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CHUONG 3. BAI TOAN LIET KE

Noi dung bai toan dém 13 dém xem c6 bao nhiéu cu hinh t6 hop théa min mot s tinh
chit nao do. Bai toan liét khong chi dém duoc cac ciu hinh td hop thoa man céc tinh chat
dit ra ma con xem xét timg cAu hinh t6 hop d6 13 gi. P6i v6i mdi bai toan, khi chua tim
dugc thuat giai thi liét ké dugc xem 1a bién phap cudi cung dé thuc hién véi su hd tro cla
may tinh. Cé thé noi, liét ké dugc xem la phuong phép giai van ning mot bai toan bang
may tinh. Noi dung chinh ctia chuong nay tip chung giai quyét nhimg van dé co ban sau:

v Gidi thiéu bai toan liét ké.

v Thuét toan va do phic tap tinh toan.

v Giai quyét bai toan liét ké bang phuong phép sinh.

v Giai quyét bai toan liét ké bang phwong phap quay lui.

Ban doc co thé tim thiy cach giai nhiéu bai toan liét ké trong cac tai liéu [1] va [2]
trong tai liéu tham khao.

3.1- Gidi thiéu bai toan

Bai toan dua ra danh sach tit ca cac cau hinh to hop co thé c6 dugc goi 1a bai toan liét ké
to hop. Khac véi bai toan dém 1a tim kiém mot cong thirc cho 101 giai, bai todn li¢t ké lai
can xac dinh mot thuat toan dé theo do co thé xay dung duoc lan luot tat ca cac cau hinh
can quan tam. Mqt thuat toan liét ké phai dam bdo hai nguyén tac:

[ Khéng dwoc ldp lai bt ky mot cdu hinh ndo.

] Khéng dwoc bo s6t bdt ky mét cau hinh nao.
Vi du 1. Cho tap hop cac sé aj, &, .., 8, va s6 M. Hay tim tat ca cac tdp con k phan tir ciia
day so {a,} sao cho tong s cac phan tir trong tap con d6 dung bang M.
Loi giai: Nhu chung ta d biét, s6 cac tAp con k phan tir ciia tip gdm n phan tir 1a C(n,k).
Nhu vy chung ta can phai duyét trong so6 C(n.k) tap k phan tur d€ lay ra nhitng tap co
téng cac phan tr ding bang M. Vi khong thé xac dinh duoc ¢ bao nhiéu tap k phén tir tur
tap n phan tir co tong cac phan tir dung bang M nén chung ta chi con cach liét ké cac ciu
hinh thoa man diéu kién di cho.
Vi du 2. M6t thuong nhéan di ban hang tai tim thanh phd. Chi ta c6 thé bat dau hanh trinh
cua minh tai mdt thanh phd nao d6 nhung phai qua 7 thanh phd kia theo bat ky thir tu
nao ma chi ta muon. Hay chi ra 19 trinh ngan nhat ma chi ta c6 thé di.
Léi gidi: Vi thanh phd xuat phat da duoc xac dinh. Do vay thuong nhan c6 thé chon tuy
y 7 thanh pho con lai d€ hanh trinh. Nhu vay, tat ca s6 hanh trinh cia thuong nhan c6 thé
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di qua la 7! = 5040 cach. Tuy nhién trong 5040 cach chung ta phai duyét toan bo dé chi ra
mot hanh trinh 14 ngan nhat.

C6 thé noi phuong phap liét ké la bién phap cudi cing nhung ciing 14 bién phap phd
dung nhat dé giai quyet cac bai toan to hop. Kho khan chinh ctua phuong phap nay la su
bung nd to hop. Pé xay dung chung 1 ty céu hinh (con 5O nay khong phai 1a lon déi vai
cac bai toan t6 hop nhu s6 mat th ty Dy, s6 phan b U, 80 hinh vuéng la tinh In), ta gia
sir can 1 gidy dé liét ké mot céu hinh thi chiing ta ciing can 31 nim m&i giai quyét xong.
Tuy nhién véi su phét trién nhanh chong cua may tinh, bang phuong phap liét k&, nhleu
bai toan kho cua Iy thuyét t6 hop da dwoc giai quyét va gép phan thuc diy sy phat trién
ctia nhiéu nganh toan hoc.

3.2. Thuat toan va d¢ phirc tap tinh toan

3.2.1. Vi du va Pinh nghia

Pinh nghia. Dy hir han cac thao tac so cap F=F;F,..F,(Input)—Output duoc goi 1a mot
thuat toan trén tap thong tin vao Input dé c6 dugc két qua ra Output. Day cac thao tac so
cap ¢ day duoc hi€u 1a cac phép toan so hoc, cac phép toan logic, cac phép toan so sanh.

Mot thudt toan can thoa man céc tinh chat duéi day:

« Tinh don dinh. O mdi budc cia thuat toan, cac thao tac so cip phai hét sirc
r0 rang, khong gay nén sy 1on xon, nhap nh’fmg, da nghia. Thuc hién ding
cac budc cua thuat toan trén tap dir liéu vao, chi cho duy nhat mot két qua
ra.

* Tinh dung. Thuat toan khong dugc roi vao qua trinh vo han. Phai dung lai
va cho két qua sau mot s6 hitu han cac budc.

« Tinh ding. Sau khi thuc hién tit ca cac budc cua thuit toan theo dung qui
trinh da dinh, ta phai nhan dugc két qua mong mudn véi moi bo dit lidu dau
vao. Két qua do duoc kiém chimg béng yéu cau cua bai toan.

« Tinh phd dung. Thuit toan phai dé stra doi dé thich ung duoc voi bat ky
bai toan nao trong 16p cac bai toan cung loai va co thé lam viéc trén nhiéu
loai dir liéu khac nhau.

 Tinh kha thi. Thuat toan phai dé hiéu, d& cai dat, thuc hién duoc trén may
tinh véi thoi gian cho phép.

3.2.2. Phuong phap biéu dién thuit toan:

Thong thudng, dé biéu dién mot thuit toan ta co thé sir dung cac phuong phap sau:

« Biéu dién biang ngdn ngir tw nhién. Ngon ngir tu nhién la phuong tién
giao tiép gitta con nguoi voi con nguoi. Ta co thé str dung chinh ngén ngir
nay vao viéc biéu dién thuit toan.
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« Ngon ngir hinh thitc. Ngon ngit hinh thic 12 phuong tién giao tiép trung
gian giita con ngudi va hé thong may tinh. Vi du ngdn ngit so dd khéi, ngon
nglr tya ty nhién, ngdn ngl déc ta. Dac diém chung cua céc loai ngdn ngit
nay 1a viéc sir dung né rat gan v6i ngdn ngi tu nhién va ngdn ngir may tinh.

* Ngoén ngir may tinh. La phuong tién giao tlep gifta may tinh va may tinh.
Trong truong hop nay ta cé thé st dung bat ky ndén ngit 1ap trinh nao dé mo
ta thudt toan.

Ghi chd. Trong cic phuong phap biéu dién thuat toan, phuong phap biéu dién
bang ngdn ngir hinh thie dugce sit dung rong dii vi nd gan véi ngdn ngit tw nhién va
khong phu thudc vao ngoén ngir may tinh.

Vi du 1. Biéu dién thuat todn tim USCLN (a, b) bang ngdn ngit ty nhién.
Pau vao (Input). Hai sb tu nhién a, b.
Pau ra (Output). S6 nguyén u 16n nhat dé a va b déu chia hét cho u.
Thudt toan (Euclide Algorithm):
Bude 1. Pua vao hai sd tu nhién a va b.
Burde 2. Néu b= 0 thi chuyén dén budc 3, néu b=0 thi thuc hién budc 4.
Buoc 3. Datr=amod b; a=b; b=r; Sau d6 quay trd lai budc 2.
Buéc 4 (Output). Két luan u=a 13 sb nguyén can tim.
Vi du 2. Biéu dién Biéu dién thuat toan tim USCLN (a, b)bang ngdn ngir hinh thirc.
Thuat toan Euclide:
Pau vao (Input): aeN, acN.
Pau ra (Output): s =max { u eN : amod u =0 and b mod u =0}.
Format : s = Euclide (a, b).
Actions :
while (b =0) do
r=amodb;a=b;b=r;
endwhile;
return(a);
Endactions.
Vi du 3. Biéu dién thuat toan tim USCLN (a, b) bang ngdn ngit may tinh (C++).
Int  USCLN(int a,int b) {
while (b!=0){
=a%b;a=b;b=r;
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}

return(a);

3.2.3. D¢ phirc tap tinh toan

M6t bai toan cd thé thuc hién bﬁng nhiéu thuét toan khac nhau. Chon gidi thuat nhanh
nhat gidi bai toan la mot nhu cau cua thuc té. Vi vay ta can phai c6 su udc lugng cu thé
dé minh chirng bang todn hoc mirc A nhanh cham cia moi giai thuat.

Khai niém do phirc tap thuat toan:
Thoi gian thuc hién mot giai thuat bang chuong trinh mdy tinh phu thudc vao cac yéu to:
* Kich thudce dit li¢u vao: Dir liéu cang 16n thi thoi gian xtr 1y cang cham.
. l?hﬁn cimg may tinh: may co toc d6 cao thyuc hién nhanh hon trén may co6
toc do thap. Tuy vay, yéu to nay khong anh huong dén qua trinh xac dinh

thoi gian thyc hién cua thuat toan néu xem xét thoi gian thuc hi¢n thuat
toan nhu mot ham cua dg dai dir liéu T(n).

Tong quat, cho hai ham f(x), g(x) xac dinh trén tdp cdac s6 nguyén duong hodc tdp cdc s
thuee vao tdp cac sé thue. Ham f(x) dwoc goi la O(g(x)) néu ton tai mét hang s6 C>0 va
No sao cho:

[f(x)] <C.|g(x)| v& moi x>n,,.

Piéu nay c6 nghia véi cac gia tri x >ny ham f(x) bi chin trén boi hang sé C nhan
voi g(x). Néu f(x) 1a thot gian thuc hién ctia mdt thuat toan thi ta néi giai thuat dé co cap
g(x) hay do phuc tap thuat toan la O(g(x)).

Ghi chu. Cac hang sé C, n0 thoa méan diéu kién trén 13 khong duy nhéat. Néu c6 dong thoi
f(x) 1a O(g(x)) va h(x) théa man g(x) < h(x) vdi x>n0 thi ta cling c6 f(x) 1a O(h(n)).

Vi du 1. Cho f(x)= a x"+a X" +..+ax+a,. Trong do, a; 1a cac s6 thuce (i =0,1, 2,
..,N). Khi d6 f(x) = O(x").

Chirng minh. Thyc vay, vé1 moi x>1:
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n n-1
ax +a X “+..+aX+ ao‘

[T ()=

-<|a, |x" +

an—l

X" [y X+ [
< ay X" Ay X" e [y X" + [ag X"
< x“([an|+|anfl|+...+|al|+|a0|)

. <Cx" =0(x").
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Vi du 2. Tim d6 phirc tap thuat toan sap xép kiéu Bubble-Sort?
Void Bubble-Sort (int A[], intn){
for (i=1; i<n; i++) {

¥

for (j =i+1; j<=n; j++){
if (A[i] > A[i]) {
t=Al[i]; Ali] = AlL; ALl = t;

Loi giai. Str dung truc tiép nguyén 1y cong ta co:

Véii=l ta can sir dung n-1 phép so sanh A[i] voi A[j];
Véi i =2 ta can st dung n-1 phép so sanh A[i] véi A[j];

Véii=n-1ta can sir dung 1 phép so sanh A[i] v6i A[j];

Vi vay tong so cac phép toan can thyc hién la:

S=(n-1)+(n-2)+...+2+1=n(n-1)/2 <n2 = O(n2).

Ghi chu. Po phirc tap thuat toan cling 1a sé 1an thuc hién phép toan tich cuc. Phép toan
tich cuc la phép todn thuc hi¢n nhi€u nhat doi véi thuét toan.

Mot s6 tinh chét ciia d§ phirc tap thuét toan:

Vi P(n) 1a mot da thire bac k thi O(P(n)) = O(nk). Vi thé ta n6i, mot thuat
toan c6 do phuc tap cap da thac 1a O(nk).

Véi a, b 1a hai co s6 tiy y va f(n) 12 mot ham xac dinh duong thi
log,f(n)=log.b.logy(f(n)). Vi vay do phire tap thuat toan cap logarit duoc ky
hiéu 1a O(log(f(n)) ma khong can quan tam dén co sb.

Néu do phirc tap thuat toan 1a hing sé, nghia 1a thdi gian tinh toan khong
phu thudc vao do dai dir liu dugc ky hiéu la O(1).

Mot giai thuat co cdp 2", nl, n" duoc goi 1a giai thuat ham mi. Nhitng giai
thuat nay thuong co6 toc do rat cham.

Do phic tap tinh toan ciia mot doan chwong trinh P chinh bang s 1an thuc
hién mét phep toan tich cuc. Trong do, phép toan tich cuc trong mot doan

chuong trinh 13 phép todn ma sb 1an thuc hién no khong it hon cac phép
toan khac.

50



Cac dang ham danh gia d§ phirc tap thuit toan:

Dang danh gia Tén goi
0O(1) Hing s6
O(lg Ig n) Log log
O(lg n) Logarithm
O(n) Tuyén tinh
0O(n2) Bac hai
O(n3) Bac 3
O(hm) Da thire
O(mn) Ham mii
O(n!) Giai thira

3.2.4. Qui tic x4c dinh @9 phirc tap thuit toan

Qui tic tong: Néu fy(x) c6 do phirc tap 13 O(g1(x)) va fo(x) co do phirc tap 1a O(gx(X)) thi
d phuc tap cua (f1(x) + f2(x) 1a O( Max(gs(x), g2(X)).

Chiurng minh.

« Vi fy(x) c6 d6 phuic tap 1a O(gy(x) nén ton tai hang s6 C; va k; sao cho
[f1(¥)|<|92(x)] voi moi x < K1,

« Vi fy(x) c6 do phirc tap 1a O(ga(x)) nén ton tai hang s6 C, va k, sao cho
[f2(X)|<|g2(x)| v6i moi x < K2;

e Talaicod:
[f1()+ f2(X)] < [fa ()] + [f2(X)]
< C4lg1(X)] + C2lga(X)|
< Clg(x)| v61 moi x >k;
Trong do6, C = Cy + Cy; g(x) = max( gu(x), 92(x)); k = max (ky, kp).

Tong quat. Néu do phirc tap cia fi(X), f2(x),.., fm(x) 1an luot 1a O(g1(X)), O(g(X))...,
O(gn(x)) thi d6 phure tap cua f1(X) + fo(X) + ..+fn(x) la O(max(g1(x), ga(X),..,gm(X))-
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Qui tic nhian: Néu f(x) co6 d6 phirc tap 13 O(g(x) thi d6 phirc tap cua f'(x) 1a O(g"(x).
Trong do:

'(x) = f(x).f(x)....f(x). //n lan f(x).

0"(x) = g(x).g(x)...g(x)./n 1an g(x)
Noi cach khac, doan chuong trinh P ¢6 thoi gian thyc hién T(n)= O(f(n)). Khi do, néu
thuc hién k(n) lan doan chuong trinh P vai k(n) 1a O(g(n)) thi d6 phic tap tinh toan la
O(f(n). g(n)).
Chirng minh. That vay theo gia thiét f(x) 12 O(g(x)) nén ton tai hang s6 C va k sao cho
véi moi x>k thi [f(x)|< C.|g(x). Ta cé:

| £7() =| £ 1) £ 2(x). 7 (x)
<|C.g*(x)C.g*(x)..C.g"(x)
<C"|g"(x)=0(g"(x))

3.2.5. Po phiic tap ciia cac cdu tric Iénh

Pé danh gia dg phuc tap cua moét thuat todn da dugc ma hoa thanh chuong trinh
may tinh ta thyc hién theo mot s6 qui tic sau.
P phire tap hing sé6 O(1): doan chuong trinh khong chira vong lap hodc 161 goi dé qui
c6 tham bién 1a mot hing sd.
Vi du 1.7. Poan chuong trinh dudi diy c6 do phuc tap hang sd.
for (i=1; i<=c; i++) {
<Tdp cdc chi thi co do phiec tap O(1)>;
} /4 I
Do phirec tap O(n): Do phirc tap ciia ham hodc doan code 1a O(n) néu bién trong vong lap
tang hodc giam boi md hang s c.
Vi du 1.8. Poan code duéi ddy co d6 phirc tap hang sb.
for (iI=1;i<=n;i=i+c){
<Tdp cdc chi thi co do phiec tap O(1)>;

¥
for (i=n; i>0;i=i-c){

<Tap cac chi thi co do phuec tap O(1)>,
¥

P phire tap da thire O(n°): Do phirc tap ciia ¢ vong 1ap 16ng nhau, mdi vong lip déu c6
dd phirc tap O(n) la O(n®).
Vi du 1.9. Poan code dudi diy c6 do phuc tap O(n?).
for (iI=1;i<=n;i=1i+c){
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for j=L;j<=n;j=j+c}
<Tdp cdc chi thi co do phurc tap O(1)>;

}
¥
for(i=n;i>0;i=i-c){
for(=i-Lj>Lj=j-c {
<Tdp cac chi thi co do phuec tap O(1)>;
}
¥

P phire tap logarit O(Log(n)): Do phirc tap ciia vong lip 1a log(n) néu biéu thic khoi
dau lai cua vong 1ap duoc chia hoac nhan véi mot héng sb c.
Vi du 1.10. Boan code dudi day c6 do phuc tap Log(n).
for (i=1;i1<=n;i=1i*c){
<Tap cac chi thi co do phuec tap O(1)>;
}
for j=n;j>0;j=j/c){
<Tap cac chi thi co do phuc tap O(1)>;
}
P phire tap hiang s6 O(Log (Log(n))): néu biéu thirc khoi dau lai ciia vong lap duoc
nhan hoac chia cho mot ham md.
Vidu 1.11. Poan code dudi day c6 do phtc tap Log Log(n).
for (i=1; j<=n; j*=Pow(i, ¢) ){
<Tap cac chi thi co do phuc tap O(1)>;
}
for (j=n; j>=0; j = j- Function(j) ){ //Function(j) =sqrt(j) hoac 16n hon 2.
<Tdp cdc chi thi co do phicc tap O(1)>;
} \ D
Do phirc tap cia chwong trinh: o phtrc tap ciia mot chuong trinh bang s6 1an thyc hién
mot chi thi tich cuc trong chuong trinh d6. Trong do, mét chi thi dugce goi 1a tich cuc
trong chuong trinh néu chi thi d6 phu thudc vao do dai dir li€u va thuc hién khong it hon
bat ky mot chi thi nao khac trong chuong trinh.
Vi du 1.12. Tim d6 phtrc tap thuat toan sap xép kiéu Bubble-Sort?
Void Bubble-Sort (int A[], intn) {
for (i=1; i<n; i++) {
for (j =i+1; j<=n; j++){
if (A[i] > A[j]) {//day chinh la chi thi tich cuc
t=All; Alill = AL Alll = t;
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}
} ,

Loi giai. St dung tryc ti€p nguyén 1y cong ta co:

e Vé6ii=1tacansu dung n-1 phép so sanh A[i] voi A[j];

e Vé6ii=2tacansu dung n-1 phép so sanh A[i] vo1 A[j];

e Véii=n-1tacansu dung 1 phép so sanh A[1] véi A[j];
Vi vay téng s6 cac phép toan can thuc hién 1a:

S=(n-1) +(n-2) +...+2+1=n(n-1)/2 <n’ = O(n?).

