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Gi4o trinh Toan cao cap 2 dugdc bién soan theo Dé cuong tin chi hoc phan
Toan cao cap 2 da duge Hoc vien Cong nghé Buu chinh Vién thong ban hanh
nam 2012 danh cho sinh vién dai hoc hé chinh qui nhém nganh kinh té, bao
gom: Khoa Quan tri kinh doanh, Khoa Tai chinh Ké toan, Khoa Da phuong
tien va Khoa Marketing ctia Hoc vien. Gan nhu doc lap v6i mon Toan cao cap
1, noi dung mon Toan cao cap 2 1a cac kién thitc co ban vé Dai s6 tuyén tinh
nham cung cap va ho trg cho cho sinh vién khéi nganh Kinh té trong viéc hoc
tap, nghién ctu, phan tich cdc mo hinh kinh té.

Giao trinh dugc thiét ké theo 5 chuong tuong tng vé6i thoi lugng hai tin
chi gom cac noi dung sau:

Chuong 1: Logic ménh dé, tap hop, 4nh xa.

Chuong 2: Khong gian véc to n chiéu.

Chuong 3: Ma tran va dinh thtec.

Chuong 4: He phuong trinh tuyén tinh.

Chuong 5: Phép bién ddi tuyén tinh va dang toan phuong trén khong gian
R™.

Noi dung ctia cudn sach duge tong két tit bai gidng ctia hai téc gia trong
nhiéu nam va c6 tham khao cac gido trinh clia cac truong dai hoc khac. Chinh
vi thé, gido trinh nay ciing c6 thé ding lam tai licu hoc tap, tai licu tham khéao
cho sinh vién ciia cac truong dai hoc v cao dang khoi nganh Kinh té.

Toan hoc ngoai vai tro la cong cu cho cac nganh khoa hoc khac, con cung
cap phuong phap tu duy lap luan chinh xac chat ché. Vi vay viéc hoc toan
cling gitp ta rén luyén phuong phap tu duy. Mot vai phuong phéap tu duy Toan
hoc da dugc gidng day va cung cap ting budc trong qua trinh hoc tap & pho
thong nhung chi véi mic do don gidn. Trong Chuong 1 cac van dé nay duge
trinh bay lai mot cach c6 hé thong. Cac chuong con lai clia gidgo trinh 1a dai s6
tuyén tinh. Kién thic clia cac chuong lién hé chat ché v6i nhau, két qua clia
chuong nay 1a cong cu ciia chuong khac. Vi vay ngudi hoc can thay dugc moi
lien hé gitta cac chuong. Dic diém ciia mon hoc nay la tinh khai quéat hoa va
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tritu tuong cao. Mot sd khai niem duge khai quat hoa tit nhitng két qua clia
Hinh hoc giai tich ¢ pho thong, vi vay khi hoc ta nén lien hé dén cac két qua
do.

Gi4o trinh dugc trinh bay theo cach thich hgp doi véi ngudi tir hoc. Trude
khi nghién cttu cac noi dung chi tiét, nguoi doc nén xem phan gidi thieu cia
mdi chuong dé thiy dudc muc dich, ¥ nghia, yéu cau chinh ctia chuong dé.
Trong mdi chuong, mdi noi dung, ngudi doc c6 thé tu doc va hiéu dude cin ké
thong qua cach dién dat va ching minh r6 rang. Dac biét nguoi hoc nén chia
¥ dén cac nhan xét, binh luan dé hiéu sau hon hodc md rong tong quat hon
cac két qua. Hau hét cac bai toan dude xay dung theo luge do: Dat bai toan,
chting minh syt ton tai 10i gidi bang 1y thuyét va cudi ciing néu thuat toan gidi
quyét bai toan nay. Cac vi du 1a dé minh hoa truc tiép khai niém, dinh Iy hoic
cac thuat toan, vi vay sé gitip ngudi doc dé dang hon khi tiép thu bai hoc.
Cudi mdi chuong déu co6 cac bai tap sap xép tit dé dén kho. Cac bai tap dé chi
kiém tra tric tiép noi dung vita hoc con céc bai tap khé doi héi phai st dung
cac kién thtc tong hop. Mot s6 noi dung ctia cudn sach da duge day hoac day
mot phan & pho thong.

Tai litu nay c6 noi dung thuan tay toan hoc, tuy nhién ¢ mitc do co thé
ching to6i gigi thieu mot s6 vi du, bai tap lién quan dén chuyén nganh nham
minh hoa v thiy dugc tng dung ctia Toan cao cap 2. Mic du vay noi dung
van & dang co ban vi ddi tugng chtt yéu 1a sinh vién nam thit nhat Dai hoc -
Cao ding, chua dugc trang bi kién thitc vé chuyeén nganh.

Tuy rang tac gia da rat cd ging, song cac thiéu sét con ton tai trong gido
trinh 1a diéu kho tranh khoi. Tac gid rat mong sy déng gop ¥ kién clia ban be
dong nghiép, hoc vién xa gan va xin cam on vi diéu do.

Cubi ciing chiing t6i bay to sy cAm on doéi v6i Ban Giam ddc Hoc vién
Cong nghé Buu Chinh Vién Thong, Khoa Co ban 1 va ban be dong nghiép
da khuyén khich dong vien, tao nhiéu diéu kién thuan lgi dé ching toi hoan
thanh giao trinh nay.

Ha noi, ngay 15 thang 04 nam 2021.
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Chuong 1
MGé dau ve 16gic ménh de, tap
hop, anh xa

1.1. Loégicménhdé ..................... 11
1.2, TADHOD « « v o e et e e e e e e 16
1.3, AnD Xa . o v v v it e e e 23
Baitap Chuong 1 . ... ... ... ..., 29
Huéng dan gidi baitap Chuong 1 . . . . . ... .. ... 32

Toan hoc 1a mot nganh khoa hoc 1y thuyét dugce phat trién trén co s6 tuan
thi nghiém ngat cac quy luat 1ap luan cia tu duy logic hinh thitc. Cac quy
luat co ban ctlia logic hinh thitc da duge phat trién tit thoi Aristote (Arit-xtot)
(thé ky thit 3 trudc cong nguyen) cling véi syt phat trién ryc 16 clia vin minh
co Hy Lap. Tuy nhién mai dén thé ky 17 véi nhitng cong trinh ctia De Morgan
(D5 Mocgan), Boole ... thi logic hinh thitc méi ¢6 mot cau tric dai s6 dep
dé va cling v6i ly thuyét tap hop gitp lam chinh xac hoa cac khai niém toan
hoc va thiic day toan hoc phat trién manh mé. Viéc nam vitng légic hinh thic
khong nhitng gitp sinh vién hoc t6t mon toan ma con cé thé van dung trong
thuc té va biét lap luan mot cach chinh xac.

Khai niém tap hgp, anh xa la cac khai niém co ban: vira la cong cu via
1a ngon ngit ciia toan hoc hién dai. Vi vai tro nén tang ctia né nén khai niem
tap hop duge dua rat sém vao chuong trinh toan phd thong (toan 16p 6). Khai
niém tap hop duge Cantor (Céng-to) dua ra vao cudi thé ky 19. Sau dé dugc
chinh x4c hoé bing heé tien dé vé tap hop. C6 thé tiép thu 1y thuyét tap hop
theo nhiéu mitc do khac nhau. Ching ta chi tiép can 1y thuyét tap hop ¢ miic
do trie quan két hgp véi cac phép toan logic hinh thitc nhu “va”, “hoac”, phép
kéo theo, phép tuong duong, lugng tit pho bién, luong tit ton tai. Véi cac phép
toan logic nay ta c6 tuong ting cac phép toan giao, hgp, hiéu cac tap hgp con
cua cac tap hop.
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Khai niém anh xa & sy md rong khai niem ham s6 da duge biét. Khai niem
nay gitp ta mo ta cac phép tuong tng tit mot tap nay dén tap kia thod man
diéu kién rang mdi phan ti ctia tap nguon chi cho tng véi mot phan tit duy
nhat cta tap dich va moi phan ti clia tap nguon déu dude cho ting véi phan
tt cua tap dich. O dau 6 tuong tng thi ta c6 thé mo ta duge dudi ngon ngit
anh xa.

