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LOI GIOI THIEU

Toan ro1 rac 1a linh vuc nghién ctru va xur ly cac ddi tuong roi rac. Toan roi rac
ding dé dém, quan sat, va xur Iy mdi quan hé giira cac ddi twong trong cac tap hop khac
nhau. Ban chét tinh toan trén may tinh 13 roi rac. Chinh vi vy, toan hoc 1oi rac dugc xem
1a mén hoc kinh dién cho sinh vién cac nganh Céng nghé thong tin va Dién tir Vién
thong. Tai liéu hudng dan moén hoc toan hoc rdi rac duge xay dung dya trén co s& kinh
nghiém giang day mén hoc va ké thira nhitng noi dung tir gido trinh “Toan hoc rdi rac
rmg dung trong tin hoc” ctia Kenneth Rossen. Tai liéu duoc trinh bay thanh hai phan: Ly
thuyét t6 hop (Toan rdi rac 1) va Ly thuyét do thi (Toan roi rac 2).

Phén I trinh bay nhiing kién thirc co ban vé 1y thuyet t6 hop thong qua viéc giai
quyét bon bai toan co ban d6 la: Bai toan dém, Bai toan ton tai, Bai toan liét ké va Bai
toan t6i wu. Phan II trinh bay nhiing kién thirc co ban vé Ly thuyét d6 thi: khai niém, dinh
nghia, cac thuat toan trén d6 thi, do thi Euler, d6 thi Hamilton. Mot s6 bai toan €O ung
dung thuc tién quan trong khac cua ly thuyét 46 thi ciing duoc chu trong giai quyét do 1a
Bai toan t6 mau d6 thi, Bai toan tim duong di ngan nhat va Bai toan luong cuc dai trong
mang.

Trong mo1 phan ctia tai liéu, chung t6i cd ging trinh bay ngin gon truc tiép vao
ban chat caa Van dé. Cac thuat toan dugc trinh bay va cai bang ngdn ngir 1ap trinh C++.
Mic du da rat can trong trong qué trinh bién soan, tuy nhién tai liéu khong tranh khoi
nhitng thiéu sot va han ché. Chiing t6i rat mong duoc su gop ¥ qui bau cua tat ca doc gia
va cac ban dong nghiép.

Ha noi, thang 12 nam 2016
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CHUONG 1. LOGIC, TAP HQP VA UNG DUNG

Noi dung chinh cua chuong nay dé cap dén nhitng kién thuc co ban vé logic ménh dé,
1y thuyét tap hop va ing dung. Noi dung chinh ctia chuong bao gom:

v' Logic ménh dé va ung dung.

v" Logic vi tir va tng dung.

v' Ly thuyét tap hop va tng dung.

v' Mot sb tng dung cua logic va tap hop trong tin hoc.
v’ Bai tap chuong 1.

Ban doc c6 thé tim thiy nhirng kién thirc sau hon va chi tiét hon trong cac tai liéu [1]
va [2] cua tai li¢u tham khao.

1.1. Giéi thi€éu chung

T hop la mdt linh vuc quan trong cua toan hoc roi rac dé cap toi nhiéu van dé
khac nhau cua toan hoc. Ly thuyét T6 hop nghién ctru viéc phan bd cac phan tir vao cac
tap hop. Thong thudng cac phan tir ctia tap hop 1a hitu han va viéc phan bd chung phai
thoa min nhitng diéu kién nhat dinh nao dé tuy theo yéu cau cua bai toan. Mdi cach phan
bd duoc coi 1a mot “cdu hinh ciia té6 hop”. Cac ciu hinh t6 hop dugce xem xét nhu mot 10i
giai cua bai toan dém, bai toan liét ké, bai todn ton tai hay bai todan 16i .

Bai toan dém: day la dang bai toan nham tra 10i cAu hoi “cé bao nhiéu cdu hinh
thoa man diéu kién da néu?”. Bai toan dém duoc ap dung c6 hiéu qua vao nhiing cong
viéc mang tinh chat danh gia nhu xac suat xay ra ctia mot sy kién, thoi gian tinh toan hay
dd phuec tap cia mdt chuong trinh may tinh.

Bai toan liét ké: bai toan 1iét ké quan tam dén tat ca cac cAu hinh c6 thé c6 duoc,
vi vay 101 giai ciia né dugc biéu dién dudi dang thuit toan “vét can” tat ca cac cAu hinh.
Bai toan liét ké thuong duoc lam nén cho nhiéu bai toan khac. Hién nay, mot sb bai toan
ton tai, bai toan toi wu, bai toan dém van chua c6 cach nao giai quyét ngoai phuong phap
liét ké. Phuong phép liét ké cang tr& nén quan trong hon khi né duoc hd trg bdi cac hé
thong may tinh.

Bai toan tdi wu: khac v4i bai toan liét ké, bai toan toi uvu chi quan tam tdi cau
hinh “¢6t nhdt” theo mot nghia nao d6. Pay 1a mot bai toan c6 nhiéu tmg dung thuc tién
dugc giai quyét bang 1y thuyét to hop.

Bai toan ton tai: néu nhu bai toan dém thuc hién dém bao nhiéu cu hinh co thé
6, bai toan liét ké xem xét tat ca cac cAu hinh c6 thé c6, bai toan tdi wu chi ra méot ciu
hinh t6t nhat. Bai toan ton tai hudng dén giai quyét nhitng vn dé con nghi van. Diéu nay
c6 nghia 1 ngay ké ca van dé co hay khong mot cau hinh ciing chua biét. Nhiing bai toan



nay thuong 1a nhitng bai toan khé. Do vay may tinh dugc xem 1a cong cy hitu hiéu nhét
giai quyét bai toan ton tai.
1.2. Nhirng kién thirc co ban vé Logic ménh dé

Céc qui tac co ban ctia Logic cho ta ¥ nghia chinh xdc cta cdc ménh dé. Nhimng
qui tac cua logic chinh la cong cu co s¢ dé ching ta c6 thé xay dung nén cac ngdn ngir

lap trinh, cdc bang mach may tinh, kiém chung tinh ding dan cta chwong trinh va nhiéu
ung dung quan trong khac.

1.2.1. Dinh nghia & phép toan

Péi tugng nghién ctru cua logic 1a cac rqénh dé. Mot ménh dé duoc hiéu la mot
cau khang dinh hodc ding hodc sai chir khong thé vira dung vira sai.
Vi du: Nhiing cau khéng dinh sau day 1a mét ménh dé:

0 “Ha noi la thu do cua Viéet nam.”

01+1=2
J2+2=3
Céac ménh dé “ Ha ndi la thi dé cua viét nam”, “ 1 +1 =2 “1a nhitng ménh dé

dung, ménh dé “2 +2 =37 1a sai. Nhung nhing céu trong vi du sau s€ khong phai la mét
ménh dé vi n6 nhiing cau d6 khong cho ta khang dinh ding ciing chang cho ta khang dinh
sai.

[ “Bdy gio la mdy gio ?”

[ “Hay suy nghi diéu nay cho kj luéng”

0 x+1=2

J XxX+y=z

Ta k}'{ hiéu nhiing chir cai A, B, C, D, p, q, rs... la nhitng ménh dé. Gia tri cia
mot ménh dé dung duogc ky hi¢u 1a T, giad tri ménh dé€ sai duoc ky hi¢u la F. Tap gia tri T,
F con duoc goi 1a gia tri chan 1y cia mot ménh deé.
Pinh nghia 1. Cho p 1a mot ménh dé. Phép phu dinh ménh dé p ciing 13 mot ménh dé
(ky hiéu 13 p hodc —p). Ménh dé& p co gia tri F khi va chi khi ménh dé p nhan gia tri T,
nhan gia tri F khi va chi khi p nhén gid tri T.
Pinh nghia 2. Cho p va q 14 hai ménh dé. Phép hoi gitta ménh dé p véi ménh dé q 1a mot
ménh dé (ky hiéu p A q). Ménh d& p A q c6 gia tri T khi va chi khi p, g nhan gia tri T, ¢6
gia tri F khi va chi khi hodc p, ¢, hodc ca hai nhan gia tri F.
Pinh nghia 3. Cho p va g 12 hai ménh dé. Phép tuyén giita ménh dé p véi ménh dé q la
mot ménh dé (ky hiéu pv p). Ménh dé pv p o gia tri T khi va chi khi it nhit mot trong
hai ménh d¢ p, q nhan gia tri T, c0 gia tri F khi va chi khi ca p, g déu nhan gia tri F.



Pinh nghia 4. Cho p va ¢ 1a hai ménh dé. Phép tuyén loai giita ménh p véi ménh dé q
(duoc ky hiéu 1 p@q) 1a mot ménh dé. Ménh dé p@®q chi dang khi mot trong p hoic q
ding va sai trong cac truong hop khac con lai.

Pinh nghia 5. Cho p va g 1 hai ménh dé. Phép kéo theo giita ménh dé p v6i ménh dé q
(ky hiéu p — ) 12 mot ménh dé. Ménh dé p — q nhén gia T khi va chi khi p va q nhan
gia tri F hodc p va g cung nhan gia tri T. Ménh dé p—q nhan gia tri F khi va chi khi p
nhan gia tri T va q nhan gia tri F.

Pinh nghia 6. Cho p va g la hai ménh dé. Phép twong duong giita ménh dé p véi ménh
dé ¢ 1a moét ménh dé (ky hiéu p «» ). Ménh dé p «» g co gia tri dang khi p va g c6 cing
gia tri chan 1y va sai trong cac truong hop khac con lai.

Cé4c phép todn : v, A, , @ —, ¢ co thé dugc dinh nghia thong qua bang gia tri
chan ly sau:

Bang 1.1: Bang gid tri chdn ly cua cac phép toan v, A, =, @, =, <>

P | d P pAq pva P&y p—g | pexq

T T F T T F T T

T | F F F T T F F

F T T F T T T F

F|F T F F F T T
1.2.2. Sw twong dwong giira cic ménh dé

Mot van dé hét strc quan trong trong 1ap ludn toan hoc la viéc thay thé mot ménh
dé bang mot ménh dé khac cé cung gia tri chan ly. Hai ménh dé c6 cliing mot gia tri chan
1y chung ta c6 thé hiéu theo cach thong thudng 1a chiing twong duwong nhau vé ngit nghia.
Do vy, ta sé& tiép can va phan loai cac ménh dé phirc hop thong qua cac gia tri chan 1y
cua ching.

Pinh nghia 7. Mot ménh dé phutc hop ludn ludn ding véi bat ké cac gia tri chan 1y cia
cac ménh dé thanh phan duoc goi 1a hang ding (tautology). Mot ménh dé ludn ludn sai
v6i moi gia tri chan 1y cua cac ménh dé thanh phan duoc goi 13 mau thuin.

Vi du: ménh dé phirc hop p v p 1a hang ding, p A p 1 mau thuin vi gi4 tri chan 1y cia
cic ménh dé trén ludn ludn ding, hodc ludn ludn sai nhu dugce chi ra trong bang 1.2.

Bing 1.2. Vi du vé ménh dé hing diing & ménh dé mau thuén

P p Pvp pPAp




T F T
F T T

Pinh nghia 8. Hai ménh dé p, q dugc goi 1a twong dwong logic voi nhau (ky hiéu : p<q,
hodc p =q , hodc p=q) khi va chi khi cac cot cho gia tri chan 1y cua chung giéng nhau.
Hay ménh dé p<>q 12 hang ding.

Vi du 1. Hai ménh dé [ pvQ)va _p /\a la tuong duong logic vi cac cot gia tri chan 1y cua
chung duoc thé hién qua bang sau:

Bdng 1.3. Bing gid tri chan Iy déi véi (pv q) va pAq
p q pAg pvQ P q pPAg
T T T F F F F
T F T F F T F
F T T F T F F
F F F T T T T

Dung bang gi tri chan 1y dé chimg minh tinh twong dwong logic gitra hai ménh dé
phuc hop cho ta mot phuong phap tryc quan dé hiéu. Tuy nhién, v6i nhing ménh dé
logic phirc hop c6 k ménh @& thanh phan thi can t6i 2% t6 hop céc bd gid tri chan 1y khéc
nhau. Do d6, dung bang chan 1y dé ching minh tinh tuong duong logic giita hai ménh dé
phutc hop gip nhiéu khé khan. Trong trudng hop ndy ta ¢6 thé ching minh tinh twong
logic bing viéc thay thé mot ménh dé phirc hop bang nhimng twong dwong logic 6 trudc.

Bang phuong phap bang chan 1y, dé dang ching minh duoc sy twong duong cta
cac cong thirc dudi day:

p—>q < p vq

peq <= (P—=a)A(Q—p)

P <P
Bang 1.4. Bang cdc twong dwong logic
TUONG PUONG TEN GOI
pPAT &p Luat dong nhét
pAF &P
pvT &T Luat nubt




pAF<F

pvp<ep Luit luy ding
PAp =P

E &p Luat phu dinh kép

pvgeqyvp Luat giao hoan

PAg=QgAap

(pvgvrepv(gvr) Luat két hop
(PAg)ar=palg an

pv(gan<e@Pvag)alpvrn) Luat phan phéi
pa(gvnNePag v (AN

(prg)epvq Luat De Morgan

(pva)e paq

Vi du: Ching minh pv _p\/q (:)_p/\a ?
Chung minh:

pvipag QBA(B/_\Q)

= palpiva theo luat De Morgan thir 2
S pAa [p vq theo luat De Morgan thir 2
& (pAp)v(PAa)  theo luat pha dinh kép

< Fv (_p A EI) theo luat phan phéi

= (B A a)v F tuong duong tién ich

& (B A a) Diéu can chimg minh.

