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LJo1 no1 dau

Bai gidang "Dai s6 tuyén tinh va hinh hoc giai tich" dugc viét theo dé cuong
chuong trinh ctia B6 mon Toan - Khoa Cong nghé Thong tin - Hoc vién
K¥ thuat Quéan su. Tai liéu bién soan dua trén cac giao trinh cua Hoc vién
k§ thuat quan su va mot sd gidgo trinh danh cho sinh vién céc truong dai
hoc k¥ thuat trong va ngoai nudc. Day la ta:i liéu cd nhan bién soan giang
day cho cac 16p ctia chuong trinh tién tién Viet-Nga (75 tiét), ciing nhu cac
16p hoc vién quan sy va dan sy (60 tiét) tai Hoc vien. Vi thai lugng hoc
mon nay doi véi cac doi tugng hoc vien (trir cac 16p chuong trinh TTVN)
da gidm so vdi nhitng nam trude day (chi con 60 tiét) nén hau hét cac két
qué co ban chi duge dua ra ma khong cé chiing minh, dé hiéu sau sic van
dé sinh vién can tir doc chitng minh trong céic sach gido khoa cho mon hoc
nay.

Dic biet nhan manh rang khi hoc vien doc bai gidng nay can kem theo
hai tai lieu bat buoc 1a "dé cuong chi tiét mon hoc" va "dé cuong chi tiét
bai gidang" da dudc cac cap phé duyeét va cong bd trén trang web ciia Khoa
Cong nghe Thong tin (http://fit.mta.edu.vn/subjectstat  DH.htm). D6i v6i
nhiing muc (phan) khong c¢6 trong hai dé cuong trén xem la phan doc thém
cua hoc vién.

Phan bai tap sau mdi bai sinh vién lam theo yéu cau vd huéng dan clia
"dé cuong chi tiét" bai gidng (bai tap trong [4]).

Vi bai gidng bién soan bang Latex theo cau tric dinh sdn gan gidng véi
sach giao khoa nhung khong phdi la sach gido khoa. Dé hoc tap dat két qua
t6t sinh vién can c6 cac tai ligu bat buoc la [3], [4].

Trong tai lieu nhitng tinh chat sé thuong dudc viét dusi dang cac ménh
de, cac két qua quan trong dugc phét biéu trong cac dinh ly. Bén canh cac
van dé co ban clia mon hoc, trong bai gidng ching to6i c6 dua thém cac kién
thiic bo trg khac (vi du nhu thite hanh tinh toan s6 trén phan mém Maple).

Cudi cuing, trong qué trinh bién soan khé tranh khoi cé sai s6t ching toi



hoan nghénh su phat hién ctia hoc vien dé kip thdoi stta chita.
Théang 2 nam 2014
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Chuong 1

Ma tran, dinh thic, hé phuong trinh

tuyén tinh

1.1 Logic, tap hop, anh xa va ciu trac dai sb

1.1.1 Logic ménh dé va vi tir

Dinh nghia

Dinh nghia 1. Ménh dé la cdc khéng dinh ma ta cé thé biét né ding hodc
sai. Ta thuong kiy hiéu ménh dé bdi cdc chit cdi in hoa A, B, C,...

Vi du 1.

— "Ha noi 1a tha do Viet nam" - meénh dé ding.

— Trén tap R xét quan hé "nhé hon", khi d6 ménh dé "1<0" 1a ménh dé
sal.

Khi ménh dé A dang l1a néi ménh dé nhan gia tri dang va viét 1a "A-1",
"A-true" (A-t) hodc "A-ding" (A-d), ngugc lai ta néi A nhan gia tri sai va
viét 1a "A-0", "A-false" (A-f) hay "A-sai" (A-s). Ménh dé chi nhan hai gia

tri ding hodc sai va khong c¢6 kha nang tha ba.

Cac phép toan

a) Phép tuyén V (hodc, hodc la): Gia st A, B - 2 ménh dé. AVB (doc la
A hoic B, A tuyén B) cling 14 mot ménh dé, n6 chi nhan gia tri sai khi ca
A va B déu sai con dung trong cac truong hop con lai.

b) Phép hoi A (va): Gia sit A, B - 2 ménh dé. AAB (doc 1a A va B, A
hoi B) cling 13 mot ménh dé, né chi nhan gia tri dung khi cd A va B déu

ding con sai trong cac trudng hgp con lai.
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A|B|AVB
1|1 1
110 1
01 1
010 0

Béang 1.1: Bang gia tri logic phép tuyén

A| B | AAB
111 1
110 0
01 0
010 0

Bang 1.2: Bang gia tri logic phép hoi

c) Phép kéo theo —: Gia st A, B - 2 ménh dé. A—B (doc 1a A kéo theo
B, A suy ra B) cling 13 mot ménh dé, n6 chi nhan gia tri sai khi A ding

kéo theo B sai. A con goi la gia thiét, B goi 1a két luan.

A—B

OO&—‘»—*:D
oo~
== O =

Béng 1.3: Bang gia tri logic phép kéo theo

d) Phép tuong duong < : Gia stt A, B - 2 ménh dé. A<B (doc 1a A tuong
duong B) ciing 1a mot menh dé, né chi nhan gia tri ding khi A va B cung

ding hodc cung sai.

A|B| AsB
1|1 1
110 0
011 0
00 1

Bang 1.4: Bang gia tri logic phép kéo theo

d) Phép phi dinh ]: Gia stt A 1a meénh dé. ]A (doc 1a phit dinh A) cling

14 mot ménh dé va né nhan gia tri nguge lai véi gia tri A.
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Béang 1.5: Bang gia tri logic phép pht dinh
Cong thic va dinh ly

Tt cac ménh dé ban dau ngudi ta xay dung cac ménh dé mdi thong qua st
dung 5 phép toan trén. Cac meénh dé ban dau goi 1a so cap, con cac ménh
dé nhan dugc goi 1a cong thitc. Céc cong thiic luon nhan gia tri ding goi 1a
cong thitc hang dung, ching ta chi quan tam cac cong thic nay, cac cong
thitc hing ding con goi 1a "Dinh 1" hay "Dinh luat".

Vidu 2. (A — B) — C - 1a mot cong thic

(A— B) < (1B —]A) - 1a mot cong thiic hang dung (dinh ly).

Duéi day 14 mot s6 cong thic hing ding quan trong:

a) Giao hodn:

AVB& BV A

ANB& BANA

b) Két hop:
(AVB)VC < AV (BVC(O)

(AANB)AC & AA(BAC)

c) Phan phoi
AN(BVC) e (AAB)V(ANC)
AV (BAC) & (AVB)A(AVC)

d) Liy dang:
AVA&S A

ANAS A

e) Hap thu:
(AVB)NA S A

(ANAB)VA& A
f) Cong thitc De Morgan:
[(AAB) < (]4) v (1B)
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1AV B) < (JA) A (]B)
g) Cong thiic chitng minh phan ching;:

(A= B) = AA(]B)

Dé ching minh céc cong thic 1a hing ding ta thay tat ca cac gia tri co

thé clia cac ménh dé so cap, lap bang gia tri logic tit d6 dua dén két luan.

Meénh dé lugng tir

a) Tap hop , phan tit: Tap hop 14 mot khai niém khong dinh nghia dugc
ma chi c6 thé mo ta no.

Vi du 3. Tap hop cac sinh vién 16p K48-A.

Ky hiéu tap hop béi cac chit cai in hoa A, B, C,... cac phan ti clia tap
hop k¥ hiéu béi chit cai thuong a,b, c,... Ta viét a € A dé chi a 1a phan ti
cua tap hop A.

b) Ham ménh dé: Ta néi f(x1,..,2,) 12 mot ménh dé n-ngoi xac dinh
trén tap A néu véi moi (V) ay,...,a, € A thi f(ay,...,a,) 1a mot menh deé.

Vidu 4. A =R, khi d6 v6i z,y € R thi "z > ¢" 14 ham ménh dé hai
ngoi xac dinh trén A.

c¢) Lugng tir

i) Lugng tir ton tai (rieng): Gid st f(x) 13 mot ham ménh dé xac dinh
tren A, ménh dé "Jxf(x)" - doc 1a "ton tai x dé f(z)" - né nhan gia tri
dtng khi c6 a € A dé f(a) la ding.

ii) Lugng tit phd bién (chung): Gia sit f(x) 1a mot ham ménh dé xac dinh
tren A, ménh dé "Vzf(z)" - doc 1a "véi moi z dé f(z)" - n6é nhan gia tri
ding khi v6i méi a € A bat ky thi f(a) 1a dung.

Ngusi ta c6 thé xay dung ménh dé c6 chita nhiéu lugng ti.

Dinh 1y 1.1.1. Phi dinh ciia ménh dé cé chia luong tw la ménh dé nhan
dugc bang cach thay cdac luong tu chung thanh cdc luong ti riéng va ham
meénh dé thay bang phi dinh cia né.

Vidu 5. |(Vof(z)) & Jz]| f(x)
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1.1.2 Tap hop

Tap hop va phép toan trén tap hogp

a) Khai niéem: Nhu trén da néi, tap hgp la khai niém khong duge dinh
nghia, ngudi ta ta chi mo ta tap hop. Ky hiéu a € A dé chi phan tit a thuoc
tap A. Tap khong c6 phan tit ndo goi la tap rong va ky hieu 1a 0. Hai tap
A va B goi 1& bang nhau néu ching c6 chita cac phan ti giong nhau. Tap A
goi 1a con ctia tap B (hay 1a B chita A) néu moi phan ti ciia A déu thuoc
tap B, ky hiéu la A C B, vay:

A=B& (ACB)A(BCA)

Quy udc tap 0 1a con ctia moi tap hop.

b) Cac phép toan trén tap hop: Gia stt A va B 1a cac tap hgp

i) Phép hop: AU B doc la A hgp B 14 tap cac phan tit thudc it nhat mot
trong hai tap hop d6 (Hinh 1.1a))

AUB ={z|(x € A)V (z € B)}

ii) Phép giao: AN B doc 1a A giao B 1a tap cac phan tit thuoc ca A va
B(Hinh 1.1b))
ANB={z|(zx € A) A (z € B)}

» ¢ @

a) b) c)

Hinh 1.1: Biéu do Venn: Hop, giao va hiéu ctia hai tap hgp

iii) Hiéu cia hai tap hop: A\ B doc 1a A tri B 1a tap cac phan ti thuoc
ca A va khong thuoc B (Hinh 1.1c))

A\B={z:(r€ A)N(z ¢ B)}

iv) Hiéu doi zing cua hai tap hop: A A B la tap hop dude xéc dinh nhu
sau: AAB=(A\B)U(B\ A) (Hinh 3.2a)).

15



a) b)

Hinh 1.2: Biéu d6 Venn: Hieu déi xting va phan bt

v) Phan bu: Gia st X 1a mot tap hop va A 1a tap con ctia X. Phan bu
ctia A trong X ky higu 1a A (hay Cx A) va xac dinh bdi A = X \ A (Hinh

3.9)).
c¢) Céc tinh chat:

i) Giao hoan:

ii) Két hop:

iii) Phan phoi:

iv) Lity dang:

v) Hap thu:
(AUB)NA=A
(ANB)UA=A
vi) Cong thic De Morgan
AUB=ANB
ANB=AUB
Tong quat: |J A, =N A va ) A= U A
il iel iel il

Chitng minh céc tinh chat trén c6 thé dua vao céc luat tuong tng clia
logic ménh dé.
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Quan hé tha tu bo phan. Quy nap toan hoc
a) Tich Descartes va quan hé thit tu bo phan

Dinh nghia 2. Gid s A, B la cdc tap hop. Tich Descartes cia A va B
ky hiéu la A x B la tap hop gom cdc phan tii c¢é dang (a,b) ¢ dé a € A va
be B.

Ta c6 thé mé rong dinh nghia cho trudng hop tong quét tich Descartes
ciantap hop: Ay x Ay x ... x A,. Khi Aj = Ay = ... = A, = A ta viét 1a
A",

Dinh nghia 3. Gid st X la mot tap hop. Mot quan hé hai ngoi (hay quan
hé) trén X la mot tap con R cia X?. Néu (xz,y) € R ta néi x quan hé R
vdi y va viet la Ry, vay 2Ry < (z,y) € R.

Vi du 6. Quan hé "z chia hét cho y" 1a quan hé hai ngoi trén N
R = {(z,y) € N*: ziy}

Cadc tinh chat thuong gdp:

i) Phan xa: R goi 14 phan xa néu Vo € X 2Rz tic 1a (z,x) € R.

ii) Déi xting: R - ddi xting néu (Vz)(Vy)(2Ry — yRx)

iii) Bac cau: R - bac cau néu (Vz)(Vy)(Vz)[(zRy) A (yRz) — 2R zZ]

iv) Phan d6i xting: R - phén ddi xing néu (Vz)(Vy)[(zRy) A (yRz) —
xr =yl

Mot quan hé R goi 1a tuong duong néu quan he d6 co cac tinh chat i),
i) va ).

Néu R 1a quan hé tuong duong trén X va phan tit € X, tap con cia X
gom tat ca cac phan tit ¢c6 quan hé R vé6i z goi 1a 16p tuong duong clia phan
tlt z, ky hiéu 1a [z]z hay don gian 1a [z]. R6 rang, phan tit z luon thuoc 16p
tuong duong cua chinh né va hai 16p tuong duong hoac trung nhau hoac
khong giao nhau. Ta néi rang tap cac 16p tuong duong tao thanh mot phan
hoach cua X.

Vi du 7. Gia st ¢6 mot s6 nguyén duong n, ta dinh nghia mot quan he
hai ngoi ‘R trén Z nhu sau:

Ve,y € Z, xRy & x—y:in

17



Quan hé nay dugdc goi 1a quan hé dong du modulo n. Néu zRy ta viét 1a
r =y (mod n). D& dang kiém tra quan hé dong du modulo n ¢6 céc tinh
chat i), ii) va iii), do d6 n6 la quan hé tuong duong. Cé thé chiing minh
ducgc tap Z v6i quan hé dong du modulo n phan hoach thanh n 16p tuong
duong {[0],[1], ..., [n — 1]} (bai tap), ta ky hicu

Ly = {[O] ) [1] AR [n - 1]}

Quan hé R goi 1a thi ty b phan (hay ting phan) néu c6 cac tinh chat
i), iii) va iv). Khi d6 ta néi tap X véi quan hé thi tu nay 1a duge sap mot
phan.

Quan he thi ty bo phan trong X goi 1a thit tu hoan toan (hay toan phan)
néu véi moi a,b trong X ta c6 aRb hoic bRa, khi d6 tap X 1a dugc sdp
hoan toan.

Vi du 8. Tap s6 thuc R v6i quan hé < 1a tap dude sap hoan toan.

Gia st R 1a quan hé thid ty bo phan trong X, tap hop A C X. Phan tt
ag goi 1a bé nhat trong A néu Va € A ta c6 agRa tiic 1a (ag,a) € R.

Mot tap dude sap hoan toan sé duge goi 1a duodc sdp tot khi va chi khi
moi tap con khéc rong ctia né déu c6 phan tit bé nhat.

Vi du 9. Tap hop N v6i quan hé < 1 tap dudc sap tot, con tap Z cing
v6i quan hé nay khong phai dugce sip tét do Z khong c6 phan tit bé nhat.

b) Nguyén 1y quy nap toan hoc trén tap s6 tu nhien N

Dinh 1y 1.1.2. Meénh dé f(n) phu thuoc n € N sé diing cho moin néu théa
man hai dieu kién:

i) f(1) - ding

i) Tu f(k) - ding kéo theo f(k+ 1) - ding vdi moi k € N.

Chitng minh: Ta ching minh bing phan ching. Gia st ton tai m dé
f(m) sai. Do tap N v6i quan hé < la duge sdp tot nén néu goi M C N
Ia tap hop {m : f(m) — sai} thi M c6 phan tit bé nhat, ky hieu my, hién
nhién do gi& thiét i) nén mgy # 1,mg > 2. Vi f(my) - sai vd mg bé nhat nén
f(my—1) - ding. Tuy nhién theo ii) tut day lai ¢c6 f(mo—14+1) = f(my) -
diang. Dieu d6 dan dén mau thuan. Mau thuan nay ching té gia thiét phan

chiing 14 sai, tiic 1a ta c6 diéu phai ching minh. »
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1.1.3 Anh xa. Luc lugng ctia tap hop.
a) Cac dinh nghia: Gia st X, Y la céc tap hop.

Dinh nghia 4. Anh za fte X vaoY kyhieula f: X =Y la mot quy tdc
cho tuong 1ing moéi phan ti x € X vdi mot va chi mot phan tiy € Y. Khi
dé ta néi y la dnh cia x va viét lay = f(x). X - goi la tap xdc dinh cia

anh za f hay tap nguon, Y - goi la tap dich.

Hinh 1.3: Anh Xa

f

Xét haianhxa f: X - Y vag: X =Y. fva g goila bang nhau va
viét 1a f = g néu f(z) = g(x),Vr € X.

Dinh nghia 5. Gid s f : X - Y, AC X, BCY. Tap hop f(A) :={y €
Y :3z € Ay = f(x)} goi la tap dnh cia A. Tap hop f1(B) = {xr € X :
f(x) € B goi la nghich anh cia B bdi f.

Quy ude f(9) = 2.

Vi du 10. Céac ham sé da hoc & pho thong 1a nhitng anh xa, vi du
sin : R — [—1,1] v6i x — sin(x).

Tinh chat:

i) Ac f7Hf(A), f(fH(B) C B

i) f(A1UAg) = f(A1) U f(A2), f(A1N Az) C f(A1) N f(A2)

iii) f7H(B1UBs) = fH(B)UfH(Ba), fTHBiNBs) = f~H(B1)NfH(Bo)

Dinh nghia 6. Ta no:

i) f - toan dnh (lén, tran dnh) néu f(X) =Y, ticlaVy e Yz € X : y =
f(x) hay néi cich khdc f~(y) cé khong it hon mot phan ti.

i) f - don anh néu Nz, o' € X tux # 2’ — f(z) # f(2). Vay f - don dnh
khi va chi khi véiy € Y tap f~1(y) c6 khong qud mot phan ti.

i) f - song dnh néu né vita don dnh vita toan dnh, tic la Ve € X3y € Y :
y = f(x). Mot song anh X — X con goi la mot phép thé trén X.
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Vi du 11. f(z) = sinz la toan anh vi véi moi a € [—1,1] ton tai
r = arcsina + 2km, k € Z dé f(z) = a.
Vidu 12. f: A— f(A) C Y ma don anh sé la song anh.

Dinh nghia 7. Gid si A, B la hai tap hop, cdac phan té cia ching thudc
mot logi nao dé. Néu cé mot song dnh (tuong ting 1-1) gitia cdc phan ti
ctia A va B thi ta néi rang A tuong duong B ky hiéu la A ~ B.

Dé thay rang quan hé tuong duong nay thuc su 1 quan hé tuong duong
theo dinh nghia & trén.

Vidu13. Xéttap N ={1,2,...,n,...} vatap M = {2,4,...,2n,...}. Phép
tuong ing n < 2n la tuong tng 1-1.

Vi du 14. Khoang (0; 1) tuong duong véi truc s6 thyc R. C6 nhiéu cach
chiing minh diéu nay, c¢6 thé xét phép tuong ting 1 — 1 nhu trong Hinh 1.4.

0 102 A

Hinh 1.4: Tuong tng 1 — 1 gida (0;1) va R

Dinh nghia 8. Luc luong cia tap hop A bat ky la "cdi chung" c6 trong tat
cd cdc tap hop tuong duong véi A. Néu A hitu han thi luc lwong A chinh
la s0 phan ti (khong trung nhau) trong A. Luc ligng cia A ky hiéu la |Al.
Theo dinh nghia A ~ B néu |A| = |B].

Tap hop tuong duong véi tap N goi 1a tap dém duge. Vi du Z, Q 1a dém
duge (bai tap).

b) Anh xa nguoc:
Dinh nghia 9. Cho hat dnhza f : X — Y vag:Y — Z, anh za tu X vao
Z zdc dinh bdi x — g(f(x)) goi la hop thanh (tich) cia g va f ky hiéu la
gof (haygf).

Cht ¥ rang g o f chi xac dinh khi tap dich ctia f trung véi tap nguon

cua g.
Tinh chéat:
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i)ho(gof)=(hog)of

i) (go f)(A) = g(f(A))

iii) (go f)"(B) = f"'(¢'(B)),VBCZ
iv) go f - don anh thi f - don dnh

v) go f - toan anh thi g - toan anh.

Dinh nghia 10. i) Anh zq Idx : X — X sao cho Idx(z) = z,Vz € X goi
la dnh za dong nhat trén X.

i) Gid st f : X =Y la mot anh za. f goi la khd ngich néu ton tai dnh za
g:Y — X sao cho go f = Idx va fog = Idy. Khi dé g goi la anh xa
nguoc hay nghich ddo cia f va ky hieu la f=1.

Vi du 15. Cac ham nguge da biét ¢ pho théng cho ta cac vi du vé anh

Xa nguge.

Dinh 1y 1.1.3. (Ton tai dnh za ngugc) Anh za f: X =Y ¢6 f~' khi va
chi khi f la song anh.

1.1.4 So ludc vé cau tric dai s

Nhoém, vanh, truong:
a) Phép toan hai ngdi (phép toén trong):

Dinh nghia 11. Gid st X tap hop khdc rong. Mot phép todan hai ngoi trén
X la mot dnh za o : X x X — X : (z,y) = xoy. Phép toan o goi la hop

thanh cia x va y.

Vidu 16. Phép cong + : R xR = R: (z,y) —» x4y

Cac tinh chat thuong gap:

i) Két hop: Va,y,2 € X taco zo (yoz) = (zoy)oz

ii) Giao hoan: Vx,y € X :zoy=youx

iii) Phan phoi: Gia stt ¢6 hai phép toan hai ngoi * va o trén X. Phép toan
* goi 1 ¢6 phan phoi ben trai véi phép toan o néu Va,y,z € X : xx(yoz) =
(x *y) o (x % z). Tuong tu ta c6 tinh chat phan phéi bén phai. Néu khong
néi gi ta hiéu phép toan cé tinh chat phan phéi ca hai phia.

Dinh nghia 12. Phan ti e € X goi la phan ti trung hoa ciia phép todn o
néuVr € X :xoe=cox =z . Néu ky hiéu o theo 167 cong (+) thi phan ti
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trung hoa ky hiéu la 0 (khong), con theo 161 nhan (-) thi phan ti trung hoa
ky hiéu la 1 (mot).

Dinh nghia 13. Gid s X c6 phan tii trung hoa e. Ta néi x la phan ti khd
doi zing néu ton tai ' € X :xo0a’ =2’ ox =e. Phan t¢ 2’ goi la phan ti
doi zitng ciia x. Khi o viét theo 101 cong ta ky hieu o’ la —x va goi la phan

i doi, con 16i nhan ta ky hiéu la =1 va goi la phan ti nghich ddo.

Dé thay phan ti trung hoa 1a duy nhat. Néu X vdéi phép toan o c6 tinh
chat két hop va phan tt trung hoa e thi phan tt ddi xing ciing 1a duy nhat.
b) Nhom:

Dinh nghia 14. Gid su tap hop X # & vdi phép toin hai ngoi o da cho.
Ky hieu (X, 0) goi la mot nhom néu phép toan la két hop, cé phan i trung
hoa e va moi phan ti déu khd déi zing (khd nghich). Ngoai ra néu o cé tinh

chat giao hodn thi nhém dugc goi la nhém giao hoan (hay Abel).

Ta thuong ky hi¢u (X, o0,e) dé chif mot nhém véi phan ti trung hoa e.
Vidu 17. (R, +,0) va (Q\ {0},-,1) 1a cac nhém Abel.
¢) Vanh: Xét hai phép toan trén tap X # & la

+: XXX > X:(z,y)—ax+y

XXX =X (vy) oy

Dinh nghia 15. Ta noi tap X vdi hai phép toan trén lap thanh mot vanh
(X, +,) néu:

i) (X,+,0) la nhom Abel

i) Phép nhan (-) c6 tinh chat két hop va phdan phoi vdi phép cong (+).

Ngoai ra néu phép nhan c¢6 don vi 1 thi ta néi vanh c¢é don vi, phép nhan
c6 tinh chat giao hoan thi goi 1 vanh giao hodn.

Vidu 18. (Z,+,-) va (R, +, ) 1a cac vanh giao hoan, c6 don vi.

d) Trudng:

Dinh nghia 16. Truong la mot vanh giao hoan co don vi 1 # 0 va mot
phan tii khac O déu khd nghich (déi vdi phép nhan).

Vidu 19. Q,R,Z, (v6i p nguyén t0) 1a cac truong (bai tap).
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1.1.5 Sb6 phiic:

a) Dinh nghia: Trén R? trang bi hai phép toan nhu sau:

- Phép cong (+): (a1,b1) + (a2, b2) = (a1 + az, b1 + b2)

- Phép nhan -: (a1,b1) - (az,b2) = (a1 -as — by - bo,a1 - bo + as - by) 6 do6
(a1, b))} = (? %) véi (a1, b1) # (0,0).

Dé thay phan tit (0,0) la phan tt trung hoa ctia phép cong, (1,0) la
phan ti don vi cia phép nhan. Khi d6 c¢6 thé kiém tra duge (R?, +,-) 1a
mot truong va goi 1a truong soé phiic, ky hiéu 1a C. Vay mdi s6 phiic z € C
1a 2 = (a,b) € R% Vimdi s thuc x € R ta c6 thé dong nhat vé6i (z,0) € C,
khi d6 c6 thé coi R C C.

b) Don vi 4o, dang dai s6 ctia s6 phitc: Ta goi s6 phiic (0,1) 1a i va goi
14 don vi 4o. Nhu vay (0,1) = ¢ nén (0,b) = 4b. Khi d6 i*> = (0,1) - (0,1) =
(—1,0), ta dong nhat n6 v6i —1 theo lap luan trén, tir d6 i = —1. Vay véi
z € Cthiz=(a,b) = (a,0)+ (0,b) = a + ib v& dugc goi 1a dang dai s6 cia
s6 phtic. Ky hieu Rez = a, Imz = b goi 1a phan thyc v phan 4o tuong ting.
V6i viéc cho tuong ting s6 phitc z = (a,b) € R?, dat diem M = (a,b) trén
mit phang, ta c6 thé bicu dién sb6 phiic trén mat phing toa do Descartes
nhu la z = ()—]\>4 . Truc hoanh Oz dugc goi la truc thuyc, truc tung Oy goi la
truc 4o, mat phang biéu dién sé phiic goi 1a mat phang phic (Hinh 1.5).

Rez

Hinh 1.5: Biéu dién s6 phtc trén mit phing

Dinh nghia 17. Cho s6 phiic z = a + ib, khi dé a — ib goi la lién hop cia
z ky hiéu la Z.