Ghi chua. Bo phte tap thuat toan cling la s6 Em thuc hién phép toan tich cuc. Phép toan
tich cuc la phép toan thuc hién nhiéu nhat doi vaéi thuat toan.

3.3. Phwong phap sinh

M6 hinh thuat toan sinh dugc ding dé giai 16p cac bai toan liét ke, bai toan dém,
bai toan tdi vu, bai toan ton tai thoa man hai diéu kién:
« Diéu kién 1: Co thé xdac dinh dwoc mot thir tw trén tdp cac cdu hinh can liét ké
ciia bai todn. Biét cau hinh dau tién, biét cau hinh cudi cung.
« Diéu Kién 2: Tir mot cau hinh chwa phdi cudi cung, ta xdy dung dwoc thudt
todn sinh ra cdu hinh dimg ngay sau né.
M0 hinh thuét toan sinh duoc biéu dién thanh hai bude: budce khai tao va bude lap.
Tai budc khoi tao, cAu hinh dau tién cua bai toan s& duoc thiét lap. biéu nay bao gio cling
thuc hién dugc theo gia thiét cua bai toan. Tai budc 1ap, qua trinh 1dp dugc thuc hién khi
gip phai cau hinh cubi cung. Piéu kién 1ap ciia bai todn bao gio ciing ton tai theo gia thiét
ctia bai toan. Hai chi thi can thuc hién trong than vong lap 1a dua ra cAu hinh hién tai va
sinh ra cau hinh ké tiép. M6 hinh sinh ké tiép dugc thyc hién tiiy thudc vao mdi bai toan
cu thé. Tong quat, md hinh thuat toan sinh duoc thé hién nhu dudi day.
Thuét toan Generation;
begin
Budcel (Khéi tao):
<Thiét lap cau hinh dau tién>;
Budc 2 (Budec 1ap):
while (<Ldp khi cdu hinh chwa phdi cudi ciing>) do
<Puwea ra cdu hinh hién tai>;
<Sinh ra cdu hinh ké tiép>;
endwhile;
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End.
Vidu 1. Vector X = (Xq, X, .., X5), trong d6 X; = 0, 1 dugc goi la mot xau nhi phan c6 do
dai n. Hay liét ké cac xau nhi phan c¢6 do dai n. Vi du véi n=4, ta s€ liét ké dugc 24 xau
nhi phan d¢ dai 4 nhu trong Bang 2.1.
Bang 2.1. Cac xau nhi phan d¢ dai 4

STT | X=(Xq, X2, X3, Xg) | STT X=(X1, X2, X3, X4)
0 0000 8 1000
1 0001 9 1001
2 0010 10 1010
3 0011 11 1011
4 0100 12 1100
5 0101 13 1101
6 0110 14 1110
7 0111 15 1111

Loi gidi:

Picu kién 1: Goi thir ty ctia xdu nhi phan X=(X1, X2,.., X,) 12 f(X). Trong do, f(X)= k
1a s6 chuyén d6i xau nhi X thanh s6 ¢ hé co s6 10. Vi du, xau X = (1, 0, 1, 1) dugc chuyén
thanh s hé co s6 10 1a 11 thi ta ndi xau X c¢6 tha ty 11. Véi cach quan niém nay, xau
dung sau xau co thtr ty 11 13 12 chinh 1 xau dtng ngay sau xau X = (1, 0, 1, 1). Xau dau
tién c6 thtr tw 12 0 tng voi xau ¢6 n s6 0. Xau cudi cung c6 th ty 1a 2"-1 ing véi xdu co n
s6 1. Nhu vdy, diéu kién 1 cta thuit toan sinh dd dugc thoa man.

Piéu kién 2: V& nguyén tic ta c6 thé lay k = f(X) 1a thir ty cia mot xau bat ky theo
nguyén tic ¢ trén, sau d6 1ay thir tu cua xau ké tiép 1a (k + 1) va chuyén doi (k+1) thanh
$6 & hé co sd 10 ta s& duoce x4u nhi phan tiép theo. Xau cudi cung s¢ la xau cé n sb 1 ung
voi thtr tu k = 2"-1. Vé6i céch 1am nay, ta co thé coi mdi xau nhi phan 1a mdt s6, mdi
thanh phén ctia xau 1a mot bit va chi can cai dit thuat toan chuyén ddi co s6 & hé 10 thanh
s6 & hé nhj phan. Ta c6 thé xdy dung thuit toan tong quat hon bang cach xem mdi xau
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nhi phan 1 mdt mang cac phan tir c6 gia tri 0 hodc 1. Sau d6, duyét tir vi tri bén phai nhat
ctia xau néu gip sb 1 ta chuyén thanh 0 va gip s6 0 dau tién ta chuyén thanh 1. Vi du véi
xau X =(0, 1, 1, 1) duoc chuyén thanh xau X= (1, 0, 0, 0), xau X = (1,0,0,0) duoc chuyén
thanh xau X =(1, 0, 0, 1). Ldi giai va thuat toan sinh xau nhi phan ké tiép duoc thé hién
trong chwong trinh duéi ddy. Trong do, thuit toan sinh xau nhi phan ké tiép tir mot xau
nhi phan bat ky 1a ham Next_Bits_String().
#include <iostream>
#include <iomanip>
#define MAX 100
using namespace std;
int X[MAX], n, dem = 0; //si dung cac bién toan cuc X/], n, OK, dem
bool OK =true;
void Init(void){ //khdi tao xdu nhi phin ddu tién
cout<<"Nhap n="; cin>>n;
for(int i = 1; i<=n; i++) /lthiét ldp xdu véin s6 0
X[i]=0;
}
void Result(void){ //dwa ra xau nhi phan hién tai
cout<<"\n Xau thu "<<++dem<<":";
for(int i=1; i<=n; i++)
cout<<XJi]<<setw(3);

}
void Next_Bits_String(void){ //thudt todn sinh xdu nhi phén ké tiép
int i=n;
while(i>0 && X[i)){ //duyét tir vi tri bén phdi nhat
X[i]=0; /Inéu gap X[i] = I ta chuyén thanh 0
i--; /llui lai vi tri sau
} \ 2
if (I>0) X[i]=1; /lgap X[i] =0 dau tién ta chuyén thanh 1
else OK = false; //két thiic khi gép xdu c6 n sé 1
}

int main(void){ //day la thudt toan sinh
Init(); //thiét lap cau hinh dau tién
while(OK){//ldp khi chwa phdi cdu hinh cudi ciing
Result(); //dwa ra cdu hinh hién tai
Next_Bits_String(); //sinh ra cdu hinh ké tiép
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Vi du 2. Liét ké tdp con m phan tir cua tp n phan tir. Cho X = { 1,2, .., n }. Hiy liét ké
tat ca cac tap con k phan tir ciia X (k< n).
Loi giai: Mdi tap con cta tap hop X co thé biéu dién bang bd ¢ thir tw gdm k thanh phan
a =(a;a,..8¢) thoaman 1 <a; <a, <..<a < n. Trén tap cac tap con k phan tir ciia X c6 thé
xac dinh nhiéu thr tu khac nhau. Tht ty dé nhin thay nhat la tha ty tr dién duoc dinh
nghia nhu sau:

Ta ndi tap con a = a;a,. . . @ di trudc tdp con a’ = a;’a,’. . .’ trong thi tu tr dién
va ky hiéu la a<a’, néu tim dugc chisoj (1 <j<k)sao cho

aq=-a,a=a), ..., a1 = a’j_l, gj < a’j.

Chang han X = { 1, 2, 3,4, 5 }, k = 3. Cac tap con 3 phan tir cuia X dugc liét ké

theo thtr tu tir dién nhu sau:
1
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Nhu vay, tap con dau tién trong thu tu tr dién 1a (1, 2, . ., k) va tap con cudi cung
la (n-k+1, n-k+2, . ., n). Gia sir a = (ay, &, . ., &) 1 tAp con hién tai va chua phai 1a cudi
cung, khi d6 ¢ thé ching minh dugc rang tap con ké tiép trong thir tu tir dién co thé
duoc xay dung bang cach thuc hién cac qui tic bién d6i sau dbi véi tap con dang co.

(] Tim tor bén phai day ay, ay, . ., a phﬁn trazn — K +1i
(] Thay a; bdi a; +1,
0 Thayajboiai+j—1, véiji=itl,i+2,...,k

Chflng han véi n = 6, k =4. Gia st ta dang c6 tap con (1, 2, 5, 6), can xay dung tap
con ké tiép no6 trong thir tu tur dién. Duy¢t tir bén phai ta nhan dugc 1 =2, thay a; boi a, +
1=2+1=3.Duyétjtri+1=3chodénk, tathaythéas=a,+3-2=3+3-2=4,a,=
a2 +4-2= 3+4—2=5tanhan dugc tap con ké tiép 1a (1, 3, 4, 5).

Véi qui tic sinh nhu trén, ching ta c6 thé mo ta bang thuit toan sau:
Thuét toan liét ké tap con ké tiép m phén tir ciia tip n phin ti:

void Next_Combination(void){
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i = k; /Xudt phat tie vi tri thir k
while (i> 0 && a; == n-k+i) /Xdc dinh i dé a; # n-k+i
i=i-1;
if (i>0) { //Néu chwea phdi la t6 hop cudi cing thi i>0
a=a; + 1;
for (j =i+1;j<=k; j++)
a=a+j-i
}
else OK =False; ////Néu la t6 hop cudi cing thi i=0
Dudi day 1a chwong trinh liét ké t6 hop chip k ciia L,2,.,n i
Chuong trinh cai dat thuat toan sinh tap con k phan tir dugc thé hién nhu dudi day.
Trong d6, thuét toan sinh to hop ké tiép c6 tén 1a Next Combination().
#include <iostream>
#include <iomanip>
#define MAX 100
int X[MAX], n, k, dem=0;
bool OK = true;
using namespace std,;
void Init(void){ //thiét ldp tdp con ddu tién
cout<<"\n Nhap n, k:"'; cin>>n>>k;
for(int i=1; i<=k; i++) /ltdp con dau tiénla 1, 2, .., K
X[i]=1i;

void Result(void){ //dwa ra tip con hién tai
cout<<"\n Két qua "<<++dem<<":";
for(int i=1; i<=K; i++) //dwa ra X[] =( X1, X2, .., Xk)
cout<<X[i]<<setw(3);
} \ ,
void Next_Combination(void){ //sinh tdp con k phan tir tir tdp con bat ky
int i = K; //duyét tir vi tri bén phdi nhdt ciia tdp con
while(i>0 && X[i]== n-k+i) //tim i sao cho X; # n-k+i
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if (i>0){//néu chwra phdi la tdp con cudi cing
X[i1= X[i]+1; lithay doi gid tri tai vi tri i: X = X; +1;
for(int j=i+1; j<=K; j++) llcac vi tri j twi+1,.., k
X[] = X[i] +j - i; // dugc thay d6i 1a X; = X; +j - i;
} 4 r
else /Inéu la tap con cuoi cung
OK = false; //ta két thiic duyét
}
int main(void){
Init(); //khéi tao cau hinh dau tién
while(OK){ //lip trong khi cdu hinh chwa phdi cudi cing
Result(); /ldwa ra cdu hinh hién tai
Next_Combination(); //sinh ra cau hinh ké tiép

Vi du 3. Liét ké cac hoan vi cia tdp n phan tir. Cho X = { 1, 2, .., n }. Hay liét ké cac
hoan vi tir n phan tir ciia X.

Léi giai : Mdi hoan vi tir n phan tir ciia X c6 thé biéu dién boi bd co thir ty n thanh phan
a=(ay, a, .., 8y) thoa man aje X,i1=1,2, .., n, ay# ag, p=q.

Trén tap cac hoan vi tir n phan tr ciia X c¢6 thé xac dinh nhiéu thir tu khac nhau. Tuy
nhién, thir ty dé thay nhat 1a tha tu tir dién dugc dinh nghia nhu sau:

Ta ndi hoan vi a = a;a,. .. a, di trudc hodn via’ =a;’a,’. . .a,’ trong thur tu tu dién
va ky hiéu la a<a’, néu tim dugc chiso k (1 <k <n) sao cho
Q=a’,a=a), ..., a1 = a K, d<al

Ct}éng han X = { 1, 2, 3, 4}. Cac hoan vi cac phﬁn tir cua X duoc liét ké theo thi tu tir
dién nhu sau:

1 2 3
1 3 2
2 1 3
2 3 1
3 1 2
3 2 1

Nhu vay, hoan vi du tién trong tht ty tir dién 1a (1, 2, ..., n) va hoan vi cudi cing
la (n, n-1, ..., 1). Gid str a = a;@,. . . 8, la mdt hoan vi chua phai la cudi cung. Khi do ta
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c6 thé ching minh duoc rang, hoan vi ké tiép trong thir tu tir dién c6 thé xay dung bang
cach thyuc hi¢n cac qui tac bién doi sau doi voi hodn vi hién tai:
[ Tim tir phai qua trai hoan vi c6 chi s6 j dau tién thoa man aj <aj:1(hay j la chi sO
16n nhét dé aj <aj+1);
] Tim a 1 s6 nho nhat con 16n hon aj trong cac s6 & bén phai aj;
1 Pbi chd aj Vo1 ay
[ Lat nguoc doan tir aj;4 dén a,,

Chéng han ta dang c6 hoan vi (3, 6, 2, 5, 4, 1), can xay dung hoan vi ké tiép theo
thi tu tir dién. Ta duyét tir j= n-1 sang bén trai dé tim j dau tién thoa mén a; < 8,1 ta nhén
dugc j=3 ( a3=2<a,=5). S6 nho nhét con 16n hon az trong cac s bén phai a3 la as (as=4).
Doi chd as cho ag ta thu duge (3,6,4,5,2, 1), lat nguoc doan tur ay dén ag ta nhan duoc
(3,6,4,1,2,5).

Ttr d6 thuat toan sinh ké tiép 6 thé dugc mé ta béng thu tuc sau:
Thuét toan sinh hoan vi ké tiép:
void Next_Permutation( void ){
J = n-1; //Duyét tir vi tri j=n-1
while (j> 0 && a; > @j+1 ) /Tim vi trij dé a; > aj 41
i=i-1
if >0) { // Néu j>0 thi hodn vi chwa phdi cudi cing
k = n; //Xudt phat tir vi tri k=n
while (8 > ay ) / Tim k dé a; < a
k=k-1;
temp =a;; a; = ay; ax = temp,//Doz ché a; cho a
r=j+1;s=n;
while (r < s) {/Ldt nguwoc lai doan tir j+1 dén n
temp = a,; a, = as; a; = temp;
r=r+1; s=s-1;

}
else OK = False;//Néu la hodn vi cuéi cing thi i=0

}

Chuwong trinh liét ké hoan vi dwoc thé hién nhuw sau:
#include <iostream>
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#include <iomanip>
#define MAX 100
int X[MAX], n, dem=0;
bool OK = true;
using namespace std;
void Init(void){ //thiét lgp hodn vi ddu tién
cout<<™\n Nhap n:"; cin>>n;
for(int i=1; i<=n; i++) //thiét ldp X[] = (1, 2, ..,n)
X[i] =1
}
void Result(void){ //dwa ra hodn vi hién tai
cout<<"\n Két qua "<<++dem<<":";
for(int i=1; i<=n; i++)
cout<<XJi]<<setw(3);
} 4 e
void Next_Permutation(void){ //sinh ra hoan vi ké tiep
int j = n-1; /lxudt phdt tie vi tri j = n-1
while(j>0 && X[j1>X[j+1]) /ltim chi sé j sao cho X[j] < X[j+1]
)
if (j > 0){ /I néu chwra phai hodn vi cuéi ciing
int k = n; /fxudt phat tir vi trik = n
while(X[j]>X[K]) //tim chi sé k sao cho X[j] < X[K]
k--;
int t = X[j1; X[j] = X[K]; X[K]=t; /ld@oi ché X[j] cho X[k]
intr=j+1,s=n;
while (r<=s){ //lat nguoc lai doan tir j+1,..,n
t=X[rI; X[r]=X[s]; X[s]=t;
r++; S--;
}
} 4 4 4
else /Ineu la cau hinh cuoi cung
OK = false; //ta két thiic duyét
}
int main(void){ //day la thudt toan sinh
Init(); //thiét ldp cau hinh dau tién
while(OK){ //lip trong khi cdu hinh chwa phdi cudi cing
Result(); /ldua ra cau hinh hién tqi
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Next_Permutation(); //sinh ra cdu hinh ké tiép

¥
}

Vi du 4. Bai toan: Cho n 1a s6 nguyén duong. Mot cach phan chia s6 n 1a biéu dién n
thanh tong céac so tu nhién khong 16n hon n. Chang han 8 =2 + 3 + 2.

Loi giai. Hai cach chia duoc goi 13 dong nhat néu chiing ¢ cing cac sb hang va chi khac
nhau vé thtr ty sip xép. Chon cach phan chia sé n=b; + b, + . . .+by v&i by>b,>..> by, va
duyét theo trinh ty tur dién nguoc. Chéng han véi n = 5, chung ta c6 thu tu tu dién nguoc
cua cac cach phan chia nhu sau:

N N W W N ol
RN RPN R

1 1
1 1 1 1

Nhu vay, cach chia dau tién chinh 1a n. Cach chia cubi cung 1a day n s6 1. Bay gio
chuing ta chi can xay dung thuat todn sinh ké ti€p cho moi cach phan chia chua phai la
cudi cung.

=

Thuét toan sinh cich phan chia ké tiép:
void Next_Division(void){

inti, ,R, S, D;

i = k; /Xudt phat tir cudi cach chia trude dé

while(i>0 && C[i]==1) //Tim i sao cho C[i] =1
I--,

if(i>0){ // Néu chuwa phdi la cach chia cudi ciing thi i>0
C[i] = Cl[i]-1; /Giam C[i] di mot don vi.