1.2.3. Dang chuin tic

Céc cong thire (ménh dé) twong duwong duoc xem nhu cac biéu dién khac nhau cia
cing mot ménh dé. Pé dé dang viét cic chuong trinh may tinh thao tic trén cac cong
thirc, chiing ta can chuan hoa cac cong thirc, dwa chung vé dang biéu dién chuan duoc
goi la dang chuin hgi. Mot cong thire dugce goi la ¢ dang chuan hoi néu no 13 hoi cua cac
ménh dé tuyén. Phuong phap dé bién doi mot cong thic bat ky vé dang chuan hoi bang
cach ap dung cac thu tuc sau:



B céac phép kéo theo (—) biang cach thay (p—q) boi [_J v(.
Chuyén cac phép phi dinh () vao sat cac ky hiéu ménh d& bang cach ap
dung luat De Morgan va thay ? boi p.

v Ap dung luat phan phdi thay cic cong thuc c6 dang (pv(gar)) béi
(Pva)A(pvr).

Vi du. Ta chuan héa cong thie (p — q)vir vs).

(p—>q)virvs <:>(_pvq) m

pvq v(r/\z

=(pva)v(ras)

<:>(pqur)/\(pqus)

Loi giai.

Nhu vady cong thic (p—>q)virv§) dugc dwa vé dang chuidn hoi Ia
(_pquF)/\(f)qus).
1.3. Vi tir va luwgng tir

Trong toan hoc hay trong cic chuong trinh may tinh ching ta rat hay gip nhiing
khang dinh chua phai la mt ménh dé. Nhimg khang dinh d6 déu co lién quan dén cac
bién. Chang han khdng dinh:

P(x) = “x > 3" khong phai la mot m¢nh dé nhung tai nhitng gid tri cy thé cta x=x,
nao do thi P(xg) lai 1a mét ménh dé. Hodc trong nhitng doan chuong trinh gap cau Iénh:

if (x>3)then x:=x +1;

thi chuong trinh s& dit gia tri cu thé ctia bién x vao P(x), néu ménh dé P(x) cho gia
tri dung x s€ duoc tang Ién 1 boi cau 1€nh x:=x+1, P(X) c¢6 gia tri sai gia tri cua X dugc
gilt nguyén sau khi thye hién cau 1€nh if.

Chung ta ¢ thé phan tich mdi khiang dinh thanh hai phan chu ngit va vi ngit (hay
vi tur), trong céu “ x lon hon 37 thi x 1a chu ngfr, “ lon hon 3” 1a vi nglt. Ham P(X) duoc
goi 1a ham ménh dé. Mot ham ménh dé c6 thé c6 mot hoac nhi€u bién. Gia tri chan ly
cua ham ménh dé tai nhitng gia tri cu thé ctia bién dugc xac dinh nhu nhitng ménh dé
thong thuong.

Vidyu. Cho Q(x, Y, z) 1a ham ménh d& xac dinh cau x* = y* +2z° hily xé4c dinh gia trj
chan 1y ctia cac ménh dé Q (3, 2, 1), Q (5, 4, 3)?

Loi giai.
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Pit gia tri cu thé cua X,y , z vao Q(x,y,z) ta co :

Q(3,2,1) 1a m¢nh d¢ “3% = 2° + 1> 1a sai do d6 Q(3,2,1) 1a ménh dé sai. Trong do,
Q (5, 4, 3) 1aménh d& “ 5° = 4%+ 3* la ménh d dung.

Téng quat, gia su M la mot tap hop cac phan tr ndo do. M thuong duge goi la
truong hay mién xdc dinh cua céc phan tr thuge M. Khi do, bicu thirc P(X) goi la vi tir
xac dinh trén truong M néu khi thay X béi mot phan tir bat ky cua truong M thi P(x) s& tro
thanh mot ménh dé€ trén truong M.

Khi tit ca cac bién ciia hAm ménh dé déu duoc gan nhiing gid trj cu thé, thi ménh
dé tao ra s& xac dinh gia tri chén ly. Tuy nhién, c6 mdt phuong phap quan trong khac dé
bién mot ham ménh d& thanh moét ménh dé ma khéng can phai kiém chimg moi gi tri
chan 1y cia ham ménh dé twong Ung véi cac gia tri cta bién thudc trudng dang xét.
Phuong phap do goi 1a sy lugng hod hay luong tir. Chung ta xét hai lugng tir quan trong
1a lugng tir véi moi (ky hiéu :V), luong tir ton tai (ky hiéu :3).

Dinh nghia 1. Luong tir voi moi ctiia P(x) ky hi¢u la vX P(x) 1a mft ménh dé “ P(X) diing
vOi moi phan tir x thuoc truong dang xét”.

Vi du. Cho ham ménh d& P(x) = x* + x + 41 1a nguyén t6. Xac dinh gié tri chan
1y cia ménh dé ¥'P(x) voi x thudc khong gian bao gdm céc s ty nhién [0..39].

Loi giai. Vi P(x) dtng vdi moi gia tri cia x € [0..39] = V P(x) la dung.

Vi du : Cho P(x) 1a ham menh dé “ x + 1 > x”. Xéc dinh gia tri chan 1y cia ménh
dé V x P(x), trong khong gian céc s thyc.

Loi giai : Vi P(x) dung véi moi s6 thuc x nén Vx P(x) 1a ding.

Pinh nghia 2. Luong tir ton tai cia ham ménh dé P(x) (dugc ky hiéu 1a:3 x P(X) )
1a mot ménh dé “ Ton tai mot phan tu x trong khong gian sao cho P(x) la dung “.

Vi du: Cho P(x) la ham ménh dé “x > 3. Hay tim gi4 trj chn 1y cia ménh dé 3 x
P(x) trong khong gian cac sé thuc.

Loi giai: Vi P(4) 1a “ 4 > 3” dang nén 3 x P(x) la dung.

Vi du: Cho Q(x) 1a “ x + 1 > x”. Hay tim gia tri chan Iy ctia ménh d& 3 x Q(X)
trong khong gian céc s6 thuc.

Loi gidi: vi Q(x) sai voi moi x € R nén ménh dé 3 x Q(x) 14 sai.

Bang 1.5: Gia tri chan 1y cta lugng tur V, 3

VX P(x) | P(x)dung v6i moi x C6 mot gia tri cia x dé P(x) sai

IxP(x) | C6 mot gid tri cta x dé P(x) diing | P(x) sai v6i moi x

Dich nhitng cAu thong thwong thanh biéu thirc logic: Dich mot cau dugc phat biéu
bang ngdén nglr ty nhién (cau hoi thong thuong) thanh mot biéu thuc logic cé vai tro hét
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stic quan trong trong xay dung cac ngodn ngtr 1ap trinh, chuong trinh dich va xtr Iy ngon
ngtr tu nhién. Qua trinh dich mdt cau tur ngdbn ngir ty nhién thanh mot biéu thirc s& 1am
mat di tinh ty nhién ctia ngdn ngit vi da sb cac ngdn ngir déu khong rd rang, nhung mot
biéu thirc logic lai rat rd rang chat ché tir cu phap thé hién dén ngit nghia cia cau. Piéu
nay din dén phai c6 mot tap hop cac gia thiét hop 1y dya trén mot ham xac dinh ngi
nghia cua cau d6. Mot khi cau di duge chuyén dich thanh biéu thire logic, ching ta c6
thé xac dinh duoc gia tri chan 1y cua biéu thtc logic, thao tac trén biéu thirc logic, bién
d6i twong duong trén biéu thirc logic. Chung ta s& minh hoa viéc dich mot cau thong
thudng thanh biéu thire logic thong qua nhirng sau.

Vi du dich cau “Ban khéng duwoc ldi xe mdy néu ban cao dudi 1.5 mét trir phi ban
trén 18 tuoi” thanh biéu thuc logic.

Loi giai.
Ta goi p 1a cau : Ban dugc 14i xe may.
g la cau : Ban cao dudi 1.5m.
rla cau - Ban trén 18 tudi.

Khi d6: Cau héi trén duoc dich 1a: (A r) —> p

Vi du: Dich cau “ T, Gt cd cde sinh vién hoc tin hoc déu hoc mén toan hoc roi rac”

Loi giai: Goi P(x) la cau “x can hoc moén toan hoc roi rac” va x duogc xac dinh
trong khong gian cua cac sinh vién hoc tin hoc. Khi d6 chiing ta c6 thé phat bicu: Vx P(x).

Vi du: Dich cau “C6 mét sinh vién ¢ I6p nay it nhdt da 6 tdt ca cdc phong cia it
nhat mot nha trong ky tuc xa”.

Loi gidi : Goi tdp sinh vién trong 16p 1a khdng gian xac dinh sinh vién x, tip céc
nha trong ky tic xa la khong gian xac dinh can nha y, tdp cac phong la khong gian xac
dinh phong z. Ta goi P(z,y) 1a “ z thuoc y”, Q(x,z) 1a “ x da ¢ z”. Khi do6 ta c6 thé phat
biéu :

Ax3yVvz (P(zy) - Q(x.2));

1.4. Mot s6 &ng dung trén may tinh

Céc phép toan bit: Cac hé théng may tinh thuong dung cac bit (binary digit) dé
biéu dién thong tin. Mot bit ¢6 hai gia tri chan Iy hodc 0 hodc 1. Vi gia tri chan ly cua mét
biéu thuec logic ciing c6 hai gia tri hodc ding (T) hodc sai (F). Néu ta coi gia tri dung c6
gia tri 1 va gia tri sai 1a 0 thi cac phép toan vdi céc bit trong may tinh dugc twong ing véi
cac lién tur logic.

Mot xau bit (hodc x4u nhi phan) 1a ddy khong hodc nhiéu bit. Chiéu dai ciia xau 13
sd cac bit trong xau do. Vi du xau nhi 101010011 c6 d6 dai 1a 9. Mét sb nguyén duoc
biéu dién nhu mot xau nhi phan cé do dai 16 bit.
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Cac phep toan vdi bit duge xay dung trén cac xau bit ¢6 cung do dai, bao gom :
AND bit (phép va cap bit), OR (phép hoac cap bit), XOR (phép tuyén loai trir cap bit). Vi
du: cho hai xau bit 01101 10110 va 11000 11101 hay tim xau AND bit, OR bit, XOR bit.

Bang 1.5. Cac phép toan cap bit ing dung trong ngdn ngit LT
Giatricua A |GiatrictaB| AandB AorB A xor B
A =13=1100] B =8=1000 1000 1101 0101

Thuét toan cac phép tinh sé nguyén: Cac thuit toan thuc hién cac phép tinh véi cac sb
nguyén khi ding khai trién nhi phéan 1a hét sirc quan trong trong bd xir 1y s6 hoc ciia may
tinh. Nhu ching ta da biét, thuc chat cac s6 nguyén duogc biéu dién trong may tinh 1a cac
xau bit nhi phan, do vy ching ta c6 thé sir dung biéu dién nhi phan cua cac sb dé thuc
hién cac phép tinh.

Gia st khai trién nhi phan cua cac s6 nguyén a va b tuong tng la:

~a= (an1ans . - .alao)z , bw = (by.1bns . . .bibg), . Khai trién cta a va b ¢6 ding n bit (
chap nhan nhiing bit 0 & dau dé lam dac n bit).

Xet bai toan cong hai so nguyén viét & dang nhi phan. Tha tuc thyc hién viée cong cing
gidng nhu 1am trén gidy thong thuong. Phuong phap nay tién hanh bang cach cong cac
bit nhi phan twong (mg c¢6 nhd dé tinh tong hai s nguyén. Sau day 1a mo ta chi tiét cho
qué trinh cdng hai xau bit nhi phan.

Dé cong a v6i b, trude hét ta cong hai bit phai nhat, nghia 1a:

ag+ by = C0*2 + So; trong dé sg 1a bit phai nhét cia so nguyeén tong a+b,colasd
can dé nhd no c6 thé bang 0 hodc 1. Sau d6 ta cong hai bit tiép theo va s6 nho:

ap + bl + Cp = C1*2 + S¢; 51 1a bit tlep theo cua sd a + b, ¢; 1a s6 nhd. Tlep tuc qua
trinh nay bang cach cong céac bit tuong u’ng trong khai trlen nhi phan va s6 nho, ¢ giai
doan cudi cung : ap; + by + Chp =Chg * 2 + 5,4 Bit cudi cung cua tong la c,.1. Khi @6
khai trién nhi phan cta tong a + b 13 (sp@n.1 . . .5150)2.