Nam vitng va stt dung mot cach chinh xac cac luat logic ménh dé, van dung
triet dé cac kién thic vé 1y thuyét tap hop, 4nh xa la mot yéu t6 quan trong
d6i v6i bat ky sinh vien ndo mudn dat két qua tot trong hoc tap cdc mon toan
noi riéng ciing nhu trong moi linh virc nghién cttu khac.

1.1. Loégic ménh dé

1.1.1. Meénh dé va cac phép lién két ménh dé
a. Khai niém ménh dé

Logic ménh dé 14 mot hé thong logic don gidn nhat, véi don vi co ban 1a
cac ménh dé mang noi dung clia cac phan doan, mdi phan doan dudc gia thiét
14 c6 mot gia tri chan 1y nhat dinh 13 dung hodc sai. Nhu vay ménh dé thuong
duge phét biéu duéi dang cau khang dinh hodc phti dinh. Cau duéi dang nghi
van, ménh lénh, yéu cau khong phai dang ménh de ta xét.

Dé chi cac menh dé chua xac dinh nao do6 ta ding céc chit céi p, ¢, r, ... va
goi ching 1a cac bién meénh dé. Néu meénh dé p dang ta cho p nhan gia tri 1
va p sai ta cho nhan gia tri 0. Gia tri 1 hoac 0 duge goi la thé hién clia .

Chang han: “7 > 9” 1a ménh dé sai, “tam gidc déu la mot tam giac can”, hay
“tam giac ABC la tam giac vuong tai dinh A khi va chi khi BC? = AC?+ AB?*”
13 nhitng ménh dé dang, “x : 3” khong phai 14 mot meénh de.

Phu dinh ctia ménh dé p 1d ménh dé dugce ky hiéu p, doc 1a khong p . Ménh
dé p ding khi p sai va P sai khi p dang.

Tuwong tu ngon ngit thong thudng, ngudi ta ding cac lién tit dé ndi cac
cau don thanh cau phiic hgp, cac lién tu thuong gap nhu “va”, “hay 1a”,
“hodc. .. hoac..”, “néu ...thi". ..

Ménh dé phitc hgp dude xay dung tit cAc ménh dé don gidn bang cac phép
lien két 1ogic menh de.

b. Cac phép lién két légic ménh dé
1) Phép hoi: Hoi cia hai ménh dé p, ¢ 1a mot ménh deé, duge ki hieu 1a
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p A q (doc 1a p va ¢). Menh dé p A ¢ chi dung khi p va ¢ cuing dang, sai khi it

nhat mot trong hai ménh dé p hoac ¢ sai. C6 thé ki hieu 1a
q.

2) Phép tuyén: Tuyén ciia hai ménh dé p, ¢ 1a mot ménh deé, duge ki hieu
1a pV ¢q (doc 1a p hodic ¢). Ménh dé p V ¢ chi sai khi p va ¢ cuing sai, ding khi
it nhat mot trong hai ménh dé p hoac ¢ ding. C6 thé ki hicu I b

q.

0 day “p hoiic ¢” khong dude hic¢u theo nghia loai trit, tach biét trong dé
ca p, ¢ khong thé ciing ding, ma tat nhién p V ¢ ding khi ci p, ¢ ciing ding.

3) Phép kéo theo: Ménh deé p kéo theo q , ky hieu p = ¢, 13 ménh dé chi
sai khi p dung ¢ sai.

Chi y 1.1.

e Néu p sai thi ménh dé p = ¢ luon dung. Hay “tir diéu sai suy ra moi diéu

99

tuy v

e Hai ménh dé p,q ¢ day phai thudc cing mot van dé, khong thé la hai
ménh dé “xa la” khong c6 lien quan gi v6i nhau.

e Trong phép kéo theo p = ¢, p dugc goi la gid thiét, ¢ 1a két luan.

e Phép kéo theo ¢ = p duge goi 1a ddo hodc ménh dé ddo ctia phép kéo
theo p = q.

Ta con dién t4 p = ¢ bang mot trong cac cach sau:
e Néu p thi ¢;
e Mubn c¢6 p can cb g;
e Mudn c6 ¢ thi co p 1a du;
e p la mot dicéu kien du cta g;
e ¢ la mot diéu kién can cia p.
Phép kéo theo la lien két 16gic ménh dé thuong gap nhat trong cac dinh ly.

Vi du 1.1. (tinh chét clia tam gidc déu) Néu tam giac ABC' 1a tam giac déu
thi d6 1a mot tam giac can.
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Vidu 1.2.

a) (Dinh 1y Vi-et thuan) Néu phuong trinh bac hai az? + bx + ¢ = 0,a # 0 c6

. N ~ N C
hai nghiém xq, 2o thi z; + 29 = —— va 125 = —.
a a

b) (Dinh ly Vi-et ddo) Néu c6 hai 86 x1, 25 sao cho xy + 19 = S, x129 = P va
S? > 4P thi x1, 25 14 hai nghiém ctia phuong trinh bac hai 22 — Sz + P = 0.

Vidu 1.3. (Dinh Iy diéu kién can vé cyc tri ctia ham s6) Cho ham s6 y = f(x)
xac dinh trén Dy, a € Dy . Néu ham s6 khé vi tai a va dat cuc tri dia phuong
tai a thi f'(a) = 0.

Ta déu da biét diéu ngudc lai clia cdc ménh deé trén chua chic ding, nghia
la dicu kién f’(a) = 0 chi la diéu kién can dé dat cyc tri tai a va khong phai
1a diéu kien du.

4) Phép tuong duong: Ménh dé (p = ¢) A (¢ = p) duge goi 1a ménh dé
p tuong duong q, ky hiéu p < q.

Meénh dé tuong duong con duge phat biéu dudi dang: khi va chi khi, diéu
kien can va du, diéu kién &t c¢6 va du.

Vi du 1.4. (Dinh Iy Pi-ta-go) Tam gidc ABC la tam gidc vuong tai dinh A
khi va chi khi BC? = AC? + AB?.

Mot cong thitc gom cac bién ménh dé va cac phép lien két menh dé duge

goi 1a mot cong thiic ménh dé. Bang liet ke céc thé hién ciia cong thitc ménh
dé dugc goi 1a bdng chan tri.

Bang 1.1 Bang chan tri ciia phép phua dinh

p p
1 0
0 1

Tt dinh nghia ta c6 bang chan tri clia cidc phép lien két meénh dé p V g,
pAq,p=qvaq-< pnhu sau:

Tt bang chan tri ta nhan thay p < ¢ 14 mot ménh dé dung khi cd hai
ménh dé p va ¢ cling ding hodc cuing sai va ménh dé p < ¢ sai trong truong
hgp ngugc lai.
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Bang 1.2 Bang chan tri thé hién gia tri cac lién két ménh dé

plq|P|PpPVqg|pPANqg | p=q|qg=p|p=q|pVyg
10 1 1 1 1 1
110710 1 0 0 1 0 0
011 1 0 1 0 0 1
01011 0 0 1 1 1 1

Chua y 1.2.
e Madi dinh 1y sau khi duge chitng minh 13 mot ménh dé dang.

e Mdi dinh ly da dugc ching minh lai 14 cin cit dé chiing minh dinh 1y
khac.

e (6 hai loai ménh dé duge st dung lam can cit dé chiing minh mot ménh

Qu
Dy

1. Cac ménh dé da duge thita nhan 1a dung: d6 1a cac dinh nghia va tién

de.
2. Cac meénh de da dugc chitng minh 1a ding.

Mot cong thitc ménh dé dugce goi 1a hang ding néu né luon nhan gia tri 1
v6i moi thé hién ctia cac bién ménh dé c6 trong cong thiic.