D=k-i+1;
R=D/CJi];
S=D %Cl[i];
k=1i;
if(R>0){
for(j=i+1; j<=i+R; j++)
C[] = CIil;
k = k+R;
}
if(S>0){
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k=k+1; C[K] =S;
}
}
else Stop=TRUE;
}

Chuong trinh liét ké cac cach chia s6 n thanh tong cc s6 nho hon:
#include <iostream.h>
#include <stdlib.h>
#define MAX 100
#define TRUE 1
#define FALSE 0
int n, k, X[MAX], dem =0, OK =TRUE;
void Init(void ){
cout<<"\n Nhap n=";cin>>n; k = 1; X[K] = n;
}

void Result(void) {
cout<<"™\n Cach chia "<<++dem<<":";
for (inti=1; i<=k; i++)
cout<<X[i]<<" ™
}
void Next_Division(void ){
inti =k, j, R, S,D;
while (i > 0 && X[i]==1) i--;
if i>0){
X[i1=X[i] - 1;
D=k-i+1;
R=D/X[i];
S=D % X[i];
k=1;
if (R>0) {
for (j=i+1; j<=i + R; j++) X[j] = X[il;
k=k+R;
}
if (S>0){ k=k+1; X[K] =S;}
}
else OK =0;
}
int main() {
Init();
while (OK) {
Result();
Next_Division();
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}
system("PAUSE");

return O;

3.4. Thuat toan quay lui (Back track)

Phuong phap sinh ké tlep 6 thé giai quyét duoc cac bai toan liét ké khi ta nhan
b1et dugc cau hinh dau tién & cau hinh cudi cung cia bai toan. _Tuy nhién, khong phai
c4u hinh sinh ké tiép nao ciing dugc sinh mot cach don gian tir ciu hinh hién tai, ngay ké
ca viéc phat hién cau hinh ban dau ciing khong phai dé tim vi nhiéu khi chung ta phai
chtng minh sy ton tai ctia ciu hinh. Do vay, thudt toan sinh ké tiép chi giai quyét duoc
nhitng bai toan liét ké don gian. Pé giai quyét nhitng bai toan to hop phirc tap, ngudi ta
thuong dung thuat toan quay lui (Back Track) s€ dugc trinh bay dudi day.

Noi dung chinh cua thuat toan nay 1a xay dung dan cac thanh phan ctia cAu hinh bang
cach thir tit ca cac kha nang. Gia sir can phai tim mot cdu hinh ciia bai toan x = (X1, X2, - -,
X) M i-1 thanh phan x4, Xs, . ., Xi.1 43 duoc xé4c dinh, bay gio ta xac dinh thanh phan thi i
ctia cau hinh bang cach duyét tit ca cac kha ning c6 thé co va danh s cac kha ning tir 1
. .N;. Vi mbi kha ning j, kiém tra xem j ¢6 chap nhan duoc hay khéng. Khi d6 c6 thé xay
ra hai truong hop:

[ Néu chép nhan j thi xac dinh x; theo j, néu i=n thi ta dugc mot ciu hinh can tim,
nguoc lai xac dinh ti€p thanh phan Xx;;.

[] Néu thir tit ca cac kha ning ma khéng c6 kha ning nao duoc chdp nhédn thi quay
lai budc trude do dé xac dinh lai x;.;.

Piém quan trong nhat cta thuat toan 1a phai ghi nhé lai mdi bude da di qua, nhing
kha nang nao da duogc thu dé tranh sy trung 1ap. Dé nhé lai nhirng budc duyét trudce do,
chuong trinh can phai dugc to chitc theo co ché ngan xép (Last in first out). Vi vay, thuat
toan quay lui rat phu hop voi nhitng phép goi dé qui. Thuat toan quay lui xac dinh thanh
phan thir i c6 thé dugc mé ta bang thu tuc Try(i) nhu sau:

void Try(inti) {
for (j=1;j<n;j++){
if (<Chdp nhén j >) {
<Xac dinh x; theo j>
if (i==n)
<Ghi nhdn cdu hinh>;

else  Try(i+1);
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}
C6 thé mo ta qua trinh tim kiém 101 giai theo thuit toan quay lui bing ciy tim
kiém lo1 giai sau:
Géc

Kha nang chon x;

Kha nang chon x,

vO1 x; da chon

Kha nang chon x3 voi

X1, Xo da chon

Hinh 3.1. Cay liét ké loi giai theo thudt toan quay lui.
Duéi day 1a mot s6 vi du dién hinh sir dung thuat toan quay lui.
Vi du 1. Liét ké cac xau nhj phan do dai n.

Biéu dién cac x4u nhi phan duéi dang by, b,,..., by, trong d6 bie{0, 1 }. Thi tuc dé
qui Try(i) xac dinh b; véi cac gia tri dé cir cho b; 14 0 va 1. Cac gia tri nay mic nhién dugce
chap nhan ma khong can phai thoa méan diéu kién gi (do do bai toan khong can dén bién
trang thai). Thu tuc Init khoi tao gia tri n va bién dém count. Thu tuc két qua in ra ddy nhi
phan tim duoc. Chang han v6i n =3 , cAy tim kiém 10i giai dugc thé hién nhu hinh 3.2.

Go

0 1 1 0 10 1
000 001 010 011 100 101 110 111
Hinh 3.2. Cdy tim kiém loi gidi liét ké day nhi phan dé dai 3
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Van ban chuong trinh li¢t ké cadc xau nhi phan c6 d¢ dai n st dung thudt toan quay lui
duoc thuc hién nhu sau:
#include <iostream >
#define MAX 100
#define TRUE 1
#define FALSE O
int n, X[MAX], dem=0;
void Init (void ){  cout<<"\n Nhap n=";cin>>n;}
void Result(void){
cout<<"\n Ket qua buoc "<<++dem<<":";
for (inti=1; i<=n; i++)
cout<<X[i]<<" "
}
void Try (inti) {
for (int j=0; j<=1; j++){
X[ =J;
If (i==n) Result();
else Try(i+1);

}
}
int main(){
Init(); //Nhapn =4
Try(1);system("PAUSE");return O;
}

Vi du 2. Liét ké cac tip con k phan tir cia tap n phan ti

Giai. Biéu dién tap con k phﬁn tor dudi dang cq, Cy, . ., Ck, trong do 1< ¢4<C;, . .<n . Tu do
suy ra cac gia tri dé cr cho ¢; 1a tir ¢y + 1 cho dén n - k + i. Can thém vao ¢ = 0. Cac gia
tri dé cur nay mac nhién dugc chép nhan ma khong can phai thém diéu kién gi. Cac thu
tuc Init, Result dugc xay dung nhu nhitng vi du trén. Cay tim kiém 1oi giai bai toan liét
ké tap con k phén tor cua tap n phﬁn tr v&i n=5, k=3 duoc thé hién nhu trong hinh 3.3.

345

Hinh 3.3. Céy liét ké t6 hop chdp 3 tir {1, 2, 3,4, 5}
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Chuong trinh liét ké cac tap con k phan tir trong tap n phan tir dugc thé hién nhu sau:
#include <iostream.h>
#include <stdlib.h>
#define MAX 100
#define TRUE 1
#define FALSE O
int n,k, X[MAX],dem=0;
void Init (void ){
cout<<"\n Nhap n=";cin>>n;
cout<<"\n Nhap k=";cin>>k;
X[0] =
}
void Result(void){
cout<<"\n Ket qua buoc "<<++dem<<":";
for (inti=1; i<=Kk; i++)
cout<<X[i]<<" "
}
void Try(inti) {
for (int j = X[i-1]+1; j<= n-k+i; j++){
X[l =]
If (i==Kk) Result();
else Try(i+1);

}
}
int main(){
Init(); //Nhapn =5,k =3
Try(1);
system("PAUSE");
return O;
}

Vi du 3. Liét ké cic hoan vi cua tdp n phan tir.

Loi giai. Biéu dién hoan vi dudi dang P1: P2, -, Pn, trong d6 p; nhan gia tri tir 1 dén n va
Pi=pj voi i#j. Céac gia tri tir 1 dén n lan lugt dugc dé ctr cho p;, trong do gia tri j dugc chap
nhan néu n6 chua dugc ding. Vi vy, can phai ghi nhé véi mdi gia tri j xem néd di duoc
dung hay chua. Diéu nay dugc thuc hién nhd mot day cac bién logic bj, trong do b; = true
néu j chua dugc dung. Cac bién nay phai duoc khoi dau gia tri true trong tha tuc Inlt Sau
khi gan j cho p;, can ghi nhén false cho b; va phai gan true khi thyc hién xong Result hay
Try(i+1). Céc thi tuc con lai giéng nhu vi du 1, 2. Hinh 3.4 mé ta cay tim kiém 1oi giai
bai toan liét k€ hoan vicaa 1,2, .., nvdin=3.
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1,23 13,2 213 231 312 321
Hinh 3.4. Cdy tim kiém 16i gidi bdi todn liét ké hodn vi cia {1,2,3)

Sau déy la chuong trinh giai quyét bai toan liét ké cac hoan vicaa 1,2, . ., n.

#include <iostream.h>
#include <stdlib.h>
#define MAX 100
#define TRUE 1
#define FALSE O
int n,X[MAX],chuaxetfMAX],dem=0;
void Init (void ){
cout<<"\n Nhap n=";cin>>n;
for (int i=1; i<=n; i++) chuaxet[i] = TRUE;
}
void Result(void){
cout<<"\n Ket qua buoc "<<++dem<<":";
for (int i=1; i<=n; i++) cout<<X[i]<<" ";
}
void Try(int i){
for (intj =1; j<=n; j++){
if (chuaxet[j]) {
X[i] = J; chuaxet[j] = FALSE;
if (I == n) Result();
else Try(i+1);
chuaxet[j] = TRUE;

}
}
int main(){ Init(); /Nhapn =4

Try (1); system("PAUSE"); return O;
}
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Vi du 4. Bai toan Xép Hau. Liét ké tat ca cac cach xép n quan hau trén ban cd n x n sao
cho ching khong an dugc nhau.

Loi giai. Ban cd ¢6 n hang dugce danh sb trl dén n, n cot duoc danh sé tir 1 dén n; Ban
co ¢6 n*2 -1 duong chéo xudi duoc danh s6 tir 1 dén 2*n -1, 2 *n -1 dudng chéo nguoc
duoc danh s tir 1dén 2*n -1. Vi dy: v6i ban ¢6 8 x 8, ching ta c6 8 hang dugc danh so tur

1 dén 8 8 cot duge danh sb tir 1 dén 8, 15 duong chéo xudi, 15 duong chéo nguoc dugc
danhso tr 1. .15.

Vi trén mdi hang chi xép duoc ding mot quan hau, nén ching ta chi can quan tim
dén quan hau duogc Xép & cot ndo. Tir d6 dan dén viéc xac dinh bo n thanh phﬁn X1, X2, + 0y
Xn, trong d6 x; = j duoc hiéu 13 quan hau tai dong i xép vao cot thir j. Gid tri cua i dugc
nhan tir 1 dén n; gia tri cia j cling dugc nhan tir 1 dén n, nhung thoa mén diéu kién 6 (i,j)
chua bi quan hau khac chiéu dén theo cot, duong chéo xuoi1, duong chéo nguoc.

Viéc kiém soat theo hang ngang 1a khong can thiét vi trén mdi hang chi xép ding
mot quan hau. Viée klem soat theo cot dugc ghi nhan nho day bién logic chuaxetj Vo1 qui
udc chuaxet;=True néu cot j con tréng, cot chuaxet;= False néu cot j khong con trong. Dé
ghi nhan duong chéo xubi va duong chéo nguoc co chiéu téi 6 (1)) hay khong, ta sir dung
phuong trinh i + j = const va i - j = const, duong chéo thr nhat dugc ghi nhan boi day
bién XUQI;, duong chéo thtr 2 duoc ghi nhén boi day bién NGUOC; véi qui udc néu
duong chéo nao con trong thi gia tri tuong ung cua no la True nguoc lai la False. Nhu
vay, cot j dugce chap nhan khi ca 3 bién chuaxet;, XUOI,ﬂ, NGUOCI+J déu co gia tri 1.
Céc bién nay phai duoc khoi dau gia tri True trudc d6, gan lai gia tri False khi xép xong
quan hau thir i va tra lai gia tri 1 khi dua ra két qua.

Duéi day 1a chuong trinh bang thuat toan quay lui.
#include <iostream.h>
#include <stdlib.h>
#define MAX 100
#define TRUE 1
#define FALSE O
int X[MAX], XUOI[MAX], NGUOC[MAX], chuaxet[MAX];
int n, dem =0;
void Init (void ) {
cout<<"\n Nhap n ="; cin>>n;
for (int i=1; i<=n; i++) chuaxet[i]=TRUE;
for (int i=1; i<=(2*n-1); i++) {
XUOI[i] = TRUE; NGUOCIIi]=TRUE;
}
}

void Result(void ) {
cout<<"\n Phuon an "<<++dem<<":";
for (int i=1; i<=n; i++) cout<<X[i]<<" ":
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void Try(int i){
for (int j =1; j<=n; j++){
if (chuaxet[j] && XUOI[i-j+n] && NGUOC[i+j-1]){
X[i] = j;chuaxet[j]=FALSE;
XUOI[i-j+n]=FALSE;NGUOCIi+j-1]=FALSE;
if (i==n) Result();
else Try(i+1);
chuaxet[j]=TRUE;XUOI[i-j+n]=TRUE;
NGUOC[i+j-1]=TRUE;

}
}

}
int main(){

Init(); Try(1);

system("PAUSE");

return O;
}
Duéi dy la so6 cach xép hau tng véi n.

n 4 7 8 9 10 11 12 13 14

H, 2 40 92 352 724 | 2680 | 14200 73712 365596

Nghi¢m dau tién ma chtg:crng trinh tim duoc tng voin =8 la x =(1, 5, 8, 6, 3, 7, 2, 4) nd
twong duong véi cach x€p trén hinh 5.

3.5. Nhirng ndi dung can ghi nhé
v' Thé nao 12 bai toan liét ké?
v' Nhiing diéu kién bat budc ctia mot thuat toan liét ké.
v Hiéu va nim ving 10p cac bai toan c6 thé giai duge bang phuong phap sinh.

v' Hiéu va nam vimng nhiing yéu to can thiét dé thuc hién giai thuat quay lui.
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BAI TAP CHUONG 3

1. Liét ké tt ca cac x4u nhi phan d6 dai 5 khon chira hai sb 0 lién tiép.

2. Liét ké tat ca cac phan tir cia tip
D={x=(X %, X }:Yax =b x eZ, 6 j=12-n
j=1

Trong d6 aj,ay,..,an, b 12 cac sd nguyén duong.

3. Hinh vudng thin bi ma phu’(rng bac n la ma trén vudng cip n véi cac phan tir la
cac so ty nhién tur 1 dén n? théa min cac tinh chit: Téng cac phan tir trén m01
dong, mdi cot va mdi mot trong hai duong chéo ¢ cting mot gia tri. Hay liét ké tat
ca cac ma phuong bac 3, 4 khong sai khac nhau bdi cac phép bién hinh don gian
(quay, ddi xung).

Vi du dudi day la mot ma phuong bac 3 thoa man tinh chat tong hang, cot, dudng
chéo déu la 15.

A~ W 0

16
5 7
9 2

4. Tam giac than bi. Cho mot ludi 6 vudng gém n x n 6 va s nguyén duong k. Tim
cach dién cac s tu nhién tir 1 den 3n-3 vao cac 6 0 cot dau tién, dong cu01 cung
va duong chéo chinh sao cho tong cac s6 dién trong cot dau tién, dong cubi cing
va dudng chéo chinh cua ludi déu bang k. Vi du n=5, k = 35 ta c6 cach dién sau:

11
10 | 3

9 2

1 7

4 | 516 8 | 12

Phat trién thuat toan dua trén thudt todn quay lui dé chi ra vdi gia tri ciia n, k cho
trude bai todn c6 101 giai hay khong. Néu c6 cau tra 101 chi can dua ra mot 101 giai.
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5. Tim tap con dai nhit c6 thi tu tang dan, giam dan. Cho day sb aj, a, . . ., an.
Hay tim ddy con dai nhit dugc sip xép theo thtr ty ting hodc giam dan. Dir liéu
vao cho béi file tapcon.in, dong dau tién ghi lai sé ty nhién n (n<100), dong ké
tiép ghi lai n sé, mdi sd dugc phan bi€t voi nhau béi mot hodc vai ky tu rSng. Két
qua ghi lai trong file tapcon.out. Vi du sau s€ minh hoa cho file tapcon.in va
tapcon.out.

tapcon.in tapcon.out
5 )
713896 12 1389 12

6. Duyét cac tip con thoia man diéu kién. Cho ddy sb ay, a,, . . ., a, va s6 M. Hay
tim tat ca cac ddy con diy con trong diy 0 aj, &y, . . ., 8, sao cho tong cac phan tir
trong déy con dung bang M Dt liéu vao cho boi file tapcon.in, dong déu tién ghi
lai hai s6 ty nhién N va s6 M (N<100), dong ké tiép ghi lai N s6 mbi sé duoc phan
biét v6i nhau boi mot va dau trong. Két qua ghi lai trong file tapcon.out. Vi du sau
s€ minh hoa cho file tapcon.in va tapcon.out

tapcon.in

7 50

5 10 15 20 25 30 35
tapcon.out

20 30

15 35

10 15 25

5 20 25

5 15 30

5 10 35

5 10 15 20
7. Cho lwéi hinh chir nhit gdbm (nxm) hinh vudng don vi. Hay liét ké tit ca cac
duong di tir diém c6 toa do (0, 0) dén diém c6 toa dd (nxm). Biét rang, diém (0, 0)
duogc coi 1a dinh dudi ctia hinh vuong dudi nhat gdc bén trai, mdi bude di chi duoc
phép thyc hién hodc 1én trén hoac xuéng dudi theo canh ctia hinh vuong don vi.
Dit liéu vao cho boi file bail4.inp, két qua ghi lai trong file bail4.out. Vi du sau s&
minh hoa cho file bail4.in va bail4.out.

bail4.in

22

bail4.out

00 1 1
01 0 1
01 1 0
10 0 1
10 1 0
11 0 0
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8. Tim b gia tri rdi rac dé ham muc tiéu sin(x1+x2 + . . .+ xk) dat gid tri 10n nhét.
Dit liéu vao cho bai file baid.inp, két qua ghi lai trong file bai4.out.

9. Duyét moi phép toan trong tinh toan gia tri biéu thirc. Viét chwong trinh nhap tir
ban phim hai s6 nguyen M, N. Hiy tim cach thay cac dau ? trong biéu thirc sau boi
cac phép toan +, -, *, %, / (chia nguyén) sao cho gia tri ctia biéu thirc nhan duoc
bang dung N:

((((M?M) ?M)?M)?M)?M)?M
Néu khong dugc hiy dua ra thong bao 1a khong thé dugce.
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CHUONG 4. BAI TOAN TOI UU

Bai toan dém thuc hién dém céc cdu hinh to hop thoéa man mot s tinh chat nao do. Bai
toan liét ké xem xét timg ciu hinh to hop thoa mén céc tinh chét dat ra. Bai toan tdi wu
chi quan tdim dén nghiém tt nhat ( x4u nhét) theo mot nghia nao d6 dat ra cua bai toan.
Noi dung chinh cua chuong nay la gioi thiéu cac phuong phap giai quyet bai toan ti uu
dong thoi giai quyet mot sO bai toan co vai tro quan trong cua ly thuyét t6 hop. Nhimng
n6i dung dugc dé cap bao gom:

v’ Gidi thiéu bai toan va phat biéu bai toan tdi wu cho cac md hinh thuc té.

v Phuong phap liét ké giai quyét bai toan tdi uu.

v Phuong phap nhénh can giai quyét bai toan tdi uu.

v' Phuong phap qui hoach dong giai quyét bai toan ti uu.

