
g(—x)=cos(—x)=cosx=g(x), VxeR.



Vi dy 1.5.Cacham so f (x)=x%, g(x)=sinx (xeR) lacac hamsé l¢:
f(—x)= (—x)3 =—x"=—f(x), ¥xeR;
g(—x)=sin(—x)=-sinx=—g(x), VxeR.
1.1.5.2 Ham sé don diéu
Cho ham s6 y = f (x) x4c dinh trén (a; b)
o Néux,x e(a;b)ix <x = f(x)<f(x) thi f(x) dugcgoila ham ting hay
ham sb dong bién.
o Néu x, % e(ab):x <x,= f(x)>f(x,) th f(x) duoc goi la ham giam
hay ham sé nghich bién.
Ham s6 tang hoic giam duoc goi chung 1a ham sé don diéu.
Vi dy 1.6. Him s6 f (x)=x 1a ham don diéu ting trén khoang [0;+c0) va don diéu
giam trén khoang (—0;0]:
VX, X, €[0;400) 1% < X, = X < Xs;
VX, X, € (—0;0] 1% <X, = X > X;.

Vi du 1.7. Him s6 f (x) _1 don digu giam trong khoang (0; +oo):
X

VX, X, €(0;400) 1% < X, SNE RN
X2
1.1.5.3 Ham sé bi chan

Ham s f (x) dugc goi la ham bi chan trong D néu ton tai cac hang s6 m va M sao

cho:
m<f(x)<M vxeD.
e Hamsd f(x) duocgoilaham bi chantrénnéu: IM : f (x)< M, vx;
e Hamsé f(x) duocgoi [a ham bi chin dudinéu: IM : f (x)>m, Vx,

Chay: Ham sé f (x) bichankhi va chi khi f (x) bi chan trén va bi chan dudi.
Vidy 1.8.Ham s6 f(x)=x*+a (xeR) laham bi chan dusi:
f(x)=x*+a>a, VxeR.
Ham s6 f(x)=-x*+a (xeR) laham bichan trén:
f(x)=-x*+a<a, vxeR.

Ham sé f (x)=sinx (xeR) laham bjchin: -1<sinx<1, vxeR.
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1.1.6 Céac ham trong phan tich kinh té
1.1.6.1 Ham cung va ham cdu

Khi phén tich thi truong hang hoa va dich vy, cac nha kinh té sir (dung khai niém
ham cung (supply function) va ham cau (demand function) dé biéu dién su phu thuoc
cua luong cung va luong cau ddi vai mot loai hang hda vao gia cua hang hoa d6. Him
cung va ham cau c6 dang:

Ham cung: Q, =S(p),
Ham cau: Q, = D(p),

trong d6: p la gia hang hoa;
Q, 1a luvong cung (quantity supplied), tirc 1a lugng hang hoa ma ngudi ban
bang long bén:;
Q, lalugng cau (quantity demanded), tic 1a lwong hang hoa ma ngudi mua
bang long mua.

Trong thuc té, néu gia P tang thi lwong hang san xuét ting (lugng cung ting) va
nhu cau san pham giam (lugng cau giam). Nhu vay, ham cung la ham don diéu tang,
con ham cau 1a ham don diéu giam.

Ham nguoc ciia ham Q, =S(p) la ham cung:
Q =S(p)=p=57(Q).
Ham nguoc ciia ham Q, = D( p) la ham cau:

Q,=D(p)e= p=D"(Q,).
1.1.6.2 Ham sdn xuat
Ham san xuat ding dé mo ta sy phu thudc cua san lugng hang hoa ciia mot nha
san xuat vao luong lao dong duoc st dung.
Ham san xuét cé dang: Q =Q(L) ,

trong d6: L 1a lugng lao dong dugc st dung (Labor);
Q la muc san lugng tuwong ng.

Cha y: San lugng Q va luong lao dong L duge do theo ludng (flow), tirc 1a do dinh ky
(hang ngay, hang tuan, hang thang, hang nam,...)

1.1.6.3 Ham doanh thu
Ham doanh thu 1a ham sé biéu dién sy phu thudc cua téng doanh thu (TR) vao san
luong (Q) va dugc xac dinh béi ham sau:
TR=TR(Q) .
e Tong doanh thu cuanha san xuat canh tranh Ia:
TR=TR(Q)=P.Q , véi P la gia san pham trén thi truong.



e Dbi voi nha san xuat doc quyén, tong doanh thu duoc xac dinh theo céng thic:
TR=D"(Q).Q, v6i D*(Q) la ham cau nguoc.
1.1.6.4 Ham chi phi va ham lgi nhudn

Ham chi phi 12 ham biéu dién su phu thudc cua tong chi phi (TC) san xuit vao san
lwong va dugce xac dinh bai ham sau:

TC =TC(Q)
Ham loi nhuan 1a ham so bicu dién sy phy thudc cua tong loi nhuan () vao san
luong va dugc xac dinh nhu sau:
7 =7(Q).
Ham loi nhuan c6 thé duoc xac dinh thdng qua ham doang thu va ham chi phi:
7=TR(Q)-TC(Q).
1.1.6.5 Ham tiéu dung va ham tiét kiem

~ Ham tiéu dung biéu dién sy phu thudc cuaa bién tiéu dung C (Consumption) vao
bien thu nhap quoc dan | (Income), dugc xac dinh nhu sau:

C=C(1).
Khi_thu nhap tang ngudi ta c6 xu hudng tiéu dung nhiéu hon, do d6 ham tiéu dung
la ham dong bién.

~ Ham tiét kigm Ia ham s6 bicu di&n sy phy thugc cua bién tiét kiém S (Saving) vao
bien thu nhap:

s=s(1)=1-C(1).
1.2 D&y sé - Mt sé bai toan vé [ai suat
o Dy s6 1a mot dy liét ké cac sb thuc theo thir tur nhu sau: X, Xy, Xgyev, X ...
Ky hieu: {x,}.

limx, =a néu giatri x_ gan a, vn dualén.

e Vai gigi han quan trong

i) |g/<1=Ilimg" =0.

n—o

i) |q|<1:>|im(1+q+q2+...+q“):|im 1-g™ 1
n—w Nosoo 1_q 1_q

i) lim 1+E =lim 1+1+£+...+l =e, e~ 2,71828.
n—o n n—>o 1 21 n!



1.2.1 DAy céap sb cong va cong thire 1ai don
Day s6 {x,} goi la ddy cap s6 cong véi cong sai d néu
X, =X _,+d, vn.

Hay x, =X,+nd, Vvn.

Nhgn xét. S, =X, +X +...+X, = g(xO +X,)= g(ZXO +nd).

Gia st ta cho vay khoan vén v, vai 1di suat mdi ky Ia r trong vong n ky va cudi
mdi ky 1ai duoc rt ra chi dé lai vén v, cho ky ké sau.

Cach tinh 1ai nhu vay goi 1a cach tinh 1ai don.

Sau n ky cua lai don, lgi tac la n(v,.r). Taco

Tong gid tri dat duoc [a: v, =V, +n(v,.r).

Vi cach tinh 13i don, von ban dau v, I4i suatr, s6 ky tinh 14i n.

Day tong gia tri {v,} la ddy cap s6cong cuacong sai d =v,r.

Vi du 1.9. Cho vay mét luong von la 10 tri¢u dong véi 1 suat 1a r=1% trén thang.
Sau mot nam 8 thang (20 ky), tong gia tri la bao nhiéu?
Giai
Vyo =V, +20.(V,r) =10+20.(10.(0,01)) =12 (tri¢u ddng).
1.2.2 D&y cip s6 nhan
Day sb {x,} goi la day cap sb nhan véi cong boi g néu

X, =X 4.0, ¥Vn
Hay x. =x,.q", Vn. (1.2)
Tong n s hang dau cua cap sé nhan dugc tinh theo cong thire (voi gia thiét g =1):
_ qn+l
1-q

Mt cAp sb nhan véi cong boi c6 gié tri tuyét ddi nho hon 1 (|a| <1) dugc goi 1

S, =Xy X +..+ X, =X,

cap s6 nhan 10i vé han. Trong trudong hop ndy q" — 0 thi n— -+, do do:

Gidi han cua ddy s6 S, duoc goi la tong tat ca cac s6 hang cua cap s6 nhan 10i vo
han. Ta co thé viét;

. X

— — — 0
S_Exn_x0+x1+...+xn+..._1 .
n=0 -q



1.2.3 Tinh gia tri hién tai va gia tri twong lai ciaa tién té
~ Giasirban c6 1 khoan tién A dong giri vao mot ngan hang nao d6 véi mot muc |ai
suat r co dinh thi sau mot khoang thoi gian ban sé nhan dugc mét khoan tien 1én hon la:
B = A + (tién l4i).

Ngudoi ta goi khoan B dong do 1a gia trj tuong lai cua khoan A dong hom nay.
Nguoc lai, A la gia tri hién tai caa khoang B dong ma ban sé c6 duogc trong tuong lai.
Gid st ban c6 mot khoan tién A dong thi sau mot ndm, véi I4i suatr mot nam, ban s co
mot khoan tien gop ca lai lan goc la:

Bi=A+rA=A(+r). (1.2)

Nhu vay, néu tinh gop tién 14i vao tién gbc thi ctr sau mdi nam sb tién ciia ban s&
duoc nhan thém boi so q =1 + r. Goi Bt 1a 6 tien ban sé& ¢6 sau t nim, ta c6 mot day so
nhan véi cong boi g =1 + r. Theo cbng thac (1.1), ta co:

B =Bo.q'=A.(1 +r), (1.3)
trong d6 Bo = A 1a khoan tién ban c6 hom nay.
Gia tri twong lai ctia A ddng ban c6 hdm nay sau t nim duoc tinh theo cong thic:
B=A(l +r) (1.4)

_ Dao lai cong thuc (1.4), ta dugc cong thuc tinh gia tri hién tai cia mot khoan B
dong ma ban sé nhan sau t nam:

A=B(l+r)" = (1.5)

(1+r)
Vi du 1.10. Gia sirban ¢6 100 (triéu dong). Ban dem guri ngan hang vi 1ai suat r =10%
trong mot nam. Hoi sau 2 nam ban dugc bao nhiéu tien?
Giai
Goi B la gia trj twrong lai cua tién (Future Value).
A 14 gi4 tri hién tai cua tién (Present Value).
r 12 13i suat chiét khau.
Sb tién dau tién co: A =100 (triéu dong).
LAi suat: r=10%=0,1
Theo cong thie (1.2), sau 1 nam ta co:
Bi=A+Ar=A1+r)
=100.(1 + 10%) = 110 (triéu dong)
Theo cong thirc (1.3), sau 2 nam sb tién ban c6 duoc Ia:
By = A(L + r)?
=100.(1 + 10%)? = 121 (triéu dong)
Vay néu ban giri ngan hang 100 (triéu dong), sau 2 nim ban s& c6 121 (triéu dong).



Vi du 1.11. M6t dy an dau tu doi hoi chi phi hién tai 100 (triéu ddng) va s& dem lai 150
(triéu dong) sau 3 nam. Vi 1di suatthinh hanh 8% mot nam, ta thir danh gid xem c6 nén
thuc hién du an d6 hay khong?
Giai

Dé danh gia du n, ta tinh gia trj hién tai cua 150 (triéu ddng) s& thu vé sau 3 nim.
Theo c6ng thic (1.5) ta cé:

A =150.(1 + 0,08)3 ~ 119,075 (triéu dong).
Nhu vay, viéc thuc hién du an s& dem lai mot khoan loi 19,075 (triéu dong).

Mot cach khac dé danh gia du an 12 so sanh gia tri twong lai sau 3 nam cua khoan
chi phi 100 (tri¢u dong) bo ra hdm nay vai khoan 150 (triéu dong) thu vé sau 3 nam.

Theo cong thirc (1.4), gié tri twong lai sau 3 nim cua 100 (triéu déng) bo ra hdm nay la:
Bz = 100.(1 + 0,08)% = 125,971 (tri¢u dong).
Tathay Bs < 150 (triéu ddng). Vay, tién hanh dy an la c6 loi.
1.2.4 Ky khoan va cac gia tri cia cac ludng vén
Ky khoan 1a cac khoan tién tich gop déu din theo dinh ky (hang thang, hang quy,
hang nam,...). Ky khoan dinh ky hang nam dwoc goi la nién khoan hay nién kim.

Vi du 1.12. Céc khoan tién ndp doan phi hang thang, cac khoan tién thanh toan cho mot
hang hoa theo phuong thuc tra gop,...

Gia sir mot du an du tu sau mot ndm s& dem lai cho ban déu din mot khoan thu
nhap B moi nam va lién tiép trong n nam sau d6. Véi lai suat r/nam thi gia tri hién tai
cua khoan B la bao nhiéu?

TacOB=B;=B;=.. =B,.

Khi do, gia tri hién tai cia khoan B sau
1 nam: A; =B1.(1+1)?
2 nam: Ay =B,.(1+1)?

nnam: A, =Bn.(1+1)"
Nhu vay, sau n nam thi gia tri hién tai la:

B 1 1 1
A=A+A +...+A _B(1+1+r+(1+r)2 +m+(1+r)”}

. 1 1 1 PV S GV : .
Taco 1+ + >+t — la cap so nhan véi cong boi q:i. Khi do:
I+r (1+r) (1+r) 1+r

1

1+r)"

A=B ()
r



Vi du 1.13. M(f)t’du an dau tu sau mot nam s& dem lai cho ban fiéu dan 500 (triéu d‘(k)ng)
MOi ndm, lién ti€p trong 10 ndm sau d6. Hoi rang véi lwong von phai dau tu ban dau la
bao nhiéu thi ban co thé chap nhan du an d6 trong dicu kién Iai suat 10% mot nam?
Giai ‘

Gia tri hién tai cua luong thu nhap:

500 500 500
= +..+

- + 2 1A 1\0
1+01 (1+0,) (1+0,1)

11 11
= 500.( 1.1 ot : j =500. ~ 3072,2836.

Vay duy &n chi ¢6 thé duoc chap nhan néu s6 von phai dau tu ban dau nhé hon 3072,28
(triéu dong).

Vi du 1.14. Gia st ban dinh mua mét chiéc xe mdy theo phuong thuc tra gép. Theo
phuong thirc nay, sau 1 thang ké tir khi nhan hang ban phai tra déu dan mdi thang mot
lwgng tién nhit dinh, lién tiép trong 24 thang.

Cira hang ban xe dua ra cac diéu kién:
- Néumua xe tra ngay, gia xe may vao thoi diém ban mua 1a 30 (triéu dong)
- Néu tra trong vong 24 thang (2 nam): mdi thang tra: 1,5 (triéu dong).
- L&i suat vay ngan hang 1%/thang.
Ban s& ddng y mua tra gop vai so tién tra hang thang 1a bao nhiéu?
Giai ‘
Goi a la khoan tien phai tra hang thang.
B la gia tri hién tai va B = 30 (triéu dong)
Dong tién déu trong 24 ky thanh toan 1a: a > 0.

. a a a 1 1 1
Taco B= + >+t —=al —+ et
1,01 1,01 1,01 1,01 1,01 1,01

1,21{“(121}24}

1,01
Viéc mua tra gop sé& trong duong Véi viéc mua tra ngay néu:
B=21,24a=30 < a= 304 ~1,4124.

Vay ban chi dong ¥ mua tra gép véi diéu kign s tien chi tra hang thang nho hon 1,41
(triéu dong).
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1.3 Giéi han ham s6
1.3.1 Gié6i han cia ham sé tai mét diém

Cho ham sé f(x) xac dinh trong mot lancan cua x, (O thé trir diém x, ). S6 thuc
a dugc goi 12 gisi han cua ham s6 f(x) khi x — x,, néu:

Vg>0,35>0:0<\x—x0\<5:>‘f(x)—a‘<£.

Ky higu: lim f (x)=a.

Gigi han ctia ham s f(x) khi x — x,, néu c6 1a duy nhat.

2

Vi du 1.15. Ching minh ring lim X2 =2,

x->1 x—1

Giai
x? -1

Khi x —>1thi x=1nén: |f(x)-2|= .
X_

—2‘ =|x-1]. Vay

Ve>035=¢:0<|x-1]<5=|f(x)-2|<e.
2
Dodo limX=2_2
x->1 x—1

1.3.2 Gidéi han mot phia

Tagoi sb a la gisi han trai (bén trai) ciia ham s6 f(x) khi x — x, néu:
Ve>0,35>0:0<x,-x<5=>|f(x)-a<e.

Ky higu: lim f (x)=a.

Tagoi sb a la gisi han phai (bén phai) caa ham sé f(x) khi x — x, néu:
Ve>0,35>0:0<x-x, <5 =|f(x)-a|<e.

Ky higu: lim f (x)=a.

X—>Xg

lim f (x)=a< lim f(x)=lim f(x)=a.

Nlla.llxet. X X 0 X—Xo

Giai
Khi x—= 0" thi x>0, nén f(x)=2x+1. Vi vay:
lim f(x)=lim(2x+1)=1.

x—0* x—0"

11



Khi x =0 thi x<0, nén f(x)=x-3.Vivay: lim f (x)=lim(x-3)=-3.

x—0" x—0"
Vay khong ton tai lim f ().
1.3.3 Céc tinh chat va cac phép toan
Néu lim f (x)=a va limg(x)=b thi

X—Xg X—Xo

fim[ £ (x)%g(x)]=lim f (x) lim g(x) =a+b;

fim[[£(x)-9(x))=lim £ (x).Jim g () =a:
lim f (x)

jim ) oo Y

=% g(X) )!erxlg(x) b

Mét sé gidi han co ban

im*™ oy im 2oy im0 ragian)
X x—0 X x—0 X 2
lim arcsin x _1 lim arctan x _1
Xx—0 X x—0 X
. In(1+x . log. (1+x
lim ( ):1; lim 9. ( ): L (0O<a=1);
x—0 X x—0 X |na
limE _1=1' im®~==a (0<a=1);
x—0 x—0 X
. kY . K
I|m(1+ j —I|m 1+x) =e; I|m(1+—j :Ilm(1+x)x=ek;
X—>0 x—0 X—>00 X x—0
( ) —a (a e R).

Nhgn xét. Két qua cua gidi han khong phu thuoc vao bién lay gici han. Vi vay, ta c6 the
doi bien trong qua trinh tinh gidi han.

Vi du 1.17. Tinh cac gi&i han sau:

a) IimS'nSX; b) lim3 =2,
x—0 X x—0 X
Giai
)I sin5x _lim5 sSin5x _5lim SIN5x _51_5
x—0 5X x—0 5X
b) lim>——2 :Iim[s -1 2 _1J=In3—ln2:ln§.
x—0 X x—0 X X 2

12



1.3.4 Phwong phap tinh giéi han

Tathuong gap cac dang vo dinh nhur sau: oo —oo; — 9

OO
gii han c6 dang vo dinh, ta can bién ddi dé khtr dang vo dinh.

:0%; 0.00; 0°; 1”. Khi gap mot

1.3.4.1 Tim IXme me((x)) (dang —)

Trong do:

P,(x)=a,x"+a, X" +..+aX+a, (a,=0) ladathic bacn (ky hiéu: degP, =n).

Qn(X)=b X" +b, X" +...+bx+b;, (b, #0) ladathuc bac m (ky hiéu:degQ, =m).
Khir dang vé dinh ndy bang cach chia P, (x) va Q, (x) cho bac cao nhét cua x*,

k =max{m,n}. Co thé ap dung cho truong hop trong phan thirc ¢6 chira can thirc.

Vi du 1.18.

1 1
XX+ . 1+P+F 1
a) lim—; =lim == =00,
s xP+2 e 10200
3
X X
9 1 1
2x% +x+1 +;+?
b) lim==—, = 5 =2.
or X042 - 1+2
X
c) lim Jx =[im ! =1
x+\/x+\/§ 1 1
1+, =+,
X \Vx
Nhgn xét. Tir cach giéi cac vi du trén ta c6 thé rat ra nhan xét vé két qua caa giéi han
P
I|mQ (( )) (dang )du:avao degP, =n va degQ, =m nhu sau:

R(X) _|a,

lim

=+Q,(x) |[b,

1.3.4.2 Tim IIm Aty (dang—)

~2Q,(X)

Trong do: P, (a)=Q,(a)=0, tuc la X=2a la nghiém cua da thuc P,(x) va
Q, (x). e khur dang vo dinh nay ta phan tich P, (x) va Q, (x) thanh nhan tu, trong d6
c6 nhan tr chung la (x — a).

13



Vi dy 1.19.

2 _ — _
) lim X2 (DX =2) g x-1
o2 x*—x—-6 =2(x-2)(x+3) =2x+3

1 1
3 _1lx—4 . 3(X_4)(X+3j . 3(“3) 13
b) I|rr41 =lim =lim =—.

x?—16 ot (x—4)(x+4) =t x+4 8

1
.

1.3.4.3 Gidi han ciia biéu thivc cé chiva diu cin

Ta c6 thé nhan véi luong lién hiép dé khir can dong thoi cling khir dugc dang vo
dinh. Hai lugng lién hop thuong dung la:

(VA-VB)(VA+B)=A-B
(%—%)(%/?# AB +%/?)=A—B

Vi dy 1.20.

a) lim (m_x) _im (x/m_x)(mﬂ)

X0 X X+ X+14X
1+~
:nm\/z“l - lim X :%.
X“+X+1+X \/1+1+2+1
X X
S—2 . (x=2)(¥x+2) x—4

b) lim XX —% _ |im —lim

Ex =16 0 (x—a)(x+4)(Vx+2) 0 (x=4)(x+4)(Vx+2)

. 1 1
=lim =—.
H“(x+4)(\/§+2) 32
1.3.4.4 Giai han co dang vé dinh 1”
Tabién d6i dé dua vé dang cong thirc sau:

||m I:u (X):Iv(x) _ eXILTo[u(X)fl]V(X)

X=Xy

trong do: lLrpou(X) =1 va limv(x)=co.

X—>Xp

Vi du 1.21.

Iimsm2x Iim2.sm2x

1 lim(1+sin2x-1) 2
X — exao X :exao 2x — e .

a) lim (1+sin2x)x =~

X k
b) |im(1+5j —Iim[(1+5jk] e~
X—>0 X x—0 X

14
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Tirvi du vira néu trén, ta c6 thém cong thirc mé rong nhu sau:

X k
Iim(1+5J =lim(1+x)x =e".
X—>0 X x—0
1.3.5 V0 cung bé, vé cung lén
1.3.5.1 Vo6 cung bé

Bicu thirc ar(x) dugc goi 1a v cuing bé (VCB) khi x — X, néu lime(x)=0.

X—>Xy
Vi du 1.22.
a) sinx laVCBkhi x—0 vi Iirrgsinx=0 :

b) sinx—1 1aVCB khi x—>% vi lim(sinx—1)=0.

z
X—>=
2

C) e 1AVCB khi X —  vi lime™ =0.

X—>00

d) In(x+1) laVCB khi x—0 vi Ixingln(l+x):0.

‘ f
Cho (x),g(x) 1a hai VCB khi x> X, . Gid sir ton tai |im£:k.
X—>Xg

e Néuk=1th f(x)va g(x) la hai VCB tuong duong khi X — X,. Ky hiéu:
f(x)~g(x).
e Néuk =0thi f (x) goi 1a VCB cap cao hon g(x) khi x —x,.
e Néuk=1 k=0 thi f (x) va g(x) la hai VCB cung cp.
Vi du 1.23.

oy SINX i :
a) Taco: Im;n—:1:>smx~x khi x — 0.
X—>! X

2
b) Ta co: |iIT01X— =0 nén x* cap cao hon x.
x—=0 ¥
VCB twong dwong

Cho a(x)— 0 khi x— 0 ta c6 cac cap VCB tuong duong sau:

SiNX ~ X; arcsin X ~ X;
tan X ~ X; arctan X ~ X;
In(1+x) = x; e —1xX;
X2
1-cosx~—; (1+x)" -1= ax.

15



1.3.5.2 V6 cung lén

Biéu thic a(x) duoc goi la vé cuing lon (VCL) khi x — x, néu yrpo\a(x)\ =+,

: . 1
la VCB, nguoc lai a(x) 1aVCB thi ——

D& thay rang néu a(x) 1a VCL thi
a(X) a(X)

A VCL a(x)=0.
Vi du 1.24.
a) x 12 VCL khi X — o0 vi lim|X| = +o0.

X—>0

b) X* +1 1a VCL khi X = o0 vi lim(X* +1) =+,

X—>0

c) e 1aVCL khi x — 40 vi lim e* = +o.

X—>+0

d) Inx la VCL khi x = +o0 vi limInx=+w,

X—>+00

&) L 1aVCL khi x -0 vi lim|

= =+o0,
X X—)OX

VCL twong dwong:
Khi x — oo thi ta cé:

P(x)=ax"+a,_x""+...+ax+a, ~ax" (a, #0).

Vi du 1.25. Tinh cac gigi han sau

. sin5 . XIn(1+x
a) lim>m>X. b 1im XM AX).
x>0 gIn X x>0 1 —C0SX
Giai
a) Khi x — 0, thi ta c6: sin5x ~5x; sinx~ x.
im 32X _ jim 2X  jim5 =5,

x>0 SN X x>0 ¥ x—0

2
b) Khi x — 0, thi ta c6: In(1+x) ~ x; 1—cosx~x?.

xIn(1+x) X.X

Iim————~ = —=2.
x—0 1—COSX x—0 L
2

Vi du 1.26. Tinh
2 2
a) I = lim \2X +3x+5; b) J = lim \2X +3x+5.
X—>-+0 Ex+1 X——0 5x+1

16



Giai
a) Khi x — o0, ta co:

J2X? +3x+5 N J2xt N2x 2

5x+1 5x 5x 5

V2

Suyra | = )
y 5

b) Khi x — —0, ta cé:

J2x2 +3x+5 ~ J2xt  —2x 2

5x+1 5x 5x 5

Suyra | = —Q.
5
1.4 Ham s lién tuc
1.4.1 Ham sé lién tuc tai mot diém
Cho ham sy = f(x) xac dinh trén khoang (a;b), x, € (a;b). Ham s6 f(x) duoc goi
la lién tuc tai o néu lim f (x) = f (x,).

X=X

Nhgn xét. Néu ham sb khong lién tuc tai xo thi dwgc goi 1a gian doan tai x, .

In(1+x)
, , ‘n ) \ Z ,X;tO .
Vi du 1.27. Xét su lién tuc cia ham s6 f (x) = X tai x,=0.
1 ,X=0
Giai
Tacoham sé f (x) xac dinh tai x = 0. Mat khac, f(0)=0
fim £ () = lim M) _
x—0 Xx—0 X

Suy ra lem f(x)=f(0)=1. Vay f(x) liéntuctai x,=0.
Cho ham s y = f(x) xc dinh trén khoang (a;b), x, e (a;b).
e Hamsb f (x) duoc goi 1a lién tyc trdi (bén trai) diém x,, néu:

lim f(x)=f(x,).

X=Xy~
e Himsd f (x) duoc goi la lién tyc phai (bén phai) diém x,, néu:
lim f(x)=f(x,).

X—%y"
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Ham sé f(x) lién tuc tai diém xo khi va chi khi f(x) lién tyc trai va lién tuc phai tai
X,. Tacla: lim f(x)=lim f(x)=f(x)).

X=Xy~ X—>Xy"

2x°+2 ,x>1

Vi dy 1.28. Cho ham s6 f(x):{z Lyt
mx—-1,x<

Xét sy lién tuc ctia ham sb tai diém x, =17

Giai
Taco f(1)=4.
lim f (x) =lim(2mx—1) = 2m -1
. s , _
1Lrp f (x)_lLrp(Zx +2)_4.

Ham sé lién tuc tai x, =1 thi

lim £ (x) = lim f () = f(l)<:>2m—1=4<:>m=g.

x—1" x—1"
Khi m ;tg thi ham s gian doan tai X, =1.
Tinh chat
Cho hai ham s f (x) va g(x) liéntuc tai x,. Khi do:
a) f(x)xg(x)va f(x).g(x) cling lién tuc tai .
f(x) .. . .
b) —— lién tyc tai x,, voi g #0.
0(x) oV 90%)
c) Néuham s6 u = f (x) liéntuc tai x, vaham g(u) lién tuc tai u, = f (x,) thi ham
hop h(x)=g[ f(x)] lién tuc tai x,.
1.4.2 Ham sd lién tuc trén mét khoang, mét doan
Cho ham sé f(x). Ta noi:
o f(x) lién tuc trén mot khodng (a,b) néu f (x) lién tuc tai moi diém x e (a,b).
o f(x) lién tuc trén mot doan [a,b] néu f (x) lién tuc trén (a,b) va lién tuc phai

tai a, lién tuc trai tai b.
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Cau héi va bai tap chwong 1

Bai 1.1. Tim mién xac dinh cua cac ham sé sau:

a)  y=+3x-x%; C) y=|n(x2—4);
1+x . 2X

b = ]—=; d = — .

)y - ) Yy arcsm1+x

Bai 1.2. Tim mién xac dinh va mién gia tri cua cac ham sb sau:
Q)  y=v2+x-x2; C) y=2+3sinx;

b) y=Ig(1-2cosx); d) y=arccos 2X
1+x

5

Bai 1.3. Tim céc gidi han sau: (sirdung cac gidi han co ban)

2) Iimx3+x2+x+1 - 1—+Jcos x
x>o  2x3 —x%1 ) lego] NG
b)  lim Xt +x+1 "m«/1+2X_3
x> 8X° + X + X +1 g fm X -2
. 10x*+x+1
c) lim—e—yp—- _e*x+1-1
) x>0 X5 + X'+ X+ 2 h) Ix'fo]f
 x-1 _
d) I|rr11 . ) Iim(\/x2+x—\/x2—x)
x>l xX° =1 X—>-+00
3 _ - . . cotzx
e) ULQ\){?_ll ) 'X'LT](“S'””X)

1

K)  lim(cosx)x

x—0

Bai 1.4. Xét su lién tuc cua cac ham sb sau:

2

X" = .
) f=lx_2 UIXF2Z ididmx=2.

3 khi x =2

cos%x khi x| <1

b) f(x)= . , trén toan truc sé.
= khi x>1
2
e khi x>0 .

c) f(x)= ) , tai diem x = 0.
x> —3x+1 khix<0
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1-cosx

XZ

d f(x)=:2 khi x =0, tai diém x = 0.
sinx+2  khi x<0

4 khi x >0

Bai 1.5. Timtong thu nhap sau khi dau tu von ban dau v, saut nim véi Iai suét r/nam,

a) V,=1000, t=3, r=12%, vdéidinh ky nam.

b) v,=300, t=6, r=12%, véidinh ky nita nam.

c) Vv,=500, t=6, r=10%, véidinh ky quy 4 thang.

d) v, =500, t=6, r=9%, véidinh ky thang.

e) V,=500, t=6, r=8%, vdidinh ky ngay (1 nam = 365 ngay).
Bai 1.6. Trong diéu kién I4i suat 0,9% mot thang, hdy cho biét:

a) Giatri twong lai cua 3 triéu dong ban c6 hém nay sau 3 nim.

b) Gia tri hién tai cuia khoan tién 5 triéu dong ban s& nhan duoc sau 4 nam.
Bai 1.7. Pau tu 10 triéu véi 14i suat 12%/ndm tinh theo quy tic 12 4%/quy. Sau 1 nim
8 thang (6 quy), tong gia tri 1 bao nhiéu?
Bai 1.8. Gui tiét kiém 50 triéu sau 2 ndm thu dugc khoang 63,12 triéu véi 1di suat dinh
Ky ntra nam lar. Timr.
Bai 1.9. V4i 1ai 1% dinh ky thang, cho vay 50 triéu ddng. Tim thoi gian cho vay dé
duoc tong gia tri khoang 75 triéu dong.
Bai 1.10. Mudn nhan duoc tong gia tri 12 100 triéu sau 5 nim véi 1di suat 4% dinh ky
quy 3 thang thi bay gio phai giri mot khoan tien tiet kiém la bao nhiéu?
Bai 1.11. Mot du an doi hoi vén dau tu ban dau 6000 (ty ddng) va s& dem lai 10000 (ty
ddng) sau 5 nam. Trong diéu Kién I&i suat tién giri ngan hang 1a 9% mot nim c6 nén
dau tu vao dy an do hay khong?
Bai 1.12. Mot nha dau tu c6 thé bo tién dé thuc hién 1 trong 3 dy an sau:

Dw &n 1: Chi phi hién tai 2000$ va dem lai 30008 sau 4 nam;

Du &n 2: Chi phi hién tai 2000$ va dem lai $4000 sau 6 nam;

Du &n 3: Chi phi hién tai 3000$ va dem lai 48003 sau 5 nam.
Vi 14i suat thinh hanh 1a 10% mot nam thi nén chon dy 4n ndo?
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CHUONG 2
PHEP TINH VI PHAN HAM MOQT BIEN

2.1Pao ham va vi phan cap 1
2.1.1 Paoham
2.1.1.1 Khéi ni¢gm dao ham

Cho ham s6 f(x) x4c dinh trong khoang (a; b) va x, e (a; b). Tan6i ham s6 f(x) co
dao ham tai diém xo néu ton tai gidi han hitu han
f(x)-f
jim = 100)
X—>Xg X — XO

thi k duoc goi 1a dao ham ciaham sé y = f (X, ) tai diém xo.
dy df (%)
Tdx o odx
Pit Ax=X—X, : goi 1a s6 gia cua bién doc lap (ddi $6). Taco X = X, + Ax.

Ky higu: '(x,), y'(%,)

Ay = f (%, +Ax)— f(X,): goi 12 s gia cua bién phu thudc.
Khi d6, biéu thirc dinh nghia tro thanh:

v\ i AY
F%)=lim =
Dao ham mot phia
e Ay
Pao ham bén phai: f’ = lim —=.
¢ pha +(XO) Ax|—>o* AX
Dao ham bén trai: f'(x,)= lim ﬂ.
Ax—0" AX

Néu ham s6 f(x) c6 dao ham tai Xo thi n6 ton tai dao ham bén tréi, dao ham bén
phai va bang nhau.