1.1.2. CAc tinh chat (hay con goi la cac luat logic)

Ta ky hiéu ménh dé tuong duong hing ding 14 “=" doc 1a “dong nhat bang”
thay cho ky hiéu “<”.
Tinh chat 1.1. Dung bang chan tri ta dé dang kiém chitng céc ménh dé hing
ding sau:

1) Luat phu dinh kép:

Sl
Il
=

2) Luat giao hoan:
PANG=qAp
pVqg=qVp.
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3) Luat két hop:
pA(@AT)= (A AT
pV(gVvr)=(VvegVr

4) Luat phan phoi:

pA(qgVr)=({@AqV(pAT)
pVgAr)=({@Vg ApVr).

5) Luat bai trung: ménh dé p vV p luon ding (pVp=1).
Luat mau thuan: ménh dé p A p luon sai (p Ap = 0).
6) Luat De Morgan:

PVqG=DNG;
PAG=pPVQ.
N(p=q9={pVa)
8) Luat phan ching:
p=q=q=D.

9) Luat liiy dang:
pVp=p;pAp=p.
10) Luat hap thu:
pV(pAg) =p
pA(pVa) =p.

Luat logic 7) cho ta bic¢u dién phti dinh ctia ménh dé p = ¢ nhu sau:

pVgq

P=4q PAG.

Theo luat phan chiing ménh dé p = ¢ vd ¢ = p tuong duong hing ding
v6i nhau. Vi vay c6 thé st dung mot trong hai dang trén phu thudc tinh tryc
quan dé hiéu khi phat biéu.

Phuong phap suy luan phan ching:

Dé chiing minh ménh dé p = ¢ la ding, ta gia thiét la p ding va ¢ sai.
Néu ta chi ra dugc rang tir gid thiét d6 dan dén mau thuin thi meénh dé p A g
la sai. Theo Luat phu dinh kép va Luat De Morgan thi p V ¢ la ding, khi d6
theo Luat Logic 7) thi p = ¢ 1a ménh dé ding.
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1.2. Tap hop

1.2.1. Khai niém tap hop

Khai niém tap hop va phan t1t 1a cac khai niém co ban ciia toan hoc, khong
thé dinh nghia qua nhing khéi niém da biét (ciing gibng nhu khai niem diém,
dudng thing, mat phang). Cac khéi niém “tap hop”, “phan t1i” xét trong moi
quan hé phan tit clia tap hgp trong 1y thuyét tap hop la giéng véi khai niem
“duong thang”, “diem” va quan hé diém thuoc dusng thing duge xét trong hinh
hoc.

Mot cach truc quan, ta c6 thé xem tap hgp nhu mot su tu tap cac vat, cac
d6i tuong nao dé6 ma moi vat hay déi tuong 1a mot phan tit ctia tap hop. Tap
hop dude diic trung béi tinh chat ring mot phan ti bat ky chi c¢6 thé hoic
thuoc hodc khong thuoc tap hgp. C6 thé lay vi du vé cac tap hop c¢6 noi dung
toan hoc hoisic khong toan hoc. Chang han: tap hop céc s6 tu nhien 1 tap hop
ma cac phan tit clia n6 1a cac s6 0, 1, 2, 3, ... con tap hop cac cudn sich trong
thu vién ctia Hoc vién Cong nghé Buu chinh Vién thong 1a tap hop ma cac
phan t1t ctia n6 1a cac cudn sach c6 déng dau thu vien.

Thuong ky hiéu cac tap hop bdi cac chit in A, B, ..., X, Y, ... va cic phan
tit boi cac chit thuong x,y, ... Néu phan tit z thuoc A ta ky hieu x € A, néu
x khong thuoc A ta ky hieu z ¢ A. Ta cling néi tat “tap” thay cho thuat ngi
“tap hop”.

Tap réng la tap khong chita phan tit nao, ky hieu @ . Chéng han tap nghiem
thite ctia phuong trinh 22 +1 = 0 13 tap rong.

Mot sb6 cach biéu dién tap hop

1. Liét ké cac phan t& ctia tap hdp trong dau ngoic nhon

Truong hgp tap hop c6 hitu han phan tt hodc cac phan tit ctia tap hop c6
the biéu dién theo mot quy luat dé nhan biét thi ta c6 thé liet ke cac phan ti
trong dau ngo#c nhon.

Vi du 1.5.

e MBOi tap thé 16p sinh vien Hoc vien 1a mot tap hop va c6 thé liet ké theo
danh sach 16p.

e B0 ba can bo 16p: 16p trudng, 16p pho, bi thu chi doan ctia mot 16p cu
thé 1a mot tap hop, c¢6 thé liet ke theo ten.

e Tap céc s6 ty nhién 16 nho hon 10 1a {1,3,5,7,9}.
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e Tap hop cic nghiém ctia phuong trinh 22 — 1 =01a {-1,1}.

2. Néu dic trung tinh chat ctia cac phan ti¥ tao thanh tap hop
C6 nhimg tap hgp khong thé liet ké cac phan ti clia ching, khi d6 ta mo

t4 tap hop nay bang cach dic trung cac tinh chat clia phan ti tao nén tap
hop.

Vi du 1.6.

o {z eR |2+ 1=0} = 0. Tap hop cac nghiem thyc clia phuong trinh
2?2 +1 =0 la tap roéng.

o W ={r,y,2z € R| z+y+2 =0} 1a tap hgp cac s6 thyc thoa man
x4y + 2z = 0 hodc tap hop nhiing diém (z,y, z) théa man phuong
trinh z +y + 2z = 0, d6 13 mat phang qua gdc O ¢6 véc to phap tuyén
i=(1,1,1).

e Ky hieu Cj,y 1a tap hop céc ham so lien tuc trén [a, b].

Cac tap hop sé thudng gap:

e Tap cac s6 tu nhien N = {0,1,2,...};

e Tap céc sd nguyen Z = {0, +1,+2,...};

Tap céac s6 hitu ti Q = {B | q%O,p,qGZ};
q

e Tap cac s6 thuc R;
e Tap cac s phiic C={z=x+1y |,y € R;i* = —1}.
Vi du 1.7.

2N = {0,2,4,...} 1a tap cac s6 tu nhién chin. Truong hgp nay ta co thé
biéu dién tap hop bang cach liet ke mot s6 phan tit ban dau cia tap hap,
cac phan tit tiép theo dé dang nhan dugc theo quy luat hinh thanh céc
phan ti ctia tap hop, ching han tiép sau 4 14 6 ...;

3 _
P = pEQ|p:n—;n€N l1a tap cac s6 hitu ty c6 dang p =
3n?+1
nd—1 ) )
321 trong d6 n la so ty nhién. Truong hgp nay tap hop duge dac
n

trung béi tinh chat tao nén phan ti clia tap hop.
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3. Gian do6 Venn:

Dé ¢6 hinh anh tryc quan vé tap hgp, ngusi ta thuong biéu dién tap hop
nhu 14 mién phing giéi han béi dudng cong khép kin khong tu cat duge goi 1a
gidn do Venn.

Gian do Venn ctia tap A 1a hinh 4nh minh hoa cho A va khong phai chinh
tap A (diéu nay ciing giong nhu khong thé 1ay bitc 4nh clia anh A thay cho
anh A). Vi vay khi chiing minh ta chi stt dung gidn do Venn nhu hinh dnh
minh hoa.

1.2.2. Tap con
Dinh nghia 1.1. Tap A dudc goi 1a tap con ciia B néu moi phan tit clia A

déu 1a phan tit ctia B, khi d6 ta ky hieu A C B hay B D A.

Khi A la tap con ctia B ta con néi A bao ham trong B , hay B bao ham
A, hay B chita A.

TacoNCZcCcQcRcC.

Mot cach hinh thtc ta cé thé xem tap rong la tap con ctia moi tap hap,
nghia 13 v6i moi tap X : 0 C X.

Tap hop tat cd cac tap con cia X duge ky higu la P(X). Vay

A € P(X) khi va chi khi A C X.