Vi du: cong a=(1110),, b =(1011),
Loi giai:
Trudc hét lay:
ag+thbg=0+1=0*2+1=1¢,=0,5=1
Tiép tuc:
agt+bi+cp=1+1+0=1*2+0=c¢=1,5,=0
a+h+c=1+0+1=1*2+0=1c¢,=1,5=0
azthby+c,=1+1+1=1*2+1=c3=1,53=1

Cudi cung:
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s4=C3=1=a+b=(11001),
Thuat toan cfng:
void Cong(a, b: positive integer)

{
a = (ap.1an2 . . .a189)2 , b = (Bn.1by2 . . .b1bg)2 «
c=0;
for (j=0; j<n-1; j++) {
d=[(a; + b; + )/ 2],
Sj :aj+bj +c—2d;
c=d;
}
Sn = C;
khai trién nhi phan cua téng la (snan-1 . . -S150)2;
}

Thuit toan nhan: Dé nhéan hai s6 nguyén n bit a, b ta bat dau tir viéc phan tich:
a = (an-18n-2. - -8130), b = (Pn-1bn-2. . .b1bo)

Ta ¢ thé tinh a.b tir phuong trinh trén. Trudc hét, ta nhan thay ab; = a néu b=1,
ab=0 néu b;=0. Mdi 1dn tinh ta nhan véi 2! hay dich chuyén sang trai | b1t 0 bang cach
them j bit 0 vao bén trai két qua nhan dugc. Cudi cing, cong n sb6 nguyén ab; 2! (j=0..n-1)
ta nhan dugc a.b. Vi du sau day s€ minh hoa cho thuat toan nhan:

Vi du: Tim tich cua a = (110),, b= (101),
Giai: Ta nhan thay

ab2° = (110),*1*2° = (110),

ab;2" = (110),*0*2* = (0000),

ab,2% = (110),*1*22 = (11000),

Str dung thuét toan tinh tong hai s6 nguyén a, b c6 biéu dién n bit ta nhan dugc(ta ¢ thé
thém s0 0 vao dau moi toan hang):

(0 110), + (0000), = (0110), ;
(0 0110), +(11000),=(11110), =ab.
Thuét toan nhan hai s6 nguyén n bit c6 thé dugc mé phong nhu sau:
void Nhan( a, b : Positive integer){
/* khai trién nhi phdn twong ung cia a = (an18n.0. . .818),
b = (bn-1bn-2. . .b1bg) */
for (j=0; j<n-1,; j++){

if ((b==1)
cg=a* 2 /* a duoc dich trai j bit 0 */
else ¢; =0;
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[*Co, C1.., Cn.1 la nhitng tich riéng cua ab; 2j(j=0..n-l */
p=0;
for (j=0;j< n-1;j++)
p=p +Cj;
/* p la gia tri cua tich ab */

1.5. Nhirng kién thirc co ban vé 1y thuyét tap hop
1.5.1. Khai niém & dinh nghia

Céc tap hop dung dé nhom cac dbi tuong lai voi nhaq. Thong thudng, cac ddi

tuong trong tap hop co cac tinh chét twong ty nhau. Vi du, tat ca sinh vién moi nhap
truong tao nén mét tap hop, tat ca sinh vién thuoc khoa Cong nghé thong tin 1a mot tap
hop, cac sd ty nhién, cac sb thuc cling tao nén cac tap hop. Chu ¥ rang, thuat ngir doi
tuong dugc dung ¢ day khong chi 16 cy thé mot d6i twong ndo, sy mo ta mot tap hop nao
d6 hoan toan mang tinh truc giac vé cac ddi tuong.
Pinh nghia 1. Tap cac dbi tugng trong mot tap hop duoc goi 1a cac phan tir cua tap hop.
Cég tap hop thuong dugc ky hi€u boi nhitng chir cai in hoa ddm nhu A, B, X, Y .. ., cég
phan ttr thudc tap hop hay duoc ky hiéu béi cac chir cai in thuong nhu a, b, c,u, v... Dé
chi a 1 phan tir ctia tp hop A ta viét a €A, trai lai néu a khong thudc A ta viét a ¢A.

Tap hop khong chira bat ky mot phan tr ndo dugc goi 1a tap rong (Ky hiéu 1a ¢
hogc { }). Tap hop A duoc goi l1a bang tap hop B khi va chi khi ching ¢ cung chung cac
phan tir va duoc ky hiéu la A=B. Vidu tip A={1,3,5 } s€bangtap B={ 3,5, 1 }.

Dinh nghia 2. Tap A dugc goi 1a mét tap con cua tap hop B va ky hiéu la AcB khi va
chi khi mdi phan tir cia A 1a mot phan tir ciia B. Hay A ¢ B khi va chi khi luong tir
V X (xe A = X € B) cho ta gia tri ding.

Tir dinh nghia trén chiing ta rat ra mot sé hé qua sau:

] Tap rong ¢ 1a tap con cuia moi tap hop.

(] Moi tap hop la tap con cua chinh no.

[] NéuAc BvaB c A thi A=B hay ménh dé :

X (Xe A—>xeB)vVx(xeB—>x e A)cho ta gia tri ding.

(] Néu Ac B va A=B thi tanoi A 1a tap con thuc sy cua B va ky hiéu 1a AcB.

Pinh nghia 3. Cho S 13 mét tip hop. Néu S c6 chinh xac n phan tir phan biét trong S, véi

n la sb nguyén khong am thi ta néi S 1a mdt tdp hitu han va n dugc goi 1a ban sb cua S.
Ban so cua S dugc ky hi¢u 1a |S | hay N(S).
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Pinh nghia 4. Cho tap hop S. Tap luy thira ciia S ky hiéu 1a P(S) 1a tap tat ca cac tap con
cua S.
ViduS=1{0,1,2} = P(S)={¢ {0} {1} {2}, {0,1}, {0, 2} {1, 2} {0, 1, 2}}.

Pinh nghia 5. Diy sap thi tu (ay, a,.., a,) 14 mot tap hop sip thr ty ¢ a; 13 phan tir thir
nhat, a, 1a phan tir thir 2, .., a, 1a phan tir thtr n. Chung ta néi hai day sip thir ty 1a bang
nhau khi va chi khi cac phan tir twong tmg cua chung 1a bang nhau. Noi cach khac (ay,
8y,.., &) bang (by, by,.., by) khi va chi khi a; = b; véi moi i=1, 2, ..n.

Pinh nghia 6. Cho A va B 1a hai tap hop. Tich dé cic ciia A va B dugc ky hiéu 1a AxB,
1a tap hop cua tit ca cac cip (a,b) voi acA, b eB. Hay c6 thé biéu dién bang biéu thirc:

AxB={(a,b)| acA,beB}

Pinh nghia 7. Tich dé céc cua céc tap Aq, Ay, . ., A, dugc ky hiéu 1a AjxAyx..xA, 1a tap
hop cua day sép thir tu (ay, ay,.., &) trong do6 aje A véii=1, 2,..n. Noi cach khac:

AxAx.xAn={ (ay, a.., &) |aeAjvoii=1,2,.n}

1.5.2. Cac phép toan trén tap hgp

Céc tap hop c6 thé duoc t6 hop véi nhau theo nhicu cach khac nhau thong qua cac
phép toan trén tadp hop. Céc phép toan trén tdp hop bao gom: Phép hop (Union), phép
giao (Intersection), phép trir (Minus).

Dinh nghia 1. Cho A va B la hai tap hop. Hop cua A va B dugc ky hi¢u la AUB, 1a tap
chtra tat ca cac phan tir hoac thudc tap hop A hoac thude tap hop B. Noi cach khac:

ALB={x|xeAv xe B}

Pinh nghia 2. Cho A va B 1a hai tap hop. Giao ciia A va B duoc ky hi¢u 1a AnB, la tap
chtra tat ca cac phan tir thudc A va thudc B. Noéi cach khac:

ALB={x|xe AA xeB}

Pinh nghia 3. Hai tip hop A va B dugc goi 13 roi nhau néu giao ciia ching 1a tip rong
(AmB=9¢).

Dinh nghia 4. Cho A va B la hai tp hop. Hi¢u cua A va B 1a tap hop dugc ky hi¢u la A-
B, c6 cac phan tu thudc tap hop A nhung khong thude tap hop B. Hi¢u cua A va B con
duoc goi 1a phan bu ciia B do1 voi A. Noi cach khac:

A-B={x|xe Arx¢B}

Dinh nghia S. Cho tap hop A. Ta goiz\ 1a phan bu cua A 13 mt tap hop bao gdm nhiing
phan tr khong thudc A.

A={x|xeA}
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Dinh nghia 6. Cho cac tp hop Ay, A, . ., An. Hop cua cac tap hop la tp hop chira tat ca
cac phan tir thudc it nhat mot trong sb cac tap hop A; (i=1, 2, . ., n). Ky hiéu:

UA, A4 UA U---U4np
i=1

Dinh nghia 7: Cho cac tap hop Ay, Ay, . ., An. Giao cua cac tap hop la tap hop chira cac
phan tir thudc tat ca n tap hop A; (=1, 2,. ., n).

n
UAj = A1NA2 N..Ap
i=1

1.5.3. Cac hing dang thire trén tap hop

M&i tap con cia tap hop tuong (mg v6i mot tinh chat xac dinh trén tap hop da cho duoc
goi 1a ménh dé. V&i tuong ing nay, cac phép toan trén tap hop dugc chuyén sang céc
phép toan cua logic ménh dé:

) Phu dinh cia A, ky hiéu A (hay NOT A) tuong tmg v6i phan bu A.

] Tuyén ciia A va B, ky hiéu A v B (hay A or B) twong mg véi A U B.

(] Hoicua A va B, ky hiéu A A B (hay A and B) tuong img v6i A N B.

Cac ménh dé cing voOi cac phep toan trén no 1ap thanh mot dai s6 ménh dé (hay dai s6
logic). Nhu thé, dai s6 tap hop va dai sO logic 1a hai dai sb dang ciu voi nhau (nhiing
ménh dé phat biéu trén dai sd logic trong duong voi ménh dé phat biéu trén dai sb tap
hop). Véi nhimg truong hop cu thé, tuy theo tinh hudng, mot bai toan co thé duoc phat

biéu bang ngon ngir cua dai 56 logic hay ngén ngir cua dai sO tap hop. Bang 1.6 thé hién
mot s6 hang dang thirc ciia dai s6 tap hop.

Bing 1.6. Mt s6 hang ding thikc trén tip hop

HANG PANG THUC TEN GOI
AUd=A Luat déng nht
ANU=A (U latap vil tru)

AuU=U Luat nubt
And=A

ANA = A Luat luy diang
AUA=A

A=A Luat bu
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ANnB=BnA Luét giao hoan
AuUB=BUA

AU (BuC)=(AuB)UC Luat két hop
AN(BNC)=(AnB)nC

AuB NC)=(AUB)U(ANC) Luat phan phbi
An(B uC)=(AuB)n(AUC)

AUB =ANB Luat De Morgan
ANB =AUB

1.6. Biéu dién tap hop trén may tinh

C6 nhiéu cach khac nhau dé biéu dién tap hop trén may tinh, phwong phap phd
bién 13 luu trir cac phan tir cia tdp hop khong sap thu ty. Vo1 viée luu trix bang phuong
phap nay, ngoai nhirng lang phi b nh¢ khong can thiét, thi qua trinh tinh hop, giao, hi¢u
cac tap hop gap nhiéu khé khian va mét nhiéu thoi gian vi mdi phép tinh doi hoi nhicu
thao tac tim kiém trén cic phan tor. Mot phuong phap luu trit cac phan tur bang cach
biéu dién co tht tu coa cc phan tor cuia maot tap vi tru to ra hiéu qua hon rat nhiéu trong
qua trinh tinh toan.

Gia st tap vil try U 14 hitu han gdm n phan tir(hitu han dugc hiéu theo nghia cac
phan tir ciia U luu trit duoc trong bd nhé may tinh). Gia st ta muén biéu dién tap hop
Ac U. Trudc hét ta chon mot thtr ty tuy ¥ ndo d6 ddi véi cac phan tir cua tap vii tru U,
gia st ta dugc bo co thir tu ag,ay, . ., a,. Sau d6 xay dung mot xau bit nhi phan c6 do dai n,
sao cho néu bit thir i co gia tri 1 thi phﬁn tr aje A, néu a; =0 thi a;z A (1=1,2..,n). Vi du sau
s& minh hoa k¥ thuat biéu dién tap hop bang xau bit nhi phén.

Vidu. Giasa U=1{1,2,3,4,5,6,7,8,9, 10 }. Hiy biéu dién tap hop A c U la
1- Tap cac sb nguyén 1é Ac U.

2- Tap cac sd nguyén chian BcU.

3- Tap cac sd nguyén nho hon 5 Cc U.

4- TMAUB

5- TimANC...

Loi giai. Trude hét ta coi thir tu cac phan tir duoc sap xép theo thir tu ting dan tirc
a;=i (i=1,2,..,10). Khi do :

1. Xau bit biéu dién céac sb 1é trong U ( {1,3,5,7,9 })la xau c6 d6 dain =10
trong do cac bit ¢ yi triNthfr 1,3,5,7,9cogid trila 1, cac bit con lai c6 gid tri 1a 0. Tu
do ta co xau bit bitu dien tap hop A1a: 101010101 0.
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2. Xau bit biéu dién cac s chan trong U ( {2, 4, 6, 8, 10 } ) 1a x4u c6 d6 dai n =
10 trong do6 céc bit & vi }ri th~1'1’ 2,4,6,8, 10 co gia tri la 1, cac bit con lai co6 gia tri la
0. Tir d6 ta c6 xau bit biéu dién tap hop B 12:0101010101.

3. Xau bit biéu dién cac s6 nho hon 5 trong U ( {1, 2, 3,4 } )13 xau c6 do dain =
10 trong do6 cac big o vi~tri thr 1,2, 3,4 co giatrila 1, cac bit con lai c6 gid tr1 1a 0. Tur
do ta c6 xau bit bieu dien tap hop C1a: 1111000000.

4. Xau bit bidu dién tap hop AUB13:(1010101010v0101010101) I3
xau1 11111111 1. Nhuviy, AUB=U.

5. Tuong tu nhu viy v6i AN C <> (1010101010A1111000000) Ia
xau1010000000. NhwvayAnC={1,3}

1.7. Nhirng ndi dung cin ghi nhé

Can hi€u va nam virng dugc nhirng ndi dung sau:
v" Céc phép toan hoi, tuyén, tuyén loai, suy ra, kéo theo cta logic ménh de.

v Cac phuong phap chung minh dinh 1y dung bang chan 1y va cac twong duong
locgic.

v' Phuong phap biéu dién cac cau hoi thong thudng bang logic vi ti.