Vi du 2.1. Tim dao ham bang dinh nghia cia y = x°.

f’(x)=|imﬂzlim f (X+Ax) f(x):”m(x+Ax) X
Ax—0 AX Ax—0 AX Ax—0 AX
2 2 2 2
_lim X5+ 2X.AX + AX — X _lim 2X.AX + AX _ Iim(2x+Ax):2x.
AX—0 AX AX—0 AX AXx—0

Chu y: Néu f(x) c6 dao ham tai Xo thi f(x) lién tuc tai Xo.
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2.1.1.2 Pgo ham ciia ham sé ngwoc
Néuhamsé y = f (x) codaohamtaix, f'(x)=0 vacohamsongugc x=f(y)
thi ham s6 x = f () codao ham tai y = f (x):
' 1
f! = .

Vi du 2.2. Tim dao ham cta Yy = arcsin X.

bat y =arcsinx = x =siny, vay ta co:
y = 1 1 1
cosy Ji-sin’y 1-X

2.1.1.3 Pao ham cac ham sé so cdp co ban

!

(c) =0 (c: hing sd) (x) =ax? (aeR, x>0)
(a¥) =aIna(a>0,a»1); (ex)' =¢"
’ 4 l
(log, X) = ina (a>0,a#1 x>0) (Inx) _;(x>0)
(sin x)' =COS X (cos x)' =—sinx

2

(tanx)' __ 1 (x¢%+k7r, ker

COS” X
' 1
(cotx) =Sy (x#kz, keZ)
. ' 1 [
arcsinx) = X/ <1 arccosx) =-— X/ <1
(resin ) == (<1 (rccos) =~ (<)
' 1 : 1
(arctan x) = (arccot x) =i
2.1.1.4 Céc quy tdc tinh dao ham
Néu cac ham s u, v co dao ham tai x thi:
i) (u+v)'=u’+v’ i) (a.u)'za.u’ (a eR)
o, , . u) uv-vu
iii) (uv) =u'v+v'u iv) (V) = (v(x)=0).

Néu ham s6 u=g(x) c6 dao ham theo x, ham y = f (u) c6 dao ham theo u thi
ham séhop y = f[ g(x)] co dao ham theo x va y'(x) = y'(u).u'(x).
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Vi du 2.3. Tim dao ham cua cac ham sau:
COS X

a) y=cos(sinx) b) y=X

3x

¢) y=(1+sin’x) d) y =arctan(sin(3x +4)).
Giai
a) batu=sinx=y=cosu
= y'=—sinu.cos x =—sin(sin x).cos x.
b) LAy In hai vé, ta cd: Iny =cosx.Inx.

DPao ham 2 vé theo x, ta co:

y' : 1
< =| =sinX.In X+ Ccosx.—
y X
) COoS X
=>Yy'= (—sm x.In x +—].x°‘°”.
X

2.1.2 Viphancéap1
Cho ham s6 y = f (x) c6 dao ham hitu han tai x,. Néuham s6 f (x) kha vi tai
X, thi df (x,)=f'(x,).Ax dugcgoi 1a vi phan cua ham f tai x, .

Néuy = x thi dy =dx =1.Ax. Vay ddi vai bién sé doc lap x, ta c6 dx = Ax. Do do,
cong thire vi phan va dao ham dugc Ky hiéu nhu sau:

. dy
df = f'(x).dx va f'(x)=—.
(x)dx va £(x)= Y
Vi du 2.4. Tim vi phan cip 1 cua:
a) f(x)=x° b) y=f(x)=v1+Inx

Giai
a) Taco f'(x)=3x*=df =3x".dx.

1 dx
— =>df =— ———.
X.2~/1+In X 2XA1+1Inx

2.2 Pao ham va vi phan cap cao
2.2.1 Pao ham cap cao

b) Tacd y'=

Néuham so y = f (x) c6dao hamthi y'= f'(x) duoc goi la dao ham cap 1. Dao
ham (néu c6) cua dao ham cap 1 goi la dao ham cap 2. Ky hiéu: y"(x), f"(x).

Tuong tu, dao ham ciia dao ham cap (n—1) 1a dao ham capn.
Ky hieu: y" (x), f () ().
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Vi dy 2.5. Tinh dao ham cap n cia ham s6 sau: (sin X)(n)

Taco (sin x)' = COSX = sin(x +%j

(sinx)" = (Sin(XJr%D, = cos(x+gj - sin(x+ 2%)

Vay (sin x)(") = sin (x+ ngj

Tuong tu, (cos x)(n) = cos(x + ngj

2.2.2 Vi phan cap cao
Cho hamsb y = f (x) va f " kha vi, ta ky hiéu:
e Viphén cap 1: df = f'(x).dx
e Viphancap2: d*f =d(df )=d(f'(x)dx)=f"(x)(dx)" = @ (x)dx*.
e Viphancipn: d"f = f(n)(x)dxn.
2.2.3 Cac dinh ly vé gia tri trung binh
e Dinhly Rolle

Cho ham s6 f(x) lién tuc trén [a; b], kha vi trong (a; b). Néu f (a) = f (b) thi ton
tai ce(a; b) saocho f'(c)=0.
Noi cach khac, phuong trinh f'(x)=0 c6 nghiém x, =c e(a; b).
e Dinhly Lagrange

Cho ham s6 f(x) lién tuc trén [a; b], kha vi trong (a; b).

Khi d6 ton tai ce(a;b) saocho w: f'(c).

Nhgn xét: Binh ly Rolle 1a mét truong hop dac biét cua dinh 1y Lagrange trong trudng
hop f(a)=f(b).
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e Dinhly Cauchy
Cho ham sé f(x), g(x) ciing lién tuc trén [a;b], kha vi trong (a;b) va
9'(x) =0, ¥x e(a; b). Khi do, ton tai ¢ € (a; b) sao cho:
f(b)-f(a) _f'(c)
g(b)-g(a) g'(c)
Nhgn xét: Binh ly Lagrange |a mot truong hop dac biét cia dinh 1y Cauchy trong trurong
hop g(x)=x.

2.2.4 Cong thirc khai trién TayLor
2.2.4.1 binhly Taylor

Cho ham s6 f (x) c6 dao ham déncép n+1 trong (a; b) chira X,.

Khi do, Vx e (a; b), taco:

'(x , (n) X n+1 c "
£()= 1 () LO)(X-XO) ot n(! o) (x—x, )" + f((nji)l) (x=%,)
(%)  1"(c) it
=2 (x=%) + (1) (X=%) ",

Voi =X, +0(X—X,),0<O<1.

Cong thire trén duoc goi 1a céng thac khai trién TayLor cia ham f (x) trong lan
candiém x,.

Co thé viét f(x)=P,(x)+R,(x), Vi

n f(k) ,
P,(x)= kz_; k(!Xo)(X_ X,)": 1a da thuc Taylor bac n cuaham sé f (x).
f(n+1) (C) " .
R,(x)= (n+1) (X—X,) " : phan du ctia cdng thic Taylor.

bacbiét, truong hop x, =0 thi ¢ =@x cong thirc Taylor tro thanh cong thirc Maclaurin:

(n) (n+1)
f(0) o £ (0x)
n! (n+1)!

n+1

f(x)= f(o)+@x+...+

2.2.4.2 Mt sé cong thitc MacLaurin thwong gap
2 n

(1) & =1 Xt oot 2t
21 n! (n+1)!

[

€
.xn+1'
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3 5 2n+1 2n+3

. X -1 X n
2) S|nx:x—a+—+...+(—1) : _+(—1) Tn+a)

.sin[9x+(2n +3)£}.
51 2

2 4 2n 2n+2
X

(3) cosx= 1—%+m+...+(—1)”. X .+(—1)”+1.(2);+2)!.cos[0x+(2n+2)%}.

X 1 X" a1 x "
@ ()= x5 () 'F+(‘1)'(n+1)'(1+9xj x>-1.

(5) Cho f(x)=(1+x)", xR, x>1.

a(a-1) ,

1+ %) =l+ax+——2L X" +..+
2!

n

a(a—l)...(a—n+1)l

a(a-1)..(a—n) @t
+ (n+1) (1+6x)" .

bacbi¢tkhi a =neN thi

n(n-1) ,
o1

2. ola=D).(a-k+1)

k!
DPay chinh 1a cong thirc nhi thirc Newton quen thudc.

(1+x)" =1+nx+ X<+ X",

2.2.4.3 Mt sé vi du sng dung

x_l (a>0,a=1).

Vi dy 2.6. Tinh gi6i han: lim 2
bat f(x)=a* tacd f'(x)=a"Ina; f(0)=1 f'(0)=Ina.
Khai trien f (x)=a" theo cdng thirc Taylor, ta duoc:

a“=1+xIna+0(x)

L lim@ L Xnato(x) Iim(lna+wjzlna.

x=0 X x—0 X x—0 X

1+x)" -1
Vi du 2.7. Tinh giéi han Ilm(—)

lim ; (a>0).
Khai trién ham s6 f (x)=(1+x)” theo cong thic Taylor ta co:
(1+x)" =1+ax+0(X).

(1+x) -1 ax-o(x)

. x) — . -o(x) .. o(x)
= lim m =limla—-——< |=a.
x—0 X x—0 X x—0 X




2.3 Ung dung cia dao ham trong toan hoc
2.3.1 Khirdang vo dinh
2.3.1.1 Quy tdc L’Hospital
Quy tic L’Hospital 1a quy tac cho phép ta sur dung dao ham dé khir cac dang vo
dinh dang 0/0 va oo/ khi tinh gigi han cua ham so.
Gia sirf(x), g(x) kha vi trong lan cancua a, g'(x) =0 trong lan can d6 va thoa mén
diéu kién sau:
. f(x
i) lim ()
2 g (X)

c6 dang vo dinh 0/0 hoac oo/oo (tic Ia lim f (x)=limg(x)=0).

i) Ton tai fim )
x>a (X)

hiru han hoac vé han.

Khi do

Nhgn xét: Quy tic L’Hospital van dang néu:
(1) limf(x)=limg(x)=co.

X—a X—a

2) 1iipof(x):limg(x):0.

X—>00

(3) Ixm f(x)=limg(x)=co.

X—>00

Vi du 2.8. Tim gi¢i han ciia ham sé: Iirr01 X_Ssm a
X—> X
Giai
Gidi han nay c6 dang g strdung quy tic L’Hospital ta co:

. X=sinx . l-cosx . sinx 1
lim -— =lim — =lim——==.
x—0 X x->0  3X x—>0 BX 6

Vi du 2.9. Tinh gioi han: 1 = lim &

X—>+0 X
Giai

Gidi han nay c6 dang . Theo quy tic L’Hospital ta co:
o0

| = Iimﬂ: lim " = +oo.

x>+ X' X—>+00

!
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f’ N . .
Chu y: Truong hop Iimﬂ khong ton tai thi ta khdng c6 két luan vé gidi han

g'(x)
Iimw. Trong truong hop ndy giéi han Iimm van co thé ton tai.
x>a g (X) x-a g (X)

Vi du 2.10. Gidi han 1im 222X 6 dang v6 dinh 2,
X—»00 X o0

(sinx+ x)'
X!

Ty s6 dao ham =cosx+1.

Khi x — oo thi cosx+1 khdng c0 gidi han, trong khi do:

.S : : 1 :
lim 2DX X Ilm(i.smxﬂjzl (do ;—)O va sinx bichan).

X—>0 X X—>0 X

2.3.1.2 Cac dang vé dinh khac
e Dang 0.0, 0 —oo: tim céch chuyén vé dang 0/0 va oo/

Vi dy 2.11. Tim gi6i han: lim (x°.Inx).

x—0"
1
. o Inx ..y X
Ta co: Ilm(xs.ln x): lim — = lim —%— = lim = =0.
x—0" x»0" 1 x>0" D x—0" B
x° x®

e Dang 0° 17, °:
Taxét [ f(x) " e (£ (x)>0)
||m|: f (X)]g(x) _ eIimg(x).ln f(x).

Vi du 2.12. Tim gi6i han lim x*°.

x—0"
lim x2.Inx

, - 2 \ -
Taco: limx* =g~ =e’ =1 (vi limx*.Inx=0).

x>0 x50
2.3.2 Cuec tri ham mét bién
2.3.2.1 Dinh nghia
e Ham f(x) duocgoi 1a dat cuc dai tai Xo néu ton tai mot 1an can cua xo sao cho
f(x)<f(x).
e Ham f(x) dugc goi la dat cuc tieu tai Xo néu ton tai mot 1an can cua Xo sao
cho f(x)=f(x,).
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Dinh 1y: Cho ham f(x) kha vi trong (a; b):
i) Néu f'(x)>0, Vxe(a;b) thi f(x) tang trong khoang do.
i) Néu f'(x)<0, ¥xe(a;b) thi f(x) giam trong khoang do.

Diém téi han: Cac diém thoa mot trong cac diéu kién sau thi dugc goi 13 diém téi han
cuaf(x):

i) Khong ton tai f'(x)
i) '(x)=0.
biém dirng: Cac diém thoa dicu kién f'(x) =0 duoc goi la diém ding cuaf.
2.3.2.2 Diéu kién can cia cuc tri
Cho ham f(x) dat cuc tri tai Xo. Khi d6, néu f(x) co dao ham tai xo thi f'(x)=0
(binh ly Fermat).
2.3.2.3 Diéu kién dii ciia cuc tri
Cho ham s6 f(x) lién tuc va kha vi trong (a; b) chira diém xo. Khi do:
) Néu f'(x)>0, vxe(a;x,) va f'(x)<0, ¥Vxe(X,; b) thi f(x) dat cyc dai tai xo.
ii) Néu f'(x)<0, vxe(a;x,) va f'(x)>0,Vxe(x,;b) thi f(x)dat cucticu tai xo.

Vi du 2.13. Tim cye trj ctia ham s6 y =In(1+x°).

Taco y'= =0 =>x=0.
1+x
Bang bién thién
X —00 0 +00
y’ - 0 +

Y \.CT/

Vay ham sé dat cyc tiéu tai x = 0.

Dinh Iy: Gia sirf(x) c6 dao ham cap 2 lién tuc ¢ 1an can diem x, va f'(x)=0.
) Néu f"(x,)>0 thi f(x) dat cuc tieu.
i) Néu f"(x,) <0 thi f(x) dat cuc dali.

Vi du 2.14. Tim cuc trj ciaham sé y = In(1+ Xz).

=0 =>x=0.

Tacd y=——=

1+Xx
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_ 2(1-x%)
Khi do y"="\ ")
(1+ xz)

=Y"(%)=y"(0)=2>0 =y dat cyctiéu tai x=0,

2
Vidy2.15. Timcyctri ciahamso f(x)=x3(x-5).

Giai

=

, 2 - 2 2(x=5) ;= 5(x-2)
Taco f'(X)==x3(x=5)+x3=———J Y2 =2"_"J
6 Plx)=gx (x-8)+ 3 3/x

f'(x)=0=x=2.

Bang xét dau:

Vay ham sé dat cuc dai tai X = 0 va dat cyc tiéu tai x = 2.
Yo = F(0)=0 va y,,. = f(2)=-3¥4.

Vi du 2.16. Timcuctri caaham sé f(x)=(x-1)’.
Giai
Taco f '(x):3(x—1)2 =0 x=1.
Nhung f'(x)>0, véi moi x=1. Vay ham s6 khong dat cuc trj tai x = 1.
2.3.3 Giatri I6n nhat— Gia tri nhé nhat

Choham sé f(x) liéntuc [a; b]. Khi d6 f(x) datgia tri lon nhat (GTLN) va gia
tri nho nhat (GTNN) tai cac diém t6i han thugc (a; b) hay tai hai diém dau mat a, b.
Phuwong phap tim GTLN — GTNN

Budc 1. Tim diém toi han ciia ham s trén (a; b) .

Buoc 2. Tinh gid tri cua f tai cac diémtéihan va f (a), f (b).

Buéc 3. Két luan GTLN, GTNN tir c4c gid tri duoc tinh & budce 2.
Vi dy 2.17. Tim GTLN va GTNN ciaham s6 f (X)=x°—3x+4 tréndoan [-3; 2].
Giai

Taco: f'(x)=3x"-3

Tim diémtéi han: f'(x)=0 < 3x°-3=0 <x==1.
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Tinhgia tri: f(1)=2; f(-1)=6;
f(-3)=14; f(2)=6.

Vay GTLN: Maxf(x) 6 tai x=-1va x=2.
)=-14 tai x=-3.

GTNN: Min f (x

[3: 2]
Vi dy 2.18. Tim GTLN, GTNN ciia ham s6 f (x)=—(x*+3x* —9x) trén [-2; 2]. Tix
d6 suy ra GTLN, GTNN ctia ham s g ‘x +3%° 9X‘ tren -2; 2]
Giai

Ham s6 f(x) xac dinh va lién tuc trén [-2; 2].

Tim diém t6i han cua f(x) trong (-2; 2).

x=1 (n)
x=-3 (I)’

Tinhgia tri: f(1)=5; f(-2)=-22; f(2)=-2.

Taco f'(x)=—(3x"+6x-9)= f’(x)=0<:{ Vi xe(-2;2).

Két luan: xét trén doan [—2; 2] thi

GTLN: Max f (x)=5 tai x=1.

[-2:2]

GTNN: Min f (x)=-22 tai x =-2.

[-2: 2]
Mc khac, ta co g(x)=|f (x)| nén:

GTLN: {\_/ggg](g(x)=5max{|fmax|,|fmin|}:22 tai X = —2.
GTNN: M;ig]g(x):

2.4 Ung dung ciaa dao ham trong toan kinh té
2.4.1 Baitoan gia tri can bién
2.4.1.1 Ynghia ciia dao ham trong kinh té

Xét mo hinh ham s6 y = f (x) véixvay la cac bién s kinh té. Trong kinh té hoc
nguoi ta quan tm dén xu hudng bién thién cua bién phy thuc y tai mot diem xo khi
bién doc lap x thay doi 1 lugng nho.

Theo dinh nghia dao ham:

f,(Xo):A“”})%:A“mO f (X0+AZ)2_ f (XO).

31



Khi Ax c6 gia tri tuyét doi du nho ta co:
Ay _ f(x0+Ax)—f(x0)z (%)
AX AX °

= Ay = f (X, +AX)— f (%)) = f'(X,).AX

Vé6i Ax=1,tacé Ay~ f'(x,). Nhu vay, dao ham 1a dai luvgng do ludng sy bién

dong cuay khi x tang 1én 1 don vi va dugc goi la gia tri bién hay gia tri can bién cua x
tai diém Xo.

Di voi mdi ham kinh té, gia tri can bién cu thé nhu sau:
(1) San lwong bién (Marginal Quantity)

San luong bién 13 dai luong do luong su bién dong cua san lwgng khi von hoac lao
dong tang 1én mot don vi. Ki hiéu: MQ.

Cho ham san xuat Q =Q(L) , khi dé san lugng bién la: MQ(L)=Q'(L).
Vi du 2.19. Gia stir ham san xut ctia mot doanh nghiép 1a: Q = 4L, trong d6 L 1a sb
cong nhan.

San pham bién cua lao dong tai L = 100 Ia:

_dQ_ 4 _ 2 _
MQ(L) = = 57 = Jogg =02

Taco thé giai thich: Tai mirc lao dong L =100, néu ting lao dong 1én 1 nguoi thi
san lugng tang thém 0,2 don vi.

(2) Chi phi bién (Marginal Cost)

Chi phi bién 1a dai lvgng do ludng sy thay doi cua chi phi khi san lugng ting 1én
mot don vi. Ki higu: MC(Q).

Cho ham chi phi TC =TC(Q) . Tagei MC(Q)=TC'(Q) la gia tri canbién cua chi phi.
Vi du 2.20. Cho tong chi phi TC dé san xuat Q san pham c6 ham nhu sau:
TC =0,0001Q° —0,02Q* +5Q +5000 (don vi tién)
’ Tim gia tri can bién cua chi phi. V&i Q =20 thi chi phi bién la bao nhiéu va cho

bict y nghia?
Giai

Gia trj can bién cua chi phi: MC(Q) = j—g =0,0003Q° -0,04Q +5

Vé6i Q =20, tacd MC(20)=4,32 (don vi tién/san pham).
Y nghia: Néu san suét ting thém mot don vi (tir 20 1én 21) thi chi phi tang thém 4,2 don

vi tién té.
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(3) Doanh thu bién (Marginal Revenue)

Doanh thu bién 1a dai luong do luong sy thay doi cua doanh thu khi gia hoic san
luong ting 1én 1 don vi. Ki higu: MR(Q).

Cho ham doanh thu TR=TR(Q). Tacé MR(Q)=TR’(Q) la gia tri can bién cta
doanh thu.
Vi du 2.21. Lugng san phdm ban duoc Q va gia san phdm P ¢6 quan hé: Q =500 —10P.
Tim doanh thu can bién khi P =10, P =30.
Giai

Tacd Q=500-10P < P:SO—%.

2
Doanh thu TR=QP = Q(5 —%} =500Q — % (donvi tién).

MR(Q)zTR’(Q)zSO—%.

Khi P =10= Q =400.
= MR(400) =30 (don vi tién/san pham) la toc d¢ thay doi ciia doanh thu R theo Q tai
Q =400.

Nghia 1a néu doanh nghiép ting gia 1én 1 don vi/san pham (tir 10 1én 11) thi doanh
thu giam 30 don vi.

Khi P =30= Q =200.
= MR(200) =10 (don vi tién/san pham).
Nghia 13 néu doanh nghiép ting gia 1én 1 don vi/san pham (tir 30 Ién 31) thi doanh
thu tang 10 don vi.
(4) Loinhuan bién (Marginal Profit)

Loi nhuan bién 1a dai lugng do ludng sy thay doi cua loi nhuan khi gia hoic san
lugng tdng thém 1 don vi.

Xét ham loi nhuan cua 1 san pham:
7=7(Q)=TR(Q)-TC(Q).

Khi d6 gia tri can bién cua lgi nhuan co 2 gia tri:

Mz, = 9%
dP
Mﬂde—ﬂ.
dQ
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(5) Xu hwéng tiéu dung va tiét kiém can bién
Cho ham tiéu diing C =C(1) , véi I la tong thu nhap quoc gia.
Ham tiét kiem S = 1 — C(I).
Tacd: MC(I) 1a xu hudng tiéu dung can bién.
MS(I) 1a xu hudng tiét kiem can bién.
Khi do:
ms(1)=2 -5 9¢
dl dl
Do d6 MS(1)=1-MC(1).

5(2J|_3+3)

Vi du 2.22. Cho ham tiéu dung C = . Xac dinh xu hudng tiéu dung cén

I +10
bién va xu hudng tiét kiém can bién khi | =100.
Gii
5[3ﬁ(| +10)— (2f+3)} [\/_+30J_ 3}
MC(1)=C'(1)= .
(1+10)’ (1+10)’
5.[\/1003 +3041 —3}
= MC (100) = _ 10536
(100+10)

Téc do thay doi cua xu huéng tiéu ding C theo bién | tai 1 =100 khoang 0,563
(don vi/don vi), nghia 1a tai | =100 néu | tang 1 don vi thi C tang khoang 0,563 don vi.

Taco: MS(100) =1—MC (100) ~ 0,464 .

Tocdd thay doi ciia xu hudng tiét kiém S theo bién | tai | = 100 khoang 0,464 (don
vi/don vi), nghia la tai | = 100, néu | tang 1 don vi thi S tang khoang 0,464 don vi.
2.4.2 Hésocodan
2.4.2.1 Lwong thay déi tuyét doi va twong doi

“Khi dai lwong X ting thém 1 lugng AX thi ta goi AX 1a do thay doi tuyét doi cua
X (SO tuyét doi).
Ty 56 2% 100% goi 1a do thay déi twong dbi ciax (s twong déi).
X

Vi du 2.23. Tai mét ctra hang gao, gid ban trude day 1a P =10 ngan dong, hién tai gia
béan gao ting 1én P, =11 ngan dong. VAy gia gao ting bao nhiéu va twong g ting bao

nhiéu phan tram?
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Giai
S6 tuyét doi: AP = P —P =1 ngan d6ng: gia gao ting 1én 1 ngan dong.
R-P 1 AP

=—=0,1 hay - .100% =10%: nghia la gia tang 1én 0,1

Sb twong doi:
10

lan hay 10%.
Vi du 2.24. M6t can ho gia 200 triéu dong néu gia ting thém 1 triéu dong thi do thay
doi tuyét doi va tuyét doi 1a bao nhiéu?
Giai
Do thay doi tuyét doi: AP =P, — P =1 triéu dong.

1 P_ 1 4005 hayA—P 100% = 0,5%.
200

Chuy: Do thay d6i tuong ddi khéng phu thude vao don vi tinh.
2.4.2.2 H¢ sé codan

Déi vai cac hang hda khac nhau thi sy thay doi gia thém mot don vi mang y nghia
khac nhau. Nhu vy, dé danh gia 6 nhay cam cua cau hang hoa dbi véi su bién dong
gia ca, cac nha kinh té sir dung khai niém hé sé co dan.

~ Hg sé co dan cua cau theo gié (tinh & mdi muc gid) 1a s6 do lugng thay doi tuong
doi cua lugng cau (Q) khi lugng thay doi twong doi cua gia ca P tang 1én 1%.

Ki higu: g,p.
i _(AQd/Qd).loozAQdizAD(P) P :D’(P)L
¥ (AP/P)100 AP 'Q, AP 'D(P) D(P)

Vi du 2.25. Cho ham cdu Q =1400— P?. Timhé s co dan tai gia P = 20 (don vj tién).
Giai
) P —2P?
Taco g, =(—2P). = .
o =(=2P) 1400-P? 1400 P?
Khi P =20taco gy, =-0,8.

Viy diéu ndy c6 nghia 1 tai muc gid P = 20, néu ting 1% thi cau s& giam 0,8%.
Tuong ty, hé 56 co dan cua cung theo gi 1a s6 do lwong thay doi twong doi cia lugng
cung khi Ivgng trong doi cua gia tang 1%.

Cho ham cung Q; = S(P), thi hé s6 co dén cua cung theo gia tri tai diém P:

dP 'QS d P)



2.4.3 Lwachon tdi wu

Déi véi mot doanh nghiép san xuit, muc tiéu thuong dit ra 12 toi da hoa loi nhuan,
Bai toan dat ra la:
- Tim P, Q dé doanh thu dat tbi da.
- Tim Q dé chi phi téi thiéu.
~ Gia sir doanh nghiép c6 ham tong chi phi TC(Q) va ham tong doanh thu TR(Q).
Tong loi nhuan caa doanh nghiép la ham so:

7=TR(Q)-TC(Q).

Bai toan dat ra 12 chon mutc san lugng Qo dé thu loi nhuan téi da. Diéu kién can dé
7 dat cuc dai tai diem Qo la:

7' =TR'(Q,)-TC'(Q,)=0
=TR(Q,)=TC'(Q,) < MR=MC.

Nghia 13 doanh thu c4n bién bang chi phi can bién. Khi d6, diéu kién da dé ~ dat
cuc dai la:

" :TR”(QO)—TC”(QO) <0 & TR”(QO) < TC”(QO).
Vi du 2.26. Cho ham doanh thu va ham chi phi ctia nha san xuét nhu sau:
TR =1400Q - 7,5Q% , TC = Q® —6Q?% +140Q + 750.
Hay chon mirc san lugng ti wu dé loi nhuan tdi da.
Giai ,
Ham lgi nhuan cta nha san xuat trong truong hop nay la:
7 =TR-TC =-Q°-1,5Q% +1260Q — 750.
Diéu kién can dé = dat cuc dai:
7' =-3Q°-3Q+1260=0
Q=20 (n)
Q=-21(1)
7"(Q)=-6Q-3= 7"(20)=-123<0.

<Q°+Q-420=0<

Suy ra Q = 20 1a diém cuc dai.
Vay san lugng ti wu dé cho lgi nhuan téi da 1a Q = 20.
Vi du 2.27. Hiy xac dinh mirc gia toi wu cia nha san xuat doc quyén, biét:
Ham chi phi can bién: MC =3Q° —-6Q +132.
Ham cau ddi véi san pham: Q =148-— % P.
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Giai
Theo cau caa thi trudng, dé tiéu thy dugc Q san pham, nha san xuat phai ban vai
gia P =222-1,5Q.

Tong doanh thu ctia nha san xuat tai mic sanluong Q: TR = P.Q = (222 -1,5Q).Q.
Doanh thu can bién: MR =TR}, =222-3Q.
Diéu kién can dé tong loi nhuan dat cuc dai la:
MR = MC < 222-3Q =3Q*-6Q+132
50t -Q-30=0 =278 (V.
Q=-5 (1)
Diéu kién di:
TC"=MC'(Q)=6Q-6=30 = TC"=MC'(6)=30.
TR’ = MR'(Q) =MR'(6)=—3 =TR" <TC"

= Mc san luong tdi vu 14 Q = 6.
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Cau heéi va bai tap chwong 2

Bai 2.1. Tinh dao ham cua cac ham sé sau:

a) y=e*(l+cotx); d) y=sin(cos’x).cos(sinx);
b) y_(x—3)2(2x+1)_ e) y=arctan(Inx)+In(arctanx);
- Sy
(x-1) f)  y=In(2x* +3sin’x).
Inx
c) y=3°%;
Bai 2.2. Tinh vi phan dy caa cac ham sé sau:
x2 __ nin(arccosx)
2 y=——; 9 y=3 ’
COS X Inx_
b) y=In(2arctanx); 2 yzﬁ’
In x 1 X
_ Inx?. — ZarctanZ, (a#0).
c) vy arctan(3j, f) vy ~arctan — (a=0)

Bai 2.3. Tim khai trién Mac — Laurin cac ham sé sau:
a) f(x):er dén X4; f(x):i dén X4;

c) X+3
b) f(x)=cos’x dén x*; .
d) f(x)=In(3—-2x) dén X".

Bai 2.4. Ap dung quy tac L’Hospital, tinh cac gigi han sau:

a) lim 2NX =X In(x+\/x2+1)

0 X —sinx ' ) lim—— :
X—0 nx
b) Iim7z—2arctanx_ _
—’ X_ sSinXx
o i) lim2 (a>0);
ex-1 X—>00 X3 !
: e -1
c) lim———; _ . In(cosax) _
) 0 5in X + 2X2 j) L'LQM, (a,b=const);
. x—arctan x
d lim——==; .
) i x° K) Iirr11(2—x)ta"2X;
X—>
e) Iimx—sinx_ 5 )
x>0 1—COSX ) lim (—arctan xj ;
. X—>+00 Vs
. XCOSX—Sinx
) lim———; : !
X m) I|m(2x+x)X;
. 2 2 X—>+00
)i SX=X
g x—0 X4 !
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x—0 X

n) Iim(cot2 x—iz}

Bai 2.5. Tinh dao ham cap n cua cac ham sé sau:

a) y=In(2x+5) c) y=43+x
b) y=xe d y=sin(3x+5)

Bai 2.6. Tim khai trién Taylor cAc ham sau dén cap 3 trong 1an can x = 1.
a) y=e* b)  y=In(x+2)

Bai 2.7. Tim gi4 trj can bién caa cac ham sb

a) Ham chi phi TC=-0,1Q2+5Q + 3. TaiQ =2 va Q = 100.
b) Ham doanh thu: TR = 100Q + 5Q? - Q3 tai Q =5, Q = 100.
Bai 2.8. Cho ham tiéu dung ciia mot quéc gia 1a:

1041 +0,741° 0,21
_ 7 .

Tim xu huéng tiét kiém can bién khi thu nhap quéc dan 1a 25 va 50.

C

Bai 2.9. Cho hamciu Q = 6—F?+ In(80-P*).

Xéc dinh hé s6 co dan khi P = 4, P = 10.

Bai 2.10. Doanh thu cua mot loai san pham TR = 240Q +50Q% — Q°. Tim Q d¢ doanh
thu dat to1 da.

Bai 2.11. Cho ham cau ciia mot loai san pham Q =100 —%. Tim mirc gia dé doanh thu
dat to1 da.

Bai 2.12. Mot loai san pham c¢6 ham cau P = 5000 — 20P va ham chi phi trung binh cho
mdi don vi san phim 1a C =2 +% . Tim murc gia dé c6 lgi nhuan t6i da.

Bai 2.13. Trung binh chi phi mét don vi san phdm cho bgi: C = Q* —20Q +300—%.

a) Tim mac sansuat Q €[2;10] de c6 chi phi téi thiéu.
b) Tim mic sansuat Q [5; 10] dé c6 chi phi téi thiéu.
Bai 2.14. Ham cau cua mot loai san pham doc quyén P = 600 — 2Q va tong chi phi
TC =0,2Q% + 28Q + 200.
a) Tim mutc san xuat Q dé loi nhuan dat téi da. Tim muc gia P va loi nhuan luc do.

b) Chinh quyén dit thué 1a 22 don vi tién cho 1 don vi san pham. Tim mic san xuét
dé lgi nhuan dat toi da. Tim murc giad va lgi nhuan lac dé.
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CHUONG 3
PHEP TINH TICHPHAN HAM MOQT BIEN

3.1 Nguyén ham va tich phan bat dinh
3.1.1Nguyén ham

Cho ham s6 f(x) lién tuc trén (a;b). Tandi F(x) 1a mot nguyén ham caa f(x) trén (a;b)
néu, vi moi xe(ab): F'(x)=f(x).

Dinh ly
Néu F (x) lamot nguyén ham cua f(x) trén (a; b) thi moi nguyén ham cua f(x) déu
cédang F(x)+C (v6i C lahang so tay y).