Tap X C X la tap con clia chinh né nén 13 phan tit 16n nhat, con @ 14 phan
tt nhé nhat trong P(X).

Vidu 1.8. Cho X = {a,b,c}. Ta ¢

P(X) = {0, {a}, {0}, {c} {a, b}, {b,c} {c,a}, X}.

Ta thay X c6 3 phan tit thi P(X) c6 23 = 8 phan tit.
Ta c6 thé chiing minh tong quat ring néu X c6 n phan tit thi P(X) c6 2"
phan t1.

Dinh nghia 1.2. Hai tap A, B bang nhau, ki hieu A = B, khi va chi khi
ACBvaBCA

Dé chiing minh A C B ta chi can ching minh ¢ € A = = € B va vi vay
khi chitng minh A = B ta can chiing minh v € A < x € B.
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1.2.3. Cac phép toan trén cac tap hop
a. Phép hop Hop ciia hai tap A v B, ky hieu AU B, 1a tap hgp gom céc
phan t1t thudc it nhat mot trong hai tap hop A, B. Nghia la

AUuB={z|(xe€ A)V (x € B)}.

reA
Vayr€e AUB< (r€ A)V(re B)hayxr € AUB &
x € B.

b. Phép giao: Giao ctia hai tap A va B, ky hieu AN B, 1a tap hgp gom céc
phan ti thudc dong thoi hai tap hgp A, B. Nghia la
ANB={z|(xe€ A) N (x € B)}.

r €A

VayxeAﬂB<:>(:ceA)A(a:eB)hayxeAmB@{ cB
x .

c. Hiéu hai tap: Hiéu cia hai tdgp A va B, ky hieu A\ B, 1a tap hop gom céc
phan t1t thuoe A nhung khong thuoc B. Nghia 1a

A\B={z|(x € A)AN(z ¢ B)}.

re€A

VayxeA\B@@EA)/\(‘“EB)hayxEA\B©{x¢B

Hinh 1.1 Minh hoa cac phép toan trén cac tap hgp

-

ANB A\B g

Cht ¥ 1.3.

e Phép hgp, phép giao con duge mé rong cho mot ho cac tap hop:

ATUAy U .. UA, hodc J,_, Ay la tap cac phan tit thuoc it nhat mot
trong cac tap Ay.
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AiNAynN...NA, hodc N;_, Ay 1a tap céc phan tit thuoc dong thoi tat
ca cac tap Ag.
Vay

re| Ao Tk w € Ay ko {L,...,n}.
k=1

xeﬂAk@xeAk;Vke{l,...,n}.

k=1
e Truong hgp B C U thi tap U \ B dugc goi la phan bu ctia B trong U,

ky hieu la CF. Khi U da xac dinh (khong s¢ nham 1an) thi ta ky hiéu
tit B thay cho CE.

Ap dung 16gic ménh dé ta dé dang kiém chiing lai cac tinh chat sau ding
v6i moi tap con cia tap U nao do.

1. AUA=A AN A= A (tinh liy dang);
2. AUB=BUA AN B = BN A (tinh giao hoan);
3. AU(BUC)=(AUB)UC; An(BNC)=(ANB)NC (tinh két hop);

4. AU(BNC)=(AUB)N(AUC); AN(BUC) =(ANB)U(ANC) (tinh
phan bo);

5. A=A, AUD=AANU = A,

6. AUA=UANA=10;

7. AUB=ANDB,ANB = AU B (luat De Morgan);

8. AA\B=ANB=AN(ANB)=A\ (AN B)=C4"5;

©

. ANBCACAUB,ANBCBCAUB;

10. Acc = AUBCC; bcA = DCANB.
BccC DCB
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1.2.4. Ham ménh dé, lugng tir pho bién va lugng tir ton tai
a. Ham meénh dé

Mot ménh dé phu thudc vao bién x € D, ky hieu S(z), duge goi 1a ham
ménh dé xac dinh trén tap hop D. Khi cho bién z mot gia tri cu thé thi ta
duge ménh de.

Ta goi tap Dg(y) := {x € D | S(x)} 1a mién ding ctia meénh dé S(z).
Vidu 1.9.

o S(z):2*—1=0,z € R thi Dg,) = {-1,1};

o S(z):2* =52 +6 <0,z € R thi Dgy) = [2,3].

b. Luong tit phd bién va lugng tir ton tai
Ky hiéu V (doc la v6i moi) duge goi 1a lugng ti pho bién.
Ky hieu 3 (doc 1a ton tai) duge goi 1a lugng ti ton tai.
Cho S(x) 1a mot ham meénh dé xac dinh trén tap hop D. Khi do:

e Meénh dé (Vz € D)S(x) (doc 1a v6i moi x € D, S(x)) 1a mot menh dé
ding néu Dg(,) = D va sai trong trudng hop ngugce lai. Khi D da xac
dinh thi ta thuong viét tat Vz, S(z) hay (Vx), S(z).

e Menh dé (3 € D)S(x) (doc 1a ton tai x € D, S(x)) la mot menh dé
dang néu Dg(,) # 0 va sai trong trudng hgp ngugc lai.

e Dé chiing minh mot ménh dé véi lugng tit pho bién la ding thi ta phai
chting minh meénh dé dung trong moi trudong hop, con véi ménh dé ton
tai dung ta chi can chitng minh it nhat mot truong hgp ding 1a du.

e Trudng hop Dg(,) chi ¢6 ding mot phan tit thi lugng tir ton tai tuong ting
duge ky hieu la (3! z € D, S(x)) va doc ton tai duy nhat x € D, S(x).
e Phép phu dinh lugng ti

VzeD, S = (Elx e D,S()

)
)

1€ D, 5@) = (vxeD,%

Vi du 1.10.
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o (Vre(2,3]):22-52+6<0;(3re€Q):2>—5x+6>0Ilacidc ménh dé
ding.

e Mo6i mot phuong trinh f(z) = 0,2 € R 1a mot ham meénh dé trong R ¢6
mién ding la tap hgp nghiém ctia phuong trinh. Chéng han z € R, S(z) :
2% 4+ bz + ¢ = 0 c6 mién diang Rg(,) # 0 khi va chi khi b* — 4¢ > 0.

1.2.5. Tich Dé Cac

Dinh nghia 1.3. Tich Dé Cac ciia hai tap hop X,Y 1a mot tap hop, ky hieu
X x Y, gom céac phan tit ¢6 dang (z,y) trong d6 x € X vay € Y. Nghia la

XxY=A{(r,y) | (ze X)AN(yeY)}.

Tich Dé Céc ciia n tap hop bat ky X, Xs, ..., X,, dudc dinh nghia va ky
hiéu nhu sau

XlXXQX...XXn:{($17$2,...,.Tn)|SUZ'€XZ',Z':1,2,...,H}.

Khi X; = X, = ... = X, = X ta ky hieu X" thay cho X x X x ... x X,

n lén

Tich Dé Céc X; x Xy X ... x X, con duge ky hieu 1a [] X;.

i=1
Vidu 1.11. Cho X = {a,b,c},Y = {1,2}. Khi d6
X xY ={(a,1),(b,1),(c,1),(a,2),(b,2),(c,2)};
Y x X ={(1,a),(2,a),(1,0),(2,b),(1,¢),(2,¢)}.
Chii ¥ 1.4.
1. Dé dang chitng minh duge néu X c6 n phan tit, Y c6 m phan ti thi

X XY c6n xm phan tu.

n

2. Gid st (zy,...,2,) € [[ Xi, (2),...,2) € [[ X; thi

i=1 =1
(x1, ... xn) = (2],...,2))) S, =2, Vi=1,2,...,n.

r=—1

Chéang han: (z,9) = (—1,3) € R? & { 5
y=3.
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3. Tich Dé Céc cta cac tap hgp khong c6 tinh giao hoan.