Dé thiy r8ng: z; + 20 = Z1 + 22, 21 22 = 21+ 22 VA 2 - Z = |z|* & day
|2]* = a® + b~

c¢) Dang lugng gic ctia s6 phiic: Cho s6 phiic z = a + ib # 0, c6 thé viét

N

lai z nhu sau:

Z:m<a b)

+ 1
Va2 +v2 a2+ 12
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——
Dat r := |z| = va? + b? goi 1a modul cua z, goc ¢ gita OM véi truc thuc
goi la argument cia z ky hiéu ¢ := arg(z). Dé thay:
a = rcosp
b=rsinyp
khi d6 z = r(cosp + isin @) goi la dang lugng gidc ctia s6 phiic. Véi moi s6
thuc ¢ ta dat
e'¥ := cosyp + isin
thi z = re’¥ goi 14 dang ma cta sd phiic.
Dé thay module va argumen clia s6 phiic ¢6 cac tinh chat don gidn sau:
) [2] = |21 |2122] = =] [22] 5 [2"] = |2]"
i) arg(z1+22) = arg(z) + arg(z); arg <z—;) = arg(z) —
arg (22) ; arg (2") = narg(2)
Cong thic Moivre: Gia st z = r(cosp + isin ), khi do6
2" = r(cosny + isinny)
Dé dang chitng minh cong thic nay bang quy nap theo n.
d) Can bac n cua s6 phitc: Gia st ta ¢6 s6 phitc dang lugng gidc z =
r(cosp + isinp). Ta goi can bdc n cla s6 phiic z 1a tap hop
Cpz={weC:w"=z2}
Dé hiéu 16 ta viét tap hop nay mot cach tudng minh hon. Dat:

w = p(cosf + isin )

Theo cong thitc Moivre ta co:

w" = p"(cosnb + isinnf)

do vay

p'cosnf = rcosy
p'sinnf = rsingp

tu do ta co
p=1r
§ =22 k7

Khi d6 can bac n cua z viét lai 1a

k2 k2
Cuz = {W<cosu+isinu> k=0:1;...;n — 1}
n

n

Vay can bac n ctia z # 0 ¢6 diang n gia tri khac nhau.
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Vanh da thic:
Gia stt K 1a truong, mot da thic (mot bién) trén K 14 biéu thic dang
p(z) = ap + a1 + agx® + ... + a,a"

¢ d6 x 1a bién, a; € Kv6ii = 1,n la cac hé s6, n € Z™.

Néu tat ca cac hé s6 a; bang 0 ta c6 da thic hang khong va viét 1a
p(z) = 0.

Néu ag # 0 = a; = ... = a, thi p(x) goi 1a da thic hdng.

Néu a, # 0 thi p(z) goi la da thic bac n, ky hi¢u bac cia da thic la
deg(p) = n. V6i cach hiéu nhu vay thi da thitc hing 1a cac da thiic bac 0,
da thitc hing 0 khong c6 bac (do6i khi nguoi ta coi né ¢6 bac —oo). Néu p(z)
c6 dang az”,a € K thi goi la don thic.

Hai da thiic p(x) va ¢(x) goi 1a bang nhau, viét 1a p(z) = ¢(x), néu cac
hé s6 tuong ting clia chiing bang nhau.

Gia st ta c6 hai da thiic

p(z) = ap + a1x + apx® + ... + a,z"

q(z) = by + b + by + ... + byz™
khi d6 tong va tich cia hai da thice dinh nghia nhu sau:

(ag + bo) + ... + (an + bp)x" + bypr 2™ + .+ D™, m > n
(ag + bo) + ... + (ap + bp)T™ + bpprx™ ™+ .+ bz, m < n

p(z)+q(z) = {

BN

va

p(x)q(x) = co + 17 + .. + Coppp™ "

i) deg(p() + g(2)) < max {deg(p(z)), deg(q(x))}

i) deg(p(v)q(x)) = deg(p(r)) + deg(q())

Ky hieu K[z] 1a tap tat ci cac da thitc (mot bién) trén truong K, khi do
c6 thé ching minh K[z] v6i hai phép toan trén lap thanh mot vanh giao
hoan ¢6 don vi (don vi ¢ day 1a da thitc hiang bang 1) (bai tap).

k -_— ~ z
G d6 e = > aibp_i, k = 0,m + n. Dé thay
i=0

Dinh 1y 1.1.4. (Phép chia Euclide) Gid st K la mot truong, va p(x), q(z) €
Klx], q(x) # 0. Khi dé ton tai duy nhat cic da thic h(x) va r(z) sao cho
p(x) = h(z)q(x) +7(x) vdi deg(r) < deg(q).
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Céc da thic h(x) va r(z) lan lugt goi 1a thuong va phan du trong phép
chia p(x) cho q(x). Trong tinh toan ta c6 thé thyc hién phép chia da thic
nhu sap dat chia s6 nguyen.

Vi du 20. D¢ chia da thitc 22% — 22 + 2 — 1 cho da thitc 22 + 1, ta thuec
hién nhu trong Hinh 1.6.

28 —x*+x-1 | 241

2x +2x 21 -1

—x'—x-1
—x*-1

—X

Hinh 1.6: Chia da thrtec

Cho hai da thic p(z),q(z) € Klz], ¢ d6 K 1a trudng va ¢(x) # 0. Néu
ton tai da thic h(z) € Klz] sao cho p(z) = h(z)q(x) thi ta néi p(x) chia
hét cho q(z) (hay q(z) 1a wdc clia p(x) trong Klz]).

Mot da thitc d(x) 1a u6e cia ca p(x) va g(x) goi la udc chung cia p(z) va
q(z). Néu d(z) 1a u6c chung ctia p(x) va g(x) dong thoi né chia hét cho moi
uée chung khac cia p(z) va g(x) thi goi 1a u6c chung 16n nhat ciia ching,
viét tat 1a UCLN, ky hiéu la d(z) = (p(z), ¢()).

Dé dam bao tinh duy nhat ciia UCLN ngudi ta quy uéc hé sd bac cao
nhat ctia UCLN la 1. Dé tim UCLN ta dung thuat chia Euclide bing céach

thuc hien mot s6 hitu han cac phép chia lién tiép sau day:

p(z) = q(x)h(z) + r(x), deg(r) < deg(q)
q(z) = r(z)hi(x) + r1(z), deg(r) < deg(r)

Tr—2(x) = rp_1(x)he () + (), deg(ry) < deg(ry—1)
ri-1(x) = re(@) hita (2)
da thic cudi cing khéc 0 trong day phép chia trén 1a r(z) va sau khi lay
re(x) chia cho hé s6 bac cao nhét clia n6 ta duge UCLN ctia p(x) va g(z).
Tit thuat toan Euclide ta thay rang, néu d(z) = (p(x), q(x)) thi c6 thé
tim dugc cac da thic u(z), v(z) € K[z] sao cho

p(r)u(z) +gq(z)o(z) = d(z)

Mot nghiém trén K ctia p(z) 1a phan tt o € K sao cho khi thay vao p(x)
ta dugc bicu thiic dong nhat bang 0.
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Dinh 1y 1.1.5. (Bezout) Phan ti o € K la nghiém cia p(z) € K[z] khi va
chi khi p(x) chia hét cho z — a.

Nhu vay néu « 1a nghiém p(x) thi ton tai da thic h(z) sao cho

p(z) = (x — a)h(z)

Néu c6 mot da thitc r(z) sao cho p(x) = (v — a)*r(z) (k € N) nhung
khong thé bicu dién p(x) dudi dang p(x) = (v — ) s(z) véi s(z) € K|x]
thi k& goi la boi ctia nghiém «, va v goi la nghiém boi k cia p(x). Khi K = C
ta c6 két qua sau day va thuong goi 1a Dinh lj co ban cia dai s6 hoc.
Dinh 1y 1.1.6. (Dinh ly co ban cia dai S0 hoc) Moi da thic hé so phiic bac
n > 1 c¢6 it nhat mot nghiém phite. Néi cach khdc, mot da thic cip n sé co
du n nghiém phic ké cd boi.

Cho p(z) = ag+ a1z + asx® + ... + a,a" € K[z] va a € K. Ta ¢6 thé diing
s0 dd Horner (xem Hinh (1.7) ) dé tim h(x) = by+ bz +box® + ...+ b, 12"
va r = p(«a) trong thuat chia Euclide p(z) = (r — a)h(z) + r

a, a, q a,
a bn_lzan bn—},: bD: r=
a,,+ abn_l a, +ab1 a, + a‘bo

Hinh 1.7: So do Horner

Vi du 21. Cho da thiic p(z) = 2 + 2% —22% + 1 tréen Q[z] via = 2 € Q,

stt dung so do trén ta co:

1 1 -2 0 1

2 1 3 4 g 17

Hinh 1.8: Ap dung so d6 Horner

Vay p(z) = (x — 2)h(z) + r, trong d6 h(x) = 2° + 32® + 42 + 8 con
r=p2) =17

Khai trién Taylor ctia da thitc: Cho p(z) € K[z] va deg(p) = n. V6i mdi
a € K da thtc trén c6 thé khai trien duy nhat duéi dang:

n

p(x) = Z cr (z — )P,

k=0
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Khong khé dé chitng minh diéu nay dua trén dinh 1§ vé phép chia Euclide.
Nho luge do Horner c6 thé thu duge cac hé sb ¢ tit bang sau

n n—1 I:21 aD

Hinh 1.9: So do Horner cho khai trién Taylor

Vi du 22. Phan tich da thic p(x) = 2* + 23 — 22° + 1 theo cac lity thira
ctia 2 — 2. Ta 1ap so do Horner (xem Hinh 1.10).

(]
—_
)
B

[#4]

—
&

[ 3]

1| 5 |14 |36

[ 3]
—
-1
(3]
(=]

.
—
=

(]
=l

Hinh 1.10: Stt dung so do Horner khai trién Taylor da thiic
Tit d6 ta c6 p(z) = (v —2)* + 9(z — 2)% + 28(x — 2)? + 36(x — 2) + 17.

Chu y 1. V&i K la cdac truong thong thuong (Q,R,C), tw ly thuyét gidi tich
c6 thé thay cdc hé s6 ¢, chinh la dao ham cip k ciia p(x) tai o, tic la

~ pW(a)
!

Ci —

Cong thiic Viet. Cho da thic p(x) = ag + a1x + ax® + ... + a, 2" €
Klx], a, # 0. Gid st p(x) c6 n nghiem (ké ca boi) 1a oy, .., qa,, € K. Khi d6

ta co
p(x) = ap(r — ag)...(x — o)
Khai trién vé phai va so sanh cac lity thita cling bac ta dude cong thic Viet
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« 2 . , ~ E4 , LN 2 2
bieu thi cac hé so theo cac nghiém cua no:
(

n
n =
n
an-2 __ __ -
2 = Yo o

1<i<j<n

i ()Y ayogan
1< <. .<ig<n

= (—-1)"oqas...a,

£l

Ro6 rang viéc hoan vi cac nghiém da thitc khong lam cong thiic Viet thay
doi.

Quy tdc doi ddu Descartes. Quy tic dau Descartes dudi day 14 mot cong
cu hitu ich dé tim s6 khong diém (nghiém) ctia mot da thitc mot bién thue
khi ma ta khong nhin vao dd thi ciia n6. O day ta hiéu s6 1an déi déi dau
clia mot da thiic 1a s6 lan ddi dau ciia cac he s6 (khac khong) trong da thiic
do6 (da thitc duge viét theo chidu tang hodic giam cla liy thia).

Vi du 23. Da thiic

p(z)=a"+22 -2
c6 1 lan doi dau.

Quy tac Descartes duge phat bieu nhu sau:

Dinh ly 1.1.7. Gid st N la s6 khong diém (nghiém) duong cia da thic

maot bién thuc
p(zr) = apx" + ap 12" 4 agx + ag

con S la sé lan doi déu cia da thic. Khi d6 S > N va S — N la mot s

chan.
Dé dang thu dugc hé qua tuong tu doi véi sé khong diém am khi ta xét
da thic p(—x).
Vi du 24. Vi da thic
p(r) =o'+ 2% -2

c6 1 1an ddi dau nén theo quy tac dau Descartes da thic ¢6 ding mot khong
diém duong. Xét
p(—x)=a* +2* -2
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ciing c6 mot lan doi dau nén da thic ¢6 ding mot khong diem am. Nhu vay
da thic ¢6 hai nghiém thyc: mot am, mot duong, cap nghiém con lai chinh
14 cap nghiem phtec lien hgp. Khong kho dé thay cac nghiém cta da thiic
nay la +1, £2.

1.2 Ma tran

1.2.1 Ma tran
Gia st K 1a mot truong (thuc hosic phitc), m, n 1a cac s6 tu nhién.

Dinh nghia 18. Ma tran cip m x n trén truong K la mot mdng cha nhat

gom m hang, n cot véi m X n phan ¢ a;;,i = 1;m,j = 1;n dang

aip -+ Qin
A=

Am1 - Gmp
va viet don gidn J dang A = (@ij ) mxn-

m x n goi la kich thude (cap, ¢6) ma tran (theo théi quen ta nguoi ta
thuong dung tir "cap" cho ma tran vuong), tén cdc ma tran thuong dugc
dat béi cac chit cai in hoa A, B, ... Tap cac ma tran ¢6 m x n ky hiéu béi
M (K). Khi m = n ta n6i ma tran vudng cAp m, tap cidc ma tran vuong
cap n ky hieu M, (K).

Hai ma tran goi 1a "bang nhau" néu cac phan ti tuong tng clia ching
bang nhau.

Ma trgn O 1a ma tran gom cac phan tit bang 0, tic 1a a;; = 04, j.

Ma tran don vi cap n 134 ma tran vuong trén K v6i cac phan tit trén
duong chéo chinh bang 1, cac phan ti con lai bang 0, ky hiéu 1a E, =
diag(1,1,....,1) hodic don gidn 1a E khi da biét cap clia n6 (mot s6 tai lieu
ky hiéu [,,) dang

E:

Néu dung ky hieu Kronecker



thi £ = (0i)n.
Khi m = 1 hodc n = 1 ta dugc cac ma tran mot hang hodc mot cot (hay

goi la cac vector hang (cot)).

1.2.2 Cac phép toan trén ma tran

Dinh nghia 19. Gid st ¢6 hai ma tran cd m X n

aip -+ Qip b1 -+ by
A= : : : , B =
Ami1 - Amn bml Tt bmn
khi do ta viét
a1 +bun -+ aip + by
A —"_ B — . . .
am1 + bml o Amn + bmn

va goi la tong ciua hai ma tran A va B.

Meénh dé 1.2.1. Gid st A, B,C la cdc ma tran ¢cd m x n, O la ma trin
cdc phan ti deu la 0, khi do:

i) A+ B=B+ A

i) A+ ( B+C)=(A+B)+C

i) A+ 0O = A va

w) Ton tai ma tran A’ sao cho: A+ A" = O, khi dé ky hieu A" la —A.

Nhu vay tap cac ma tran v6i phép toan cong lap thanh mot nhom Abel.

Dinh nghia 20. Gid s c6 ma tran cap m X n

11 -+ Alp
A=
am1 - Gmp
va hang so ¢ € K. Ching ta viét
cayp -+ CAin
cA =
Cam1 -+ Camn

va goi la tich cua ma tran A vdi hang so c.
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Meénh dé 1.2.2. Gid st A, B la cic ma tran cd m xn, va c,d € K, khi do:
i) c(A+ B) =cA+cB
i) (c+d)A = (cA+dA)
i) 0A = O va
w) c(dA) = (cd)A.

Dic biet v6i ¢ = —1 € K, thay vi viét (—1)A ta viét 1a —A. Dé thay cac
tinh chat trén suy ra tir tinh chat phép toan trén truong K

Dinh nghia 21. Gid st c6 hai ma trgn ¢d m X n va n X p tuong iung la
ayp -+ Qi bin -+ by
A=

Am1 " Amn bnl bnp
khi do tich cia hat ma tran A va B la ma tran c¢d m X p duoc cho dudi dang
qi1r - qip
AB — . . .
dm1 - dmp

trong dé phan ti ¢ij cua ma tran tich dugc zdc dinh boi
gi =Y awbj,i=Tm,j=Tp
k=1
Chu y 2. DE thue hién duge phép nhan hai ma tran thi so cot ma tran dau

tien phdi bang s6 hang ma tran thi hai.

Khi A € M,(K) thi A.A viét 1a A% quy uéc A" = A.A....A (n ma tran
A nhan véi nhau, 6 d6 A° = F). Néu xét da thic

m

pm () = Z apx”

k=0

thi khi thay bién x bdi ma tran A € M, (K) ta dugc

m

pm (A) = Z apAF.

k=0
R6 rang p, (A) € M, (K).
Céac tinh chat ctia phép nhan hai ma tran cho duéi trong ménh dé sau

day:
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Meénh dé 1.2.3. i) (Luat két hgp) Gid sit A, B, C la cdc ma tran cd m X n,
n X p vip X r tuong ung, khi dé: A(BC) = A(BC)

i) (Ludt phan phoi phdi) Gid st A la ma tran ¢ m x n, B,C la cic ma
tran c¢d n X p, khi do ta co A(B+C) = AB + AC, tuong tu ta cing co ludt
phan phoi bén trds.

ii1) Gia s A la ma tran ¢cd m X n, B la ma tran cdn X p va ¢ € K, khi do
c¢(AB) = (cA)B = A(cB).

Dé thay phép nhan ma tran néi chung khong giao hoan. Tt cac tinh chat
trén c6 the thay tap cdc ma tran vuong cap n véi phép cong va nhan ma
tran lap thanh mot vanh.

Vi du 25. Mot cong ty Z c6 ba ctta hang I, II, IIT cuing ban 4 loai mat
hang: Tivi, diéu hoa, ti lanh, 10 vi séng véi gid ban (trieu dong/chiéc) lan
lugt cho béi ma tran cot A, lugng hang ban duge trong ngay cia cac cua
hang lan lugt dude cho bdi cac hang clia ma tran B

5
. 210 3
A=| | B={1212
3201
3
khi d6 tich
5
2103 . 28
BA=|1212 =9
3201 36
3

cho sb tién cac cita hang I, II, III ban dugdc trong ngay.
Gid st A = (aij)mxn € Mpmxn(K). Chuyén vi ctia ma tran A ky hieu la

AT thu dugc bing cach viét lai cac hang thanh cac cot:

aip -+ QAin air -t Gml

A= + + = |[,A"=

Qi - Gy Q- Ay
Ménh dé 1.2.4. i) (A+ B)T = AT + BT VA, B € M,,n(K)
ii) (cA)T = cAT VA € Mn(K),c € K
i) (AB)T = BTAT VA € M,.n(K), B € M,,(K)
w) (AT)T = A,VA € M, ,(K).
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Dé dang chting minh cac ménh dé nay tit dinh nghia ctia phép chuyen vi.

Trong thyc té ta thuong gip mot sé ma tran vuong cé tinh chat kha dep,
c6 thé liet ke vai loai sau day.

Gia stt A € M, (K), ma tran A goi 1a doi ziing néu AT = A va phdn doi
zing néu AT = —A.

Ma tran A goi 1a tam gidc trén (dudi) néu cac phan tit phia dudi (phia
tren) duong chéo chinh bang 0. Viét theo ky hiéu toan hoc, ma tran tam

giac trén la ma tran
A= (CLij)an D Q= O,VZ >j

Dic biét néu cac phan tit ngoai duong chéo chinh déu bang 0 thi ta c6 ma
tran duong chéo, ma tran E la truong hgp dic biét ctua loai nay.

Ma tran A dugdc goi 1a khd nghich néu ton tai ma tran B sao cho AB =
BA = E, khi d6 B dugc ky hieu 1a A~ (vé ma tran kha nghich ta sé nghien
ctu & phan sau). Ma tran A goi 1a truc giao néu A~ = AT

Chu ¥y 3. Bing cich chia ma tran thanh cdc khoi thich hop, ta cé thé lap
mot ma tran gom cdc khoi, trén dé ta ciing cé thé trang bi cdc phép todn
cong va nhan nhu cac ma tran binh thuong. Ma trin kiéu nhu vay got la ma

tran khoi.

1.3 Dinh thiic

1.3.1 Dinh thitc va tinh chéat

Gia st ¢6 ma tran vuong A € M, (K). Dinh thic cip n clia ma tran A, ky
hiéu 1a det(A) (hay |A]) d6 1a mot s6 va duge dinh nghia truy hoi nhu sau:
Dinh thtic ma tran cip n = 1: A = (ay1) thi det(A) = ay;.

Dinh thtc ma tran cap n = 2:

ailr a2
det = 11092 — A1209]

as1 a22

34



Tuong tu ta c6 thé tinh dinh thitc cdp n = 3

ailr aiz2 a13 4 4 4 4
22 Q23 21 @23
det | a9 a9 ao3 = a1 det — app det +

azo as33 az1 as3
azy ass ass

a21 22
“+a13 det

azr as2
Khai trién ra ta dugc

det A = aj1aass + ai2a23a31 + a13a21a32 — A13a22031 — 11023032 — A12021033

C6 the khai quat cach tinh dinh thiic cap 3 béi s do nhu Hinh 1.11.

Hinh 1.11: S6 do tinh dinh thic cap 3

hoac béi s dd6 nhu hinh Hinh 1.12.

Hinh 1.12: So do tinh dinh thic cap 3

Gia st ta tinh dudc dinh thdc cap n — 1, ta dua ra dinh nghia dinh
thic cap n > 2. Trude hét ta ky hieu Ag la ma tran vuong cap n — 1 nhan
duge tit ma tran A = (a;j)nxn cap n bang cach b6 di hang ¢ cot j, dat
Ay = (1) det (A{) goi 1& phan phu dai s6 (con goi 1a cofactor) cia a;j,
dinh thic (cap n — 1) det (A_‘Z> goi la minor ing véi a;;. Ta c6 dinh nghia

dinh thtc cap n sau.
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Dinh nghia 22. det(A) = ) a1 A1

n
k=1
Cong thic dinh nghia dinh thiic con goi 1a cong thitc khai trién dinh

thiic theo hang 1, tong quét c6 thé ching minh duge dinh 1y sau:

Dinh ly 1.3.1. (Xem [5], [16])
k=1

i) Y agAjr = 0,Yi # j
=1

Cong thiic i) duge goi 1a cong thiic khai trién dinh thitc theo hang i bat
ky.

Mot ma tran vuong goi la khong suy bién néu dinh thiic ciia né khéc 0,
ngude lai goi 1a suy bién.

Hé qud sau day thu dugc truc tiép tit dinh nghia va dinh 1y trén:

Hé qua 1.3.1. i) Néu mot hang (cot) cia dinh thiic gom toan cdc phan ti
bang 0 thi dinh thic bang 0.
i) Voi ma tran A bat ky va hang s6 o € K thi

air - Qin aix -+ Qip
aagy + Ay | — A Ay 0 Qkp
ani Tt Ann ap1 =+ Qpp

Tw day ta dé dang cé duge det(aA) = o' det(A).
i) Dinh thiic ma tran tam gidc (trén hodc dudi) bang tich cac phan ti trén
duong chéo chinh.

Dinh ly 1.3.2. (Xem [16]) Véi ma tran vuong cap n bat ky ta cé

aip -+ Qi
= E :I:alilagiQ...anin

An1 -+ QApp

d dé tong chay trén tat cd cic hoan vi (iy,19,...,1,) cta cdc s0 1,2,...,n.
Dau cong hay tric cia cic so hang phu thudc vao tinh chan 1é cia hodn vi

. . . ~ N L , L L 2 N
(1,49, ..., 1n), 70 TGNG SO cdc $O hang trong dau tong la n!.
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Chu y 4. C6 nhitng quan diém khdc nhau khi tiép can khdi niém dinh thic,
cach tiép can trén dé dang hon doi vdi sinh vién ky thuat tuy nhién cé han
ché la rat khé ching minh chat ché vé mat ly thuyét. D€ hiéu sau phan nay

sinh vién can doc ki bai dinh thic trong sdch gido khoa (/3]).
Tinh chat ctia dinh thiic:
Meénh dé 1.3.1. Doi chd 2 hang cta dinh thic lam dinh thic doi dau.

Heé qua 1.3.2. Dinh thiic c¢6 hai hang bang nhav (hodc ti lé nhau) thi dinh
thite bang 0.

Meénh dé 1.3.2. Déoi vdi mot ma tran vuong A bat ky th

ary T A1n a0 Qip aip -0 Qip
aap + Bbrr -+ aagy + Bbrn | = | cakr - aag, |+| Bbr -+ Bbin
ani Tt Ann ani e Ann anl Tt Ann

Dé& dang chitng minh tinh chat nay tit cong thitc khai trien dinh thc
theo hang k.

Heé qua 1.3.3. Lay mot hang ciia dinh thiic nhan vdi mot so o # 0 107 cong
vao mot hang (cot) khdc thi dinh thic khong doi.

Meénh dé 1.3.3. Déi vdi mot ma tran vuong A bat ky thi det(AT) = det(A)

T ménh dé trén ta thay rang tat ci cac tinh chat ctia dinh thic ding
v6i hang thi cling dang vé6i cot. Hon nita, trong cong thic khai trién dinh
thiic theo hang bat ky, c¢6 dinh chi s6 cot, cho chi s6 hang chay ta van dudgc
dinh thitc (khai trién theo cot).

1.3.2 Cach tinh dinh thic:

Cac phép bién ddi dang: 1) nhan mot hang (cot) ctia dinh thic v6i hing
s6 khac khong; 2) nhan mot hang (cot) cia dinh thic véi hang sd khac
khong 1di cong vao hang (cot khac); 3) doi chd hai hang (cot) goi la cac
phép bién doi so cap. Co thé st dung cac phép bién déi so cap dé tinh dinh

thiic bang dinh nghia ctia ma tran dang tam giac.
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Vi du 26. Bién doi so cap hang tinh dinh thtc

e e
_ = = O
S = O =
— = =

Ngoai cach tinh dinh thitc bang bién d6i so cap hoac cach khai trién theo
hang i bat ky theo dinh nghia, ta c6 thé tinh dinh thic dua vao dinh 1y
Laplace dudi day. Truéc hét, ky hieu AJ”2 ]’“ " la ma tran nhan duge bang

cach gach bo cac hang c6 thit tu iy, is,...,7; va cac cot j1, J2, ..., Jr. CON ma

tran A‘lefz 7% 13 ma tran ma cac phan ti clia n6 nim trén giao cia cac hang

. i1+ gtttk J1J2---Jk
01,02, ., I VA CAC COL j1, fa, ..., Ji- Khi d6 (1) det (Amz zk)

AJlJ2 Jk

goi la phan phu dai s0 cua A; ;> "

Dinh 1y 1.3.3. (Laplace)

det(A)= ) (=) e (Am Jk) det (Am Jk)

1112...7%
1<i1<...<jp<n

¢ dé tong dugc lay theo tat cd cdc (ji, ..., Jx) sao cho 1 < ji < ... < jp < n.

Dinh Iy trén dugc chitng minh trong [3].
Vi du 27. Tinh dinh thtc cta

1 23
A= -2 1 3
4 21
Khai trién theo hang 1 va 2, ta co
=] Dt am=] 2=
-1 1 -2 3 -2 3

nhu vay
det(A) _ (_1)1+2+1+2‘1.|A%%‘+(_1)1+2+1+3'2.‘A%g‘_l_(_ )1+2+2+3 4. ‘A ‘ o

Hé qua 1.3.4.
det(AB) = det(A) det(B)
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1.4 Hang ma tran, ma tran nghich dao

1.4.1 Hang ctia ma tran
Gia stt ma tran A € M, «,(K).

Dinh nghia 23. Néu ton tai s6 r sao cho 0 <r < min{m,n} ma

i) Ton tai dinh thiic con cap r # 0 (dinh thiic cia ma tran ldp tu cdc phan
tf nam trén giao cia v hang v cét nao dé cia A)

i) Moi dinh thiic con cap r + 1 (néu c6) bang 0, s6 r (duy nhat!) nhu thé

got la hang cia ma tran A va ky hiéu la rank(A).

Cha y 5. Ré rang r = 0 khi va chi khi a;; = 0, va tat nhién r ldn nhat
la bing min{m,n}. Cdc phép bién doi so cap khong lam thay doi hang cia
ma tran vi ching khong lam thay doi tinh chat bang 0 hay khdc 0 cia dinh
thic.