Chitng minh. Vi [F(x)+C]' =F'(x)=f(x) nén F(x)+C ciing la nguyén ham cta
f(x) trén khoang d6. Cho G(X) la mot nguyén ham bét ky cua f(x) trén (a;b). Ta co:
[6(X)-F (x)]'=6"(x)=F(x)= f (x)- f (x)=0.
Suy ra, G(x)-F(x)=C (hdng s6). Vay G(x): F(x)+C.
3.1.2 Tich phan bat dinh

Cho F(x) lamot nguyén ham cua f(x) trén (a;b) thi biéu thirc F(x)+C (véiCla
hang sd tiy ) duoc goi 1a tich phan bat dinh cua f(x), ky hiéu:

jf x)dx = F(x)+C.

Pinh ly: Cho f(x) kha tich va F(x) kha vi. Khi d6, ta c6 mot s6 tinh chat cuaa tich phan
bt dinh

( ) x); djf(x)dx=f(x)dx;
de F( )+C

[[ef(x) ]dx af f(x)dx+A[g(x)
3.1.3 Bang cac tich phan co ban

1. _[adx:ax+C, (aeR); 4, jdx :l.ln|ax+b|+C;
1 ax+b a
Xa+
2. [xdx=2—uc; dx _ 1 1
, | S ok
a+l > I(ax+b) a (ax+b)
dx
3. o =In|x+C; - 1 oo .
6. e dx = €™ +C;
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" dx
7. jaxdx: a +C,0<a=#1; 13. I —=—Cotx+C;
Ina sin‘ x
8. [sinxdx=-cosx+C; 1 =larcsmx+c
I\/a — X
9. [cosxdx=sinx+C; 1 )
15. [——="arctan=+C;
10. [tanxdx=—In|cosx|+C; a’+x’ a a
dx 1, |a+X
11. [cotxdx=In[sinx/+C; 16. jaz—xz ===+ C;
12, jCOS ~dx=tanx+C; 17, f ‘H ra +a‘+C.

X’ +a
3.1.4 Cac phwong phap tinh tich phan

3.1.4.1 Sir dung cdc tinh chit va nguyén ham co bin
Néu f(x)=f,(x)+ f,(x)+...+ f,(x) thi

[ £ (x)ax=[f(x)dx+ [ £, (x)dx+...+ [ f,(x
Vi du 3.1. Tinh cac tich phan sau:
a) | =I(X+l+%+xzjdx; b) | =I(\/§+l)(X—\/§+1)dx.
X X
Giai

2 3
a) | ='[xdx+.[%dx+j%dx+.[x2dx:%+In|x|—§+%+c.

b) I :j(x x+1)dx:jx§dx+jdx:§x2+c.

3.1.4.2 Phwong phdp doi bién
Dang 1: Pat X =(t) kha vi va don diéu, khi d6 dx = ¢'(t)dt vata co cong thirc:

I =[f(x)dx=]f[p(t)p'(t)dt.
Vi dy 3.2. Tinh tich phén bat dinh 1 = [Va® - xdx.
Giai

Pat x = asint, (—%Stsgj:tzarcsinz, dx = acos xdx.
a
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| = j\/az — x2dx = j\/az —a’sin’t.acostdt
= L [a* (1-sin’t).acostdt = azj\/coszt costdt

=a2jcosztdt=a2jwdt

2

2
:a—j(1+0032t)dt =a—(t+lsin 2tj+C
2 2 2

a’t asint.acost a’t asintya®—a’sin’t
=S =y
2 2 2 2
2

Thay t:arcsing, ta duoc: | =a?arcsin§+§\/a2 -x?+C.

+C.

Chu y. Trong thuc té chling ta cé thé gap dang tich phan trén dang tong quét hon nhur:

néu ham sb dudi diu tich phan c6 chira can dang va® + x%,W/a’ —x° va \/x? —a? (trong
trong do a la hang sb duong) ma khong c6 cach bién d6i ndo khac thi nén dol sang cac
ham s6 lugng giac dé lam mat can thic, cu thé Ia

Vé6i Va2 —x*, dat x=asint, te {
V6i Va®+x°, dat x=atant, te (

hoac x=acost, te[0;x].

hoac x =acott, te(0;7).

lex Nlél
r\)lé\ NIN

I\)|é1

a V4
\O e X=——te|0;z|[\<=¢.
{0} hoze cost <[] {2}

. a
Voi VX2 -a’, dit x=——, te
sint

o
g mIN

Dang 2: DBat t =u(x) kha vi lién tyc. Khi

L= flu(x)]u(x)dx =] f(t)t.

Vi du 3.3. Tinh cac tich phan bt dinh

3 5x

X . b) | -
91— X [
I(2x“+1)6 1
Giai
a) Datt=2x“+l:>dt=8x3dx:>x3dx=%.Dodc’)
NEL T TL TR O
g t° 87t° 8\ 5t 40(2x4+1)

b)Datt:eX:dt— e*dx. Khi do:
tdt
I_ —
J‘e2X+1 J(

_ le” —e*+arctan (ex)+ C.
3

j t:%t3—t+arctant+c
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3.1.4.3 Phwong phdp tich phén tirng phin
Giasir u=u(x) va v=v(x) khavilién tuc. Khi do:

judv=uv—jvdu.

Vi du 3.4. Tinh
a) | = [ xarctan xdx; b) I = [X*Inxdx.
Giai

_ (u=arctanx du 1+ %2
a) bat = .
dv = xdx 1,
V==X
2
Suy ra: Izixz.arctanx—lj ZX dx.
2 2° x“+1

2
Xétj ZX dx:j(l— 21 jdx:x—arctanx+C.
X" +1 X" +1

Vay | =lxz.arctanx—1x+1arctanx—1C.
2 2 2 2

q _dx
u=Inx U=
b) bat , = :
dv = x“dx 1,
V:§X

1 1 1 1
S =23 Inx== | Xdx==x3Inx-=x*+C.
w7y 3I 3 9

. dx .
Vidy 3.5.Tinh |, = [-———, véi a>0.
(x2 +a )
Giai
u:; du:ixmldx

Pit (¥ +a’) = (x*+a®)" . Suyra:
dv =dx V=X

In = ﬁ-anj.(xz-:(ﬁdx.
Mat khac,

IZX

dx

X’ +a*-a’ dx
d _I :J- m

(¢ +a?)” e

(x*+a?)

X
=1 =—"——+2nl —-2na’l_,.
(x*+a’)
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R 1 X 2n-1

Vay ne 2 n + 2 In )
2na (X2 + a?) 2na

o dx 1 X N o en C e A e A

Vol |, :jﬁ = ~arctan—+C thi c6ng thirc trén duoc goi la cdng thic tich phéan
X' +a’ a a

truy hoi.
Nhgn xét:

a) Néu biéu thirc dudi dau tich phan co dang:

IP(X) In(x)dx, IP(x)arcsin xax, J'P(x)arctan xax,

u=Inx U = arcsin x U = arctan x
thi ta dat y y

dv = P(x)dx ha dv = P(x)dx ha dv = P(x)dx
b) Néu biéu thirc dudi ddu tich phan c6 dang;
IP(X)In(x)dx, jP(x)sinxdx, jP(x)cosxdx,jP(x)exdx,

thi ta dat {u =Py {“ =PO) {U =P(x)

dv = sin xdx dv = cos xdx dv =e*dx

3.2 Tich phan xac dinh
3.2.1 Baitoan tinh dién tich hinh thang cong

Cho ham s6 y=f(x) lién tuc trén doan [a, b] va f (x)=0, véimoi x e[a,b]. Mién
gidi han boi cac duong y = f (x), X=a, X =Db va truc hoanh Ox dugc goi la hinh thang
cong. ‘ 7

Chia tuy y doan [a, b] thanh n phan boicac diem: a=x, <X <X, <...<X, =bh.
y
YA

y =flx)

e N

a xj X2 b

Tir cac diém chia do, ta dung cac dudng thang song song vai truc Oy. Khi do, hinh
thang cong AabB duoc chia thanh n hinh thang cong nhé. Lay 1 diémtiy ¥ ¢, €[X,_;;x;]

véi i =1,n, va coi dién tich hinh thang cong thu i gan bang dién tich hinh chix nhat c6
day x —x_, vachiéucaola f(c,), taco:

f(c)(x—x.)=f(c)Ax.
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Do d6, dién tich gan dung cua hinh thang cong AabB I:

Néu'S — S khi n — oo sao chomax Ax, — 0 khong phu thudc vao cach chia doan
[, b] va cach chon diém c; e[x,,;x ] thi S chinh I dién tich cia hinh thang cong AabB

-t Srm)

max Ax; —0

3.2.2 Tich phan xac dinh
Cho ham s6 y = f (x) xéac dinh, lién tuc va khong am trén [a, b]. Chia tity y doan
[a, b] thanh n phan béi cac diém, mdi phép chia duoc goi 1a mot phép phan hoach [a,b]:

a=X, <X <X <...<X, =Db

Goi Ax, =X —X_,, laymot diém tly y c, e[x_;x] voii =1,n, va lap tong tich phan:

Néu ton tai hitu han 1 =1imS, = Ilmz f(c,)Ax;.

N—o0 nN—oo

Gisi han nay khong phu thuéc vao cach chia [a, b] va cach lay diém c thi
y = f(x) lién tuc trén [a, b] va | duoc goi 1a tich phan xac dinh cua f trén [a, b].

Ky hiéu: j x)dx, trong d6 a 1a can dudi va b la can trén.

Chuay:
b
e S, =[f(x)dx, f(x)=0 thi tich phan xéc dinh Ia di¢n tich gisi han boi cac
duong y= f(x), x=a, x=b.
e  Quy udc: I dx 0
3.2.3 M@t sé tinh chit co ban
Cho f(x) va g(x) lién tuc trén [a, b], a, b, ¢, k 1a cac hang sé tuy y. Khi do, ta c6:
b a
a) I f(x)dx = —I f (x)dx
b c

b) If(x)dx jf dx+j x)dx, a<c<b

a a
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b

c) I[f (x)£g(x)]dx :Zf (x)dxizg(x)dx

a

d) j).kf (x)dx=k't|l f(x)dx, keR

a

b b
e) Néu f(x)<g(x) véimoi xe[a,b] thi J'f(x)dxgjg(x)dx

3.2.4 Cobng thirc Newton — Leibnitz

Cho f lién tuc trén [a, b] va F la nguy&n ham cua f thi ta co:
b

If(x)dx:F(x)

a

3.2.5 Phuong phap tinh tich phian
3.2.5.1 Phwong phdp doi bién

Cho f(x) lién tuc trén [a, b], x = x(t) la ham s6 ¢ dao ham lién tuc trén [« B] sao
cho x(a)=a, x(B)=b. Khi d¢ ta c6 cong thirc doi bién:

000~ £ (x(0)ax(0) = £ (xC) 0.

Vi du 3.6. Tinh tich phéan

e 2

In? x :
a) | = dx ; e
! X b)I:!?dx.
Giai
< dx 2. A
a) batt=Inx=dt =—. Doican:
X
X=e=>t=1
X=1=t=0
= [tax=Lf =L
Khi do | = X=—| =—.
do ! 3|0 3
1 dx dx
b)ypatt=—=dt=—— = — =t
X X X
Déic@n:
1
X=2=>t=—
2.
Xx=1=t=1

1

2 1
Khi d6 | :—jetdt:—etL?:e—\/E.
1
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3.2.5.2 Phwong phdp tich phén tirng phén

Néu cac ham so u =u(x), v =v(x) c6dao ham lién tuc trén [a,b] thi

iudv = uv|f1 —Tvdu .
a a

7%
Vidu3.7.Tinh | = I e” cos xdx .
0

Giai
_. |lu=¢* du =e*dx
bat = ) :
dv = cos xdx V =Sin X
77 ”2 T %
I :[exsinx]oz—jexsin xdx = e? —Iexsin xdx .
0 0

_ |u=¢ du =e"dx
bat ] = .
dv = sin xdx V = —CO0S X

% 77 ”2
jex sin xdx:[—eX Cos x]oz n I e*cosxdx=1+1 .
0 0

T

ez -1

Dodd, | =e2 —-1-1=1=

3.3 Tich phan suy rong
3.3.1 Tichphansuy rong loai 1 (c6 can vo han)

i
Taco I f (x)dx 1akhong ton tai theo nghia tich phan xac dinh néu can « hay B

|a +o0 hay —oo. Nhu vay, can mé rong tich phan xac dinh theo huéng can vo han.

Dinh nghia
Chohamsé f (x) xacdinh trén [a;+o0) va fliéntyc trén [a,t] véi moit > a. Néu
t

lim | f (x)dx =B thi B dwoc goi la tich phan suy rong cua ham s f trén [a;+0).

t—+o0

t

Ky higu: [ f(x)dx= lim [ f (x)dx.

t—>+o0

Néu B 1a mdt sé hitu han thi ta ndi I f (x)dx hoi tu va nguoc lai 1a phan ky.
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Tuong tur €O cac dang tich phan nhu sau:
. L f (x)dx :tliTOt f (x)dx

. If(x)dx:if(x)dx+Tf x)dx

—00

Nhgn xét: Doan lay tich phan phai chira trong tap xac dinh caa ham lay tich phan.

C . 7 dx
Vi du 3.8. Tinh tich phan suy rong | = ey
Giai
_ 1
| = Ilmj—_ lim (—1 ljz Iim( 1) 1+ Ilml—l (vi lim==0.)
a—>—o a—>—wo X a a——ow a a—>-© g a—>—o0 a

Vay tich phan | hoi tu.
3.3.2 Tich phan suy rong cia ham khong bi chan

Cho ham sé f (x) liéntuctrén [a,t],t e[a,b), f khdng bi chan trong moi khoang
t

(u,b),u>a. Néu lim [ f (x)dx = B thi B duoc goi la tich phan suy rong cuaf trén [a,b].

t—b~

Ky hiéu:
t

b
jf x)Jdx = lim | f (x)dx.

t—b™

Néu B hitu han thi ta n6i tich phan hoi tu, nguoc lai ta ndi phan ky.

Tuong tu ta c6 dinh nghia tich phan suy rong loai 2 trong trudng hop f (x) khong
bi chan khi gan diémava f (x) khong bi chin dong thoi tai a va b.
pinh Iy
Cho hamso f(x) va g(x) la hai ham lién tuc khong amtrén [a,b].

Néu lim f (x) = lim g(x) =+ va f(x)<g(x), thi:

Xx—b~ X—b~

() j g(x)dx hoi tu thi j f (x)dx hoi tu.

a

(ii) j x)dx phan ky thi j g(x)dx phan ky

Néu lim f (x):XILrpg(x):+oo va XILT%ZK (0 <k <+), thi:

b
f(x)dx, [g(x)dx cung hoi tu hoac ciing phan ky.

a

D ey T
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Vi du 3.9. Tinh tich phéan suy rong

a) | — ¢ dx .
0 \/:I.—X2
¢ dx
b) I =
) !x In x
Giai
a)
I _Ilmj' X _ limarcsin x|
t->1" /1_X t—1"
=Iim(arcsint—arcsino):Iimarcsintzz, te(0,1).
t—1" t—1" 2
b) I_!LTIXF te(Le).
X
Matkhac .batu= \/Inx<:>u2:|nx@2udu:d_
t X~/In X

x=e=u=1
X=t=u=+/Int

1
ZUdu_J'Zd _2u| =2-2Int. Suyra I =lim(2-2Int)=2

t—1"

Doi can: {

Khldj

Int u Int

Chuy: Taco tich phan suy rong loai 2 dac biét sau day:

] o dx . .
Tich phan suy rong loai 2 JW (a<h, @ >0) heitukhi a <1 vaphan ky
khi o >1.
Vi du 3.10.

dx
3-X

_ 1
hoi tu (vi @ =5 <D.

o
X

phan ky (vi a =1).

OJ
><

—, (a<b,a>0), <1 thi tich phan héi tu, & >1 thi tich phan phan ky.

_ 1
hoi tu (Vi @ =3 <1,

=
|
N

phan ky (vi & =2>1).

Ot N Ww DT N——w N—w
o
>

><|o_
| X<
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3.4 Ung dung tich phan trong kinh té
3.4.1 Ungdung tich phan bat dinh
Néu biét f(x) 1a ham gia tri bién thi ham muc tiéu la: _f f(x)dx=F(x)+C.
Bai todn 1. Tim ham chi phi
Cho biét ham chi phi bién mot san pham cua doanh nghiép: MC = 3x*+2x+4.
Khi d6 ham chi phi:
TC = [MCdx = [ (3% +2x+4)dx = X" + X" +4x+C
Néu x=0=TC(0)=C, : Pay chinh la dinh phi.
=TC =x*+x* +4x+C,.
Bai toan 2. Tim ham doanh thu va ham cau:

San pham A c¢6 ham doanh thu bién: MTR = cgl'_QR =10000-Q°.

4
—TR :j(10000—Q3)dQ :1000OQ—%+C
Khi Q=0=C =0.
Q4
= TR =10000Q -

Vi TR = PQ = Ham cau nhu sau:

3
p-1R _10000- 2.
Q 4

Bai todn 3. Tim ham lgi nhugn:
Cho ham lgi nhuan bién ciia mot san pham: Mz = —100Q +500.

Néu chi ban duwgc 100 san pham thi cong ty bi 16 50000 don vi tién t&. Tim ham loi
nhuan theo Q.

7 = [(~100Q +500)dQ = -50Q” +500Q +C.

Vi 7r(100) =-50 (100)2 +500 (100) +C =-50000 = C =400000
Vay ham loi nhuan: 7 = -50Q? +500Q +400000.
Bai toan 4. Tim ham tiéu dung:

Gia si ham tiéu dang C=C(1) (I la thu nhap). Ta ky hi¢u ham tiéu dung bién
MPC =C'(I).
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Cho ham tiéu dung bién MPC :0,4+£ va biét rang khi khéng c6 thu nhap

<N
van phai tiéu dung 50 dé ton tai. Tim ham tiéu dung.
C(I):j(0,4+£jdl —0,41 428, ¢
31 2

Tacé C(0)=C =50
AL iAoy . 0,15
Vay ham tiéu dung 12 C(1)=0,4l +W+50.
|
3.4.2 Ung dung tich phan xac dinh
Bai toan 1. Phén tich lgi nhudn:
Loi nhuan bién cia mot san phim duoc xac dinh boi:

d—” =-0,002x+10,5
dx

a) Tim su thay ddi caa loi nhuan khi luong ban ting tir 100 1én 101 don vi?

b) Tim sy thay d6i cia lgi nhuan khi lugng ban tang tir 100 1én 110 don vi?
Giai

a) Su thay doi cua lgi nhuan khi ting san lugng ban tir 100 1én 101 don vi Ia:

Tdndx = lTl(—o, 002x +10,5)dx = (-0,001x* +10,5x) 165 =10,3.

100 100

b) Su thay ddi cua loi nhuan khi ting san legng ban tiru 100 1én 110 don vi la:

1Jl'0d7rdx = ljo(—o, 002x +10,5)dx = (0,001 +10,5x )13 =102,9.

100 100

Bai todn 2. Chi phi trung binh

Cho ham chi phi theo thoi gian t (thAng) cta doanh nghiép trong thoi gian 3 nam:

TC =-0,006t* + 0,02t +13,15; 0<t<36.

Tim chi phi san xuat trung binh mot thang trong ky kinh doanh nay.
Giai

Chi phi trung binh dugc xac dinh béi
3—2?(0,00&2 +0,02t +13,15)dt = 3—16(o,oozt3 +0,01t* +13,15t )|’ =15,74.

0

Bai todn 3. Tim khach hang va nha cung #ng thang duw

Mot san pham A dang ban trén thi trudng c6 ham cung va ham cau nhu sau:
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Ham cau: P =-0,3x+10
Ham cung: P =0,1x +2
V6i P la gia ban, x la san luong.
Hay tim khach hang va nha cung urng thang dur.
Giai
Xac dinh gia can bang:
Thi truong can bang khi Cung = Cau, do d6 ta c6:
—0,3x+10=0,1x+2=x=10= P =4,
Vay diém can bang thi truong: M, (20,4).
Khach hang thang du (thdng du tiéu dung):

2f(—o,sx +10-4)dx = (0,15x +6x)|3’ = 60

0

Nha cung ng thang du:

2jo(4—o,1x—2)dx =(2x-0,05x*)|%* = 20.

0
Bai todn 4. Xdc dinh tong nguén vén tir liweng tién ddu tw theo thoi gian:

Goi K la tong nguon von theo thoi gian cua doanh nghiép thi K (t) the hién s tich
Ity theo thoi gian.

Goi | 12 lugng tién diu tu theo thoi gian thi 1 (t) = O('j_f

= K(t)=[1(t)dt+K,.

V6i t=0, K(t)=K,: von dau tuu ban dau (t=t,).

1
Vi du 3.11. Gia str luong tién dau tu theo thoi gian t 1a | (t) =10t* va lugng tién dau tu

ban daula K, =400 (t, =0). Tinh tong ngudn vén tai ndm thir 3.
Giai
1 34
Tac6 K (t)= [10t°dt+400 =107 1% + 400,
Tong nguén von dau tu tir nim 1 dén nim 3:
43

3 1 4
K (t) = J-10t3dt +400 :10.§t3 +400 = 425.
1 4

1
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Cau héi va bai tap chwong 3

Bai 3.1.Tinh cac tich phan bat dinh sau (d6i bién sd)

9)

h)

)

K)

J- Inxdx
Xv1+Inx '

Xdx
I(1+ X*)

Ixz.x3/l+ x3dx
Ix3.\3/1+ X2dx ;

2

dx
I e +e”
J' dx

Ji+e?

a) J~ dx .
1+/x+1"
b) I sin2xdx
J1-sin*x
sin(Inx)dx
C) J’ ( " ) :
o
dx
d) j
e*dx
e 7 e\
) Icosz(ex)
edx
f) Iex——Z’
Bai 3.2.Tinh céc tich phan bat dinh sau (tich phan tirng phan)
a) | X:lx;

b)  [2xarctan xdx;
c) [xsinxdx;

d) [x%e?dx;

Bai 3.3. Tinh cac tich phan xac dinh sau

a) j(x3 +X+1)dx;

0

b) I(x+%+%+x2de;

1
2
c) [x+1dx;
1
Bai 3.4. Tinh cac tich phan xac dinh sau

a)!

sinxdx
1+3cosx’
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e)

f)

9)
h)

d)

b)

jlnxdx;

X2

_[16x3 In xdx ;
j4xcos 2xdX ;

I4x|n 2xdx

j dx _
X+ 2+4/x-2"

1+ 4sin x cos xdx :

O e o | N



f)

Bai 3.5. Tinh cac tich phan xac dinh sau

a)

b)

c)

d)

a)

b)

c)

d)

Bai 3.7. Xét su hoi tu cua cac tich phéan suy rong sau

O i (i) [-—r—

>
>
+
[HEN

Ot b P ) O
o
w|f X<

o
x

- S
=3
>
+
[EEN

x

e

J-In3 xdx

3 Lk
T X

jxlnxdx;
1

jxln(x2+1)dx;
0

- S O o | N

Todx
e

0
[erdx;

*J‘? dx
2 )
> XIn® X

J'izsinldx;
R G

i dx

(x+cos x)sin xdx;

(x+1jln xdx;
X

Bai 3.6. Tinh cac tich phan suy réng loai 1 sau

J1+x)’

g)

h)

)

9)

h)

)

9)

+00 dX

JLX\/XZ—I-].;

9) +jooxexzdx.
1

1 W1+ x\3/ X2 +1



+00 dX

1 X1+ X+ X©

(3+sin x)dx

Ny

(iii) (vii) j

. T xdx o dx
(iv) viii) | ——
!\/x5+1 (il I\/§+coszx

*2sin® 3xdx (x+1) dx

N dx
(V) ! Jax+Inx

Bai 3.8. Tinh céc tich phan suy rong loai 2 sau

dx C) I ;
WeTeEE x-1
1
In xdx _ d) J'
\/; ) 41— X
Bai 3.9. Chi chi phi biénla MC =32+18Q —12Q?, chi phi ¢ dinh 1a 43. Tim ham chi
phi va chi phi trung binh.

Bai 3.10. Cho ham chi phi bién MC =2.e°*?, chi phi ¢ dinh 1a 90. Tim téng chi phi
va chi phi trung binh.

QO
~—

O
~

O Ly O LV |

1
Bai 3.11. Cho ham tiét kiém bién 1a MS =0,2—-0,11 2. Tim ham tiét kiém biét riang
khi 1 =81 thi S=0.

Bai 3.12. Doanh thu bién cho boi phuong trinh MR =60-2Q —2Q”. Tim ham tong
doanh thu.

3
Bai 3.13. Cho ham dau tu theo thoi gian 1a | = 40t° va tai thoi diém t =0 ngudn von
[a 75. Tim ham tong nguon von.

1
Bai 3.14. Cho ham dau tu theo thoi gian 1a | =60t® va tai thoi diém t =0 nguon von
14 85. Tim ham tong nguon von.

Bai 3.15. Cho ham cau P =45-0,5Q. Timthing du tiéu dung khi P, =32,5, Q, = 25.

Bai 3.16. Cho ham cung P=(Q+3)2. Tim thing du cua nha san xuat khi
P, =81, Q, =6.

Bai 3.17. Cho ham cung P, =2Q+1 vaham cau P, = 25—Q’. Timkhach hang va nha
cung trng thang dur.
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CHUONG 4
PHEP TINH VI PHAN HAM NHIEU BIEN

4.1 Céc khai niém co ban vé ham nhiéu bién
4.1.1 Khainiém ham nhiéu bién

Goi R" ={(X,%,,..X,): % € R,i=12,...n}.

Phan tor x = (X, X,,.-.%, ) cua R" duoc goi la diém hay vector, con Xi (i :1_n) goi
la toa do thir i cia x.

Hai phan tir x = (x,,%,,...x,) V& Y =(Yy,Y,.-., ¥, ) bdng nhau néu x; = yi(i :1,n).

Xy

Khoang cach gita x vay lasé d(x,y)=,[> (x -, )2.

i=1

Trong bai giang nay, ta lam viéc trén khong gian nén gom tap R" duoc trang bi
khodng cach d (x,y) nhu trén.
Dinh nghia

Cho tap D = R". Mot ham f cia n bién X, X,,..., . 12 qui luat cho (g mdi phan
tr (X, %,,-.-, ) trong D véi mot s thuc duy nhat f(x,,x,,..x, ) -
Ky higu: u = f (x,%,,...X,).

Tap D duoc goi la mién xéc dinh cua ham f. D6 1a tap céc diem (x,, x,,...x,) Sa0
chogiatri f(x,x,,..x,) xac dinh.
Khi n = 2 hogc n = 3 ta thudng dung ky hiéu z = f (x,y) hoac u= f(x,vy,z).
Ta s& xét chu yéu & ham hai bién z = f (x,y). Mién xdc dinh ctiia ham 1a tap cac
diém (x,y) trong mat phang Oxy sao cho biéu thirc f (x,y) c6 nghia.
Vi dy 4.1.Ham z =In(y—x) c6 mién xéc dinh Ia tap hop nhing diém co toa do thoa
y—x>0 hay y> x. D6 14 nira mat phang nam phia trén duong thang y = x (khdng
ké nhirg diém trén duong thang).

AIF
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4.1.2 Do thi cia ham hai bién

Pd thi ctia ham hai bién thuong 1a mot mat cong trong khdng gian, ma hinh chiéu
cuano trén mat phang Oxy la mién xac dinh caa ham.

Cho ham s hai bién z = f (x,y). Tathdy (x,y) biéudién 1 dicm M (x,y) nénta
c6 thé xem ham hai bién f (x,y) 1a ham ctia diém M. Taco thé bieu dién nhu sau:

Z

z=F(x,y)

v M(x,y)

Vi du 4.2. Ham s6 z = x> + y? 1a d6 thi mot paraboloid tron xoay.

Q
Y
\\\\?\\‘:Q’Q e

S
WO CF
NS

N
D

4.1.3 Cac diém trong khéng gian n chiéu
e Lancdn: Trong R* cho diém M, (x,,y,) vaséthuc r >0. Lan can ciia diem Mo
ban kinh rlatap hop N, (M,)={M e R*:MM, <r|.
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Cho S 1a tap con cia R? va Mo 1a diém thuoc R?.

e Mo duoc goi la digm trong cua S néu ton tai 1an can N, cia Mo sao cho
M, € N, = S. Téap cacdiémtrong cua S dugc goi la phan trong cua S.

Mo dugc goi 1a diém gidi han cua S néu véi moi 1an can N, cia Mo ta déu cd
(N, M) S =@.

Mo dugc goi 1a diém bién cua S néu véi moi lan can N, cua Mo ta déu cd
N. NS =3 N, m(]RZ |S) 2. Tap céc diém bién cua S duoc goi la bién cua s.

S 1a tdp mé néu moi diém caa S déu 1a diém trong cua S.

S I tap dong néu moi diém bién cta S déu thuoc S.

4.1.4 M@t s6 ham kinh té nhiéu bién thong dung
4.1.4.1 Ham san xudt

~ Goi Kla lugng tu ban (vén) va L 1a lugng lao dong duoc sir dung. Khi d6 ham san
xuat c6 dang:

e Q=f(K/L)
e Ham Cobb - Douglas: Q =aK*L”, a,«, # lacac hing sé duong.
4.1.4.2 Ham chi phi, ham lgi nhugn theo cac yéu té san xudt
Tong chi phi san suat TC (total cost) tinh theo san luong:
TC = TC(Q)
Néu tinh theo cac yéu td san xuat thi ham chi phi 12 ham sé ctia cac yéu td san xuat:
TC =WkK + WL + C,,
trong d6: Wx: la gia thué mot don vi tu ban (chang han nhu gid st dung xudng may);
W_: la gia thué mot don vi lao dong (mot gio lam viéc cia mot cdng nhan);
Co: chi phi ¢é dinh.
Néu doanh nghiép canh tranh c6 ham san Xuat Q = f(K, L) va gla thi truong cua
san pham 1a P thi tong doanh thu cua doanh nghiép la ham sé cia K va L:

TR =P.Q=P.f(K, L).
Tong loi nhuan ciia mot doanh nghiép canh tranh ¢6 ham so:
7=P.f(K,L)- (WK +W,L+Cp).
4.1.4.3 Ham chi phi két hop

Trén thyuc té c6 nhiéu doanh nghiép san xuat két hop nhiéu loai san pham. Gid st
doanh nghi¢p san xuat n san pham vai so lugng Q1, Qa, ..., Qn.

Nhu vay TC 1a ham n bién sé va duoc goi 1a ham chi phi két hop.
TC =TC(Q1, Q2, ..., Qn).
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4.1.4.4 Ham lgi ich (Utility function)

Loi ich la sy thoa mén ctia mot nguoi cam nhan duoc khi tiéu dung mot loai san
pham hay dich vu.

~ Tong lgi ich— TU (Total Utility): & tong mirc thoa méin dat duoc khi tiéu thy mot
sO luong san pham hay dich vu trong mét don vi thot gian.

Gia st co cau tiéu dung gdbm c6 n mat hang. Mdi tdi hang 1a mét bo n s6 thuc
X = (X, Xy, X, ), trong d6 xi 12 Iwgng hang héa Ti (i=1, 2, ..., n). Ham loi ich c6 dang
tong quat:
U =U(X1, X, ..., Xn).
Mot trong nhitng dang ham loi ich hay dugc sirdung la ham Cobb — Douglas:
U =ax.x&.x", a,a,,a,,...,a, 1 cic hang s6 duong.
4.1.4.5 Ham cung va ham cau trén thi srwong nhiéu hang hoa

Trén thi trudng n hang hoa lién quan ham cung hang hoéa i va ham cau déi vai hang
héa i c6 dang:

Q, =S, (PP, P),

Q, =D,(R.P,....P),
trong d6 Q, la lwgng cung hang hoa i,
Q,, luong cau hang hoa i,
Pilagid hang héai (i=1,2,...,n).
M® hinh can bang cua thi trudng n hang hoa lién quan c6 dang:
Q =Q,
Qsi = Si(Pl,PZ,..., Pn)

Q, :Di(Pl,PZ,...,Pn)
1=12,..n

4.2 Giéi han va sw lign tuc ciia ham nhiéu bién
421 Giéihan

biém M (x,y) dugc goi la dan vé diém M (x,,Yy,) néu

MMO:\/(X—XO)2+(y—yO)2 — 0.
Ky higu (x,y)— (%, Y,)-
Nhgn xét: M (x,y) = M (X,,Y,) khi vachi khi x — X, va y — Y.
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Dinh nghia
S6 L duoc goi 1a gioi han cua ham f(M) tai diem Mo néu véi day diém {M,} batky
dan vé diém Mo saocho M, e D vn,M, = M, thi day { f (M, )} dandén L.

Ky hiéu: L:Mli—>nl\)lo f(M) hay LZXILT) (X, y).
Yy—=>Yo

S6 L duoc goi 1a gisi han cua ham f(x, y) khi (x, y) dan vé (Xo, Yo) néu vai moi s6
duong &, tontai s6 duong & =5 (&) saocho | (x,y)—L|< & voinhing diém (x, y) c6

toa do thoa 0 < \/(x— xo)2 +(y- yo)2 < 0.
Dinh nghia twong tu nhu ham mot bién, ta ¢6 cac gii han sau:
lim f(x,y)==20, limf(xy)=L

X—>Xo
Y—=Yo y—0

Tinh chat
Gidi han caia ham hai bién cd cac tinh chat trong ty nhuy ham mot bién.
(1) Néu lim f(x,y)=L va limg(x,y)=L" thi
X—>Xg X—=>Xp
Y—Yo Y—=>Yo

) lim[ f(xy)xg(xy)]=LxL’

X—Xo

Y—=Yo
i) X|Lrpo[f(x,y).g(x,y)]zL.L'
Y—=Yo
ii) |im{f(x’y)}:£, (L'%0).
Sploxy) ] L
(2) Neu lim f(x,y)=L valimF(t)=F(L) thi limF(f(xy))=F(L).
Y—=Yo Y—=Yo
Vi dy 4.3.
: 2 _92 _
a) lim(x’-3y+1)=2"-31+1=2.
y—l
. 1
| =0.
? g[xzwzj

. 1
C) |Im[ - 3j:oo.
Ly

X’y
Vi du 4.4. Chtang minh lim =0.