Vidu 1.12. R" = {(z1,29,...,2,) | x; € R;i=1,2,... ,n}. S dung phuong
phép toa do ngudi ta dong nhat R?, R? tuong ting véi miit phang Oxy va khong
gian Oxyz quen thudc, trong dé médi diém dong nhat véi toa do clia ching.

R? = {(z,y) | 7,y € R};R® = {(2,9,2) | x,y, 2 € R}.

1.3. Anh xa

1.3.1. Cac dinh nghia va vi du

Khai niem anh xa duge khai quat hoa tit khai niém ham s6 trong d6 ham
s6 thuong dude cho dudi dang cong thie tinh gia tri ctia ham s6 phu thuoc
vao bién s6. Chang han, ham s6 y = 2z, z € N la quy luat cho tng:

0—~0,1—2,2—43—6...

Ta c6 thé dinh nghia anh xa mot cach truc quan nhu sau:

Dinh nghia 1.4. M6t anh xa f tit tap X vao tap Y 1la mot quy luat cho tuong
ing mdi mot phan tt x € X véi mot phan tit duy nhat y = f(x) cia Y goi la
anh cta .

Nhu vay anh xa phai thod man 2 diéu kién sau:
1) Moi z € X déu ¢6 anh tuong ting f(x),
2) M6i z € X ¢6 anh tuong tng y = f(x) 1a duy nhét.
Ta ky hiéu anh xa duéi dang
f: X —Y
>y = f(z)
hay
x Ly
z—y=f(z)
X duge goi 1a tap nguon (hay con goi 1a tap xac dinh cia 4nh xa), Y dugc
goi la tap dich.
Phan ttt y = f(z) goi 1 4nh clia  qua anh xa f.
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Hai 4anh xa f: X — Y, g: X’ — Y’ 1a bang nhau, ky hiéu f = g néu

X=X.Yy=Y
f(z) = g(x) v6i moi x € X.

Vi du 1.13.

e Mdi ham s6 y = f(z) bat ky 1a anh xa tit tap xac dinh Dy vao R hodc
vao tap gia tri cia f. Chéng han:

— Ham s6 bac nhat y = ax + b, a # 0 1 4nh xa

fTR—R
r—y=ar+b

— Ham phéan thic y = Tt la &nh xa

f R\{2} —R

— fd
. Y T — 2

— Ham s6 logarit y = log, x;a > 0,a # 1 1a anh xa
f:RL —R
x—y=log,x
e Mdi anh xa tit D C R” vao R duge goi la ham n bién.
Vi du 1.14.

a) Danh sich theo thiw tu sinh vién trong mot tap thé 16p 1a mot 4nh xa tit
tap hop con ctia tap s6 tu nhién vao tap cac sinh vién cta 16p.

b) Qui tic tuong ting theo quan hé dong huong méi sinh vién ctia tap thé 16p
A v6i sinh vien tap thé 16p B khong la anh xa tit tap thé 16p A vao tap thé
16p B néu:

e Trong 16p B c6 hoi dong huong hon 2 ngudi va c6 ciing dong huong
véi A (khong thoa man diéu kién 2) ctia Dinh nghia 1.4),
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e Hoiic 16p A ¢6 sinh vien ma trong 16p B khong c6 sinh vién cling dong
huong (khong théa man diéu kien 1) clia Dinh nghia 1.4).

Dinh nghia 1.5. Choanhxa f: X — Y vaAC X,BCY.
e Anh ciia A qua anh xa f latap f(A) = {f(z) |z € A} C Y.
No6i rieng f(X) = Im f duge goi 1a tap anh hay tap gia tri cua f.
Vayyelmfe dre X :y= f(z).

e Nghich dnh cta tap con B ctia Y la tap

f'B)={zec X | f(x)eB}CX.

e Truong hop B 1a tap hop chi c6 mot phan tit y ta viét
f~H(y) thay cho f~ ({y}).
Khi do f~H(y) ={z € X |y = f(2)}.
1.3.2. Phan loai 4nh xa
a. Dbon anh

Dinh nghia 1.6. Anh xa f: X — Y dugc goi 1a mot don dnh néu anh cia
hai phan t phan biét ctia X 13 hai phan tit phan biét ctia Y. Nghia la,

Vo, 20 € X a1 # 29 = f(21) # f(29)
hoac mot cach tuong duong

Vo, mp € X 1 f(21) = f(22) = 71 = 20
Néi cach khac moi y € Y, f~(y) 1a tap c6 nhiéu nhat mot phan 1.
b. Toan anh

Dinh nghia 1.7. Anh xa f: X — Y dudc goi la mot toan dnh néu moi
phan tt ctia Y 1a anh ctia mot phan t1t nao d6 ciia X. Nghia la Im f =Y, hay

Yy € Y,Jz € X sao cho y = f(x).

Mai ham s6 1a mot toan anh tit tap xac dinh vao tap gia tri clia no.

c. Song anh
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Dinh nghia 1.8. Anh xa f: X — Y vita don anh vita toan anh duge goi 1a
mot song dnh.

Cha ¥ 1.5.

e Mot anh xa hoan toan xac dinh khi biét tap nguon, tap dich, cong thic
xéc dinh y = f(x).

e Khi anh xa f : X — Y dugc cho du6i dang cong thic xac dinh anh
y = f(z) thi ta c6 thé xac dinh tinh chat don anh, toan anh, song anh
clia anh xa f bang cach giai va bién luan phuong trinh

y=[flz)yeY (1.1)
trong do6 ta xem z la an va y la tham bién. Khi dé
— Néu v6i moi y € Y phuong trinh (1.1) luén c¢6 nghiem z € X thi
anh xa f la toan anh.

— Néu v6i moi y € Y phuong trinh (1.1) c6 khong qua mot nghiem
x € X thi anh xa f la don anh.

— Néu v6i moi y € Y phuong trinh (1.1) luon ¢6 duy nhat nghiem
x € X thi anh xa f la song anh.

Vi du 1.15.
(a) Cho anh xa
f:R— R
Ty = ? +
Xét phuong trinh y = f(z) = 2> + z hay 2 + 2 —y = 0. (*)
Biet s6 A =1+4y (y € R).
. 1
Néu y < ~2 thi phuong trinh (*) khong c¢6 nghiém trong R. Vay f khong
toan anh.
. 1
Neu y > ~1 phuong trinh (*) c¢6 hai nghiém phéan biét trong R. Vay f
khong don anh.
(b) Cho anh xa
f:N— N

v y=1’+ux
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Xét phuong trinh y = f(z) = 22 + x hay 22 +x —y = 0. (**) (y € N)
Biet s6 A =1+4y > 0 (vi y € N). Phuong trinh (**) luon ¢6 hai nghiem

phan biét
—1+\/1+4y$ —1—-+/1+4+4y
y L2 = .
2 2

Vi 25 < 0 nén (**) chi ¢6 nhiéu nhat mot nghiem trong N. Vay f don anh.

xr1 =

Vé6i y = 1, phuong trinh (%) khong ¢6 nghiém trong N. Vay f khong toan
anh.

Vi du 1.16. Cac ham s6 don diéu chat:
Dong bién chit: 11 < 29 = f(x1) < f(x9),
Nghich bién chit: ¥y < 23 = f(x1) > f(22),

13 cac don anh, do d6 1a song anh tit tap xac dinh lén mién gia tri ctia né.

Vi du 1.17. Anh xa dong nhat ctia moi tap X xac dinh va ky hiéu nhu sau

la mot song anh
Idy : X — X

x— ldx(x) = .
1.3.3. Anh xa hdp, anh xa ngudc
a. Hop cta hai anh xa

Dinh nghia 1.9. Véi hai 4nh xa X 5 Y % Z thi tuong tng = — g(f(z))
xac dinh mot anh xa tu X vao Z duge goi la hgp cua hai anh xa f va g, ky
hiéu go f.

Vay go f: X — Z ¢6 cong thiic xac dinh anh 1a (g o f)(z) = g(f(x)).