Ban doc c6 thé tim thdy phuong phap giai chi tiét cho nhiéu bai toan tdi vu quan trong
trong cac tai licu [1], [2].
4.1. Gidi thiéu bai toan

Trong nhiéu bai toan thyc té, cac cau hinh t6 hop con duoc gan mot gia tri bang sd
danh gia gia tri str dung cta cu hinh ddi v6i mot myc dich st dung cu thé nao d6. Khi do
xuat hién bai toan: Hay lya chon trong sO tat ca cac cdu hinh t6 hop chap nhan dugc ciu
hinh c6 gi tri str dung t6t nhat. Cac bai toan nhu vay duoc goi la bai toan t6i uu to hop.
Chung ta c6 thé phat biéu bai toan t6i wu t hop dudi dang tong quat nhu sau:

Tim cwc tiéu (hay cwc dai) ciia phiém ham f(x) = min(max) véi diéu kién x e D,
trong do D la tap hitu han cac phan tir.

e Tap D goi la tap cac phuong an cua bai toan.
e MJdi phén tir X e D dugc goi la mot phuwong an.
e Ham f(x) dugc goi 1a ham muc tiéu cua bai toan.

e Phuong an x* e D dem lai gia tri nho nhét (16n nhéat) cho ham muc tiéu dugc
goi la phuong an t61 uu.

o Giatri f* = f(x*) dugc goi 1a gia tri toi uu ciia bai toan.

Dudi dy la mot so bai toan t0i wu to hop kinh dién. Céc bai ton nay 1a nhiing mo
hinh ¢6 nhiéu ing dung thyc té va giit vai trd quan trong trong viéc nghién ctru va phat
trién 1y thuyét t6i wu hoa t6 hop.

Bai toan cai tdi. Mot nha tham hiém can dem theo mét cai ti c6 trong lugng khong qua
b. Cé n do vat c6 thé dem theo. D6 vat thir j co trong luong a; va gia tri st dung ¢; (j =1,
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2 ,..,n). Héi nha tham hiém can dem theo nhiing d6 vt nao dé cho tong gia tri str dung
1a 16n nhat ?

Goi A = (ay, a,..,a,), C =(cy, C,..,Cy) trong rng véi vector trong lwong va gia tri
st dung cac do vat. Khi do ta c6 thé xac dinh dugc tdp cac phuong an va ham muyc tiéu
cua bai toan nhu sau:

Tap cAc phwong an ciia bai toan: Mot phuong an ctia nha thAm hiém c6 thé biéu
dién nhu mot vector nhi phan do dai n: X = (X, X, . ., X, ), trong d6 X; = 1 c6 nghia 1a do
vat thr i dugc dem theo, X; = 0 c6 nghia dd vat tht i khong dugc dem theo. Tap cac xau
nhi phan X =(Xy,..,X,) con phai thoa mén diéu kién téng trong lwong khong vuot qua b.
Noi cach khac, tap phuong an D ctia bai toan dugc xac dinh nhu cong thuc dudi day.

D :{X = (X, X, e xn):ian:aixi sb}

Ham muc tiéu ciia bai toan: Véi mdi phuong an X €D, gia tri sir dung cac do vat
dem theo la f(X)= Zin:lci X. , tong trong lugng do vat dem theo 1a g(X) = Zin:l a X . Nhu
vay bai toan cai tii dugc phat biéu dudi dang bai toan tbi uu t6 hop sau:

~ Trong sd cac vetor nhi phan do dai n thoa man diéu kién g(X) <b, hdy tim vector
X* @& ham muc tiéu f(X) dat gia tri 16n nhat. N6i cach khac

tim min{ f(X) : XeD va g(x) <b}

Bai toan Ngwoi du lich. Mot ngudi du lich mudn di tham quan n thanh phd Ty, Ty, ..., Th.
Xuat phét tir mot thanh phd nao do, nguoi du lich muén di qua tat ca cac thanh phd con
lai, mdi thanh phd di qua ding mot l,ﬁn, roi quay trd lai thanh phé xuat phat. Biét Cij 1a chi
phi di tr thanh pho T; dén thanh pho T (i,j = 1, 2, . ., n), hdy tim hanh trinh véi tong chi
phi 14 nhé nhat cho nguoi du lich (mét hanh trinh 1a mot cach di thoa man diéu kién).

Khong han ché tinh tong quat cuia bai toan ta gia st nguoi du lich luén xuét phat
tai mOt thanh pho co6 dinh (gia st 1a thanh pho s6 1). Khi d6, tdp phuong an va ham muc
ti€u cua bai toan duoc xac dinh nhu sau.

T4p phwong 4n ciia bai toan: RO rang, mdi hanh trinh ctia ngudi du lich c6 dang
X = (X1, X2y «oy Xny X1). X = (Xq, X2, .., Xp) 1a hoan vi cua 1, 2,..,n va X; =1 & vi tri dau tién va
cudi cung Vi ta xem nguoi du lich xuat phat tir thanh pho so 1 va sau d6 nguoi du lich
phai tré lai di€ém xuat phat. Nhu vay, ta chi cé (n-1)! hanh trinh thuc su. Vi vay, tap
phuong &n cua bai toan la

D =1X = (X, X,y X, )i X =L X # X, 1 Vi jii, j=23,..,nf.

Ham muc tiéu cta bai toan: Chi phi cia mdi hanh trinh ng véi mdi X €D 1a tong

chi phi di tir thanh pho thir | dén thanh pho thir j. Do vay ham muc tiéu cua bai toan la:
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F(X)= ZC[X[I]][X[I+1]] CIX[nJIIX[]
= CIXNIX[21]+ CIX2JIEX 31T + ... + C[X [n=1][ X [n]] + C[X []][ X [1]]

Nhu vay, bai toan ngudi du lich ¢ thé phat biéu dudi dang bai toan tdi wu to hop
sau:

Timmin {f(X) : X eD }

Bai toan cho thué may. Mot dng chu ¢6 mot cai may dé cho thué. Pau thang 6ng ta nhan
dugc yéu cau thué may ctia m khach hang. Mdi khach hang i s& cho biét tap N; cac ngay
trong thang can sir dung may (i=12,. m) Ong chu chi c6 quyén hoic tir chdi yéu cau
cua khach hang i, hodc néu nhan thi pha1 b6 tri miy phuc vu khach hang i dung nhirng
ngay ma khach hang nay yéu cau. Hoi rang ong chu phai tiép nhan cac yéu cau ciia khach
thé nao dé cho tong s ngay st dung may 1a 16n nhat.

Tap phuwong 4n ciia bai toan. Ky hiéu, | = {1, 2, .., m } 1a tip chi s6 khach hang,
S 1a tap hop cac tap con cua I. Khi do6, tap hop tat ca cac phuong an cho thué may la

D={JcS:N, "N, =¢,Vk=pel }.

Ham muc tiéu ciia bai toan. V6i mdi phuwong an J € D, mdi phuwong an cho thué
may la tong s6 ngay st dung may theo phuong an d6. Do vay, ham muc ti€u cia bai toan
la f(j)=> N, . Khido, bai toan c6 thé phat biéu dudi dang bai toén tbi wu to hop sau:

jed

max{ f (j): j € D}.

Bai toan phan cong céng viéc. CO n cong viéc va n tho. Biét Cij 1a chi phi can tra dé tho |
hoan thanh céng viéc thir j (i, j = 1,2, ..., n). Can phai thué thg sao cho céc cong viée
déu hoan thanh va mdi tho chi thuc hif;n m()t cong viéc, mdi cong viée chi do mot tho
thuc hién. Hiy tim cach thué n nhan céng sao cho tong chi phi thué tho 1a nho nhat.

Tap phuwong 4n ciia bai toan. RS rang, mdi phuong an bd tri th thuc hién cac
cong viéc twong tng véi mot hoan vi 7 = ( 2(1), -(2) , ..., z(n) ). Do vay, tap cac
phuong 4n ctia bai toan 1a tap cac hodn vi cua 1, 2,...n.

Ham muc tiéu cua bai toan. Ung vi mdi phuong an, chi phi theo phuong an 1a

f(7)=C,01+Crp2+---+C

z(n)n*

Cong viéc Tho thuc hién
1 n(1)
2 n(2)
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N 7(Nn)

Bai toan dit ra duoc din vé bai toan ti wu t6 hop: min{f (z): 7 eIl }.

Bai toan lap lich. M&i mot chi tiét trong sd n chi tiét Dy, D,, . ., D, can phai lan luot
dugc gia cong trén m may My, My, . ., M. Thot gian gia cong chi tlet D;trén may M; la t,J
Hay tim lich (trinh ty gia cong ) cac chi tiét trén cac _mdy sao cho viéc hoan thanh gia
cong tat ca céc chi tiét 1a sém nhat c6 thé duoc. Biét rang, céc chi tiét duge gia cong mot
cach lién tuc, nghia 1a qua trinh gia céng cia mdi mot chi tiét phai dugc tién hanh mot
cach lién tuc hét may nay sang may khac khong cho phép c6 khoang thoi gian dirng khi
chuyén tir may nay sang may khac.

Tap phwong 4n ciia bai toan. R3 rang, mdi mot lich gia cong céc chi tiét trén cac
may s€ tuong ung véi mot hoan vi 7= ( #(1), 7(2), .., #(n) ) chan so ty nhién 1, 2,.., n

Ham muc tiéu ctia bai toan. Thoi gian hoan thanh theo cac lich trén dugc xéac
dinh boi ham so

n-1 9 ’ 2\
f(r)= ZC”(DY”(M + D b - trong d6 cj = §j — S, j 1a thoi diém bat dau thyc
hién viéc gia cong chitiétj(i,j=1,2, ... n).Y nghia cia hé sb Cij cO thé duoc giai thich
nhu sau: no la tong thoi gian gian doan (duoc tinh tir khi bat dau gia cong chi tiét i) gay
ra boi chi tiét j khi no duoc gia cong sau chi tiét i trong lich gia cong. Vi vay, Cij cO thé
tinh theo cong thirc:

C; = maX{ZtU Ztu} ,j=1,2,...,n. Vivay bai toan dit ra din vé bai toan

1<k<m 1=1
t61 uwu t6 hop sau:

min { f(n) : nell }.

Trong thuc té, lich gia cong con phai thoa man thém nhiéu diéu kién khéac nira. Vi
nhiing tmg dung quan trong cta nhiing bai toan loai nay ma trong t6i wu hoa to hop da
hinh thanh mot linh vyuc 1y thuyét riéng vé cac bai toan 1ap lich goi 1a 1y thuyét lap lich
hay qui hoach lich.

4.2. Phwong phap duyét toan bo

Mot trong nhiing phuong phap hién nhién c6 the giai bai toan toi wu t6 hop la
duyét tit ca cac phuong an cua bai toan. Ung véi véi mdi phuong an, ta déu tinh dugc gia
tri cia ham muyc tiéu cho phuong an do, sau do6 so sanh gia tri cua ham muc tiéu tai tat ca
cac phuong an da dugc liét ké dé tim ra phuong an toi wu. Phuong phap xdy dyung theo
nguyén tic nhu trén duoc goi 1a phuong phap duyét toan bo. Thuat toan tong quat thuc
hién theo phwong phap duyét toan bo duogc thé hién trong Hinh 4.1.

~ Han Ché cua phuong phap duyét toan bo la sy bung nd cla cac céu hinh t6 hop.
Chang han dé duyét dugc 15! =1 307 674 368 000 cau hinh, trén may c6 toc do 1 ty phép
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tinh gidy, néu mdi hoan vi can liét ké mat khoang 100 phép tinh, thi ta cin khoang thoi
gian 1a 130767 gidy ( 16n hon 36 tiéng dong hd). Vi vay, can phai c6 bién phap han ché
viéc kiém tra hodc tim kiém trén cac ciu hinh t6 hop thi méi c6 hy vong giai duoc cac bai
toan tdi wu to hop thuc té. Tt nhién, dé dua ra dugc mot thuat toan can phai nghién ctru
ky tinh chat ctia mdi bai toan to hop cu thé. Chinh nho nhiing nghién ciru do, trong mot
s6 truong hop cu thé ta co thé xay dung duoc thuat toan hi¢u qua dé giai quyet bai toan
dit ra. Tuy vay, cling can phai cha ¥ rang nhiéu bai toan ti vu hién nay van chua tim ra
dugc mot phuong phéap hitu hiéu nao ngoai phuong phap duyét toan b da duoc dé cap &
trén.

Thuit toan duyét toan bg:
Buéc 1 (Khoi tao):
XOPT=@; IIKhoi tao phwong dn t6i wu ban dau
FOPT= - o (+ «0);//Khdi tao gid tri toi wu ban dau
Bude 2( Lap):
for each XeD do { //ldy mdi phan tir trén tdp phwong dn
S =1(X);/l tinh gid tri ham muc tiéu cho phuong an X
if (FOPT<S) { //Cdp nhdt phirong dn t6i wu
FOPT = S; //Gid tri t6i wu méi dwoe xdc ldp
XOPT = X;/l Phuwong dn t6i wu mdi

}
Buére 3 (Tra lai két qud):
Return(XOPT, FOPT);

Hinh 4.1. Thuat toan duyét toan bo.

Ghi chu. Tai Budc 1 cua thuat toan, ta khoi tao gia tri cia ham muc tiéu FOPT = - o0 v6i
bai todn tim max, khai tao gia tri cia ham muc tiéu FOPT =+ o véi bai toan tim min.

Vi du 1. Gidi bai todn cdi tiii dwéi ddy bang phwong phdp duyét toan bé.
F(X)=4x, +6Xx, +3X, +5x, +2X, — max,
9x, +8X, +5X, +3X, +2X, <21,
x; {01}, j=12345.
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Loi giai. Goi A = (ay, a,,..,a,), C =(cy, Cy,..,Cy) twong ung véi vector trong luong va gia
tri st dung céc do6 vat. Nhu da phan tinh trong Muc 4.1, ta co:

Tap cac phuong an cua bai toan: D = {X = (Xl,xz,..., X, ): > ax < b}.
i=1

Ham muyc tiéu ciia bai toan: f(X)=>Y" cx;.

Nhiém vu ciia chiing ta 1a tim phwong 4n t6i wu XOPT va gid trj t0i vu FOPT. Két
qua thuc theo thuat todn duyét toan bo dugc thé hién theo Bang 4.1 dudi day.

— 5 5
XbaxoxaXaxs) |y b (X0 %y, Xg0 Xy Xg: D X, <21 FOX)=Y ¢ =2
£ e
0,0,0,0,0 0<21: XeD 0
0,0,0,0,1 2<21: XeD 2
0,0,0,1,0 3<21: XeD S
0,00,1,1 5<21: XeD 7
0,0,10,0 5<21: XeD 3
0,0,1,0,1 7<21: XeD S
0,011,110 8<21: XeD 8
00111 10<21: XeD 10
0,1,0,0,0 8<21: XeD 6
0,1,0,0,1 10<21: XeD 8
0,1,0,1,0 11<21: XeD 11
01011 13<21: XeD 13
0,1,1,0,0 13<21: XeD 9
0,1,10,1 15<21: XeD 11
0,1,1,1,0 16<21: XeD 14
01,111 18<21: XeD 16
1,0,0,0,0 9<21: XeD 4
1,0,00,1 11<21: XeD 6
1,0,0,1,0 12<21: XeD 9
1,0,0,1,1 14<21: XeD 9
1,0,1,0,0 14<21: XeD 10
1,0,1,0,1 16<21: XeD 9
1,0,1,1,0 16<21: XeD 12
1,0,1,1,1 19>21: XeD 14
1,1,0,0,0 17<21: XeD 10
1,1,0,0,1 19<21: X eD 12
1,1,0,1,0 20<21: XeD 15
1,1,0,1,1 22>21: X¢D 00
1,1,1,0,0 22>21: X¢D 00
1,1,1,0,1 24>21: X¢D o0
1,1,1,1,0 25>21: X¢D 00
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1,1,1,1,1 | 27>21: XgD 0

XOPT=(0,1,1,1,1); FOPT =16

4.3. Thuat toan nhanh can

Gia sir chung ta can giai quyét bai toan tdi wu t6 hop v6i mé hinh tong quat nhu
sau.
Tim min {f (x):x € D}.
Trong d6 D 1a tap hitru han phan tir. Ta gia thiét D duoc mé ta nhu sau:
D={Xx=(Xy, X, ..., Xn) € AixA, x...xA,; X thoa man tinh chit P }, v&i A;x A,
x...x Ay la cac tap hitu han, P la tinh chat cho trén tich dé xac Ajx A, x. . . xA,.

Nhu vdy, cac bai toan ching ta vira trinh bay ¢ trén déu c6 thé duoc mé ta dudi
dang trén. Vi gia thiét vé tap D nhu trén, ching ta c6 thé sir dung thuat toan quay lui dé
li¢t k€ cac phuong an cua bai toan. Trong qua trinh li¢t ké theo thuat todn quay lui, ta s€
xay dung dan cac thanh phan cta phuong an. Ta goi, mot bd phan gém K thanh phan (ay,
a, ..., &) xuat hién trong qua trinh thyc hién thuat todn sé duoc goi la phuong an bd
phan cap k.

Thuét toan nhanh cén co thé dugc ap dung giai bai toan dat ra néu nhu co thé tim
dugc mét ham g xac dinh trén tap tat ca cac phuong &an bd phan cua bai toan thoa man bat
dang thirc sau:

9(a,a,,.,a)<mn{f(x):xeD,x =a,i=12,..,k} *)

v&i moi 101 giai b phan (ag, a,, .., &), vavoimoik=1,2, ...

Bat dang thire (*) co nghia la gia tri ctia ham tai phuong an b phén (ay, ay, . ., &)
khong vuot qua gia tri nho nhat cua ham muyc ti€u bai toan trén tp con cac phuong an.

D(a;, a, ..,a){xeD:xi=a,1=1,2,..,k},

~ ndi cach khéc, g(ay, @, .., &) 1a can dudi cia tap D(ay, @, . ., a). Do c6 thé dong

nhat tap D(ay, ay, . . ., &) v6i phuong an bo phén (ay, a, . . , &), nén ta cling goi gia tri
g(as, @, .., &) la can dudi ciia phuong an bd phan (a, ay, . ., ay).

Gia sir ta da c6 dugc ham g. Ta xét cach sir dung ham nay dé han ché khéi luong
duyét trong qué trinh duyét tat ca cac phuong an theo thuat toan quay lui. Trong qua trinh
liét ké cac phuong an c6 thé da thu duoc mot sé phuong an cua bai toan. Goi  x 14 gid
tri ham muc tiéu nhé nhat trong sé cac phuong an da duyét, ky hiéu f = f(x). Ta goi x la

phuong an tdt nhat hién c6, con f la ky luc. Gia str ta c6 duogc f, khi d6 néu
g(ay, ay, .., a) > f thi tir bit dang thirc (*) ta suy ra

f<g(@a,ay...,a)smn{f(x):x eD, xi=a,i=1,2,..., k}, vithé tap con cic
phuong 4n ctia bai toan D(ay, a,, ..., @) chic chan khong chira phuong an t6i wu. Trong
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truong hop nay ta khong can phai phat trién phuong 4n bd phan (ay, a,, . . ., &), N6i cach
khac 1a ta c6 thé loai bo cac phuong an trong tap D(ay, ay, . ., @,) khoi qua trinh tim kiém.