0 2 2
AR
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Giai
Tathay f(x, y) xac dinh tai moi diém trong mat phang trir diém (0, 0).
Vi x* < x*+y® nén taco

2

Xy

0<
X°+y

5| <|y| >0 khi x>0vay—0

s X’y
bicu nay ching t6 lim| —— |=0.
=0\ X° + y
Nhgn xét: Tirtinh duy nhat cua gigi han ta nhan thay:
Néu ton tai cac day diem {M,} va {M/} saocho M, — Mg, M/ — M, nhung

f(M,)—>L, f(M;)—>L, L=L"thigidihan Mlmof(M) khdng ton tai.

Vi du 4.5. X6t syrtdn tai gi6i han ciaham f (x,y)=—22— khi (x,y)—(0,0).

X2+ y?
] 1 ;o 11
Taco (x,,Y,)= 0,H —(0,0), (X, y5)= SO —(0,0)
va f(x,,y,)=0—0, f(x;,y;)zéa%.
A e . Xy A A .
Vay gi6i han lim——— khdng ton tal.
X—)OX +y

4.2.2 Swlién tuc ciia ham nhiéu bién
Gia sirham f (x,y) xac dinh trong mién D va (x,,y, ) € D.

Ham f (x,y) duoc goi 1a lién tuc tai (x,, Y, ) néu( )Iir(n )f(x,y)zf(xo,yo).
XY )= %0, Yo

Ham f (x,y) duocgoi la lién tuc trén mién D néu no lién tuc tai moi diém thuoc D.

2

Xy

— 2 X*+y* %0
Vi du 4.6. Xét tinh lién tuc cia ham sé tai (0,0): f(x,y)=1x*+y?’
0 ,xX*+y*=0

. Xy . -
Taco fim =0=1(0,0 Ham sé lién tuc tai (0,0).
(XvY)_’(XOvYO)[X2+y2J ( ) = 0 uc ta (0 o)

binh Iy: Néu f (x,y) liéntuc trén mot tap dong va bi chan trén D < R thi f dat gia tri
I6n nhat va gié tri nho nhat trén D.
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4.3 Pao ham riéng va vi phan
4.3.1 Pao ham riéng

4.3.1.1 Pgo ham riéngcdp 1
Cho z = f(x,y) xac dinh trén D = R* M,(X,,Y,) € D.

Néu y =y, khong doi thi f (x,y,) 1a ham 1 bién theo x. Néu f (x,y,) c6 dao ham
theo x tai x =x, thi dao ham d6 dugc goi la dao ham riéng cap 1 cua f tai Xo.

7 b Ay 2 af
Ky hiéu: fx(xo,yo):&(xo,yo)
bat Af=f (Xo + AX, YO)_ f (XO’yO): 50 gia riéng chaf theo x tal (XO’ yO).

el e of (X, Y . Af
Khi d6 fx(xo,yo):%:ﬂ%&

Twong tu, ta c6 dao ham riéng cap 1 ciaf theo y tai M, (X9 Yo), Ky hiéu la:

O (%0%0) _ jj AT
ay Ay—0 Ay

Vi du 4.7. Tinh cac dao ham riéng caa ham sé sau:

fy (X ¥o)=

a) Chohamsé z=f(x,y)=x*+2xy* +Xxy.

b) z=X*+Yy>.
Giai
a) Taco z. :%(x, y)=2x+2y*+y.
z, :%(x,y)=4xy+x.
b) Sinh vién tyu giai.
4.3.1.2 Pao ham riéng cdp cao
Cho ham s6 z = f(x, y). Cac dao ham riéng f/, f, dugc goi la nhitng dao ham

riéng cap 1. Cac dao ham riéng cua dao ham riéng cap 1 néu ton tai duoc goi 1a dao ham
riéng cap 2. Ta cé 4 dao ham riéng:

o [ of o f
B B G f!! 1
ax(axJ Ox? a (%)

ﬁ(ﬁ): o°f =fr(xy)
oy\ox ) oyox "N
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o(of) &f .,
&(5} Ty fo ()

o ( of o’ f
_— — :—:f” ,
ay(ayj o = %)

Tong quét, cac dao ham riéng ctia dao ham riéng cap n — 1 ciia ham z duoc goi 1a
cac dao ham riéng cap n cua z.

n

Chang han 1a dao ham riéng cap n cua z, trong d6 z duoc lay dao ham

Xiayn—i
riéng i 1an theo bién x roi lay dao ham riéng n —i lan theo y.
Vi du 4.8. Tinh dao ham riéng cap 2 ciia ham z = 2x%y? + y°.

Z, = 6x°y’ 2! =12xy? zy, =12x%y

' 3 4 " 3 4 " 2

z, =4X7y +3y zy, =4x°+ 20y zy, =12x%y.
binh ly (Schwartz):

Néu trong 1an can nao do6 cua (Xo, Yo) ham sb f(x, y) ton tai cac dao ham riéng
va lién tuc tai (xo, yo) thi (X5, ¥y) = f, (%, ¥o)-
Dinh 1y nay ciing diing cho cac dao ham riéng cap cao hon ctian bién sé (n > 3).
4.3.1.3 Pgo ham ciia ham sé hep

Cho ham s6 z = f(u, v) trong d6 u = u(x, y), v = v(x, y). Néu cac ham u(x, y),

V(X, y) c6 cac dao ham riéng lién tuc thi khi d6 ton tai cac dao ham riéng:
oz of ou of ov

oX  Ou Ox oV ox
o _of ou_ of ov
oy oudy ovoy

Vidu 4.9. Tinh z=e"sinv,u=xy, v=Xx+Y.

% =(e"sinv).y + (e’ cosv).1=e[ ysin(x+y)+cos(x+Y)]

% - (e“ sin v).x+(e” cosv).lz e[ xsin(x+y)+cos(x+y)].

Twong tw ta dgo ham riéng cia ham n bién:
Cho ham u = f (X, X,,...,X, ), dao ham riéng cta u theo bién x; la dao ham cua f
theo bién x; néu coi cac bién khéac 1a hang s, ky hiéu:
s
L OX;
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4.3.2 Viphén
4.3.2.1 Vi phan toan phan

Cho f(X,,Y,) xac dinh trén D < R* va co6 cac dao ham riéng f,, f, lién tuc tai
diem M, (%, Y, ) € D thi:

AF (X, Yo ) = £ (% Yo ) AX+ (%o, Yo ) AY

duoc goi 1a vi phan toan phan cua f tai M, (x,, ;).

Ky higu la: df (x,, Y, )= f, (X Yo ) A+ (X, Yo ) AY .
Vi x, y la c4c bién doc 1ap nén: Ax = dx, Ay = dy. Khi do:

df = £ (X, Yo ) dx+ £, (X, ¥, )dy

of | of
Hay df =< dx+ < dy.
y df =2 e dy

Vi dy 4.10. Tim vi phan toan phan caa ham sé: f (x,y)=x’y>.

Taco q:2xy3; i=3x2y2.
OX oy
i ohan toan ohan: df = - dx+ L dy = 258 22
Vi phan toan phan: df = v dx+ Y dy = 2xy~“dx + 3x“y“dy.

4.3.2.2 Viphan cdp cao
Cho ham s6 z = f(x, y) xac dinh trén D < R?.
Vi phan toan phan cap 1:
df = f,dx+ f/dy: 1a mot s6 theo x, .
Ta lay vi phan toan phan cua df:
d(df)=d*f =d(f/dx+ f;dy)
= fhdx® + 2 dxdy + f dy?.
Tong quat, ta c6 vi phan cap n:

(n)
me _(0F . of (e )
d f_(&dx+5dy} =(f,dx+ f,dy) .

Vi du 4.11. Cho ham s6 f

~—~~

X ¥)=xy.

! . 8f !
= f/=2xy*; 5= f, =3x%y?.

R

Vi phan toan phan cap 1: df = 2xy’dx +3x*y’dy.
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2 2
Taco 2: f7=2y% 0 : =" =6x°y; i(qj:wyz.
OX X oy y oy \ OX

Vi phan toan phan céap 2:
d(df )=d*f =2y°dx® + 2.(6xy2)dxdy +6x°ydy”.

4.3.3 Sir dung dao ham riéng trong phan tich kinh té
Cho dailugng z =2(X,X,,..., X, ), VO X, X,,..., X, 12 cac bién doc lap.

(i) Dao ham riéng z/ :g—z 12 téc @6 thay doi (tic thoi) cua z theo bién x; tai
i X.

diem cuthe z(x,%,,.... X, ) =(a,8,,..,a,).
(i) Heé séco dan:

. 22 (X, Xy ees Xy ) X
' o 7

(i) Cho ham sanxuat Q= f (K, L).
San luong phy thudc vao hai bién tu ban va nhan cong:

g_g - :—:( . lugng thay doi ctia Q ddi voi tu ban trong khi L khong thay doi.

Ky hiéu: % = MP, (Marginal product of Capital).

‘;—(B = % : lwong thay d6i cua Q khi L thay d6i, trong khi K khong doi.

Ky hiéu: g—fL =MP,_ (Marginal product of Labor).

Vi du 4.12. Cho ham san xuat Q = AK“L**, A>0, 0<a <1. Tacé:

l-a 1-a
MP, = d_Q = aAK I = A Ll_ - aA(Lj
dK “ K

_dQ _ - oo (1-o Al K)
wR =99 = (1)L =1 a)A(Lj.
2

w N
Wl

Néucho A =30, a:§,1—a=% thi Q =30K?3L3.

Gia strdoanh nghiép st dung 27 don vi tu ban va 64 don vi lao dong, ta co:

1
. MP, =3.3o.(6—4j3 - 27.
37| 27
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Diéu nay c6 nghia 1a: Néu tang thém mot don vi tu ban (27 1én 28) thi san luong s& tang
thém 27 don vi trong khi nhan cong khéng thay doi (L gitr nguyén).

e MP :l30 27 ) =10. 21 ) " _6.
3 64 64

Nhu vay, néu tang thém mot don vi lao dong (64 1én 65) thi san luong tang thém 1a 6
don vi san pham.

Vi du 4.13. Cho ham ciu Q =10000-0,5P? + P2 —0,4P2.

Tai muc gia (P, P,,P,)=(20, 20, 10), ta co:

aQ
=—P, =-20.
Q= P 1

Q
=—< =2P, = 40.
= 0P,

Q
., =—=-0,8P, =-8.
O oP, :
Tai muc gia (P, P,,P,) =(20, 20, 10):
- Toc d6 thay doi (tirc thoi) cua Q theo P1la (— 20) (don vi/don vi gid), nghia 1a

néu ting P; thém 1 don vi gia thi nhu cau Q s& giam 20 don vi san pham.

- Tbc do thay ddi (tc thorl) cua Q theo P2 1a 40 (don vi/don vi gid), nghia la néu
tang P, thém 1 don vi gia thi nhu cau Q s& tang 40 don vi san pham.

- Tbc @6 thay doi (tuc thol) cua Qtheo Ps 1a (- 8) (don vi/don vi gid), nghia la néu
tang P3 thém 1 don vi gia thi nhu cau Q s& giam 8 don vi san pham.

Taco (P,P,,P,)=(20, 20,10), suy ra Q = 8360.

g =R R _ 50 2 _ 40478
oPQ 8360
g, =R 5B 40 20 _ 4 0057
oP,’Q 8360
RNRER__g 10

£,=—< =8 =-00096.
0P, 'Q 8360

Vay tai mac gia (P, P,,P,) =(20, 20, 10):

- Néugié P; tang thém 1% thi nhu cau Q giam bét 0,0478%.
- Néu gia P, tang thém 1% thi nhu cau Q tang thém 0,0957%.
- Néu gia Ps ting thém 1% thi nhu cau Q giam bét 0,0096%.
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4.4 Cuyec tri ham nhiéu bién
4.4.1 Cuyc tri tw do ham hai bién

4.41.1 Dinh nghia

Cho z = f(x, y) xdc dinh trong D = R?, M (X,,Y,) € D. Ham s6 f(x,y) datcyc
tri tai Mg (%,,Y,) Néu ton tai mot 1an can w ciia Mo sao cho:

e f(My)=f(M), YM ew thi ham so dat cuc dai tai Mo.

e f(M)<f(M), YM ew thi ham sé dat cyc tieu tai Mo.
4.4.1.2 Bidukign can dé co cuctri

biém (,, Y,) duoc goi 1a diém dirng cua ham f(x, y) néu:

£ (X1 ¥o)= T, (X0 ¥o) =0.
Diem (X, Y, ) duoc goi la diem ky di cua ham f(x, y) néu:
f, (X ¥,) hodc f(x,,Y,) khong ton tai.

Piém dimg va diém Ky di dugc goi chung 1a diém tgi han.

Néuham f(x, y) dat cuc tri taidiem (X,, Y, ) vaton tai cac daohamriéng f,/(x,, Y, ),
£ (X1 ¥o) thi £(Xg, ) =0va f(x,,Y,)=0.
4.4.1.3 PidukKién dii dé co cuc tri

Gia st f(x, y) c6 dao ham riéng cap 2 lién tuc trong 1an can cta diem M, (%,, Y, ),
V6i Mg la diém dung cuaa f(x, ).

bat A=) (X,Yo); B=1)(%.Y¥); C=1,(X,Y,) va A=B*—AC.
Khi do:

. [A<O0 | L
e Neu thi f dat cuc tieu tai Mo.
A>0

. |[A<O -
o Neéu thi f dat cuc dai tai Mo.
A<O

e Néu A >0 thi f khong dat cuc tri tai M.
e Néu A =0 thi khdng thé khang dinh gi vé su ton tai cia cuc tri.
Vi du 4.14. Tim cyc tri caaham s z = x* +y* —3xy +1.
Giai
e Timdiémt6i han: Taco z, =3x°-3y; z, =3y’ -3«
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—
X < X
Il o
~ B o o

<
I

Z :o — 2 — 2
Xéthé{ O@{y X @{y X &

y?—x=0 |x*—x=0 {

Suy ra, cac diém ding: (0, 0), (1, 1).
e Taco: A=z; =6x; B=z;, =-3; C=2z; =6y.

TaiO(0,0), tac6 A=0;B=-3,C=0= A=B?~AC=(-3)"-0=9>0
= fkhong dat cuc tri tai (0, 0).
Tai(1,1),tac0A=6;B=-3,C=6=A=B"-AC=9-36<0
Ma A > 0 nén f dat cuc tiéu tai (1, 1).
4.4.2 Cuc tri c6 diéu kién
Cuc tri caa ham z = f(x, y) véi diéu kién rang buoc @(x,y)=0 duocgoi la cyc tri
c6 diéu kién.
4.4.2.1 Phwong phdp thé
Gia st tir diéu kién rang budc ¢(x,y) =0 tagiai ra duocy = y(x). Khi d6 viéc tim
cuc tri c6 diéu kién ciia ham z = f(x, y) dugc quy vé viéc tim cuc trj tu do (khdng diéu
kién) ctia ham z = f(x, y(x)).
Vi du 4.15. Tim cyc trj ciaham z =4/1-x* —y® véi diéu kienx +y—1=0.
Giai ‘ , q
Tudieu kiéntacdy =1 —x. The vao biéu thirc cua z, ta dugc

z :\/1—x2—(1—x)2 =J2.x-X2.

Pay 1a ham mot bién cua x xac dinh véi Xx—x* >0 hay 0<x<1.

Taco: %:Q_ﬂ; $=O<:>x=1.
dx 2 \/X—XZ dx 2
X 0 1/2 1
% + 0 -
dx
J2
z 2
0 0

Tathdy z dat cyc dai co didu kién tai M (%%)
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4.4.2.2 Phwong phdp nhdn tir Lagrange
Diéu Kign can cia cuc tri cé diéu kién

Cho Mo(xo, Yo) 1a diém cuc tri cua ham z = f(x, y) véi diéu kién rang budc
@(x,y)=0. Giastr:

(i) Cécham fva ¢ cocac daoham riéng cap 1 lién tuc ¢ 1an can caa diém Mo.
(i) Cécdaoham riéng . (x,, Y, ), @, (X, Y,) khong ddng thoi bang 0. Khi d6 ton
tai Mot sO A, sao cho (X,, Yy, 4, ) 1a diém ding cua ham:
F(xy,2)=f(xy)+Ae(XYy)
S6 A duoc goi 1a nhan tir Lagrange, ham F(x,y,4) dugc goi la ham Lagrange.
Diéu Kign dii ciia cuc tri cé diéu Kign
Gia st cac ham ham z =f(x, y) va ¢(x,y) =0 c6 dao ham riéng lién tuc dén cap 2
& 1an can (xo, Yo) Va (X,, Yo, 4) 1a diém dung ctia ham Lagrange. Xét vi phan
d?F (Xg, You 4) = B (X, Yo, 4) X +2F] (%o, Yo, A) dxdy + F (g, Yo, 4) dy?
V6i rang budc @jdx+¢|dy =0, dx*+dy” > 0. Khi do:
(i) Neéu d?F (X, Y,)<O0 thi ham f(x, y) dat cuc dai tai (Xo, Yo).
(i) Neéu d?F(x,Y,)>0 thi ham f(x, y) dat cuc tiéu tai (o, Yo).
(i) Néudaucia d’F(x,,Y,) khong xac dinh thi ham f(x, y) khong dat cuc tri tai

(Xo, Yo)-
Vi du 4.16. Tim cyc tri cua ham z = 6 — 4x — 3y véi diéu kién x? + y2 = 1.
Giai
Lap ham Lagrange: F (X, y):6—4X—3y+,1(X2 Ly _1)_
F/ =—4+2Ax=0
Gidih¢: {F/ =-3+21y=0
F =x"+y*-1=0

e S .

X 5 2= 7%

Y S o 3 3

Ta dugc cac diém dung caa ham Lagrange: <Y, =z va 1y, =z
5 5

A= A=

Taco d’F =22 (dx* +dy).

69



ol s~
ol w

o Vi ﬂlzg tacod sz(g;gj>0 nén ham dat cuc tiéu tai Ml( ; J vaz. . =1.

* Vi ﬂl=—g ta co sz(—g;—§J<0 nén ham dat cuc dai tai Mz(—g;—gj va
7 =11,

4.4.3 Ung dung cuc tri trong kinh té

Xét truong hop mot doanh nghiép canh tranh san xuat 2 loai san pham. Gia sir tong
chi phi két hop dugc tinh theo so lugng san pham:

TC =TC(Q1, Q2),
trong d6 Q1 12 56 lwong san pham thtr nhat
Q2 1a sé lwgng san pham thi hai.
V6i Py, P, 12 gia thi truong cua hai loai san pham, ham tong lgi nhuan ¢é dang:

= P1Q1 + PzQz _TC(Ql’QZ)'

_ Bai toan datra trong truong hop nay la chon mot co causan luong (Q1, Q2) dé ham
tong lgi nhuan dat gia tri I6n nhat.

Vi du 4.17. Gia sir ham tong chi phi cua doanh nghiép canh tranh Ia:
TC = 6Q12 + 3Q22 +4Q.Q,,

va gia san pham P; = 60, P, = 34. Hay x4c dinh mirc san lugng t6i wu cho lgi nhuan téi da.
Giai

Ham tong loi nhuan 1a ham sé:

7 =60Q, +34Q, — 6Q12 - 3Q22 -4Q.Q,.
Diéu ki¢n can dé dat lgi nhuan t6i da 1a:
or

T _60-12Q,-4Q, =0
oQ, Q-4 Q=4
or < Q, =3
O _34-4Q,-6Q, =0 2 =
20, Q,-6Q,
Talaico
2 2 2
0Q; 0Q,0Q, 0Q,

Suyra A=B*-AC <0 va A<0 nén ham loi nhuan dat cuc dai.

Vay loi nhuan sé& Ién nhat néu doanh nghiép san xuat 4 don vi san pham tha nhat va 3
don vi san pham tha hai.
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Cau héi va bai tap chwong 4

Bai 4.1. Tinh cac gigi han sau (néu co):

a)  limxsin2 ) lim—o—Y

X—00 X X—00 X _+_ y

y—2 y—>00

X . Xy

b) |im(1+l) d  lim —2—.

);/i%o X (x,y)—(0,0) /XZ + y2

Bai 4.2. Tinh cac dao ham riéng va vi phan cap 1 cua cac ham sé sau:
2 z=XY d) z=x",x>0
X+ Yy

e) z=yx' (x>0)

sinl

b) z=e f) f(x,y,z)z\/m
c) z:ln(x+w/x2+y2)
y

Bai 4.3.a) Cho hamhop z = f (u) véi u=xy+=. Tinh z;, z/
X

vy

!
Vv

b) Cho ham hop z —arctan > VGi X =u.sinv; y=u.cosv. Tinh z, z
y

Bai 4.4.Tim cuc tri cua cac ham sé sau:
a) z=4(x-y)-x*-y’

b) z=xX+xy+y’+x-y+1

c) z=x+y-xe&’

(=)

d) z:(x2+y2).e

e) z=x>-6xy+3y’

) z=x'+y' —x*-2xy-y’

g) z=x>+3xy*-15x+12y
50 20

hy z=xy+—+—
Xy

Bai 4.5.Tim cuc tri c6 diéu kién cua cac ham sd sau:
a) z=xy véididukienx+y =1,

b)  z=xy® véidiéu kién x* +y* =1.
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) z=x2+y? voididukien 24+ -1
2 3
d) z=12—4x-3y voidiéukién x* +y*>=25.
Bai 4.6.Gia sir doanh nghiép doc quyén san xuat hai loai san pham véi ham chi phi két
hop: TC = le +5QQ, + Q22
Gia sur cau ddi vai cac loai hang hoa d6 1a:
P1 =56 — 4Q; (d6i v&i san pham thir nhat);
P, = 48 — 2Q, (ddi vai san pham thir hai).
Hay xac dinh muc san lwong va gia tdi wu cho cac san pham.
Bai 4.7.Mot doanh nghiép canh tranh thuan tly san xuat két hop hai loai san pham véi
ham chi phi nhu sau (Q; 1a Ivgng san pham i):
TC =3Q2 + 2QQ, + 2Q% +10.

Hay chon mirc san lugng két hop (Q1, Q2) dé doanh nghiép c6 duoc loi nhuan toi
da khi gid san pham 1 la 160$ va gia san pham 2 la 120$.
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CHUONG 5
MA TRAN VA PINH THUC

5.1 Khai niém vé ma tran va cac phép tinh
5.1.1 Cac dinh nghia
5.1.1.1 Dinh nghia matran

Cho mét bang gém ¢ m x n sb thuc, c6 m hang va n cot duoc goi 1a ma tran cip m x n.

a; &y - G,
A: a21 a‘22 a‘2n
_aml a‘m2 a‘mn a

e a,:laphan tr cua ma tran Anam & giao diém cua hang i cot j.

° Ky hléu A= [aij ilmxn , A= (aij )mxn ) Anxn'

Vi du 5.1. Mot cong ty mudn thong ké tinh hinh tiéu thu san pham cua cac dai Iy kinh
doanh cac san pham cta ho nhu sau:

San pham
A B C D
1 150 | 230 | 210 | 180
2 225 | 175 | 200 | 350
3 120 | 425 | 175 | 380

Tac6 thé trinh bay dudi dang ma tran vé lugng hang tiéu thu nhu sau:
150 230 210 180

225 175 200 350
120 425 175 380

Paily

Trong d6: - Yéutd cot 1a luong hang tiéu thu cua tirng san pham.
- Yéu t hang 1a lvong hang tiéu thu cua ting dai ly.

Chuy:

Ma tran chi c6 mot hang (cot) duoc goi 1a ma tran hang (cot) hay vecto hang (cot).

S6 thue 13 mot trueong hop dic biétma tran chi c6 mot hang mot cot. Vi du: A= [3]-
5.1.1.2 Matrdnkhong

Ma tran khdng 1a ma tran ma tat ca cac phan tir déu bang 0.

0=|0] (Vaij = 0)’

mxn
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0 0 .. 0]

00 .. 0
gmxn:

00 .. 0

5.1.1.3 Matrdnvuodng
a) Matranvudng

Khi m=n, ta cd matran cip nxn dugc goi la ma tran vudng cap n hay goi tit la
ma tran cap n.

a; a, - 4,

a4, a, .. a
A=| 2 2 2n

dy Gy, e Q|

Céc phantir a,,, a,,,..., a,, dugc goi la cac phan tir chéo. Puong thang xuyén qua
cac phan tir chéo goi 1a duong chéo chinh.
b) Ma trgntam giac trén
Ma tran A cap n:

(A, a, .. a, (8, a, .. a,

0 a, .. a , a, .. a
A= 7 7 conviét A= # 2

_0 0 .. A i A |

trong d6 a; =0 néu i > j duoc goi 1a ma tran tam giéc trén.
c) Matrgntam gidac duwoi
Ma tran A cap n:

a, 0 .. 0 ay
a, a, .. o a, a
X conviét A=| % %
la, a, .. a,| la, a, .. a,|
trong d6 a; =0 néu i < j duoc goi 1a ma tran tam giac dudi.
d) Matrdgnchéo
Ma tran A cap n:
a, 0 . a;
0 a o a
A= 2 con viét A= 2
0 0 a., i a, |

trong d6 a; =0 néu i = j dugc goi la ma tran chéo.
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e) Matrdndonvi

Ma tran don vi 1a ma tran vuéng cip n 12 ma tran chéo ma tat ca cac phan tir chéo
déu bang 1, cac phan tir khac déu bang 0.

I :[aﬁlxn véi gy =1vaa; =0, Vi j.

1 0 .. 0]
0 1. 0
| = .
00 .. 1]

5.1.1.4 Matran chuyén vi

Xétma tran A=|a; | . Déihang thanh cot, cot thanh hang ta dugc mot ma tran

mxn

mai goi 12 ma tran chuyén vi cia A. Ky hiéu la AT, A

A=|a men = AT =g ]nxm .
Vi du 5.2. Tim ma tran chuyén Vi cua ma tran A
(10 12 15 27 30 |

9 14 18 16 24
13 15 20 19 28
11 18 17 25 31

A:

Giai
10 913 11
12 14 15 18
AT=|15 18 20 17].
27 16 19 25
30 24 28 31|

Sir dung Excel: Tathuc hién cac budc sau:
- Panh dau khbi ma tran gc
- Chon sao chép (copy)
- Dan bang tiy chon: Paste special/Transpose.

Paste Special ? X
Paste

® All () All using Source theme

Oformulas OAII except borders

Oyalues O Column widths

O Formats O Formulas and number formats

Og mmmmm its O\Jalgasand number formats

O Validation All merging conditional formats
Operation

@ MNone OMuItlply

() Add () Divide

(O subtract

[ skip blanks

Cancel
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5.1.1.5 Matrdgn doi xing
Ma tran vudng A dugc goi 12 ma tran déi xang néu A= A'.
Chi y, véi dinh nghia trén thi ma tran d6i xang chi c6 trong khai niém ma tran vuéng.

3 -2 1
Vidu5.3. A=|-2 2 4| lama tran ddi xing.
1 4 -1

Ddi voi ma tran ddi xing cac phan tir d6i xang véi nhau qua dudng chéo chinh.
5.1.1.6 Matrdnbdc thang
a) Matrdn bdc thang

e Mot hang ctia ma tran dugc goi la hang 0 néu né chi gom nhiing phan tir 0. Nguoc
lai, neu mot hang cua ma tran ¢6 it nhat mot phan tir khac 0 thi duoc goi la hang khac 0.

e Phan tr khac 0 dau tién ctia mot hang dugc goi 1a phan tir chinh cua hang do.
e Matran A duoc goi 1a ma tran bac thang khi thoa cac diéu kién sau:
(i) A khbng c6 hang 0 hoac hang 0 ludn ¢ dudi cac hang khac 0.

(i) Néu A ¢ it nhat 2 hang khac 0 thi phan tir chinh ctia hang dudi luon nam
bén phai cua phan tr chinh cua hang trén.

Vi du 5.4.
(1 2 0 7]
0020 2 00
Ma tran dang bac thang: A= , B= .
0 00 3 0 01
0 0 0 0]
5 3 4 2 20
Ma tran khéng dang bacthang: C={2 7 0|, D=|0 0 O0|.
0 0O 0 5 3

b) Matrdn bdc thang rat gen hang
e Moi phan tir khac khong dau tién cua mot hang bang 1 goi 1a phan tir dan dau.
e Moi phan tir khéc cua cot chira phan tir dan dau déu bang 0.
e Céachang chira toan phan tir bang 0 nam dudi cac hang khac 0.
e Céacphan tir din dau (bang 1) dugc sap xép theo thir ty chi s6 cot ting dan.
Ch y: V&i bat ky mot ma tran A cho trude, sir dung lién tiép cac phép bién doi hang.
Ta dua dugc A tuong duong vai ma tran bac thang rat gon hang.
1 1 2 3
Vidu5.5. Cho A={2 5 7 2|.Haybién doi ma tran A thanh ma tran bac thang rat
1 2 31
gon dong.
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Giai
Tathyc hién nhu sau:

Hang 1 gitra nguyén vi tri, nhan hang 1 vai (-2) cong vao hang 2; Nhan hang 1 véi
(-1) cong vao hang 3:
3 112 3
2|—x 2,10 3 3 4
1

A= hy=hy Ty
011 -2

RN R
N Ol
w NN

Do6i chd hang 2 véi hang 3:
112 3 112 3
0 3 3 4|—2ksi0 1 1 -2
011 -2 0 3 3 4
Nhan hang 2 cho (-1) cong vao hang 1; Nhan hang 2 cho (-3) cong vao hang 3:
11 2 3 1 01 5
0 1 1 -2|—xhr 50 1 1 -2

hg=hs—3h,

0 3 3 4 0 00 2

Nhan hang 3 cho

5 1 01 5

2|——[0 1 1 -2
=3t
2 0 00 1

o o -, NIk
o o
o b -

1 01 5
Vay ma tran bac thang rdt gon hang caa Ala: [0 1 1 -2|.
0 00 1
5.1.2 Ca&c phép toan trén ma tran
5.1.2.1 Matrdn bang nhau

Hai ma tran A va B duoc goi 1a bang nhau néu ching cé cuing cap va cac phan tu
cung vi tri bang nhau, tac la:

) A=[a] :B=[b] .
i) a; =b; voimoi i, j.
Ky hiéu: A=B.
Vi du 5.6. Tim cac gia tri x; saocho ma tran X = A:

SRR
Xop Xy 4 3
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o Dua vao dinh nghia ta c6: X, =5; X, =7; X, =4; X, =3.
5.1.2.2 Phép cgng hai matrgn
Dinh nghia
Cho hai ma tran cing cap mxn:
A=) i B=[b] -
Tong A + B 1a ma tran cap mxn xéac dinh bai

A+B =[aij +b'j:|m><n.

Nhu vay mudn cong hai ma tran ciing cap ta cong cac phan tir cing vi tri.

Vi du 5.7.
4 1+1—3_4+1 1+(-3)| [5 -2
13 2| (2 1] |3+2 2+1 | |5 3]
231 4] 0000|2314
513 2/]|0000|][5132]
12 1] [1 -2 -1]_[o0 0
23 2/ |2 -3 2] |00 oOf

Tinh chat

Néu cac ma tran A, B, C, @ cling cip mxn, ta c6 cac tinh chat sau:
e A+B=B+A
e (A+B)+C=A+(B+C)
e (O+A=A
e Néugoi ~A=[-a;| thitaco -A+A=0.
5.1.2.3 Phép nhan mgt sé thuc véi matrgn
a) Dinh nghia
Cho A=|a;] ke thi tich kA la mot ma tran cAp mxn dugc xdc dinh boi
kA= ka |

mxn

Vi du 5.8.
1 2 31 3 6 9 3
3.2 0 5 3|=|6 0 15 9
21 0 4 6 3 0 12
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1 2 1 1 2 1 00 O
{2 3 2}(_1){2 3 2}{0 0 o}'
b) Tinh chdt: Cho k, h e R ta cé cac tinh chat sau:
e k(A+B)=kA+kB
e (k+h)A=kA+hA
5.1.2.4 Phép nhan hai matrgn
a) Dinh nghia
Xeéthai matran A=[a,] . B =[ka

pxn

Goitich AB lama tran C = [cij} duoc xac dinh nhu sau:

mxn

p
Cy=ayb; +a,b, +..+a,b, = Zaikbkj
k=1

Chay: S6 cot cia ma tran A bang sé hang cia ma tran B.

Vi cong thirc trén ta thay c; 1a tong cac tich cac phan tir twong Ging & hang i cua
ma tran A vai cac phan tir ¢ cot j ctia ma tran B.
Vi du 5.9.

_ 1 2 3 -
2 -1 1 3 5 7 -1
AB= 12 -1 1 0|=
-3 2 0 1 -8 -7 3
- 3 0 21 B _
— R — - b1 (b 5
2 5|13 5| |10 5 b2z b,
AB= = il
1 3]|-1 2 01 — ~ 4 1=
- T [ =t O[ |
2 5|/|-5 -5] [0 O
AB = = A } ‘é
2 5|12 2] [0 O] | -

b) Sidung Excel

Tasu dung ham MMULT véi cac bude nhu sau:
- Vao Inserst chon Function
- Chon ham MMULT
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Insert Function 7 x

Search for a function:

Type a brief description of what you want to do and then Go
click Go

Or select a category: | Math & Trig ~

Select a function:

LOG ~
LOG10

IMDETERM

IINVERSE

MOD

MROUND v

MMULT (array1,array2)
Returns the matrix product of two arrays, an array with the same number of
rows as array1 and columns as array2,

Help on this funcdtion Cancel

- Nhap ma tran A va B.