Vi du 28. Trong Iy thuyét diéu khién toan hoc, hé phuong trinh vi phan
t(t) = Ax(t) + Bu(t)

mo6 td mot hé thong dicu khién ndo do6, & day z(t) = (21(¢),...,z.(t)) €
R™ la vector trang thai (&(¢) la chi dao ham cua vector x(t)), u(t) =
(u1(t), ..., um(t)) € R™ goi 1a vector diéu khién, A, B 14 cic ma tran hing
cd n X n vad n x m tuong ting (hé tuyén tinh ding). Cap trang thai (z°, z1)
goi 1a diéu khién dugc sau thoi gian ¢, > 0 néu ton tai diéu khién u(t) sao
cho nghiém z(t, x¢,u) ciia hé théa man

0

0 1

2(0,2% u) = 2%, 2(t1, 2% u) = x

va goi 1a dieu khién hoan toan néu bat ky hai trang thai 2%, 2! sé tim duoc
thoi gian t; > 0 sao cho cap (2, 2!) diéu khién dugc sau thoi gian .
Kalman chitng minh dugc rang hé diéu khién trén la dicu khién hoan toan
khi va chi khi

rank (B, AB, ..., A"_lB) =n

diéu kién nay goi la tiéu chuan hang Kalman cho tinh diéu khién dudgc cta

hé tuyén tinh dimg. Vi du, xét tinh diéu khién dudc ctia he

:t1:x2+u
i2:x1—|—2$2—|—2u

39



Ta co

Dé thay ring

1 2
mnk(B,AB)zmnk(Q 5) =2=n

nén hé da cho 1a diéu khién duge hoan toan.

Dinh nghia 24. Ma tran A € M,,«,(K) goi la hinh thang néu

i) Cdc hang khdc O (tic la hang it nhat mot phan i khdc 0) nam trén cdc
hang bang 0

i) V6i hai hang khdc 0 phan ti khac 0 dau tién cia hang dudi luon nam
bén phdi cot chiia phan ti khdc 0 dau tién & hang trén.

Vi du 29.
1 -1 325
1 2345 0 5 3 5
A= 00135 |,B=
0 0 001
00024
0 0 00O

D61 v6i mot ma tran hinh thang viéc tim hang cia ma tran ro rang
don gidn hon (hang chinh 14 s6 hang khac 0), vi du & trén c6 thé thay
rank(A) = 3,rank(B) = 3. Tt nhan xét phia trén ta c6 thé dua ra cach
tim hang ma tran bang phép bién doi so cap. Trude hét ta nhic lai cac phép
bién do6i so cip (cho ma tran):

a) Doi chd hai hang (cot) h; <> hi(c; <> ¢j).

b) Nhan s6 a # 0 v6i hang (cot )i: ah; — hi(ae; — ¢;).

¢) Nhan s6 a # 0 v6i hang (cot) ¢ roi cong vao hang (cot) j: ah; + h; —
hj(ac; + c; — ¢j).

Nhu vay ta c6 thé st dung céc phép bién ddi so cap dua ma tran vé dang
hinh thang roi két luan hang ciia ma tran. Phuong phép nay thuong dudc
goi la phép khit Gauss.

Vi du 30. Tim hang ma tran bang bién doi so cap

L2 11\ h>1211 121 1
— hy — .

1121 R 110 laeagl o1 o1
hl—h3—>h3

1201 0010 000 1
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khi d6 hang ma tran bang 3 (budc bién ddi so cap cudi ciing thuc ra khong
can thiét).

Khong khé dé ching minh cac tinh chat sau ciia hang ma tran.

Meénh dé 1.4.1. i)Gid st tich AB zdc dinh, khi dé rank(AB) <
min{rank(A),rank(B)}

i) Gid st B la ma tran vuong va tich AB xdc dinh. Néu det(B) # 0 thi
rank(AB) = rank(A).

1.4.2 Diéu kién ton tai ma tran nghich dao

Gia st A = (aij)nxn € M,(K), E 1a ma tran don vi cap n. Néu ton tai ma
tran B € M,,(K) sao cho AB = BA = E thi ma tran A goi 1a kha nghich.
Ma tran B xac dinh nhu trén 13 duy nhat vi néu ton tai B; € M, (K) sao
cho AB; = BjA = FE thi

B = BE = B(AB,) = (BA)B, = EB, = B,

Ma tran B dudc goi 1a ma tran nghich dao ciia A va ky hieu la A~L. Ky
hieu GL, (K) 1a tap cdc ma tran vuong cap n kha nghich, dé dang kiém tra
tap nay v6i phép nhan ma tran lap thanh mot nhém va goi 1a nhom tuyén

tinh tong qudt cip n.

Dinh ly 1.4.1. Gid st A € M,,(K). A khd nghich khi va chi khi det(A) # 0.
Chitng minh: Diéu kién can: Gia st A kha nghich, khi d6 ton tai ma

tran B € M,(K) sao cho AB = BA = E. Tu day det(AB) = 1 hay

det(A)det(B) =1, do d6 det(A) # 0.
Diéu kien di: Gid sit det(A) = d # 0. Xét

An .. Am

d d

B = : :
A .. Awm

d d

4 d6 A 1a cac phan phu dai sd clia aj; trong ma tran A. Khi d6 tich
AB = (Cij)nxna 6 do

l — 1 [ det(A),i=j l,i=j
Cijc_lzaikAjkE{ () .j { . j
P 0,07 j 0,7 #J

tic la AB = F hay A kha nghich. »
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Cha y 6. T ching minh trén suy ra rang A~! = %ZZT, trong do A" 1o ma

tran cdc phan phu dai s6 cia A. Va cing dé dang nhan duge det(A™!) =
1

det(A) "

Khong kho dé chiing minh cac tinh chat sau day clia ma tran kha nghich:

Ménh dé 1.4.2. i) Néu A, B la cdc ma trgn vuong cip n khd nghich thi
(AB)™' =B 1AL,
i) Néu A la ma tran kha nghich thh (A™1)™1 = A.

Meénh dé 1.4.3. (Doc thém)

i) Néu A € M, (K) la ma tran khong suy bién va ¢, d la cdc ma tran cdn x 1
(ma tran cot) sao cho 1 +dXA~tc # 0 thi tong A+ cd khong suy bién va
-1 A~ ledT A1

A+cedl) =471 - ———
(A+cd) 1+ dTA1c

ii) Tong qudt ta c6 Cong thic Sherman-Morrison, néu C, D la cdc ma tran
cdn x k sao cho (1 + DTATLC)™! ton tai th

(A+CDT) ' = A —A'C(E+DTAT\C) 'DTAT!

Gid st A = (aij)nxn € M,(K), ma tran (A — AE) goi la ma tran dic
trung ctia A con det(A — AE) 1a mot da thic bac n cia A trén K goi la da
thitc diac trung:

Pn(>\) = (_l)n)\n + (—1)n_106n_1)\n_1 + ... — C\q)\ + Qp
Khong kho dé thay ag = det(A) con oy, 1 = > a; goi 1a vét clia ma tran A
i=1

ky hiéu 1a Trace(A).

Dinh 1y 1.4.2. (Dinh lyj Hamilton-Cayley) Moi ma tran vuong A déu la
nghiém cia da thic dgc trung cia no, tic la P,(A) = O.

Chitng minh ctia dinh 1y ¢6 thé tim thay trong [3], [14] (Doc thém).

1.4.3 Tim ma tran nghich dio bang bién doi sd cap

D6i v6i ma tran vuong A bat ky, bang phép bién doi so cap c6 the dua
né vé ma tran dang dudng chéo. Ban chat clia cac phép bién doi so cap

nay 14 nhan ma tran A v6i mot ma tran khong suy bién. Vi du khi déi chd
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hai hang 7 va j clia ma tran A thyc chat 14 nhan bén trai ma tran A véi

Cij = (Clh)nxn ¢ do

Cij :Cji =1
ci =cjj =0, =LE#i,kE#]
Clh = Oul 7é h7 (luh) 7& (Zu?)a(lvh) 7& (]7Z)

Dé thay det(C;;) = —1. Néu doi chd hai cot thi nhan ma tran nay 6 ben
phai cua A.
Phép bién doi so cap nhan hang thit ¢ v6i A # 0 1a nhan bén trai ma tran

A v6i ma tran Cy; = (¢ip)nxn 6 d6

Cii:/\
Ckk:Lk#Z'
ClhIO,l#h

khong khé dé thay det(Cy;) = A. Néu nhan bén phai v6i ma tran nay la
nhan cot tha ¢ v61 A.
Tuong tu phép bién doi so cap nhan hang tht ¢ véi A 1di cong vao hang
thit j thuc chat 1a nhan bén trai ma tran A véi ma tran Ci; = (¢ip)nxn 6 d6
Crl — 1, Vk
Cji = )\
Clp = 07Vl 7é h? (lnh) 7& (27])
dé thay det(C;;) = 1. Néu nhan bén phéi véi ma tran C;; nay chinh la nhan
cOt thit j v6i A roi cong vao ¢ot thit i. Ta nhan thay ring néu ma tran Cj;
c6 dang trén thi Cgl = (C1n)nxn 6 dO
Ckl. — 1, Vk
Cji = —>\
Cih = O,\V/l 7é h’: (lvh) 7é (27])
Diéu nay dé thay qua Hinh 1.13.
Néu A 1a ma tran kha nghich thi chi bang phép bién doi so cap hang c6
thé dua ma tran A vé ma tran don vi E. Ttc la ton tai ma tran kha nghich

B sao cho BA = FE, 6 d6 B la tich cac ma tran c6 cac dang trén. Nhung ti
d6 ta c6 ngay BE = A~!. Tic la cac phép bién ddi so cap hang dua A vé
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Hinh 1.13: Ma tran C’igl

E thi ngugc lai dua E thanh A~'. Nhu vay ta c6 thé st dung bién déi so
cap hang tim ma tran nghich déo theo so d6 (thuong duge goi la phép khit
Gauss-Jordan)

(AlE) — (E|AT)
hoac

(E|A) = (ATYE).

Tuong tu ching ta cé thé st dung bién doi so cap cot tim ma tran nghich

(2)~ ()

ddo theo so do sau

Vi du 31.
1 2 A h>121 1 00
— —
(AE)= | 1 1 h1+h2 h2 0 -1 1 |-110
— —
1200001 PRI N0 0“1 =101
o h> 1 2 00 01
%
ST 1 00 | =211
hs + hy — hy

0 0 -1]-101

\

2ho + hy — hy 1 00| -4 2 3

—hy — ho 010 2 -1 -1
—hs — hs 001 1 0 -1
tu do ta co
-4 2 3
A= 2 -1 -1
1 0 -1
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1.4.4 Phan tich LU va LUP

Ma tran cang don gian thi lam viéc véi n6é cang dé dang. Ma tran tam
giac dudi va trén 1a nhiing ma tran don gidn nhu vay. Tiép theo day ta phan
tich mot ma tran khéa nghich A € GL,(K) thanh tich ctia hai ma tran tam
gidc duéi L va tréen U, cd L,U deéu kha nghich. Ngudi ta goi phan tich dé6
la phan tich LU cua A.

Phan tich vé cdc ma tran tam giac kiéu nhu vay c6 tng dung 16n trong
gidi quyét cac bai toan giai hé phuong trinh ciing nhu tinh dinh thic. Nguoi
ta chiing minh dugc moi ma tran cap n kha nghich théa man phan tich LU
khi va chi khi cac dinh thitc con chinh khac 0, phan tich sé duy nhat néu
them dieu kién cac phan ti tréen dudng chéo clia ma tran L (hoac U) bang
1.

Dé tim phan tich nay ta lam nhu sau:

Budc 1: Bién doi so caAp hang ma tran A thanh ma tran tam giac trén
U (khong c6 doi chd cac hang). Nhu da biét, ban chat clia qué trinh nay la
nhan A véi day ma tran khong suy bién dang tam giac dudi, gid st day do
la C = C...C5Ch, ta ¢6

U=C.CyCA=CA.
Bude 2: Do LU = A nén tim duge L bang cong thiic
L=C"".C 'O =07
Vi du 32. Phan tich LU ma tran

6 18 3
A=12 12 1
4 15 3

Ta bién doéi so cap A vé U nhu sau

6 18 3 6 18 3
A=[2121 | Mg+hy—h| 0 6 0 | =25+ hs— hy
415 3 "\4 15 3 '
6 18 3 6 18 3
06 0 |-2h+hs—ns| 06 0|=U
0 "\o 01

45



Ma tran C' la

1 0 0 1 00 1 00
C=10 10 0 10 -3 10
0 —1 1 -201 0 01
Tit d6
100 100 00 10
L=Cc"'=[110 010 010|=1]4%1
001 201 ! 2 1
Vay
100 6 18 3
110 0 6 0
2 121 001
Tong quat hon véi mot ma tran vuéng kha nghich A ta c6 phan tich

LUP, do6 la phan tich dang
PA=LU

d d6 L,U van la cac ma tran tam giac nhu trén, P 1a ma tran nhan dugce
trong bién doi so cap hang (& day 1a doi chd cac hang, mot s6 tai lidu goi
1a ma tran hodn vi) cia A.

Vi du 33. Xét ma tran

0 1 2
A= 2 3 4
-1 -1 1

R6& rang, ngay tit dau phan tich LU ma tran nay 1a khong thé. Trudc hét
ta doi chd hang dau va hang cudi cia ma tran A cho nhau dé duge phan tit

hang dau tien, cot dau tien khac 0, tdc 13 ta chon ma tran P véi

001
P = 0
0
tu do
-1 -1 2
PA = 2 3 4
0 1 2
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Lap lai quy trinh nhu trong vi du trén déi véi ma tran PA ta co6

1 1 0 0
Co=|210|,Ci=]10 1 0
0 0 —1 1
Va ta ¢6 phan tich PA = LU, 6 d6
-1 -1 2 1 00
U= 0 1 8 L=1-210
0 0 —6 0 11

Mot ma tran vuong A cap n suy bién c6 rank(A) < n ciing c6 thé co
phan tich LU P, tuy nhién ta khong xét & day.

Ly luan tuong tu khi tim ma tran nghich dao, ta c¢6 thuat toan sau day
rat hitu ich trong viéc tim phan tich LU (LU P) clia ma tran.

Budc 1: Viét ma tran khdi dang (E|A) (hodc (E|PA) ).

Budc 2: Bién doi so cap hang (khong c6 phép doi chd) dua (E|A) (hoac
(E|PA)) vé dang (L71|U).

Chu ¥ ta c6 thé cai tién thuat toan trén nhu sau: khi bién ddi so cap
hang néu phan tit khit 1a aj; véi j > 1 (phan ti nay luon khéc khong) thi
ma tran bén trai gitt nguyén cac cot tir 1,2,...,5 — 1. Ma tran cudi cling
khong con 1a L~!. Tuy nhién khi d6 ma tran L nhan dugc tit ma tran nay
bang cach git nguyén cac a;; voi j > i, con v6i j < i thi 1lay —a;; (diéu nay
thu duge do tinh chat phép bién ddi so cap).

Vi du 34. Tré lai vi du phan tich LU ma tran

6 18 3
A=1]2 12 1
4 15 3

C6 thé xem céc thao tac thuc hién phan tich LU nhu Hinh 1.14.
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(10 o 18 3) 3™ (1 0 of 18 3)

(El4)=|0 1 oz 12 1 —=""5 FI3]1 oo 6 0|

0 0 14 15 3) 230 1o 3 1
. [1 0 o 18 3) (1 0 0
2,3 1 00 6 0]=L=13 1 0|
23 o o 1 25 142 1)

Hinh 1.14: Phéan tich LU
1.5 Hé phuong trinh tuyén tinh

1.5.1 Cac dinh nghia va vi du

Dinh nghia 25. Ta goi hé phuong trinh tuyén tinh tong qudt m phuong
trinh, n an tréen truong K (m,n € N) la hé phuong trinh:

p
ail’r + a12T9 + ...+ Ay = bl

a91x1 + a99xs + ... + AonLy — bg

(1.1)

| a1 + Qoo + ... + QGpnxy, = by,

trong dé a;;,bi(i = 1;m,j = 1;n) cho trudc tren K, z; la cdc an can tim.

Dinh nghia 26. Nghiém cia hé la bo (A1, ..., \,) € K" ma khi thay z; =
Xi(j = T;n) ta dudc cic dang thic trén K. Néu hé cé nghiém ta néi hé tuong
thich, nguoc lat ta noi hé khong tuong thich.

Giai hé phuong trinh 1a di tim tap hop nghiém ciia n6. Khi cac sd hang
& vé phai bang 0 ta goi hée 1a hé phuong trinh thuan nhat. Doi khi ta viét
(1.1) gon lai duéi dang

n

Zaijxj = bZ,Z = 1;m (12)

j=1
ailr -+ Qp by x1

Néu dat A = (aij)mxn = oo b=\ + |,x=1] + | th
Am1 - Qmnp bm Tn

(1.1) 6 thé viét lai & dang
Az =1b (1.3)

va goi 1a dang ma tran ctia hé phuong trinh tuyén tinh.
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Hinh 1.15: Mach dién song song

Vi du 35. Xét mach dién mac song song dude cho trong Hinh 1.15

Ta sé di tinh cuong do dong dién qua mdi dién trd. Theo dinh luat
Kirchoff tong cac dong chay vao mot nit bang tong cac dong chay ra khéi
nit d6, mat khac chd ¥ ring cuong do dong trén doan mach mac noi tiép
14 nhu nhau. Gia sit cac cuong do dong dién duge phan bd nhu trong Hinh

1.16. theo dinh luat Ohm cho doan mach méac song song, hiéu dién thé doan

i cHpr

ar —

111
T
=
Lo |
bd
Lo ]

Hinh 1.16: Phan bd cuong do dong dién

mach c6 dién trd bén trai bang hiéu dién thé doan mach méac song song c6
ba dién trd con lai va bang 9V . Ap dung luat Kirchoff ta c6 hé sau day dé
xac dinh cac cuong do dong dién

(. . .
20—21—22:0

11 +13—13 =0
211 =9
Tig =9

\

gial he nay ta c6 ngay ip = i3 = 32(A), i1 = 3(A), ir = 2(A).

1.5.2 Hé Cramer

Khi m = n (1.1) dugc goi la hé Cramer néu det(A) # 0. Ky hieu A, 1a
ma tran A thay cot thit j béi cot he s6 ty do b.
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Dinh 1y 1.5.1. (cong thiic Cramer) Hé Cramer cé nghiém duy nhat dugc
cho boi cong thic
det (4
YT T det(A)
Chitng minh: Gia sit det(A) # 0, he phuong trinh viét dudi dang (1.5)
13 Az = b. Vi det(A) # 0 nén ton tai ma tran A~!, nhan hai vé ctia he véi
A~! ta duge x = A~1b. Mit khac ta ¢6

j=Tn.

Ay - A,
o | o | .11 | . 1
~det(4)”  det(A) ' ' '
Aln U Ann
trong dé6 A 1a ma tran cac phan phu dai s6 cia ma tran A. Tu day rit ra
1 R
= —— (Ayiby + Agibo + ... + A,ib,) = b Api.
i = qer(ay bt Axibe e+ Aubi) = e ; 4
Xét dinh thuce
ai;p a2 - QA1j-1 by ajj+1 -0 Ay,
D =
Qp1 QAp2 -+ Qpj-—1 bn Qpj+1 **° Qnp

phan tich dinh thitc nay theo cot j ta c6 ngay

D = Z bkAkj = det (ij)
k=1

tu do

det (ij) o
T = W, j=1n
ta c6 diéu phai ching minh. »

Vi du 36. Xét hé phuong trinh Az = b, 6 d6

1 -1 0 1
A=10 1 2 |[,b=| 2
2 0 3

Dé thay det(A) = —1, theo cong thiic Cramer

1 -1 0 110
det| 2 1 2 det | 0 2 2
3 0 3 23 3
NE T A T T
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1 -1 1

det ] 0 1 2
2 0 3)
BT T det (A) -

Mot phuong phép khac dé giai he Cramer 1a st dung phan tich LU. Xét
hé phuong trinh Az = b. Néu ma tran A dua dudc vé dang A = LU, thi
dau tien dit y = Uz, ta gidi hé Ly = b trudc sau dé gidi tiép he Uz = .
Vi cac ma tran L, U 1a tam giac nén viéc gidi nay rat dé dang.

Trong trudng hop phai doi chd céc hang clia ma tran A thi ta c6 the
stt dung phan tich LUP dé giai hé. Dé y ring hé Az = b tuong duong véi
PAz = Pb do ma tran P khong suy bién. Viéc gidi hé tiép theo sé lam nhu
véi cach giai trong phan tich LU & trén.

1.5.3 Diéu kién can va da dé hé tong quat cé nghiém

Xét he (1.1), ma tran A gdn thém cot he s6 vao cot thit n + 1 goi 14 ma

tran mao rong cua hé

aip -+ QAip by

Am1 = Qmn bm

Dinh 1y 1.5.2. (Cronecker-Capelli) i) Hé (1.1) c¢6 nghiém khi va chi khi
rank(A) = rank(A).
ii) Néu rank(A) = rank(A) = r thy hé (1.1) tuong duong vdi hé r phiong

trinh nam trén r hang cé dinh thiic con cap r khdc 0.

Hé qua 1.5.1. Hé n phuong trinh tuyén tinh thuan nhat n an cé nghiém
khong tam thuong khi va chi khi dinh thic ma tran hé bang 0.

Chting minh dinh 1y trén c6 thé xem trong [3]. T dinh 1y nay ta thay
néu hé (1.1) tuong thich thi sé c6 r an giai theo n — r an con lai, r an d6
goi 1a cac an phu thudc, n — r an con lai goi 1a tu do. Nhd phép khit Gauss
ta dua ra cac budc giai hé phuong trinh tuyén tinh téng quat nhu sau:

Bude 1: Viét ma tran mé rong ctia he A = (A[b), stt dung céc bién ddi so
cap hang dua ma tran nay vé dang hinh thang (chii ¥ ring c6 thé sit dung

ddi vi tri cac cot nhung phai danh s6 lai cac an).
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Budc 2: Kiém tra diéu kien rank(A) = rank(A) = r, néu khong théa
méan thi két luan hé vo nghieém, bai toan dimg lai. Néu diéu kién nay thoa
méan hé ¢6 r an phu thudc vao n — r an tu do.

Bude 3: Két luan nghiem (giai r an theo n —r an tu do hoac vo nghiém).

Vi du 37. Xét hé dang (1.3) trong dé

1 2 -1 3 0
-1 -2 2 -2 -1

A= b=
1 2 0 4 0

o 0 2 2 -1

N S = =

Khi d6 ma tran md rong cua hé la

12 -1 3 0
~ -1 -2 2 -2 -1
1 2 0 4 0
o o0 2 2 -1

N O =

St dung bién do6i s cap hang dua ma tran vé dang

12 -13 0 |1
00 1 1 —-1] 2
A= -
00 0 0 1|3
00 0O 0 010
Dé thay diéu kieén hang théa man (r = 3) s6 an tu do 14 2, ¢ day 1a 2 an

X9, T4, ta chon xo = s, x4 =t thi nghiém hé c6 thé viét dudi dang

(zl\ /g\ (2 (—04\

1

)

+t] —1

8
|

T3 = 5 + s
0

) ) ) Ly

Néu cho cac an tu do nhan cac gia tri cu thé (vi du bang 0) ta thu duge

mot nghiém riéng cia hé. Ve cau tric nghiém ciia hé tong quat ta sé nghien
citu k¥ hon trong chuong sau. Tuy nhién tit vi du trén c6 thé thay néu cho
cot he s6 tir do toan bo 1a 0 thi qua trinh gii ta thu dude nghiém téng quat
hée thuan nhat. Va khong kho dé rat ra nhan xét ring, nghiém tong qudt
ctia hé khong thuan nhdt bing nghiém tong qudt hé thuan nhat cong vdi mot

nghiém riéng cia hé khong thuan nhat.
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1.6 Thuc hanh tinh toan trén Maple

Maple 13 phan mém toan hoc phd bién véi giao dién va cau trac lenh dé
stt dung cho moi déi tuong, n6é cung cap day du cac cong cu dé tinh toan
s6 cho nhiéu chuyen nganh trong dé6 ¢6 dai sé tuyén tinh. O day ching toi
cung cap mot s6 lenh co ban trong tinh toan thuc hanh véi cac ma tran,
dinh thitc va hé phuong trinh tuyén tinh (ngudi hoc c¢6 thé tim hiéu them
qua céc tai lisu huéng dan st dung va muc HELP trén trinh duyét). Hién
tai phien ban mdi nhat 1a Maple 17, tuy nhién c6 thé cai cac phién ban

trude do dé st dung vi khong c6 nhiéu thay doi vé cau tric lenh.

1.6.1 Cac phép toan va ky hiéu dac biét

i) Cac phép toan cong trir nhan chia: +, —, x, /, liiy thita dung dau mi.

ii) Cac ham so cap: sin(x), cos(x), tan(z), cotan(x), exp(z), In(z), logla](x),
abs(x), max(xl,22,..),min(xl,22,...),sqrt(x), GAMM A(z), Beta(x, y)
iii) Cac hang sb6: Pi, I, infinity, true

iv) Lenh gan: A := biéu thiic.

1.6.2 Tinh toan véi cac biéu thitc dai sé

Thong thuong ta khdi dong cong viéc bang lenh restart;
- Khai trién biéu thiic dai s6: Ding lénh expand (biéu thiic);
- Phan tich da thitc thanh nhan tit: Dung lenh factor (biéu thiic);
- Don gian biéu thiic dai s6: Dung lénh simplify (biéu thic);
- T6i gidn phan thic: Lenh normal (phan thic);
- Giai (bat) phuong trinh va hée (bat) phuong trinh: Cac lenh
solve(phuong trinh, {danh sdch bién});
solve({phuong trinh 1, phuong trinh 2,...} , {danh sdch bién});
Vi du 38.
> factor(z* — 10 x 23 + 35 % 2% — 50 x x + 24);

(x—1)*(x—2)%(x—3)x(x — 4)

> bt = cos(x)® + sin(x)* + 2 * cos(x)? — 2 x sin(x)? — cos(2 * x);

2

cos(x)® 4 sin(z)* + 2 x cos(x)? — 2 x sin(x)* — cos(2 * x)
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> simpli fy(bt);
cos(x) * (cos(x) + 1)

>sys ={2xx+5xy—4*x2=93xx+5xy+2xz=12,4*xx — y+
bxz=-—3}

{224+ 5%xy—4%x2=93xx+5*xy+2x2=124%xx—y+5*2z= -3}

> solve(sys,{z,y,2});

Lo 33 9 _ 2
T TarY T3t T 3y

1.6.3 Tinh toan trén ma tran

Dé thuc hien tinh toan trén ma tran ta st dung géi lenh linalg.

- Khai bao ma tran: c6 hai cach khai bao

Cdach 1: A:=matrix(m,n, [day (hang) phan t1));

Cach 2: A:= array([[hang 1],[hang 2],...,[hang n]]);

- Khai bao vector (dit may tinh cho dang hang nhung ta ngam hicu la
dang cot): vi=vector([day (hang phan tt)]);

- Phép cong va nhan ma tran véi lenh evalm, ngoai ra c¢6 thé dung lénh
multiply dé nhan ma tran.