Vidu 1.18. Cho f: R — R, g : R — R vdi cong thiic xéc dinh anh
f(z) =3z +5,9(z) =sinz.
Ta c6 thé thiét lap hai ham hop go f vi fog tit R vao R 1a
fog(x) =3sinz +5;go0 f(xr) =sin (3xz + 5).

Dé thay 3sinz +5 > 1,sin3x +5 < 1,Vx € R.
Vay fog(z)#go f(z),Vz €R.

b. Anh xa ngudc
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Dinh nghia 1.10. Gia st f : X — Y la mot song d&nh. Khi d6 véi méi y € Y
ton tai duy nhat x € X sao cho y = f(z). Nhu vay tuong tng moi phan ti
y € Y v6i phan tit duy nhat € X sao cho y = f(z) 1a mot anh xa tit Y vao
X. Anh xa nay duge goi 1a dnh za nguoc ctia f va duge ky hieu la f~1. Vay

1Y — X xécdinh béi fH(y) =2 <y = f().
Vi du 1.19. Ham s6 bac nhat y = az + b, a # 0 1a ham don diéu

fR—R
r—y=ar+Db

nén la song anh.

Céch khéc, bang cach gidi phuong trinh (1.1) tuong ting: ax +b =y, a # 0.

. b
Phuong trinh luon c¢6 nghiém duy nhat © = —y — —, do d6 f la mot song

a a

anh.
» B 1 b

fcoéanh xanguge f7" R —Ry—z=-y— —.
a a

Vay ham s6 y = ax + b,a # 0 ¢c6 ham nguge 1a ham s6 bac nhat y — x =
1
-y——,a#0.
a a

Vi du 1.20. Ham mii ¢o 86 a: y = a*,0 < a # 1 1a mot song anh (vi ham ma
don dieu chit) c¢6 ham nguge 13 ham logarit co s6 a:

y=a" <z =log,y.

Vi du 1.21. Cac ham s6 luong giac ngude

a) Xét ham s6
T
in: |—;—| — [—1;1
sin: [ =53] — L1
T sinx

Ham s6 nay tang ngat va 1a toan anh nén la mot song 4nh. Ham s6 ¢6 ham s6

ngugc
arcsin : [—1;1] — [—E; E}
2°2
y +— arcsiny
. . : T
Vay x = arcsiny < sinz = y, Vo € [—5; 5] Vy e [—1;1].
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Néu ky hiéu gia tri clia ham arcsin 14 y va bién la x thi y = arcsinz &
T
siny = x,Vy € [—5; 5} Vo oe [—1;1].
Mac dut vay ngudi ta ciing thuong néi ham y = arcsin 1a ham sé nguge
ctia ham s6 y = sin z.

b) Tuong tu

y = arccos T < cosy = z,Vy € [0;7], Vo € [—1;1];
T
2
y = arccot x < coty = x,Vy € (0;7),Vr € (—o0, +00).

y = arctanz < tany = x,Vy € (—g; ) Vi € (—o0,+00);

Chd y 1.6.

e Noi chung f og # go f, nghia la phép hgp dnh xa khong c6 tinh giao
hoan.

e Theo thoi quen ngudi ta thuong ky hieu ham s6 14 y con bién s6 1a x,
ké ca truong hop ham ngudce ctia mot ham nao d6. T dinh nghia suy
ra rang do thi clia ham s6 va ham s6 ngude ctia né doéi xiing nhau qua
duong phan giac thit nhat: y = z.

e Néu f: X — Y 1a mot song anh c6 anh xa nguge f~!:Y — X, khi
d6 6 thé kiém tra lai duge f~'o f = Idx va fo f~! = Idy.

e Chi anh xa la song anh mdéi c6 anh xa ngugce.

e Anh xa nguge clia mot song anh ciing 13 mot song anh.
Bai tap Chuong 1
> 1.1. Tim mobi lien heé gitta hai tap hop sau:

a) A={reR|2*>—4x>-3},B={zeR|z—-1<0};

b) A la tap tat ca cac s6 thuc khong am, B 1 tap tat ca cac so6 thuyc 16n hon
hoac bang gia tri tuyét déi ciia chinh né.

> 1.2. Cho A, B,C, D la cac tap con ctia E. Chitng minh réng:

a) A\ B =0 khi va chi khi A C B;
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b) NN\uAcCc B,CcDthh AUCCBUD,ANC C BND;
c) Neu AUC C AUB,ANC Cc ANB thi C C B.

> 1.3. Cho A, B 13 hai tap con ciia E. Ching minh rang
a) ACB— BCA;

b)) ACB— AUB=B — AUB=E;

¢) ACB— ANB=A— BNA={);

d) A\ (A\ B)=AnNB;

e) AN(B\C)=(ANB)\ (ANC);

f) AU(B\A)=AUB.

> 1.4. Cho A, B,C, D la cac tap con ctia E. Chitng minh réng
a) ANB#0 — (Ax B)N (B x A) #0;

b) (AxC)N(BxD)=(ANB)x (CND,).

> 1.5. Cho tap A = {z,y, 2}, viét P(A).

> 1.6. Cho A = {1,2,3,4,5,6,7,8)}, B = {1,3,5,7,9} , C = {4,5,6} va
D = {2,5,8} 1a céc tap con cua X = {1,2,3,4,5,6,7,8,9,10}.

a) Liet ké cdc phan tif trong cac tap AN (BUC) va (DN B) UC;
b) Biéu dién mdéi mot tap {5}; {2,8}; {4,6,10} theo cac tap A, B, C, D.

> 1.7. Chiing t6 cac anh xa v6i cong thitc xac dinh anh sau 14 don &nh nhung
khong toan anh

= m’ b) f(z)

> 1.8. Chiing t6 cac anh xa véi cong thitc xac dinh anh sau la toan anh nhung
khong don anh
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x3+1.

_x2—3m+1
241’ ’

a) f(r) = b) f(x) =

r—1

> 1.9. Anh xa f : R — R ¢6 cong thic xac dinh anh f(z) = 2 + 5 1a don
anh, toan anh, song anh? Tim cong thiic xac dinh anh clia 4nh xa ngudc néu
ton tai.

>1.10. Anhxa f: [~1;1] — [~1;3] ¢6 cong thitc xac dinh anh f(z) = 2% —2z
la don anh, toan anh, song anh? Tim cong thiic xac dinh anh ctia anh xa ngugc
néu ton tai.

> 1.11. Cho hai 4nh xa f, g : R? — R? ¢6 cong thiic xdc dinh anh nhu sau

f(z,y) = 2z +y, 5z + 3y);
9(z,y) = 2r + 4y, z + 2y).

a) Ching t6 anh xa f v6i cong thic xac dinh anh trén 1a song &nh;

b) Anh xa ¢ v6i cong thiic x4c dinh anh trén c6 phai mot song anh khong?
c¢) Viét cong thitc xac dinh f=1;

d) Tim tap anh ctia mdi anh xa;

e) Xac dinh cac tap f~1(0),g'(0), véi 6 = (0,0).

> 1.12. Cho anh xa f: X — Y, A, B C X. Chitng minh rang:

a) AC B= f(A) C f(B);
Tim vi du ching t6 f(A) C f(B) nhung A ¢ B;

b) f(ANB) C f(A)N f(B)
Tim vi du ching t6 f(A) N f(B) ¢ f(AN B);

c) f(AUB) = f(A)U f(B).
Néu f don anh thi
d) f(A) C f(B)= A C B;

e) f(ANDB) = f(A)N f(B).
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> 1.13. Cho anh xa f: X — Y, C, D C Y. Chting minh rang:
a) f~H(CND)=fHC)n f~H(D);
b) fH(CUD)=f"HC)U fH(D);

c) fTHC\D) = f7HC)\ f7HD).

> 1.14. Ky hieu h = go f la hgp ctia hai anh xa f : X — Y, g: Y — Z.
Chitng minh rang:

a) Néu f,g don 4nh thi i don anh;

b) Néu f, g toan anh thi i toan anh;

c) Néu h toan anh thi g toan anh;

d) Néu h don anh thi f don anh;

e) Néu h don anh va f toan anh thi g don 4nh;
f) Néu h toan anh va g don anh thi f toan anh.