B4 M X o fr | =MmMuULT(R1:D2,Ba:E6)
A B C D E F G H J K L M N a
1 Ma tran A 2 -1 1 Function Arguments ? b4
2 ) -3 2 0
MMULT
3
4 1 2 3 =] Arrayl |B1:D2 B = 2-11320
5 |MatranB 2 -1 1 o Array2 | Ba:Eg| | = {1,23,-1;2-1,1,03,02,1}
1
(5] 3 0 2 1 = 357-11,-8-7,3
7 Returns the matrix product of two arrays, an array with the same number of rows as array1 and columns as
g Ma tran tich C=A.B A
g Array2 is the first array of numbers to multiply and must have the same number
of columns as Array2 has rows.
) BA:
10] [o8as) |
1
12 Formula result = 3
13
14 Help on this function Cancel

Sau khi thuc hién ta chi dugc phan ¢, dé co duoc tt ca cac phan tir con lai ta
thuc hién tiép cac budc tiép sau:
Copy két qua vira co

Xac dinh cdp ma tran can c6 va danh dau chon khéi
Nhan F2
Str dung t6 hop phim: Ctrl + Shift + Enter.

MMULT ~ ~ X & Jr | =MMULT(BL:D2,B4:ES)
A B C D E F

' IMa tran A 2 1 L

2 -3 2

3

4 1 2 3 -1

5 MatrdnB 2 -1

6 3 0 2 1

7

8 Ma tran tich C=A.B

9

10 =MMULT(B1:D2,B4:£6)

1
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c) Mgt sétinh chat
e (AB)C=A(BC)
e A(B+C)=AB+AC
e (B+C).A=BA+CA
e k(BC)=(kB)C=B(kC)
e A=[a]| =I1A=AI=A

Nhdn xét: AB = BA. Truong hgp AB = BA thi ta n6i A va B la hai ma tran giao hoan.

1 0| . 1 2
Vidu 1.29. Cho A= va B = .
11 01

i 1 2 3 2
Taco AB = #* = BA.
1 3 11

5.1.3 M@t vai wng dung
Vi du 5.1. Mot cong ty ¢6 3 cira hang kinh doanh ti€u thu cac san phim cta cong ty.
Tim tong lugng hang hoa ti€u thy thang 1 va thang 2, so li¢u thong ké nhu sau:

Lugng tiéu thu thang 1

. San pham
Cira hang
A B C D
1 7 4 2 5
2 2 5 9 3
3 5 3 6 4
Lugng tiéu thu thang 2
. San pham
Cira hang
A B C D
1 2 4 7 3
2 4 3 7 5
3 8 2 1 7

Giai
Tong lugng hang héa tiéu thy thang 1 va thang 2 nhu sau:
7 4 2 5| (2 4 7 3 9 8 9 8
2 5 9 4(+/4 3 7 5|=|/6 8 16 8
5 3 6 3 8 2 1 7 13 5 7 11

Trong d6, yéu té cot 1a san pham, yéu té hang 1a cira hang.
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Vi du 5.10. Mot xi nghiép mudn lap ké hoach cung cap hguyén vat liéu cung ung cho
cac phan xuong dé dap rng ké hoach san xuat cua don vi. V§i 6 liéu da co hay 1ap ké
hoach cung trng nguyén vat liéu:

Bang ké hoach san xuat cua ting phan xudn

San pham
Phan xudong

A B C

1 5 0 10

2 0 15 8

3 12 6 0

Bang dinh mic tiéu hao nguyén vat liéu cho tirng loai san pham
, Nguyén vat liéu
San pham Sl

1 2 3 4 5
1 2 1 0 1
B 2 3 4 1 0
0 2 3 1 2

Gial
Ké hoach cung ng vat tu cho tirng phan xudng nhu sau:
5 0 10|11 2 1 0 1 5 30 35 10 25
0 15 8|2 3 4 1 0|=/30 61 84 23 16
12 6 0|0 2 3 1 2 24 42 36 6 12
Trong d6, ma tran két qua yéu tb cot 1a nguyén vat liéu, yéu to hang 13 phan xuang.
5.2 Pinh thic
Khai niém dinh thirc chi ¢ trong trueong hgp ma tran la mot ma tran vuong.
5.2.1 Dinh nghia dinh thirc
binh thirc cua ma trdn vudng A ky hiéu 1a det( A) hodc |A| duoc dinh nghia bang
phuong phép truy hoi nhu sau:
e Alamatranvudngcap 1: A=[a,] thi det(A)=a,,.

8 8y

21 a'22

e Alama tran vuong cap 2: A ={ } thi det(A)=a,a,, —a,a,,.
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ay, a, . &,
A A ~ £ a a .. a
e Alamatranvudngcapn: A=| = % 2n
[ @ e Ay

Goi A, lama tran vudng cap n — 1 nhan duoc tir A bang cach x6a hang i va cot |
va duoc goi 1a ma tran con ¢ng vai phan tir a;-

Goi ¢, =(-1)" det(A, ) laphin bu daisé cua a;. Taco dinh nghia dinh thirc cap
n cua A nhu sau:

det(A) =a,Cy + 4,6, +...+a,C

: L 1+j

Hay det(A)=>"a,c,;=> (-1)"" a;det(A;)

j=1 j=1
Chay:

V6i cach dinh nghia nhu trén, mudn tinh dugc dinh thirc cap n thi phai tinh duoc
dinh thirc cap n—1, n—2,... véi cach dinh nghia nhu vay nguoi goi 1a dinh nghia theo
phuong phép truy hdi. Ngoai dinh nghia trén, mot s6 tac gia con dinh nghia dinh thtc
theo khai niém thé vi. Cach dinh nghia nay thuong dung cho cac sinh vién chuyén nganh
toan hoc.

Chiing ta chd y trong cdng thic tinh det(A), céc phan tir a;; déu nam trén hang 1
cua A nén nguoi ta con goi dinh nghia trén la trién khai dinh thirc theo hang 1.

Vi du 5.11. Sur dung dinh nghia hay tinh dinh thirc:

3 2 4
A=j3 1 3
1 2 1
1 3 3 3 3 1
A)=(-1)"3. ~1)"% 2. ~1)" 4.
de(A)=(0)"afy Je(afaf] P all
det(A)=3.(1-6)—2.(3-3) +4.(6-1) =5.

5.2.2 M@t sé tinh chit ciia dinh thic

V6i cach tinh dinh thirc bang phuong phap truy hoi s& gap nhiéu khé khin khi cap
cua dinh thuc I6n (n > 4), ta dé dang thay rang dé co duoc két qua dinh thirc cap n thi

phai tinh tat ca n(n-1)(n-2)...3 dinh thirc con cap 2. D¢ don gian hoa viéc tinh toan
ta nghién ctiu céc tinh chat sau day:

Tinh chét 1: |AT|=|A

0 H¢ qud: Dé trién khai dinh thic theo hang 1 ta c6 thé trién khai dinh thac theo cot 1.

83



3 10 29
Vi du 5.12. Tinh det(A) v6i A=|0 2 5

0O 1 8
Gial
Pé tinh dinh thac trén, rd rang néu ta trién khai theo cot 1 s& tré nén don gian hon:

3 10 29

2 5
|Al=[0 2 5|=3. =33.

1 8

0O 1 8

Tinh chat 2:  DG6i chd hai hang (hay hai cot) ciia mot dinh thirc ta dugc mot dinh
thirc mai bang dinh thie cti doi dau.

0 Hé qua:
e Tacd thé trién khai dinh thirc theo hang nao ciing duoc.

e K&t hop tinh chat 1 va tinh chat 2 dan dén ta c6 thé trién khai theo hang nao
hay cdt nao ciing dugc.

35 46 17 2
_ 3 2 25 0
Vi du 5.13. Tinh dinh thirc: |A|= .
0O 0 1 O
1 2 19 0
Giai
Budc 1. Ta trién khai theo hang 3:
35 46 2
|A=1(-1)"[3 2 0|
1 2 O
Buéc 2. Trién khai theo cot 3:
3 2
Al=2.(-1)". =8,
M-2(0f ]

Tinh chit 3: Mot dinh thac ¢é hai hang (hay hai cot) nhu nhau thi bang khong.

Tinh chit 4: Mot dinh thac c6 mot hang (hay mot cot) toan 1a sé khong thi bang
khong.

Tinh chét 5: Khi nhan cc phan tir cia mot hang (hay mot cot) véi cling mot s6 k
khac khong thi dugc mét dinh thirc méi bang dinh thirc cli nhan vai k.

0 Hé qud:
e Khi cac phan tr cua mot hang (hay mot cot) cé mot thira s6 chung, ta c6 thé
dua thtra s0 chung d6 ra ngoai dinh thirc.
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e Khi nhan mét sb thuc khac khdéng vai dinh thire ta chi nhdn mot hang hoic

mot cot cua dinh thic.

Tinh chit 6: Mot dinh thac ¢é hai hang (hay hai cot) ty 18 thi bang khong.

Tinh chat 7: Khi tat ca cac phan tir cia mt hang (hay mot cot) ¢ dang tong cia
hai s6 hang thi dinh thirc d6 c6 thé phan tich thanh tong caa hai dinh thirc. Chang han
nhu mot hang thir i nao d6 cuadinh thirc ¢6 a; = a +aj thi det(A)=det(A’)+det(A"),
trong do:

a; ap &, a; & &,
a21 a22 a2 n a21 a'22 a2 n
A = ' i i ' A = " " "
ai1 a'i 2 a‘in a'il a‘i 2 ain
_anl a, .. a4, } _anl a, ... a, )

2001 2002 2003
Vi du 5.14. Tinh dinh thac Avéi A=| 2004 2006 2008 |.
3 4 5
Giai
Tatach dinh thac A thanh 2 dinh thuec:
2001 2002 2003 (2001 2002 2003 |2001 2002 2003
|A| =12004 2006 2008 =(2001 2002 2003 +| 3 4 5 |=0.
3 4 5 3 4 5 3 4 5
Tinh chét 8: Néu dinh thirc ¢6 mot hang (hay mot cot) 1a to hop tuyén tinh cua
cac hang khac (hay cua cac cot khac) thi dinh thirc ay bang khong.
1 2 3 11
. 2 3 2 10
Vi du 5.15. Tinh dinh thuc: |Al= .
3 1 9
1 1 5

1
2
Giai
~ Trong dinh thirc trén ta nhan thiy (cot4) = 2(cot 1) + 3(cot 3). Vay cot 4 biéu dién
tuyén tinh qua cét 1 va cot 3, suy ra det(A)=0.
Tinh chit 9: Khi ta cong boi k cua mot hang nao d6 vao mot hang khac thi duoc
mat dinh thirc mai bang dinh thac cii.
2 1 3
Vi dy 5.16. Tinh det(A)=|4 5 7|.
6 1 5
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Giai

2 1 3 2 1 3
h,=—2h,+h, 3 1
det(A)=4 5 7| = 0 3 1 :2‘ 4‘:—20.
6 15 0 2 -4

Tinh chit 10: Cac dinh thic cia ma tran tam giac bang tich cac phan tir chéo.

8 8 . Ay a; 0 .. 0
0 a, .. a, 0 a, .. O

= a:l.laZZ"'ann’ = a11a22"'ann'
0 0 .. a, a, a, .. a,

5.2.3 Phwong phap tinh dinh thirc

Dua vao cac ndi dung da trinh bay, ta c6 thé tdng hop lai gdm cd mot vai phuong
phap tinh dinh thirc nhu sau:

5.2.3.1. Phwong phap 1 (Dung dinh nghia)

Tuy nhién, ta phai st dung linh hoat, c6 ngha 14 ta c6 trién khai bat ky hang nao
hay cot nao thuan lgi nhat. Thong thuong thi ta trién khai theo hang hay cét co nhiéu so
0 nhat.

5.2.3.2. Phwong phép 2 (Sir dung céc bién doi so cip)

Ta sir dung tinh chat 2, 5, 9 dé chuyén dinh thic vé dang tam gia trén hoic tam
gidc dudi va sir dung tinh chat 10 dé c6 két qua. Cac phép bién doi dinh thirc dya vao
tinh chat 2,5, 9 dugc goi la cac phép bién ddi so céap trén dinh thirc. Dudi day 1a bang
tom tit cac phép bién d6i so cap trén hang cua dinh thirc (va dwong nhién né ciing s&
dang trén cot).

Bién d6i so cap Téac dung Ly do

Doi chd hai hang Dinh thirc d6i ddu Tinh chit 2

Nhan mot hang véi mot sé k = 0| Dinh thire cii nhan v&ik | Tinh chat 5

Cong k 1an hang rvaohang s | Pinh thirc khéng d6i | Tinh chat 9

Ch(y: Trong qua trinh bién d6i chiing ta c6 thé ap dung mot cach linh hoat mot s tinh
chat dic biét ctia dinh thirc khong nhat thiét bat budc phai dwa vé dang tam giac.

Vi du 5.17. Tinh dinh thirc cua cac ma tran sau:

DL 2 4 6 1
A=3 6 9 me=| b 3>
8 A=3 -6 9 )B=l3 5 3

2 6 1
31 2 1
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Giai
a) Dé tinh dinh thic ta sir dung cac phép bién doi so cap dé chuyén dinh thac vé
dang tam gia trén, ta thuc hién nhu sau:

Poi chd 2 hang 1 va 2:

-6 9
h<h,
det(A) = -0 1 5
2 6 1
Pua thira $6 3 ¢ hang 1 ra ngoai:

1 -2 3

det(A)=-30 1 5

2 6 1
1 -2 3 1 -2 3

hy=-2h; +hg hy=-101, +h,
det(A) = -30 1 5[ = -30 1 5
0 10 -5 0 0 -55

Vay det(A)=(-3)(1)(1)(-55) =165.
b) Sinh vién gidi twong tu, |A| = -13.

5.2.3.3 Phwong phdp 3 (Sarrus)

Phuong phap nay chi ap dung d(f)i véi dinh thuc Cép 3 va phat biéu nhu sau: Tong
cua tich cac duong chéo chinh trir di tong cuatich cac phan tar nam trén duong chéo phu.

Busng chéo chinh

77777 Busng chéo phu

|A| = anazzass + a12a23a31 + 3136.21832 - alsazzam - a11a23a32 - a12a21a33
5.2.3.4. Phwong phap 4 (Sir dung Excel)
Ta st dung ham MDETERM.

MDETERM [~ X /[&] =MDETERM(A1:D4)
B c

A [ N = F G [ t
1 2 4 6 1 11:D4)
2 1 3 5 .
=5 4 2 3 2
I S ] S 1 2 13
%’ Function Arguments @
7 MDETERM
o Array | A1:D4] B = auenasizac
3 =-24
H Returns the matrix determinant of an array.
11
12 Array is a numeric array with an equal number of rows and columns, either a cell
——1 range or an array constant.
13
14 || Formula result = 24
15 || Help on this function [ OK ] [ Cancel ]
1R
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5.3 Matran nghich dao va phép khir Gauss Jordan

Khai niém ma tran nghich dao chi c6 trong truong hgp ma tran vuong.
5.3.1 Ma tran khong suy bién

Tagoi ma tran vudng A cap n 1a mot ma tran khdng suy bién néu det(A) = 0.
5.3.2 Ma tran nghich dao

Cho ma tran vudng A cap n, néu ton tai ma tran vuéng B cdp n thoa man:
AB =BA=1 thi B dugc goi la ma tran nghich dao cua A.

Néu A ¢ ma tran nghich dao thi A goi 1a ma tran kha nghich.
Ky hiéu: B= A", nghia lataco AA* = A"A=1.

5.3.3 Pinhly
e NéuA kha nghich thi A™ Ia duy nhat.

e Néu det(A) =0 thi ma tran A c6 nghich ddo A™ dugc tinh boi cong thirc sau:

C, Cy ... Cy

A_lziCT :i ClZ C22 Cn2
A A e e |
C, G Con |

trong d6 c; 1 phan bu dai s6 ciia phén tir a.
e NéEuA, B lahai ma tran vubng cing cip va kha nghich thi AB ciing kha nghich
va (AB) =B A™.
Chay: Khi det(A)=0 thi Aco nghich do, nén A la ma tran khong suy bién.
5.3.4 Phwong phap tim ma tran nghich d4o
Cho ma tran vuéng A cap nxn, tim ma tran nghich dao theo cac budc sau:
Buoc 1. Tinh det(A). Néu det(A)=0 thi khong ton tai A™. Néu det(A)=0 thi A
khong suy bién nén ton tai A™.

i+]

Bugc 2. Tinh céc phan tir ¢; =(-1)"" Aj, lapmatran C=[¢; |,i, j=1n.

, 1
Buéc 3. Lap ma tran chuyén viciaC 1a CT vatinh A™ = W.CT.

Vi du 5.18. Tim ma tran nghich dao cua ma tran sau:

1 0 1 3 1 2
a) A=|0 0 2| b) B=|-2 1 -1
131 0 2 1
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Giai

a) Bugc 1. det(A)=1
3 1 0 2

02 o1
~1° |=-6=0.

Buwéc 2. Tim céc phan tir:

40 2 120 2 w0 0
c, =(-1)" =-6; c,=(-1 -2, ¢c.=(-1
“<)31 12()—11‘ 3()—13‘
4 O 1 242 1 1 243 1 0
c, =(-1°". =3 ¢,=(-1 2 Cp=(-1 =
21 ( ) 3 1 22 ( ) -1 1‘ 23 ( ) -1 3‘
" 0 1 3+2 1 1 3+3 1 O
¢, =(-1)" =0; ¢, =(-1 2, C=(-1 =0.
31()02‘ 32()02‘ 33()oo‘
-6 -2 0
=C=|3 2 -3.
0O -2 0
-6 3 0
Bwoc3. Matranchuyénvi CT =| -2 2 -3
0 -3 0
1 2o
IR RE 21 1
Vay At=-Z|-2 2 -3|= s 73 3
0 -3 0 1
0O = 0
L 2
1 3 3 -3
b) Sinh vién ty giai, ta co: B‘1=5 2 3 -1
4 6 5
5.3.5 Phuwong phap tim ma tran nghich dio bang Excel
Ta st dung ham MINVERSE véi cac budce nhu sau:
MINVEI;SE lv ;(J’ —gINVERSEéA1 C|3) = = | - | -
1 1 1 2; [s1c3 |
== 1 2 2
32 4_ 3
T
% B Array |A1:C3 [Bed] = 11z 1i2iziziansy
5 | Returns the inverse matrix For the matrix stored in an array. T Eesmmnneee
i
L Array irsa:gneu:re.;i; :::zz ;\g:'hs;r;te.qual number of rows and columns, either a cell
12
E Help on this function [ ox ] [ cancel ]
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Sau khi thyc hién ta chi duoc phan tir (1,1) cia ma tran nghich déo, dé c6 duoc tat
ca cac phan tir con lai ta khong the s dung Iénh copy thong thuong ma phai thuc hign
tiep cac budc tiep sau:

- Copy thong thuong két qua vira co.

- Xac dinh cdp ma tran can c6 va danh dau khoi.

- Nhin F2.

- Strdung t6 hop 3 phim: Ctrl+Shift+Enter.

L;—"_] File Edit Yew Insert Format Tools Data ‘Window Help
o NI 1 [P TR W il o QI NP I W o e 0 s MG o T I~ N >, o
= I o, 0
i | ;
MINVERSE v X &
B

=
N
=
"
]
]

MINVERSE(A1:C3)

A [ D Eies [mes Cami o &
| 1| 1 1 2 =MINVERSE(A1:C3)
| 2 | 1 2 2
3 2 4 3

5.3.6 Phép bién doi so cap — phép khir Gauss Jordan
Cac phép bién d6i so cap trén hang cua ma tran:
i) Déi chd hai hang.
i) Nhan mot hang vai mot sé k = 0.
iii) Cong k lan hang r vao hang s.

Pé tim ma tran nghich dao ding céc phép bién doi so cap sao cho:
(A= 1]A™],
trong d6, | Al | 1a ma tran A ghép véi ma tran don vi.
Vi du 5.19. Tim ma tran nghich dao cua ma tran sau:

2 3 6
A=|3 3 7|

5 2 1
Giai

Pé thyc hién phuong phap nay c6 nghia 1a ta st dung cac phép bién d6i so cap trén
hang ctia ma tran sao cho bién ma tran A thanh ma tran don vi con ma tran don vi tré
thanh ma tran nghich dao cuaA.

Bwdéc 1: Tabién ddi sao cho phan tir (1,1) khac 0 1a dugc.
Bién ddi cac phan tir khac trong cot 1 bang 0.

2 3 61 00 2 3 6|1 00
[All]=[3 3 70 1 0| —=>/0 -3 4|3 2 0|
52 10 0 1 0 -11 -28-5 0 2
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Buwéc 2: Tabién doi sao cho phan tir (2, 2) chi can khac khéng 1a dugc.
Bién doi cac phan tir khac trong cot 2 bang 0.
2 0 21-2 2 O
(Al |—2%—|0 -8 413 2 0.
0 0 -40/18 -22 6
Bwoc 3. Tuong tu nhu budce 1.
Ta bién doi sao cho phan tir (3, 3) chi can khac 0 1a duoc.
Bién doi cac phan tir khac trong cot 3 bang 0.
40 O 022 18 6
[All |2 0 30 0 |48 42 —6|.
0 0 -40/18 -22 6

Buwéc 4. Tachuyén ma tran chéo vé ma tran don vi:

_h
“1479 1 0 0]-11/20 9/20 3/20
[A|] =% /0 1 0 85 -7/5 15
= o o 1{-9/20 11/20 -3/20
~11/20 9/20  3/20
viy At=| 85 -7/5 15
~9/20 11/20 -3/20
Chu y: Ta chi dugc phép st dung bién ddi so cp trén hang ciia ma tran [ A|l | khong
duoc str dung trén cot.

5.4 Hang cda ma tran
5.4.1 Ma tran con

Xét ma tran A cap m x n, goi p 1a mét s6 duong, p <min(m,n).

&; Qp . &,
a a .eooa
A — 21 22 2n
L a'ml am2 a'mn n

Dinh nghia

Ma tran vudng cap p suy ra tir A bang cach bo di m—p hang va n—p cotgoi 1a
ma. tran con cap p cua A.

Pinh thirc cia ma tran con d6 goi 1a dinh thirc con cap p cua A,
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Vi du 5.20. Liét ké cac ma tran con cap 3 caama tran A, ,

1 3 4 2
A=12 1 1 4
1 2 1 2
Giai
Trong 4 cotta chon ra 3 cotkhdng lap, do d6 ta co s6 phuong an:
|
S
31(4-3)!
CAac ma tran con cap 3 gom:
1 3 4 1 3 2 1 4 2 3 4 2
2 1 1,12 1 4,12 1 4|,|1 1 4|
1 21 1 2 2 1 1 2 2 1 2
Vi dy 5.21. Tim s6 ma tran con capp ciia A, Véi p<min(m,n).
Giai
X . n!
Trong m hang ta chon p hang, do d6 ta c6 so phuong an: C” :m.
. . . m! n!
Vay s6 ma tran concapp la: CC! = X

pl(m-p)! pl(n-p)"
5.4.2 Hang cta ma tran

Hang cia ma tran A 1a cip cao nhat cua dinh thirc con khac khong cua A. Nhu
vay, néu r la hang cua ma tran A thi r thoa man hai dieu kién sau:

e Trong A ton tai mot dinh con cap r khéac 0.

e Moi dinh thirc con cip 16n hon r trong ma tran A déu bang 0 hoic r 1a dinh
thirc con cap cao nhat cia A (r =min(m,n)).

Ky hiéu: rank (A)=r(A)=r.
Vi du 5.22. Tim hang ctia ma tran sau bang phuong phap st dung dinh nghia:

1 -8 4 2
A= 2 1 1 4
-1 -2 1 -2

Giai

- Tinh cac dinh thirc con cap 3:
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1 -3 4 1 -3 2 1 4 2 -3 4 2
2 1 1/=0,12 1 4|=0,12 1 4|=0,|1 1 4|=0.
-1 -2 1 -1 -2 -2 -1 1 -2 -2 1 2
Vay hang cua A khdng thé bang 3 dugc.
- Xét cac dinh thirc con cap 2:

. 1
Ta c6 dinh thirc con cap 2: ‘2 1 ‘ =7=#0.
Vay rank (A) =2.
binh ly

Cho A, B I2 hai ma tran cling cap. Néu B la ma tran nhan duoc tir A sau mot s6 hitu
han céac phep bién doi so capthi r(A)=r(B).

Chay:
e Néu A=0 thi r(A)=0.
o Néu A#0thir (A) la cip cao nhat cua dinh thirc con khac khong ciia A.
e 0<r(A)<min(m,n), A,,.
e Alama trin bic thang rGt gon hang thi hang ctia A bang sd hang khac 0.
e Hang clia ma trin A khong thay doi qua phép chuyén vi r(A)=r ( AT )
e Hang cua ma tran A khong thay d6i qua phép bién ddi so cap.

Vi du 5.23. Tim hang ctia ma tran sau:

1 -3 4 2
A=l2 1 1 4|
-1 -2 1 2
Giai o
Ta thuc hién cac phép bién doi:
1 -3 4 2 1 -3 4 2 1 -3 4 2
A={2 1 1 4| —=—mRs0 7 7 0|—==R5/0 7 -7 0
-1 -2 1 -2 0 -5 5 0 0 0 0 O
Vay r(A)=2.
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Cau héi va bai tap chwong 5
Bai 5.1.Cho hai ma tran A, B:

4 1 1 5 -2 1 3 4
A=|-3 0 2 7| B=|5 2 5 7
5 5 3 11 -5 9 4 1
a) Tim Xsaocho A+ X =B.
b) Tim Xsaocho 2A-3B=X..
c) Tinh A" +B', (A+B)".
Bai 5.2.Cho cac ma tran
S
-11 3 2
{1 2 —1} 3 -1
A= ,B=2 1 -3 -1|,C= ,
3 0 1 2 4
1 0 2 =2
_4 1_
4 -1 3 1 3 2
D=2 3 1| E=/4 2 -1]|
1 0 -3 1 0 -3

a) Tim nhitng cap ma tran ndo c6 thé nhan dugc véi nhau.
b) Tim chudi nhitng ma tran c6 thé nhan duoc vai nhau.

la, 0 .. 0]
Bai5.3.Cho A=| 0 22 - O
0 0 . a

Tinh A,k eN.

Bai 5.4. Mot cong ty c6 3 ctra hang, cho sé liéu tinh hinh kinh doanh nhu sau:
Pén 31/12/2009 bao cao hang ton kho nhu sau:

. San pham
Cua hang
A B C D E F
1 50 40 100 | 150 8 100
2 70 40 80 70 12 80
3 80 50 70 100 14 100

Luong tiéu thu san pham thang 01/2010:
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Cira hang

San pham

A

B

C

D

1

20

10

25

40

38

2

10

12

30

32

12

32

3

15

20

18

38

14

40

Luong tiéu thu san pham thang 02/2010:

Gi4 ban thang 1 va thang 2 khong thay d6i:

Cua hang

San pham

A

B

C

1

15

20

10

30

28

2

12

24

20

38

42

3

10

30

12

18

50

A

B

C

D

Gia ban

2

7

4

5

a) Tinh doanh thu thang 1, 2 va doanh thu 2 thang.
b) Tinh hang ton kho dén cudi thang 2/2010.
Bai 5.5.Tinh cac dinh thirc

3 4
a1 2
6 6

d)

N N N X

2

5
7
2
X
2
2

N X N DN
X NN DN DN

o
N
~N O -

Bai 5.6. Tinh céc dinh thirc cap 5 sau:

1

. O O BB

2

N O O W

3 3

N P P BADN

(G2 BN ) BENE SN \ G}
SO B~ W O

b)

o P W N -

O w N

O R L L O

3
6
3
2
0
1
3

O w N N O
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Bai 5.7.Tinh A" trong cac trudng hop sau:

L Y B S PR R TS
0 1 2 2 0 p

Bai 5.8. Tim ma tran nghich dao:

-1 -2 5 2
a) A= b) B=
3 7 7 4
Bai 5.9. Tim ma tran nghich dao (néu c6) cua cac ma tran sau:
3 01 2 1 -1 a 1 1
a) A=|2 5 0 b) B=|0 1 3 ) C=[1 a 1
4 1 6 01 1 1 1 a
2 4 5 6
a 00 3211
dD={0 B 0 e) ) 3 6 1
0 0 A
1 3 5 2

Bai 5.10. Timmatran X va Y sao cho AX =B va Y.A=B, biét

1 0 2 2 01
A={0 2 1;B=|1 2 0|
2 10 3 15
Bai 5.11. Dung phép khir Gauss —Jordan tim ma tran nghich dao cua cac ma tran sau:

0 -1 1 -1] 1 110
1 1 -1 1 0 01 2
A= . B= .
0O 0 1 -1 1 0 2 0
0 0 0 1] 01 1 0

Bai 5.12. Tim hang cua ma tran:

32 3 7] 4 7 1 3 5
6 7 3 0 2 3 2 4 —2 4
A= , B= , C=
2 4 -2 3 -1 0 2 -2 -5 3 1 2
4 6 0 4] 2 8 12 4 -6 4 -1 1)
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CHUONG 6
HE PHUONG TRINH TUYEN TINH

6.1 Cackhai niém
6.1.1 Dang tong quat ciia hé phwong trinh tuyén tinh
Cho mét hé phuong trinh dai s6 bac nhit gdm m phuong trinh n an ¢é dang:

A X + 8%+, n:bl
Ay X + 85X, +...+8,, X, =D,

2n"*n

(1)

a X +a,X, +..+a,X =b
Trong do:
X; : 1aan so.
a, : 1a h¢ sb phuong trinh thir i ciiaan x;, gdoi tit la hé s6 cua an.
b : 1a vé phai ctia phuong trinh tht i, goi tat 1a h¢ s6 tu do.
Tagoi hé phuong trinh trén 13 hé phuong trinh tuyén tinh,
Céc hé s6 a; trong hé phuong trinh tuyén tinh (I) 1ap nén mot ma tran cap mxn
la A va goi 12 ma tran hé sb cuia hé phuong trinh tuyén tinh (1):

A, &, ..oa, |
. a,, a, .. a
Matran cac hé s6; A=| * % 2n
_aml am2 amn_
R
A R X, T
Ma tran cot cua an: X = =[x X X.]
_Xn_
b
A A 5 A A b2 T
Ma tran cot caa hé sotu do: B = =[b, b, .. b,].
_bm_

Néu ghép thém ma tran B vao A thi ta dwgc ma tran mé rong caa hé phuong trinh (I):
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Ay o aylh |
C — |:A|B:| — aZl a22 a2n b2
_aml a‘m2 amn bmj

8; ap A, || X% b
a21 a22 a'2n X2 — b2
_aml a'm2 amn _ _Xn _bm_

Nhgn xét: Tirhé phuong trinh tuyén tinh ta viét dugc ma tran mé rong va nguoc lai.
Hé phuong trinh tuyén tinh c6 thé dugc viét dudi dang ma tran: AX = B hay

M&i bd SO (X, Xy, X, ) =(C1,Cys-,C, ) Goi 12 MOt nghiém cua hé phuong trinh
tuyén tinh (I) néu no thoa hé phuong trinh do.

Vi du 6.1. Cho hé phuong trinh bac nhat theo cac an x, y, z:
X+4y-5z=0
2X+Yy+22=5

Pay la mot hé phuong trinh tuyén tinh 2 phuong trinh 3 an,

1 4 -5

1 2

=50
2105
CO6 thé viét hé phuong trinh tuyén tinh trén qua dang ma tran

X
1 4 -5 0

y
2 1 2 5

z

X
4 0
, X = vaB=|_|

SNERHEIEH

Bo s (1 1,1) la mot trong cac nghiém cua hé phuong trinh trén.

Hé c6 ma tran hé s 1a A:{

1 4

Ma tran mo rong la: C =
2 1

-5

1
Hay AX =B voi A=
2 2

6.1.2 M@t vai hé phwong trinh tuyén tinh dic biét
6.1.2.1 Hé phwong trinh tuyén tinh thuan nhat AX = 0:
Néu b =b,=---=b_=0 thi h¢ (I) tro thanh:
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X +a,X, +..+a,X, =0
Ay X + 85X, +...+a, X, =0

2n’*n

va duoc goi 12 hé phuong trinh thuan nhat,

a X +a X +..+a,X =0

Nhdn xét: Hé phuong trinh thudn nhat ludn c6 it nhat 1 nghiém 1a (x;;...;x,) = (0;...;0)
va nghiém nay duoc goi 1a nghiém tam thirong cua hé.

0 H¢ qud:

“Cho hg phurong trinh tuyén tinh thuan nhat c6 s6 phuong trinh bang s6 4n (ma tran
hé so A la ma tran vuong). Khi do:

i) Heé c6 nghiém tam thuong < det A = 0.
ii) Hé c6 nghiém khdng tim thuong <> det A=0.
6.1.2.2 Hé Cramer
_ Hé phuong trinh tuyén tinh (1) goi 1ah¢ Cramer néu m=n (tc 126 phuong trinh
bang véis6 an) va ma tran hé so A la khong suy bién (det A= 0).
6.2 Phwong phap giai hé phwong trinh tuyén tinh
Céac phuong phap dé giai phuong trinh tuyén tinh:

e Phuong phap Gauss — su dung cac phép bién ddi so cap cho hé phuong trinh
tuyén tinh gom m phuong trinh, n an (bat ky).

e St dung quy tac Cramer cho hé phuong trinh tuyéntinh: m=n, det(A)=0.
e Phuong phap tinh ma tran nghich dao
6.2.1 Diéu kién dé hé phwong trinh c¢é nghiém

Dinh Iy Corneker —Capelli: Cho h¢ phuong trinh tuyén tinh (1), A va C lan luot 1a
ma tran cac hé s6 va ma tran cac hé s6 mo rong. Khi do:

i) Néu r(A)<r(C) thi hé (I) vo nghiém.

ii) Néur(A)=r(C)=r thi hé (I) c6 nghiém. Hon nira:

e Néu r=n (s6 4n) thi hé (1) c6 nghiém duy nhit.

e Néur<n thi hé (I) c6 vo s6 nghiém phu thudc vao n—r tham sb.
6.2.2 Phwong phap Gauss

Noi dung co ban ctia phuong phap nay dya trén dinh 1y quan trong vé nghiém cua
mot hé phuong trinh tuyén tinh.