Thuat toan quay lui liét ké cac phuong an can sira d6i lai nhu Hinh 4.2:

Procedure Try(k ){

/*Phat trién phuong an bo phan (ay, @y, . . ., a1 theo thudt toan quay
lui co kiém tra can dwoi Truoc khi tiep tuc phat trién phuwong an™/

for (ax € Ax) {

if (chdp nhdn ay {
Xk = A,
if (k ==n)
< cdp nhat ky luc>;
else if (g(ay, @y, . . ., &) < f)
Try (k+1);

}
Hinh 4.2. Thuat toan quay lui dua vao ham danh gia can.

Khi d6, thuat toan nhanh can duogc thuc hién nhu Hinh 4.3.

Procedure Nhanh_Can() {
f = +o0; /* Néu biét mot phuwong dn x ndo do thi cé thé dat f = f(x). */
Try(1); //Thuc hién thudt toan quay lui trong Hinh 4.2
if (f <+o0)
<f la gid tri t6i wu , Xla phwong dn t0i wu >;
else
< bai toan khéng co phuwong dn>;

Hinh 4.3. Thuit toan nhanh cén.
Chu ¥ rang néu trong tha tuc Try ta thay thé ciu 1énh
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if (k ==n) < cdp nhdt ky luc >,
else if (g(ay, @y, . ., &) < f ) Try(k+1);
boi
if (k==n)
< cdp nhat ky luc >;
else Try(k+1);

thi tha tuc Try s€ liét ké toan bo cac phuong an cua bai toan. Vi¢c xay dung ham ¢ phu
thudc vao tirng bai toan t61 uu to hop cu thé. Nhung ching ta c6 gang xay dung sao cho
dat duoc nhiing di€u kién dudi day:

[ Viéc tinh gia tri ctia g phai don gian hon viéc giai bai toan t6 hop trong vé phai
cua (*).
[ Gia tri ctia g(ay, @y, . ., &) phai sat véi gia tri vé phai cia (*).
Rt tiéc, hai yéu cau nay trong thyc té thuong d6i lap nhau.

Vi du 1. Bai toan cai tii. Chiing ta s& xét bai toan cai tai tong quat hon mé hinh da dugc
trinh bay trong muc 4.1. Thay vi ¢c6 n do vat, & day ta gia thiét ré“lng c6 n loai do vat va sb
lvgng do vat mdi loai 1a khong han ché. Khi do, ta ¢c6 md hinh bai toan cai thi bién
nguyén sau day: Co n loai d6 vat, do vat thir j co trong lugng aj va gia tri su dung ¢; (]
=1, 2, .., n). Can chat cac do vat ndy vao mot cai tui c6 trong lugng 13 b sao cho tong gia
tri sir dung ctia cac do vat dung trong tai 14 16n nhat.

M0 hinh toan hoc cuia bai toan c6 dang sau tim
f= max{f(x) =Y cx;iDax; <bx eZ,,j =1,2,...,n},(1).
j=1 j=1

Trong d6 Z* 1a tap cac s6 nguyén khong am.

Ky hi¢u D la tap cac phuong an cia bai toan (1):
D:{X:(Xl,xz,...’xn :Zajxj gt)’)(j EZ+, J :]_,2’...’n}.
)

Khéng giam tinh tong quét ta gia thiét rang, cac d6 vat dugc danh sb sao cho bit dang
thirc sau duogc thoa man

A >22 >...>0 (2)

bé xay dung ham tinh can dudi, cung vdi bai toan cai tui (1) ta xét bai toan cai tai bién
lién tuc sau: Tim
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g*:max{chxj:Zajxjsb,x.zo,jzl,z,---,n}. (3)
= =

Ménh dé. Phuong an ti uu cia bai toan (3) 1a vector X = (X, ,X,,...,X ) VSi cac thanh
phan dugc xac dinh boi cong thirc:
b — I N * c.b
X, =—,X, =Xy =---=X, =0vagiatritoivula g° ==
al al
Chirng minh. Thuc vay, xét X = ( Xy, X, . ., Xy) 1a mot phuong an tuy y cua bai toan (3).
Khi d6 tir bat dang thire (3) va do X; =0, ta suy ra
¢;X; 2(c /a)ax;, j=12,---n

suy ra:

n n

C1
zcjxjsz(_)aiXJ ( )ZaJXJ =
[ ]

_1
a o Q

=g". Ménh dé duoc chirmg minh.

Bay gid ta gia str ¢ phuong an b phan cap K: (U, Uy, . ., Uy). Khi d6 gid tri str dung cta
cac do vat dang co trong tui la

0, =CU, +C,U, +---+C U, , va trong lugng con lai cua thi 1a
b, =b—cu, +c,u, +---+c.U,,
ta co
ax{f(x) :xeD,x;=u;, ] :1,2,---n}

=max{ak + .61 Dax; <b, X, eZ+,j=k+1,k+2,---,n}

j=k+1 j=k+1

<0, +max{2cjxj :Zajxj <b,X; 20,]j :k+1,k+2,---,n}

j=k+1 j=k+1
c...b
k+1™k

ak 4 X

ak+1

(Theo ménh d¢é gia trj s6 hang th{r hai 1a Gl )

ak+l
Vay ta c6 thé tinh can trén cho phuong 4n bd phan (Uy, Uy, . . ., Uy) theo cong thirc
by

C
g(ul’uz’...’uk):[ﬁk +L
k+1

Chu y: Khi tiép tuc xay dung thanh phan thi k+1 cta 10i giai, cac gid tri d& ctr cho X1 58
20,1, ... [bc/ak+1]. Do cé két qua cia ménh dé, khi chon gia tri cho Xy+; ta s€ duyét
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cac gia tri dé cur theo thir tu giam dan. Thuét toan nhanh cin giai bai todn cai tai dugc mo
ta nhu Hinh 4.4 duoi day.

Thuét toan Brach_And_Bound (i) {

t = (b - b)/A[i]; /Khdi tao sé luong dé vit thik i

for j=1t; j>0; j-){
X[i] =j,; //Lwa chon x[i] 1a;
b, =b, +a,X;; // Trong lwong tui cho bai toan bg phdn thir i.
o, =0, +C,X.;// Gia tri su dung cho bai toan bo phdn thir i
If (k==n) <Cdp nhdt ky luc>;
else if (& + (Ckr1*b)/ays1 >FOPT) /Nhdnh cdn dwoc trién khai tiép theo

Branch_And_Bound(k+1);

b, =b —ax;

o, =0, —CX;

Hinh 4.4. Thuit toan nhanh can giai bai toan cai tai
Vi du. Giai bai toan cai tai sau theo thuat toan nhanh cén trinh bay & trén.
f (x) =10x, +5xX, + 3%, + 6X, — max
S5X; +3X, +2X; +4x, <8
X, €Z.,j=1234.

Loi giai. Qua trinh giai bai toan dugc mo ta trong cy tim kiém trong Hinh 4.4. Thong tin
veé mQt phuong an bd phan trén cay duogc ghi trong cac 6 trén hinh vé tuong tng theo thir
tu sau:

e Dau tién 1a cac thanh phin ctiia phuong an bo phan thir i : X =(X,Xp,..,Xi):;
e Tiép dén o 1a gia tri cua cac dd vat theo phuong 4n bd phan thir i;
o K& tiép la w tuong tng véi trong lwong con lai cia tui;

e Cuoicung la can trén g.
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Két thuc thuat toan, ta thu dugc phuong an toi wu 1a x* =(1, 1, 0, 1), gi4 tri tdi wu
f*= 15,

Gbc f =+
‘(//5;;4f X,=0
(1); 6=10; (0) 0=0;
w=3; g=15 w=8; g=40/3
A:l 2:O
(1,1) 0=15; (1, 0) 0=10;

w=0; g=15 w=3; g=14.5 \

Loai vi can trén <ky luc

X3=

(1,1,0) 0=15;
w=0; g=15

Hinh 4.4. Loi giai bai toan cai ti theo thudt toan nhanh can.
Chuong trinh giai bai toan cai tii theo thuat todn nhanh can dugc thé hién nhu sau:
#include <iostream.h>
#include <stdio.h>
#include <conio.h>
#define MAX 100
int A[MAX], C[MAX], F[MAX] [MAX];
int XOPT[MAX], X[MAX];
int n, b, ind;
float W, FOPT=-32000, cost, weight=0;

FILE *fp;
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void

void

void

void

void

Init (void) {
fp = fopen("caituil.in","x");
fscanf (fp, "%d%d", &n, &b);
cout<<"\n So luong do vat:"<<n;
cout<<"\n Trong luong tui:"<<b;
for( int i=1; i<=n; i++)
fscanf (fp, "%$d%d", &A[i],&C[i]);
cout<<"\n Vector trong luong:";
for( i=1; i<=n; i++)
CoOut<<A[i]<" ",
cout<<"\n Vector gia tri su dung:";
for( i=1; i<=n; i++)
cout<<Cl[i]<" ".
fclose (fp) ;

Update Kyluc (void) {
if (cost>FOPT) { FOPT =cost;
for (int i=1; i<=n; 1i++)
XOPT[1] = XI[i];
}

Result (void) {

cout<<"\n Ket qua toi uu:"<<FOPT;

cout<<"\n Phuong an toi uu:";

for (int i=1; i<=n; 1i++)
COUL<<XOPT[i]<<™ ";

Branch And Bound( int 1) {
int j, t =(b-weight)/A[i];
for (j=t; 3>=0; J--){ X[i] = 37
weight = weight+A[1i]*X[1];
cost = cost + C[i]*X[1];
if (i==n) Update Kyluc();
else if ( cost+C[i+1]* (b-weight) /A[i+1]>FOPT)
Branch And Bound (i+1);
weight = weight-A[i]*X[1];
cost = cost - C[i]1*X[1];

}

main (void) {

Init () ;
Branch And Bound(1l);
Result () ;
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Vi du 2. Bai toan Ngudi du lich. Mot ngudi du lich mubn di thim quan n thanh phd Ty,
Ty, ..., T. Xuét phat tir mot thanh phd nao d6, ngudi du lich mudn di qua tat ca cac thanh
phé con lai, mdi thanh phd di qua dung mot lan, r0i quay trd lai thanh phé xuat phat. Biét
Cij la chi phi di tir thanh phé T; d&én thanh phd T (i=1,2,..n), hdy tim hanh trinh v6i
tong chi phi 1a nho nhat (mot hanh trinh 14 mot cach di thoa mén diéu kién).

Giai. C dinh thanh phd xuit phat 1a T;. Bai toan Ngudi du lich dugce dua vé bai toan:
Tim cuyc tiéu ctia phiém ham:

f (X, Xy, 0+, X,) = C[L X, ]+ C[X,, X ]+ -+ -+ C[X, 4, X, ]+ C[X,, X, ] = min
véi diéu kién

Cun = Min{cli, j1.i, j =1,2,---,n;i = j} 1a chi phi di lai gita cac thanh pho.

Gia su ta dang c6 phuong én b phén (U, Uy, . . ., Uy). Phuong an tuong Gng véi
hanh trinh bg phan qua k thanh pho:

T,->TU,)>-->TU,)—>T(u,)

Vi vay, chi phi phai tra theo hanh trinh bo phan nay sé& 1a tong cac chi phi theo
tung node ctua hanh trinh bg phan.

d=c[1,u,] + c[uy,uz] + ...+ c[ucr, Uy .

Pé phat trién hanh trinh bo phan nay thanh hanh trinh day d, ta con phai di qua n-
k thanh phd con lai rdi quay trd vé thanh phé Ty, tirc 13 con phai di qua n-k+1 doan duong
nira. Do chi phi phéi tra cho viéc di qua mdi trong n-k+1 doan dudng con lai déu khong
nhiéu hon cpyip, nén can dudi cho phuong an bd phan (ug, Uy, . . ., Uy) co thé duoc tinh theo
cong thirc

g(ug, Uy, . . ., U) = 0 +(n - K +1) Cpin.

Chang han ta giai bai toan nguoi du lich v&i ma tran chi phi nhu sau

0 3 14 18 15
3 0 4 22 20
C=| 17 9 0 16 4

6 2 7 0 12
9 15 11 5 O

Ta €O Cyin = 2. Qua trinh thyuc hién thuat toan dugc mo ta boi cay tim kiém 1oi gidi dugc
the hién trong hinh 4.2.

Thong tin vé mdt phuong an bd phan trén cay dugc ghi trong cac 6 trén hinh vé twong
ung theo thir tu sau:

[] dau tién 1a cac thanh phan ciia phurong n.
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(] tiép dén 0 1a chi phi theo hanh trinh bo phan.

(] glacan dudi.

Két thuc thuit toan, ta thu duoc phuong an tdi wu ( 1, 2, 3, 5, 4, 1) twong tmg véi phuong
an toi wu voi hanh trinh

T,>T,>T, >T, >T, > T, vachiphinhd nhat 1a 22 .

(2) 6=3; g=15

(3) 0=14; g=26

(4) 0=18; g=30

(5) 0=15; g=27

v

\

|

Hanh trinh ( 1, 2, 3,4, 5,1)
chi phi 53. bat f =53

(2,3) 0=7; g=16 (2,4) 0=25; g=34 (2,5) 0=23; g:XZ
A\ 4
(2,3,4) 0=23; (2,3,5) 0=11,
g=29 g=17
A\ 4 A\ 4
(2,3,4,5) 0=41; (2,3,5,4) 0=16;
g=44 0=19

N

Hanh trinh ( 1, 2, 3, 5,4, 1)
chi phi 25(Ky luc moi) .

Dit f =22

Céc nhanh nay bi loai vi ¢6 can

dugig> f =22

Hinh 4.5. Cay tim kiém 10i giai bai toan nguoi du lich.

Chuong trinh gii bai toan theo thuat toan nhanh can dugc thé hién nhu sau:
#include <stdio.h>
#include <stdlib.h>
#include <conio.h>
#include <io.h>

#define MAX 20

int n, PIMAX], B[MAX], C[20][20], count=0;
int AIMAX], XOPT[MAX];
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int can, cmin, fopt;
void Read_Data(void){
inti, j;FILE *fp;
fp = fopen("dulich.in™,"r");
fscanf(fp,"%d", &n);
printf("\n So thanh pho: %d", n);
printf(*\n Ma tran chi phi:");
for (i=1; i<=n; i++){
printf(*\n");
for(j=1; j<=n; j++){
fscanf(fp,"%d",&C[i][j]);
printf("%5d", C[i][j]);

}
}
int Min_Matrix(void){
int min=1000, i, j;
for(i=1; i<=n; i++){
for(=1; j<=n; j++X{
if (i'=j && min>C[i][j])

min=C[i][];
}
}
return(min);
}
void Init(void){

inti;
cmin=Min_Matrix();
fopt=32000;can=0; A[1]=1;
for (I=1;i<=n; i++)

B[i]=1;

}
void Result(void){
inti;
printf("\n Hanh trinh toi uu %d:", fopt);
printf("\n Hanh trinh:");
for(i=1; i<=n; i++)
printf("%3d->", XOPT[i]);
printf("%d",1);
}
void Swap(void){
inti;
for(i=1; i<=n;i++)
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XOPT[i]=A[il;

}
void Update_Kyluc(void){
int sum;
sum=can+C[A[n]][A[1]];
if(sum<fopt) {
Swap();
fopt=sum;
}
}
void Try(int 1){
int j;
for(j=2; j<=n;j++){
(BTN
Alil=j; B[j1=0;
can=can+C[A[i-1]1[A[i]];
If (i==n) Update_Kyluc();
else if( can + (n-i+1)*cmin< fopt){
count++;
Try(i+1);
}
B[j]1=1;can=can-C[A[i-1]1[A[i]l];
}
}
}

void main(void){
clrscr();Read_Data();Init();
Try(2);Result();
getch();

}

4.4. Ky thuit rit gon giai quyét bai toan nguoi du lich

Thuat toan nhanh c4n 12 phuong phap chu yéu dé giai cac bai toan toi uu to hop.

Tu tudng co ban cia thuat toan 14 trong qué trinh tim kiém 10i giai, ta s& phan hoach tap
cac phuong an cua bai toan thanh hai hay nhiéu tip con biéu dién nhu mét node cua cay
tim kiém va c6 gang bang phép danh gia can cic node , tim cach loai bé nhirng nhanh ciy
(nhitng tap con cac phuong 4n ciia bai toan) ma ta biét chac chan khong phuong an tdi
vu. Mic du trong trudng hop tdi nhat thuat toan sé& tro thanh duyét toan bd, nhung trong
nhiing truong hop cu thé né co thé rat ngin dang ké thoi gian tim kiém. Muc nay s& thé
hién khac nhiing tu tudng cta thudt toan nhanh can vao viéc giai quyét bai toan nguoi du
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Xét bai toan ngu(‘ri du lich nhu da dugc phat biéu. Goi C = {cj:i,j=1,2,...n}lama
tran chi phi. Mo61 hanh trinh ctia nguoi du lich

To)=T )= - =T ay =T x1) €0 thé viét lai duéi dang

(1), 1(2), 7(2), 2(3), . . ., 2(n-1), (n), (n), (1), trong d6 mdi thanh phan
7(j-1), 7(j) s€ duoc goi 1a mdt canh cua hanh trinh.
Khi tién hanh tim kiém 101 giai bai toan ngudi du lich chiing ta phan tip cic hanh trinh
thanh 2 tap con: Tap nhitng hanh trinh chira mot cap canh (i, j) nao d6 con tétp~ kia gom
nhiing hanh trinh khong chra canh nay. Ta goi viéc lam do la su phan nhanh, moi tap con
nhu vay duoc goi 1a mot nhanh hay mot node cua cay tim kiém. Qua trinh phan nhanh
dugc minh hoa boi cay tim kiém nhu trong Hinh 4.6.

Tap tit ca cac hanh trinh

Hanh  trinh
khong chtra
(i.J)

(Hinh 4.6)

Vi¢c phan nhanh sé dugc thyc hién dya trén mot qui tdc heuristic nao d6 cho phép
ta rat ngin qua trinh tim kiém phuong an t6i uu. Sau khi phan nhanh va tinh can duéi gia
tri ham muc tiéu trén moi tip con. Viée tim kiém s& tiép tuc trén tap con cd gia tri can
dudi nhd hon. Thu tuc nay dugce tiép tuc cho dén khi ta nhan dugec mot hanh trinh déy du
tirc 12 mot phuong an cua bai toan. Khi d6 ta chi can xét nhiing tap con cac phuong an
nao cé can dudi nho hon gia tri ciia ham muc tiéu tai phuong an da tim dugc. Qua trinh
phén nhanh va tinh cén trén tp cac phuong an cua bai toan thong thuong cho phép rut
ngan mot cach dang ké qua trinh tim kiém do ta loai dugc rat nhiéu tap con chic chin
khong chira phuong an tdi wu. Sau day, 1a mot ky thuat nita ctia thuat toan.