- Tinh dinh thuec véi 1énh det

- Ma tran Chuyén vi lénh transpose

- Ma tran kha nghich dung lénh inverse

- So sanh hai ma tran A, B ¢6 bang nhau khong (gia tri logic 14 true hodc
false) 1énh equal(A, B)

- Tinh vét ma tran bang lenh trace

- Dua ma tran A vé dang hinh thang bing bién d6i dong (dang Gauss-
Jordan) béi lenh gaussjord(A); mudn biét them thong tin vé hang clia ma
tran dung lénh gaussjord(A,’r’); va dé goi hang ma tran ra ta danh lénh r;

- Dua ma tran vuong A vé dang tam giac trén bang bién doi dong béi
lenh gausselim(A); mudn biét them thong tin vé hang ctia ma tran va dinh
thitc ctia A dung lenh gausselim(A,’r’,’d’); va dé goi hang ma tran cling
dinh thitc ra ta danh thém cac lénh r; d;

- Giai phuong trinh ma tran Az = b dung lénh linsolve (A,b); néu may
khong tra 16i tic 1a hé vo nghiém.
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Vi du 39.

> with(linalg);

BlockDiagonal, GramSchmidt, JordanBlock, LUdecomp, @QRdecomp,
Wronskian, addcol, addrow, adj, adjoint, angle, augment, backsub, band, ba-
sis, bezout, blockmatriz, charmat, charpoly, cholesky, col, coldim, colspace,
colspan, companion, concat, cond, copyinto, crossprod, curl, definite, del-
cols, delrows, det, diag, diverge, dotprod, eigenvals, eigenvalues, eigenvec-
tors, eigenvects, entermatrixz, equal, exponential, extend, ffgausselim, fi-
bonacci, forwardsub, frobenius, gausselim, gaussjord, geneqns, genmatriz,
grad, hadamard, hermite, hessian, hilbert, htranspose, thermite, indexfunc,
innerprod, intbasis, inverse, ismith, issimilar, iszero, jacobian, jordan, ker-
nel, laplacian, leastsqrs, linsolve, matadd, matrix, minor, minpoly, mulcol,
mulrow, multiply, norm, normalize, nullspace, orthog, permanent, pivot,
potential, randmatriz, randvector, rank, ratform, row, rowdim, rowspace,
rowspan, rref, scalarmul, singularvals, smaith, stackmatriz, submatriz, sub-
vector, sumbasis, swapcol, swaprow, sylvester, toeplitz, trace, transpose, van-

dermonde, vecpotent, vectdim, vector, wronskian
> A:=array([[1,2,3],[1,1,2],[1,1,1]]);

— = =
— = DN
— N W

> B :=array([[3,5,4],[2,3,3],[2,2,2]]);

4
3 3
2
> evalm(A + B);
> evalm (A& x B);
13 17 16
9 12 11
10 9
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> multiply(A, B);
13 17 16

9 12 11
10 9

> det(A);

> inverse(A);
-1 1 1

0o 1 -1
> M = CL?“?"CLy(HL 27 37 4]7 [27 37 57 6]7 [_17 37 174“)7

1 2 3 4
2 3 56
-1 31 4
> gaussjord(M, r')
1 00 =2
010 O
001 2
>
3
> gausselim(B)r'/ d")
3 5 4
—
0 0 =2
>
3
> d;
2
> b:=array([1,2,3]);
b:=1123]
> linsolve(A, b);
[40 —1]
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Chu ¥ rang néu danh * ma may bao 16i thi danh lai 1a &x*.
Ngoai ra ching ta c6 thé dung géi lenh LinearAlgebra véi cac ci phap
lenh kha gan vdi cach viét thong thuong dude st dung trong cac sach gidgo

khoa vé dai s6 tuyén tinh hién nay.
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Chuong 2

Khéng gian vector va anh xa tuyén
tinh

2.1 Khoéng gian vector va khéng gian vector con

2.1.1 Dinh nghia

Gia st K 1a mot truong, V' 1a tap khac rong, cac phan tit cia V' goi 1a
vector va ky hiéu bdi a, b, .., cac phan t1t ctia K goi 1a vé hudng (scalar) ky
hiéu béi A, 60, ... Trén V trang bi hai phép toan

- Phép cong:
+: VXV =V
(a,b) — a+0b
- Phép nhan ngoai:
KXV =V
(A, a) = Aa

Ta n6i V' v6i hai phép toan trén lap thanh mot khong gian vector (hay
khong gian tuyén tinh) trén K (viét tat 1a K - khong gian vector) néu tam
tien dé sau théa man:

i) V6i moi vector a,b,c € V tacd (a+b)+c=a+ (b+c¢)

ii) Ton tai vector 0 € V sao choa+0=0+a =a,YVa €V

iii) Vé6i moi vector a € V ton tai vector —a dé a + (—a) = (—a) +a =0

iv) Véi moi vector a,b € V thia+b=0b+a

v) V6i moi vo huéng A\, € K, vector a € V déu c6: (A +n)a = Aa + na

vi) V6i moi vo hudng A € K, vector a,b € V déu c6: A(a + b) = Aa + \b

vii) V6i moi vo huéng A\, n € K, vector a € V thi (An)a = A(na)

viii) V6i moi vector a € V' thi la = a, 6 d6 1 1a don vi truong K.
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Khong khé dé thay boén tien dé dau néi ring V 14 mot nhém Abel véi
phép toan cong vector, hai tién dé tiép theo néi rang phép nhan vo hudng
c6 tinh chat phan phoi véi phép cong vo huéng, phan phoi véi phép cong
vector, hai tién dé cudi 1a tinh két hop ctia phép nhan vo huéng va nhan vo
huéng vé6i don vi trusng K. Néu khong c6 gi hiéu lam ta hiéu ky hiéu 0 vita
la vector, vira la ky hiéu vo huéng 0 € K.

Vi du 40. Truong K trén chinh né ciing la mét khong gian vector, khi
d6 mbi phan ti vita coi 1a vector vira coi 1a vo huéng.

Vi du 41. Khong gian K" = {z = (z1,...,2,) : 2; € K} v6i cac phép
toan dinh nghia nhu sau. V6i moi z,y € K",z = (21, ..., %0), ¥y = (Y1, -, Yn)
va A € K thi:

r+y= (21 + Y1, ., T + Yn)
Ar = (Axq, ..., A\xy,)
Dé& dang kiém tra K" 1a K - khong gian vector. V6i K = R, va n = 2 (hosic
n = 3), chiing ta c6 lién hé hinh hoc trén mat phang (hoic khong gian) da
duge 1am quen & bac hoc pho thong.

Vi du 42. Gid st D C K 1a mot tap nao do6. Xét tap hop tat ca cac ham

s6 nhan gia tri trong K 1a F(D) = {f : D — K} v6i phép toan cong anh xa

va nhan vd huéng xac dinh nhu sau:
(f +9)(x)=f(x)+9(z)

(Af) (@) = Af (2)
Khi d6 c6 thé thiy F(D) 1a K - khong gian vector.
Vi du 43. Xét hé phuong trinh thuan nhat
Axr =0

6 d6 A = (aij)mxn € Mysn(K) va x = (z1,...,2,)" € K". Tap tat ca cac
nghiém cua hé nay lap thanh moét khong gian vector, goi la khong gian
nghiém hé thuan nhat.

Vi du 44. Xét phuong trinh vi phan sau
y"+ay’+by:0

trong d6 a,b 1a cac hing s6 thuc, phuong trinh nay dugc goi la phuong
trinh thuan nhat cap hai. Ly thuyét phuong trinh vi phan chi ra rang tap

60



hai nghiem bat ky (hai ham kha vi théa man phuong trinh) tao thanh mot
khong gian vector.

Khang dinh sau day dé dang suy ra tit dinh nghia

Meénh dé 2.1.1. Trong khong gian vector V., vdi moi a,b,c € V, A € K thi
1) Vector 0 va vector doi —a la duy nhat

2) Phuong trinh an vector x +a = b c¢6 duy nhdt nghiém v =b — a

8) Néu a+c=b+c thi cé thé gidn udc dugc, tic la khi dé cé a = b

4) 0a =0 = M0, d day 0 la vo hudng trong phép nhan dau tién, la vector
trong phép nhan thi hai.

5) Aa =0 khi va chi khi hoge A =0 hodc a =0

6) —(A\a) = (=AN)a

Dinh nghia 27. Gia su V' la K - khong gian vector. Tap hop W C V' goi

la mot khong gian vector con cua V' neu dov vdi phép toan cong vector va

nhan vo hudng cam sinh trén W thi W cing la khong gian vector.

Noi cach khac W dong véi phép cong vector va nhan vo hudng, hay la

a+beWVa,beW
Aa € WVANeK Vae W

ciing c6 thé viét ngan gon lai 1a
Aa+nbe W, VA neK Va,be W

Trong thuc hanh dé xem mot tap hop con ciia V ¢6 1a khong gian con
ta thuong kiém tra diéu kién cudi ciing nay.
Gia st ay, ..., a,, la cac vector ctia K - khong gian vector V nao d6. Mot
m

to hop tuyén tinh clia m vector nay la vector Y Aia; € V, 6do A la cac
i=1
phan t nao dé clia trusng K. Tap cac t6 hop tuyén tinh clia m vector nay

goi 1a bao tuyén tinh clia ching ky hiéu 1a span{a, ..., a,, }, nhu vay

span{ay,...,a,} = {a ca = Z/\iai,)\i € K} CV

i=1
Vi du 45. Dé dang kiém tra dudc cac khong gian con sau day
i) V va {0} (khong gian chi c¢6 vector 0) 1a cac khong gian con tam thuong

cua V.
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)W = {x = (21,0,...,0) : ; € K} 1a khong gian con cia K".

iii) Gia sit aq, ..., a,, 1a cac vector cia K - khong gian vector V', khi d6
span {ay, ..., a; } 1& khong gian vector con cia V' va goi 1a khong gian con
sinh bdi ay, ..., a,,, doi khi con viét 1a (ay, ..., a,,).

iv) Ky hieu P,[z] 1a tap cac da thitc mot bién x bac khong qua n trén
truong K. Khi d6 P,[z] 1a khong gian vector con ctia K[z] v6i phép toan
cong da thitc va phép nhan da thic v6i phan ti truong K.

v) Gid stt D = (a,b) C K, ky hieu C(a,b) 1a tap tat ca cac ham lién tuc
trén (a,b), khi d6 C(a,b) la khong gian vector con cua khong gian F(a,b).
Ky hieu C'(a,b) 1a tap cac ham kha vi lien luc trén (a,b) (tap cdc ham s6
kha vi vd dao ham clia ching lién tuc trén (a,b)) thi C'(a,b) lai 1a khong
gian con ctia C(a,b), tong quét ta c6 day cac khong gian con "long nhau":
C*(a,b) 1a khong gian con C*~1(a, b).

2.1.2 Hang hé hitu han vector. Co s va chiéu
a) He doc lap tuyén tinh va phu thudc tuyén tinh

Dinh nghia 28. H¢ vector {ay,...,a,} trong K - khong gian vector V' goi
la phu thuoc tuyén tinh néu ton tai M\i,...,\, € K khong dong thoi bang 0
m
sao cho to hop tuyén tinh > N\ia; = 0
i=1

Hé vector khong phu thudc tuyén tinh goi 1a doc lap tuyén tinh, tic la
m

tit t6 hop tuyén tinh > Na; = 0suy ra A\ = ... = )\, = 0.
i=1
Quy udc rang, he réng @ 1a doc lap tuyén tinh. Vector 0 la to hgp tuyén

tinh tam thuong ctia hé ) va 0 la vector duy nhat bieu thi qua hé ().
Vi du 46. Hé n vector aq, ...,a, € K" 1a doc lap tuyén tinh khi va chi
khi dinh thitc ma tran tao bdi cac cot toa do clia chung bang 0. That vay,

n
gid st ta c6 Y. Na; = 0 trong d6 a; = (ay;, ..., an)7, tiic 1a
i=1

Atap; + Xoapp + ...+ a1, =0

)\1an1 + )\Qanz —+ ...+ )\nann =0

He doc lap tuyén tinh tuong duong véi \; = 0,Vi = 1;n, nhung theo
ly thuyét hé phuong trinh tuyén tinh thuan nhat, dieu nay cé nghia la
det(A) #0, 6 d6 A = (a;;) la ma tran cla he.
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Heé doc lap va phu thudc tuyén tinh c6 tinh chat sau:
Ménh de 2.1.2. i) He mot vector a la doc lap tuyén tinh khi va chi khi
a=#0
i) He {ay,..,a,} doc lap tuyén tinh thi a; # 0,Vi =1;n
iii) Hé n vector {ay, .., a,} phu thudc tuyén tinh khi va chi khi c6 mot vector
bieu dién tuyén tinh qua n — 1 vector con lai
w) Gid st ta c6 hé {a;}ic;, ¢ dé I la tap chi s6 nao dé va J C I. Néu
hé {a;}jes phu thuoc tuyén tinh thi hé {a;}ier phu thudc tuyén tinh va néu
{a;}ier doc lap tuyén tinh thi {a;}je; doc lap tuyén tinh.

Khong khé dé chitng minh mot két qua sau day
Dinh ly 2.1.1. Gid st {ay, ..., an} va {by,...,b,} la hai hé vector trong K -
khong gian vector V. Néu hé {a1,...,an} doc lap tuyén tinh va méi vector
biéu thi tuyén tinh qua hé {by,...,b,} thi m < n.

Hai hé vector tuy y trong K - khong gian vetcor V' goi la tuong duong
néu ching c6 thé bieu thi tuyén tinh qua nhau.

Dé dang suy ra hé qua sau day tir dinh 1y trén
Hé qua 2.1.1. Hai hé vector {ay,...,an} va {by,...,b,} tuong duong nhau
va cd hai cung doc lap tuyén tinh thy m = n.
Dinh nghia 29. Hé {a;}icr trong K - khong gian vetcor V', vdi I la tap chi
s6 nao dé. Hé {a;}iescr goi la hé con doc lap tuyén tinh toi dai cia hé ban
dau néu thém bat ky vector a;,i € I\J nao thi hé déeu phu thuoc tuyén tinh.
Dinh ly 2.1.2. Néu hé con {ai,...,a,} la doc lap tuyén tinh toi dai cia
{a;Yic; thi moi vector a;,;i € I deu biéu thi tuyén tinh duy nhat qua
{ai,...,a,}.

Chitng minh: Néu i € {1,2,...,n} thi d& thay c6 thé biéu thi tuyén tinh
duy nhat dudi dang

- Lj=i
CLZ'Z)\]'CLJ',AJ'{ . .
| 0,5 #1

Néu ¢ ¢ {1,2,...n}, do {ay,...,a,} doc lap tuyén tinh t6i dai nén

{ay, ..., an, a;} 1a phu thudc tuyén tinh va
n
a; — Z )\jaj
=1
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can chitng minh biéu dién nay la duy nhat. Gia st ring

n
a; = E OéjCLj
j=1

khi do6 ta co . .
D A= aj0
j=1 j=1

hay
D> Nj—aj)a =0
j=1

do {ay, ..., a,} doc lap tuyén tinh nén tur day ta c6 \; = a;,Vj = I;n. »

Cha y 7. i) Mot hé hitu han vector luon co thé xay dung mot hé con doc
lap tuyén tinh toi dai.
ii) Hai hé con doc lap tuyén tinh toi dai cia mot hé vector thi tuong duong

nhau.

Nhitng nhan xét trén rat hitu ich va coi nhu phan bai tap cho nguoi doc.

b) Hang ctia hé hitu han vector.

Dinh nghia 30. Xét hé hiu han vector {a;}icr (I hitu han), moi hé con
doc lap tuyén tinh toi dai ctua hé nay déu tuong duong nhau va cé cung so

vector, s6 dé goi la hang ciia hé vector, kij hiéu la rank{a; }ic;.

Dé thay réng

i) Néu rank{a;}icr = r thi 0 < 7 < |I], hon thé r = |I| khi va chi khi he
{a;}icr doc 1ap tuyén tinh, » = 0 khi va chi khi a; = 0, Vi.

ii) Hai hé hitu han vector tuong duong nhau thi chiing ¢6 cting hang.

iii) Néu c6 he vector {b;};cs bicu thi tuyén tinh duge qua hé {a;}ies thi
rank{a;}ie; = rank ({ai}id U {bj}je]> :

c¢) Hé sinh va co s6

Dinh nghia 31. Gid su'V la K khong gian vector. Mot hé vector trong V
goi la hé sinh cia V néu moi vector cia V déu biéu thi tuyén tinh qua hé

N

nay.

Dinh nghia 32. Mot hé sinh cia V' doc lap tuyén tinh goi la mot co sé cia
V.
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Nhu vay, co s 1a hé sinh doc lap tuyén tinh, hién nhién khi d6 hé doc
lap tuyén tinh t6i dai. Vi vay moi vector trong V déu biéu thi tuyén tinh
duy nhat qua né. Néu V' c6 mot hé sinh hitu han thi ta n6i V 14 K - khong

gian vector hitu han sinh (chiéu,).

Dinh nghia 33. S6 vector co sd ciia K - khong gian vector V' duge goi la
chiéu cta cia khong gian nay, ky hiéu la dimxV, hay don gidn la dimV

néu nhu da xdac dinh V trén truong K.

Maéi khong gian vector hitu han chiéu déu c6 nhiéu co sé (14 cac he doc
lap tuyén tinh t6i dai) nhung méi co s§ déu c6 cling s6 vector. Tong quat

ta ¢6 nhan xét sau

Chi y 8. Trong khong gian vector V n chiéu ta cé

i) Moi hé co s0 vector lon hon n déu phu thudc tuyén tinh.

ii) Moi co sd c6 ding n vector, moi hé doc lap tuyén tinh gom n vector déu
la co sd.

iii) Moi hé doc lap tuyén tinh déu cé thé bo sung dé dugc co sé cia V.

i) Moi vector ciia V deéu biéu thi tuyén tinh duy nhat qua co sdé co dinh.

Vi du 47. K" 1a K - khong gian vector hitu han chiéu. That vay, khong

khé dé thay he n vector {e;} G do

i=1n
e1 = (1,0,0,...,0),es = (0,1,0,...,0) , e, = (0,...,0,1)

1a mot heé sinh ctia K" vi véi moi x = (21, 2, ..., ,) € K" déu c6 bieu dién

n
Tr = E €T;€;
1=1

RO rang {ei}izl;—n la doc lap tuyén tinh, do d6 né 1a co sd cia K" (goi 1a co
s§ chinh tac) va dimK" = n.

Vi du 48. Ky hieu K[z] 1a tap hop tat ca cac da thic trén truong K,
khi d6 K[z] 1a khong gian vector v6i phép cong da thic va nhan da thic vé6i
phan ti truong K. C6 thé chitng minh K[z] khong hitu han chiéu (bai tap).

Vidu 49. Gia stt K = C va khong gian vector ctiia ching ta la C". Chung
ta nhé lai raing C = R?, va nhu vay C" gidong nhu 1a R?**. Thé thi chiéu cia
C" 1a n hay 2n? O day ching ta can hiéu ring C" vita la mot khong gian

vector trén C nhung ciing 1a khong gian vector trén R, va rang dimcC" = n
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con dimgrC"™ = 2n. Vi vay khi chiing ta néi chiéu ctia C", ching ta can phan
biet gitta ching, ching ta noéi chiéu phiic (bang n) hodc chiéu thyc (bang
2n).

2.1.3 Toa do cuia vector trong co sé. Ddi cd sé

Gia st V' 1a K - khong gian vector n chiéu. Trong V' cho mot co s c6 dinh
{eq,....,en} (kj hiéu hinh thice, (e) = (eq,...,e,) biéu dién dudi dang hang,
moi phan ti lai la mot vector).Vi moi vector € V biéu thi tuyén tinh duy

nhat qua {ey, ..., e, } nén ton tai duy nhat bo (z1,...,z,), z; € K sao cho

n
r — E xI;e;
1=1

nhu vay ta c6 mot song anh tu V' vao K".

Bo (x1, 9, ...,1,) goi 1a toa do cla x trong co sG {ey,...,e,} va viét 1a
T(ey = (21, ..., x,)7 (tic 13 mot ma tran cot). Tit nay dé tranh nham lan, ta
Viet 2y = (21, .o, 2n)" = [2](0)-

Vi du 50. Trong K" xét co sd chinh tdc {ey, ...,e,}, néu xem (e) 1a mot
ma tran (cot ¢ 1a toa do vector e;) thi day chinh 1a ma tran don vi E.

Vi V c6 nhiéu co s6 nén moi vector trong co sé khac nhau sé bieu dién
khac nhau. Gia st V' ¢6 co s6 {ey,...,e,}, bén canh dé {e],..., e} } cing la

co sG cua V va
T(e) = [%‘](6)3 L(en) = [x;] (e")

.9 2 Y X / 2, z ~ N Z, N
Gia sit rang moi vector € trong cd s6 {e1, ..., en} c6 toa do la [ tic la

6; = Zcijei (21)
1=1

Ma tran C' = (¢ij)nxn € M,(K) gom cac cot toa do clia e/, trong (e) dugc
goi 1a ma tran chuyén co sd ti (e) sang (€'), va viét 1a C' : (e) — (¢’). Khong
kho dé thay ring

(¢') = (e)C (2.2)

Ta co

n
r = E Ti€; =
1=1

n

n n n n
/N E : / E : E : /
iL"j@j = ZIS'j ( Cij€i> = ( CijfL'j> €;
i=1 :

j=1 =1
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Do z biéu thi tuyén tinh duy nhat qua {ei, ..., e,} nén

n

x; = Z CyT (2.3)

j=1
hay viét dudi dang ma tran 1
[xi](e) = C[:U;-](e/) (2.4)

Cac cong thic 2.3 va 2.4 goi la cac cong thitc doi toa do.
Vi du 51. Trong R3 xét co sd chinh tic {ey, es,e3}, cho co s§ thit hai

{eh, eh, ek} & d6 ma tran chuyén co sé (cac cot 1a toa do clia e’ trong (e)) la

O =

e S S
e
_ O =

Trong cd s6 (e) vector x c¢6 toa do la z() = (1,1, 1)T. Ta di tim toa do ciia

x trong co s6 {e}, €}, e4}. Gid st (e = (o], 2h, 25)T, theo cong thic 2.4 ta

P

CO
1 101 zh
1l=]110 )
1 01 1 )

tir day giai heé phuong trinh ta dugc z(y = (%, %, %)T

Chii § 9. Néu C la ma tran chuyén co sé tit {ey, ..., e,} sang {€, ...,e.} thi
C~1 la ma tran chuyén co sé ti {e, ...,e.} sang {eq,...,e,}.

2.1.4 Dinh ly vé hang ma tran

Gid st A = (aij)mxn € Mpuxn(K), hang thi ¢ cla ma tran la r, =

(a1, aio, ..., ain) € K" i = 1;m, con cot thi j cla ma tran la ¢; =

(alj,agj,...,amj)T € K™, j = I;n. Nhu vay c6 thé xem ma tran A cau
thanh tit m vector hang r; (i = 1;m) hodc n ot ¢; (j = 1;n). Dinh 1y dudi
day cho ta moi lien heé gitta hang clia ma tran vd hang ctia hé cac vector
hang (cot) clia ma tran.

Dinh 1y 2.1.3. Hang cia ma tran A bang hang cia hé vector hang (cot)
cta no, tic la

rank (A) = rank (r1, ..., ) = rank (c1, ..., ¢,)
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Phan chiing minh c6 thé tim thay trong [3], [14]. Nho két qua trén ching
ta dua bai todn tim hang cltia hé vector vé bai toan tim hang ma tran da
biét & chuong trudc.

Vi du 52. Gia st trong khong gian vector K™ xét n vector vy, ..., v,.
Ma tran tao béi n vector c¢ot 1a A = (v1,...,v,) € Myx,(K). Hé vector
{vi,...,v,} doc lap tuyén tinh khi he¢ phuong trinh Az = 0, § d6 = =
(21, ...,2,)T, chi c6 nghieém tam thuong, diéu nay c6 nghia 1a rank(A) =
n < m.

Bai toan tim co s8, chiéu clia khong gian con sinh bdi mot hé vector
{ay,as, ...,a,}, tic 1a khong gian con spanf{ai, as, ..., a,}. Dé gidi quyét bai
toan trén chung ta lam nhu sau:

Budc 1: Tim hang ctia hé vector bing cach viét ma tran tao thanh tir cic
hang. Duing bién doi so cap hang dua ma tran vé dang hinh thang.

Bude 2: S6 hang khac 0 trong ma tran hinh thang chinh 13 hang ctia he
vector hay chinh 13 chiéu ctia khong gian con sinh bdi hé nay con sé cua
khong gian con sinh bdi hé chinh la cac vector hang khac 0 ctia ma tran
hinh thang.

Vi du 53. Tim co s6 chiéu ciia khong gian con sinh bdi cac vector hang

sau day
a; = (1,2,0,1) ;a0 = (1,1,2,0) ;a3 = (1,3,-2,2) ;a4 = (—1,1,—6,2)

Dé giai quyét bai toan, ta viét ma tran tao thanh tit cdc hang vector va

bién doi so cap dua vé ma tran hinh thang

12 0 1\ mon (1 2 0 1
11 2 0| plflesyts o -1 2 -1
e
1 3 -2 2 01 -2 1
—11 -6 2 0 3 —6 3

ma tran cudi tuong duong véi ma tran

12 0 1
01 =21
00 0 O
00 0 O

nén ta cé ngay chiéu ctia khong gian con sinh bdi cac vector ban dau 1a 2,
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con co sé cua khong gian con la {by, bo}, trong do6

bl = (1,2,0, 1) ;bg = (0,1,—2, 1) .

2.1.5 Khong gian téng va khong gian giao. Tong truc tiép

Gia st V' la K - khong gian vector, Wy, W5 la cac khong gian con cua V.
Hién nhien rang W; N W, déng déi v6i phép cong vector va nhan vector véi
vo huéng, do d6 Wi N Wy ciing la khong gian con cua V' va goi la khong
gian giao cua Wy va Wa.
Ky hiéu
Wi+ Wo={x=0a1+ay:a € Wi,ay € Ws}

khi d6 Wy + W5 cling la khong gian vector con ctia V' va goi la khong gian
tong ctia Wy va W.

That vay, 1ay hai vector bat ky a,b € Wi + Ws, theo dinh nghia tiic 1a
a = ay + ag,b = by + by trong d6 ay,b; € Wi con aq, by € Wy, V6i hai vo
huéng bat ky o, 8 € K ta c6

oza+ﬁb = (a1 + CLQ) —Fﬁ (bl + bQ) = (CYCLl + /6b1) + (Oéag + Bag) c W1 —|—W2
tic la Wy + Ws 1a khong gian vector con cua V.

Dinh ly 2.1.4. Gid s@ V la K - khong gian vector hitu han chiéu, Wy, Ws

la cac khong gian con cua V', khi do
dim (Wl + WQ) = dim (W1> + dim (Wg) — dim (Wl N WQ)

Ching minh: Giad st dimW; = m,dimW, = n, con dim(W; N
W) = p va {er,..,e,} 1a co sé cia Wp N Wy, Bo sung theém
cidc vector dé {e1,...,ep, for1ss fm} tréd thanh co sd cta Wi va
{e1, .., €p, Gpi1s vy gn} thanh co sé cia Wo. Ta sé chiing minh rang hé céc
vector {e1, ..., €p, fpils o frns Gpi1s -, gn} dOC 1ap tuyén tinh va la co s cla
W1 + Ws. That vay, xét t6 hop tuyén tinh

arer + ...+ apep + Bprifprr + oo+ Bfm + Ypr19pr1 + o+ gn =0

trong do6 cac vo huéng thudc truosng K.