<

Dinh nghia va cac phép toan trén tap hop.
v' Phuong phap biéu dién tap hop trén may tinh

BAI TAP CHUONG 1

1. Lap bang gia tri chan 1y cho cac ménh dé phirc hop sau:

a) (p—q) < (—9—>—p) b) (p —>a) —(q —p)

) peqv(p®q) d) (p®q) > (P®q)
) (P v(p®q) f) (pe> q) © (pe>q)
9)(pva)ar h(pAravr

i) (0> q) v (qor) j) (pe0) (o)

2- Dung bang chan ly chimg minh:
a) Luat giao hoan
pPvge=qvp
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PAQ<=QgAap
b) Luat két hop
(Pvagvrepv(gyr)
(P AO)ATESPAQAT)
¢) Luét phan phdi
pr@@vne@Eaav(pan)
3- Chung minh cac cong thuc sau day 1a dong nhat dung bang cach 1ap bang gia tri chan
ly:
a) (X=>(Y->2) >((X >Y)—>(X—>2);
b) (X>Y)=>((X—>2)—>(X—>(YAZ2)));
c) (X>2Z) >((Y->2)->((XVvY)—>2)).
4. Chuirng minh céc cong thure sau day 1a twong duong logic
a) Xv Y,AY, A AY, (X VY)AXVY,)A.A(XVY,)
b) XA (Y,vY,v..vY S (XAY)V(XAY,)V..v(XAY,)
) (X,vX,vevX, & X, AX, AAX,
d) X, AX,AnX, & X, vX,vvX,

5. Cho A, B, C 1a cac tap hop. Chirng minh rang:
a) AnBNC=AUBUC
b) (AnBnC)c(AnB)
c) (A-B)-Cc(A-C)
d) (A-C)n(C-B)=d
e) B-AuU(C-A=(BuUC)-A
f) A-B=ANB
g9) (AnB)U(ANB=A
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CHUONG 2. BAI TOAN PEM

Dém cac dbi trong co nhing tinh cht nao d6 1a mot bai toan quan trong cua 1y
thuyét t6 hop. Giai quyét tot bai toan dém giup ta giai nhidu bai toan khac nhau trong
danh gia do phiic tap tinh toan cia cac thudt toan va tim xac sudt roi rac cac bién cb.
Phuong phap chung dé giai bai toan dem duoc dua trén cic nguyén Iy dém co ban
(nguyén ly cong, nguyén ly nhan). Mot sO bai toan dém phuc tap hon dugc giai bang
phuong phap qui vé cac bai toan con, xay dyng cong thuc truy héi hodc phuong phap
ham sinh. Noi dung chinh duoc dé cap trong chuong nay bao gém:

v Cac nguyén Iy dém co ban

v Nguyén 1y bu trir

v Hoan vi va to hop

v Hé thirc truy hoi

v Qui vé céc bai toan con
v Gidi thiéu bai toan ton tai

Ban doc c6 thé tim hiéu nhiéu k¥ thuat dém cao cip hon trong tai liéu [1], [2] trong phan
tham khao cua tai li¢u nay.

2.1. Nhirng nguyén ly dém co ban
2.1.1. Nguyén ly cong

Gia su c6 hai cong viéc. Viéc thir nhat c6 thé tién hanh bang n; cach, viéc thur hai
c6 thé tién hanh bang n, cach va néu hai viéc nay khong thé tién hanh dong thoi. Khi do
s€ cO ny + N, cach dé giai giai quyét mot trong hai viéc trén.

Chung ta ¢6 thé md rong qui tac cong cho truong hop nhiéu hon hai coéng viéc.

Gia sur cac viéc Ty, Ty,.., T c6 thé [am twong Ung bang ny, Ny, .., Ny cach va gia sir khong
co hai viéc T;, Tj nao lam viéc dong thoi (1) =1, 2, .., m;1# ) ). Khi 46, cong + n, +
+Np, cach thuc hi€én mot trong cac cong viéc Ty, Ty, . ., Thy.

Qui tic cong dugc phat biéu dudi dang ctia ngdn ngit tp hop nhu sau:

] Néu A va B 1a hai tap roi nhau (A N B = ¢) thi : N(AUB) = N(A) + N(B).

(] Néu Ay, A,, .., A, 1a nhiing tap hop roi nhau thi:

N(Al Y Az U.. UAn) = N(Al) + N(Az) +..+ N(An)

Vi du 1. Gia st can chon hodc mot can bd hodc mot sinh vién tham gia mét hoi
dong cta mot truong dai hoc. Héi ¢6 bao nhi€u cach chon vi dai biéu nay néu nhu c6 37
can bd va 63 sinh vién.
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Loi gidi: Goi viéc thu nhét 13 chon mét can bd tir tap can bd ta c6 37 cach. Goi
vi€c thlr hai 1a chon mdt sinh vién tir tap sinh vién ta ¢6 63 cach. Vi tap can bd va tap sinh
vién 1a ro1 nhau, theo nguyén 1y cong ta c6 tong s6 cach chon vi dai biéu nay 1a 37 + 63
=100 cach chon.

Vi du 2. mot doan van dong vién gdbm mén ban sung va boi duoc cir di thi dau &
nudc ngoai. SO van dong vién nam la 10 nguodi. SO van dong vién thi ban sing ké ca nam
va nir 13 14 nguoi. SO nitr van dong vién thi boi bang s6 van dong vién nam thi ban sung.
Héi1 doan c6 bao nhiéu nguoi.

Loi gidi. Chia doan thanh hai tap, tap cac van dong vién nam va tap cac van dong
vién nit. Ta nhan thay tap nit lai duoc chia thanh hai: thi ban sting va thi boi. Thay s6 nir
thi boi bang s6 nam thi ban sung , ta dugc so nit bang tong s6 van dong vién thi ban sung.
Tu dé theo nguyén 1y cong toan doan c6 14 + 10 = 24 nguoi.

Vi du 3. gia tri ctia bién k s& bang bao nhiéu sau khi thyc hién doan chuong trinh
Sau :

k:=0
fori;:=1tony
k:=k+1
for i,:= 1to n,
k:=k+1
fori,:=1tongy,
k:=k+1

Loi gii. coi moi vong for 1a mdt cong viée, do d6 ta c6 m cong viec Tl, Ty .0 T
Trong do6 T; thyc hién boi n; cach (i= 1, 2, .., m). Vi cac vong for khong 16ng nhau hay
cac cong viéc khong thuc hién dong th01 nén theo nguyén 1y cong téng tat ca cac cach dé
hoan thanh Ty, T,.., T lak=ny + ny +.. + Ny,

2.1.2. Nguyén ly nhan

Gia st mot nhi€ém vu nao d6 duoc tach ra hai cong viéc. Viéc thir nhét duoc thuc
hién béng n; cach, viéc thir hai duogc thuc hién béng n, cach sau khi viéc thtr nhat da duoc
1am, khi d6 s& c¢6 ny.n, cach thuce hién nhiém vu ndy. Nguyén 1y nhan c6 thé dugc phat
biéu tong quat bang ngdn ngir tap hop nhu sau:

Néu A, Ay, .., Am la nhiing tap hop hiru han, khi do 5O phan tir cia tich dé céc cac
tap nay bang tich s6 cac phan tir cia mdi tip thanh phan. Hay ding thuc:

N (Arx Axx .. An ) =N (A) N (A) ... N (An).
Néu A;= A, =. . A, thi N(A¥) = N(A)
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Vi du 1. gia tri cia k s& bang bao nhiéu sau khi ta thuc hién doan chwong trinh

sau:
k:=0
forij=1ton;
fori,=1ton,

fori,=1ton,
ki=k +1

Loi giai. Gia tri khoi tao k=0. Mdi vong lip kong nhau di qua gia tri cia k duoc
tang 1én 1 don vi. Goi Tj 1a viéc thi hanh vong lap tha i. Khi d6, s6 1an vong lap 1a sb
cach thuc hién cong viée. S6 cach thuc hién cong viée T; lan; G=1,2, . ., n). Theo qui tac
nhan ta vong lap kép dugc duyét qua ny +n, +..+n, 1an va chinh 1a gia tr1 cua k.

Vi du 2. Ngudi ta c6 thé ghi nhan cho nhing chiéc ghe cua mot giang duong bang
mot chir cai va sau d6 1a mot s6 nguyén nho hon 100. Bang cach nhu vdy héi co nhiéu
nhit bao nhiéu chiéc ghé c6 thé ghi nhan khac nhau.

Loi giai: ¢ nhidu nhat 12 26 x 100 = 2600 ghé duoc ghi nhan. Vi ki ty gan nhén
dau tién 12 mot chir cai vay c6 26 cach chon céac chir cai khac nhau dé ghi ki tu dau tién,
tiép theo sau 1a mot s6 nguyén duwong nhé hon 100 do vay c6 100 cach chon céc sd
nguyén dé gan tiép sau cia mot nhan. Theo qui tic nhan ta nhan dugc 26 x 100 = 2600
nhén khac nhau.

Vi du 3. C6 bao nhiéu xau nhi phan c6 do dai 77

Loi gidi. mot xau nhi phér} co do dai 7 gém 7 bit, mdi bit c6 hai cach chon (hoac
gia tri 0 hodc gia tri 1), theo qui tic nhan ta ¢6 2.2.2.2.2.2.2 = 2" = 128 xAu bit ni phan do
dai 7.

Vi du 4. C6 bao nhiéu ham don anh xéac dinh tir mot tdp A c6 m phan tir nhan gia
tri trén tap B c6 n phén tu?

Loi giai. Trude tién ta nhan thiy, néu m >n thi ton tai it nhét hai phan tir khac
nhau ciia A cung nhan mot gia tri trén B, nhu vay v6i m>n thi s6 cac ham don anh tur
A—B 13 0. Néu m<=n, khi d6 phﬁn ttr dAu tién cta A ¢6 n cach chon, phén tir thir hai co
n-1 cach chon, . ., phan tir thir k ¢6 n-k+1 cach chon. Theo qui tic nhan ta c6 n(n-1) (n-2)

..(n-m+1) ham don anh tir tap A sang tap B.

Vi du 5. Dang cua s6 dién thoai & Bic MY§ duoc qui dinh nhu sau: sb dién thoai
gom 10 chit s6 dugc tach ra thanh mot nhém ma vung gdm 3 chit s6, nhom ma chi nhanh
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gém 3 chur sé/vé/nh(')m ma ngéy gém 4 chir sb. Vi nl}frng nguyér} nhénoky thuat nén co
mot sO han ch@ doi V(:)'i mot sO con sé., Ta gia su, X biéu thi mot qsé c0O thé nhan cz’;c gia tri
tr 0..9, N 1a so co6 thé nhan cac chir so tir 2.9, Y 1a cac sO co thé nhan cac chir so 0 hoac
1. Hoi theo hai du 4n danh s6 NYX NNX XXXX va NXX NXX XXXX c6 bao nhiéu sb
dién thoai dugc danh s6 khac nhau & Bac My?

Loi gidi: danh sb theo du an NYX NNX XXXX dugc nhiéu nhit 1a :

8x2x10x8x8x10x10x10x 10x 10 x10 =2 x 8% x 10° = 1 024. 10°

danh s theo du an NXX NXX XXXX dugc nhiéu nhat 14 :

8x10x 10X 8 x 10 x10 x10 x10 x 10 x 10 x10 = 82 x 10° = 64. 10°

N Vi du 6. Dung qui tic nhan hiy chi ra rang sb tdp con ctia mot tip S hiru han 13
27,

Loi giai. ta liét ké cac phén tir cua tap S 1a sy, Sy, .., Sn(s)- Xay dung mot xau bit nhi
phan dai N(S) bit, trong d6 néu bit thir i c6 gia tri 0 thi phan tir s; ¢S, néu bit thir i ¢6 gia
tri 1 thi phan tir sie S (i=1, 2, .., N(S) ). Nhu vdy, theo nguyén Iy nhan, s tip con cua tap
hop S chinh 1a s6 x4u bit nhi phan c6 do dai N(S). Theo vi du 3, chung ta c6 2M® xau bit
nhi phan d¢ dai N(S).

2.2. Nguyén ly bu trir
Trong mot sb bai toan dém phtrc tap hon. Néu khong c6 gia thiét gi vé su rdi nhau
gitra hai tdp A va B thi N(AUB) = N(A) + N(B) — N(AnB).

Vidu 1. 16p toan hoc roi rac c6 25 sinh vién gioi tin hoc, 13 sinh vién gioi toan va
8 sinh vién gioi ca toan va tin hoc. Hoi 16p c6 bao nhiéu sinh vién néu mdi sinh vién hoac
2161 toan hodc hoc gidi tin hoc hoac gidi ca hai mon?

Loi giai. Go1 A tap la tap céac sinh vién gio1 Tin hoc, B 1a tdp cac sinh vién gidi
toan. Khi d6 A n B 1a tap sinh vién gioi ca toan hoc va tin hoc. Vi mdi sinh vién trong
16p hoidc gioi toan, hodc gioi tin hoc hodc gidi ca hai nén ta ¢ tong sb sinh vién trong 16p
la N(AUB). Do vay ta co:

N(AUB) = N(A) + N(B) - N(AnB) =25 + 13 -8 = 30.
Vi du 2. C6 bao nhiéu s6 nguyén khong 16n hon 1000 chia hét cho 7 hoac 11.