Vi du 6.2. Giai h¢ phuong trinh:
2X, + X, —3%, —9X, =15
3%, — X, +4X; +7X, =8
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Giai
Tach: Ao (2 1 -3 —5} c_ (2 1 -3 —5‘15}
3 -1 4 7 3 -1 4 7|8
D@ dang thay dugc r(A)=r(C)=2.
Ma s 4n cua hé phuong trinh 1a n=4>r =2,
Nén theo dinh 1y trén hé phuong trinh ¢6 vo sb nghi¢m.
Noi dung phwong phap Gauss:
Buwéc I: Lap ma tran hé s6 mo rong ctia hé phuong trinh 1a C = (A|B).
Buwéc 2: Puama tran hé s6 mo rong C = (A|B) vé dang bac thang bang bién d6i
so cap trén dong.
Kiém tra hé c6 nghiém hay khong, néu c6 thuc hién budc tiép theo.
Buéc 3: Viét lai hé phuong trinh va giai hé phuong trinh tir dudi 1én.
Vi du 6.3. Giai hé¢ phuong trinh:
X, —9X, +4X, =-7
2X, 9%, =%, =4
3%, —11x, = 7x, =17

Giai
1 -5 4|7
TacoC=|2 -9 -1/4
3 -11 7|17
1 -5 47y (1 5 4]-7) (1 -5 4]|-7
c=2 9 -1{4 |->|0 1 -9|18|>|0 1 -9/18
3 -11 717 0 4 -19/38 0 0 17|-34
X —5X, +4x,=-7 (1)
Hay X, 9% =4 (2)

17x, =-34 (3)
T (3) suy ra x, =—2, thay x, =2 lan lugtlén (1) va (2) ta duge X, = 0;x, =1.
Vi du 6.4. Giai hé¢ phuong trinh:
AX +2X, + X, —3X, =7
X, =X, +X;+2X, =5
2X, +3X, —3X; + X, =3

4X + X, — X, +5X, =1
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Giai

4 2 1 =37
, 1 -1 1 25
Taco: C=(A|B)=
2 3 -3 13
4 1 -1 5|1
4 2 1 37 1 -1 1 25
1 -1 1 25 4 2 1 37
C= -
2 3 -3 13 2 3 -3 13
4 1 -1 51 4 1 -1 51
1 -1 1 215 1 -1 1 215

0 6 -3 -11-13 0 6 -3 -11]-13
— -

0 5 -5 3|7 0 5 -5 3|7

0 5 -5 =319 0 0 0 0|12

Vi r(A) < r(C) nén theo dinh 1y trén suy ra hé phuong trinh v6 nghiém.
6.2.3 Quy tic Cramer

Hé phuong trinh tuyén tinh n an 1 hé ¢6 dang;
a11)(1-|_a12x2 +"'+a1n n :bl

Ay X 8K, +...+ 8, X, =D,

2n"*n (*)

a X +a,X, +..+a X =b

&; ap - &, by
pat A=| %2 P2 T | g |
anl an2 ann bn

Véi mdi =1n ta goi1 AJ. la ma tran c6 duoc tir ma tran A bﬁng cach thay cac
phan tir cia cot thir j ciia A boi cac phan tir ctia cot b.

Dinh ly: Vi hé phuong trinh tuyén tinh (*), ta co:

i) Néu |A|=0 thi hé¢ phuong trinh c6 nghiém duy nhit x=(x;X,;...;X, ). voi
_IAl
LA
ii) Néu |A|=0 vaton tai ‘Aj‘ # 0 thi hé phuong trinh v6 nghiém.

X

iii) Néu |A|=0 va ‘Aj‘ =0,Vj =1n thi h¢ phuong trinh khong c6 nghiém duy nhat
(nghia 12 vo nghiém hay v6 sd nghiém).
101



Vi du 6.5. Giai h¢ phuong trinh
X, +X, —2%, =6
2%, +3X, —7X; =16
5X, +2X, + X, =16

Giai
11 -2 6 1 -2
Taco: |A=]2 3 -7|=2; |A|=[16 3 -7|=6;
52 1 16 2 1
1 6 -2 11 6
|A|=12 16 -7|=2; |A|=2 3 16/=-2.
516 1 5 2 16
_IAl_6_
CTAT2T
S N ) A2
uy ra nghiém cua h¢ phuong trinh: | X, = |A| =5 =1
A2

Vi du 6.6. Giai h¢ phuong trinh
X, +2X,+2%X, =0
—2X, =X, —4X; =2
X, + X, +2X, =2
Giai
Taco: [A|=0 va |A|=8+0 nén suy ra h¢ phuong trinh v6 nghi¢m.
6.2.4 Phwong phap tinh ma tran nghich dao
Phwong phap nay chi 4p dung di voi nhitng hé phuong trinh ma ma tran hé s6 A
cuand ton tai ma tran nghich dao, tuc la ton tai A
Phwong phap giai:
Buwiée 1. Hé phuong trinh c6 thé viét duoc dudi dang: AX = B,
Buwée 2. Tim ma tran nghich dao A™ ctiama trin A,
Buée 3. Nghiém ctia hé phuong trinh 14 X = A™*.B.
Vi du 6.7. Giai h¢ phuong trinh
X, +X,—2%X, =6
2X, +3X, —7X; =16
SX, 42X, + X, =16
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Giai
Hé phuong trinh c6 thé dugc viét dudi dang sau:
1 1 -2\(x 6
2 3 T x,|=|16
5 2 1 )\x 16

Hay AX =B.
11 -2 X, 6
Trong do, A={2 3 7|, X=|x,|;B=|16]|.
5 2 1 X, 16
r = A
2 2 2
Vi det(A) =20 nén A co ma trdn nghich ddola A™ = _737 131 g
o3
2 2 2
17 5
2 2 2|
Nghiém ctia hé phuong trinh nay 1a: X = A™*.B = _—:237 1—21 g 16 [=| 1
=N
2 2 2
X =3
Vay nghiém cua hé phuong trinh 1a < x, =1 .
X; =-1

6.3 M0 hinh Input — Output Leontief
Trong mot nén kinh t& hay mot khu vuc ¢6 nhiéu nganh san xuat, mot van dé dat
ra la cac nganh nay san xuat nhu the nao dé tranh tinh trang mat can doi - lam phat thira
hay thicu. Day la mdt van dé can gidi quyet va duoc khoi xudng boi Gido su Wassily
Leontief ndm 1941 “Cau truc cua nén kinh t€ Hoa Ky” véi 2 bang I/O ciia ndm 1919 va
1929, nguoi dd doat giai Nobel kinh t€ nam 1973.
6.3.1 Toéng cau ciia mdt nganh
Déi vai san pham hang hoa dich vu duoc chia ra thanh 2 yéu té:
e Cautrung gian: La san pham hang hoé dich vy ctianganh nay duoc ding lam
yeu to dau vao cho san xuat cua nganh khac. Nhu vay doi véi san pham nay la san
pham trung gian ctua san pham khac, nén khi tiéu dung no sé khong bi mat di.
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e Cautiéu cuoi cung: La sanpham hang hoa dich vu diing cho tiéu duing va xuat
khau. Tiéu dung & c6 thé c6 thé 1a nguoi dan hogc chinh phu. D0| VGi san pham
nay khi tiéu ding san pham sé& bi mat di hay di ra khoi nén kinh té dang xem xét.

6.3.2 Xay dwng mo hinh

Gia str nén kinh té cia mot qua gia hay khu vic c6 n nganh san xuat N., gia tri san
pham duoc tinh bang tién x. Ta ¢ md hinh nhu sau:

e X latdng caucua nganh i (tong gié tri san pham cua nganh i).

e X la gia tri san pham ciia nganh i ma nganh j sir dung lam yéu té dau vao.

e bi: Gia tri san pham cho tiéu dung va xuat khau.
Vay téng cau cua nganh i la:

X =Xy + X, +..+ X +b,i=1n
|1 Xln 1 n
S X = x1+ 2 X, +. X +Db, =10,
Xl XZ Xn
Taco bang I/0
Input
Output
N, N> Nn
Nl X11 X12 X1n
N> X1 Xon
Nn an Xn2 Xnn
Trong d6 x; : & gid tri san pham dich vy ma nganh j mua cua nganh i lam yéu té
dau vao.
X: | — )
bit a; = X—”,I =1,n, taco hé phuong trinh sau:
j

X1:a11X1+a12X +. +a1nxn+b1
X, = 8y X + 8y X, +...+ 3, X, +D,

2n’"n

..............................................

X, =a,X +a,X +..+a X +b

(1_a11)x1 —a,X% e T X, :bl
- 1-a,)% .. - b
PN a21X1 + ( a22 ) XZ aZan 2 (*)
an:LXl an2X2 + (1_ ann ) Xn bn

Viy dé tim duoc tong cau cua tirng nganh ta giai hé phuong trinh (*).
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&; @, . &, X b,
Dét A — aZl a22 e aZn , X — X2 ’ B — b2
_anl anz ann_ _Xn_ _bn_

Phuong trinh (*) duoc trinh bay dudi dang ma tran: (1 — A)X =B.
Trong d6:  X: 1a ma tran téng cau caa nén kinh té
B: 1a ma tran cau cudi cling hay cau tiéu diing va xuat khau.
(1 —A): lama tran Leontief.
6.3.3 Phwong phap giai
Dé giai hé phuong trinh nay ta c6 nhidu cch:
- Str dung phuong phap Crame, ma tran nghich dao.
- Sur dung phuong phap khir cua Gauss.
Xét ma tran A
e A Matran hé sé chi phi truc tiép hay ma tran hé sé ky thuat.

e aj: Hé so chi phi yéu t dau vao. D¢ san xuat duoc 1$ san pham, nganh j phai
mua cua nganh i la a;$. Hay trong tong gia tri san pham ctia nganh j, nganh j phai chi
tra cho nganh i la a;; 100%.

e 0<a;<1)>a <l

e Hang i: Hé s gia tri san pham nganh i ban cho cac nganh khac.

e Cotj: Hé s gia tri san pham ma nganh j mua cua nhirg nganh khac dé lam
yeu to dau vao.

Vi du 6.8. Gid st trong nén kinh té c6 3 nganh san xuat va cé ma tran hé sé chi phi tryc
tiep nhu sau:

0,2 0,3 0,2
A=(0,3 01 0,4

01 0,3 0,2
a) Hay cho biét y nghia cuahé s6 0,4 trong ma tran A?
b) Cho biétty trong % gié tri gia tang cuia cac nganh dong gop cho nén kinh té?
¢) Cho biétnhu cau cho tiéu ding va xuat khau cua ting nganh: b, =8$,b, =108,
b, =6$. Hay tinh tong cau cia tirng nganh?

Giai

a) Dé san xuat ra 1$ san pham nganh 2 phai mua caa nganh 3 13 0,4$ yéu t6 dau

vao. Hay trong tong gia tri san pham caa nganh 3, nganh 3 mua cta nganh 2 12 40% gia
tri yéu to dau vao.
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b) Tytrong gia tri gia tang cua tirng nganh:

Nganh 1: 0,2+0,3+0,1=0,6
1-0,6 = 0,4 tuong ung ty trong gia tri gia tang 1a 40%.
03+01+03=0,7
1-0,7 = 0,3 twong Gtng ty trong gia tri gia tang la 30%.
02+04+02=08
1-0,8 =0,2 twong ung ty trong gia tri gia tang 1a 20%.

Nganh 2:
Nganh 3:

¢) Tong cau cua tirng nganh:

1 0 0Jo2 03 02] [08 -03 0,2
(1-A)=|0 1 0{[03 01 04|=|-03 09 -04
00 1jo1 03 02| |01 -03 08
1,67 0,83 0,83
(1-A)"=|0,78 1,72 1,06
0,50 0,75 1,75
1,67 0,83 0,83][8 ] [26,67
X=(1-A)"B=|0,78 172 1,06 (10|=|29,78|.
0,50 0,75 1,75]|6 | [22,00

Vi du 6.9. Gia str trong nén kinh té c6 3 nganh, ta c6 bang I/O gi4 trj trao doi gitta cac
nganh nhu sau:

Input Cau cudi
Output .
N1 N> N3 cung
N1 20 10 8 62
N> 10 10 16 14
N3 10 10 8 12
Yéu cau: Xay dung ma tran hé s chi phi.
Giai
Xac dinh tong cau:
Input Caucudi | Tong
Output . \
N1 N> N3 cung cau
N1 20 10 8 62 100
N> 10 10 16 14 50
N3 10 10 8 12 40

Ma tran hé s ky thuat:
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20 10 8

100 50 40 02 02 02
A= % % % =01 0,2 04|

10 10 8 0,1 0,2 0,2

1100 50 40

Vidu 6.10. Cong ty dign may Ty Do cd 3 cura hang ban céc d6 dung gia dung. Dén

31/12/2008 bao céo hang ton nhu sau:

[ TD TV21 TV32 MG TL ML MA]
CH1 50 40 100 150 100 100
CH2 70 40 80 70 50 80

' CH3 80 50 70 100 140 100

Trong do:
- TD:cbngty Tu Do.
- CH1, CH2, CH3: cirahang sé 1, 2, 3.
- TV21:tivi2l’, v6i gi ban 1a 2 (don vi 10°%)
- TV32:tivi32’,véigidbanla7
- MG: may giat, voigia ban la 4
- TL: ta lanh, véi gia banlas
- ML: may lanh, véigia ban la 6
- MA: may anh ky thuat so, véi gia ban 13 3
B4o cao két qua kinh doanh 2 thang dau nim 2009 nhu sau:

[ TD Tv2l TV32 MG TL ML MA]
CH1 20 10 25 40 8 38
T1/09 =
CH2 10 12 30 32 12 32
|CH3 15 20 18 38 14 40 |
[TD TVv21l TV32 MG TL ML MA]
CH1 15 20 10 30 12 28
T2/09=

CH2 12 24 20 38 14 42
|CH3 10 30 12 18 10 50
a) Tinh doanh thu thang 1, 2 va doanh thu 2 thang
b) Tinh hang ton ¢ thoi diém cudi thang 2/20009.
Giai

Goi A la ma tran sé lugng ban duoc cua 3 cira hang, va P 1a ma tran gia, ta co:
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20 10 25 40 8 38]
T1/09=|10 12 30 32 12 32|.
15 20 18 38 14 40

15 20 10 30 12 28]
T2/09=|12 24 20 38 14 42|.
10 30 12 18 10 50

a) Khi d6 doanh thu thang 1, 2 nim 2009 lan luot Ia:

"]

7
20 10 25 40 8 38 4 572
TR1=|10 12 30 32 12 32 c|” 552 |.
15 20 18 38 14 40 5 636

_3_

]

7
15 20 10 30 12 28 4 516
TR2=|12 24 20 38 14 42 e |~ 672 |.
10 30 12 18 10 50 6 578

_3_.

Tong doanh thu 2 thang dau nam 1a:

572 516 1088
TR1+TR2=|552 |+| 672 |=|1224
636 578 1214

TR1+TR2 =3526; (3.526.000.000 &).

b) Lwong san pham d3 xuat ban trong hai thang Ia:
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20 10 25 40 8 38| [15 20 10 30 12 28
T12={10 12 30 32 12 32(+(12 24 20 38 14 42
15 20 18 38 14 40| |10 30 12 18 10 50

35 30 35 70 20 56
=122 36 50 70 26 74|
25 50 30 56 24 90

S6 san pham ton tai cua cira hang 1a:
50 40 100 150 100 100 35 30 35 70 20 56

70 40 80 70 50 80 |—-|22 36 50 70 26 74
80 50 770 100 140 100 25 50 30 56 24 90

15 10 65 80 80 44
=148 4 30 0 24 o6 |
55 0 40 44 116 10

6.4 M0 hinh can bing thi treong

6.4.1 Thi trweong mét loai hang hoa

Theo quy luat kinh té, trong diéu kién cac yéu té khong doi:
e Néu gia cua san pham tiang 1&n thi cau sé giam, tic 1a néu gid tang san pham Ién
thi lugng hang hoa tiéu thu s€ giam.

e Néu gia san pham ting 18n thi cung s& tang, tirc 1a néu gia san pham ting 18n thi
nguol san xuat, kinh doanh s€ cung cap cho thi treong nhiéu hon.

Ham cung: Q, =a,+a,P.
Ham cau: Q, =h, +bP.
M@ hinh can bang thi truéng c6 dang: Q, = Q.

Giai phuong trinh ndy ta s& tim dugc gia can bang P va san luong can bang Q.
Taco thé biéu dién bang d thi nhu sau:

P 0,
P E

Qz’."
% Q

Vi du 6.11. M6t san phim luu thong trén thi truong co cac thong tin nhu sau:
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Ham cung: Q, =-1+P.
Ham ciu: Q, =3-P.
Hay xac dinh gia can bang va san pham can bang caia san pham trén.
Giai ‘
Ta c6 phuong trinh can bang:
Q. =Q,<-1+P=3-P
S2P=4<P=2.
Vay P=2, Q=1.
6.4.2 Thi trwong co nhiéu loai hang hoa
Theo qui luat kinh té, cung cau cia mot hang hoa khéng chi phu thudc vao chinh

gi4 ciia san pham d6 ma con phu thudc vao gia cua cac san pham co lién quan nhu san
pham thay thé va san pham bo sung.

e San phdm bé sung: Néu gia ciia san pham bo sung ting thi ciu caa san pham
dang xem xét s€ giam. Vi du san pham xang 1a san pham b6 sung cua xe mo6 to.

e San pham thay thé: Néu gia cua san pham thay thé tang thi cau cura san pham
dang xem xét s€ tang theo. Vi du san pham thit heo la san pham thay the cua san
pham thit ga.

Gia st ¢ n san pham dang luu théng trén thi truong, ta c6 md hinh téng quat nhu sau:
Gia dinh rang cac yéu td khac khong d6i, ham cung va ham cau cta san pham tha i 1a:

véii=1,n.

QSi =9, +a,F+a,P,+..+a,P, .
Qdi =b,+b,P, +b,P, +...+b P

Thi truong canbang khi: Q, =Q, , i=1n.

Tacd hé phuong trinh sau:

a, +a,h +a,P,+..+a,P, :b10+bllpl+b12p2+'“+b1npn
a,, +a,P +a,P, +..+a, P, =b,,+b, R +b,P,+...+b, P,

a,+a,Pp+a,P,+..+a P =b,+b,P+b,P,+..+b P,

bit ¢; =a; —b;, h¢ phuong trinh dugc viét nhur sau:

c, R +c,P, +..+¢c, P, =-C,

n" n

P, =—Cy

2n' n

c,P +C, P, +...+¢C

c,P+c,P,+..+c, P, =-C,
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C, Cp .o G Pl —C
cC,, C, .. C P —C
_Cnl Cn2 Cnn_ _Pn_ __Cn_

HE phuong trinh dugc trinh bay dudi dang ma tran: AX =B.
Giai hé phuong trinh tuyén tinh nay ta tim dwgc c4c gid can bang va san lwgng can bang.
Vi du 6.12. Trén thi trudng c6 hai san pham, théng tin c6 duoc nhu sau:
Sanpham 1: Q, =—2+3R
Q, =10-2R +P,
Sanpham 2: Q, =-1+2P,
Q, =15+R-P,

Thi truong can bang khi:
{Qsl =Q, {—2+3P1 =10-2P,+P,
o

Q, =Qq, -1+2P, =15+PF -PR,
26 64
5P1—P2:12 Pl:?’ Qsl_le_T
—
P +3P,=16 85

P 22; Qsz :de =7
Vi du 6.13. Thi truong €6 3 san phiam dang luu théng trong thi truong, ham cung va
ham cau dugc cho nhu sau:
Sanpham1: Q, =—6+5P,—P,—P,
Q, =10-2R +P, + PR,
Sanpham2: Q, =-4-R+3P,-P,
Qi =12+ PR 2R, + P,

Sanpham 3: Q, =-3-R—P,+4P,
Qi =16+P +P,-3R,

a) Tim gia can bang va san luong can bang cua cac san pham?

b) Tai mot thoi diém, xuat 3 san pham 1, 2 san pham 2 va nhap 2 san pham 3. Tim
diém can bang mai trén thi truong.

Giai
7P, —2P, - 2P, =16
a) Taco hé phuong trinh can bang nhu sau: {—2P, +5P, — 2P, =16
—2P,— 2P, + 7P, =19
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7 -2 -2 P 16
A=|-2 5 —2[P=|P | B=|16
2 2 7 P, 19

7 2 2
—det(A)=|-2 5 -2/=153.
2 2 7

16 2 -2
det(A)=[16 5 —2/=1050.
19 2 7

7 16 -2
det(A,)=|-2 16 —2/=1350
2 19 7

7 -2 16
det(A)=|-2 5 16=1101
2 -2 19

Giacanbang: P, =6,9; P, =88 P, =7,2.

San lugng can bang: Q =12,3; Q, =8,4; Q,=10,1.
b) Taco ham cung va ham cau méi nhu sau:
Sanpham1: Q, —3=-3-6+5R—P,—P,
Q, = 10-2R+PR,+P,
Sanpham2: Q, —2=-2-4-B+3P, - P,
Q, = 12+R-2PR,+P,
Sanpham3: Q. = -3-PB-P,+4P,
Q) +3=3+16+R +PF, -3k
Hé phuong trinh can bang méi:
7P —2P,-2P,=19
—2P, +5P, —2P, =18
2P, —2P,+ 7P, =22
Giai h¢ phuong trinh ta dugc:
Giacanbang: P, =8,0; P,=10,1; P,=8,3.
San lugng can bang: Q =12,5; Q,=8,1; Q, =12,2.
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Cau heéi va bai tap chwong 6

Bai 6.1. Giai cac hé phuong trinh tuyén tinh sau bang dinh Iy Cramer va bang phuong
phap ma tran nghich dao

X +52 =3 3X+5y =11
a) <Xx+5y =5 b) <2x +3z2=7
4y+772=8 3y+2z=5
Bai 6.2. Giai cac hé phwong trinh tuyén tinh sau:
X, +2X, = X3 =2 X—y+z-t=2
) 2X, —3X, + X, =—1 b) X —z+2t=0
—X +X,+3X;=6 —X+2y-2z+7t=-7
SX + X, —2X%, =0 2Xx-y-z =3
X+y+z=1 X, —2X%, + X+ X, =1
C) {x+2y+3z=-1 d) % —2%,+%,—-x,=-1
X+4y+9z=-9 X, —2X, +X; +5%X, =5

X, +2X, +4%,-3%, =0
3X, +5X, +6X, —4%, =0
4%, +5X, — 2%, +3X, =0
3%, +8X, +24x%,-19x, =0

5x, +2X, -3X, =% =0
f) 5% —X, +5%,—X, — 2%, =0
X, —2X, + 44X, + X, — %X =0

Bai 6.3. Tim diéu kién can va dii dé hé phuong trinh c6 nghiém:

X, +2X, + 2%, =a

2% — X, + X, =D

3% +X,—X;=C

X, —3X, —5X, =d
Bai 6.4. Giai va bién luan c4c hé phuong trinh tuyén tinh sau theo tham sé:
X+2y+az=3 AX+y+z=1
a) <3x—-y-az=-3 b) <x+Ay+z=241
2X+y+32=0 X+y+Az=1°

Bai 6.5. Cho bang I/O:

/o | 1 2 3 4 d

10 | 30 | 50 | 40 | 40
20 | 50 | 80 | 30 | 10
60 | 20 | 30 | 10 | 60
70 | 40 | 10 | 80 | 30

W IN |-
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a) Lap ma tran hé s ky thuat?
b) Tinh gié tri gia ting cua mdi nganh va cho biét nganh ndo san xuat hiéu qua nhat?
Bai 6.6. Cho ma tran k¥ thuat:

(01 0l 03 01]
A |02 025 01 02
015 0,2 0,2 0,15
03 03 01 01

a) Cho biéthé s6 0,25 c6 ¥ nghia gi?
b) Cho tong cau cia 4 nganh lan luot 1a 160, 170, 180, 190, hdy lap bang 1/0?
Bai 6.7. Cho ma tran h¢ s6 ky thuat va cau cuoi ciing cianganh 1, 2, 3 lan luot 4 2,5;
4,0; 3,0. Tim tong cau cua tirng nganh?
01 0,3 0,2
A=/0,3 0,2 0,3
0,2 0,3 0,2

Bai 6.8. Trong md hinh Input — Output Leontief, biét bang cot dau vao cho 1 don vi gid

tri dau ra cac nganh cong nghiép, ndng nghiép, dich vu trong bang sau:
baura| . . . . .
N Cong nghiép | NOng nghiép Dich vu
Dau vao
Cong nghiép 0,2 0,2 0
NOng nghiép 0,3 0,1 0,3
Dich vu 0,1 0 0,2

Biét nhu cau cubi cung cac nganh trén 13 40, 60, 80 (don vi gié tri).
a) Lap ma tran hé sé dau vao.
b) Day cé phai la mo hinh Input — Output mé khéng?
¢) Yéucau tim phuong an mac san xuat (tic dau ra) mdi nganh.
(Giai hé Input — Output bang phuong phap ma tran va giai bang phép khir Gauss)

Bai 6.9. Tuong ty bai trén véi bang cot dau vao cho 1 don vi gia tri dau ra cac nganh
1, 2, 3 trong bang sau:

Paura . . .
N Nganh 1 Nganh 2 Nganh 3
Dau vao
Nganh 1 0,4 0,1 0
Nganh 2 0 0,3 0,2
Nganh 3 01 0 04

Biét nhu cau cudi cung cac nganh trén 1a 50, 40, 60 (don vi gid tri).
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a) Lap ma tran hé sé dau vao.
b) Day cé phai la md hinh Input — Output m¢ khéng?
¢) Yéucau tim phuong 4n muc san xuat (tic dau ra) mdi nganh.
Bai 6.10. Xét thi truong mot loai hang hoa (trong mot khoang thoi gian ngan nao do) co
ham cung Q, =3p—-15 va ham cauQ, =—-2p+25 véi p la gia cua loai hang d6. Tim
diém can bang cuathi truong.
Bai 6.11. Biét thi trueong 2 loai hang héa 1, 2 ¢6 cac ham cung va ham cau 1a:
Q, =—2+3p, + P;; Q, =—3+2p, +5p,
le:6_p1_p2; Qd2:17_2p1_3p2'
Tim diém can bang thi truong.
Bai 6.12. Biét thi trueong 3 loai hang hda 1, 2, 3 ¢ cac ham cung va ham cau la:

Q, =—11+p, +3p,; Qi =5-P — P,
Q522—15—|—2p1+p2; Qd2:9—p1—3p2
Qs3:_15+ P, +2ps; Qd3:23_ Py = P2 = Ps-

Tim diém cén bang thi truong.
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CHUONG 7
BAI TOAN QUY HOACH TUYEN TINH

7.1 Céc vi du din dén bai toan quy hoach tuyén tinh
7.1.1 Baitoan lap ké hoach san xuat

Mot xi nghiép c6 3 loai nguyén liéu khéc nhau: A, B, C véi lwong du trix t6i da la
12, 18, 22 tan. Nguoi ta ding dé san xuat 4 loai sanpham |, I, lll, IV. Binh muc k¥
thuat vé tirng loai nguyén liéu dé san xuat ra 1 tan san phim va tién 14 cua mdi loai
san pham cho trong bang sau:

Loai nguyén liéu | Dy trx Binh mic ky thuat
| i mj v
A (tan) 12 2|1 3| 3| 4
B (tin) 18 3| 2| 2| 3
C (thn) 22 4| 2| 3| 3
L&i (triéu d/tan) 51 6| 7| 4

Hay 1ap ké hoach san xuat céc loai san pham sao cho thoa man yéu cau han ché
ve nguyén li¢u, dong thoi tong so tien l&i thu duoc I6n nhat.

Lap mo hinh bai toan
Buwéc 1. Xéac dinh cac bién quyét dinh.
Goi X, %,, %, X, lan luot 1a sé tan san pham loai I, 11, 11, 1V can dugc san xuat.
Buwoc 2. Xac dinh ham muc tiéu
Ham muc tiéu 1a tong sé tién 1ai thu duoc (loi nhuan):
f(X)=f (X, %0 X3, X, ) = 5%, +6X, + 7X; +4X,.
Cuc dai loi nhuan: f (x) =5x, +6x, +7x, +4x, — max
Buwoc 3. Xac dinh cac rang budc:
Rang budc vé nguyén ligu A: 2x, +3X, +3X, +4x, <12
Rang budc vé nguyén ligu B: 3x, + 2X, +2x, +3x, <18
Rang budc vé nguyén ligu C: 4x, +2x, +3x, +3x, < 22
2%, +3X, + 3%, +4x, <12
Nhu vay, ta c0: 3%, +2X, + 2X; + 3%, <18
4X, +2X, +3X, +3X, < 22
biéu kién: x, >0 véi j=1.4.
Tandi day 14 bai toan quy hoach tuyén tinh 3 an tim cuc dai ctia ham muc tiéu.
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7.1.2 Bai toan xac dinh khau phan thirc éin

D¢ nudi 1 loai gia slic, mot doi san xuat ding 3 loai thirc an T1, T2, T3. Trong 3
loai thirc an d6 c6 chira 3 loai chat dinh dudng dam, duong, khoang. S6 don vi chat
dinh dudng (g) co trong 1 don vi thic an (kg) nhu sau:

Chét dinh dudng Luong dinh dudng co trong 1 kg thire an
T1 T2 T3
bam 2 4 4
Duong 3 2 3
Khoang 2 2 2

Nhu cu t6i thicu trong khau phan hang ngdy cua gia stc la: 13, 15, 17 don vi
chat dam, duong, khoang. Gia thic an moi loai la 4, 6, 8 (ngan d/kg). Hay xac dinh
lugng thirc &n moi loai can c6 trong khau phan an hang ngay dé dam bao yéu cau vé
chat dinh dudng, dong thoi tong sé tién mua thic an hang ngay 13 nho nhat.

Lap mé hinh bai toan
Buéc 1. Xac dinh cac bién quyét dinh
Goi X; la s6 don vi thic an (kg) loai T, cancho n hang ngay, j=1.3
Buwoc 2. Xac dinh ham muc tiéu
Ham muyc tiéu Ia tong so tién mua thirc &n hang ngay: f () = 4x, +6x, +8x,.
Bai toan 1a tim s6 tién chi cho mua thirc an it nhat nén:
f(X)=f(X,%,,%)=4x +6X,+8x, — min
Bwoc 3. Xac dinh cac rang budc

Dé dap tng dugc nhu ciu dinh dudng tdi thiéu mdi ngay thi tong khoi lwgng cac
chat dinh dudng c6 trong thwusc an can mua khong thé nhé hon céc nhu cau toi thi€u
moi ngay vé chat dinh dudng do, nén ta c6 cac dicu kién:

Chét dam: 2x, +4x, +4x, >13
Chét dudng: 3x, +2x, +3x, >15
Chat khodng: 2x, +2X, +2x, >17

2X +4x, +4X;, =213
Vay lugng dinh dudng co trong thirc an la: < 3x, +2x, +3x, >15
2X +2X, + 2%, 217

biéu kién: X; 20 voi j=1.3.

Trong thuc té ¢ nhidu bai toan dwa dén cac md hinh toéan la bai toan quy hoach
tuyén tinh (QHTT) ma ta s& xét sau.
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7.2 Céc dang caa bai toan quy hoach tuyén tinh
7.2.1 Dang tong quat

Tim mot bo thir tw n s6 thye ndo d6 X = (x,, %,,..., x, ) sao cho ham myc tiéu

f =c X +C,X, +...4+C,X, = min (max) (7.1)
<
ax +..+a.x |>|b, i=1m (7.2)
>0
Xx,|<0 |, j=1n (7.3)
tuyy

Trong do:
e Ham muc tiéu: cd thé 1a cuc tiéu (min) hoic cuc dai (max).
e Cacrang bugc cua bai toan (7.2): La cac phuong trinh hodc bat phuong trinh
suy ra tir diéu kién ctia bai toan.
e (7.3) la cac rang budc vé ddu cta cac bién sb.
Bai toan trén goi | bai toan quy hoach tuyén tinh dang tong quat.
Hé cac rang budc ham va cac rang budc dau cua bai toan goi 1a hé rang bugc.
Cho bai todn QHTT n an. M3i bo n 86 X =(x,,X,,...%,) (e R") thoa dicu ki¢n
rang budc goi la mot phurong an cua bai toan.
Tap moi phuong an cua bai todn goi la tap phuong an D cua bai toan.

’ MObi phurong 4n X théa (7.1), nghia 13 tai d6 ham muyc tiéu dat gia tri nho nhat (Ion
nhat) trén tap cac phuong an duoc goi la mot phuong an to6i vu (PATU) cua bai toan.

Giai mot bai toan QHTT 1a di tim mot phuong an t6i wu cua nd hoic chi ra rang
bai todn v6 nghiém, nghia la bai toan khong c6 PATU.