Ta co

arer + .. + apep + By fpr1 oo+ Bonfmn = — (Wpr19p+1 + -+ Vnbn)
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Hinh 2.1: Khong gian tong va giao
vi vé phai dédng thiic ndm trong W, con vé trai ndm trong W, nén

Do d6 ton tai 7, ...,n, € K sao cho

— (VWp+19p+1 + oo+ WGn) = mer + .. + Mpeyp
hay la
Mmer + .+ Mpep + Vpr1gps1 + oo+ Yugn = 0
nhung {e1, ..., €y, Gpi1, -+, gn} 12 co 86 Wy nén ching doc lap tuyén tinh, do
do
M= =0y = Y1 = o =9 =0

T day suy ra rang
arer + ...+ apep + Bpri fo + oo+ B fi = 0

va cling véi ly do tuong tu nhu trén ta co

al=..=0p=Pfp1=..=Bp=0

Tic 1& {e1, ..., ep, foirts o frns Gpits -, gn} dOc 1ap tuyén tinh. Lay vec-
tor bat k¥ * € W; + Wsh, khi d6 « = 21 + 29 Vv6i x; €
Wi, 2y € Wy. R rang a1 biéu thi tuyén tinh qua {ei, ..., €y, foi1s s fin},
con my biéu thi tuyén tinh qua {ei,...,ep, gpi1, s gn}, do d6 x bicu
thi tuyén tinh qua {e1,...,€p, fpi1, s fins Gpt1y s G- NOI cach khac
{e1, .., epy fpsts ooy frns Gps1y -y G} 18 hé sinh ctia Wy 4+ Ws. Mot hé sinh
doc lap tuyén tinh chinh 1& mot co sd, tic 1a ching ta chitng minh ducc
{€1, ey €py fot1y ooy s Gpt1s s Gn } 12 €O 86 clia Wy + Wa. Hon thé

dim (W1+W2) =m+n—p= dim W7 + dim Wy — dim (W1 N WQ)
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Ta c6 diéu phai ching minh. »
Néu Wi N Wy = {0} thi Wi + Ws goi 1a mot tong truc tiép va ky hieu 1a
W; & W5. Khi dé

dim (Wl D WQ) = dim Wj 4+ dim W5

Bai toan tim co s6 chiéu ctia cac khong gian con Wy, Ws, khong gian tong
Wi + Ws va giao Wi N Ws. Dé giai quyét ta tién hanh lam ba bai toan nho
nhu sau.

Bai todan 1: Tim co sd chiéu cac khong gian con W va W, gia st co sd clia
chung lan lugt 1a {a1, as, ...,a;} va {b1,ba, ..., by }.

Bai todn 2: Dé tim c6 s6 chidu ctia khong gian tong W + Wy ta tim co s6
chiéu ctia khong gian con sinh bdi hé vector {ay, as, ..., a;, by, ba, ..., by }.
Bai todn 3: Dé tim co sé chiéu ctia khong gian giao Wy N Ws ta tim co s6
chicu khong gian nghiém hé thuan nhat v6i [ + m an 1a 1, ..., T, Y1, ..., Ym

sau
ria1 + Toa0 + ... + ;0] = y1b1 + ygbg + ...+ ymbm
Bai toan 1 va 2 dugc gidi quyét dya trén bai toan tim co s6 chiéu khong

gian con & phia trén. D6i v6i bai toan 3, ching ta sé gidi quyét sau khi

nghién ctu k¥ cau trac khong gian nghiém hé thuan nhat trong phan sau.

2.2 Anh xa tuyén tinh

2.2.1 Khai niém anh xa tuyén tinh va toan t& tuyén tinh

Dinh nghia 34. Gid st V,W la cic K - khong giac vector. Anh za f tit V
vao W goi la mot dnh xa tuyén tinh (dong cau tuyén tinh) néu né bdo toan
cac phép toan trén V, tic la

1) flz+y) = fa) + fly), Yo,y e V
ii) f(Ax) = Af(x), VA e K x e V.

Mot anh xa tuyén tinh tit V' vao chinh né dudce goi 1a mot tu dong cau
tuyén tinh hay todn ti tuyén tinh trén V.
C6 thé viét lai hai dieu kién trong dinh nghia thanh mot diéu kien 1a
fQx+By) = (x) + Bf (y), VA, BEeK z,y € V.
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Trong truong hop téng quat, ta co

i=1

i=1

Khong kho dé thay ring néu f la anh xa tuyén tinh thi f(0) = 0 va
f(—x)=—f(x),Vz e V.

Gia st K la mot truong, V, W la cac K - khong gian vector, cac vi du
duéi day 1a anh xa tuyén tinh.

Vi du 54. Anh xa hing 0 dugc cho nhu sau 0 : V. — W sao cho
O(x) =0,Vz € V.

Vi du 55. Anh xa dong nhét Id: V — V sao cho Id(z) = z,Vz € V.

Vi du 56. Anh xa f: K" — K sao cho

f(z) = Zozi:z:i,v:n = (z1,...,2,) € K" o; € K.
i=1

Vi du 57. Gid st A € M., (K), anh xa f : K* — K™ sao cho f(z) =
Az NVr = (21, ...,2,)T € K™
Vi du 58. Anh xa dao ham cac da thic D : R[z] — R[z] sao cho
D (p(z)) =p'(z),Vp(z) € Rlz].
Vi du 59. Anh xa tich phan céc ham lien tuc I : C [a, b] — R sao cho
b

I(z) = /:c (t)dt,Vz(.) € Cla,b]

a

Vi du 60. Anh xa f: R? — R xéc dinh béi

332+ 2
L o4y #£0
flay)=49 *1Y
0, +y=0

théa man diéu kién tht hai ciia dinh nghia 4nh xa tuyén tinh nhung khong
thoa man diéu kién dau tien.
Vi du 61. Anh xa f: C — C xac dinh béi
fz)=%2

thoa man dicu kién cong tinh (diéu kién thit nhat) nhung khong phai anh

xa tuyén tinh.
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Ky hieu Hom(V,W) (Homomorphism) la tap tat cd 4nh xa tuyén tinh
tie V vao W. Trén Hom(V, W) trang bi phép cong xac dinh béi

(f +9)(@) = f(z) + g(x),Vf,g € Hom(V, W)
va phép nhan vdéi phan ti ctia K xac dinh bdi
(Af)(@) = Af(z), VA €K

Anh xa 0 chinh la phan t trung hoa clia phép cong, phan ti dbi cia f
13 4nh xa —f. Khong kh6 dé thay tap Hom(V, W) v6i hai phép toan trén
lap thanh mot K - khong gian vector. Khi W = K| ta n6i Hom(V,K) la
khong gian lién hgp cia V' ky hiéu la V*. Cing vG6i cac phép toan trén, tap
cac tu dong cau tuyén tinh, ky hieu la End(V) (Endomorphism), cling 1a
khong gian vector.

Duéi day chung ta dua ra dinh 1y xac dinh mot anh xa tuyén tinh.

Dinh ly 2.2.1. Gid s V la K - khong gian vector n chiéu vdi co sd
{e1,...,en} va mot hé n wvector tuy § cho trudc {wy,ws,...,w,} trong K
- khong gian vector W. Khi dé ton tai duy nhat mot danh xa tuyén tinh
f:V =W sao cho f(e;) =w;,Vi=1;n.

Chitng minh: Gia stz € V, vi {eq, ..., e,} 1a co 86 nén ton tai duy nhat
bo (z1, .., x,) sao cho
n
T = inei,xi cK
i=1
Ta xay dung 4nh xa f t V vao W théa man f(e;) = w;, i = 1;n.
n
bat f(z) = > a;w;, khi d6 f thuc su la anh xa vi b (x1,..,2,) la
i=1
duy nhat nén f (z) 1a duy nhat, hon thé f 14 4nh xa tuyén tinh. That vay
n n

Ve,y e Viie =Y xe,y=>Y ye vaVa,f € Ktaco
i=1 i=1

n

flax+ By) = (0w + By)wi = af (x) + Bf ().
i=1
Dé y ring e¢; = Oey + ... + 0e;_1 + e; + 0e;p1 + ... + Oe, nén f(e;) = Owy +
e + 0w, +w; + 0wy + ... + 0wy, = Wy
Chiing ta can chting minh 4nh xa nhu vay xac dinh duy nhat. Gia st ¢

12 mot anh xa tuyén tinh tit V vao W cling théa man g(e;) = w;, Vi = 1; n.

73



Khi d6 Vo = ) ze; € V thi
=1

?

g(z) = ing (ei) = Z%’Wi = Zﬂfz‘f (e)) = f(z)
i=1 i=1 i=1
hay f =g. »

2.2.2 Anh va nhan ctia 4nh xa tuyén tinh
Gia sit V, W la céc K - khong gian vector, f € Hom(V, W).

Dinh nghia 35. Hach (hay nhan) cia anh za tuyén tinh f la tap hop ky
hiéu bdi Ker(f) va zdc dinh bdi

Kerf={zeV: f(x)=0}
Anh cia dnh za tuyén tinh f, ky hiéu lo Imf, va zdc dinh bdi
Imf={ye W:y=f(x),VreV}

Meénh dé 2.2.1. Kerf va Imf la cic khong gian con cia V va W tuong
ung.

Dinh ly 2.2.2. Gid s Q,U lan lugt la cdc khong gian vector con ciia V, W
tuwong ung. Khi do

i) f(Q) la K - khong gian vector con cia W.

i) f~Y(U) la K - khong gian vector con ciia V.

i) Q0 la khong gian vector con hitu han chiéu cia V thi f(Q) cing hitu han
chieu va dim f(Q) < dimQ .

Chitng minh: Viéc chiing minh i) va ii) khong khé, cha y la f(Q2) va
f~YU) khong rong. Ta chting minh iii). Gia st dimQ = m va {e1, ..., e, } 1a

m
co 86 €, khi d6 v6i moi y € f(2) ton tai x = > x;e; sao cho
i=1

Y= Zl'if (€:)
i=1

nhu vay y biéu thi tuyén tinh qua {f(e1), ..., f(en)} hay {f(e1), ..., f(em)}
l1a mot he sinh cta f(Q). Vi vay f(Q) cting httu han chiéu va dimf(Q) <
m = dimf). »
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Chu y 10. i) Néu f : V — W va V hitu han chiéu thy dimImf < n = dimV.
i) Gid sit f:V — W la dnh za tuyén tinh va {v;},_gz; la he bat ky, khi
do néu {v;},_tm phu thuoc tuyén tinh th {f(v;)} la phu thudc tuyén

tinh. Nguoc lai, néu {f(v;)}

tuyén tinh.

i=1;m

doc lap tuyén tinh thi {v;},_r doc lap

i=1;m

Hé qua 2.2.1. Anh za tuyén tinh khong lam tang hang cia mot hé vector.

Dinh nghia 36. Gid st f : V — W la dnh za tuyén tinh. Chiéu ctia Imf
goi la hang cia dnh xa f, ky hieu rank(f), con chiéu cia Kerf goi la so
khuyét cia f, ky hiéu la def(f).

Tu dinh nghia ta thay ngay rang

0 < rank (f) < dimV
0 < def(f) <dimV

Dinh nghia 37. Gid st f:V — W la dnh za tuyén tinh. Anh za f goi la

don cdu (toan cau, diang cau) néu f la don dnh (toan dnh, song dnh).

Dinh 1y 2.2.3. Gid st f : V — W la danh za tuyén tinh.
i) f don cau khi va chi khi Kerf = {0}
i) f toan cau khi va chi khi Imf =W

Chitng minh: Ro6 rang ii) 14 hién nhién theo dinh nghia toan anh. Ta
ching minh i). Gid st f don anh, néu f(z) = 0 = f(0) thi z = 0, do
do Kerf = {0}. Ngugc lai, gia st Kerf = {0}. Néu f(z1) = f(xq) vdi
x1, T2 € V thita ¢6 f(x; — x9) = 0, hay x1 = x9, tic la f don anh. »

Tu dinh 1y trén ta thiy rang, f don ciu khi va chi khi def(f) = 0, con
f toan cau khi va chi khi rank(f) = dimW.

Vi du 62. Anh xa f: R® — R? x4c dinh béi

f($1,$2,l‘3) ($1,0)

Ta co
Imf = {(1'1,0) X € R}

Kerf = {(0, zq, x3) : k9, x5 € R} .
Vi du 63. Anh xa f: R®* — R? x4c dinh béi
f(l'l,a?g,l'g) = (x17x2)'
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Ta co
Imf = {(1'1,1'2) 1 IT1,T9 € R} = R?
Kerf = {(0,0,z3) : z3 € R} .
Vi du 64. Anh xa f: R? — R? xac dinh béi

f(w1,29) = (21,2, 21 — 279).
Ta co
Imf = {(z1, x2, 21 — 229) : 21,29 € R}
Kerf = {(0,0,0)} = {0}.
Khong khé dé chiing minh két qua sau day
Dinh 1y 2.2.4. Gid st f : V — W la dnh za tuyén tinh, V,W la cic K -
khong gian vector hitu han chiéu
i) f don cau khi va chi khi f bién mot hé doc lap tuyén tinh bat ki thanh
mot hé doc lap tuyén tinh
i) f toan dnh khi va chi khi f bién mot hé sinh cia V' thanh hé sinh trong
w
i) f dang cau khi va chi khi f bién mot co sé V thanh co sd clia W.
Dinh 1y 2.2.5. Gid st f : V — W la dnh za tuyén tinh, khi doé
dimIm f + dim Kerf =n

Chitng minh: Gia sit dimKerf = s va {ey,...,es} 1a co s6 cua Kerf.
Ta bd sung {ey, ..., €, Vsi1, ..., v, } dé dude co s6 ctia V. Ta sé chitng minh
rang {f(vsi1), .., f(vn)} 12 co s6 cua Imf. That vay, véi moi x € V ta c6

T = Z%ez + Z Bjv;

j=s+1

do dé6

<2&261+ Z 6]1}]) = Z ij (Uj)

j=s+1 j=s+1
tiic 1a {f (vj)},_575; 1a he sinh cta Imf. Ta ching minh he sinh nay doc
lap tuyén tinh. Xét to hgp tuyén tinh bat ky

> ij(vj)=0:>f<z ﬂj%’) =0
j=s+1 Jj=s+1
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dovay >, pjv; € Kerf, nhung khi dé ta c6
j=s+1

n S
E Bjv; = E Ai€i

hay la
Z ijj — Z )\2'6@' =0
j=s+1 i=1

do {eq, ..., €5, V541, ..., Uy } 18 c0 86 cia V' nén

ﬁj:/\i=0,Vi:E,j:s+1;n
tuc 1a {f (vj)}j:m doc lap tuyén tinh, do d6 1 co s6 ctia Imf. Tu do
dimIm f +dim Kerf =n—s+s=n

Ta c6 ngay diéu phai ching minh. »

2.2.3 Anh xa tuyén tinh ngudc

Dinh 1y 2.2.6. Gid st f : V — W la ding cau tuyén tinh, khi dé dnh za

ngudgc cua mot dnh xa tuyén tinh ciing la dnh za tuyén tinh.

Chitng minh: Gid st f : V — W 1a song 4nh, ta chiing minh rang f—!
13 4nh xa tuyén tinh. That vay Yy, 92 € W va Va, 8 € K ta ¢

F(f ay + By)) = (fo 1) (awr + Byz) = Idw (ays + Bys)

& d6 Idy 1a 4nh xa dong nhat trén V. Nhung anh xa Idy ciing 1a tuyén

tinh nén

Idw (ayr + Byo) = addw (y1) + Bldw (y2) = af (f 7 (y1)) + Bf (f " (y2))

Do f dang cau nén tit

F(f (ay + Bya)) = f(af ™ (n1) + BF " (12))

ta co ngay

F g+ Bye) = aof () + BF 7 ()
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Hé qua 2.2.2. Gid st f : V — V la todn tid tuyén tinh, khi dé cac ménh
dé sau tuong duong

i) f dang cau

i) Ton tai todn tif tuyén tinh ngugc cia f

i) f don cau

w) f toan cdu

2.2.4 Ma tran va biéu thic toa do anh xa tuyén tinh

Gia st f : V — W la anh xa tuyén tinh, dimV = n,dimW =m, {e1,...,e,}
va {wy, ..., wy,} 1an lugt 1a co s6 cia V va W. Vi f(e;) € W™, j = I;n nén
biéu dién dugc qua (w)

fle) = agw
i=1

Anh xa f hoan toan xac dinh khi biét anh ciia ¢o s6 tic la néu ta biét cac

phan t1t a;;,i = 1;m,j = 1;n thi sé hoan toan x4c dinh duge f.
Ma tran A = (ajj)mxn duge goi 1a ma tran cia dnh za tuyén tinh f trong

cap co 86 ((e), (w)). Ching ta c6 thé biéu dién diéu nay nhu sau

(fle)) = (w)A (2.5)
Nhu vay, cot thit j ctia ma tran A chinh 1a toa do ctia vector f(e;) trong co
s6 {wy, ..., w,,}. Khi khong néi gi khac ta hiéu ma tran clia anh xa tuyén
tinh 1& trong mot co sé c¢d dinh nado do.

Néu f la tuy dong cau tuyén tinh thi A sé 14 mot ma tran vuong. C6
thé chiing minh dudc c¢6 cac song anh gita Hom(V, W) v6i M,,x,(K) va
End(V) véi M, (K), cac song anh nay bao toan phép toan tong cac dnh xa
tuyén tinh va phép nhan phan ti truong K véi anh xa tuyén tinh.

Gia st A = (aij)mxn & ma tran ctia anh xa tuyén tinh f: V' — W trong
cap co s ((e), (w)), véi mdi x € V' chiing ta mudn thiét lap lien he gitta cac
toa do z () va f(Z)(w)-

Gia su

xr = Z:Ujej
j=1
hay la z() = [z] ) va

f@)=> viwi
i=1
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Z%Wi = Za:jf e] ij (Z aijwi> = (Z aijxj) Wi
i=1 ; ;

tu day ta co

hay viét dudi dang toa do cot 1a

Wilw) = Alzile (2.7)

Néu nhu ta da ngam hiéu anh xa tuyén tinh trong ciip co sé ¢ dinh nao
d6 thi ta viét 1a

f(z) = Ax (2.8)
& d6 toa d6 cac vecto luon hiéu 1a cho duéi dang cot. Cac cong thiic
tit 2.6 dén 2.8 goi 1a biéu thic toa do clia 4nh xa tuyén tinh.

Néu chi cho anh xa tuyén tinh ma khong noi gi vé cip co sé ((e), (w))
ta ngam hiéu ring anh xa dugc cho trong cap co sé chinh tic cia V va W.
Ma tran trong cip cd sé chinh tic goi 1a ma tran chinh tdc.

Vi du 65. Tim ma tran chinh tic ctia 4nh xa tuyén tinh f : R* — R3
cho bdi

f(x1, 29, 3, 24) = (x1 — o + T3 — X4, Tg + T3, 77)

Trong co s6 chinh tic cia R* va R3, ta ¢

£(1,0,0,0) = (1,0,1)", £(0,1,0,0) = (—1,1,0)",
£(0,0,1,0) = (1,1,0)", £(0,0,0,1) = (—=1,0,0)"

nén ma tran cua f sé la

1 -1 1 -1
A=10 1 1 0
1 0 0 0

Dinh ly 2.2.7. Gid si M la ma tran dnh za tuyén tinh f : V. — W trong
cip co s ((e), (w)), N la ma tran dnh za tuyén tinh g : W™ — QP trong
cap co sd ((w), (v)). Khi dé ma tran cia anh xza go f la NM vdi cap co so

la ((e), (v)).
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Chtng minh: Gia st

{e1, .., ent, {wi, o, Wi}, {v1, ., vp}

lan lugt 1a co 86 ctia V., W, Q, con M = (a;ij)mxn; N = (bki)pxm 12 céc ma

tran tuong ting cta f va g trong cac cap cd sé da cho. Ta cb

f (6]) = Zaljwiag (Wz) = Zbkﬂjk
i=1 k=1
tu do . N
(gof)lej) =g(f(e;) =g <Z aijw%) - Z aijg (W;)
hay - -

P m
5o N(e) = Soay (z b) ¥ <z b>
k=1 )

Dat ¢ = Zbkiaij, thi trong cap co sé ((e),(v)) ma tran cua g o f la
i=1

Tuong tu c¢6 thé chi ra néu A, B 1a ma tran ciia cdc anh xa tuyén tinh
f,g € Hom(V,W) trong cdp co s6 nao d6 thi A+ B chinh la ma tran cia
dnh xa f + g. Dac biet néu f, g € End(V) la cac toan tii tuyén tinh véi céc
ma tran A, B tuong tng trong co sé nao do thi c6 thé ching minh duge
f4+g,Af, fogsécoma tran tuong tng la A + B, \A, BA.
Dinh ly 2.2.8. Gid st f € Hom(V,W) ¢6 ma tran trong cap co sd nao do
la A, khi dé rank(f) = rank(A).

Chtng minh: Gida st dimV = n,dim W = m, A la ma tran cta f trong
cap cd s6 ((e), (w)). Theo dinh nghia

rank (f) = dimIm f = rank (f (e1), ..., f (en))

ttc la hang cia cac vector cot f (e;) = (ayj, ..., amj)T,j = 1;n. Nhung day

chinh 13 céc cot clia ma tran A, ta c6 ngay diéu phai chiing minh. »

2.2.5 Khéng gian nghiém hé phuong trinh thuan nhat

Xét he phuong trinh tuyén tinh thuan nhat m phuong trinh n an:

Y agr; =02, €Ki=Tm (2.9)
j=1
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Hé nay c6 thé viét dusi dang ma tran 1a
T
Ax=0,A = (ay),,.,, T = (T1, .., Tn) (2.10)
Ky hieu R 1a tap tat cd cac nghiém ciia hé nay.

Dinh 1y 2.2.9. Xét hé phuong trinh 2.9 (hodc 2.10)
i) Tap Ny tao thanh mot khong gian vector con cia K.
i) Néu rank(A) = r thi dimNg=mn —r.

Chtng minh: Ta xem A la ma tran cta f : K” — K" trong cip co sé

((e), (w)) nao do, tic la trong cap co s6 nay ta co
fz)=Ax=0

Nhu vay, tap cac nghiém ctia hé 2.10 chinh 13 nhitng phan ti ctia khong gian
Kerf,dodo Ry = Kerf vala mot khong gian con ctia K™. Néu rank(A) = r
thi tu Dinh 1y 2.2.8 ta c6 rank(A) = dimImf = r, do do

dim¥Ng = dimKerf = dimK" — dimImf =n—r

Ta c6 dieu phai chiing minh. »

Mot t6 hop tuyén tinh tat ca cac vector co sé ciia Ry goi 1a nghiém tong
quat cua hé 2.10.

Xét hé tuyén tinh tong quét

Ax=b (2.11)

6 dé A = (ay) &= (x1,....,2,)" b= (by,...,by)T. Theo ky hicu chuong
truéc ma tran mad rong cua hé sé la A= (A|b). Dinh 1y Cronecker-Capelli

khang dinh ring: he (2.11) ¢6 nghiém khi va chi khi rank(A) = rank(A).
Ta c6 thé ching minh dinh 1§ mot cach don gian nhu sau.

mxn’

Coi mbi cot ciia A 1a mot vector, ky hieu ching lan luct 13 ¢, co, ..., Cp.

Nhu vay hé phuong trinh c6 thé viét lai nhu 1a
ri161 + T9Coy + ... + e, = b

Hé tuong thich tuong duong vé6i vector b biéu dién tuyén tinh qua céc
vector cot c1, ca, ..., ¢,. Tiic 1a hée cac vector {cy, ca, ..., ¢, b} phu thuoc tuyén
tinh. Diéu nay tuong duong véi

~

rank (A) = rank (c1, co, ..., ) = rank (1, Co, ..., ¢p, b) = rank(A)
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Néu goi T la nghiém tdng quat ctia hé thuan nhat 2.10, con a 1 nghiem
rieng ctia 2.11 thi nghiém tong quat ctia hé 2.11 bang tong clia nghiém tong

quat hé thuan nhat 2.10 va nghiém riéng 2.11, tic 1
r=x+a

Tiép theo chiing ta xét bai toan: Tim co s6, chiéu ctia Ker f va Imf khi
biét ma tran ctia anh xa tuyén tinh f. D¢ gidi quyét bai toan nay ta tién
hanh nhu sau:

Bude 1: St dung bién dbi so cap hang dua ma tran A vé ma tran hinh thang
A’ gid st rank(A) = rank(A’) = r, khi d6 dimImf = r. Dé tim co s6 clia
Imf ta chon r vector cot clia ma tran A doc lap tuyén tinh.

Bué6c 2: Giai hé phuong trinh thuan nhat A’z = 0, co s6 khong gian nghiém
Ny hé nay chinh 1a co sé cia Kerf.

Vi du 66. Tim co sé chiéu cia Kerf vd Imf cia anh xa tuyén tinh
f:R* = R3 cho béi

f (1, 9, 23, 24) = (¥1 — T2 + T3 — X4, T2 + T3, 21)

Ta c6 ma tran ctia anh xa tuyén tinh f 1a

1 -1 1 —1
A=10 1 1 0
1 0 0 0
Dé thay
1 —1 1
det| 0 1 1 |=-2+#0
0 O

nén rank(A) = 3, tic 1a dimImf = 3, chon ba vector cot dau tién trong
ma tran A doc lap tuyén tinh lam co sé ctia Imf. Tuy nhién c6 thé thay
rang Imf = R3, vi vay hoan toan c6 thé lay co sé Imf chinh 1a co sé chinh

tac ctia R?, tic 1a
Imf = {(1,0,0)"; (0,1,0)"; (0,0,1)T)

VidimImf = 3 nén dimKerf =4—3 = 1. Giai hé phuong trinh Az =0
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ta co ngay
(

5131:0

Qfgz—t
9

.%'3:t
L $4:2t

do d6 chon duge co s6 ciia Kerf laa = (0,—1,1,2)T.

2.2.6 Ma tran ctia anh xa tuyén tinh khi déi co sé

Giast f € Hom(V, W), dimV = n,dim W = m. Trong cap cd s6 ((e), (w)),

anh xa tuyén tinh f c6 ma tran A. Cau hoi dat ra la: trong mot cip co s6

méi ((¢'), (w')), anh xa tuyén tinh f c6 ma tran bieu dién nhu thé nao?
Gia stt B 1a ma tran chuyén co sé (e) sang (¢/), C' 1a ma tran chuyén co

sé (w) sang (w'). Tu cong thiic 2.2, ta c6

Néu goi A 1a ma tran clia anh xa tuyén tinh f trong cip co sé méi
g y g
((e"), (w")), thi theo cong thiic 2.5 ching ta cé

va

6 do (f(e)) = (fler), . flen)), (f(€) = (f(e1), ..., f(ey)). T day ching

ta co

do vay

~

(w)A=(w)AB = (w)CA= (w)AB = CA=AB

tur do ta co
A=C"'AB (2.12)

Dic biet, gid stt f € End(V) 1a toan t1t tuyén tinh va A 1a ma tran ctia f
trong co s6 {ey,...,e,}, con A la ma tran ciia f trongeo sé {e}, ...,e.}. Néu

ma tran chuyén co sé {ey, ..., e,} sang {e},...,e, } la C thi ta c6

A=C'AC (2.13)
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Khi xét hai ma tran cung cd, doi luc chung ta quan tam téi cac tinh

chat "tuong ty" gitta ching.

i) Ma tran tuong duong: Hai ma tran A, B € M,,x,(K) goi 1a tuong
duong, viet 14 A ~ B néu ton tai cac ma tran vuong P € M, (K) va
Q € M,(K) kha nghich dé B = PAQ. D& thay quan hé nay thoéa man dinh
nghia vé quan hé tuong duong néi ¢ chuong dau tien.

ii) Ma tran dong dang: Hai ma tran vuong A, B € M, (K) goi la dong
dang, viét 1 A ~ B néu ton tai ma tran vuong P € M,(K) kha nghich
dé B = P~'AP. Dé thay quan hé dong dang ciing la quan hé tuong duong
nhung manh hon quan hé tuong duong.