Lo gidi. Goi A 1a tp cac s6 nguyén khong 16n hon 1000 chia hét cho 7, B 1a tap
cac s0 nguyén khong 16n hon 1000 chia hét cho 11. Khi do6 tap s6 nguyén khong 16n hon
1000 hodc chia hét cho 7 hodc chia hét cho 11 1a N(AUB). Theo cong thirc 1 ta co:

N(AUB) = N(A) + N(B) — N(A~B) =.1000/7 ]+ [ 1000/11] - | 1000/7.11
= 142 + 90 — 12 = 220,

Truge khi dua ra cong thic téng quat cho n tap hop hitu han. Chiing ta dua ra
cong thure tinh so phan tir cua hop 3 tép A, B, C.
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Ta nhan thay N(A) + N(B) + N(C) dém mét 1an nhitng phan tir chi thuoc mot trong ba tap
hop. Nhu vy, sb phan tir cia AN B, ANC, BNC duoc dém hai 1an va bang N(ANB),
N(ANC), N(BNC), dugc dém ba lan 1a nhitng phan tr thuéc ANBNC. Nhu vdy, biéu
thirc:

N(AUBUC) — N(A~B)- N(ARC) — N(BAC)

chi dém cac phan tir chi thuoc mot trong ba tdp hop va loai bo di nhing phan tir
dugce dém hai 1an. Nhu vay, s phan tir dugc dém ba 1an chua duoc dém, nén ta phai cong
thém voi giao ciia ca ba tap hop. Tir d6 ta co cong thirc d6i véi 3 tap khong roi nhau:

N(AUBUC)= N(A)+N(B)+N(C)-N(ANB)-N(ANC)-N(BNC)+N(ANBNC)
Dinh ly. Nguyén ly bu trur. Gia st Ay, A, . ., Ay 1a nhitng tap hitu han. Khi do
N(ALUA, U. . .UAL) = Ni- Ny + .. +(-1)™ N,

trong d6 Ny 1a tong phan tir cta tit ca cac giao ciia k tap ldy tir m tap da cho. (noi
riéng Ni=N(A1) + N(Ay) +. .+ N(An), N =N(A: A, N . .nAL ) . NOi céch khac:

N(AUA U.A)= Y N(A)- 3 N(ANA)+ SN(ANANA

I<i<n 1<i, j=<n I<i< j<k<n

—t D™NA NA N.NA)

’ binh ly dugc ching minhvbalmg cach chi ra mdi phan tir caa hop n tap hop duoc
dém ding mot 1an. Ban doc c6 thé tham khdo cach chung minh trong tai liéu [1].

Vi du 3. Tim cong thirc tinh s6 phan tir cta 4 tap hop.
Loi gidi. Tor nguyén 1y bu trur ta co
N(ALUAUAZUA,) = N(A7) + N(A2) + N(As) + N(Ag) — N(A1NA) -

N(A1NAz) — N(A1NAY) — N(ANA3) — N(ANA,) —
N(AzNA;) + NAINANAZ) + NAINANA,) +
N(AINA3NA, + N(ANAzNA,) — N(A1NANANA,).

Viduy 4. Hoi trong tap X = {1,2,.., 10000} co bao nhiéu s6 khong chia hét cho
bét ctr s6 nao trong céc s 3, 4, 7?

Loi giai. Goi A la tap cac s6 nho hon 10000 chia hét cho 3, B la tap cac s6 nho
hon 10000 chia hét cho 4, C 1a tap cac so nho hon 10000 chia hét cho 7. Theo nguyén 1y
bu tru ta co:

N(Au BUC)= N(A)+N(B) + N(C) — N(AnB — N(AnC) — N(BNC) + N(AnBNC)

trong do :

N(A) + N(B) + N (C) =[10 000/3] + [10 000/4] + [10 000/7]

= 3333 + 2500 + 1428 = 7261
N(AnB) = N(A) + N(B) - N(AnB) = 3333 + 2500 — [10000/3x4] = 833
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N(ANC) = N(A) + N(C) — N(ANC) = 3333 + 1428 — [10000/3x7] = 476
N(BNC) = N(B) + N(C) — N(BNC) = 2500 + 1428 — [10000/4x7] = 357
N(ANB) + N(ANC) + N(BNC) = 833 + 476 + 357 = 1666
N(ANBNC) = [10000/3x4x7] = 119.
=>8 cac s6 nho hon 10000 can dém 14 :
1000 - N(AUBUC) = 7261 — 1666 + 119 = 4286.
Vi du 5. C6 bao nhiéu xau nhi phan do dai 10 bat dau boi 00 hodc két thuc bai 11.

Loi giai. Goi A 1a s6 xau nhi phan do dai 10 bét dau bai 00 , B 1a s6 x4u nhj phan
d6 dai 10 két thuc boi 11. D& rang nhan thiy, N(A) = N(B) = 256, N(ANB) = 2° = 64.
Theo nguyén ly bu trur ta co:

N(AUB) = N(A) + N(B) — N(AnB)

= 256 + 256 — 64 = 448.

Vi du 6. Bai toan bo thu. C6 n la thu va n phong bi ghi san dia chi. Bé ngau nhién
cac la thu vao cac phong bi. Hoi x4c suat dé xay ra khong mot 1a thu nao bdé ding dia chi
|4 bao nhiéu?

Loi giai: C6 tat ca n! cach bo thu. Van dé dit ra 1a dém sb cach bo thu sao cho
khong 14 thu nao dang dia chi. Goi X 1a tap hop tat ca cac cach bo thu va Ay la tinh chat
14 thu k bé dung dia chi. Khi d6 theo nguyén ly bu trur ta co:

N =N-N,+N, —..+(-1)"N,

Trong dé N 1asb 051} tim, N =n!, Ny la sé tat ca cac cach bo thu 520 cho gé k 1a
thu ding dia chi. Nhan >§ét rang, Ny 1a moi cach lay k 14 thu tir n 14, v61 moi cach lay k 1a
thu, ¢o (n-k)! cach bo d¢ k 1a thu nay dang dia chi, tir d6 ta nhan duoc.

11 1"

=+
o2 n!

| _
N, =C(n,k)(n—k)!=% va N =ni(1—

Tu do ta co xac xuat can tim la:

1_1+£_...+ﬂ:

o2 n!

efl

Sb duoc tinh nhu trén dugc goi 1a s6 mat thir tw va duoc ky hiéu 1a D,. Dudi day 1a
mot vai gia tri cua Dy, sy tdng nhanh cia D, mdt lan nita cho ta thay rd sy bung no t6
hop.

N| 23|45 6 7 8 9 10 11

D, |1 2 |9 | 44 | 265 | 1845 | 14833 | 133496 | 1334961 4890741
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2.3. Pém c4c hoan vi va to hop

2.3.1. Chinh hgp lap

Pinh nghia 1. Mot chinh hop 1ap chap k ciia n phan tir 13 bo co thir ty gdm k thanh phan
lay tir n phan tir cia tap da cho.

Nhu vay, mot chinh hop lip chdp k ctia n phan tir c6 thé xem 13 phan tir cua tich dé
cac A voi A 1a tap da cho. Theo nguyén 1y nhan, s6 céc tat ca cac chinh hop ldp chap k
cua n s& 1a n,

Vi du 1. Tinh s6 ham tir tap c6 k phéan tir vao tap c6 n phan tir?

Loi giai: Biéu dién mdi ham bang mot bo k thanh phan, trong d6 thanh phan thi i
1a anh cua phan tu thir i (1<=i<=k). M61 thanh phan dugc lay ra tir mot trong n gia tri. Tur
d6 suy ra s0 ham 1a s6 b k thanh phan lay tir n thanh phan bang n.

Vi du 2. Tir bang chir cai tiéng Anh c6 thé tao ra dugc bao nhiéu xau c6 d6 dai n?

Loi gidi : Bang chit cai tiéng Anh gom 26 ki tu [‘A’.Z’], s0 cac xau ¢6 d0 dai n
dugc chon tir 26 chit cai chinh 1a chinh hop 13p n ctia 26 phan tir va bang 26"

Vidu 3. Tinh xac Xuat lé}{ ra lién tiép dugc 3 qua bong do ra khoi binh kin chira 5
qua dd, 7 qua xanh néu sau moi lan lay mot qua bong ra lai bo n6 trd lai binh?

Loi gidi: S6 két cuc 6 loi dé ta 4y ra lién tiép 3 qua bong do 1a 5° vi ¢6 5 qua do
ta phai lay 3 qua (cht y vi ¢6 hoan lai). Toan bd két cuc c6 thé dé lay ra ba qua bong bat

ky trong 12 qua bong 1a 12°. Nhu vay, xac suat dé c6 thé 14y ra 3 qua bong do lién tiép 1a
5°/12°,

2.3.2. Chinh hop khong lap

binh nghia 2. Chinh hop khoéng lap chép k cua n phan tir 13 bd ¢6 thi tu gom k thanh
phan lay ra tir n phan tir da cho. Céc phan tir khong dugc 1ap lai.

Pé xay dung mot chinh hop khong lip, ta xay dung tir thanh phan dau tién. Thanh
phan nay c6 n kha niang chon. Mdi thanh phan tiép theo nhiing kha ning chon giam di 1
(vi khong duoc 1ay lap lai). Téi thanh phan thi k ¢6 n-k + 1 kha nang chon. Theo nguyén
1y nhén ta ¢6 s6 chinh hop khong lap chap k cia tap hop n phan tir ky hiéu 1a P(n, k) dugc
tinh theo cong thirc:

n!
(n=k)!

Vi du 1. Tim s6 ham don anh c6 thé xay dung duoc tir tip k phan tir sang tap n
phan ta?

P(n,k) =n(n-1).(n—k+1) =
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Loi gidi: S6 ham don 4nh tir tap k phan tir sang tap n phan tir chinh 1 P(n k).

Vi du 2. Gia str ¢6 tam van dong vién chay thi. Ngudi vé nhat s€ dugc nhan huan
chuong vang, ngudi vé nhi nhan huan chuong bac, ngudi vé€ ba nhan huy chuong dong.
Hoi c6 bao nhiéu cach trao huy chuong néu tat ca cac két cuc déu c6 thé xay ra?

_ Loi giai. S6 cach trao huy chuwong chinh 1a sé chinh hop chap 3 cua tap hop 8
phan ti. Vi thé ¢6 P(8,3) = 8.7.6 = 336 cach trao huy chuong.

Vi du 3. Co6 bao nhiéu cach chon 4 cau thi khac nhau trong d6i bong gém 10 cau
thu dé tham gia céac tran dau don.

Loi gidi. C6 P(10,4) = 10.9.8.7 = 5040 cach chon.
2.3.3. Hoan vi

Pinh nghia 3. Ta goi cac hoan vi ctia n phan tir 1a mdt cach xép co thi tu cac phan tir do.
So cac hoan vi cua tap n phan tir co thé coi 1a truong hop riéng cia chinh hop khong lap
voik=n.

Ta ciing c6 thé dong nhat mot hoan vi véi mot song anh tir tip n phan tir 1én chinh
n6. Nhu vay, s6 hoan vi cua tap gém n phan tir 1a P(n, n) = n!.

Vi du 1. C6 6 nguoi xép thanh hang dé chup anh. Hoi co thé bd tri chup duoc bao
nhiéu kiéu khac nhau?

Loi giai. Mdi kiéu anh 1a mot hoan vi cua 6 ngudi. Do d6 c6 6! = 720 kiéu anh
khéac nhau c6 thé chup.

Vi du 2. Can b tri thuc hién n chuong trinh trén mot may tinh. Hoi ¢6 bao nhiéu
cach bo tri khac nhau?

Loi giai. Sd chuong trinh dugc danh sbtr 1,2, .., n Nhu vay, sb chuong trinh
can thyc hi¢n trén mgt may tinh la s6é hoan vicua 1, 2, .., n.

Vi du 3. Mot thuong nhan di ban hang tai tam thanh phd. Chi ta c6 thé bat dau
hanh trinh cta minh tai mot thanh phé nao d6 nhung phai qua 7 thanh phé kia theo bat
ky thir ty nao ma chi ta mudn. Hoi ¢6 bao nhiéu 19 trinh khac nhau ma chi ta c¢6 thé di?

Loi giai. Vi thanh phé xuat phat di duoc xac dinh. Do vay thuong nhén co thé
chon tuy y 7 thanh phd con lai dé hanh trinh. Nhu vay, tat ca s6 hanh trinh cia thuong
nhan c6 thé di qua 1a 7! = 5040 cach.

2.3.4. T6 hop

Pinh nghia 4. Mot t6 hop chap k ciia n phan tir 13 mot by khong ké thir ty gém k thanh
phan khac nhau lay tir n phan tir d cho. N6i cach khac, ta c6 thé coi mot t6 hop chap k
ctia n phan tir 14 mot tip con k phan tir 1dy trong n phan tir. S6 t6 hop chdp k cua n phan
tir ky hiéu 1a C(n,k).
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Ta co thé tinh duoc truc tiép sd cac to hop chap k cia tip n phan tir thong qua
chinh hop khéng lip cua k phan tir. Xét tp hop tat ca cac chinh hop khong 1ip chap k
ctia n phan tir. Sip xép chung thanh nhirng 16p sao cho hai chinh hop thudc cing mot 16p
chi khac nhau vé thir ty. RS rang mdi 16p nhu vay 14 mot to hop chap k cia n phan
tor(P(n,k)). SO chinh hop trong mdi 16p déu bang nhau va bang k! (s6 hoan vi k phan tu:
P(k.k) ). S cac 16p bang sb t6 hop chip k cua n (P(n,k)). Tir d6 ta co:

P(n,k) _ n!

P,k =C k) PlK) = CK) === = e,

Vidul.ChoS={a,b,c,d}timC(4,2)?

Loi giai. R0 rang C(4,2) = 6 tuong rng v&i 6 tap con {a, b}, {a, c}, {a, d}, {b,c},
{b, d} {c,d}.

Vi du 2. C6 n doi bong thi ddu vong tron. Hoi phai to chirc bao nhiéu tran dau.

Loi gidi: Cur hai doi bong thi ¢6 mot tran. Tur d6 suy ra sO tran déu} s& bang sb cach
chon 2 trong n d61, nghia 1a bang C(n, 2) =n! / 2!(n-2)! = n(n-1)/2 tran dau.