Vi du 7.1. Bai toan QHTT tong quat: f =2x, +5x, + X, — max
{xl +3X, — 2%, <5
2X, =X, + X, =4
biéu kign: x, >0, x, >0, x, ty Y.
Khi d6 vecto X =(2,0,0) thoa hé rang bugc bai toan nén la mét phurong an cia bai toan.
7.2.2 Dang chinh tic

Bai todn quy hoach tuyén tinh chinh tac Ia bai todn quy hoach tuyén tinh ma trong
do6 cac rang budc déu la phuong trinh va cac bién so déu khéng am.
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Cho ham muc tiéu

f =cx +C,X, +...4+C,X, = min (max)

[ (7.4)
X;20, J=1n

{ailx1 +..+a.x =h, i=1m
Vi du 7.2. Bai toan sau c¢é dang chinh tic:
Taco ham muc tiéu: f (x)=2x —4x, — X, +6x, - min
X, —4X, + X, =12
H¢ rang budc: {12x, —3X, + X, + X, =3
X, =X, = Xg— X, =—6

biéu kién: x; >0, j=14.

Nhgn xét:

Moi bai todn QHTT tong quat déu c6 thé dua vé dang chinh tic véi cac chd y:
- Néuan x, <0 thi thay x, =X/, véi X >0.

- Neuan x; khong c6 rang budc dau (c6 dau tiy y) thi thay x; bang hi¢u hai an

khong am, chang han thay X; =X —X] V&1 x; 20, xj >0,

- Néu rang budc ham c6 dang bat phuong trinh a,x, +...+a, x <b thi ta dua

mn-n

vé dang phuong trinh bang cach cong thém vao vé trai mot an phu khéng am.

Chang han, a,x, +..+a X, <b <ax +..+a,x +x, =h voi x , >0.

- Néu rang budc ham c6 dang bat phuong trinh a,x, +...+a_x >b thi ta dua

n-n

vé dang phuong trinh bang céch lay vé trai trir cho mot an phu khong &m. Chang

han, a X, +...+a,X, >2b < a,X +...+a,X, —X,.; =b voi X ,; 0.

in“*n i n-+i

Vi du 7.3. Pua bai toan QHTT dang tong quét sau vé dang chinh tac:
Ham muc tiéu: f (x)=2x, +3x, —4x, — min.
+3X, —2X, <5
T T va {x >0; x, <0}
2%, =X, + X, =4
Giai
Trudc hét can dwa dén bai toan twong duong c6 moi an khdng am.
Bai toan da cho c6 an x, Amva X, cd dau tly y.
X, =—X;
Pit { L TF V6 X, X5, X, 20},
X, = X5 — X,

Ta c6 bai toan tuong duong: f (x)=2x, —3x, —4x; +4x, — min.
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— 3%, —2X; +2X, <5
{Xl o TG, X, X, X, 20,

2X + X, + Xy — X, =4
Bai todn mai nay c6 moi an khong 4m nhung van con mot rang bugc ham dang bat
phuong trinh va ta can dua rang budc nay vé dang phurong trinh.
Cong thém an phu x, >0 vao vé trai rang buoc ham tha nhét, dwa dén bai toan
dang chinh tic:
f (X)=2x —3%, —4x; +4x, —> min.
X, — 3%, —2X; + 2%, + X; <5
2%, + X, + X5 — X, =4

(X X5, X5, X,, X =0}
7.2.3 Dang chuén tic
Bai toan dang chuan tic 1a bai toan QHTT dang chinh tic thoa céac diéu kién sau:
- Cécb; (hé sb tu do) cua cac rang budc chung khdng am.
- Trong ma tran hé sé ty do c¢6 da m vector cot don vi: €,€5,00s €
Khi do:
e Cac an (ing véi cac vector cot don vi duoc goi 1a cac an co ban. Cy the an
ung vaéi vector cot don vi e, la an co ban thu k.
e Mot phuong 4n ma céac an co ban déu bang 0 duoc goi 14 phuong an co ban.

e Mot phuong én co ban c6 du m thanh phan duong dugc goi la khong suy
bién. Negwoc lai mot phuong an co ban ¢6 it hon m thanh phan duong duoc goi la
suy bién.

Vi du 7.4. Xét bai todn QHTT ¢6 ham muc tiéu: f (x)=2x, —4x, — X, +6X, — min
X + X, + X =12

12X + X, + X, =3

X, +X, =X —X, =6

X; 20, j=16

Tathay bai toan trén c6 dang chinh tic, hon nita cac hé sé tu do déu khdng am.
Ma tran hé sb rang budc A Ia:

1 0 0 1 10
A=|12 0 1 0 0 1
1 1 -1 -1020

A c6 chira day du 3 vector cot don vi g (Cot5), e, (cot6), e, (cot 2).
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Do d6 bai toan ¢6 dang chuan, trong do:
e Ancoban th nhat 12 Xs,
e An coban tha hai I xs,
e An coban tha ba 12 x..

Nhgn xét. Trong bai toan trén, khi cho an co ban thir k bang hé s6 tu do thix k, con cac
an khong co ban bang 0, nghia 1a cho x, =12, X, =3, X, =6, X, =0, x, =0, x, =0 ta

duoc mét phuong an co ban cua baitoan x =(0, 6, 0, 0, 12, 3).

Phuong 4n nay khong suy bién vi c6 da 3 thanh phan duong. Ta goi day 1a phuong
an co ban ban dau cua bai toan.
Chay. Tong quat, trong bai toan QHTT dang chuan bat ki, khi cho 4n co'ban thtr k bang
hé sd tw do thir k (k =1,2,...,m), con cac an khong co ban bang 0, ta dugc mdt phuong
an co ban cua bai toan. Ta goi day la phuong 4n co ban ban dau cua bai toan.
7.3 Phwong phap hinh hoc

Phwong phap hinh hoc chi 4p dung cho bai toan QHTT ¢4 hai bién, ba bién.

Dé giai bai toan ta biéu dién mién rang budc D trong mat phang Oxy.

Cho ham muc tiéu nhan gia tri thay doi theo tham sé m: f (x)=cx +¢,x, =m.

Xét giao giita ham muyc tiéu va mién D, tim gid tri I6n nhat, hoac nh nhat ciia m
sao cho vai gia tri d6 ham muc tiéu van giao voi miﬂén D itnhat 1a 1 diem. Va gia tri d6
caam la gié,tri toi uu ctia ham muc tiéu, va giao diém cua ham muc tiéu vai D chinh la
phuong an toi wu (PATU).

Vi du 7.5. Giai bai toan QHTT hai an
f =X+ y — min(max)
X+2y>3
2X+y >3 Vvoi x,y>0
X—y<3
Buwoc 1. VE tap phuong éan D.
D ={M(x,y) | (x, y) thoa hé rang budc cua bai toan}
Buwéc 2. V& dudng thing A = x+y=m cét D va vecto phap tuyén caa duong thing 1a
n= (1, l).
Gidi bai toan min
Tatim diém M(x, y) nam trén A va & mién D sao cho f(M) bé nhat.
Nhan xét: f(x, y) =m, V diém (x,y) e An D. Khi tinh tién A theo huéng nguoc fi, gia
tri f(X, y) = m giam dan. Dya vao hinh vé& va nhan xét suy ra
fn=f (L 1)=2 va phuong 4n tdiwula {x =1;y = 1}.
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Gidi bai toan max
Tatim diém M(X, y) nam trén A va & mién D sao cho f(M) 16n nhét.
Nhan xét: f(x,y) =m, V diém (x,y) e A~ D. Khi tinh tién A theo huéng fi, gia tri

f(X, y) = m tang dan. Dya vao hinh v& va nhan xét suy ra
f . =+ vakhong c6 phuong 4n tbi uu.

m

Nhdn xét. Bai toan & vi du trén c6 thé dua vé dang chinh ticsau: f = x+y — min(max)

X+2y-2=3
2X+y—-t=3 vai x,y,z,t,u>0
X—y+u=3

C6 thé coi tap phuong 4n D’ cua bai toan mai ndy c6 hinh anh Ia tap phuong an D
cua bai toan o trén.
7.4 Phwong phap don hinh
7.4.1 Phuong phap don hinh (dang chuian = min/max)

Buwéc 1. Lap bang don hinh xuat phat

Bién Cj Phuong X1 X2 Xn
CO' SO an C1 C, o Ch
XB1 Cs1 b1 an a2 ain
XB2 Ca2 b2 ax az2 dzn
XBm CBm bm dm1 dm2 dmn
F A, A, A, A,
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Tir bang trén ta xac dinh nghiém co so dau tién x°:
Xg =D, i=1m
X: =0, j¢B.

4 n \ -7 . N =A 4 & A 2
Va cac hé s6: A, = cyx’ 1agia tri ham muc tiéu ang vai nghiém co s x°.
i=1

o W o

—

m i .
A, :ZcBiaij—cj la cac hé so u6cluong, j=1,2, ...,n.

i=1

Vidu 7.6. f(x)=x—2X,+2X;— X, + X5 —2X; — min

X, =X, —9X; +X, =95
X, —2X, +2X%, +% =4
—4X, + X, + X, +Xs = 2
X;20,j=16

Giai
Taco: c=(1 -2 2,-1,1 —2)
CAac bién co'so 12 Xy, Xz, Xg

Cac bién tu do 12 X4, X5, X3

X1 X2 X3 X4 X5 Xe

Coso | G| PA[ 1 | 2] 2] 1] 1| =2
x, | 1| 5] 1|1 5] 1] 0/ 0
X5 1 4 1 2| 2 0 1 0
xe | 2| 2| 4| 11| 0] 01
-5 7 -1 3 0 0 0

C6 nghiém co so dau tién 1a: x°=(0, 0, 0, 5, 4, 2) va f(x°) =-5.

Vidu 7.7. f(X)=X%+X,+X—X, > min

X, + X;+X, =2
X+ X, — 2%, =1
x;20,j=14

X1 Xo | X3 | Xa
Coso | ¢ | PA 1 1 1| -1
X4 -1 2 1 0 1 1
X2 1 1 1 1] 2] 0
-1 -1 0| 4] O
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Buwdc 2: Xét dau hiéu tdi wu
Truong hop 1.
Néu A, <0, vk ddi véi bai toan cuc tiéu (hoic A, >0, vk ddi véi bai toan cuc
dai) thi x°1a PATU cua bai toan QHTT.
Truong hop 2:

Nguoc lai,néu 3A, >0, j =1 n déi véibai toan cuctiéu (hoac 3A, <0, j=1,n ddi
Vi bai toan cuc dai). Khi d6, bai toan chua c6 PATU ta chuyén sang budc 3.
Buwéc 3. Gia str dau hiéu téi wu bi vi pham & cotv.
(i) Néu Va, <0,i=1m khi d6 bai toan khong c6 PATU’, thuat toan két thic.

v —

(ii) Néu Va,, >0 thi ta xac dinh ti s6 don hinh: A, = min{:—iWaiv > o}

v

Gia st 4, =— thi a, la phan tr truc, st dung phep bién doi dong dé dua cot v

vé dang cot ciia ma tran don vi.
Sau d6 ta thuc hién lai budc 1.
Luu y:
(i) Néutrong trudng hop c6 nhidu cot v,,v,,.v, cing vi pham. Ta x4c dinh cot dwoc
chon nhu sau: |A,|= maX{|AV1|,|AV2|,...,|Avk|}.

Khi @6 cot v la cot duoc chon.
(if) Bang don hinh dat PATU duy nhét néu cac hé s6 uéce lugng A, ing voi cac bién
tw do déu khac 0.

Nguoc lai, néu cé hé sé udc lwong bang 0 tng véi bién tu do thi ta lay cot co udc
lugng bang 0 nay lam cot xoay, ta tién hanh tim ti 6 A.

Néu A >0 tatién hanh phép khir phan tir truc dé tim PATU khac. Trong truong
hop nay bai toan cé vo s6 PATU.

Néu 1 =0 thi bai toan ¢c6 PATU nhu cii.

Vidu7.8.  f(X)=x+4X,—X —X, +X +3% — min

2X, =X, +5%; + X, =1
2X +4X, —2%X;  +X, =2
X, +2X, + X, +Xs =95
X; >0,j=16
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X1 X2 X3 X4 X5 X6
Coso | PA 1 4 -1 -1 1 3
X4 -1 1 2 -1 5 1 0 0
Xs 1 2 2 (4) -2 0 1 0
Xs 3 5 1 2 1 0 0 1
16 2 (7) -3 0 0 0
X4 -1 3/2 5/2 0 (9/2) 1 1/4 0
X, 4 1/2 1/2 1 -1/2 0 1/4 0
Xg 3 4 0 0 2 0 -1/2 1
25/2 -3/2 0 (*2) 0 -7/4 0
X3 -1 1/3 5/9 0 1 2/9 1/18 0
Xz 4 2/3 719 1 0 1/9 5/18 0
Xg 3 | 10/3 | -10/9 0 0 -4/9 | -11/18 1
37/3 | -16/9 0 0 -1/9 -16/9 0
Taco: A, <0, vk: phuwong an dang xét toi uu.
Vay bai toan c6 PATU la x*= (0, 2/3,1/3,0, 0, 10/3)
fmin =f(x*) = 37/3
Vidu7.9. F(X) =27x—2X, + X, +14X, + 2%, + 6X, +5X, — max
2%+ X,  + 3X, —2Xs+ 2X,= 4
=3X,  + X+ 4Xx, + X, =3
—5X, + 2X, + X+ X, + X, =5
X;20,j=17
Xj Cj PA X1 X2 X3 X4 X5 X6 X7
27 -2 1 14 2 6 5
X2 -2 4 -2 1 0 3 0 -2 2
X3 1 3 -3 0 1 4 0 0 1
Xs 2 5 -5 0 0 2 1 1 1
F(x) 5 18 0 0 -12 0 0 -6
X2 -2 1.75 | 0.25 1 -0.75 0 0 -2 1.25
X4 14 0.75 | -0.75 0 0.25 1 0 0 0.25
Xs 2 3.50 | -3.50 0 -0.50 0 1 1 0.50
F(x) 14 9 0 3 0 0 0 -3
X7 5 1.40 | 0.20 | 0.80 | -0.60 0 0 -1.60 1
X4 14 0.40 | -0.80 | -0.20 | 0.40 1 0 0.40 0
Xs 2 2.80 | -3.60 | -0.40 | -0.20 0 1 1.80 0
F(x) 18.20 | 9.60 | 240 | 1.20 0 0 -4.80 0
X7 5 3 -3 0 1 4 0 0 1
X6 6 1 -2 -0.50 1 2.50 0 1 0
Xs 2 1 0 0.50 -2 -4.50 1 0 0
F(x) 23 0 0 6 12 0 0 0




X7 5 3 -3 0 1 4 0 0 1
X6 6 2 -2 0 -1 -2 1 1 0
X2 -2 2 0 1 -4 -9 2 0 0
F(x) 23 0 0 6 12 0 0 0

Phuong an t61 wu ca bai toan 1a: (0, 0, 0, 0, 1, 1, 3)
Gia tri ham muc tiéu dat duoc la: F(x) = 23.
Bai toan con phuong an tdi vu khac 13 (0, 2, 0, 0, 0, 2, 3)
Vay bai todn c6 vO s6 phuong an toi wu.
7.4.2 Phwong phap don hinh mé rgng
7.4.2.1 Baitoan ma rgng
Vi mot bai toan QHTT dé cho c6 dang chinh tic nhung chua c6 dang chuan thi
ta co the 1ap bai todn ma rong dé dua no vé bai toan dang chuan.
Buwéc 1. Néu mot trong sb cac rang budc ¢6 sé hang tu do am thi ta nhan rang budc
d6 véi (-1).
Bugc 2. O cac rang budc chua ¢ bién co s, ta thém céc bién co s¢ khdng am vao.
Nhirng bién thém vao nay duoc goi la bién gia.
~ Trong ham muyc tiéu, cac bién gia c6 hé s6 1a M (ddi véi bai toan min) va (— M)
(d0i vai bai todn max) vai dieu kién M la s6 vo cung 16n.
Bai toan QHTT dang chuan vai bién gia dugc goi 1a bai toan mé rong.
Vi du 7.10. Lap bai toan ma rong cua bai toan sau:
f(X) =X +2X,+3%+4x, - min
X, —2X, + 2%, =17
2X, + X, +5%, =16
X, +2X, + %+ X, =20
Bai toan mo rong
f(X) =% +2X, +3%; +4x, + Mx; + Mx; — min
Cac rang budc
X, —2X, + 2%, + X, =17
2X, + X, +5X; + X; =16
X, +2X, + X, + X, =20
Trong d6: Xs, Xs 14 bién gia
X1>0,%X2>0,x3>0,X4>0, xs>0, Xe=0
Vi du 7.11. Lap bai todn m¢é rong cua bai toan sau:

f(X) =X +X, —X; +2X, +3%; — min
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X, =X +2X,+X =1

X, =X, +%=3
X —2%; =2

szo,jzl,

Bai toan m¢ rong

f(X) =% +X, —X; +2X, + 3% +Mx; — min

X, =X+ 2X, + X =1

X, =X, X =3

X, — 2%+ X =2
szo,j 6

7.4.2.2 Phwong phdp don hinh gidi bai toAn mé'rgng
Buwoc 1. Giai bai toAn ma rong

Cac bugc thyc hién phuong phap don hinh dé giai bai toan mo rong cung duoc
thuc hién nhu bai toan dang Chuan thong thuong, Nhung do cac hé s cuia cac an gia

trong ham muc tiéu 1a M nén hé s6 udc lrong cua cac an trong trueong hop nay c6 dang
Aj =aM + b. Do d6 khi 1ap bang don hinh can chd ¥ van dé sau:

(i) Khi cac an gia duoc duarah¢ 4 an co ban thi s& khong duoc dua trg lai, nén khi
lap bang don hinh dé glal bai toan m¢ rong ta khdng can dua an gia vao bang.
(i) Do tri s6 ham muc tiéu va cac hé sé ude lugng phu thudc vao 2 sé thuc nén ta
chia dong ghi tri s6 d6 thanh 2 dong kép, dong dudi ghi hé sé cua M, dong trén
ghi s6 hang tu do con lai. Khi 4n gia dugc dua ra khoi an co ban thi cac gia tri
ham muc tiéu va hé sb uéc luong sé tré lai binh thuong.
(i) Do M 1a mot sé duong 160 nén:
a>0=>Aj=aM+b>0
a<0=>Aj=aM+b<0
a>c=>aM+b>cM +d
a<c=>aM+b<cM+d

Buéc 2. Tim loi giai cua bai toan gbc
o  Néu bai toan mo rong khong c6 PATU thi bai toan gdc ciing khong c6 PATU
e Néu baitoan mo rong c6 PATU va cac an gia bang 0 thi bai toan goc co PATU
1a PATU cua bai toan goc bo di phan an gia.
e  Néu bai toan m& rong c6 PATU va c6 it nhat mot an gia khac 0 thi bai toan
goc khong ¢6 PATU.

Vi du 7.12. Giai bai todn QHTT sau:

F(x) =10x, +10x, — max
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Lap bai todn mé rong

3%, +5X, <60
3%, +2X, <36
6X, +5X, =75
X, X, 20

F(x) =10x, +10x, — Mx; — max

3X, + 95X, + X, =60
3X +2X,  +X, =36
6X, +5X, X; =15
X; 2 0,j=15
X1 X2 X3 X4
Xi Ci PA 10 10 0 0
X3 0 60 3 5 1 0
X4 0 36 3 2 0 1
Xs -M 75 6 S 0 0
F(x) 0 -10 -10 0 0
-75 -6 -5 0 0
X3 0 24 0 3 1 -1
X1 10 12 1 213 0 1/3
Xs -M 3 0 1 0 -2
F(x) 120 0 -10/3 0 10/3
-3 0 -1 0 2
X3 0 15 0 0 1 5
X1 10 10 1 0 0 513
X2 10 3 0 1 0 -2
F(x) 130 0 0 0 -10/3
X4 0 3 0 0 1/5 1
X1 10 5 1 0 -1/3 0
X2 10 9 0 1 215 0
F(x) 140 0 0 213 0

Phuong 4n t6i wu cua bai toan mé rong 1a : (5,9,0,3,0)
Gia tri ham muc tiéu dat duoc la : F(x) = 140.
Vi du 7.13. Giai bai toAn QHTT sau
f(X) ==X +3%, +4x%; — X, —5% — min
=30
X, =X +X, —X =23

2%, + X, — 3%, + 2X,

3X, —2X, + X3 + X, + 4%, > -10
X, 20,j=15
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Giai
Pua bai toan vé dang chinh tic
f(X) ==X +3%, +4x%; — X, —5% —> min
2%, + X, —3X; + 2X, =30
X, =X3 +X, —X =23
—3X, +2X, — X3 — X, —4X; + %X, =10
X, 20,j=16

Bai toan mo rong

f(X) ==X +3X%, +4% — X, —5%; + Mx, +Mx; — min

2X, + X, —3X%, + 2X, + X, =30
X, =X3 +X, =X + X =23
—3X, +2X, — X3 — X, —4X; + X =10

X7, X la biéngia va x; >0, j =1,6.

X1 X2 X3 Xy Xs X6

Xi Ci PA 1 3 2 1 5 0
X7 M 30 2 1 -3 2 0 0
Xg M 23 0 1 -1 1 -1 0
X6 0 10 -3 2 -1 -1 -4 1
) 0 1 3 4 1 5 0
53 2 2 -4 3 -1 0

X4 -1 15 1 1/2 -3/2 1 0 0
Xg M 8 -1 1/2 1/2 0 -1 0
X6 0 25 -2 5/2 -5/2 0 -4 1
) 15 | 0 | 72 | 52 | 0 5 0
8 -1 1/2 1/2 0 -1 0

Xa -1 39 -2 2 0 1 -3 0
X3 4 16 -2 1 1 0 -2 0
X6 0 65 -7 5 0 0 -9 1
f(x) 25 -5 -1 0 0 0 0

Phuong an t6i wu cua bai toan mé rong 1a : (0,0,16,39,0,65,0,0)
Gia tri ham muc tiéu dat duoc la : f(x) = 25.

7.5 Giai quyét bai toan bang may tinh

7.5.1 Chirc niing Solver trong Excel

Solver la mot cong cu cao cap cua Excel, Solver ¢ rat nhiéu tng dung, tir san xuat
kinh doanh, marketing, xay dung thoi gian bi€u, dau tu co phicu, gidi cac bai toan
QHTT... Béu co thé str dung Solver va giai ching mot cach nhe nhang.
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Dé mo Solver trong Excel 2003 ban vao muc TOOL >> SOLVER.

Pé mo Solver trong Excel 2010 ban vao Tab Data va tim biéu tugng Solver ¢ goc
bén phai ngoai cung.
7.5.2 Giai bai toan quy hoach tuyén tinh

Hudng dan giai mot bai QHTT bang Excel 2010. Ching ta thong nhét 1am theo 3
budc nhu sau.

Budéc 1: Nhap dé bai va biéu didn ham muc tiéu va cac rang budc trong Excel.

Budc 2: St dung chirc ning solver dé giai bai toan.

Budc 3: Boc va nghi két qua.
Vi du 7.14. Giai bai toan QHTT

F(x) =20x +33x, +18x, — max

2%, +5X, +2X; <24
X, +2X, + X, <12

4X, + X, +2X, <39
x;20,J=13
Giai
Buwéc 1. Nhap dé bai va biéu din ham muc tiéu va céc rang budc trong Excel
Fa BLal |= Microsoft Excel =
1
2
3 Ham f 20 33 18 max
4 RB1 2 5 2 <= 24
5 RB2 1 2 1 <= 12
6 RB3 4 1 2 <= 39
7 '3 an sob x1,x2 x3 0 0 0
8 Gigi
9 |Ham f ol
10 RB1 0 <= 24
11 RB2 0 <= 12
12 RB3 0 <= 39
13
Ready | |@E|E| 100% (=) L} (1)

,. | SUMPRODUCT (array1, [array2], [array.
Luu y: | Y - -

a) O B9 bicu dién ham muc tiéu f, do d6 BY 1a tich v6 huéng cua hé s6 ham myc
tiéu 20, 33, 18 va ba an xi, X2, X3 nhu hinh dudi day :

%) 13 tich vo huéng cua hai hay nhidu day 6 vi du.
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X Microsoft Excel

Home | Insert| Page Lz | Formul | Data | Review| View | Foxit P[| Load Te | Team | o

SUM (7 K« )‘L| =SUMPRODUCT(B3:D3,$B$7:5D57) v
A [ B ] ¢ | b | E | F | @
1 Dé bai
2
3 Ham f [ 20 33 18] max
4 RB1 2 5 2 <= 24
5 RB2 1 2 1 == 12
6 RB3 4 1 2 <= 39
7 34nsdx1x2x3] 0 0 0
Gigi
9 |[Ham f |:SUMPRODUCT(B3:D3,$B$?:$D$?}
10 RB1 0 <= 24
11 RB2 0 <= 12
12 RB3 0 <= 39
13
Edit EHEE o
b) O B10 biéu dién vé trai cua rang bugc 1
X Microsoft Excel
Home | Insertl Page Lzl Formul | Data | Review | ‘u’iewl Foxit P[| Load T¢ | Team | &7
SUM A J‘l| =SUMPRODUCT(B4:D4,$B$7:5D57) v
A [ B ] ¢ | o | E | F | 6 ]
1 Dé bai
2
3 Ham f 20 33 18 max
4 RB1 [ 2 5 2] <= 24
5 RB2 1 2 1 <= 12
6 RB3 4 1 2 <= 39
7 3 4&n s x1x2x3] 0 0 0]
9 Ham f 0
10 |RB1 |:SUMPBODUCT(B4:D4,$B$T:$D$7)
11 RB2 0 <= 12
12 RB3 0 <= 39
13
Edit B[O oo ——————————

¢) Tuong ty O B11 biéu dién vé trai cua rang budc 2, 6 B12 biéu dién vé trai cua
rang buoc 3.

Buwéc 2. St dung chirc nang solver dé giai bai toan
Mo solver va nhap liéu nhu sau
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Set Objective: e

To: (@) Max () Min () value Of:

By Changing Yariable Cells:

|$857:4D87

Subject to the Constraints:

SH510:8B512 <= $DS10:8D512
SBST:5DST =10

Delete

Reset All

Load/Save

Make Unconstrained Variables Mon-legative

Select a Solving Method: GRG Monlinear Izl Options

Solving Method

Select the GRG Monlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex
engine for linear Solver Problems, and select the Evalutionary engine for Solver problems that are
non-smooth,

Buwéc 3. Boc va ghi két qua
Nhan nat Solve thi man hinh xuét hién

Solver found a solution. All Constraints and optimality
conditions are satisfied. Reports

Answer

{%) Keep Solver Solution Sensitivity
Limits

{J) Restore Original Values

[ return to Solver Parameters Dialog [ outline Reports

Save SCenario...

Solver found a solution. All Constraints and optimality conditions are
satisfied.

When the GRG engine is used, Solver has found at least a local optimal
solution. When Simplex LP is used, this means Sclver has found a global
optimal sclution.

Nhan nit OK duoc két qua
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i icrosoft Exce

Home| Insertl PageLE| Formul | Data | Review| \u’iew| Foxit P[| Load T:| Team | 2

B9 M e | =SUMPRODUCT(B3:D3,3B857:5D57) ¥
4 A [ B ] ¢ | b | E | F | ¢
1 Dé bai
2
3 |Ham f 20 33 18 max
4 RB1 2 5 2 <= 24
5 RB2 1 2 1 <= 12
6 RB3 4 1 2 <= 39
7 |3 an sb x1x2,x3 75 0 45
] Gidi
g |Ham f I 231_|
10 [RB1 24 <= 24
11 |RB2 12 <= 12
12 RB3 39 <= 39
13
Ready EHEOm oes (=—U0—GF)

Vay PATU 1a X* = (7.5, 0, 4.5) VA fma = 231.
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Cau heéi va bai tap chwong 7
Bai 7.1. Giai bai toan bang phwong phap hinh hoc.

a)  z=2x+Yy—>min(max) b) g=-x+y— min(max)
2Xx—-y<4 X—y<3
2X+y=>2 2X+y=>2
y<5 X+y<5
X,y >0 x>0

c) f=x+y—>max(min)

2X—Yy <5
2X+y=>2
y>0

Bai 7.2.Hai phan xuong ciia 1 nha may cling san suatra 2 mat hang A, B. Nang suat va
chi phi trong mét gio cia moi phan xudng cho bai bang:

Phan xuong 1 | Phan xudng 2
A 60 10
B 10 40
Chi phi (ngan) 200 400

Biét nha may nhan dugc don hang 240 san pham A va 270 san pham B. Hay tim
cach phan phoi thoi gian cho moi phan xuéng théa man sao cho thoa man yéu cau dt
hang va chi phi it nhat.

Bai 7.3.Giai cac bai toan QHTT sau:
a) f(x) =x-x% — 3—>min
2X, =X, +X%,<1
4% — 2X, + %X, =22
3%, +X,<5
X; 20,Vj=13

b) f(X) =x—X,— 2X,+ 2% — 3% —> min
X, X, X=X, =3
X, +X, +%x, =12
X;+ 2X, + 4%, + 3%, = 2
X, 20,Vj =16
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c)  f(X) =x,— 2X,+2% —>min

X + 3X, =X, + 2%, =3
—2X, + 4%+ X, =12
—4x, + 2X, + 8%, + X, =10

X; 20,Vj =16

d) f(x) = 3%+ 4%, + 2%+ 2x, —> min
2X, + 2X, +X, =28

X, + 5X, + 3X,— 2%, <31

2X, —2X, + 2X;+ X, =16

X, 20,vj=14

e) f(x)=—x—2%, —3%+ X, > min

X + 2X,+ 3%, =15
2X +X,+ 3%, =20
X + 2X, + X+ X, =10

X; >0,j =14

) f(X) =x+ 2X, +X, + X —5x; — min

BX, — 2X, + X, — X, + X+ 2X, =4

2x1—%x2—x3+ x4+%x5 =3 V6i x;20,Vj=16
3X = X, + 2%+ AX, + X + X, =2

Bai 7.4. Giai cac bai toan QHTT sau:

a)  f(x)=3x+x,—3%x, > max

X, +2X, =X, =2

—-10x, +5%; =5

—3X, + 2%, =4

X;20,j=12,3

b)  f(X)=x+2x,—x, — max

4X +4X, +2X, =2 —6
X, +X, +2X; =26
2X, — X, +2X, =4
X;20,j=12,3
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c)  f(X)=%+X,+X —> max
2% +2X, + X, + X, =3
—X —7X,+2X%,=0

X + X, —2X, <10

4x, +6X,—2X,<6
ijO,jzl,_4

d)  f(x)=3x+4x, 3% +Xx, > max
2% +4X, +8X, + X, =12

12X +4X, +4X, — X, +2X, =4
=11x, =17X, — X, —2X; + X, =20
X;20,j=17

Bai 7.5. Mot co s& san xuat do gd du dinh san xuat ba loai san pham 1a ban, ghé va tu.
Dinh muc stir dung lao dong, chi phi san xuat va gid ban moi san pham moi loai udc tinh
trong bang sau:

Cac yéu to Ban Ghé Tu
Lao dong (ngay cong) 2 1 3
Chi phi san xuat (ngan dong) 100 40 250
Gi4 ban (ngan dong) 260 120 600

Hay 1ap md hinh va tim phuong an tdi vu dé xac dinh s6 san pham mdi loai can
phai san xuat sao cho khdng bi dong trong san xuat va tong doanh thu dat duoc cao nhat,
biét rang co so €6 56 lao dong tuong duwong vai 500 ngay cong, so tién danh cho chi phi
san xuat 1a 40 triéu déng va sé ban, ghé phai theo ti 1¢ 1/6.

Bai 7.6. Bé nuéi mot loai gia siuc nguoi ta sir dung 3 loai thic an Ay, A, As. Ty 18 (%) cac
chat dinh dudng D1, D> c6 trong cac loai thirc dn A1, Ay, Az va gia lkg moi loai nhu sau:

Chat dinh Loai thirc an
dudng A A, As
D1 30 20 20
D, 20 20 30
Gia mua 8000 d 6000 d 4000 d

Yéu cau trong khau phan thirc an cua loai gia sic nay 1a: chat dinh dudng D, phai
c6 it nhat 1a 70g va nhiéu nhat 1a 100g, chat dinh dudng D phai c6 it nhat 1a 50g va
nhiéu nhat & 80g. Hay Iap md hinh toan hoc va tim phuong an tdi uu cua bai todn dé
xac dinh khdi lugng thirc an mdi loai can mua sao cho tong chi phi thip nhat va bao dam
chat luong theo yéu cau.
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Bai 7.7.Mot xi nghiép c6 ké hoach san xuat ba loai san pham Ay, Ag, As tir 3 loai nguyén
liéu N1, N2, N3 ¢O trir lugng tuong ung 1a 50kg, 70kg va 100kg. Binh murc tiéu hao
nguyén liéu (kg/SP) va loi nhuan (ngan ddng/SP) khi san xuat mot san pham dugc cho
trong bang sau

Nguyén liéu San pham
A A As
N1 0.2 0.1 0.1
N 0.1 0.2 0.1
2
Na 0.1 0.3 0.0
Loi nhuan 8000 6000 4000

_ Hay Iap md hinh toan hoc va tim phuong 4n dé 1ap ké hoach san xuat toi wu biét
rang luong san pham As chi ¢ thé tiéu thu duoc toi da 400 san pham.

Bai 7.8. C6 hai loai san pham A, B duoc gia cong trén 3 may I, I, Il Thoi gian gia
cong mdi loai san pham trén mdi may cho béi bang;

Loai May
SP | [ I
A 4 3 2
B 2 1 4
Thoi gian cho phép cua mdi may |, 1I, 11 1an luot 14 100, 300, 50 gio. Mot don vi

san pham A 14i 6000d, B 1ai 4000d.
Vay can phai san xuat bao nhiéu san pham mdi loai dé 14i t6i da?