Nhu vay hai ma tran ciia anh xa tuyén tinh (toan t tuyén tinh) trong
hai co s6 khac nhau 1 tuong duong (dong dang) véi nhau.

Vi du 67. Gia st toan ti tuyén tinh f : R® — R3 trong co s chinh tac
(e) = (e1, €2, e3) cho béi

f (21,29, x3) = (v1 + 229 + 323, 1 + 29 + 223, 1 + 29 + X3)

Ta hay tim ma tran ctia f trong co s6 (e; + es, €2 + €3, €1 + €3).
Dé thay,

A=111 2
111
Dat (') = (€], e, €}) = (e1 + e, e2 + €3, €1 + e3), dé thay rang (¢/) = (e)C,
G do
1 01
C=1110
011

Goi A la ma tran cfia anh xa tuyén tinh f trong co s8 (¢’), ap dung cong

thiic 2.13 ta c6 ngay

NI DOl NI
O W
NI DOl Dof et

Cing 6 thé 1am ngdn gon nhu sau. Ap dung cong thic 2.5 thi



V6i (f(€) = (f(€)), f(ehy), f(€})) (vi f tuyén tinh dé dang tinh dugc) va
(') = (e, e, €3), ta xem la cac ma tran ma moi cot la toa do cla f(e])

hodc e; (j = 1;3) trong co s6 (e), tic la

35 4 1 01
F=(f)=1233|,T=E)=1110
2 2 2 011
Do do6
3 g
A=T'F=| 10!
i2 g

2.3 Tri riéng va vector riéng

2.3.1 Tri riéng va vector riéng clia toan ti tuyén tinh

Gia st V 1a K - khong gian vector, f € End(V) la toan t1t tuyén tinh, W
1a mot khong gian vector con ctia V. W dudc goi 1a bat bién doi v6i f hay
1a f - bat bién néu nhu f(W) C W, tic 1a

f(w) e WVweW

Vi du 68. V va {0} 1a cac khong gian con f - bat bién tam thuong.
Ngoai ra, dé dang kiém tra Kerf vi Imf cling cic khong gian con f - bat
bién.

Vector v € V, v # 0 dugc goi 1a vector riéng clia toan ti tuyén tinh f
néu ton tai A € K sao cho f(v) = Av. Phan tu X goi 1a trj riéng clia toan
ti tuyén tinh f, khi d6 ta néi v 1a vector riéng tng véi tri rieng \.

Meénh dé 2.3.1. Khong gian vector sinh bdi v # 0 la f - bat bién khi va
chi kht v la vector riéng cua f.

Chitng minh: Dit L = (v) 1a khong gian con sinh béi v # 0, gitt st
L 1a f - bat bién. Khi d6 theo dinh nghia f(L) C L. Do L la khong gian
mot chi¢u nén ton tai A € K dé f(v) = \v € L. Diéu nay c6 nghia v 1a mot
vector riéng.

Ngudc lai, néu v # 0 1 vector riéng ting tri rieng A € K thi véi vector
bat ky a € L,a #0tacéa=av, § d6 a € K. Ta c6

fla)=f(aw)=af (v)=alv=Xda €L
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no6i cach khac L 1a f - bat bién »
RO rang tit chiing minh trén ta thay, néu v 13 vector riéng riéng ting véi
tri rieng A thi av(a # 0) cing la vector riéng tng véi tri riéng A.
Dit
VN ={zeV: f(z)= Az}

Dé thay V(A) 1a khong gian con bat bién ctia f, hon thé V(\) # {0} khi
va chi khi A la tri riéng ctia f. That vay, do f — Aldy cling la mot anh xa
tuyén tinh va V(\) = Ker (f — Mdy) nén khang dinh dau 13 hién nhién.
Khang dinh con lai thu dugc tit dinh nghia ctia vector riéng.

Khi A € K 1a mot tri riéng ctia toan tit tuyén tinh f thi V(\) goi 1a khong
gian con riéng ung véi tri riéng A.

Gia st trong co s6 {eq, ...,e,} clia V toan tt tuyén tinh f c¢6 ma tran A.
T Iy thuyét anh xa tuyén tinh & trén dan ra riang, véi moi A € K toan ti
tuyén tinh f — AIdy trong co s6 {ei,...,e,} c6 ma tran la A — \E, 6 d6 E
la ma tran don vi (4nh xa dong nhat trong moi co s6 déu c6 ma tran la F).
Néu A 1a mot tri rieng ctia f thi vector o # 0 1& vector riéng ting véi noé khi
va chi khi z € V(A) = Ker (f — Mdy), cang tic la  théa man hé phuong
trinh

(A= AE)x =0 (2.14)

Nhu vay = (21,...,2,)T # 0 la vector riéng ctia f khi v& chi khi n6 1a
nghiém khong tam thudng ctia hé 2.14. Diéu nay xay ra khi va chi khi

det (A — AE) =0 (2.15)

C6 thé thay det (A — A\E) 1a mot da thic bac n, da thitc nay khong thay
doi dir chiing ta doi co s6 cia V.

That vay, gia st trong ¢6 s6 mdi {e], ..., e} cia V toan tit tuyén tinh c6
ma tran 1a A, ma tran chuyén co sé tit {ei, ..., e} sang {€, ...,e.} 1a C khi
d6 A= C~'AC. Ta c6

det (A~ AE) = det (C7'AC = XC™'EC)
=det (C7' (A= AE)C) = det (A — AE)
Da thitc det (A — AE) dugce goi 1a da thic ddc trung clia toan tit tuyén

tinh f (hay cta ma tran A). Phuong trinh 2.15 goi 1a phuong trinh dic
trung.
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Gia st A = (a,’j)an thi
Py(\) =det (A= AE) = (=1)"\" 4 (=1)" 'Trace(A)N"' + ... + det(A)

Dinh 1y 2.3.1. Phan ti X € K la trj riéng cia todan ti tuyén tinh f khi va
chi khi A la nghiém phuong trinh ddc trung 2.15.

Ching minh: )\ 1a tri riéeng cua f khi va chi khi V() =
Ker (f — Mdy) # {0}, dieu nay tic 1a dimKer (f — Mdy) > 0. Nhung
nhu vay thi

rank(f — Mdy) =n —dim Ker (f — Mdy) <n

no6 tuong duong véi rank(A — A\E) < n. Ma diéu ndy xay ra khi va chi khi
P,(A\) =det(A — AE) =0, tic la A la nghiém phuong trinh 2.15. »

Dinh nghia 38. Tap tdat cd cdc tri riéng cia todn tid tuyén tinh f goi la

pho clia né, ky hieu la o(f).

Bai toan tim tri rieng va vector riéng ta gidi quyét nhu sau:
Bude 1: Lap da thite déc trung P, (), gidi phuong trinh dac trung P,(\) = 0.
Bude 2: V6i méi A tim dudce trong budce 1 ta giai hé phuong trinh (A—AE)x =
0 dé tim vector riéng x tGng véi tri rieng \.

Vi du 69. Cho toan tit tuyén tinh f € End(R?) c6 ma tran chinh tac 1a

3 =2 =2
A= 3 -1 -3
1 =2 0

Hay tim tri riéng va vector riéng cta f.

Ta c¢6 phuong trinh dac trung cua f la
det (A—AE) = -\ +2\* 4+ )1 —-2=0

Giai phuong trinh nay duge cac tri rieng la £1, 2. V6i Ay = 1 tim dugce
vector rieng v; = (1,0, 1)T, v6i Ay = —1 tim dugc vector rieng v, = (1,1,1)7,

v6i A3 = 2 tim dugc vector rieng vz = (0,1, —1)7.

2.3.2 Chéo h6éa ma tran

Dé nghién citu toan t1t tuyén tinh f € End(V) ta nghién citu ma tran cta

né, ma tran clia f cang don gian thi hinh dung vé f sé cang dé hi¢u. Nhiém
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vu clia ching ta 1 tim mot co s6 ciia V' dé trong co s6 nay ma tran cia f
c6 dang don gidn nhat c6 thé. Cu thé & day ching ta tim co s cia V dé f
c¢6 ma tran dang duong chéo.

Toan tii tuyén tinh f goi la chéo héa duge néu trong V' tim duge (it nhat)
mot co sé dé trong dé ma tran ctia f c¢6 dang chéo. Viéc tim mot co sé nhu

vay goi la chéo hoa f.

Dinh 1y 2.3.2. Todn ti tuyén tinh f € End(V) cé ma tran chéo khi va chi

khi ton tai mot co sV gom toan vector riéng.

Dé dang duge chiing minh dinh 1y nay dya trén dinh nghia ma tran cua

toan ti tuyén tinh.

Meénh dé 2.3.2. Cidc vector riéng wng vdi tri riéng khdc nhau cia todn ti

tuyén tinh f la doc lap tuyén tinh.

Chitng minh: Ta chitng minh bang quy nap.

V6i k = 1 ta c6 mot vector rieng v; # 0, do d6 doc lap tuyén tinh, khang
dinh ctia ménh dé dung.

Gia stt ménh dé dung véi k = m tic 14 ta c6 m vector riéng vy, ..., v,, ing
v6i cac tri rieng doi mot khac nhau Aq, ..., \,, doc lap tuyén tinh. Ta phai
ching minh ding v6i kK = m + 1, tic 1a hé cac vector riéng {vy, ..., U1}
ing véi cac tri rieng doi mot khac nhau Aq, ..., A1 doc 1ap tuyén tinh. Xét

td hop tuyén tinh
a1 + ... + €y + An+1€m+1 — 0 (216)

tac dong toan tit f vao hai vé clia 2.16 va sit dung gia thiét cac vector riéng
ta co
Oél)\lel + ...+ ozm)\mem + Oém_|_1>\m_|_1€m+1 =0 (217)

Nhan hai vé ctia 2.16 v6i A\, 41 101 trit cho 2.17 ta c6
aq ()‘m-i-l — )\1) er+ ... +a, ()‘m—i-l - >\m) Em — 0
Nhung {ey, ..., e} doc 1ap tuyén tinh va céac tri rieng doi mot khac nhau
neén
ol =..=a,;, =0

Tt d6 thay vao 2.16 ta c6 ay, 11 = 0, titc 1a hé m+1 vector riéng {vy, ..., U1}
doc lap tuyén tinh. Theo nguyén 1y quy nap ta c6 diéu phai ching minh. »

Ta c6 mot hé qua hién nhién nhu sau.
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Hé qua 2.3.1. Néu todn ti tuyén tinh f cé n tri riéng phan biét A, ..., \,
thy f chéo héa dugc va ma tran cia f trong co sé gom toan vector riéng

tuong dng vdi cac tri rieng nay la A = diag(Ai, ..., \p).

Nhu vay hé qua trén cho ta mot dieu kien du (khong phéi diéu kién can)

dé chéo héa mot toan tit tuyén tinh.

Meénh dé 2.3.3. Néu X\ la nghiém boi k ctia phuong trinh ddac trung 2.15

thi ing vdi né cé khong qud k vector rieng doc lap tuyén tinh.

Chtng minh: Gia st Ay la nghiém bdi £ > 1 cua phuong trinh dac
trung 2.15 clia toan tit tuyén tinh f, tic 1a

det (A= AE) = (A= X)'p ()

Ngoai ra, gid st rang tng véi \g c6 m vector rieng doc lap tuyén tinh la
U1, ..., Um, hién nhién 1a m < n = dimV. Ta b6 sung thém n — m vector nita
dé vi, ..., Um, Um1, ..., Up, t16 thanh co sé ctia V. Trong co sé nay, gia st toan

t tuyén tinh f c6 ma tran biéu dién 1a B, 16 rang
det (B—AE) = (A—Xp)"q ()
Nhung phuong trinh dic trung bat bién qua phép doi co s nén
(A= 20)"q(A) = det (A = AE) = (A= Xp)"'p(\)

Tu d6 ta c6 (A — \g)"™ phai 1a u6e cta det (A — AE), tiic 1a m < k. Ta ¢
diéu phai ching minh. »

Néu toan tit tuyén tinh f chéo héa duge thi né phai c6 di n tri rieng ke
ca boi. Do 1a diéu kieén can dé f chéo héa duge. Nhu thé gia st f co di n
tri rieng ké ca boi, dé chéo héa ducce f thi tng véi tri rieng nao dé c6 boi
1& m ta phai tim duge dit m vector rieng doc lap tuyén tinh.

T cac két qua trén ta dua ra cidc budc giai bai toan chéo héa toan ti
tuyén tinh f (hay ma tran ctia no).
Budc 1: Giai phuong trinh dic trung tim tat ca cac tri rieng. Gia st gidi
dugc cac tri riéng Aq, ..., \x v6i boi tuong tng nq, ..., ng.
Bude 2: Kiém tra diéu kién can:

- Néu k = n toan tit f chéo hoa dugc.

- Néu nq + no + ... +ny < n toan tit f khong chéo hoa dugc.
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- Néu ny +ns + ... +np = n tim cic vector rieng doc 1ap tuyén tinh ting
v6i méi tri rieng. Néu ton tai \; ma s6 vector riéng ting véi n6é nhé hon n;
thi f khong chéo hoa dugc.

Bude 3: Néu f chéo hoa duge va {vi1, ..., Vin,, -y Ukl oy Vkn, } 12 €O 83 gOmM
toan vector riéng, dat ma tran P bang cac cot toa do cuia nhitng vector

rieng theo thit tu nay

P = (UH, ceey Ulnly ceey Uk1y onny Uknk)

Khi d6 ma tran cia toan tit f trong co sé nay la

— PlAP =

|

Chi ¥ ring toan ti tuyén tinh f c6 thé chéo héa duge trén K = C nhung
lai khong chéo hoa duge trén K = R.
Vi du 70. Cho ma tran chinh tic clia toan ti tuyén tinh f € End(R?)

la
—14 —-28 —44
A= -7 =14 =23
9 18 29

Hay chéo héa f néu dugc.
Phuong trinh dac trung la

det (A—AE) = =\ + 2\ +2X1 =0

Giai phuong trinh nay dugc cac tri riéng khac nhau A\ = —1, Ay =0, A3 =
2, do do6 f chéo hoa duge. Cac vector riéng tuong ting la

v = —1 , U2 = 1 y Ug = —1

90



-8 -2 -1 ~100
P=(v,vuv)=| -1 1 -1 |, A=P'AP=| 0 0 0
30 1 0 0 2

Viéc dua toan tir tuyén tinh hay ma tran vé dang duong chéo c6 rat
nhiéu ich 1gi trong viéc tinh toan. Vi du, mot ma tran dang duong chéo khi

lay lfiy thita thi chi can lfiy thita cAc phan tit duong chéo, tic 1a
(diag (A1, ...; Mp))" = diag (AT, ..., AT

Vi du 71. Day Fibonacci la mot day s6 tu nhien {a, },>¢ bat dau bang
ap = 0 va a; = 1, mbi s6 sau d6 bang tong hai s6 ding ngay truée né. Co

thé mo ta day nay dudi dang mot hé dong luic nhu sau

()= () ()

vélin > 1.
Dit

khi d6 ta thay rang
(7% Ap—1 Ap—9 ago
< a1 ) < an41 )
Vo = y Un =
ap an,

thi day Fibonacci c6 theé viét lai 1a v, = F™vy.

T(;ng quat hon, xét mot hé dong luc

Up = Avn— 1

trong d6 A € M,,(K),v € K™ Khi d6 tuong ty nhu trén, néu c¢d dinh
vy = (ay, ..., )T thi ta ciing thu duge

v, = A"y
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Néu ma tran A c6 dang chéo, A = diag(\, ..., Ap,) thi
A" = diag(A}, ..., Al)
Khi d6
U = (AT, ooy A i)

Tré lai v6i day Fibonacci, ta sé chéo héa ma tran F. Phuong trinh dac
trung cua I la
N —A+1=0

Giai phuong trinh nay ta dugc cac tri riéng

14++5 1—-+5

)\1: 9 7A2: 9

Dé& thay ting véi tri rieng A ta c6 vector rieng 1a (A, 1)T, tng véi tri

—

rieng A ta c6 vector rieng 1a (Mg, 1)T. Dat

thi ta co

Dé dang tinh dugc

=3 v () = (1-v9)')

Tu day rit ra

’ )\lerl o )\721+1
= l11m

. An+1
lim
n—oo (@, n—00 )\711 — )\3

Diéu nay c6 nghia 13 v6i n 16n, hai s6 lien tiép trong day sé ti 1é nhau véi
hang s6 tile \;. Gi6i han trén lién quan t6i ti [é vang xuat hién rat nhieu

trong cac hién tugng tu nhién va ky thuat.
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2.4 Thuyc hanh tinh toan trén Maple

Trude hét khéi dong Maple va dung goéi léenh linalg, khai bao ma tran nhu
trong chuong trudc

- Dé tim ma tran dic trung A\E — A ta ding léenh charmat(A,lambda);
- Tinh da thic dac trung dung lénh charpoly(A,lambda);
- Tim tri riéng bdi lénh eigenvals;

- Tim vector riéng clla ma tran bang lénh eigenvects(A); Sau khi dung
lenh nay may sé cho két qua trong cac méc vuong ([]), méi moe vudng sé
c6 cac thong tin vé tri rieng, boi dai s6 clia tri riéng, cac vector co sd clia

khong gian con riéng tng véi tri riéng.
- Tim co s6 ctia khong gian con bang lénh basis;

- Tim co s6 cho khong gian hach ctia toan tit tuyén tinh (ma tran) A
bang lenh kernel(A);

Vi du 72.

> restart;

> with(linalg);

BlockDiagonal, GramSchmidt, JordanBlock, LUdecomp, @QRdecomp,

Wronskian, addcol, addrow, adyj, adjoint, angle, augment, backsub, band, ba-
sis, bezout, blockmatrixz, charmat, charpoly, cholesky, col, coldim, colspace,
colspan, companion, concat, cond, copyinto, crossprod, curl, definite, del-
cols, delrows, det, diag, diverge, dotprod, eigenvals, eigenvalues, eigenvec-
tors, eigenvects, entermatrix, equal, exponential, extend, ffgausselim, fi-
bonacci, forwardsub, frobenius, gausselim, gaussjord, geneqns, genmatriz,
grad, hadamard, hermaite, hessian, hilbert, htranspose, ithermaite, indexfunc,
innerprod, intbasis, inverse, ismith, issimilar, i1szero, jacobian, jordan, ker-
nel, laplacian, leastsqrs, linsolve, matadd, matrix, minor, minpoly, mulcol,
mulrow, multiply, norm, normalize, nullspace, orthog, permanent, pivot,
potential, randmatriz, randvector, rank, ratform, row, rowdim, rowspace,
rowspan, rref, scalarmul, singularvals, smith, stackmatriz, submatriz, sub-
vector, sumbasts, swapcol, swaprow, sylvester, toeplitz, trace, transpose, van-

dermonde, vecpotent, vectdim, vector, wronskian
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> A:=array([[1,2,3],[1,1,2],[1, 1, 1]]);

4 —5 2
A=1|5 -7 3
6 —9 4
> charmat(A, lambda);
A—4 5 —2
A= -5 A—T7 =3
—6 9 A—14
> charpoly(A, lambda);
AP — N
> eigenvals(A);
0.0,1

> eigenvects(A);

1,141 113, 10,2, {[1 2 3]}

> kernel(A);

{1 23]}
> vl = vector([1, 2, 3,4]);
vl =123 4]
> v2 := vector([—1,0,2, —2]);
v2:=[-102 —2]

> v = vector([2,1, —3, —2]);
v3:=[21 —3 —2]
> v4 := vector([2, 3,2, 0]);
vd = (232 0]
> basis(vl, v2,v3,v4);

{v1,v2,v3}
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Chuong 3

Hinh hoc trong khong gian Euclide

3.1 Dang toan phuong trong khong gian vector

3.1.1 Dang song tuyén tinh déi xiing va dang toan phuong
Gia st V la R - khong gian vector.
Dinh nghia 39. Mot anh za v : V x V — R goi la dang song tuyén trén
V néu ¥ la ham tuyén tinh vdi tung bién khi bién kia co dinh, tic la
Az + B’ y) = M (z,y) + B (2, y)
U (@, Ay + BY) = M (2,y) + B¢ (2, y)
vdi moi x, 2’ y,y € Vi, B €R. Ngoai ra, 1 sé goi la dang song tuyén tinh
doi zing néu thod man thém diéu kién
vz, y) =y, o)
vt moi x,y € V.
Dinh nghia 40. Anh za ¢ : V — R goi la mot dang toan phuong trén V
néu cé mot dang song tuyén tinh 1 trén V sao cho
4(2) =¥ (2,2) Vo €V
Néu v 13 mot dang song tuyén tinh déi xing thi né dude goi 1a dang cuc
cua dang toan phuong q.
T dinh nghia dang toan phuong ta thay rang
q(\z) = Nq(z),Vz €V, ER
Vidu 73. Gidxtt f; : V — R v6i i = 1;2 la cac ham tuyén tinh. Dé
thay 1(z,y) = fi(z)f2(y) la mot dang song tuyeén tinh, ¢(z) = fi(z)fa(z)

la mot dang toan phuong.
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Vi du 74. Hai dang song tuyén tinh v, ¥ : R? x R?> — R cho bdéi

() (-%', y) = 21Y] — T1Y2 + 3T2Y2
Yo (x,y) = T1Y1 + 221Y2 — 3T2y1 + 3T2Y2

xac dinh cung mot dang toan phuong
q(x) = 2% — x129 + 323
Vidu 75. Gia st ¢ : R" X R" — R sao cho ¢ (z,y) = ’n x;v;. Dé thay ¢
la mot dang xong tuyén tinh doi xing, q(z) = ¥(z,z) 1a (:lelg toan phuong.

Vidu 76. Gid st V = C|a, b] 1a khong gian cac ham lién tuc trén doan
[a,b], xét anh xa ¢ : V x V — R cho béi

b

¥ (,9) = / v (t)y (t) de

a

Khi d6 v 1a mot dang song tuyén tinh doéi xing, con

la mot dang toan phuong.

Gia st V 1a R - khong gian vector n chiéu, ¢ 13 mot dang song tuyén tinh
doi xting trén V, ¢ 1a dang toan phuong xac dinh bdi ¢. Gia st {eq, ..., e, }
la mot co s6 cua V. V6i moi x,y € V thi

T = ineiv y= Zyjej
i=1 j=1
Ta co
¥ (2,y) =9 (Z ziei, Zyjej) = miyt (e e)) (3.1)
i=1 j=1 ij=1
va

q(@) =) wizp) (e e;) (3.2)

ij=1
Dat ¢ (e, ;) = aij, 1,5 = 1;n, ma tran A = (a;j)nxn € M, (R) goi 13 ma
tran cta ¢ (hay ¢) trong co s6 da cho. Vi ¢ 1a dang song tuyén tinh doi
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xting nén a;; = a;;, tic la A la ma tran dé6i xtitng. Do toa do clia vector luon

duge hiéu 1a cho duéi dang cot, ta cé thé viét lai v va ¢ nhu la
) (z,y) = 2" Ay (3.3)

¢(z) =a' Az (3.4)

Dinh Iy sau day cho ta moi lién hé gitta mot dang toan phuong va dang

cuc cua nob.

Dinh 1y 3.1.1. Vdi méi dang toan phuong q(x) trong V', ton tai duy nhat
dang song tuyén tinh doi xing (z,y) la dang cuc cia q(z).

Nhu vay, dang toan phuong va dang cuc ctia n6 thiét 1ap mot song anh
1:1.

Chitng minh: R6 rang mot dang song tuyén tinh doi xing ¢ (x,y) thiét
lap mot dang toan phuong tuong ting ¢(x).

Ngugce lai, gia sit ¢6 mot dang toan phuong ¢(x), ta xac dinh v béi cong
thitc duy nhat

q(r+y)—q(x)—qy)
2

Y (z,y) = Vo, y eV

Dé dang kiém tra dugc day la mot dang song tuyén tinh déi xing. »

O trén ta da xét dang song tuyén tinh va dang toan phuong trong co sd
{e1,...,e,} ctia V duge biéu dién bdi cac cong thiic 3.3 va 3.4. Gia sit trong
V' ¢6 mot co s6 khac 1a {e], ..., €/}, khi d6 ma tran dang song tuyén tinh va
dang toan phuong méi A biéu dién nhu thé nao?

Goi C' 1a ma tran chuyén co sd tit (e) sang (€/), tic la (¢/) = (e)C, nhu
da biét

(o) = C(eni Yoy = CUe)
do dé trong co s6 méi ta co
¥ (2,y) = 2y Aye) = (o CT ACY (e
q(zr) = :z:%';)Aa:(e) = ZC%;,)CTACSU(e/)

tiic la A = CTAC.
Vi det(C) # 0 nén rank(A) = rank(A).
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Gia sit ¢ 1a dang song tuyén tinh doi xitng x4c dinh dang toan phuong
q tréen V. Ta noi vector x € V' 1a tric giao v6i y € V néu nhu ¢ (z,y) = 0,
ky hieu la =z L y, va doc = 1a ¢ - truc giao véi y (hay ¢ - truc giao) hoac
don gian 13 tryce giao néu dang song tuyén tinh va dang toan phuong da xac
dinh.

Néu z tryc giao véi chinh né thi ta goi 1a ¢ - dang hudng (hay q - ding
hudng).

Gia st S C V 1a tap con khéc rong. Vector x goi 1a truc giao vdi S néu

né tryc giao véi moi vector trong S, viét 1a x LS. Ky hieu
St={zeV:z 1S}

dé dang ching minh duge S* 1a khong gian con cia V.
Khong gian con V+ ctia V dude goi 1a nhan cia dang song tuyén tinh
d6i xing ¢ (hodic ¢), ky hicu 1a Kery (hoic Kerq). Nhu vay

Kerp = Kerg={x €V : ¢ (x,y) =0,Vy € V}

Hang cia dang song tuyén tinh déi xing ¢ (ho#c dang toan phuong q)
ky hiéu la rank(v) (hoac rank(q)) xac dinh béi

rank(y) = rank(q) = n — dimKery = n — dimKerq

Néu rank(y) = rank(q) = n ta néi ¢ va ¢ 1a khong suy bién, ngugc lai
ta noi ching suy bién.

Vay 1 va g khong suy bién khi va chi khi dimKeriy = dimKerq = 0 hay
1a Kery) = Kerqg = {0}.

Gia st {eq, ...,e,} 1a co sé cia V| trong c¢d sé nay ¢ va ¢ c6 ma tran la
A = (aij)nxn, 6 d6 a;; = (e, €),Vi,j = 1;n. Ta o

reKerp =Vt o alyVyeV

n
nhung trong co s6 (e) ta c6 y = > y;e;, do do
i=1

xle;,Vi=1;n

hay



n
Ma trong co s6 (e) thi z = ) xje;, do vay
j=1

w (x,ei) = Zl'jﬁb (ej,ei) = Zaija:j :O,VZ = 1,_n
1=1 Jj=1

Day 1a hé phuong trinh thuan nhat xéc dinh Kery = Kerq = V+. Hién
nhién la dimKery = n — rank(A) béi vi Kery 1a khong gian nghiém hé
thuan nhat nay.

Vay theo dinh nghia hang clia dang song tuyén tinh déi xting & trén ta

P

CO

rank(y) = rank(q) = rank(A) (3.5)

3.1.2 Dua dang toan phuong vé dang chinh tac

Tt dinh 1y 3.1.1 & trén, gitta cac dang toan phuong va dang song tuyén tinh
déi xing cuc clia n6 ¢6 mot song anh nén tit nay tré di ching ta chi nghien
citu cac dang toan phuong.