Vi du 3. Chirng minh
a) C(n,k) = C(n, n-k)
b) C(n,0)=C(n,n)=1
¢) C(n,k)=C(n-1,k-1) + C(n-1,k)
Loi giai
a. C(n,n-k) = n!/(n-k)! (n-n+k)! = nl/k!(n-k)! = C(n,k).
Hodc C(n, k) = n!/k!(n-k)! = nl/ (n-k)! (n-(n-k))! = C(n, n-Kk);
b) Cht ¥ 0!=1 => b hién nhién dung
¢) C(n,k) = C(n-1,k-1) + C(n-1,k)
(n=1)! N (n=1)!
(k=D!(n-1-k+1)! KkI(n-k-1)!
_ (n-1)! ( 1 +£j: (n-1ln
(k-D!In—-k-D'\n-k k) (k=-Dk(n—k-D'(n-k)
n!
T KI(n—K)!

Cn-1k-1)+C(n-1k) =

—C(nk)

T nhitng tinh chit trén, ta c6 thé tinh tit ca cic hé s to hop chi bang phép cong. Céc
hé s6 nay dugc tinh va viét lan luot theo dong, trén moi dong ta tinh va thuc hién theo
cdt. Bang c6 dang tam gidc chinh 1a tam gidc Pascal.

Céc hé sb td hop c6 lién quan chét ch€ té1 vige khai trién luy thtra cia mdt nhi thiec.
Thyc vay, trong tich
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(x+y)" = (x+y)(xty). . .(x+y) hé s6 ciia x*y" s& 1a s6 cach chon k phan tir (x+y) ma tix
do lay ra x va dong thoi (n-k) nhan tir con lai l1ay ra y, nghia la:

(x+y)" =C(n0)x" +C(NYX" y+...+C(nn-1)xy"* +C(n,0)y" =D C(n,k)x"*y*
Cong thurc trén con duogc goi la khai trién nhj thirec Newton, cac hé sd to hop con dugc

goi 14 hé sb nhj thirc. Ching han lu¥ thira bac 8 ctia nhi thire (x+y)? duoc khai trién nhu
Sau.

(x+Y)? =x®+8x"y+28x°y* +56x°y° + 70x*y* +56%°y® + 28x°y® +8xy’ +y°
Trong trudng hop y=1, tic khai trién (x+1)" ta c6:
(x+1)" =C(n,0)x" +C(ND)X"* +...+C(n,n=Dx+C(n,n)
Hoac déng thirc sau s& duoc rat ra tir khai trién nhj thic Newton:
2"=@1+D)" =C(n,0)+C(n2)+...+C(n,n-1) +C(n,n)
C6 thé noi rt nhiéu déng thirc vé hé sd to hop s€ dugc suy ra. Nhu tinh cac tap 1¢, dao
ham.
2.3.5. To hop lip
_ Tu Dinh nghia t6 hop, ta c6 thé tinh toan dugc sb t6 hop 1ap chap k tir tdp n phan
tu bang C(n + k -1, k).
Vi du 1. Phuong trinh X; + X, + X3 = 11 ¢6 bao nhiéu nghiém nguyén khong am?

Loi giai. Mbi nghiém nguyén khong am cuia phuong trinh mg v6i mot cach chon 11
phan tr tir mdt té}p co 3 loai, sao cho c6 X phan t loai‘ 1 du:qc? chon, X, phan tir loai 2
duoc chon, X3 phan tu }oai 3 duoc chon. S6 nay chinh bang s6 t6 hop 1dp chap 11 tur tap
c6 3 phan tu. Vi vy, so nghi¢m nguyén khong dm ctia phuong trinh la:
C(3+11-1,11)=C(13,11)=(13.12)/ 2=178.
Vi du 2. Phuong trinh X; + X, + X3 = 11 ¢6 bao nhiéu nghiém nguyén khong dm thoa man
X121, Xo=>2, X3>3?
Loi giai. Mbi nghiém nguyén khoéng am cta phuorng trinh img v&i mot cach chon 11
phan tr tir mdt tdp c6 3 loai, sao cho cé X; phan tur loai 1, duoc chgn, X, phan tir loai‘2
duoc chon, X3 phﬁr} tr loai 3 duoc chgn. Trong do, co it nhat mot phan tu }oai 1, hai phan
tor }oai 2 va ba phan tu loai 3. Vi th§ ta chon m(:)t phan tir loai 1, hai phan tur loai 2, ba
phan tir loai 3 sau d6 chon thém 5 phéan tir nira. S6 nay chinh bang s6 t6 hop ldp chép 5 tur
tap ¢6 3 phan tir. Vi vay, s0 nghiém nguyén khong am cua phuong trinh la:
C(3+5-1,5)=C (7,5)=(7.6)/2=21.

Vi du 3. Phuong trinh X; + X, + X3 = 11 c6 bao nhiéu nghi¢m nguyén khong am thoa man
1<x,< 37
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L&i giai. Ta nhan thay, s6 nghiém nguyén khong am ciia phwong trinh théa man 1< x;< 3
chinh bang s6 nghiém nguyén khong 4m cia phuong trinh théa méin X;>1 sau d6 trir bot
di nhitng nghiém x;> 4. Tr Vi du 1 ta tinh dugc s6 nghiém nguyén khéng 4m cta phuong
trinh thoa man 1< x;< 3 1a

C(3+10-1,10)-C(3+7-1,7) =C (12, 10) - C(9, 7).
2.4. Hé thire truy hdi

Thong thuong nguoi ta thuong quan tam to1 nhiing bai toan dém trong d6 két qua
dém phu thudc vao mot tham sé dau vao (ma ta ky hiéu 1a n), chang han nhu cac sO mat
thit ty Dy, . Viéc biéu dién két qua nay nhu mot ham cia n bang mot sb hitu han cac phép
toan khong phai la don gian. Trong nhiéu truong hop, viéc tim ra mot cong thire truc tiép
giita két qua dém va n 1a hét strc kho khan va nhiéu khi khong giai quyét duoc, trong khi
d6 cong thirc lién hé gitra két qua dém Gng vai gia tri n véi cac két qua bé hon n lai don
gian va dé tim. Thong qua cong thirc ndy va mot vai gia tri ban dau, ta c6 thé tinh moi gia
tri con lai khac. Cong thirc d6 goi 1a cong thuc truy hoi hay cong thic dé qui. Pac biét,
cong thirc truy hoi rat thich hop véi lap trinh trén may tinh. N6 ciling cho phép giam dang
ké do phtc tap cling nhu gia ting d6 6n dinh ctia qua trinh tinh toan.

2.4.1. Dinh nghia va vi du

Pinh nghia 1. Hé thic truy hoi dbi véi day sb {a,} 12 cong thirc biéu dién a, qua mot hay
nhiéu s6 hang di trudc ciia ddy, cu thé 14 ay, @y, .., 8,1 v6i moi n>n0 nguyén duong. Day
sd duogc goi 1a 101 giai hay nghiém ctia hé thirc truy hoi néu céc s hang cta nd thoa min
hé thirc truy hoi.

Vi du 1. Lai kép. Gia st mdt nguoi giri 10000 do la vao tai khoan ctia minh tai
mot ngan hang vai 1ai xuat kép 11% moi nam. Hoi sau 30 ndm anh ta c6 bao nhi€u tién
trong tai khoan ciia minh?

Loi giai. Goi P, 1a tong so tién co6 trong tai khodn sau n nam. Vi so tién cd trong
tai khodn sau n ndm bang s6 tién c6 dugc trong n-1 nam cong vaéi 1ai xuat ndm thar n. Nén
day {P,} thoa man h¢ thirc truy hoi :

Pn = Pn-l + 0.11pn_1 = 1.11Pn_1

Chung ta c6 thé dung phuong phép lap dé tim cong thirc trén cho P,,. D& nhan thay
rang:

P, = 10000
P, = 111P0
P, = 1.11P; = (1.11)%P,

P,=1.11P,4 = (1.11)"*P,
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Ta c6 thé ching minh tinh dung din cta cong thic truy hdi bang qui nap.
Thay Py= 10000, va n = 30 ta dugc:
P30 = (1.11)*°10000 = 228922,97 $

Vi du 2. Ho nha thoé va s6 Fibonaci. Mot cap thoé sinh doi (mot con duc va mdt con
cai) dugc tha 1én mot hon dao. Gia st rang cip tho s& chua sinh san duoc trude khi day
hai thang tudi. Tt khi chung ddy hai thang tudi, mdi thang chung sinh thém duoc mot cip
thd. Tim cong thire truy hoi tinh s6 cip tho trén ddo sau n thang voi gia st cac cip tho 1a
truong tho.

S thang S cap sinh san S cap tho con Téng s6 cip thd
1 0 1 1
2 0 1 1
3 1 1 2
4 1 2 3
5 2 3 5
6 3 5 8

Loi giai: Gia su f, la s6 cdp tho sau n thang. Ta s& chi ra rang f1, f,, . ., f, (n=1, 2, .
., ) 1a cac so cua day fibonaci.

Cuéi thang thir nhét s6 cap tho trén dao 1a f; = 1. Vi thang thir hai cap tho van chua dén
tudi sinh san dugc nén trong thang thir hai f, =1. Vi moi cap tho chi dugc sinh san sau it
nhit hai thang tudi, nén ta tim sb cip tho sau thang thi n bang cach cong sd cip tho sau
thang n-2 va thang n-1 hay f, = f,.; + f,... Do viy, ddy { f,} thoa mén hé thirc truy hoi

Vi du 3. Tinh s6 mat thir tu D,

Loi giai: Danh s6 thu va phong bi thu tir 1 dén n (thu i giri dung dia chi néu bo
vao phong bi 1). Mot cach bo thu dugce déng nhét véi hoan vi (ag, ap, . ,apcua {1,2,..,
n }. Mot mat thir tu duoc dinh nghia la 1a mot hoan vi (ay, ay, . ., a,) Sa0 cho a1 véi moi
i. Thanh phan a; ¢ thé chdp nhan moi gia tri ngoai 1. V&i mdi gia tri k (k#1) cua ay, xét
hai truong hop:
1. ax =1, khi d6 cac thanh phén con lai duge xac dinh nhu mot mat thir tu cua n-2
phﬁn tir, tire 14 s& mat th tu loai nay béng Dpos.

2. a1, khi d6 cac thanh phan tir 2 d&én n dugc xac dinh nhu mot mat thir tu cua
Nn-1 phan tir con lai, tirc 1a s6 mat tha tu nay thude loai Dy ;.
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Twr d6 ta nhan dugc cong thic
= (n-1) (Dp.1 + D), n>=3 véi D, =0, D, =1.

Moi gia tri con lai dugc tinh don gidn nho luat ké thira.

D;=(3-1) (0+1) =2
Dy=(4-1)(1+2) =9
Ds=(5-1)(9+2) = 44
De = (6 -1 )(9 + 44) = 265

D;=(7-1)(44 + 265) = 1854

Dg=(8-1)(265+1854) =14833

Pé cong thirc dang véin =2, ta coi Dy = 1

C6 thé nhan duoc s6 mat thir ty thong qua cong thire truy hoi trén vi:
D,=(m-YD,,+D,,)=D,-nD,,=—(D, ,—-(n-1D,_,)

bat vV, =D, —nD, , ta co:

D,-nD,, =V, =-V, _, =---=(-1)"V, = (-1)". Hay ta c6 thé viét:

Dy Dy _ Y

n

n (n-1)! n!

1 (-1)"

o Twr d6 thu lai dugc cong thue cii:

. Cong cac h¢ thirc trén véin =1, 2, .., n ta dugc:

Vi du 3. Tinh hé s6 t6 hop C(n,k).

Léi gidi. Chon phan tir ¢ dinh a trong n phan tr dang xét. Chia s6 cach chon tap
con k phén tr nay thanh hai 16p (16p chira a va 16p khong chra a). Néu a dugc chon thi ta
can bo xung k-1 phan tir tir n-1 phéan tir con lai, tir 6 16p chira a gdm C(n-1, k-1) céch.
Néu a khong dugc chon, thi ta phai chon k phan tir tir n-1 phan tr con lai, tir d6 16p
khong chira a gom C(n-1, k) cach. Theo nguyén 1y cong ta duoc cong thire truy hoi:

C(n, k) = C(n-1, k-1) + C(n-1,k) véi cac gia tri bién dugc suy ra truc tiép:
C(n,0) =C(n,n) = 1.

Phuong phap nay dugc goi 1a phuong phap khur. Khong phai luc nao ciing dé dang
khir dugc cong thirc truy hoi dé dua vé cong thuc tryc tiép. Tuy nhién, trong mot so
truong hop dac biét ta c6 thé dua ra phuong phap tong quat dé€ giai cong thure truy hoi.
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2.4.2. Giai cong thirc truy hdi tuyén tinh thuin nhat véi hé s6 hing s6

Pinh nghia 1. M6t hé thire truy hdi tuyén tinh thuin nhét bac k v6i hé sé hing sb 1a hé
thirc truy hoi c6 dang:

an = Clan—l + C1a'n—2 Tt Ck an—k (1)
trong d6 €1,Cy, . ., C 14 cac s thuc va ¢, =0
Ta can tim cong thirc truc tiép cho s6 hang a, cua diy sé {a,} thoa man cong thirc
(1). Theo nguyén ly thlr hai cua qui nap toan hoc thi day s6 thod man dinh nghia trén
dugc xac dinh duy nhat néu nhu né thoa man k diéu kién dau:
ag=Cp,a;=Cyq, .., a1 =Cyy, trong do Cq, Cy, .., Cr1lacac héil’lg Sé

Vi du 1. Hé thic truy hoi P,=(1.11)P, 13 hé thuc truy hoi tuyen tinh thuan nhat
bac 1. Hé thic truy hoi f, = f,q + f, 1a hé thire truy hoi tuyen tinh thuan nhat bac 2. Hé
thirc truy hoi a, = a,5 12 hé thic truy hoi tuyen tinh thuan nhat bac 5. Hé thuc truy hoi
B,=nB,., khong phai 14 h¢ thirc truy hoi tuyén tinh thuan nhat vi n6 khong ¢6 hé sb hang
sO.