> 1.15. Cho hai song anh o, u ctia tap {1,2,3,4}, ky hiéu nhu sau

12 3 4 1 2 3 4
o= =

3 4 1 2 4 3 2 1
trong d6 hang dudi 1a anh ctia anh xa.

a) Xac dinh ooy, poo;
b) Xac dinh o1, u=1;

c¢) Ching minh (copu)t=ptoo™t

Huéng dan giai bai tap Chuong 1

>1.1.a) A= (—o00,1)U(3,00),B =(—00,1)= B CA;

>1.2.a) AB#0eJre ABe3Jrec ANz ¢ B AZ B



Hudng din giai bai tap Chuong 1 33

b)x €c AUC = (€ A)V(re ()= (re B)V(xeD)=ze BUD,
reANC=(xecAN(zrelC)=(xeB)N(xeD)=x€ BnND;

c) xeC:

e NbeuzcAthizrc ANC=a2c ANB=2¢c B,
e Nbur ¢ Avire AUC=2€ AUB= 1€ B.

> 1.3. Stt dung logic ménh deé.

> 1.4. Stt dung logic ménh de.

> 1.5, P(4) = {@,{x}, fwh 21 f b {2 z},A}.

>1.6.a) AN(BUC) ={1,2,3,5,7,8}, (DNB)UC ={1,3,4,5,6,7,9};

b) {5} =ANBNCND; {28 =(AUBUC)ND, {4,6,10} = (AnB) U
(CND).

> 1.7. Xét phuong trinh f(z) = y.

x+4 1
Phuong trinh ¢6 duy nhat nghiem z = 1?/;27 Yy # 5 .
— <2y
Vay f don anh nhung khong toan anh.
2x — 3
b) ’ z =y 2r—3=y(x—05),Vr #b5;
l‘ —
. 3—-5
Phuong trinh c6 duy nhat nghiém x = 5 y,Vy #*2.

Vay f don anh nhung khong toan anh.

> 1.8. Chitng minh ring phuong trinh f(z) = y luon ton tai nghiém véi moi
y va nghiém khong duy nhat.

> 1.9. Phuong trinh 2® + 5 = y luén ton tai duy nhat nghiem » = ¢y — 5
v6i moi y € R. Vay f 1a mot song anh, do d6 f c6 anh xa nguge y — = =
= y) =y =5

> 1.10. Phuong trinh 2% — 22 = y,y € [—1; 3] luon ton tai duy nhat nghiem
r=1—+/y+1v6imoiye [-1;3]. Vay f la mot song anh, do d6 f c6 anh xa
nguocy —r=f"Hy)=1—y+ 1L
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> 1.11. a) Phuong trinh f(z,y) = (X,Y) & 2z +vy,5z+3y) = (X,Y) tuong
20 +y=X

Sr+3y =Y.

V6i moi (X,Y) € R? he phuong trinh luon c¢6 duy nhat nghiem z = 3X —
Y,y = —-5X +2Y. Vay f la mdt song anh;

duong véi hé phuong trinh

b) Phuong trinh g(z,y) = (X,Y) < (22 + 4y, z + 2y) = (X, Y) tuong duong
20+ 4y =X

r+2y=Y.

Hé phuong trinh c¢6 nghiém khi va chi khi X = 2Y.

Khi X = 2Y thi hé phuong trinh tuong duong v6i mot phuong trinh nén
c6 vo s6 nghiem.

véi hé phuong trinh

Vay g khong toan anh va khong don anh;
c¢) Cong thiic x4c dinh anh ctia anh xa nguge f~1:

(X,Y) = (z,9) = f1(X,Y)= (38X =Y, =5X +2Y);

d) Imf = f(R?) =R? Img = g(R?) = {Y(2,1) | Y € R};

e) f71(0,0) = {(0,0)}, g7(0,0) = {y(-2,1) |y € R}.

>1.12. a) ye f(A)=TrecA:y=f(zr)=re€ B=y= f(x) € f(B);
Xéty = f(x) =2* A=[-1,1],B=10,2] ¢6 f(A) C f(B) nhung A ¢ B.

b) f(ANB) C f(A)va f(ANB) C f(B)= f(ANB) C f(A) N f(B).
Xéty=f(z) =2%A=[-21],B=[0,2] c6 f(A) N f(B) £ f(ANDB);

c)ye f(AUB)= Jr € (AUB) :y=f(z) oy=f(r):x € AVzr € B&

y € f(A)Uf(B).
Khi f don anh

d)zeA=y=f(x)e f(A) = ye f(B)= 3 € B: y= f(z/). Vi f don

anh nén z = 2’ € B;

e) ye f(ANf(B)=3dx € A, I’ € B:y= f(x) = f(2'). Vi f don anh nén
r=2'€e ANB=ye f(ANB).

>1.13.a) 7€ fY(CND) & y=f(z) e (CND) (y: fla) e c) A (y:
fla) € D) = <9c c f—l(C)) A (:c c f-l(D)) sze fHO) N YD)
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b) 2 € f{CUD) &y =fz)e(CuD) & (y=fx)eC)V (y=f2) €
D) = (x e f—l(C)) v (x e f—1<D)) sre fYC)U YD)

o) we fHC\D) &y = f(z) € (C\D) & (y=fl@) € C) A (y= fla) ¢
D) & (zefHO)A(xg U D) e ae MO\ D)

> 1.14. a) h(z) = ha') = g(f(x)) = g(f(z")) = f(x) = f(a') = & = '

b) h(X) = (go f)(X) = g(f(X)) = g(¥) = Z;

¢) MX) = (go/)(X) =g(f(X))=Z = Z=g(f(X)) CylY)C Z=g(Y)=
Z.

d) f(z) = f(2') = g(f(x)) = g(f(2')) = h(x) = h(z') = = = 2
e) 9(y) =9(y); 9(y) = g(f()), 9(¢) = g(f(2')); = z = 2" = y =y

f)y Vy eY; dz € X : h(z) =g(y); g don anh do d6 y = f(x).

> 1.15. a) ) ]
1 2 3 4 1 2 3 4
oo = , oo = :
21 4 3 2 1 4 3
b) ] ]
L1234 1234
ol = , op= ;
3 4 1 2 4 3 2 1
c)
(1 2y 3 09
1 2 3 4
T T steet - = (con)”
3 s 1 s 4 2 1 4 3
\ 4 2 3
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Khai niem khong gian véc to c¢6 nguon goc tit vat 1y. Ban dau cac vée to la
nhitng doan thing c¢6 dinh huéng, véi khai niem nay ngudi ta da si dung dé
biéu dién cac dai lugng vat Iy nhu: véc to van toc, luc tac dong, luc dien tir ...
Cac nha vat 1y con sit dung phuong phép véc to Fresnel dé tong hop cac dao
dong diéu hoa. 0 pho thong trung hoc ta da ding véc to dé nghién citu hinh
hoc, vat ly. D6 1a mot dai luwgng ¢6 huéng.

Cudi thé ky 17 Dé Cac da dé xuat phuong phap toa do dé gidi quyét céc
bai toan hinh hoc. V6i phuong phép nay mdi véc to trong mat phing ducc
dong nhat v6i mot cap s6 1a hoanh do va tung do con véc to trong khong gian
duge dong nhat v6i bo ba s6. Cac phép toan clia véc to (cong véc to, nhan 1
s6 v6i véc td) c6 theé chuyen tuong ting bing phép toan trén cic bo s6 va thod
man mot s6 tinh chat nao d6. Trong nhiéu linh viyc khac chiing ta ciing thay
nhitng d6i tugng khac nhu cac da thitc, ham s6, v.v... ¢c6 cac phép toan thoa
man cac tinh chat tuong tu cac véc to. Diéu nay dan dén viec khai quat hoa
khai niém véc to.