Gia st V 1a R - khong gian vector n chiéu, {e1,...,e,} 1a mot co sé cla
V.

Dinh nghia 41. Dang toan phuong q(x) trong co sé da cho goi la dang
chinh tac néu nhu trong co sé nay ma tran cia q(x) cé dang duong chéo,

tite la

q(z) = Z ox? (3.6)

d dé r = rank(q). Khi dé co sé dugc goi la co sd chinh tdc cia dang toan
phuong q(x).

Dinh ly 3.1.2. Moi dang toan phuong q(z) trong V' déu ton tai co sé chinh

tac dé q(z) ¢ dang chinh tdc.

Chitng minh: Gia s ¢(z) la mot dang toan phuong trén V| trong co
sG {e1, ..., €,} nao d6, ¢(z) c6 ma tran biéu bién 1a A = (a;j)nxn, A = AT,

tac 1a



<

Ta lam dan theo ting bién. Truéc hét ta dua q(z) = q(x1, 29, ..., ,) Ve
dang
q (21, ..., 20) = 2® + q (To, ..., T)
trong d6 qi(x1, ..., ;) 1& dang toan phuong ctia n — 1 bién, sau do tiép tuc

dua qi(xq, ..., z,) vé dang

q (9, ..., xy) = ozw% + g (3, .y Ty)

Quaé trinh trén cit nhu vay cho dén khi dua dugc vé dang chinh tic. Ta chi
can ching minh cho buée dau tien. C6 hai truong hop phtt dinh nhau.

Truong hop 1. aiy, ..., an, khong dong thoi bang 0, néu can c6 thé danh
s6 lai co s6, ta gid thiét ring aq; # 0. Khi do

n
_ P
q(z) = anz] + 2a190129 + ... + 281,117, + g @i
ij=2

Ta viét lai nhu sau

2
a a a a
2 12 in 12 in
q(z)=an |z]+2x; | —2x2+ ...+ —x, | + | —22+ ... + —xn)
ail a1y a1 ail
a a 2 -
12 1n
—ail (—xg + ...+ —xn> + E Qi3T5
an ai =9
Dat
( aj2 Aln
.7:'1 =+ —29+ ...+ —x,
a11 a1
/
<
I _
| Ty = Tn
thi

q(x) = allxllz +q1 (xh, ..., )

Khong khé dé thay

( / a2 Aln
T1 =2 — — Ty — ... — —
ai aiq
Ty = 14
{
_ /
| Tn = T,
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N ~ 2' N ~ N
va ma tran doi co sé nay sé la

(1o i
0 1 0 - 0
C=(o o 1 -+ 0 |[,det(C)=1

\0 0 0 - 1 )
Truong hop 2. Néu ay; = ... = any, = 0, vi rank(q) = rank(A) =r > 0
nén ton tai a;; nao dé khac 0, néu can danh s6 lai cic vector co s6, gia st
aia # 0. Xét phép doi bién

( T = a;"l + :U'2
Ty = 7] — 7

5173:%{3

o\

Khi do

0(2) = 215017 + - ane@ia + | iy = 2any (95/12 — x'f) + ..

ij=2

tic 1a ta sé dua veé dang toan phuong trong trudng hop 1. O day ma tran
chuyén co sé la
( 1 1 0 --- 0 \
1 =10 --- 0
C=(0 0 1. 0],det(C)=-2

\0 0 0 - 1)
Qua4 trinh trén sé lap (httu han) cho dén khi dua duge ¢(x) vé dang chinh

tac. »
Phuong phap trong chitng minh trén goi la phwong phap Lagrange.

Vi du 77. Dang toan phuong trong mot cd s ndo dé cia R? dude cho

béi
q(x) = 23 + 22129 + 2x5 + 4xow3 + 5X3
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e ~ « 2 * X N
vOl ma tran bieu dién la

Ta viét lai ¢(x) nhu sau
q (SC) = (331 + 3?2)2 + (SCQ + 2X3)2 + X%
Xét phép doi bién

/ / / /
T, =T+ X9 T =] — Ty + 214
Ty = To+ 2X3 & { To = 1y — 204

Ty = T3 T3 = 24

Tu do6 ta c6 ma tran chuyen co s¢ C

1 -1 2 100
C=0 1 —21.,cfAC=]010
0 1 001

va q(z) = 24 + 2 + 24°

Ngoai phuong phap Lagrange dua dang toan phuong vé dang chinh téac
con ¢6 nhiéu phuong phap khéc nita, vi du phuong phap Jacobi (xem [3],...).
Duéi day ta dua ra mot phuong phap bién doi so cAp ma tran déi xing dé
dua dang toan phuong vé dang chinh tic. Dé lam dude diéu nay ta tién
hanh nhu sau

Budc 1: Viét ma tran khéi dang (A|E), 6 d6 A 1a ma tran dang toan
phuong.

Buéde 2: Bién ddi so cap song song cic hang va cot ma tran khéi (A|E)
(dé khong lam mat tinh ddi xing ctia A) dua vé ma tran khéi (A|CT), 6 d6
A 1a ma tran chéo.

Bude 3: V6i phép doi bién z = Cy, ta dua dang toan phuong vé dang
chinh tic véi ma tran 1a A = CTAC.

Vi du 78. Dua dang toan phuong trong vi du trén vé dang chinh tac
bang phuong phap nay

q(x) = 23 + 22129 + 2x5 + 4xow3 + 5x5
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Ma tran ctia dang toan phuong la

110
A=|121
015
Khi do ta c6
110|100 110/ 1
AE)=|121]010 | ~hi+ho—h|o011]|-1
015001 “\o15]0
100|100
cl+02—>02(011 —1 10 | —hao+hz— h3
015]0 01 /
00 1001 00
~1 10 |-ca+e—=c|010[-110 |=(A4C"
005|111 ‘\oos5|-111

Xét phép ddi bién z = Cy, thi dang chinh téc ctia ¢(z) la
q(z) =y +v5 + 43

C4 hai phuong phap dua dang toan phuong nay vé dang chinh tic déu
c6 mot diem "gidng nhau". D6 1 tat ca cac hé s6 clia dang chuan tic déu
duong. Dé hieu 16 hon 1y do tai sao lai vay ching ta nghién ctu vé chi s6

quan tinh ctia dang toin phuong trong phan sau.

3.1.3 Luat quan tinh.

Gia st trong mot ¢ sé nao dé ctia V', dang toan phuong ¢(z) ¢6 dang chinh
tac

Z@ﬂ? r = rank (q)
gid st rang

ZOMU + Z ozj

j=p+1

ap,...,ap >0
Qpiiy ...y 0 < 0
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Xét phép doi bién

/ .

Ti,t=p+1;r

{ i =

Ve

—
| Ti = a1 >

thi trong co sé méi {e, ..., e } nay q(x) c6 dang
p T
B S o
i=1 j=p+1

Dang nay goi 1a dang chuan tdc ctia q(x). S6 p goi 1a chi so qudn tinh duong
cont =1 — p goi 1a chi s6 qudn tinh am, chi s6 duong va am goi chung 1

chi s6 qudn tinh. Hi¢u sd o = p — t goi 1a ky so dang toan phuong.

Dinh 1y 3.1.3. (Ludt qudn tinh cia Sylvester) Chi s6 qudn tinh khong phu

thudc co sé cia V ma trong dé q(x) cé dang chuan tdc.
Chitng minh: Gia si trong co s6 {ey, ..., e, }, q(x) c6 dang
P T
1(@)=) o= 3 1
i=1 j=p+1
va trong co s6 {e],...,e.} q(x) c6 dang
m r
2 2
(@=3- 5 4
i=1 j=mt1
Ta can chitng minh p = m. Dat

W = spandey,...,e,}
Z = span{ey, 1, ....€,}

1a cac khong gian con p chiéu vd n — m chiéu tuong ting. Khi d6, v6i mdi

vector x € W ta co
T =mie + ... +xpep, = 161 + ... +1p€p +0.6p11 + ... + 0.¢,

tiic 1a ddi véi co s6 (e) thi z = (2, ..., 2,0, ...,0)T. Theo gia thiét thi
p
q(zr) = Zx? >0,Ver e W
i=1
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qz)=0ern=.=2,=0c2=0cWsr=0eV

Tuong tu, v6i moi x € Z thi

o / .
T = xm—i—lem—H + ...t Lp€p

va .
q(z)=— Z xfé(),VxEZ
j=m+1
Ta ciing c6
q(z) =0 27,1 =1, =0

Néu z € W N Z thi

Do d6 g(z) = 0, va diéu nay c6 nghia la z =0 € V, tiic la W N Z = {0}
hay dim(W N Z) =0, tu d6

dim W + dim Z = dim (W + Z) + dim (W N Z) = dim (W + Z) < n

hay la p + n — m < n, cing tic la p < m. Ching minh tuong ty nhu trén
ta cling suy ram < p. Do dé p=m. »

Nhu vay theo luat quan tinh, dang chuan tic ctia dang toan phuong thuc
q(x) tren V' 1a duy nhat.

3.1.4 Dang toan phuong xac dinh dau

Gia st ¢(z) 1a dang toan phuong trén V' va ¢ (zx,y) la dang cuc ctia né.

Dinh nghia 42. Dang toan phuong q(x) goi la khong am (khong duong)
néu q(x) = Y(x,z) >0 (<L 0),Vo € V. Ngugc lai néu ton tai v,y € V dé

¢(r) = Y(z,r) > 0> q(y) = ¥(y,y)

thi dang toan phuong goi la khong zdc dinh dau.

Dang toan phuong la zdc dinh duong (@m) néu né la khong am (khong
duong) va dau ddang thite xdy ra khi va chi khi x = 0.

Dang song tuyén tinh doi zing goi la zdc dinh duong néu né cho mot

dang toan phuong xac dinh duong.
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Vi du 79. Cho dang toan phuong

q(r) =) o}
i=1

- ¢(x) khong am khi v& chi khi a; > 0,Vi = 1;n
- ¢(x) xac dinh duong khi va chi khi a; > 0,Vi =1;n

Dinh 1y 3.1.4. Dang toan phuong q(x) zdc dinh duong khi va chi khi
rank(q) = dimV
o=p—1=n

Chitng minh: Gia st ¢(z) xac dinh duong va {ey, ..., e,} 1a co s6 chinh
tac, khi do6 trong co s§ nay

q(x) =) aui,r=rank(q)
i=1

- Néu chi s6 quan tinh am ¢ > 0 thi ton tai o; < 0, ta chon 2 = z;e; thi
q(x) = aya? < 0, trai gia thiét. Do d6 t = 0, tiic la o =p = .

- Néu r = rank(q) < n, ta chon x = (0,..,0, 2,41, ..., )T V6i 2,41, ..., Tp
khong dong thoi bang 0. Khi do6

q(z)=0a1.0+ ... +a.0+022,+..+02 =0
trai gid thiét ¢(x) xac dinh duong, do d6 rank(q) = n.

Ngugce lai, néu rank(q) = dimV va o = p—t =mn thi p = n, do d6 ton

tai co s chuan tic dé
n
q(x) = Zx? > 0,Vz #0
i=1

titc 1a ¢(z) xac dinh duong. »
Chtng ta cling c6 két qué tuong tu cho truong hop xac dinh am. Dinh
Iy duéi day cho ta mot tiéu chuan can va da dé mot dang toan phuong xac

dinh duong.

Dinh ly 3.1.5. (Sylvester) Gia st q(x) la dang toan phuong véi ma tran
bieu dién A = (a;;)nxn. Diéu kién can va di dé q(z) xvdc dinh duong la cdc

dinh thic con chinh cia ma tran A déu duong, tic la

Al = ay > O,AQ = det ( du ) > 0, ,An = det(A) >0

as1 a22
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Chitng minh dinh 1y trén c6 thé xem trong [3], [6], [14].
Hé qua 3.1.1. Dang toan phuong q(x) xdc dinh am khi va chi khi
(-1)'A; > 0,Vi=T;n
Vi du 80. Gia st f(z) = f(x1,...,7,) 1a mot ham thyc tron ctia n bién

c6 diém t6i han tai a € R, titc 1a tat ca cac dao ham riéng tai diém nay

bang 0 5
foy_
o (@) =0

Ma tran Hessian tai a dugc xac dinh béi ma tran doi xting cap n

_ (9
Hf B (8371856] (a)>nxn

Mot két qua quan trong sau day ctia gidi tich néi rang néu z’ Hyz > 0 véi

moi = # 0 thi ham f c6 cuc tiéu dia phuong tai a. Viéc ching minh két qua
nay dua trén 1y thuyét dai s6 tuyén tinh ma cu thé chinh 1 s dung dinh
Iy Sylvester & trén.

3.2 Khong gian Euclide

3.2.1 Tich v6 huéng

Dinh nghia 43. Gid stV la R - khong gian vector. Mot dang song tuyén
tinh doi ming, Tdc dinh duong Y(x,y) trén'V dugc goi la mot tich vo hudng,
ky hieu la (z,y).

Nhu vay, tich v6 huéng la anh xa < .,. >: V x V — R thdéa man
Ey) (x,y) = (y,x) Ve,y e V

Ey)) (v +y,2) =(x,2) + (y,2) ,Va,y,z € V

E3) (A\z,y) = A(z,y),Vr e VA e R

Ey) (z,2) >0,V e V,(z,2) =0 2 =0

Mot hé qua hién nhien tit dinh nghia dé6 la (z,0) = 0.

Vi du 81. Trong hinh hoc phé thong ta da biét tich vo huéng cia hai
vector ?, 7 la

(7. Y) = Z[|Y|cos (7, Y)

khong kho dé kiém tra cac diéu kien Fy, Es, Ey cia tich vo huéng, diéu kien
F5 chitng minh dé dang bang hinh hoc (xem Hinh 3.1).

107



[7leos (7.2

f
|
|
I‘
-
|
|
|
|
|
|
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- - S
|x+y|cos(x+y|,z]
. i

Hinh 3.1: Tinh chat F,

Vi du 82. Trong R" thi

n
=1

la mot tich vo hudng.
Vi du 83. Trén tap cac ma tran M, (R) xay dung tich vd hudng

(A, B) = Trace (A" B)

Co6 thé kiem tra dugc day thuc sy 1a mot tich vo huéng. That vay, ta xem
mdi ma tran A duge biéu dién nhu 1a n vector cot dang A = (ay, as, ..., a,),
nhu vay néu B = (by, b, ..., b,) thi
(A, B) = Trace (A"B) = Z alb;
i=1
dé dang kiém tra cac diéu kien clia tich vo huéng dua trén tinh chat vét
ma tran vuong nhu Trace(A + B) = Trace(A) + Trace(B), Trace(AA) =
NTrace(A), Trace(AT B) = Trace(BT A). Riéng tinh chat xac dinh duong
ta co ngay
(A, A) = Trace (A"A) = aja; = Z lai||* >0
i=1 i=1
Vi du 84. Trong C|a, b thi
b
(@) = [

a
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cting cho ta mot tich vé hudng.

C6 muon van cach xay dyng tich vo huéng theo dinh nghia, chi can ta
c6 mot dang song tuyén tinh déi xing xac dinh duong (theo tieu chuan
Sylvester thi tat ci cac dinh thitc con chinh ma tran biéu dién déu duong)
cho ta mot tich vo hudng.

Khong gian vector thiyc V' trén do trang bi mot tich vo hudng goi la
khong gian Euclide.

Duéi day ching ta dua ra mot vai bat dang thic tich vé huéng quan

trong.
3.2.2 B4t dang thic tich vo huéng

Bat dang thite Cauchy - Bunhia - Schwartz (CBS)

Dinh 1y 3.2.1. (Bat dang thitc Cauchy - Bunhia - Schwartz)

(z,y)° < (z,7) (y,y) (3.7)

Chitng minh: Néu z = 0 hoic y = 0 bat dang thiic hién nhién ding.
Gia st z,y # 0, ta co

(x+ Ay, z+ Ay) 2 0,Ve,y e VAR
khai trién ra ta dugc
Ny, y) + 2\ (z,y) + (z,2) > 0,Vz,y € V,AER
Day la tam thitc bac hai xay ra v6i moi A € R khi va chi khi

(2,9)" = (z,2) (y,y) <O

Diang thiic x4y ra néu x + Ay = 0, tic 14 z,y phu thuoc tuyén tinh. »

Bat dang thic Minkowski

V6i moi & € V thi (z,y) > 0, ta xac dinh s6 ||z|| = /{z,z) va goi la
chudn clia vector o (doi khi con goi 1& modul hay d¢ dai ctia x). Khong kho
dé thay ||z|| c6 cac tinh chat sau:

i) [|z]| > 0,Vz € V, dang thiic xay ra khi va chi khi 2 = 0.

i) || Az|| = |Al |||,V € VA € R.

i) ||z + y|| < ||2]| + ||y||, ddng thic x4y ra khi v& chi khi z,y phu thude
tuyén tinh.
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Tinh chat cudi ciing chinh 13 bat dang thitc Minkowski. Ta chiing minh
bat dang thitc nay. Ta c6

|z +yl* = (z,2) + 2 (z,9) + (y,9) = |z + 2 (2, 9) + |yl
St dung dinh béat dang thic CBS ta c6
2 2 2 2
[ +yl” < lf|” + 2 {lz([ {ly[] + [lyI” = (2]l + )

Va dé dang thu dugc bat ding thic Minkowski. Dang thitc x4y ra khi va
chi khi z,y phu thuoc tuyén tinh.

Khong gian V' dugc goi la dinh chuan néu véi moi € V xac dinh mot
chuan thdéa man cac diéu kién i)-iii) & trén.

Chuan ||z — y| dugc goi 1a khodng cdch gitta x va y, ky hieu d(z,y).

Khoang cach nay c6 tinh chat
d(z,y) < d(z, 2) + d(z,y)
va goi 1a bat dang thic tam giac, bat dang thic nay suy ra truc tiép tit bat
déng thiic Minkowski.
3.2.3 Co s truc chuan, qua trinh truc chuan héa Gram-Schmidt

Gia st trén V trang bi mot tich vo hudng. Hai vector dugce goi la truc giao,
ky hieu x L y néu (x,y) = 0.

Meénh dé 3.2.1. Gid s vy,..,v, € V la cdc vector doi mot truc giao, khi

do
2

m m

2
2 vl =2 Il
i=1 i=1

Menh dé trén chiing minh mot cach dé dang. Khi m = 2 ta c6 cong thic
Pythagore.

He vector {ey,...,e,} trong V' goi 1a hé truc giao néu e; # 0 vae; L e,

v6i moi ¢ # 7, 6 d6 1,7 = 1;m, tiic la
0,4 # j
(€i,€;) —{ s
HeZH yL="17]
Heé tryc giao ma ||e;]| = 1 goi 1a hé truc chuan.
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Meénh dé 3.2.2. Heé truc giao la doc lap tuyén tinh.

Co s6 {eq, ...,e,} goi 1a mot co sd trie giao (truc chuan) néu né 1a mot
hé tryc giao (tryc chuan).

Néu {eq, ...,e,} 1a mot co sd truc giao thi {e], ...,/ }, 6 d6 e} = T 1a

co s6 truc chuan. Qua trinh nhu vay goi la chudn héa co sG truc giao.

Dinh ly 3.2.2. (Gram-Schmidt) Néu hé cic vector {vi,...,v,} la doc lap
tuyén tinh bat ky trong V thi ton tai hé truc chuan {ey,...,en} sao cho
e; € Span{vy,...,v;}, Yi=1;m.

Chitng minh: Ta chting minh bang quy nap.

Vé6ij =1, dat e; = ﬁ Gia st xay dung dugc hé {ey, ..., e;} truc chuan
va ey, € spanfvy, ..., v}, Yk =T1; 7. Ta chi ra cach xay dung €.

Dat €9+1 = vjp1 + oqe; + ... + ajej, 6 db cac a; xac dinh sau va doi hoi
ehyy L ek, Vk = 1; 7. Nhu vay

(€iyr,er) =0 (v, er) + o flex]| =0

Do |lex]| =1 nén ay = — (vj+1,ex), Vk =1;7 Ttc la
J
€9+1 = Uj+1 — Z (Vjt1, ex) ex
k=1
Vi {v1, ..., v;,vj41} doc 1ap tuyén tinh nén v;,; khong bicu dién tuyén tinh
qua {ei, ..., e;} (vi spaniey, ..., e;} = span{vy, ..., v;}), do dé e’ 4 # 0.
Dit
/
_ S
R
j+1

Ta duge he tryce chuan {ey, ..., ej+1} théa man dinh ly. »

Hé qua 3.2.1. Néu {vy,...,v,} la mot co sd bat ky cia V thi ton tai co sé

truc chuan {ey, ...,e,} sao cho e; € span{vy, ..., v;}.

Dinh 1y 3.2.3. Néu {ey,....e,} la mot co sd truc chuan cia V thi vdi moi
xr €V ta co

n

xr = Z (x,e;) e;.

i=1
C6 thé chitng minh dinh 1y mot cach dé dang.
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Chu y 11. Nhu vay moi khong gian vector Euclide V' n chiéu déu cé co sd
truc chuan. Moi hé truc chuan trong khong gian V. déu cé thé bo sung dé
tao thanh co sd truc chuan Gia st {61, . en} la co sé tryc chuan thi vdi

moi yEVo’dox—szez, Zylel ta co
i=1 i=1

n
= E LilYi
i=1

Meénh dé 3.2.3. Gid st ¢6 hai co sd truc chuan {ey,...,e,} va {e},....e.}
trong khong gian Euclide V. Khi dé ma tran chuyén cd sé C : (e) — (¢') la
ma tran truc giao.

Ching minh: Ta c¢6 (¢/) = (e)C, do d6 (¢/)T = CT(e)T. Xét ma tran

cac tich vo huéng

(el el) - (el el
= + —E

(ene1) 1 (eh,eh)
tuong tu thi (e)’ (e) = E, didu nay tic 1a
) (e)c=CT"EC =C"C=F

hay CT =C~ 1. »
Vi du 85. Truc chuan héa Gram-schmidt hé vector

V1 = (1,1,1),1}2: (0,1,1),?)3: (0,0,1)

RO rang hé nay doc lap tuyén tinh.

_ 1 1
Dit wr = v, @1 = gy = (52 05 75)-
=

< > 211 W9 2 1 1
Wog = V9 — (U9, €61)€1 = | ——, —, — e
2 2 2, €1 1 37373 2 — HW2H \/67 \/6’ \/6

11
W3 = U3 — <U3,€1> €1 — <U3,€2> < ,—57 5)

W3 (0 1 1)
€3 = - y T =y =
5 Jlwal] 2 V2
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Ma tran Chuyén ¢G s truc chuan thanh triye chuan 13 ma tran tryc giao,
vi vy ma tran triyc giao dong vai tro quan trong. Vi du duéi day cho ta tat
ci cac dang clia ma tran tric giao cap hai.

Vi du 86. Tim biéu dién ctia ma tran truc giao cap hai. Gid stt ma tran

- ( a b >
c d
Theo gia thiét AAT = E, do d6 det(A) = £1. T d6 ta c6 cac hé phuong

trinh dé tim cac phan ti clia A la

tryc giao cap hai c6 dang

fa2+02:1
ab+cd =0
b+ d* =1
L ad —bc=1
hoac
(a2—|—c2:1
ab+cd =0
<#+f:1
\ad—bc:—l

Giai hé tim duge ma tran A chi ¢6 hai biéu dién 1a

b

A(a ),a2+b21
—b a
b

A(a ),a2—i—b21
b —a

Dit a = cos p, b = sin ¢ thi ching ta viét lai A & dang
COS sin
qo [ cose sing
—siny cos

. cosp sin
siny —cos
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3.2.4 Phan tich QR

Gia st rang A € M,».,(R) 1a ma tran gom m cot doc lap tuyén tinh, A
viét dudi dang cac vector cot 1a A = (v, vg, ..., vy). Truc chuan hoé Gram-
Schmidt cac vector vy, vy, ..., v, ta dudc cac vector eq,es, ..., e, mat khac
tit chiing minh dinh 1y 3.2.2 ta thay ring

k
Uk = Z (vr, €i) €;
i=1
vi vay ta co thé viét
(vi,e1) (vz,e1) -+ (Vg er)
0 Vo o) oo (v e
A = (Ul;'UQ, ...,Um) = (61762, "'7em) : < 27: 2> | < m: 2> _ QR
0 0 oo (U, em)

Nhu vay @ 1a ma tran cac cot triuc giao, con R 14 ma tran vuong cap
m cac hé s6 khi khai trién cac vector vi, theo co s6 truc chuan thu duge tit
qué trinh tryc chuan héa Gram-Schmidt cac vector nay (hé sé Fourier). Ro
rang (v;, e;) # 0 vi vay R kha nghich. Ta c6 thé phét bieu két qua nay dudi
dang dinh ly sau.

Dinh 1y 3.2.4. Gid st A € My, (R) vdi rank(A) = m, khi dé cé thé phan
tich

A=QR
trong do @) la ma tran co cac cot truc giao, con R la ma tran tam gidc trén
cap m khd nghich.

Tt dinh 1y trén ta thay, néu A 1a ma tran vuong cap n kha nghich thi
@ 1a ma tran tryc giao cap n. Mot diéu cha § thém 1a phan tich QR noéi
chung khong duy nhat.

Vi du 87. Cho ma tran

)
@)

A - (vly V9, U3) —

—_ = =
—_
)

11

Tim mot phan tich QR ctia né. Dé giai quyét bai toan, dau tién ta truc

chuan héa Gram-Schmidt cac vector vy, ve, v3, vi du ta tim dugc
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Khi d6

L _2
5 TV

0= L L _L

V3 V6 V2

1 1 1

Vi V6 V2

Con

(vi,e1) (vo,e1) (v3,e1) V3 % J%
R = 0 (va,e2) (v, e2) | = 0 % %
0 0 <113,€3> 0 0 \/Li

3.3 Khong gian con truc giao va hinh chiéu

Dinh nghia 44. Gia su V la khong gian Euclide thuc, W, Z la hai khong
gian con cia V. W wva Z goi la truc giao nhau, viet la W L Z, néu w L
2 NweW,zeZ NewV = WeZvaW L Z thiW,Z la ciac khong gian

con bu truc giao nhau.

Meénh dé 3.3.1. Gid sit W, Z la cic khong gian con ciia khong gian Eulcid
V.

a) {0} LW vdi moi W - khong gian con cia V.

b) Newu W L Z thh WnNZ={0}.

) WH={veV:vLlwVweW} la phan bi truc giao cia W.

Gia st z,y la cac vector khac 0 trong khong gian Euclide V', gdc gitta x
va y ky hieu z,y € [0, 7] xac dinh tut

cos (T,7) =

Dinh 1y 3.3.1. Gid stV la khong gian Euclide n chiéu, {vi,...,v,} la hé
truc chuan cdc vector trong V., W = spanf{vy, ..., v}, v moi x €V, dat

m

w = Z (x,v;) v;

Khi do
a) wy € W
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Ching minh:
a) Hién nhién.
b) Ta c6
(wa, ;) = (x — wy,v;) = (w,v3) — (x,0:) o] =0
Do d6 wy L W. »
Vector wy goi 1 hinh chiéu ciia x len W, ky hiéu w; = chyx, con ws goi

1a thanh phan cia x truc giao vdéi W.