Phuong phép co ban dé giai h¢ thuc truy h6i tuyén tinh thuan nhét 13 tim nghiém
duoi dang a, = ", trong d6 r 13 hang sb. Cung can cht ¥ rang a, = " 1a nghiém cua hé
thirc truy hoi a, = C1851 + Cp @np + . .+ Cu@nk Néu va chi néu

an = Cylpg + Colyp + . .+ Gk
Chia c4 hai vé cho rn-k ta nhan duoc
eyt — €2 - —cpar —¢ =0 (2)

Vay ddy {a,} v6i a,=r" 1a nghiém néu va chi néu r 1a nghiém cua (2). Phuong trinh
2 con dugc goi 1a phuong trinh ddc trung cua h¢ thuce truy hoi, nghiém ctia n6 1a nghi¢m
dac trung ctua hé thuc truy hoi. Nghiém cua phuong trinh dic trung dung dé bi€u dién
cong thirc tat ca cac nghiém cua h¢ thure truy hoi.

Chung ta s& trinh bay cac két qua voi hé thiic truy hoi tuyén tinh thudn nhat bac
hai. Sau d¢ ta s€ néu ra nhiing két qua tuong tu cho truong hop tong quat khi bac 16n hon
hai.

Pinh Iy 1. Cho ¢y, ¢, 14 cac hing sb thyc. Gia st r? — ¢ir + ¢, =0 ¢ hai nghiém
phéan biét ry, r,. Khi d6 day {a,} 1a nghiém cua hé thic truy hoi a, = cia,.1 + Cran khi va
chi khi a, = oqr" + aor™, véin =1, 2, . .., a4, o 13 cdc hing so.

Ching minh: bé ching minh dinh 1y nay ta can thuc hién hai viéc. Pau tién ta
can chi ra rang néu Iy, I, 1a hai nghiém cua phuong trinh déc trung va o, o, 1a hai hang
s0 thi day {a,} v6i a, = o1 +a,r,'1a nghiém ctia h¢ thic truy hoi. Nguoc lai, can phai
ching minh rang néu {a,} la nghiém thi a_ =a,I" + a,r,'véi a1, @, 1a cac hang sb nao
do.
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(=): Gia sit 1; va r, 1a hai nghiém phan biét cua r* — cr + c,=0 , khi d6
> =c’r,+c,; r?=cr, +c,dong thoi ta thuc hién diy cac phép bien doi sau:
n-1 n-2 n-2 n-2
ca,,+6a,, =C(ah" +a,n, )+C (" +a,r, )
n-1 n-2
=a,I"(C1, +C,) + o, (Gf, +¢,)

n-2.2 n-2,2

=q,l T +a,l,

n n
=q,l +a,r, =a

n
Diéu nay chung t6 diy {a,} v6i a_ = a,I," + I, 1a nghiém ciia hé thic truy hoi da
cho.
(<):Dé chirng minh nguoc lai, ta gia st diy {a,} 14 mot nghiém bét ky cua hé thic truy
hoi. Ta chon a, @, sao cho day {a,} v6i a, =, +a,r, thoa man cac diéu kién dau
ag =Co, a; = C;. Thuc vay,
a,=C,=a, +0,
a =C, =g +a,l,
Tu phuong trinh dau ta c6 a, = Cq - 0oy thé vao phuong trinh thir hai ta c6:
C,=an+C,-a)r, =a,(r,—r,)+C, —r,; Tu day suy ra:
:(Cl_COrZ); (C1_Cor2) :(Corl_c1).

r—r, r—r, r—r,

a,=C,—a, =C, -

1

Nhu vay, khi chon nhirng gia tri trén cho &, o, ddy {a,} voi a, =a,I," + ,r, thoa
man cac diéu kién dau. Vi hé thtc truy hoi va cac diéu kién dau dugce xac dinh duy nhat
nén a, =, 1" +a,r,. Pinh ly dugc ching minh.

Vi du 1. Tim nghiém cuta hé thic truy hoi a, = ang +2a,, véiag=2,a,=7.

Loi giai. Phuong trinh dic trung cta hé thire truy hdi c6 dang r” - r - 2 =0. Nghiém
cua no la r=2 va r = -1. Theo dinh ly 1, day {a, } 1a nghiém cua h¢ thirc truy hoi néu va
chi néu :

a, = 012" +ap(-1)" voi oy, o 13 cac hang so nao do. Tir cac diéu kién dau suy ra:
Q=2=0a4 toy
a = 7= O(,12 +O(,2(-1)

Giai ra ta dugc 0,=3, 0,,=-1. Vay nghiém cua biéu thirc truy hdi véi diéu kién dau la day
{a,} v6ia,=3.2"—(-1)".

Vi du 2. Tim cong thtre hién cua céc s6 fibonaci.

Giai: Cac sb fibonaci thoa mén hé thuc f, = f,.; + f,, va cac diéu kién dau f, = 0,
f;=1. Céc nghiém cia phuong trinh dac trung la:
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_[1+\/§j_ _[1—\/5
r1 - ! I’.2 -

5 TJ theo dinh 1y 1 ta suy ra s fibonaci dugc cho béi cong

thirc sau:

{14-\/%
f.=a, 5

f;=1 duogc dung d¢ xac dinh cac hang so o, o.

J +a{#} VGi oy, o 1a hai hang s6. Cac diéu kién dau £,=0,

fo=0,+0a,=0

f, = al[lJr \/EJ +a2[ﬂ] =1

2 2

l 4 r A .
;a, =——— do d6 cac so fibonaci dugc cho

1
V5’ V5

Twr hai phuong trinh nay ta suy ra «, =

bang cong thirc dang hién nhu sau:

o _1(1+45) _1(1-V5Y

" 5l 2 V5l 2
Dinh 1y 1 khong dung dugc trong truong hop nghiém ctua phuong trinh dic trung 1a
nghiém boi. Khi phuong trinh dac trung c6 nghiém bdi ta st dung dinh ly sau.

Pinh ly 2. Cho ¢y, ¢, 1a cac héng s6 thuc, ¢,#0. Gia st r? —CyI —C; = 0 chi ¢c6 mdt nghiém
ro. Day {a,} la nghiém cta hé thic truy hoi a, = cja,; + Cra,, khi va chi khi
a =a,r) +a,nr'véin=1,2, .. trong d6 a1, o, la nhiing hang so.

Vi du 3. Tim nghiém cua cong thuc truy hdi a, = 6a,; —9a,, véi cac dieu kién dau a,=1,
d; = 6.

Giai: Phuong trinh dic trung 2 — 6r —9 =0 c¢6 nghiém kép r=3. Do d6 nghiém cta hé thirc
truy hoi c6 dang:

a, =a,3" +a,n3"vé6i al, a2 1a cac hang s nao d6. Tur cac didu kién dau ta suy ra:

a=1=a4

a; = 6 = a3+ap3 = a4 =1, a,=1 vay nghiém cua h¢ thuc truy hoi va cac diéu kién
dau da cho la:

a, = 3"+n3"
Dinh 1y 1, Pinh ly 2 khong dung dugc trong truong hop nghiém cta phuong trinh dac
trung 1a nghiém phtrc. Khi phuong trinh dac trung c6 nghiém phtrc ta st dung dinh 1y
sau.

Pinh ly 3. Cho ¢,, c, la cac héng s6 thuc, ¢,70. Gia st r? —C1r —C, = 0 ¢6 hai nghiém phtrc
lién hop
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{rl = r(cos(0)+i.sin(0))

r, = r(cos(6)-i.sin(9))

Khi d6, ddy {a,} 1a nghiém cta hé thirc truy hdi @, = €181 + Co@n. khi va chi khi
a, =r"(e, cos(n@)+a,sin(n@)) véin=1, 2, .. trong d6 &, @, la nhitng hang sb.

Vi du. Tim nghiém cta hé thirc truy hoi sau a, = 2a,4 - 4a,.,, voi ag = 4, a; =4?

Lo gii.
Budc 1. Tim nghiém cua phuong trinh dic trung:
o or A0 {rl = 2(cos(z /3)+ i_si_n(;r/3))
r, = 2(cos(r/3)—isin(z/3))
Bwéc 2. Xay dung cong thirc tong quat cho ay:
a, =r"(c,cos(d)+c,sin(ng))=2"(c,cos(nrz/3)+c,sin(nz/3))

Buwée 3. Tim cac hang s6 thong qua diéu kién dau:
2(%01 +§C2j =4
4(—%01 +§czj =4

Budc 4. Hoan chinh cong thuc cho a,,.

a, = 2”(cos(n7z/3)+\/§sin(n7z/3))

< a, =1La, =3

Bay gio ta phat biéu két qua téng quat vé nghiém cac hé thirc truy hoi tuyén tinh
thuan nhat véi cac hé s6 hang so.

Pinh Iy 4. Cho ¢y, C,, . ., ¢ 1a cac sd thuc. Gia st phwong trinh dic trung

r* — cir*!-. .-c, = 0 ¢6 k nghiém phan biét ry, 1y, . . , . Khi d6 day {a,} la nghiém
cba hé thec truy hot a,=ca, ,+Ca, ,+---+ca, , khi wva chi kh
a, =l + ot +-+a, 1" v6in=0,1,2, . ., trong 46 a1, @, . ., o 14 cac hang sb.

~ Vidu 4. Tim nghiém ciia h¢ thic truy hoi a, = 6ay; —11a,,+6a3 v6i dicu kién
dau 8.0:2, di :5, a2:15.

Giai: Pa thirc dic trung ciia hé thic truy hoi 12 :

P —6r° + 11r — 6 ¢6 cac nghiém 1a r;=1, r, = 2, r; = 3. Do vAy nghiém cta hé thic
truy hoi co dang: a, = 1"+, 2" +a,3".
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Pé tim cac h?mg sb oy, alp, 03 ta dua vao nhiing diéu kién ban dau:
Qp=2=aytoy+os
a=5=oay + o2 +oz3
a, = 15=0y + a4 +a39
Giai: h¢ phuong trinh nay ta nhan dugc oy = 1, o, =- 1, az=2. Vi vay nghiém duy
nhit ctia hé thirc truy hdi ndy va cac diéu dau da cho 1a day {a,} voi:

a, =1-2"+23"
2.5. Qui vé& cac bai toan don gian

Mot trong nhitng phuong phap giai quyét bai toan dém phic tap 1a qui bai toan
dang xét vé nhitng bai toan nhé hon. Sy phan chia nay dugc thyc hién mot cach lién tiép
cho t&i khi nhan duoc 10i giai ciia bai todn nhé mot cach dé dang. Tuy nhién diéu nay
kh@ng phai Iuc nao ciing thuc hién dugc vi ndé doi héi mdt sy phan tich sau sdc cau hinh
can dém.

Gia str rang c6 mot thuat toan phan chia bai toan ¢ n thanh a bai toan nho, trong
d6 mdi bai toan nhé co cd n/b(de don gian ta gia sir n chia hét cho b); trong thuc té cac
bai toan nho thuong cé ¢& 1a s6 nguyén gan nhat v6i n/b. Gia sir tong cac phép toan thém
vao khi thuc hién phéan chia bai todn c¢& n thanh cac bai todn c¢& nho hon 1a g(n). Khi do
néu f(n) 13 s6 cac phép toan can thiét dé giai bai toan di cho thi f thoa méan hé thirc truy
hoi sau:

f(n) =af (E) + g(n) ; hé thirc nay c6 tén 14 hé thic chia dé tri.

Vi du 1. Xét thuat toan nhan hai s6 nguyén kich ¢ 2n bit. Ky thut nay goi la
thuat toan nhan nhanh c6 dung k¥ thuat chia dé tri.

Giai: Gia sir a va b 1a céc s0 nguyén co biéu dién nhj phn 1a 2n bit (c6 the thém
cac bit 0 vao dau dé chung c6 thé dai bang nhau) .

a=(a,,,a,, , aa,),va b=(b,, b, ,---bb,),

Gia sita=2"A; +Ay, b = 2"B; +Bq

trong do

A = (B850, 708,48,),0 A = (@48, A1),

= (b, ,b,, ,---b,,b.),; B, =(b, b, ,---bb,),
Thuat toan nhan nhanh duoc dua trén déng thice:

ab= (2" +2")AB, +2"(A - A))(B, - B)) + (2" +)AB,
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Diéu nay chi ra rang phép nhan hai s nguyén 2n bit c6 thé thyc hién bang cach
dung 3 phep nhan cac s6 nguyén n bit va cac phep cong, trir dich chuyén. Nhu vy, néu
f(n) 14 tong cic phép toan nhi phan can thiét dé nhan hai s6 n bit thi

f(2n)=3f (n+Cn

Ba phép nhan cac s6 nhi phan n bit can 3f(n) phép toan nhi phan. Modi mdt phép
toan cong, trir, dich chuyén ding mot hang sé nhan véi n 1an chinh 1a Cn.

Vi du 2. Bai toan xép khach cta Lucas. C6 mot ban tron, xung quanh c6 2n ghé. Can sip
cho cho n c@p vo chong sao cho cac 6ng ngoi sen k& cac ba va khong cé hai cdp vo chong
nao ngoi canh nhau. Hoi co tat ca bao nhiéu cach xép ?