Bai 7.9. P& nudi mot loai gia stc trong 24h can c6 khdi lwong tdi thiéu cac chat: Protit,
Gluxit, khoang twong tmg 1a: 90, 130, 20 gram. Ty 1¢ phan tram theo khdi lugng cac
chat trén co trong céc loai thirc an A, B, C va gid mua 1kg thirc dn modi loai nhu sau:

Chat Loai thirc an
dinh dudng A B C
Protit 10 20 30
Gluxit 30 40 20
Khoang 2 1 3
Gia mua 3000 @ 4000 d 5000d

Hay 1ap m6 hinh todn hoc va tim PATU cua bai todn dé xac dinh khoi luong thirc
an moi loai can mua sao cho tong chi phi thap nhat va bao dam chat lugng theo yéu cau.

Bai 7.10. M6t nha may gdm st san xudt 3 loai san pham By, By, Bs va ching dugc gia
cong lan lugt trong ca hai phan xudng A1, Az. Thoi gian gia cong chuc sdn pham moi
loai tai phan xudng ¢ bang;

PX | B | B2 | Bs | Tong quy thoi gian/thang
Ar | 3] 4]5 120 gioy
A, | 53] 4 150 gio
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Qién tich‘ kho la 200m2. Cac san phém khong dugc dat chéng lén nhau. Ctr chuc
san pham B can 5m?, B, can 4m?, Bs can 6m?,

Mi tuan chi dam chic ban hét 50 (chuc) san pham By con B, B dé dang ban hét.
Loi nhuan tir chuc san pham By, By, Bz 1an lugt 100, 50, 60 USD.

Lap phuong an san xudt sao cho tong lgi nhuan trong 1 tuén 1a 16n nhat va giai
phong kho trong tuan.
Bai 7.11. Mot chu trang trai c6 30 ha dat canh tac va mudn trong 3 loai nong phim A,
B, C v6i cac thong s6 (don vi triéu dong) ¢ bang sau:

Chi phi san xuat cho 1 ha Uéc loi

Vén sanxuat | Lao dong nhuén/ha
A 3 5 10
B 3,5 4 7,5
C 4 4,5 12

Kha ning chu trang trai chi cho von san xuét 13 120 triéu df)ng, cho lao dong
160 (triéu ddng). Theo cac hop dong da ky thi phai gieo trong it nhit 6 ha nong san A.
Lap phuong an phan bd dit san xuét sao cho téng lgi nhuan 13 16n nhit.
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CHUONG 8
BAI TOAN VAN TAl

8.1 Bai toan van tai can bang thu phat

C6 m dia diém A, A,,..., A cling san xuat 1 loai hang véi cac lugng hang twong
ung 1a a,,a,,...,a,. CO n dia diém tiéu thy loai hang trén 1a B,B,,...,B, Véi cac yéu
cau twong ang 12 by,b,,...,b. . Dé don gian ta goi A la tram phat the i, Bj la trgm thu
thir j.

Hang c6 thé cho tir tram phéat A bat ky dén tram thu B; bat ky.
Goi ¢;; la chi phi (cudc phi) chuyén che 1 donvi hang tir tram phat (i) dén tram thu (j),
Cjj = 0.
Tong leong hang ¢6 & m tram phat bang tong luong hang yéu cau & n tram thu:

n

Zm:ai =>b,

i=1 j=1

Hay lap phuong an van ghuyén hang sao cho cac tram phat thi phat hét hang, céc
tram thu thi thu da hang va tong chi phi van chuyén la nhé nhat.

F T by b, .. bn
ai C11 C12 .. Cin
ar C21 C22 .. Con
am le Cm2 e Cmn

Goi xij 1a s6 don vi hang chuyén cho tir tram phét (i) dén tram thu (j). Diéu kién
cho bién: xi > 0,Vi,j.
Y&u ciu cua bai toan 1a tim luong hang phan phéi x;; > 0 tir tram phét tha i dén
tram thu thur j sao cho:
e Tong chi phi van chuyén thip nhat

Z=) > C;X; — min (8.1)
i1 -1
e Céc tram phat phat hét hang: > x; =a,,i=1m. (8.2)
i1
o Céc tram thu thu du hang: > x, =b;,i=1n. (8.3)
i=1

139



Xll X12 Xln
X X X
e Matran X =| & "2 an (8.4)
_Xml Xm2 an_

thoa cac rang budc (8.2) va (8.3) duoc goi 12 phwong an chap nhan dugc.
Tinh chat: ‘ ’
(i) Baitoan van tai cn bang thu phat ludn c6 phuong an toi wu.

(i) Ma tran hé s céc rang budc cua bai toan van tai ¢ hang bang m +n — 1.

Bang phan phdi lugng hang van chuyen x; tir tram phat thir i dén tram thu thi j

thuong dugc trinh bay nhu sau:

F T b1 b bn
as C11 C12 Cin
X1 X12 Xin
2 Ca1 C22 Con
X21 X22 X2n
an Cm1 Cm2 Cin
Xm1 Xm2 Xmn

8.2 Phwong an cuc bién cuaa bai toan van tai
8.2.1 Cac dinh nghia
O chon, O logi
Taviét (i, j) 1a 6 & dong i cot j.
Trong bang van tai, nhirng 6 c6 X; >0 duuocgoi lad chon, nhirng 6 ¢ x; =0 goi
14 6 loai.
Duwong di
Ta goi mot duong di la tap hop céac 6 chon sao cho:
e Tréncung mot dong hay mot cot khbng cd qué hai 6 chon.
e Hai & chon lién tiép thi nam trén cling mot dong hay mot cot.
Vi du 8.1. Day cac 6 chon sau tao thanh mot duong di:

e e e F— -8

o _Jd____|_




Vi du 8.2. Cac 6 chon sau c6 lap thanh duong di khong, tai sao?

Chu trinh
Mot duong di khép kin dugc goi la mét chu trinh.
Vi du 8.3. Day cac 6 chon sau tao thanh mét chu trinh

1T
-4

|
|
|
|
|
S IS L% o_do___1_

Tinh chat
(i) Mot bang van tai co m dong, n cot thi tap cac 6 chon khdng chira chu trinh ¢6
toidam+n—-10.
(i) Véi mot phuong an co6 da m +n— 1 6 chon khong chira chu trinh, thi véi bat ky
mot 6 loai nao dugc dua vao phuong an thi s& tao thanh mot chu trinh va chu
trinh nay la duy nhat.

Vi du 8.4. Xét bang van tai 3 dong, 4 cot vai mot phuong anc6 3 +4 —1 =6 6 chon
cho nhu sau

Khi ta thém mot 6 loai bat ky thi 6 loai nay két hop véi mot s6 6 chon nay tao
thanh chu trinh. Chang han, ta thém 6 loai (1, 2) vao phuong an thi 6 nay sé két hop vai
cacd (3, 2); (3, 3); (2, 3); (2,1); (1, 1) tao thanh chu trinh.

-1 .
I I
|

|
—f-———}-




Phuwong dan cuc bién

Mot phuong an duoc goi la phuong an cuc bién cua bai todn van tai khi va chi khi
tap cac 6 chon cua nd khéng chira chu trinh.

Mot phuong an cuc bién cé m + n — 1 6 chon duoc goi 1a phuong an cuc bién
khong suy bien. Nguoc lai, mot phuong én cuc bién ¢6 it hon m +n —1 6 chon duoc
goi l1a phuong an cuc bién suy bién.

Vi du 8.5. Phuong 4n sau 1a phuong an cuc bién khdng suy bién
20| 30 | 40 | 50 | 60

1 7|2
80 |~ 3¢ 50

s 15 |7 |4 ]9
2

[a8) |

35| 10
12 3 16
99 40| 15

Vi du 8.6. Phuong 4n sau 1a phuwong an cuc bién suy bién

| 40 | 100 60 | 50
L |2 [4 |3
80 1" 40 40
2[4 [5 |1
70 20| 50

4 1 2 3
100 100

Nhgn xét. Mot phuong an co ban c6 céac & chon ¢ thé khdng 1ap thanh mot duong di.
8.2.2 Phwong phap thanh lap phwong an cuc bién
8.2.2.1 Phwong phdp cwéc phi nhé nhat
e Trong bang van tai, ta tim 6 ¢6 chi phi bé nhat. Phan phoi cho 6 nay 1 lugng hang
theo nguyén tac phan phoi toi da co6 thé.
e Sau khi phan phoi, sira lai yéu cau cua dong cot lién quan: Bo di cac 6 nam trén
dong da phat hét hang hay c6t da thu da hang trong qué trinh phéan phai lan sau.
Vi du 8.7. Bang phuong phap cudc phi thap nhat, thanh 1ap mot phuong an cuc bién
cua bai toan van tai sau:

b1 95 | 33 | 25 | 30
aj

15 |10 |9 12
30

13 |21 |14 |8
50

1 11 |1 12
28 0 6
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Giai

. b1 o5 | 38 | 25 | 30
15 |10 |9 12
30 5| 25
13 |21 |14 |8
>0 20 30
1 11 |1 12
38 ’ 25| 13 6

8.2.2.2 Phwong phdp géc Tay — Bic

Ta wu tién phan phdi lwgng hang nhicu nhat vao 8 ¢ goc Tay - Bac trén bang van
tai. Khi d6 néu:

e Tram phat nao di hét hang thi ta x6a dong chira tram phat do.

e Tram thu nao da nhan du hang thi ta x6a c6t chira tram thu do.

Sau do 13p lai qua trinh trén d6i vai nhitng 6 con lai. Phuong an dugc thanh 1ap bang
phuong phap goc Tay - Bac la phuong an cuc bién.

Vi du 8.8. Bing phuong phap goc Ty - Bic, thanh 1ap phuong an cyuc bién cta bai toan

van tai sau:

. % a5 | 38 | 25 | 30
15 |1 12
o |15 [0 9
13 |21 |14
0 |13 8
10 |11 |16 |12
38
Giai
by
25 | 38 | 25 | 30
ai
15 |10 |9 |12
%0 25| 5
13 |21 |14 |8
>0 33| 17
10 |11 |16 |12
% 8] 30
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8.2.2.3 Phuwong phap Vogel (Fogel)
Phuong phap Vogel cho ta mét phuong an cyc bién kha tét, theo nghia no rat gan
V61 phuong an toi uu.
(i)  Trén moi dong, mdi cot cia ma tran cudc phi ta tinh higu s6 giira hai gid tri
cudc phi nho nhat.
(i) Chon dong hay cot c6 hiéu s6 nay lén nhat (néu cé nhiéu dong hay cot thoa
dieu kién nay thi ta chon mot dong hay mét cot trong cac dong, cot nay).
(iii) Phan luong hang nhiéu nhat vao 6 ¢6 cude phi nho nhat trén dong haycot vira
chon dugc. (Khi d6 néu noi nao da phat het hang thi ta x6a dong chira noi phat do.
Néu noi nao nhan du hang thi ta x6a cot chira noi nhén do. Lic do cot (dong) nay
hiéu so s€ khdng tinh cho budc sau).
(iv) Lap lai ba budc noi trén vai nhitng 6 con lai cho dén hét. Ta thu dugce phuong
an cuc bién.

Vi du 8.9. Bang phuong phép Vogel tim phuong 4n cuc bién ciia bai toan van tai:

. b1 30 | 40 | 35 | 15 | 45
E 8 7 2 13
e 1 10 |5 4
5 |5 7 3 7 6
0o |© 10 |4 9 3

Giai
b;
. 30 | 40 | 35 | 15 | 45

1 8 7 2 13

40 25 15
1 1 4

o |5 N 0o |5

5 7 3 7 6
45 20| 25

6 10 |4 9 3
%0 5 10 45

8.3 Thuit toan thé vi giai bai toan van tai

Dé giai bai toan van tai, ta thuc hién bén bude nhu sau:
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Budc 1. Thanh 1ap phuong an cuc bién bang mot trong cac phuong phép: cude phi thip
nhat, Tay - Bac, Vogel.

Buéc 2. Xay dung hé thé vi ui,v;
u; goi 1a thé vi dong
vj goi la thé vi cot

,Néu phuong an xut phat 12 khong suy bién, c6 da m + n— 1 6 chon. Taxay dung
h¢ thong the vi (u;,v;) theo cong thuc:

Ui +vj = Cij, voimoi 6 chon (i, j)
Cho u; =0, tim trén dong 1 6 chon (1, j) tim thé vi cho cot vj = ¢y — us.
Biét thé vi vj cua cot j ta tim trén cot j 6 chon (i, j) vatinh thé vi ui = cij —v;.
Tuong tu ta tiép tuc tim thé vi cho cac dong, cot con lai.
Buéc 3. Kiém tra diéu kién toi wu
Tinh céc hé sé udc luong Aj
Hé sb udc luong cac 6 chon 1a 0 (quy khong cude phi & chon).
Hé sb ude luong cua cac 6 con lai dugc tinh theo cong thirc: A= ui + Vj — Cj

Néu cac h¢ s6 udc luong déu khong duong thi phuong an co ban xuat phat 1a
phuong an toi uu.

Néu c6 mot 6 loai c6 hé s6 udc lwong duwong thi phurong an co ban xuat phat chua
toi vu. Thuat toan tiep tuc bang cach lap phuong an co ban mai.

Buwdc 4. Xay dung phuong an co ban méi
a) Tim 6 diéu chinh:
Ars =max{Ajj | Aj >0} 0 (r, ) goi 14 6 diéu chinh (ld 6 chon trong bang VT méi).
O diéu chinh 13 6 ¢6 A dwong 16n nhit.
b) Tim vong diéu chinh:
Lip vong diéu chinh di qua 6 diéu chinh (r, S) véi cac 6 chon.
Luu y: Vong diéu chinh nay t6n tai duy nhat.
Vong diéu chinh khong nhit thiét phai di qua tat ca cac 6 chon.
¢) Xac dinh lwong diéu chinh q:

Trén vong diéu chinh ta danh dau (+), () lién tiép, voi quy u6c 6 diéu chinh dwoc
danh dau dau tién va mang dau (+).

q = min{x;j | v&i moi 6 (i, j) mang dau ()} = Xen- O (t,h) 12 8 logi trong bang VT méi.
Tinh lai lugng hang trong cac 6
e X=X —0,0(,]j) mang dau (-).
e X, =X,0(i,j) khdng mang dau.
e Xi=x;+0,0 (i, j) mang dau (+).

145



Vi du 8.10.

Giai

. T 25 38 25 30
30 15 10 9 12
50 13 21 14 8
38 10 11 16 12

Buoc 1. Thanh ldp phuong dn cuc bién

e O (24) c6 chi phi bé nhit 13 8: phan phéi cho 6 (2.4) lugng hang 1a
min{50,30} =30 — bo ¢t 4, dong 2 con lai 50-30 = 20.

e O (1,3) co chi phi bé nhét 1a 9: phan phdi cho 6 (1,3) lugng hang 14
min{30,25} =25 — bo cot 3, dong 1 con lai la 30—25=5.

e (6206 chchiphi bé nhit 1a 10,d61a 6 ((1,2) va 6 ((3,1). Tachon 6 nao trude
cting dugc. Chon 6(1,2), phan phdi cho 6 (1,2) luong hang 1a min{5,38} =5 —
bo dong 1, ¢t 2 con lai 1a 38-5 = 33.

e O (3,1) c6 chi phi bé nhat 1a 10: phan phdi cho 6 (3,1) lugng hang 13
min{38,25} =25 — bd cdt 1, dong 3 con lai 1a 38—25=13.

e O (3,2) co chi phi bé nhat 1a 11: phan phdi cho 6 (3,2) lugng hang 1a
min{13,33} =13 — bd dong 3, ¢t 2 con lai la 33—13=20.

e Chi conlai 6 (2,2) co chi phi 13 21: phan phéi cho 6 ndy lugng hang 13
min{20,20} =20 — bd dong 2, cot 2.

Vay ta c6 bang phan phéi nhu sau :

=
F 25 38 25 30
15 10 9 12
30 5 25
13 21 14 8
50 20 30
10 11 16 12
38 25 13

Buéc 2. Xay dung hé thé vi u;,vj

01,2 :u+v2.=10;
O0@,4):u+vs=8;

O 3):u+vs=9;
0@B,1):us+vi=10;

0(2,2):u+v,=21
0@3B,2):us+vo=11

Chou;=0 > u;=11;u3=1

Vi=9:vo=10;v3=9;Vvs=-3
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=
25 38 25 30 u;
15 10 9 12 0
30 5 25
13 21 14 8 11
50 20 30
10 11 16 12 1
38 25 13
vj |9 10 9 3
Budc 3. Kiémtra diéu kién tdi wu
A11= U1 +Vi—Ci1=-6; A1 =-15; Ay =T1;
Az =6; Az =-6; Az =-14
Oloai (2,1) cOAn=Up+Vi—Cn=11+9-13=7
Ol0ai (2,3) cOAn=Uy+Va—C3=11+9-14=6
Phuong an chua tdi uu
T
25 38 25 30 Uj
15 -6 |10 9 12 -15 |0
30 5 25
13 721 14 6|8 11
50 20 30
10 11 16 6|12 -14|1
38 25 13
Vi |9 10 9 3
Xay dung phuwong dan co ban (PACB) moi.
T
25 38 25 30 Uj
15 -6 |10 9 12 -15 |0
30 5 25
13 721 14 6|8 11
0 |4 - 20 30
10 11 16 6|12 -14]1
38 | o5 | + 13
Vi |9 10 9 3




Tacé PACB méGi nhu sau ;

T
F 25 38 25 30
15 10 9 12
30 5 25
13 21 14 8
50 20 30
10 11 16 12
38 5 33
Tinh lai Ajj
T
= 25 38 25 30 Ui
15 -6 10 9 12 -8 |0
30 5 25
13 21 -7 |14 -1 |8 4
50 20 30
10 11 6 6 (12 -7 |1
38 5 33
Vj 9 10 9 4
Tacd Aj<0, Vi, ]j: PA dang xét 1a toi wu.
0 5 25 0
X=/20 0 0 30
5 33 0 O

fmin = f(X) = 10.5+9.25+13.20+8.30+10.5+11.33 =1188.
Trwong hop gap phwong dn co ban suy bién
Cach giai quyét: Thém 6 chon dic biét
Tathém cac 6 chon dac biét (i, j) thoa:
e CoOxj=0
e CA&c 0 chon dac biét nay khong tao thanh vong véi cac 6 chon da cé.
e Thém cac 6 chon dic biét sao cho dé xac dinh cac thé vi u;, V.

Leeu y: SO 6 chon dac biét thém vao bang (m + n -1) sb 6 chon d co.
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Vi du 8.11.

Phuong an xuat phét

=
P 60| 70| 40| 30
oo |22 |6 9 |12
o |9 |8 |7 |u
o | [7 [6 |10
=
P 60 70 40 30
12 6 9 12
100 70 30
9 8 7 11
80 60 20
11 7 6 10
Tacosédchonla5<m+n—-1=6 => PACB suy bién.
Tathém 6 chon dic biét 13 6 (3,2)
T -
60 70 40 30 ui
12 5|6 9 4 |12
100 + [ 70 -] 30| ©
9 8 | 0 |7 11| 3
80 60 20 2
11-3 |7 6 10 | 3
20 = 0 20—+ 1
Vj 7 6 5 12

O (2,4) va (3,4) c6 cung A duong 16n nhat, chon 6 nao 1am 6 diéu chinh ciing duoc.

Chon 6 diéu chinh (3, 4).

O (3,2) ¢6 lugng hang nho nhat = loai 6 (3,2), xay dung lai bang thé vi.

Taco Ajj <0, Vij : PA dang xét tdi wu.
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=
F 60 70 40 30 | u
12 2[6 9 1 [12
100 70 30 O
9 8 3 |7 11 0
80 60 20 -1
11 3|7 36 10 0
20 20 2
Vi 7 6 8 12
0 70 0 30
X=|60 0 20 0
0 0 20 0

8.4 Céacdang khac nhau cua bai todn van tai
8.4.1 Baitoan van tai khong can bing thu phat

8.4.1.1 Trwong hop Zm:ai > Zn:bj

i-1 -1
Tathém tram thu gia By +1, Vi Yéu cau la:
b= 8-> b, ,datCoui =0, Vi.

i=1 j=1

Sau d6 ap dung thuat toan thé vi dé giai.

8.4.1.2 Trwong hop zm:ai < Zn:bj

i1 =1
Tathém tram phat gia Am+1, V6i yéu cau la:
8, =D b= 8, dat Cns,j=0, Vj.
i1

i=1
Sau d6 ap dung thuat toan thé vi dé giai.

Ch( y: Khi ding phuong phap chi phi bé nhit dé tim phuong an co ban ban dau, ta vu

tién phan phdi cho céc 6 thuc cua bang trudc.
Vi du 8.12. Giai bai todn van tai cb dang bang sau:

Bl =65 Bz =45 Bg =50 B4 =30
A-6o |10 9 12 7
A, =55 9 11 10 15
A=50 |8 7 14 12
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3 4
Kiém tra diéu kién can bang thu phat: » a, =165< > b, =190.

i=1

i1

Do vay ta thém tram phét gia A; ¢6 yéu cau la: A, = 190 — 165 = 25.

Cac 6 nam trén dong cua tram phat gia c6 c; = 0.

Bang phuong phap chi phi thdp nhét ta tim phuong an co ban ban dau trong bang sau:

B =65 B, =45 Bs =50 Bs =30
_ 10 9 12 7
A1 =60 5 25 30
_ 9 11 10 15
A, =55 55
B 8 7 14 12
Az =50 5 45
_ 0 0 0 0
As=25 o5
Xac dinh hé théng thé vi:
u: + vy =10; u+vs=12; Ui +va=7;
U +vi=9; us+vy=8; Us+Vve=7; Us+v3=0;

Kiém tra tiéu chuan tbi wu:

A12=0;
Aa=-7;

Ap=-3;
Au=-2,

Axs=1,;
Agp=-3;

A3 =1 = Phuong an chua tdi wu.
Chon 6 (2, 3) 12 6 diéu chinh. Luong diéu chinh 1a g = min {25,55} = 25.

Ta xac dinh chu trinh van chuyén nhu bang sau:

A2u=-9;
A44:-5

Choui=0;vi=10;v2=9;v3=12;v4=7; U =-1; U3 = -2; Us = - 12.

Asz=-4;

B: =65 B, =45 Bs =50 Bs =30
_ 10 9 12 7
A1 =60 30 30
_ 9 11 10 15
Az =55 30 o5
_ 8 7 14 12
As; =50 5 45
_ 0 0 0 0
A;=25 o5
Xac dinh hé théng thé vi:
u + vy = 10; Ur+vs=7,; U +vi=9;
u, +v3 = 10; Us+vy=8; Us+Vo=7; Us +v3=0;

Choui=0;vi=10;v2=9;v3=11;va=7; U =-1; U3 =-2; us = - 11.
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Kiém tra tiéu chuan t6i vu:
A12=0; Ap=-3; Axp=1,; A2=-9;
Aay=-7; Aun=-2; Ap=-2; Au=-4
Phuong an da toi wu. Vi phuong an trén tong chi phi van chuyén la:
fmin =10.30+7.30 +9.30 +10.25+ 8.5+ 7.45= 1385.
8.4.2 Bai toan vantai c6 6 cam

Azz=-5;

Day la bai toan van tai ma vi mét ly do nao d6 c6 mot noi phat khong thé
chuyén cho hang dén mot noi nhan nao do dugc. Pé giai quyét van de nay
ching ta cho cuéc phi & 6 d6 1a M; voi M 1a sé6 duong rat 16n, I6n hon bat
ky s6 ndo can so sanh. Sau d6 ching ta giai nhu nhitng bai toan di trinh bay
o trén.

Vi du 8.13. Giai bai toan van tai v4i hai 6 cAm cho nhu sau:

b.

a N_| 100 | 65 95 40
80 |6 5 11 10
70 |10 5 7
150 |9 8 7

8.4.3 Bai toan van tai cuc dai cwdc phi
Budc 1. Thanh 13p phuong 4n cuc bién bang phuong phép cyc dai cudc phi, ching
ta phan phdi lugng hang nhiéu nhit vao 6 c6 cude phi 16n nhat.

Buwéc 2. Xét xem phuong an cuc bién hién thoi da tdi uu hay chua bang thuat toan
quy khong cuéc phi 6 chon.

e Néu ¢; <0 voimoi (i, j) thi phuong an cyc bién hién thoi la phuong an t6i

wu, thuat toan két thc.

e  Néutdn tai c; >0 thico thé tim mot phuong an méi tot hon phuong an hién

thoi, chuyén sang budc 3.

Buéc 3. Xay dung phuong an cuc bién mai tot hon, cha y 6 vao 1a 6 loai co c; >0
I6n nhat, cac budc tiép theo 1am gidng bai toan min.

Buwéc 4. Quay vé budc 2.

Vi du 8.14. Giai bai todn van tai cuc dai cudc phi sau:
DT 55 85 60
I
90 6 5 11 10
80 10 6 5 7
100 |9 8 7 4
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8.5 Giai bai toan van tai bang Excel

Vi du 8.15. Giai bai todn van tai

b
50 75 50 25
ai
50 8 12 16 11
40 7 10 9 9
50 10 12 9 10
60 9 14 10 15

Giai
Buwéc 1. Nhap dé bai va biéu din ham muc tiéu va céc rang budc trong Excel
Microsoft Excel

Hom | Inser | Page | Form | Data | Revie | View | Foxit | Load | Team | < g3

- fe | =SUMPRODUCT(C4:F7,C9:F12)

] E F

1
2
3
A
5
6
7
8
9

8rang budc
RE1
RB2
RB3
RE4
RBS

Luu y:

a) O C14 biéu diéon ham muc tiéu f, do d6 C14 1a tich vo huéng cua 16 6 cua ma
tran cudc van chuyén va 16 an so nhu hinh dudi day
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Fid Microsoft Excel

Hom-| Inser| Page | Form | Data | Revie | \c’iew| Foxit | Load | Team | =2

sUmM (7 KV A | =SUMPRODUCT(C4:F7,C9:F12) hd
a | 8 [ ¢ | o | e | f | =

1

2 D& bai

3 ai b 50 75 50 25

4 50 a2 12 16 11

5 40 7 10 9 9

o 50 10 12 9 10

7 60 9 14 10 15

8 |16 8nsd

9 (] o ] (]

10 (] o ] (]

11 (] o ] (]

12 [ o ] 0

13 Giai

14 \Ham f |=SUMPRODUCT[C4:F?,C9:F12}|

15 8 rang budc T

16 RB1 0= 50

17 RB2 0= 40

18 RB3 0= 50

19 RB4 0= 60

20 RB> 0= 50

21 RBG6 0= 75

22 |RB7 0= 50

23 RBEB 0= 25

Edit EHOOEm o0

b) O C16 biéu dién vé trai cua rang buoc 1

X Microsoft Excel
Hom-| Inser| Page | Faorm | Data | Revie | ‘u’iew| Foxit | Load | Team | v

SUM v (© X ¥ f| =SUM(C9:F9) v
A | 8 | ¢ ] o | e | fF | @

1

2 DB bai

3 ai b 50 75 50 25

4 50 8 12 16 11

5 40 7 10 9 9

6 50 10 12 9 10

7 60 9 14 10 15

8 168nsd

9 | 0 0 0 0|

10 0 0 0 0

1 0 0 0 0

12 0 0 0 0

13 Giai

14 |Ham f 0

15 |8 rang budc

16 |RB1 [=sum(cs:re)| 50

17 RB2 0= a0

18 |RB3 0= 50

19 |RB4 0= 60

20 |RBS 0= 50

21 |RB6 0= 75

22 |RB7 0= 50

23 |RBS 0= 5

Edit B BN 100 (————

¢) Tuongty O C17dén C23 biéu dién vé trai caa rang budc 2 dén rang buoc 8.
Buwéc 2. St dung chirc nang solver dé giai bai toan
Mg solver va nhap liéu nhu sau
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Set Objective: |$C$14l

To: () Max (®) Min () Value Of:

By Changing Variable Cells:
|scsmisrsL2

Subject to the Constraints:

SC§16:5C823 = SES20:6E823
SC8%:8FS12 =0

Delete

Reset All

Load/5ave

Make Unconstrained Variables Mon-Negative

Select a Solving Method: GRG MNonlinear Options

Solving Method

Select the GRG Monlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex:
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are
non-smooth.

Buwéc 3. Boc va ghi két qua
Nhan nat Solve thi man hinh xuét hién

Solver found a solution. All Constraints and optimality
conditions are satisfied. Reports

Answer
{*} Keep Solver Solution Sensitivity
Limits
) Restore Original Values

[ return to Solver Parameters Dialog [ outline Reports

Cancel | Save Scenario...

Solver found a solution. All Constraints and optimality conditions are
satisfied.

When the GRG engine is used, Solver has found at least a local optimal
solution. When Simplex LP is used, this means Solver has found a global
optimal solution.

Nhan nit OK duoc két qua
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i icrosoft Excel
Homul Inser| Page | Farm | Data | Rwiel Viewl Foxit | Load | Team | 2
c14 M - fe | =SUMPRODUCT(C4:F7,C9:F12)
A | 8 [ ¢ | o | e | fF | @
1
2 DE bai
3 ai b 50 75 50 25
4 a0 8 12 16 11
5 40 7 10 9 9
[ 50 10 12 9 10
7 60 9 14 10 15
8 164ns0
9 15 35 0 0
10 0 40 0 0
11 0 0 25 25
12 35 0 25 0
13 Gidi
14 (Ham f I 1980!
15 8rang budc
16 RB1 50 = 50
17 |[RB2 40 = 40
18 RB3 50 = 50
19 RB4 60 = 60
20 |[RB5 a0 30
21 |[RBo 75 = 75
22 |[RB7 50 = 50
23 RB8 25 = 25
Ready HEDm e (- U0—F)
15 35 0 O
0 40 0 O] .
Vay PATU la x*= va f . =1980.
0 0 25 25
35 0 25 0
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Cau héi va bai tap chwong 8

Bai 8.1. Giai bai toan van tai c6 ma tran cudc phi

o | 60 70 40
100 2 1 4 3
80 5 3 2
20 6 2 1 5
Tim phuong an cho chi phi van tai thap nhat.
Bai 8.2. Giai bai toan van tai c6 ma tran cudc phi
™| 30 95 25
70 5 3 8 4
90 6 6 3
50 3 4 6 9

Tim phuong an cho chi phi van tai thip nhat.

Bai 8.3. Giai bai toan van tai dudi dang bang sau day

Bi
A 60 40 80
80 8 9 5 5
50 5 6 7
70 7 6 8 9

Tim phuong an cho chi phi van tai thip nhat.
Bai 8.4. Giai bai toan van tai v6i s6 liéu cho nhu sau:
Ai = (100, 130, 170) va B; = (150, 120, 80, 50)
35 711
C=|14 6 3
58 12 7

Bai 8.5. Gial bai toan van tai sau:
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Bai 8.7. Cho

50 80 100 65
100 3 2 6 2
90 1 4 5 3
120 1 5 6 4
97 3 6 7 1
Bai 8.6. Giai bai toan van tai c6 6 cim
o b s 100 50 60
70 16 15 11
100 10 17 9
85 12 14 10 13
bai toan van tai can bang thu phat va mot phuong an:
a b 40 45 60 65
90 4 25 5 7 2 5
65 5 1 45 2 2 10
55 11 5 2 3 10 6

a) Tinh cudcphi van chuyén cuia phurong 4n nay, chirng minh phuong én cuc bién

da cho khong phai 1a phuong an toi uu.

b) Xuat phét tir phuong an trén hiy xay dung mot phuong an méi tét hon (chi

can mot phuong an mai tot hon).

Bai 8.8. Mot hop tac xa nong nghiép co6 3 Vung dat Ay, A, Az c6 dién tich lan luot 1A
110 ha, 90 ha, 180 ha dinh dung dé trong cac loai cay By, By, Bs, B4 theo dién tich lan
luot 1a: 100 ha, 80 ha, 120 ha, 60 ha. Biét ning suat cdy trong quy ra tién (triéu dong/ha)
cho ¢ bang sau. Do diéu kién khi hau khdng thé trong loai cay Bs trén dat A1 vayéu cau
dién tich dat A, phai dugc trong hét. Hay lap phuong an phan b dat trong cac loai cay

sao cho tong loi nhuan 1 cao nhat.

158




) Loai cay
Loai dat
B B. Bs B.
A1 20 25 22 15
A 26 21 20 18
As 18 20 15 24

Bai 8.9. Can bo tri cac cdng nhan 3 nhém A, B, C (v6i 6 luong lan lugt 40, 35, 25
nguoi) lam viéc trén cac loai may 1, 2, 3, 4 (vai so lugng lan luot: 20, 30, 20, 30 may).

MJGi cdng nhan chi dugc lam viéc riéng voi mot may. Biét ning sudt trong mot
thang cua mdi cong nhan trong cac nhdm trén mot may (quy ra tién: triéu dong) cho &
bang sau. Hay lap phuong an bd tri cac cong nhan 1am viéc trén cac may sao cho tong
ning suat trong mot thang 1a 16n nht.

Nhém Loai may
Cong nhan 1 5 3 4
A 4 3 2 5
B 3 4 3 4
C 2 3 4 2

Bai 8.10. Mot nha may ché bién thit, san xuat ba loai thit: bo, lon, ciru, véi tong lugng
mbi ngay 1a 480 tan bo; 400 tan lgn; 230 tan ciru. Mdi loai déu c6 thé ban duoc ¢ dang
tuoi hodc nau chin. Tong luong céc loai thit ndu chin dé ban trong gio 1am viéc 1a 420
tan. Ngoai ra nau thém ngoai gior 250 tan (véi gia cao hon). Loi nhuan thu dugc trén mot
tan duoc cho bing bang sau: (v6i don vi 12 triéu ddng)

Tuoi Néu chin Il\fgfl)lé(i:t;ir(}y
Bo 8 11 14
Lon 4 7 12
Cuu 4 9 13

Muc dich ctia nha may 1a tim phuong an san xuat dé lam cuc dai lgi nhuan. Hay
tim phuong an toi1 uu.
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