4.4.1.Thu tuc rat gon

R rang tong chi phi cia mot hanh trinh cta ngudi du lich s& chira ding mot phan
tir cia mdi dong va dung mot phﬁn tir ctia mdi cot trong ma tran chi phi C. Do do, néu ta
cong hay trir b6t mdi phan tir ciia mot dong (hay cot) ctia ma tran C di cting mét s6 o thi
d6 dai cua tat ca cac hanh trinh déu giam di o vi thé hanh trinh tdi wu ciing s& khong bi
thay doi. Vi vay, néu ta tién hanh bt di cac phan tir cia mdi dong va mdi cot di mot hang
50 sao cho ta thu dugc mot ma tran gdm cac phan tir khong 4m ma trén mdi dong, mdi cot
déu co it nhat mét sb 0, thi téng cac sb trir d6 cho ta can dudi cua moi hanh trinh. Thu tuc
b6t ndy dugc goi 1a thi tuc rit gon, cac hing sb trir & mdi dong (cot) s& duoc goi 1a hiang
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s6 rut gon theo dong(cdt), ma tran thu dugc dugc goi 1a ma tran rat gon. Thu tuc sau cho
phép rat gon ma trin mot ma tran A kich thude k x k dong thoi tinh tong cac hing sb rut
gon.
float Reduce( float A[][max], int k) {
sum =0;
for (i = 1; ik; i++){
r[i] = < phdn tir nhé nhat ciia dong i >;
if (r[i] >0){
<B&t méi phan tir ciia dong i di r[i] >;
sum = sum + r[i];
}
}
for j=1; j<k; j++) {
s[j] := <Phdn tir nhé nhdt cia cét j>;

if (s[j] >0)

sum = sum + S[j];

}

return(sum);

}
Vi du. Gia sir ta c6 ma tran chi phi voi n= 6 thanh phd sau:
1 2 3 4 5 6 | r[i]
0 3 93 13 33 9 3
4 0 77 42 21 16| 4
45 17 36 16 28 16
39 90 80 56 7 7
28 46 88 33 25| 25
88 18 46 92 3
0 15 8 0 0

Dau tién trir bot mdi phan tir cua cac dong 1, 2, 3, 4, 5, 6 cho cac hang s rat gon tuwong
ung la ( 3,4, 16, 7, 25, 3) , sau do trong ma tran thu dugc ta tim dugc phan tor nho khac 0
cua cdt 3 va 4 tuong ung la (15, 8). Thyuc hién rat gon theo c)t ta nhan dugc ma tran sau:

o O W DN P
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1 2 3 4 S) 6
1 0 0 7B 2 30 6
2 0 0 58 30 17 12
3 29 1 o0 12 0 12
4 32 83 58 49 0
5 3 21 48 O 0 0
6 0 85 0 35 8

Tégg cac hang sb raut gon 1a 81, vi vdy cin dudi cho tit ca cac hanh trinh 1a 81
(khong thé c6 hanh trinh c6 chi phi nho hon 81).

Bay gio ta xét cach phan tap cac phuong an ra thanh hai tap. Gia str ta chon canh
(6, 3) dé phan nhanh. Khi d6 tap cac hanh trinh duoc phan thanh hai tp con, mot tap 1a
cac hanh trinh chtra canh (6,3), con tap kia la cadc hanh trinh khong chtra canh (6,3). Vi
biét canh (6, 3) khong tham gia vao hanh trinh nén ta cdm hanh trinh di qua canh nay
béng cach dat C[6, 3] = . Ma tran thu duogc sé c6 thé rut gon béng cach b6t di mdi phén
to cua cot 3 di 48 (hang 6 gilt nguyén). Nhu vay ta thu dugc can dudi cia hanh trinh
khong chira canh (6,3) 12 81 + 48 = 129. Con d6i véi tap chira canh (6, 3) ta phai loai
dong 6, cot 3 khoi ma tran tuwong Gng véi nd, boi vi di di theo canh (6, 3) thi khong thé di
tir 6 sang bat sang bat cir noi ndao khac va ciing khong dugc phép di bat ctr dau tir 3. Két
qua nhan dugc la ma tran véi bac gidam di 1. Ngoai ra, do da di theo canh (6, 3) nén
khong dugc phép di tur 3 dén 6 nira, vi vay can cam di theo canh (3,6) béng cach dat C(3,
6) = oo. Cay tim kiém lac nay c6 dang nhu trong hinh 4.7.

Tap tat ca cac
hanh trinh

Can duoi1 = 81

Tap hanh trinh
khong chura
canh (6,3)

Tap hanh trinh
chtra canh

(6.3)

(Hinh 4.7)
Can duéi =81 Can duéi = 129
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1 2 4 5 6 1 2 3 4 5 6
1 0 0 2 30 6 1 | 0 27 2 30 6
2 0 0 30 17 12 2 |10 e 10 30 17 12
3 29 1 12 0 o0 3129 1 0 12 0 12
4 32 83 49 0 4 132 83 10 o 49 0
5 3 21 O 0 0 5 |3 21 O 0 0 0
6 |0 85 35 8 o

Canh (6,3) dugc chon dé phan nhanh vi phan nhanh theo n6 ta thu dugc can duoi
ctia nhanh bén phai 1 16n nhit so v&i viée phan nhanh theo cac canh khac. Qui tic nay s&
duoc ap dung & dé phan nhanh ¢ mdi dinh cua cdy tim kiém. Trong qua trinh tim kiém
chung ta Iudn di theo nhanh bén trai trudc. Nhanh bén trai s€ ¢c6 ma tran rat gon vdi bac
giam di 1. Trong ma trin ctia nhanh bén phai ta thay mot sb bai o, va ¢ thé rit gon thém
dugc ma tran nay khi tinh lai cac héng sb rat gon theo dong va cot tuong tng vdi canh
phan nhanh, nhung kich thuéc clia ma tran van giit nguyén.

Do canh chon dé phan nhanh phai l1a canh lam tang can dudi cia nhanh bén phai 1én
nhiéu nhit, nén dé tim no ta s& chon sé khong nao trong ma tran ma khi thay né boi oo s&
cho ta tong hang s rut gon theo dong va cot chira n6 13 16n nhat. Tha tuc d6 c6 thé dugc
mo ta nhu sau dé chon canh phan nhanh (r, c).

4.4.2.Thi tuc chon canh phan nhanh (r,c)

void BestEdge(A, k, r, c, beta)
Pau vao: Ma trgn rit gon A kich thuéc k xk

Két qua ra: Canh phéan nhdnh (r,c) va tong hang sé rit gon theo dong r cét
c la beta.

{
beta = -oo;
for (1=1;i<k; i++){
for (j =1; j<k; j++){
if (A[1,j]] == 0){
minr = <phan tw nho nhdt trén dong i khac voi Afij];
minc = <phan tir nhé nhat trén ct j khdc véi Afij];

total = minr + minc;
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if (total > beta ) {
beta = total;
r=i/*Chisé dong 16t nhat*/
¢ =j; /* Chi s6 cot tot nhat*/

}

Trong ma trin rat gon 5 x 5 cua nhanh bén trai hinh 5.4, s6 khéng & vi tri (4, 6) s& cho
téng hang s6 rat gon 1 32 ( theo dong 4 13 32, ¢t 6 13 0). Pay 1a hé s rut gon co gia tri
16n nhat d6i voi cac s6 khong ctia ma tran nay. Viéc phan nhanh tiép tuc s& dya vao canh
(4, 6). Khi @6 can dudi cua nhanh bén phai twong tng véi tap hanh trinh di qua canh (6,3)
nhung khong di qua canh (4, 6) sé 1a 81 + 32 = 113. Con nhanh bén trai sé tuong tng voi
ma tran 4 x 4 (vi ta phai loai bo dong 4 va cot 6). Tinh hudng phan nhanh nay dugc mé ta
trong Hinh 4.7.

Nhan thay rang vi canh (4, 6) va (6, 3) ¢ nam trong hanh trinh nén canh (3, 4) khong thé
di qua du:cc nita (néu di qua ta s& c6 mot hanh trinh con tir nhitng thanh phd nay). Bé
ngin cAm viéc tao thanh cac hanh trinh con ta s& gan cho phan tir & vi tri (3, 4) gid trj oo.

Hanh trinh chira
(6,3), (4,6)

H. trinh chtra
(6,3) khong chira
(4,6)

Can duéi = 81 Can duéi= 113
(Hinh 4.8)

Ngin cAm tao thanh hanh trinh con:

Téng quét hon, khi phan nhanh dwa vao canh (i, V) ta phai thém canh nay vao danh sach
cac canh ctia node bén trai nhit. Néu iu 1a dinh cudi ctia mot duong di (iy, iy, . ., i) VA jy
la dinh dau cua duong di (jy, jo, - -, ji) thi dé ngan ngira kha ning tao thanh hanh trinh con
ta phai ngin nglra kha ning tao thanh hanh hanh trinh con ta phai cam canh (jy, i;). Dé
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tim i, ta di nguoc tir iu, dé tim j ta di xudi tir j; theo danh sach cac canh di duoc két nap
vao hanh trinh.

Hanh trinh
khong chira canh
(6,3)

Tap tt ca cac
hanh trinh

Can dudi= 129

Hanh trinh
khong chua (4,6)

Tap cac hanh
trinh chtra (6,3)

Can dudi=

Hanh trinh
khong chira canh

Tap cac hanh
trinh chura (4,6)

Hanh trinh
khong chuira canh
(1,4)

Tap cac hanh
trinh chtra (2,1)

an dudi = 84 Can dudgi= 112

Tap cac hanh

trinh chira (1, 4) Cén dudi= 84

>Hanh trinh (1, 4, 6, 3, 5,2, 1) do dai 104
Hinh 4.9 mé td qud trinh tim kiém gidi phdp toi wu

Tiép tuc phén nhanh tir dinh bén trai bang cach sir dung canh (2,1) vi s6 khong & vi tri
nay c6 hang so rut gon lon nhat 1a 17 + 3 = 20 ( theo dong 2 1a 17, theo ¢4t 1 1a 3). Sau
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khi phan nhanh theo canh (2, 1) ma tran cua nhénh bén trai co6 kich thudc 1a 3 x 3. Vi da
di qua (2, 1) nén ta cdm canh (2, 1) bang cach dat C[1, 2] = oo, ta thu duoc ma tran sau:

2 4 S)
1 0 2 30
3 1 00 0

5 21 O 00

Ma tran nay co thé rat gon duoc bﬁng cach bdt 1 tai cot 1 va bét 2 di ¢ dong 1 dé
nhan dugc ma tran cap 3:

2 4 5
1 o0 0 28
3 0 o0 0

5 20 0 00

Ta c6 cén dudi cia nhanh twong ung la 81 + 1 + 2 = 84. Cay tim kiém cho dén
budc nay dugc thé hién trong hinh 5.5.

Chu y rang, sau khi di chdp nhan n-2 canh vao hanh trinh thi ma tran con lai s& c6 kich
thudce 1a 2 x 2. Hai canh con lai ciia hanh trinh s€ khong phai chon lya nita ma duogc két
nap ngay vao chu trinh (vi né chi con sy lua chon duy nhat). Trong vi du trén sau khi da
c6 cac canh (6, 3), (4,6), (2, 1), (1,4) ma tran cua nhanh bén trai nhét c6 dang:

2 5
3 o0 0
5 0 0 |

Vi vay ta két nap ndt canh (3, 5), (5, 2) vao chu trinh va thu dugc hanh trinh:
1,4,6,3,5,2,1véi chi phila 104.

Trong qua trinh tim kiém , mdi node cia cdy tim kiém s€ twong ng voi mot ma trén chi
phi A. O budc dau tién ma tran chi phi tuong tng voi gbc chinh 13 ma trdn C. Khi chuyén
dong tir gbc xudng nhanh bén trai xudng phia dudi, kich thude cta cac ma tran chi phi A
s& giam dan. Cudi cung khi ma tran A c6 kich thudc 2x 2 thi ta chdm dut viéc phan
nhanh va két nap hai canh con lai dé thu dugc hanh trinh ctia nguoi du lich. D& dang nhan
thiy ma tran cudi cing rat gon chi c6 thé & mot trong hai dang sau:

W X W X
u 0 0 u 0 o0
\Y; 0 0 | Vv o 0
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Trong d6 u, v, X, y ¢6 thé 1a 4 dinh khac nhau hoic 3 dinh khic nhau. Pé xac dinh
xem hai canh nao can dugc nap vao hanh trinh ta chi can xét mét phan tir cia ma tran A:

if A[1, 1] = cothen

<Két nap canh (u, x), (v, w)>
else

< Két nap canh (u, w), (v, x) >;

Bay gio tt ca cac node co can dudi 1én hon 104 c6 thé bi loai bo vi chiing khong
chtra hanh trinh ré hon 104. Trén hinh 5.4 chiing ta thiy chi c6 node c6 can duéi 1a 101 <
104 1 can phai xét tiép . Node nay chura cac canh (6, 3), (4, 6) va khong chira canh (2, 1).
Ma tran chi phi tuong trng véi dinh nay c6 dang:

1 2 4 5
1 o0 0 2 30
2 o0 o0 13 0
3 26 1 0 0
5 0 21 O 0

Viéc phan nhanh s& dua vao canh (5, 1) véi tong sd rat gon 1a 26. Qua trinh &
nhanh tiép theo dugc chi ra nhu trong hinh 5.6.

Hinh 5.6. Duyét hanh trinh c6 can dudi la 101.

Tap hanh trinh
chira (6,3), (4,6)
khéng qua (2,1)

Can duoi =101

Hanh trinh khéng
qua (5,1)

Tap hanh trinh
qua (5,1)

Can dudi = 127
Can dudi = 103

2 4 5
1 0 0 00
Hanh trinh R .
3 |» 11 0 Hanh trinh khong chira ~ an dudi =114
5 1 w 0 chia (1, 4) (1,4)
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Hanh trinh 1, 4, 6, 3,2, 5, 1 ; D6 dai 104.

Nhu vay ching ta thu duoc hai hanh trinh t6i wu véi chi phi 1a 104. Vi du trén cho
thdy bai toan nguoi du lich c¢6 thé c6 nhiéu phuong an téi wu. Trong vi du nay hanh trinh
dau tién nhan duoc da 14 téi wu, tuy nhién dicu nay khong thé mong doi ddi voi nhiing
truong hop tong quét. Trong vi du trén ching ta chi can xét toi 13 node, trong khi tong s6
hanh trinh ctia nguoi du lich 1a 120.

4.4.3. Thuit toan nhanh can giii bai toan nguoi du lich

Céc budc chinh cua thuat toan nhanh can giai bai toan nguoi du lich dugc thé hién trong
thu tuc TSP. Thu tuc TSP xét hanh trinh bd phan véi Edges 1a canh da dugce chon va tién
hanh tim ki€m ti€p theo. Cac bién dugc st dung trong thu tuc nay la:

Edges - S6 canh trong hanh trinh b phén;

A - Ma tran chi phi twong ing véi kich thudce (n-edges, n-edges)
cost - Chi phi cta hanh trinh b phén.

Mincost- Chi phi ctia hanh trinh t6t nhat da tim dugc.

Ham Reduce(A, k), BestEgde(A, k, 1, c,beta) da dugc xay dung ¢ trén.
void TSP( Edges, cost, A) {

cost=cost + Reduce(A, n-Edges);
if (cost <MinCost){
if (edges == n-2){
<bé xung not hai canh con lai>;

MinCost :=Cost;

else {
BestEdge(A, n-eges, r, ¢, beta);
LowerBound = Cost + beta;
<Ngdn cam tao thanh hanh trinh con>;
NewA = < A logi bo dong r cot c>;
TSP(edges+1, cost, NewA);/*di theo nhanh trai*/
<Khéi phuc A bang cdch bé xung dong r c¢ét ¢>;
if (LowerBound < MinCost){
/* di theo nhanh phai®/
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Alr, c] =o;
TSP (edges, cost, A);
A[r,c] :=0;

}
< Khéi phuc ma tran A>;/* thém lai cac hcing $6 rit gon vao
cdc dong va cot twong ung*/
}
}* end of TSP*/;

4.5. Nhirng diém can ghi nhé

Ban doc can ghi nhd mot sé ndi dung quan trong dudi day:
v' Thé nao 1a mot bai toan t6i wu? Y nghia ctia bai toan tdi wu trong cac mo hinh thuc
te.
v Phan tich vu diém, nhugc diém cta phuong phap liét ke.

v' Hiéu phuong phap nhanh can, phuong phap xay dung can va nhiing van dé lién
quan

v’ Hiéu phuong phap rat gon ma tran trong giai quyét bai toan nguoi du lich.

BAI TAP CHUONG 4

Bai 1. Giai cac bai toan cai thi sau:

S5X, + X, +9X, +3X, = max,
a) 4x, +2X, + 7%, +3x, <10,
x; €{01},j=1234.

X, +3X, +2X; + X, = max,
b) 5x, +3X, +6X, +4x, <12,
x; €01}, j=1234

Bai 2. Giai bai toan cai ti sau:
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30X, +19x, +13X; + 38X, + 20X, +6X¢ +8X, +19x; +10x, +11x,, — max,

15x, +12X, +9X; + 27X, +15X; + 5X, +8X, + 20X +12X, +15X,, < 62
x; {01}, j=12---10.

Bai 3. Giai bai toan nguoi du lich véi ma tran chi phi nhu sau:

o 31 15 23 10 17
16 o 24 07 12 12
34 03 o 25 54 25
15 20 33 « 50 40
16 10 32 03 oo 23

18 20 13 28 21
Bai 4. Giai bai toan ngudi du lich v6i ma tran chi phi nhu sau:

o 03 93 13 33 09
04 oo 77 42 21 16
45 17 o 36 16 28
39 90 80 o 56 07
28 46 88 33 o 25
03 88 18 46 92 o
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CHUONG 5. BAI TOAN TON TAI

Chung ta da giai quyét bai toan dém s6 cac cau hinh to hop thoa man mot tinh chat nao
do, chang han nhu dem 56 t6 hop, s6 chinh hop, hodc sd hoan vi. Trong nhing bai toan
do su ton tai cua cac c4u hinh 1a hién nhién va cong viéc chinh la chung ta can dem 5O
cac ciu hinh t6 hop thoa man tinh chit dit ra. Tuy nhién, trong nhiéu bai toan t6 hop,
viéc chi ra su tdn tai ciia mot cau hinh thoa mén cac tinh chit cho trude di 1a mot viéc
lam hét strc kho khan. Dang bai toan nhu vay duoc goi 1a bai toan tdn tai.

5.1. Gidi thi€u bai toan

Mot bai toan ton tai to hop dugc xem nhu giai xong néu hodc chi ra mot cach xay dung
céu hinh, hodc ching minh rang chung khong ton tai. Moi kha niang déu khong dé dang.
Du6i day 1a mot s6 bai toan ton tai to hop noi tiéng.

Bai toan 1. Bai toan vé 36 si quan. Bai toan nay duoc Euler dé nghi véi ndi dung nhur
sau.