Loi giai. Goi sd phai tim 1a M, Xep cho cac ba trude(clr xép mot ghé thi mot ghé dé

trong danh cho céac ong), s6 cach xép cho cac ba la 2n! cach. Goi s6 cach xép cho cac ong
g véi mot cach xép cac ba 1a U, ta duoc sd cach xép 1a

M, = 2n! x U, .Van d& con lai 1a tinh s U,

Panh s6 cac ba (da xep) tor 1 den n, danh so cac ong twong ung voi cac ba (ong i la
chong ba i), sau d6 danh sé cac ghé trong theo nguyén tic: ghé sb i nam gitta baivaba
i+1 (cac phép cong duoc hiéu ldy modul n nghia 1a n +1 = 1). Mdi cach xép cac 6ng duoc
biéu dién bang mot phép thé ¢ trén tap {1, 2, .., n } v6i qui wéc @(i) = j c6 nghia 1a ghé i
duoc xép cho ong j. Theo gia thiét @ phai thoa man:

o(i) =i va p(i)zi+l *)

Nhu vay, U, 1a sO tat ca cac phép thé ¢ thoa man diéu kién (*). Trong toan hoc goi
U, 1a s0 phan bod.

Xét tap hop tat ca cac phép thé ¢ cua { 1,2, .., n }. Trén tip nay ta goi P; 1a tinh
chat ¢(i) = i, Q; 1a tinh chat ¢(i) = i+1. Pat Py, = Q;, theo nguyén 1y bu trir trong (g voi
2n tinh chat P; ta co:

U, =N=nN,+N, +... trong d6 Ny 1a téng s6 tit ca cac phép thé thoa man k
tinh chét 1y tir 2n tinh chat dang xet. Can cha y rﬁng, khong thé xay ra dong thoi thoa
mén P;va Q;. Do d6 trong cac phép lay ra k tinh chat tir 2n tinh chat dang x¢ét can thém
vao diéu kién: P; va Q; hoac Pj,; va Q; khong duogc déng thoi cO mat. Goi so cac cach nay
la  g(2n, k) ( n6i riéng g(2n,k)=0 khi k>n). V&1 moi cach lay ra k tinh chat nhu vay
(k<=n) ta c6 (n-k)! phép thé thao man chuang. Tir d6 ta nhan dugc Ny = g(2n, k) (n-k)! va

U, =n—g(2n)(n-)~+g(2n—-2)(n—-2)!—---+(-1)"g(2n,n)
Bay gio chiing ta phai tinh cac hé s6 g(2n,k), k=1, 2, .

Xep 2n tinh chét dang xét trén cong tron theo thir tu Pl, Ql, Py, Qy .., Py Qp ta
thdy rang g(2n,k) chinh 13 s cach lay k phan tir trong 2n phan tir xép thanh Vong tron sao
cho khéng c6 hai phan tir nao ké nhau cing duogc iy ra. Dé tinh g(2n,k) ta giai hai bai
toan con sau:
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Bai todn 1. C6 bao nhiéu cach lay ra k phan tir trong n phan tir xép trén dudng
thang sao cho khong c6 hai phan tir nao ké nhau cung duoc 1y ra.

Loi Giai. Khi 1y k phan tir, ta con n-k phan tir. Gitta n-k phan ttr con lai c6 n-k+1
khoang tréng (ké ca hai dau) MGdi céach 1ay ra k khoang tir cac khoang nay s¢ tuong Gng
v6i mot cach chon k phan tir thoa min yéu cau di néu. Vay sb cach chon can tim 13

C(n-k+1, k).
Bai to4n 2. Gidng nhu bai toan 1 nhung n phan tir xép trén vong tron.
Loi gidi. C6 dinh phan tir a duoc chon chia cac cach 1ay thanh 2 16p

1- Cac cach ma a dugc chon khi do 2 phan tir ké‘ a s€ khong dugc chon va phai
lay k-1 phén tur tir n-3 phan tir con lai. Cac phan tr nay xem nhu két qua cua
bai toan 1. Theo bai toan 1, so cach thudc 16p kiéu nay la C(n-k-1, k-1).

2- Cac cach ma a khong duoc chon, khi d6 bo a di va bai toan trd vé bai toan 1
chon k phan tir tir n-1 phan tir xép trén duong thang. Theo bai toan 1 so cach
xep kiéu nay la C(n-k,k).

Vay theo nguyén 1y cong s cach can tim 1a :
C(n—k-Lk—-1)+C(n—k, k) =n—ikC(n—k,k)
Tur két qua cua hai bai toan trén ta nhan dugc:
g(2n k) ==

2N ~11)(n—1)! 2n2C(2n—2,2)(n—2)!—~~~+(—1)”@C(Zn,n)
- n

duoc tinh bang

Duéi day 1a mot ) gia tri cia U,, mot lan nira ching ta lai dugc quan sat hién
tugng bung nod to hop.

n 2 3 4 5 6 / 8 9 10

U, 0 1 2 13 80 579 4783 | 43387 | 439792

2.6. Phwong phap liét ké

Viéc tim mot cong thirc cho két qua dém ngay ca trong treong hop cong thirc truy
hoéi khong phai dé dang va lic nao ciing thyc hién dugc. Cho dén nay con nhiéu bai toan
dém chua c6 10i giai dudi dang mot cong thic. D6i voi nhitng bai toan nhu vy, ngudi ta
chi con cach chi ra mgt phuong phap liét ké, theo do co thé di qua dugc tit ca cac cu
hinh can dém. R rang ban than phuong phap liét ké khong chi ra dugec mot két qua cu
thé nao nhung qua d6 ngudi ta co thé 1ap trinh cho may tinh dién tir dém ho.
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Pé minh hoa cho phuong phap liét ké, ta xét mot cau hinh t6 hop ndi tiéng d6 1a
cac hinh chir nhat la tinh.

Gia str S 13 tdp gdm n phan tir. Khong mit tinh téng quat ta gia st S= {1,2, .., n}
Mot hinh chit nhat la tinh trén S 1a mot bang gdm p dong, q ¢t sao cho mdi dong ctia né
12 mot chinh hop khong ldp chap q cua S va mdi ¢t ciia n6 1a mot chinh hop khong 1ap
chap p cua S.

Theo dinh nghia ta c6 p<n, g<n. Pic biét trong truong hop q = n, mdi dong cua
hinh chit nhat la tinh 1a mot hoan vi cua S, sao cho khong c6 ¢t nao chira hai phan tir lap
lai. Hinh chit nhat la tinh dang nay duoc goi la chuan néu dong dau cua né 1a hoan vi 1,
2,..,N.

Vi du. Hinh la tinh chuén trén tapS=1{1,2,3,4,5,6,7}
1 2 3 4 5 6 7
2 3 4 5 6 7 1
3 4 5 6 7 1 2

~ Goi L(p,n) la s6 hinh chir nhét la tinh p x n, con K(p,n) 1a s hinh chit nhat la tinh
chuan p x n ta co:

L(p.n) =n! K(p,n)

D@ dang nhan thay rang, s6 mat D, 1a s6 hinh la tinh chuan 2 x n, s6 phan bd U, la
sO hinh chit nhat la tinh chuan 3 x n v61 hai dong dau la:

1 2 ... N1 n
2 3 ... N 1
Riodan J(1946) da chiing minh cong thurc:
K@3n)=> C(nk)D, DU, trongdém=[n/2], Us= 1.
Bai toan dém véi sé dong nhiéu hon dén nay van chua duoc giai quyét. Nguoi ta
moi chi dua ra duge mot vai dang tiém cén cua L(p,n).

Néu p=g=n, thi hinh chir nh;it la tinh duoc goi la hinh‘vuf)ng la tinh. Mot hinh
vuong la tinh cap n duoc goi 1a chuan néu ¢6 dong dau va cot dau 1a hoan vi 1, 2,. .n. Thi
du mot hinh vuong la tinh chuén cap 7.

2 3 4 5

o O A W N P
~N o o1~ W

A WO N P N O
g B~ W N P N

4 )
5 6
6 7
7 1
1 2

W NN PN O
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7 1
Goi I, 1 s6 cac hinh vudéng nhu thé ta c6 L(n,n) = n!(n-1)!1,,

2

3

4

Viée tim mot cong thire cho I, den nay van bo ngé. Tuy nhién ta c6 thé nhd may
tinh liét ké tat ca cac hinh vuong chuan cip n. Dudi ddy 1a mot vai gia tri tinh duoc.

N 1

2

3

4

5

6

7

I 1

1

1

4

56

9408

16942080
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BAI TAP CHUONG 2

1. Xau thuan nghich doc la mot xau khi viét theo thu tu nguoc lai cling béng chinh né.
Hay dém so xau nhi phan c6 dg dai n 1a thuan nghich doc.

2. CO dau va cha ré moi bon ban dung thanh mdt hang dé chup anh. Héi c6 bao nhiéu

cach xép hang néu:

a) Co dau dirng canh chu ré

b) C6 dau khong dirng canh chu ré

c) Co dau ding & phia bén phai chu re

3. Co6 bao nhiéu xau nhi phan d6 dai 10 c6 nam s6 0 lién nhau hodc nam so6 1 lién nhau.

4. C6 bao nhiéu xau nhi phan d6 dai bang 8 c6 3 s6 0 1ién nhau hoac 4 s6 1 lién nhau.

5. Moi sinh vién 1ép toan hoc rdi rac hodic gioi toan hodc gidi tin hoc hoidc gidi ca hai
mon nay. Trong 16p c6 bao nhiéu sinh vién néu 38 nguoi gioi tin (ké cad nguoi gioi ca
hai mon), 23 nguoi gioi toan (k€ cad nguoi gidi ca hai mon), va 7 nguoi gidi ca hai
mon.

6. Chung to rang, trong n+1 sé nguyén duong khong vuot qua 2n ton tai it nhat mot s6
chia hét cho mdt s6 khac.

7. Chtng minh rang, trong diy gdm n? + 1 s6 thuc phan biét déu c6 mot diy con dai n+1
hodc thuc su tang, hodc thuc su giam.

8. Gia sir trong mot nhém 6 ngudi mdi cip hai hodc 1a ban, hodc 1a thu. Ching t6 ring
trong nhom c6 ba nguoi 1a ban cia nhau hodc 1a ké thu ctia nhau.

9. Hay chi ra rang, trong 102 ngudi c¢6 chiéu cao khac nhau dimg thanh mot hang co thé
tim dugc 11 ngudi cé chiéu cao tang dan hodc gidm dan ma khong can thay doi tha tu
cua ho trong hang.

10. Mot d6 vat tay tham gia thi dau gianh chirc vo dich trong 75 gid. Mdi gio anh ta thi
dau it nhat mdt tran, nhung toan bd anh ta khong thi dau qua 125 tran. Chiing t6 rang,
c6 nhiing gi0 lién tiép anh ta thi dau 24 tran.

11. Mot nhéan vién bat dau 1am viée tai cong ty tir nim 1987 voi mirc lwong khoi diém 1a
50000 d6 la. Hang ndm anh ta dugc nhén thém 1000 d6 la va 5% luong cua nam
trude.

a) Hay thiét 1ap hé thirc truy hdi tinh lvong ctia nhan vién d6 n nim sau nim 1987.
b) Luong vao nam 1995 cua anh ta la bao nhiéu?

c) Hay tim cong thirc tuong minh tinh lwong ciia nhan vién nay n nam sau nam 1987.
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12. Tim h¢ thuc truy hdi cho sé hoan vi clia tip n phan tir. Dung hé thuc truy hdi d6 tinh
hoan vi cta tap n phan tu.

13. Mt may ban tem ty dong chi nhan céc dff)ng xu mot d6 la va cac loai to tién 1 d6 la
va 5 do la.

a) Hay tim hé thirc truy hdi tinh s6 cach dat n d6 la vao trong may ban hang, trong d6
thir tir cac dong xu, cac to tién 13 quan trong.

b) Tim cac diéu kién dau.
c) Co bao nhiéu cach dat 10 d6 la vao may dé mua mot bd tem.

14. Giai cac h¢ thuce truy hoi véi cac diéu dau sau:

a) a, = an1 + 6an. voin>2,a,=3,a; =6.

b) a, = 7a,.1 - 6a,., voin>2,a,=2,a;=1.

C) a, = 6a,.1 - 8a,» voin=>2,a,=4,a; =10.

d) a, =2an1 - ano voin=>2,a,=4,a; = 1.

e) a, = a2 voin>2,a,=>5,a;=-1.
f) a, = -6a,1 - 9a,., voin>2,a,=3,a; =-3.

g) an+2 = -4an+1 + 54, voin>0,a,=2,a; =8.

15. Tim céac nghiém dic trung ciia hé thirc truy hoi tuyén tinh thuan nhat

a) a,=2a,1 - 2a»

b) Tim nghiém thoa man hé thirc truy hoi trén va cac diéu kién dau ag =1, a; =2.
16.a) Tim nghiém dic trung cua hé thic truy hdi tuyén tinh thuan nhét a, = an-4

b) Tim nghiém thoa man hé thuc truy hdi trén va cac diéu kién dau a,=1, a;=0,
a=-1, az=1.

17. Mot bao céo vé thi truong may tinh ¢4 nhin cho biét c6 65000 nguoi s& mua modem
cho may tinh cta ho trong nam téi, 1 250 000 ngudi s& mua it nhit mot san pham
phan mém. Néu bao cdo nay néi rang 1.450.000 nguoi s& mua hoic 1a modem hoic 1a
it nhat mot san pham phan mém thi s& ¢6 bao nhiéu ngudi sé mua ca modem va mua it
nhat mot san pham phan mém.
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