Hinh 3.2: Hinh chiéu tryc giao

Meénh dé 3.3.2. Gid st vector v € V va W la khong gian con cia V., khi
do
min [[v —w|| = [jv — chw]|
Chimng minh: Dat vy = chyv, ta co
v —w|®* = (v —w,v—w) = (v —1vy+ vy — W, v — Vg + Vg — W)
= [lo = woll” + [lvo — w||* + 2 (v = w9, v — w) = [|v = wo||* + [Jvo — w]||*
Vivgy—wéeW, v—vy € W= Do dé

[ —wl[ = flv = ol

dau déng thic xay ra khi va chi khi w = v,. »

3.4 Chéo hoéa truc giao ma tran déi xiing

3.4.1 Toan tw tu lién hop

Dinh nghia 45. Gid si V la khong gian Euclide thuc, mot toan ti tuyén
tinh f 'V —V goi la tu lién hop (hay doi ziing) néu véi moi x,y € V ta cé

(f (@), y) = (z, f(y))
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Néu V' 1a khong gian Euclide phitc thi todn ti f con goi 1a tu lién hop
Hermite.

Vi du 88. Toan tit dong nhat Id: V — V 1a ti lién hop.

Vi du 89. Xét toan tit T : M, (R) — M,(R) sao cho T(A) = AT. Tap
M,(R) trang bi tich vo huéng (A, B) = Trace(ATB). Khi d6 T 1a tu lién
hop.

Vi du 90. Xét toan ti tuyén tinh f : R" — R" sao cho f(z) = Az, § d6
A= AT Khi dé f 1a tu lien hop.

Dinh 1y 3.4.1. Gid sV la khong gian Euclide thiue, dieu kién can va di
dé todn ti tuyén tinh f V. — V tu lien hop trén V' la trong mot co sd truc
chuan nao dé ma tran cia f cé dang doi xing.

Chitng minh: Chi ¥ réing, vi toa do mdi vector luon bicu dién dang cot
nén tich vé hudng ctia hai vector c6 thé biéu dién nhu tich hai ma tran, tic
la

(w,y) =a'y

Bay gio gia st toan t1t tuyén tinh f ty lien hop va {eq, .., e, } 1a mot co s

truc chuan nao d6. Néu A 1a ma tran clia f trong co sé nay, theo 1y thuyét

chuong truée ta cé f(e;) = Ae;, nhu vay

(f (i), e5) = (Aei,e5) = (ei, [ (e5)) = (e, Aey)

tic 1a

el Ale; = e Ae;
hay A = AT. Diéu ngudc lai khong khé (xem vi du phia trén). »
Dinh 1y 3.4.2. Tri riéng cia todn ti tu lién hop la so thuc.

Ching minh: Gia st f la toan t1 tu lién hgp trén khong gian Euclide
V thuc n chieu, A = (a;j)nx, 1a ma tran clia f trong mot co sé truc chuan
nao do, A = AT. Gia st A\ = a + 4b 1a tri rieng ctia f, khi d6 vector riéng

ting véi A la u 4 iv, 6 do u, v la cac vector thic. Nhu vay
A(u+ i) = (a+1b) (u+ i)

Lay lien hop hai vé ta co
A(u —iv) = (a —ib) (u — iv)
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Xét tich vo hudng
(u—i)" A u+iv) = (a+ib) (|lull* + o]]*)
mat khac, vé trai clia biéu thic nay co the viét lai 1a
((u _ w)TA) (u+ ) = (A(u—iv)" (utiv) = (a—ib) (HuH2 + \|v|\2)
Do u+4v 1a vector rieng nén ||ul|* + ||v]|* # 0, tit d6 suy ra a+ib = a—ib
hay b = 0. Diéu nay c6 nghia 1a X thuc. »

Meénh dé 3.4.1. Gid st f la tu lien hop, v va w la hai vector riéng wng vdi
A, i la hai tri riéng khac nhau cua f, khi do v L w.

Chiimng minh: Ta c6

(f (), w) = (Av,w) = (v, f (w)) = (v, pw)
DoA# punénov L w. »

Dinh 1y 3.4.3. Luon ton tai co sd truc chuan nao dé dé todn ti tu lien hop
co dang duong chéo.

Ching minh: Gia st Ay 1a moét tri riéng cua toan tui tu lién hgp f,
A1 € R. Gié st eg 1a tri riéng tng v6i A1, ta ¢6 f(e1) = \e1, L1 = span{e}
1a khong gian con f - bat bién. Goi Ly 1a khong gian con triyc giao véi ey,
tiic 1a Ly = L(e))*, thi dimLy =n —1 (do V = Ly ® Ly). C6 thé thay Lo

ciing 14 f - bat bién. That vay, v6i moi x € Lo ta c6
(e1,f(x)) = (f(e1), ) = (Mer, ) = Ay (e1, ) =0

Do d6 f(x) € Lo, hay Ls 1a f - bat bién. Khi d6 ton tai es € La sao cho
flea) = Ayea, Ay € R. Goi Ly = span{ey,es}t thi dimLs = n — 2, c6 thé
kiém tra ducc Ls 1a f - bat bién. Ct nhu vay ta c6 thé xay dung dugde n
vector rieng doc lap tuyén tinh eq, es, ..., €, Ung véi cac tri rieng A1, Ao, ..., Ay.

Ro rang hé cac vector {eq, e, ..., €,} 1a truc giao, chuan héa hé nay ta co

) ek o fler)  Ager ,
= el ) el T el —

Trong co s6 da chuan héa nay ta c6 ma tran bi¢u dién 13 A = diag(\y, ..., \,).

>
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Hé qua 3.4.1. Moi ma tran doi ziing thue déu ton tai ma tran truc giao C
sao cho CTAC ¢6 dang chéo.

Chitng minh: Vi A déi xing nén né 14 ma tran ciia toan ti tu lien hop
trong mot cd s tryc chuan (e) = (eq, ..., e,) ndo d6. Theo dinh Iy trén ton
tai co s8 tric chuan (e’) dé trong co s6 nay toan tit tu lien hgp c6 ma tran
A dang chéo. Vi ma tran chuyén co sé C tit (e) sang (/) 1a ma tran tryc
giao nén ta c6 A = CTAC. »

Chéo héa toan ti tu lien hop thuc chat 1& chéo héa ma tran ddi xing
A = AT ctia n6. T day ching ta c6 cac bude dé chéo héa ma tran doéi xiing
nhu sau.

Budc 1: Giai phuong trinh dac trung det(A — AE) = 0.

Budc 2: Goi Ay, ..., \; & cac tri rieng v6i boi nq, ..., ny tuong tng. Hién
nhién ny + ... + n, = n. V6i moéi \; tim dude n; vector rieng doc lap tuyén
tinh, truc chuan héa Gram-Schmidt hé nay ta dudc n; vector truc chuan la
€ily -++s Cin,-

Budc 3: Co s méi thu duge 1a (€) = (€11, ., €1nys -oves €1y -y €kny ). GOL

ma tran C' la ma tran tao thanh tit cac cdt vector co s6 nay thi

Al
= CTAC = -

|

Vi du 91. Cho toan t tu lien hgp trong R? v6i ma tran bieu dién

Ta di tim ma tran truc giao C' sao cho CTAC ¢6 dang chéo.

Ta co

det (A—AXE)=(A—1)°4—X) =0
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V6i A = 1 gidi dugc cac vector rieng v; = (—1,1,0)7, vy = (—1,0, 1), truc
chuan héa Gram-Schmidt ta dugc

V6i A = 4 tim dugc vector rieng e3 = (1,1,1), chuan hoéa ta dugc e3 =

T
1 1 1 ~
(595 05) - Nt vay
1 1 1
Vi Ve VB 100
_ 1 11 T N
C = % ~% 7 LCTAC=1010
2 1
0 % = 004

Gia st ¢(x) 1a mot dang toan phuong trén khong gian Euclide V' n chiéu.
Tim mot co s trie chuan dé ¢(z) c6 dang chinh tic dudc goi 1a chinh tic
héa truc giao dang toan phuong. Nhu vay, néu cho ma tran A = (aij)nxn
clia dang toan phuong ¢(z) trong mot cd sé tric chuan (ma tran doi xing)
thi chinh tac hoa tryc giao dang toan phuong nay chinh 1a tim ma tran tric
giao C dé CTMC c6 dang chéo.

Tt d6 ta c6 phuong phap giai bai todn dua dang toan phuong vé dang
chinh tdc bang phuwong phdp chéo héa truc giao gidong nhu bai toan chéo hoa
truc giao ma tran déi xing, nhung budc cudi cing thi ta két luan dang
chinh tic clia dang toan phuong. Tic la ta xét phép doi bién z = Cy, &
d6 C' la ma tran tryc giao trong 16i giai bai toan chéo hoa tryc giao, ta thu
duoc dang chinh tac 1a

g(r) =y' CTACy

Bai toan tim max, min ciua dang toan phuong trong khong gian Euclide

max q (z), min ¢ (x)
Jf=1 lf=1

Giéng nhu 1ap luan & trén ton tai ma tran tryc giao C sao cho z = Cy

q(x) =Y Ay
=1

trong d6 A; < ... < A, 1a céc tri riéng ctia ma tran dang toan phuong g(x).
Khi do6

N

va

Myl < g (@) < Anllyl
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G do ||z|| = ||Cy|| = |ly|| = 1. Do d6 mingq (x) = A; tai cdc y Gng véi A\; va
max g (z) = \, tai cdc y tng véi \,. Dé x4c dinh gia tri 16n nhat va nho
nhat dat tai cdc diém z trong hé toa do dau tieén chi can viét lai z = Cy.

Toan tt tu lien hop f goi 1a xzdc dinh khong am néu nhu (f (x),z) > 0
véi moi & € V, viét 1a f > 0. Tuong tu c6 thé dinh nghia toan ti tu lien
hop zdac dinh am, xac dinh duong...

Meénh dé 3.4.2. Todn ti tu lién hop [ zdc dinh khong am khi va chi khi

tat ca cdc try riéng cua no deuw khong am.

Chitng minh: Gia st i, ..., \, 1& cac tri rieng (ké ca boi) clia toan tit
tu lien hop f > 0. Khi d6 ton tai mot co sé truc chuan gom toan vector

riéng eq, ..., e,. Ta co
0 < (f(ei),e) = Aile,e) =N, Vi=T;n

Ngucc lai, gid st tat ca cac tri rieng \; > 0 va ey, ...,e, 1a co s6 truc
n

chuan tng véi n6. Khi d6 Vo € V 1z = 3" x4e; ta cb
i=1

(f(z),z) = Z Nixi® (e, €5) = Z)\ﬂf >0
i=1 i=1
>
Khong kho dé chitng minh mot két qua tuong tit sau

Dinh 1y 3.4.4. Dang toan phuong q(x) trén khong gian Euclide vdi ma tran
biéu dién A la:

i) Xdc dinh am khi va chi khi tat cd cdc tri riéng cia A déu am

i) Xdc dinh duong khi va chi khi tat cd cac tri rieng cia A déu duong

ii1) Khong zdc dinh dau néu ton tai cac tri rieng cia A trdi dau nhau.

3.4.2 Pho cia toan ti& tu lién hop

Gia st V 1a K khong gian vector n chiéu c6 mot phan tich thanh tong truc
tiép ciia k khong gian con Vi, ..., V}, tic 1

V=Viele.. oV
Diéu nay c6 nghia la véi méi ¢ € V, ta c6 biéu dién duy nhat
rT=v+v+..+uvv €V
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Xét anh xa P; : V — V 1a phép chiéu V len V; xay dung nhu sau
Pi(x) = v

Dé dang kiem tra dude P; 1a toan ti tuyén tinh trong V. That vay, véi
y € V va y c6 bieu dién duy nhat y = wy + wy + ... +wy, w; € V;, ta co

Fi(ax + By) = av; + Bw; = aP (z) + BP (y) ,Va, B € K
Khong khé dé chiing minh cac tinh chat sau day ctia toan ti chiéu P;.

Meénh dé 3.4.3. Gid st P,,i = 1,k la todn ti& chiéu trén V, khi do
) P2=P,

k
iii) S P = Idy

1=1

Bay gio gid st V 1a khong gian Euclide n chiéu va f : V — V la mot
toan ti tuy lien hop trén d6. Theo trén, khi dé ton tai co sd gom toan vector
rieng cia V' 1a {ey, ..., e, } Ung véi cac tri riéng Ay, ..., \,. Dat V; = V() la

khong gian con sinh béi e;, ¢ = 1;n thi hién nhién
V=VieV,d..al,

Gia st P; 1a toan ti chiéu V len V;, P; goi 1a cac todn ti chiéu triuc giao
(do cac V; doi mot trie giao nhau). C6 thé thay P 1a t lien hop trong V.
That vay,

(P (x),y) = <$i€i,zyj€j> = T;y; = <Z $j6j7y16i> = (z, B (v))

n
V6i vector x € V bat ky x = > ze; thi
i=1

f(x) = Z%’f (&) = Z AiTie; = Z)\ipi (@)
i=1 i=1 i=1
Biéu thiic hinh thric
f=) NP,
i=1
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goi 1a biéu dién pho ciia toan ti tu lien hop f. Néu goi A 1a ma tran ciia toan
tit tu lien hop f trong cd s6 trie chuan gdm toan vector rieng {ei, ..., e,}

va P; 13 ma tran clia toan ti chiéu truc giao P; thi ta c6 biéu dién

i=1

Dé thay
Px = zie; = (x,e;) ¢; = ejej’ x

T

i .

Do do6, ma tran IP; cia toan tit P; chinh 1a P; = e;e

Trd lai van deé hinh chiéu tryc giao 6 tréen. Néu W = span{vy, ..., v, } &
khong gian con ctia khong gian Euclide n chiéu V, 6 d6 {vq, ..., v} 1a he
trie chuan, khi d6 hinh chiéu ctia z € V tren W 1a

m m m

wy; = Z (x,e;)e; = Zeie;fpx = ZPM

i=1 i=1 i=1
Toan ti chiéu P len W chinh 1a P = P, + ... + P,,, ma tran clia toan ti
m
nay la P =" eel.
i=1

Vi du 92. Trong R? tim

min ||z — w||
weW

6 do x = (1,1,1)T con W la khong gian con sinh bdi v; = (1,0,2)T va
v = (0,1, —1)T.
Dau tién tryc chuan héa co sé cia W ta dude

W = span{e, ez} : €1 = (%’0’%>T;62 h (;6 jﬁ’_\}éf

Ta biét rang min dat dudc tai w; = Pz, § d6 ma tran ctia P la

WIN W=
LW

T T
P= €164 + €26y =

Wl Wi Wiy
W=

Wl
SN

T day ta co

Ol
wl
[SVIT )
N—"
~

tal wy = (
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3.5 Phan loai cac duong cong va mat cong bac hai

3.5.1 Phuong trinh siéu mat bac hai

Duéi day ta sé phan loai cac siéu mat bac hai tong quat trong khong gian
Euclide thiyc n chiéu ndo dé. Dé tranh nham 1an, ta ky hiéu khong gian dé
la E", va dé dé& hinh dung ta xem mdi vector & = (1, ...,2,) trong co sd
triyc chuan {ey,...,e,} ctia E" 1a mot diém. Diém 0 ky hicu la O, va goi la

diém gbc ctia khong gian E”.

Dinh nghia 46. Mot siéu mat bac hai trong E" la tap cac diem x € E"
thoa man phuong trinh

q(z) +2L(x) +c=0 (3.8)

d dé, q(x) la mot dang toan phuong, L(x) la mot dang tuyén tinh trong E",

c € R la hang so6 nao do.

Gia st trong co sé {ey,...,e,} cia E" phuong trinh siéu mat (3.8) co
dang

n

Z e + 2 Z bjxj +c=0 (39)

ij=1 j=1
Pinh 1y 3.5.1. Trong khong gian Euclide E" luon ton tai co sé truc chuan
nao dé dé phuong trinh siéu mdt bac hat hat c6 mot trong ba dang chinh
tac bac hai sau:
i) Dang I: ioziyf =1, ;#0,i=1;r,1<r<n
=1

2

i) Dang II: > cy? =0, o; #0,i =L;r, 1 <r<n
i=1

iii) Dang III: Y oiy? = 2pypsr, 03 #0,i=T;r,p>0,1<r<n-—1
=1

Chitng minh: Nhu ta da biét, luon ton tai co s6 truc chuan {e}, ..., e’}
gom toan cac vector riéng ting véi cic tri rieng Ay, ..., A, cia A = (aij)nxn
dé dang toan phuong q(x) c6 dang chinh tac. Gia st C 1a ma tran chuyén co
sG tric chuan {ey, ..., e,} thanh {e}, ..., e’ }, khi d6 véi phép doi bién x = Ct

(gitt nguyen goc O), siéu mat sé co6 dang
DN +2) diti+e=0 (3.10)
i=1 i=1
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Trong cac tri rieng Aq, ..., \,, gid st ¢6 r gia tri khac 0, va khong so nham
1an, ta van ky hiéu cac gia tri khac 0 d6 1a Aq, ..., A, khi d6 (3.10) c6 thé
viét lai dudi dang

i)\it?+2iditi+€:0 (3.11)
1=1 1=1

Néu ta tinh tién diem gdc O sang I (vAn trong co s6 {e}, ..., e, }) nhu sau
d; —
ti:ZZ'——Z,Z': 1;7’

1

t7:ZJ,j:m

thi trong co sG (e’) goc I méi, phuong trinh siéu mat c6 dang

>N+ Y du4d=01<r<nX#£0 (3.12)

i=1 i=r+1
i) Néu ¢, =0,i=r+1;n va d # 0 khi d6 (3.12) ¢6 dang 1.
ii) Néu ¢, = 0,i =r + 1;n vd d = 0 khi d6 (3.12) c¢6 dang II.

iii) Néu r < n va ton tai ¢ # 0,7 =r + L;n, vi du .4 # 0. Dat

ta dua siéu mat vé dang
r
Z Niz? + 2p (
i=1

n
& d6 cac g; thda man Y ¢? = 1. Tiép tuc xét phép doi gbc mdi tir [ sang

n d,
Z g;z; + % =0 (313)

i=r+1

1=r+1
K nhu sau ) L
Yi =zt =1=1r
n
dl
Yr41 = — Z 9i%i — 5~
< i=r+1 2]9

n
Y = Z gikzk,J =1+ 1in
\ k=r+1

¢ d6 gji dudc chon sao cho ma tran phép doi bién nay vaAn 1a ma tran truc

giao (dé ddm bao co s6 mdi van 13 trire chuan). Khi dé sieu mat sé c6 dang

Z%‘yf = 2pYr41,04 = =N, L <r<n (3.14)
i=1
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Day chinh 13 dang III. Ta c6 diéu phai chiing minh. »
Sau day ta dua ra tén goi clia mot s6 siéu mit bac hai:
i) Sieu mat c6 dang I v6i r = n véi cac o; > 0,1 = 1;n, goi 1a siéu mat

Ellipsoid n — 1-chiéu. Phuong trinh nay c6 thé viét lai dusi dang

i=1
ii) Sieu mat c6 dang I véi r = n véi cac a;,¢ = 1;n, khac dau nhau goi

1a sieu mat Hyperboloid va c6 thé viét lai dudi dang

n

2
Yoy e

5

]

@i j=k+1

l\'}N)

On

iii) Siéu mat bac hai c6 phuong trinh dang II v6i » = n va cac hé s

a;,1 = 1;n, mang dau khac nhau goi 1a siéu mdat noén (thuc).

On

iv) Siéu mit bac hai ¢6 phuong trinh dang 111 v6i r = n — 1 va cac hé s

On

a;,1 = 1;n — 1, cing dau goi 1a siéu mat Paraboloid Elliptic, con cac hé s
a;,i = 1;n — 1, c6 dau khéac nhau goi 1a siéu mat Paraboloid Hyperbolic.
v) Siéu mat bac hai c6 phuong trinh dang I, I v6i r < n va dang 11 véi
r <n—1goila cac sieu mat tru (Elliptic, Hyeperbolic, Parabolic...)
Ciing phai cht ¥ rang doi khi cac siéu mat suy bién thanh mot diém,

hoac tap rong (con goi la siéu mat do).

3.5.2 Phan loai cac duodng cong va mat cong bac hai

Pudng cong bac hai trén mit phing

Trong truong hop khong gian Euclide n = 2 chiéu ta c6 cac dudng cong
bac hai trén mat phéng Euclide, va n = 3 ta c6 cac mat cong bac hai trong
khong gian Euclide. Chting ta hiéu mit phang hoac khong gian Euclide nhu
13 cidc khong gian toa do thuc trén do6 cé trang bi tich vo huéng, moi vector
dong nhat véi mot diém, vector 0 dong nhat véi goe O. Ching ta thusng st
dung hé truc toa do tric chuan Descartes (da quen thudc ¢ bac hoc dudi)
dé mo ta trong truong hop hai hodc ba chiéu. Trén khong gian do cé thé
xay dung cac khai niém khoang cach, goc... nhu da néi trong cac bai trudec.

Duong bac hai tong quat trén mat phing véi hé toa do truc chuan

Descartes Oxy c6 dang
anz? + 2a1900y + asny® + a1z + asy + ¢ =0 (3.15)
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& do cac hé s6 ai1, aie, as khong dong thoi bang 0. Ma tran ctia dang toan
phuong 1a A = AT c6 thé dua vé dang chéo bang bién bdi truc giao, nghia

14 ton tai ma tran C sao cho

A1 0
cTac ="
0 Ao
4 d6 C la ma tran tryc giao. Vi C 1a cap hai nén né chi c6 mot trong hai

dang trong vi du da dua ra & bai chéo hoéa tryc giao, ta chon

C— cosyp —sing
siny  cosp
va xét phép doi bién

v\ [ cosp —sing x
Y sinyp cosp Yy
Ta c6 thé dua dang toan phuong vé dang chinh tic

Nz + )\2?/2

Phép doi bién & trén thuc chat 1a quay hé toa do ban dau di mot goc ¢ va
khi d6 duong bac hai c6 dang

M+ 20y 4 dia’ +ayy +c=0 (3.16)

Tiép tuc st dung phép tinh tién goc ta cé thé duwa vé mot trong cac loai
sau day

1) Ellipse (hodc dusng tron)

2 .2
S+ =1
2) Hyperbola ) )
3) Ellipse 4o ) )
S+ =1



5) Cap duong thang cit nhau

¥,
a2 b2
6) Parabola
z? = 2py
7) Cap duong thang song song
22
2!
8) Cap dudng thing 4o song song
2
a

9) Cap duong thang triing nhau

=0

a2

Ellipse Hypetbola Parabola

Hinh 3.3: Cac duong Conic

Cac duong bac hai Ellipse, Hyperbola, Parabola la nhiing duong Conic
da dugc hoc trong bac hoc pho thong.

Mat cong bac hai trong khong gian

Trong khong gian hé toa do truc chuan Decartes Oxyz mat bac hai téng

quat 1a tap cac diém théa méan phuong trinh dai s6

apx’ + 2a100y + 281307 + a22y2 + 2a03yz + a33z2 + 2a1x 4 2a0y + 2a3z +c¢ = 0.
(3.17)
Xét dang toan phuong v6i ma tran la A = (a;j)3x3, 6 d6 A = AT, Ton

tai ma tran chuyén co sé C dé

M O 0
ctAC=1 0 X 0
0 0 Ny
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Ma tran C' la ma tran tryc giao, c6 thé chon C sao cho det(C) = 1, vi du

cosp —sinp 0

C=1] sinp cosp 0
0 0 1
Phép doi bién
x x'
y|=C1Y
z 2

la phép quay hé truc toa do di mot goc ¢. Mat cong khi d6 c6 dang
M2+ Xoy? + N32? + 2a' 12’ + 2ahy + 2252’ + ¢ =0 (3.18)

Tinh tién gbc toa do néu can ta sé dua mat bac hai vé mot trong cac dang
sau
1) Ellipsoid (cau)

2) Ellipsoid éo

3) Non ao

4) Hyperboloid 1 tang

2 2 2

2 E-aT!
5) Hyperboloid 2 tang

2y 2

2 e e
6) Non Elliptic

2 2 2

2 E-a "

7) Paraboloid Elliptic
2



A
A

e

Ellipsoid Hyperboloid 1 ting Hyperboloid 2 ting

Hinh 3.4: Mit Elipsoid va Hyperboloid 1, 2 tang

X

Nén Elliptic Paraboloid Elfiptic Paraboloid Hyperbolic

Hinh 3.5: Non Elliptic, Paraboloid Elliptic, Paraboloid Hyperbolic

8) Paraboloid Hyperbolic (yén ngua)

22 g2
R
9) Tru Elliptic
2 42
pER
10) Tru Elliptic 4o
2?2
Sty =
11)Tru Parabolic
y? = 2px
12) Tru Hyperbolic
2 1
a2 B
13) Cap mat phang 4o lien hgp
22 2
S+ =0



T Parabolic T Hyperbolic

Tru Elliptic

Hinh 3.6: Cac mat tru

14) Cap mat phang cat nhau

3.6 Thuc hanh tinh toan trén Maple

Nhu cac chuong trude chung ta van lam viéc trong moi trusng linalg.

- Dé tinh tich vo huéng ctia hai vector u,v ta diung lénh dotprod(u,v);
hoac dotprod(u, v, orthogonal);

- Tim co s6 truc giao cua khong gian vector sinh béi mot ho cac vector
bang lenh GramSchmidt({v1,v2,...});

Vi du 93.

> vl :=wvector([1, 2, 3]);

vl =112 3]
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> v2 = vector([—1,0, —=2]);

vli=[-10 —2]
> v3 := vector([2, 1, —3]);

v3: =121 — 3

> dotprod(vl,v2);

> GramSchmidt(vl,v2,v3);

(12 [50-3) [35-5))

Dé vé do thi dudng cong va miit cong trong Maple ta can ding goéi léenh
plots.

- Vé do thi ham s6 y = f(z) ta dung lenh c6 ct phap

> plot(f(x),x = a..b,y = c..d,title="tieu de’);

Vi du 94. Vé do thi ham s6 y = 2% — 22

> restart;

> with(plots);

> plot(x® — 2% x,2 = —2..3,y = —5..10, title =" Hambacba');

Ta c6 két qua trén Hinh 3.7.

Ham bac ba

Hinh 3.7: D6 thi ham bac ba

- V& do6 thi ham an f(z,y) = 0 ding ct phap lénh
> implicitplot(f(x,y) =0,z = a..b,y = c..d);
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Vi du 95. Vé db thi ellipse £ + £ = 1 (Hinh 3.8)
> implicitplot((1/4) * 22 + (1/9) xy* = 1,0 = —2..2,y = —3..3, title =’
Ellipse');

Ellipse

Hinh 3.8: Ellipse

- Dé vé mat cong bac hai ta dung lenh implicitplot3d.
Vi du 96. Vé mit yén ngua %2 — %2 = 2z (Hinh 3.9)

Paraboloid*Hyperbolic

Hinh 3.9: Paraboloid Hyperbolic
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Bang 3.1: Bang tri riéng va vector riéng ciia ma tran dac biét

Ma tran Tri riéng A Vector riéng e

Ma tran doi xing A = AT VA eR ele; =0

Ma tran truc giao AT = A~} VAl =1 €le;=0

Ma tran phan déi xing thuc A7 = —A Y\ thuan 4o e_iTej =0

Ma tran Hermite (phtic) A=A VAeR €le; =0

Ma tran xac dinh duong x7 Az > 0 YA >0 e;le; =0

Ma tran dong dang B = M~tAM A= A\p es = Mepg

Ma tran chiéu P = P? = PT A=1;0 K.gian sinh béi cac cot; KerP
Ma tran hang 1 titc A = wo? A=vTu; 0,...,0 w; Toan bo k.gian ut

Ma tran nghich ddo A~! 1/Aa Gilt nguyén vector riéng cua A
Ma tran dich chuyén A + cE Aa+c Gilt nguyén vector riéng cua A
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