Cé mét lan nguoi ta triéu tap tir 6 trung doan, moi trung doan 6 si quan thugc 6
cdp bdc khdc nhau: thiéu uy, trung uy, thwong uy, dai uy, thiéu td, trung td vé tham gia
duyét binh o su doan bg. Hoi rang, ¢ thé xép 36 si quan nay thanh mot doi ngii hinh
vudng sao cho trong méi hang ngang ciing nhir moi hang doc déu c6 dai dién cia cd siu
trung doan va ciia 6 cdp bdc.

Pé don gian ta s& dung céac chit cai in hoa A, B, C, D, E, F dé chi phién hiéu cta
cac trung doan, cac chir cai in thuong a, b, ¢, d, e, f dé chi cap bac. Bai toan nay co thé
tong quat hoa néu thay 6 boi n. Trong trudng hop n =4 mot 101 gidi cua bai toan 16 si
quan la

Ab Dd Ba Cc
Bc Ca Ad Db
Cd Bb Dc Aa
Da Ac Cb Bd
Mot 101 giai véin =15 la
Aa Bb Cc Dd Ee
Cd De EJd Ab Bc
Eb Ac Bd Ce Da
Be Ca Db Ec Ad
Dc Ed Ae Ba Cb
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Do 10i gii bai toan cé thé biéu dién boi hai hinh vudng véi cac chir cai la tinh hoa
va la tinh thuong nén bai todn tong quat dat ra con dugc bi€t véi tén goi “hinh vuong la
tinh truc giao”. Trong hai vi du trén ta c6 hinh vudng la tinh tryc giao cap 4 va 5.

Euler di mat rat nhiéu cong sttc dé tim ra 1oi giai cho bai toan 36 si quan thé
nhung ong da khong thanh cong. Vi vay, ong gia thuyét 1a cach sip xép nhu vay khong
ton tai. Gia thuyét ndy da dugc nha toan hoc phap Tarri chimg minh nam 1901 bang cach
duyét tit ca moi kha ning xép. Euler cin cr vao su khong ton tai 101 giai khi n=2 van =
6 con dé ra gia thuyét tong quat hon 1a khong ton tai hinh vudng truc giao cip 4n + 2. Gia
thuyét nay di ton tai hai thé ky, mai dén nim 1960 ba nha toan hoc M¥ 1a Bore, Parker,
Srikanda moi chi ra dugc mét 101 gidi voi n = 10 va sau do chi ra phuong phap xay dung
hinh vuong tryc giao cho moin =4k + 2 voi1 k> 1.

Tudng ching bai toan chi mang ¥ nghia thir thach tri tué con nguoi thuan tuy nhu
mot bai toan d6. Nhung gan diy, nguoi ta phat hién nhitng ing dung quan trong ciia van
dé trén vao qui hoach, thuc nghi¢m va hinh hoc xa anh.

Bai toan 2. Bai toan 4 mau

C6 nhiéu bai toan ma noi dung cua no6 co thé giai thich dugc vai bat ky ai, 10 giai ctia nd
ai cling ¢6 gang thir im nhung kho c6 thé tim duoc. Ngoai dinh 1y Fermat thi bai toan
bbn mau cting la mot bai toan nhu vay. Bai toan c6 thé dugc phat biéu nhu sau: Ching
minh rang moi ban d6 déu co thé t6 bang 4 mau sao cho khong c6 hai nudc lang giéng
nao lai bi t6 bdi cing mot mau. Trong d6, mdi nudc trén ban dd duge coi 1a mot vung
lién thong, hai nudc duoc goi 1a lang giéng néu chung c6 chung dudng bién gidi 1a mot
duong lién tuc.

Hinh 5.1. Ban do to bi it nhat bon mau

Con s6 bdn mau khong phai la ngau nhién. Nguoi ta da chimg minh dugc rang
moi ban dd déu duoc t6 boi s6 mau 16n hon 4, con voi s6 mau it hon 4 thi khong thé to
duoc, chang han ban do gom 4 nudc nhu trén Hinh 5.1 khong thé t6 duge voi s mau it
hon 4.

Bai toan nay xuét hién vao nhitg nim 1850 tir mot 14i budn ngudi Anh 1a Gazri
khi t6 ban d6 hanh chinh nuéc Anh da c6 gang ching minh rang n6 c6 the to6 bang bon
mau. Sau do, ndm 1852, 6ng da viét thu cho De Morgan dé€ thong bao vé gia thuyét nay.
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Nam 1878, keli trong mot bai bao dang & tuyén tap cac cong trinh nghién ciru cia Hoi
toan hoc Anh c6 hoi rang bai toan nay di duoc giai quyét hay chua? Tir d6 bai toan tré
nén ndi tiéng, trong xubt hon mot thé ky qua, nhiéu nha toan hoc di ¢ ging ching minh
gia thuyét nay. Tuy vAy, mdi téi nam 1976 hai nha todn hoc My 1a K. Appel va W. Haken
mo&i1 ching minh duge n6 nho may tinh dién tur.

Bai toan 3. Hinh lyc gidc thin bi. Ndm 1890 Clifford Adams d¢ ra bai toan hinh lyc
giac than bi sau:

Trén 19 6 lyc gidc (nhu Hinh 5.2) hiy dién cac s6 tir 1 dén 19 sao cho tong theo 6
huéng cua luc gidc 1a bang nhau (va déu bang 38). Sau 47 nim troi kién nhin cudi cing
Adams cling d3 tim duoc 101 giai. Sau d6 vi so y danh mat ban thao 6ng di ton thém 5
nim dé khoi phuc lai. Nam 1962 Adams da cong bd 10i giai d6. Nhung that khong thé
ngd dugc d6 13 101 giai duy nhat.

Hinh 5.2. Hinh luc gidc than bi

Bai toan 3. Bai toan chon 2n diém trén lwéi n x n di€ém

Cho mot ludi gdm n x n diém. Hoi c6 thé chon trong s chung 2n diém sao cho khong c6
ba di€ém nao dugc chon la thang hang? Hi¢n nay nguoi ta méi biét dugce 101 gidi cia bai
todn nay khi n < 15. Hinh 3.3 cho mét 101 giai vin = 12.
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Hinh 2.4. Mot loi giai voin = 12.

5.2. Phuwong phap phan ching
Mot trong nhimg cach giai bai toan ton tai 1a dung lap ludn phan ching: gia thiét diéu
chirmg minh 12 sai, tir &6 dan dén mau thuan.

Vi du 1. Cho 7 doan thang €6 do dai lon hon 10 va nho hon 100. Chung minh rang ta
ludn ludn tim duge 3 doan dé co thé ghép lai thanh mot tam giac.

Giai: Diéu kién can va da dé 3 doan 1a canh ciia mot tam giac l1a téng cua hai canh phai
16n hon mot canh. Ta sap cac doan thang theo thir tu ting dén cia d daiay, @, . . ., a va
ching minh rang diy da xép luon tim dugce 3 doan ma tong cia hai doan dau lon hon
doan cudi. Pé ching minh, ta gia st khong tim dugc ba doan nao ma tong cua hai doan
nho hon mot doan, nghia 1a cic bat dang thirc sau dong thoi xay ra:

agt+ta<a; —az>20(via;,a, >10)
ptaz<a; = a;=>30(vi a, 210, a3 >20)
agt+as;<as —as>50(vi a3 >20,a,>30)
ast+tas<ag = ag>80(vi a; =30, a5 >50)
as+ag<a; = a;>130(vias >50, as>80)
= Mau thuan (bai toan duoc giai quyét).

Vi du 2. Cac dinh ctia mdt thap giac déu dugce danh sd boi cac sb nguyén 0, 1, .., 9 mot
cach tuy y. Chirng minh rang luén tim dugc ba dinh lién ti€p co6 tong cac so 1a 16n hon 13.

Giai : Goi xq, Xo, . ., X10 la cac b gan cho céac dinh cua thap gidc déu. Gia st nguoc lai ta
khong tim dugc 3 dinh lién ti€ép ndo thoa man khang dinh trén. Khi do ta co6
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Ki =X +X,+X3<13
Ko =X, + X3+ X, <13
Ks=X3+ X4+ X5<13
ks =x4 + x5+ x6 <13
Ks = X5+ Xg + X7 <13
Ke = Xg + X7 + Xg < 13
K7 = X7+ Xg + X9 <13
kg = Xg + Xg + X190 < 13
Kg = Xg + Xq9 + X1 <13
Kig = X10+ X1 + X, <13
= 130> ky+ky +...+Kkyg = 3 (Xg+ + X + ...+ Xq0)
=3(0+1+2+...+9)
7 = 135 = Mau thuin vi mét s6 bang 135 khong thé hon 130.
Khang dinh chiing minh.
5.3 Nguyén ly Dirichlet
Trong rlét nhiéu bai toan t6 hop, dé chimg minh sy ton tai cia mot cau hinh véi nhiing
tinh chat cho trudc, nguoi ta sit dung nguyén 1y don gian sau goi la nguyén ly Dirichlet.

Nguyén ly Dirichlet. Néu dem xép nhiéu hon n d6i tuong vao n hop thi ludn tim duoc
mot cai hdp chira khong it hon 2 doi tugng.

Chirng minh. Viéc ching minh nguyén 1y trén chi can sir dung mot 1ap ludn phan chimg
don gian. Gia sir khong tim duogc mot hop nao chira khong it hon hai dbi tuong. Piéu d6
nghia 13 mdi hop khong chira qua mot dbi tuwong. Tir d6 suy ra tong cac dbi tuong khong
vugt qua n trai véi gia thiét bai toan la c6 nhiéu hon n d6i tuong dugc xép vao ching.

Vi du 1. Trong bat ky mot nhém c6 367 nguoi thé ndo ciing co it nhat hai ngudi c6 cing
ngay sinh.

Giai: Vi mot nim c6 nhiéu nhat 366 ngay. Nhu vay, theo nguyén 1y Dirichlet thi co it
nhat mQt ngay c6 hai ngudi cung mot ngay sinh.

Vi du 2. Trong bat ky 27 tir tiéng Anh nao ciing déu c6 it nhit hai tir cung bat ddu bang
mot chir cai.

Giai: Vi bang chir cai tiéng Anh chi ¢6 26 chir cai. Nén theo nguyén 1y Dirichlet ton tai it
nhat 2 tur s€ bat dau bdi cung mat chir cai.

Vi du 3. Bai thi cic mon hoc cho sinh vién dugce chim theo thang diém 100. Hoi 16p phai
c6 it nhat bao nhi€u sinh vién dé c6 it nhat hai sinh vién dugc nhén cung mot diém.
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Giai: Can c6 it nhat 102 sinh vién vi thang diém tinh tir 0 . . 100 gdm 101 sd. Do vay,
theo nguyén ly Diriclet muon cé 2 sinh vién nhan cung mdt diém thi 16p phai ¢ it nhat 1a
101 +1 =102 sinh vién.
Nguyén Iy Dirichlet tdng quat. Néu dem xép n ddi twong vao k hop thi luon tim duoc
mdt hop chira it nhét [n/k| dbi tuong.
Nguyén ly trén dugc nha toan hoc nguoi Buc Dirichlet dé xuét tir thé ky 19 va ong di ap
dung dé giai nhi€u bai toan t6 hop.
Vi du 4. Trong 100 ngudi c6 it nhat 9 ngudi sinh nhat cing mot thang.
Giai: Mot nam c6 12 thang. Xép tat ca nhitng nguoi sinh nhit vao cung mot nhom. Theo
nguyén 1y Dirichlet ta c6 it nhat [ 100/12 | = 9 nguoi ciing sinh nhat mot thang.
Vi du 5. C6 nam loai hoc bong khac nhau dé phat cho sinh vién. Héi phai ¢6 it nhat bao
nhiéu sinh vién dé chac chan ¢6 5 nguoi dugc nhan hoc bong nhu nhau.
Giai. SO sinh vién it nhat dé c6 5 sinh vién cung duoc nhan mot loai hoc béng 1a s n
thoa man [n/5] > 5. Sb nguyén bé phét thoa mén diéu kién trén 1a n = 25 + 1 = 26. Nhu
VE:IY phai c6 it nhat 26 sinh vién dé co it nhat 5 sinh vién cung dugc nhan moét loai hoc
bong.
Vi duy 6. Trong mot thang c6 30 ngay mot doi bong chay choi it nhit méi ngdy mot trén,
nhung ca thang choi khong qua 45 tran. Hay chi ra rang phai tim dugc mot giai doan gdm
mot s6 ngay lién tuc nao do trong thang sao cho trong giai doan dé ddi choi dung 14 tran.
Gidi: Gia str a; 1a s6 tran thi dau cho t6i ngdy tht j cia doi. Khi d6

ai, dp, . . ., 830

1a ddy tang cta cac s6 nguyén duong va 1 < a; < 45. Suy ra day

a; + 14, a, + 14, . . ., ag + 14 ciing 13 ddy ting cac sé nguyén duong va

15< a <59

Nhu vay, diy 60 sd nguyén duong

ay, a, . ., 8, A + 14,a,+ 14, ..., a3 + 14 trong do tat ca cac sb déu nho hon
hoic bang 59. Theo nguyén ly DlI‘lChlet th1 phai ton tai it nhat hai s trong s hai sb
nguyén nay bang nhau. Vi céc s6 aj, ay, . . ., agp la doi mot khac nhau vaa; + 14, a, + 14,

., 8o + 14 cling d61 mot khac nhau. Nén ta suy ra phai ton tai chi s6 i va j sao cho a;= a
+ 14 Piéu d6 c6 nghia 1a co dung 14 tran d4u trong giai doan tir ngay j + 1 dén ngay thu
I.

5.4. Nhirng ndi dung cin ghi nhé

Ban doc can ghi nh¢ moét s6 kién thirc quan trong sau:
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Nhitng nguyén Iy dém co ban: nguyén 1y cong, nguyén Iy nhan & nguyén Iy bu
trur.

Str dung nhitng nguyén 1y co ban tron dém cac hoan vi, to hop.
Hiéu phuong phap cach giai quyét bai todn dém bang hé thirc truy hoi.

Nam viing cach thirc qui mgt bai toan dém vé nhiing bai toan con.

N XX

Céch giai phd bién cho bai toan ton tai 13 sir dung phuwong phap phan ching hoic
st dung nguyén ly Dirichlet.
BAI TAP

. Dung bang chén 1y dé chimg minh luat giao hoén:
a) pvgeqvp
b) pra=agap. ,
. Dung bang chan 1y dé chiing minh luat két hop
a) (pva)vrepv(gvr)
b) (p/\q)/\r<:>7p/\(q/\r) ’
. Dung bang chan ly dé chirng minh luédt phan phoi
a) pv(gar)e(pva)alpvr)
b) pa(avr)e(pra)v(par)
. Dung bang chan 1y dé chiing minh luat De Morgan
a) (prg)e pvg
b) (Pva)= pAag ‘ ‘
. Dung bang chan 1y dé chiing minh cac m¢nh dé kéo theo dudi day la hang dung.
a) (pAg)—>p
b) p—(pva)
) p=>(p—a) ‘ ‘
. Dung bang chan 1y dé chirng minh cac m¢nh dé kéo theo dudi day l1a hang dung.
a) (prg)—>(p—aq)
b) (p—>a)—>p
O p=a)-a | |
. Dung bang chan ly dé chirng minh cac ménh dé kéo theo dudi day 1a hang dung.
a) [pA(pva)—g
b) [(p>a)r(@—>r)]>(p—r)
¢) [pA(p—a)]l—>q
d) [(pva)a(p—r)a(g - r))—r
. Ching minh céac cdp ménh dé dudi day la tuong duong.
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a) (p>a)(paa)v(pag)
b) (p—>a)eag—>p
c) (p®g)e=(p«q)

d) (pog)e(peq)

9. Khong dung bang chan Iy chimg minh cac ménh dé kéo theo dudi day 1a hang ding.

a) (pAg)—>p
b) p—>(pva)
c) p—>(p—aq)
d) (prg)—>(p—aq)
e) (p—>a)>p
f)(p—>a)—>q

10. Khong dung bang chan 1y chtimg minh cac ménh dé kéo theo dudi ddy 1a hang dung.

a) [pA(pva)|—>g

b) [(p—>a)a(@—r)]>(p—>r)
¢) [pA(p—a)—q

d) [(pva)a(p—>r)alg—>r)->r

11. Khong dung bang chan 1y, ching minh cac cip ménh dé dudi day 1a twong duong.

2) (poa)e (pra)v(paa)
b) (p>a)eag—>p
c) (p®g)=(p«>q)

d) (poge(poq)

12. Cho A, B, C la cac tap hgp. Chirng minh réng:

12.

13.

a) B-A)u(C-A)=(BUC)-A
b) A-B=ANB

¢) (AnB)U(ANB)=A

d) Au(BuC)=(AuB)uUC

e) (A-B)-C=(A-B)-(B-C)

a) Trinh bay thuat todn sinh hoan vi ké tiép caal, 2,.,n?

b)Chotap A={1,2,3,4,5,6,7,8,9}. St dung phuong phap sinh hoan vi theo
thir tr tir dién, tim 4 hoan vi lién ké tiép theo cta hoan vi 568397421 ?

c) Ap dung thuat toan tai Muc a, viét chuong trinh liét két tAt ca cac hoan vi cua 1,
2,.,n?
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14.

15.

16.

17.

18.

19.

a) Trinh bay thuat toan sinh hoan vi ké tiép cta 1, 2, .., n ?

b)Chotap A={1,2,3,4,5,6,7,8,9}. St dung phuong phap sinh hodn vi theo
tha tu tir dién, tim 4 hoan vi lién ké tiép theo cua hoan vi 458796321 ?

C) Ap dung thuat toan tai Muc a, viét chuong trinh liét két tat ca cac hoan vi cta 1,
2,.,n?

a) Trinh bay thuat toan quay lui li¢t ké cdc hoanvicua 1, 2, ..,n ?

b) Kiém nghiém thuat toan voi n=3 ?

c) Ap dung thuat toan tai Muc a, viét chuong trinh liét két tat ca cac hoan vi cua 1,
2,.,n?

a) Trinh bay thuét toan sinh td hopchapkcua l, 2,.,n?

b)Chotap A=1{1,2,3,4,5,6,7,8,9}. St dung phuong phap sinh to hop chéap k
ctia mot tap hop theo thir ty tir dién, hdy tao 4 t6 hop chap 4 lién ké tiép theo cia
t6 hop 2,6,8,9?

c) Ap dung thuat toan tai Muc a, viét chuong trinh li¢t két tAt ca cac to hop chép k
cual,2,.,n?

a) Trinh bay thuit toan quay lui liét ké cac t6 hop chap k cua 1, 2,..n ?

b) Kiém nghiém thuat toan voi n=5, k =3 ?

c) Ap dung thuat toan tai Muc a, viét chuong trinh li¢t két tat ca cac to hop chap k
caal,2,..,n?

a) Trinh bay thuat toan sinh xau nhi phan c6 do dai n?

b) Cho xau nhi phan X ={ 1,0, 1,1, 1, 1, 1, 1, 1}. St dung phuong phap sinh xau
nhi phan theo thir tu tur dién, tim 4 xau nhi phan lién ké tiép theo cua X?

c) Ap dung thuat toan tai Muc a, viét chuong trinh li¢t két tAt ca cac xauu nhi phan
c0 do dain?

a) Trinh bay thuat todn sinh xau nhi phan c6 do dai n?

b) Cho xau nhi phan X ={ 1,0, 1, 1,0, 0, 1, 1, 1}. St dung phuong phap sinh xau
nhi phan theo thr tu tur dién, tim 4 xau nhi phan lién ké tiép theo cua X?

c) Ap dung thuat toan tai Muc a, viét chuong trinh liét két tat ca cac xauu nhi phan
c6 do dai n?
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a) Trinh bay thuat todn quay lui liét ké cac xau nhi phan c6 d¢ dai n?

b) Kiém nghiém thuat toan voi n=3 ?

c) Ap dung thuat toan tai Muc a, viét chuong trinh liét két tat ca cac xau nhi phan

c6do dain?
20. C6 bao nhiéu bién sé xe bat dau bang 2 hodc 3 chit cai in hoa va két thic 1a 3 hoic 4
chir sd, biét rang co 26 chit cai trong bang chit cai tiéng anh? (VD : RS 0912 1a 1 bién
s0).

21. C6 bao nhiéu bién sé xe bat dau bang 3 hodc 4 chit cai in hoa va két thic 1a 2 hoic 3
chit sd, biét rang c6 26 chit cai trong bang chir cai tiéng anh? (VD : ABZ 09 1a 1 bién sb).

22. C6 bao nhiéu s nguyén trong khoang tir 1000 dén 5000 chia hét cho 6 hoic 9 ?
23. C6 bao nhiéu s6 nguyén trong khoang tir 5000 dén 9999 chia hét cho 8 hodc 12 ?

24. Gia sir tat ca cac sd dién thoai trén thé giGi déu theo quy tic, bat dau bang ma qudc
gia dai tur 1 dén 3 chit sd, tire 1a ¢6 dang X, XX hodac XXX ; tiép theo 1a 10 chit sd dang
NXX-NXX-XXXX trong d6 N ¢6 thé nhan gia tri tir 1 dén 6, X biéu thi mot chit s tir 0
dén 9. Theo cach danh s nay, sé& co toi da bao nhiéu s dién thoai c6 thé dung ?

25. Gia str tat ca cac sb dién thoai trén thé gidi déu theo quy tic, bat dau bang ma qudc
gia dai tr 1 dén 3 chit sd, tire 1a ¢6 dang X, XX hodac XXX ; tiép theo 1a 10 chit s dang
NNX-NXX-XXXX trong d6 N ¢6 thé nhan gia tri tir 5 dén 9, X biéu thi mot chit sd tir 0
dén 9. Theo cach danh sb nay, sé& ¢ t6i da bao nhiéu sd dién thoai c6 thé dung ?

26. Lép hoc ¢ 55 ban nam va 35 ban nit. Hay cho biét c6 bao nhiéu cach chon ddi van
nghé cta 16p sao cho sb ban nam bang sd ban nif, biét rang doi vin nghé can it nhat 6
thanh vién va nhiéu nhat 10 thanh vién.

27. Lép hoc c6 60 ban nam va 42 ban nir. Hay cho biét c6 bao nhiéu cach chon ddi van
nghé cta 16p sao cho sb ban nam bang sd ban nif, biét rang d6i vin nghé can it nhat 4
thanh vién va nhiéu nhat 8 thanh vién.

28. L6ép hoc ¢6 50 ban nam va 20 ban nit. Hay cho biét ¢6 bao nhiéu cach chon ddi vin

nghé ctia 16p sao cho s6 ban nam dung bang 2 1an sb ban nir, biét rang doi vin nghé can it
nhat 6 thanh vién va nhiéu nhat 12 thanh vién.
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29. 1 Lop hoc c6 60 ban nam va 25 ban nit. Hay cho biét c6 bao nhiéu cach chon d6i van
nghé cta 16p sao cho sb ban nam dung bang 2 1an sb ban nit, biét ring doi vin nghé can it
nhét 3 thanh vién va nhiéu nhat 9 thanh vién.

30. Trong ky thi tuyén sinh dai hoc khdi A, cac thi sinh thi tric nghiém mén Ly va Hoa,

mdi mon thi ¢6 50 cau hoi. Mdi cau hdi co diing 4 phuong an tra 1oi va chi duoc lya chon

t6i da 1 phuong an. Mdi cdu tra 16i dung dwoc 0.2 diém, cau tra 101 sai hodc khong tra 1oi

thi khong duoc diém.

a) Hay cho biét co bao nhiéu cach dién phiéu tric nghiém mon Ly.

b) Can c6 it nhit bao nhiéu thi sinh tham gia dé c6 it nhat 10 sinh vién c6 tong diém Ly
va Hoa bang nhau. Biét rang diém thi khong duoc lam tron.

31. Trong ky thi tuyén sinh dai hoc khdi A, cac thi sinh thi tric nghiém mén Ly va Hoa,

mdi mon thi ¢6 40 cau hoi. Mdi cau hdi co ding 5 phuong 4n tra 1&i va chi duoc lya chon

t6i da 1 phuong an. Mdi cau tra 10i dung duoc 0.25 diém, cau tra 10i sai hodc khong tra

101 thi khong duoc diém.

a) Hay cho biét c6 bao nhiéu cach dién phiéu tric nghiém mén Hoa.

b) Can c6 it nhat bao nhiéu thi sinh tham gia dé c6 it nhat 10 sinh vién c6 tong diém Ly
va Hoa bang nhau, biét rang diém thi khong duoc 1am tron.

32. Mot bai thi trac nghiém c6 30 cau hoi, mdi cau hoi c6 5 phwong an tra 1oi va chi co 1

phuong an ding. M&i ciu tra 16i ding dugc 3 diém, tra 16 sai b trir 1 diém, néu khong

tra 10i thi cdu d6 nhan 0 diém. Biét rang tong diém thap nhat 1a 0. Hiy cho biét:

a) Co bao nhiéu cach dién phiéu trac nghiém (mdi ciu chi duoc chon tdi da 1 phuong
an).

b) Can bao nhiéu sinh vién tham gia thi d¢ dam bao c6 it nhat 2 sinh vién c6 cing két
qua thi.

33. Mot bai thi trac nghiém cé 35 cau hoi, mdi cau hoi c6 4 phuong an trd 101 va chi c6 1

phuong an ding. Mi ciu tra 161 ding duoc 3 diém, tra 101 sai bi trir 1 diém, néu khong

tra 10i thi cdu d6 nhan 0 diém. Biét rang tong diém thap nhat 1a 0. Hiy cho biét:

a) Co bao nhiéu cach dién phiéu tric nghiém (mdi ciu chi duoc chon tdi da 1 phuong
an).

b) Can bao nhiéu sinh vién tham gia thi dé dam bao c6 it nhét 2 sinh vién c6 cing két
qua thi.
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34. Phuong trinh x; + X; + X3 = 13 ¢0 bao nhiéu nghiém nguyén khong am thoa man
a) X121, X>3,%3>0
b) X, >0,%X,>3,X3<5

35. Phuong trinh x; + X, + X3 = 15 ¢6 bao nhiéu nghiém nguyén khong dm théa man
a) X122,%>0,%X3>4
b) X;>21,%X,>0,X357

36. Phuong trinh x; + X, + X3 = 14 c6 bao nhiéu nghiém nguyén khong am théa man
a) X120,%X>3,x3>1
b) Xle,X2£6,X323,

37. Phuong trinh x; + X, + X3 = 16 c¢6 bao nhi€u nghiém nguyén khong am théa man
a) X122,X220,X322
b) X1 <6,%X,>3,%2>0

38.
a) Giai hé thirc truy hoi sau
ag=2,a;=6,a,= 34,1 - 28,2 VOl n>2
b) Tim hé thic truy hoi dé tinh sd cac xau nhi phan do dai n chtra 3 s6 0 lién tiép.
¢) Tinh s6 x4u nhi phan thoa méan diéu kién & cdu b véin=7.

39.
a) Giai hé thirc truy hoi sau
ap=4,a,=8,a,= a1 +2a,, vo1 n>2
b) Tim hé thirc truy hdi dé tinh s6 cac xau nhi phan d6 dai n chira 3 s6 1 lién tiép.
¢) Tinh s6 x4u nhi phan thoa méan diéu kién & ciu b véin = 6.
40.

a) Giai hé thirc truy hoi sau
ap=1a=>5, a,= -a,1 +6a,, vol n>2
b) Tim hé thurc truy hoi dé tinh sd cac xau nhi phan dg dai n, bat dau b%lng $6 1 va
c6 chtra 2 s6 1 lién tiép.
¢) Tinh s6 x4u nhi phan thoa méan diéu kién & cdu b véin=7.
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41.

42.

43.

44,

45.

a) Giai hé thirc truy hoi sau
ap=6,a,=7, a,= a,1 +6a,, vol n>2
b) Tim hé thirc truy hoi dé tinh sb cic xau nhi phan do dai n, két thiic bang s6 1 va
c6 chira 2 s6 1 lién tiép.
¢) Tinh s6 x4u nhi phan théa man diéu kién & cau b véin = 6.

a) Giai hé thirc truy hoi sau
ap=5a=4,a,= a,1 +2a,, vo1 n>2
b) Tim hé thtic truy hdi dé tinh sb cac xau nhi phan d6 dai n, bat dau bang sd 0 va
c6 chira 2 sb 1 lién tiép.
¢) Tinh s6 xau nhi phan théa man diéu kién ¢ cau b véin = 7.

a) Giai hé thirc truy hoi sau
ag=8,a;=3,a,= -a,1 + 28,2 vOi n>2
b) Tim hé thirc truy hoi dé tinh sé cac xau nhi phan do dai n, két thuc bang s6 0 va
c6 chira 2 sb 1 lién tiép.
¢) Tinh s6 x4u nhi phan thoa méan diéu kién & ciu b véin = 6.

a) Giai hé thirc truy hoi sau
ap=5a=24a,= -3a,1 +4a,, vo1 n>2
b) Tim hé thirc truy hdi dé tinh sd cac xau nhi phan do6 dai n, bat dau bang s6 1 va
c6 chira 2 s6 0 lién tiép.
¢) Tinh s6 x4u nhi phan thoa méan diéu kién & cdu b véin=7.

a) Giai hé thirc truy hoi sau
ap=6,a,=9, a,= 3a,1 +4a,, vo1 n>2
b) Tim hé thirc truy hdi dé tinh s6 cac xau nhi phan do dai n, két thuc bang s6 1 va
c6 chira 2 sb 0 lién tiép.
¢) Tinh s6 x4u nhi phan thoa méan diéu kién & ciu b véin = 6.
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46.
a) Giai hé thirc truy hoi sau
ap=6,a,=9,a,= 7a,1-12a,, vo1 n>2

b) Tim hé thirc truy hdi dé tinh sd cac xau nhi phan d6 dai n, bat dau bang s6 0 va

coO chutra 2 s0 0 lién ti€p.
c¢) Tinh s6 xau nhi phan théa man di¢u kién & cau b véin= 7.

47.
a) Giai hé thirc truy hoi sau
ap=8,a="74a,= -a,1 +12a,, vo1 n>2

b) Tim hé thirc truy héi dé tinh s cac xau nhj phan d6 dai n, két thuc bang s6 0 va

c6 chira 2 s6 0 lién tiép.
¢) Tinh s6 xau nhi phan théa man diéu kién & cau b véin = 6.
48. Hay tim nghiém cta cong thuc truy hoi v6i diéu kién dau dudi day:
a) a, = 3a,; vdiay=2.
b) a, = -4a,.1 - 4a,, voin>2 va ap =0 va a; =1.
C) a, = 14a,., - 49a,., vdi n>2 va ap =3 va a; = 35.
49. Hay tim nghiém cta cong thic truy hoi v6i diéu kién dau dudi day:
a)a,=ap; +2 VOl ag =3.
b) a, = -4a,.1 - 4a,, vdin>2va a;=0vaa; =1.
c) an = 13a,.1 - 22a,, véin>2 va ap =3 vaa; = 15.
50. Hay tim nghiém cua cong thire truy hdi voi diu kién dau dudi day:

a) a, = an1 +2n + 3 vdi ay =4.

b) a, =-6a,.1 - 9a,.» voi n>2 va ag =3 va a; =-3.

C) a, = 2a,1 + 5a,, - 6a,3 véi n>3 va ap =7 va a; =-4, a, =8.
51. Hay tim nghiém cua cong thirc truy hoi vai diéu kién dau dudi day:

a) a, =apy + 2" véi ag =1.

b) a, = 14a,; - 49a,, véi n>2 va ag =3 va a; = 35.

C) a, = 2a,.1 + .o - 2a,3 voéi n>3 va ag =3 va a; =6, a, =0.
52. Hay tim nghiém cua cong thirc truy hoi véi dieu kién dau dudi day:

a) a, = apq + 2" vaoi ag =1.
b) a, = -13a,., - 22a,, vdi n>2 va ap =3 va a; = 15.
C) a, = 2a,.1 + 5a,, - 6a,3 véi n=>3 va ap =7 va a; =-4, a, =8.

53. Hay tim nghiém cua cong thire truy hdi véi didu kién dau dudi day:
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a) a, = -4a,.1 - 4a,., voin>2 va ap =0 va a; =1.

b) a, =2a,, +a,,-2a,3 voin>3va ag=3vaa; =6, a, =0.
C) a, = 7a,, + 6a,3 voin>3va ap =9 va a; =10, a, =32.

54. Phuong trinh
X1+ Xo+ Xz + Xq + X5 +Xg = 24
c6 bao nhiéu nghiém nguyén khong am sao cho
a)xi=2voii=I, 2, 3,4, 35, 67 b) 1<x; <5 va x3 >8?
C) 1<x; <5va3<x, <7? d) 1<x; <5va 3<%, <7 va x3 >8?

55. Hay tim tat ca cac so ty nhién c6 7 chit s6 thoa man:

a) S6 ¢6 7 chit s6 tao thanh mot sd thuan nghich;

b) S ¢6 7 chit s6 tao thanh mot sb thuan nghich va c6 tat ca cac chir sb déu khac
0;

¢) Sb ¢ 7 chir sb ¢o tong cac chir sd 14 18;

56. Hay tim tat ca cc so ty nhién c6 9 chir s thoa man:

a) S6 ¢6 9 chir s6 tao thanh mot sd thuan nghich;

b) S6 ¢4 9 chir s6 tao thanh mot sb thuan nghich va cé tat ca cac chir sb déu khac
0;

¢) Sb ¢ 7 chir sb co tong cac chir sd 1a 19;
57. Hay tim tat ca cc so ty nhién c6 10 chit s6 thoa man:

a) S6 ¢6 10 chir s6 tao thanh mot sd thuan nghich;

b) S6 ¢6 10 chit s6 tao thanh mot sb thuan nghich va co tat ca céac chit sé déu khac
0;

c) S6 ¢6 10 chir s6 co tong cac chir sd 1a 18.
58.

a) Tim hé thtrc truy hoi va cho diéu kién dau dé tinh sb cac xau nhi phan d6 dai n va
khong c0 k so 1 lién tiep?

b) Tim hé thirc truy hoi va cho diéu kién dau dé tinh s6 cac xau nhi phan d6 dai n c6 it
nhat mot day k so 1 lién tiép?

59,

a) Tim hé thirc truy hoi va cho diéu kién dau dé tinh sb cac xau nhi phan d6 dai n va
khong c6 k s0 0 lién tiep?

b) Tim hé thic truy hdi va cho diéu kién dau dé tinh s6 cac xau nhi phan d6 dai n ¢ it
nhat mét day Kk so 0 lién tiep?

60.
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a) Mot hé théng may tinh coi mot xau cac chit s hé thap phan 1a mot tir ma hop 18
néu né chira mot sb chin chir s6 1. Vi du 1231407869 1a hop 1¢, 120987045608 1a

khong hop 18. Gia str a, 1a s6 cac tir ma do dai n. Hay tim hé thirc truy hoi va diéu

kién dau cho a,?

b) Giai h¢ thirc truy hdi a, = 2a,.; + .o - 28,.3 vOi N>3 va a, =3 va a; =6, a, =0.

61. Phuong trinh x, + X, + X; + X, + X + X5 = 25¢0 bao nhiéu nghi¢m nguyén khong am
thoa man

62.

a) X1=21,X2>2,%X323, X424, X5 25, Xg =67

b) 2<x; <7, 4< X, <8; X3 > 5?

a) Mot hé théng may tinh coi mot xau cac chir s hé thap phan 1a mot tir ma hop
1¢ néu no6 chtra mot s6 1é chit s6 0. Vi du 1231407869 1a hop 18, 12098704568 1a
khong hop 18. Gia sir a, 1a s6 cac tir ma do dai n. Hay tim hé thuc truy hoi va diéu
kién dau cho a,?

b) Giai hé thtc truy hoi a, = 7an., + 6a,.3 voi n>3 va ay =9 va a; =10, a, =32.

63. Phuong trinh x, + X, + X3 + X, + X5 + Xs = 28¢d bao nhiéu nghi¢m nguyén khong am thoa

man

64.

C) X121, X2>2,%X32>3, X4=>4, X5 25, X =67

b) 1< x; <6, 4< X, <9; X3 > 4?

a) Trinh bay thuat toan nhanh can giai bai toan cai tti?

b) Ap dung thuét toan nhanh cén giai bai toan cai thi dudi day, chi rd két qua theo

mdi bude thuc hién cua thuat toan?

5X, + X, +9X; +3X, — max,
4x, +2X, + X, + 3%, <10,
x; €{01},j=1234.
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65.
a) Trinh bay thuat toan nhanh can giai bai toan cai tli?

b) Ap dung thuit toan nhanh cin giai bai toan cai tii dudi day, chi rd két qua theo
moi budc thuc hién cua thuat toan?

X, +3X, +2X; + X, = max,
5%, +3X, +6X, +4x, <12,
x; {01}, j=1234

66.
a) Trinh bay thuat todn nhanh can giai bai toan cai t0i?

b) Ap dung thuét toan nhanh cén giai bai toan cai tai dudi day, chi rd két qua theo
moi budc thuc hién cua thuat toan?

30x, +19x, +13X, + 38X, + 20X, + 6X¢ +8X, +19%, +10X, +11X,, = max,
15x, +12X, +9x, + 27X, +15X; +5X, +8x, + 20X, +12X, +15X%,, < 62
x; €01, j=12---10.

67. Giai bai toan ngudi du lich v6i ma tran chi phi nhu sau:

o 31 15 23 10 17

16 o 24 07 12 12
34 03 o 25 54 25
15 20 33 o« 50 40
16 10 32 03 oo 23

18 20 13 28 21 o
68. Giai bai toan nguodi du lich véi ma tran chi phi nhu sau:

o 03 93 13 33 09
04 oo 77 42 21 16
45 17 o 36 16 28
39 90 80 o 56 07
28 46 88 33 o 25
03 88 18 46 92 o
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