Khai niém véc to dude sit dung trong cac mo hinh kinh té va céc bai toan
vé qui hoach tuyén tinh. Hoc tot chuong nay sé gitip sinh vién khdi nganh
kinh té c6 kién thic dé hoc t6t mon Toan kinh té va cdc mon chuyeén nganh.
Khong gian véc to (con goi 1a khong gian tuyén tinh) 14 nén tang clia mon dai
s6 tuyén tinh. Trong khuon kho hoc phan Toan cao cap 2, ta chi xét khong
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gian véc to thyc n chiéu, v6i n 13 s6 tuy nhien.

Ching ta thay khai niem khong gian véc to duge hinh thanh qua mot qua
trinh lau dai trén co s cac thanh tyu ve 1y thuyét cling nhu ting dung thuc té
va ¢6 tinh khai quat hoa cao. Vi vay dé hoc tot chuong nay doi héi ngusi hoc
phai nam vitng khai niem khong gian véc to véi mitc do tritu tuong cao, con
cac mo hinh cu thé la cac khong gian 2 chiéu, 3 chiéu ma ta da biét & chuong
trinh pho thong.

Maic dit pham vi 4p dung ciia chuong doi véi sinh vien khoi nganh kinh té
chi gi6i han trong khong gian R"™, nhung chung t6i van trinh bay chuong nay
mot cach tong quat trong mic do co6 thé dé cung cap cho ngudi hoc nhing
kién thitc co ban vé khong gian véc to.

2.1. Khai niém va tinh chat ctia khéng gian véc to
Tru6e hét, ching ta nghién ctiu mot cach khai quat vé khong gian véc to.

2.1.1. Dinh nghia khong gian véc to

Dinh nghia 2.1. Tap hop V khéc () dugc goi 1a khong gian véc to thic néu:

1. Trén V ¢6 phép toan trong
(H): VXV -—V
(u,v) — u+v.
2. Trén V' c6 phép toan ngoai
() RxV —V
(v, u) — au.

Hai phép toan trén théa man 8 tien dé sau, ding véi moi u,v,w € V va
a, B eR:

V1) (u+v)+w=u+ (v+w);
V2) Ton tai phan ti khong 6§ € V sao cho u + 6 = 6 + u = u;
V3) V6i moéi u € V ton tai phan ti d6i —u € V sao cho

u+ (—u) = (—u) +u=0;

Vi) u+v=v+uy
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V5) (a+ p)u = au + Pu;
V6) a(u+v) = au + av;
V7) (af)u = a(fu);

V3)

—_

u =

Cac phan tit ctia V' dude goi 1a cac véc to, cac phan tit ciia R duge goi 1a
cac phan tit vo huéng. Ta ciing khong can st dung ky hiéu miii tén cho céc
véc to cua V.

Bon tien dé V1-V4 chimg t6 phép cong véc to (+) c6 4 tinh chat: két hop,
ton tai véc to khong, moi véc to c6 véc to doi, phép cong véc to c6 tinh giao
hoan. Bon tien dé V5-V8 chiing t6 phép nhan (.) ¢6 4 tinh chat: phan bd, két
hop va phép nhan véc to v6i don vi. Cac tinh chat nay duge khai quat hoa
t cAc phép toan cong véc to va nhan mot sd véi véc to ma ta da biét trong
chuong trinh Toan pho thong.

Vi du 2.1. Ky hieu R, la tap hop cac véc to tir do trong trong mat phang, Rs
1a tap hgp cac vée to tu do trong khong gian (trong d6 ta dong nhat cac véc
to tuong dang: cac véc to cling phuong, ciing huéng, cing do dai). Xét phép
cong hai véc to theo quy tac hinh binh hanh va phép nhan mot s6 thuc véi
mot véc to theo nghia thong thuong thi Ry, R 1a hai khong gian véc to thue.

Vi du 2.2. Trong mit phing véi hé toa do Oxy mdi véc t6 dong nhat véi toa
do 1a cap so thyc (hoanh do, tung do).

U= (r,y):; V=) thh @ +7 =@+, y+vy):kd = (kz, ky),Vk € R.

Tuong ty trong khong gian véi he toa do Oxyz mdi véc to dong nhat véi toa
do 1a bo ba s6 thyc (hoanh do, tung do, cao do), khi d6 phép cong hai véc to
va phép nhan mot s6 véi véc to dude thiyc hién qua toa do nhu sau:

(z,y,2)+ (2", ¢, 2) = (e + 2,y + v, 2+ ) k(z,y, 2) = (kx, ky, kz),Vk € R.

Khai quat hoa phép cong hai véc to va phép nhan mot s6 véi véc to nhu
trén ta c6 hai phép toan xac dinh trong R" = {(z1,29,...,2,) | 2; € R,i =
1,...,n} nhu sau:

('rlv"”xn)—i_(ylu'”’yn) - (I1+y1,--.,$n+yn);
k(xy,...,z,) = (kxy,..., kx,), VkeR.
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Hai phép toan nay théa man 8 diéu kién V1)-V8) ctia Dinh nghia 2.1 do

d6 R™ la khong gian véc to véi véc to khong ctia R™ 1a 6 = (0,...,0), véc to
—_——
n phan ti
doi cta x = (x1,...,2,) 1& —2 = (—21,...,—1,) .

Vi du 2.3. Dit P,[z] 1a tap cic da thitc bac nhé hon hodc bang n,n la sb
nguyén duong cho trude

Pn[w] = {p(l’) ’p(l‘) =ay+a T+ +anxn;a07a17"'7an € R}

Xét P,[x] v6i phép cong hai da thitc va phép nhan mot s6 véi mot da thic.
Vi tong hai da thitc bac nhé hon hosic bing n, tich mot sé véi mot da thiic
bac nhé hon ho#c bang n cling 13 mot da thite bac nhé hon hodc bang n.

Hai phép toan nay thoa man 8 dieu kien V1)-V8) ctia Dinh nghia 2.1 vdi
véc to khong tuong ting 1a da thitc § (da thiic bac 0 véi he s6 bang 0). Vay
P,[z] 1a mot khong gian véc to thuc.

C6 thé kiém tra dugc ring tap hop céc da thitc bac bing n, n 1a s6 nguyén
duong cho trude véi phép cong da thiic va phép nhan mot s6 v6i mot da thiic
khong phai 1a khong gian véc to. Vi tong hai da thiic bac n chua chic la da
thiic bac n, khong ton tai phan ti 0 déi v6i phép cong.

Chu y 2.1. T day ta qui u6c chi n6i gon la khong gian véc to hay khong
gian thay cho khong gian véc to thuc.

2.1.2. Tinh chat co ban ctia khong gian véc to
Dinh ly 2.1.
1) Trong khong gian véc to, véc to khong 0 1a duy nhat.
2) V6i moi u € V, véc to dbéi —u ctia u 13 duy nhat.
3) ku=60<
u=40.
4) (=k)u = k(—u) = —(ku),Vk € R,Vu € V. Déc biét, (—1)u = —u.

5) Gid st uq,...,u, la cic véc to ctia khong gian véc to V, khi d6 v6i moi
s6 thuc aq, ..., a, thi aquy + -+ - + au, (goi 1a mot to hop tuyén tinh clia
Uy, ..., Uy,) cing la mot véc to cua V.
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Chting minh.
1) Gié si c¢6 hai véc to khong la 6y, 0, khi d6 tit V2) ta c6 0 = 6 + 0y = 0s.
2) Gid st u co6 hai véc to dbi uy, ug, khi do
up = uy + 0 =up + (u+ug) = (ug +u) +uy = 0 + uy = uy.
3) («): Néu k=0 ta c6
Ou = Ou+6 = Ou+(u+(—u)) = Outlu+(—u) = (0+1)u+(—u) = ut(—u) = 0.

Néu u = 6 ta co

kO = k6 + (k6 + (—k0)) = kO + k6 + (—k0)
=k(0+0)+ (—kO) = ko + (—kO) = 0.
. R 1
(=): Gid st ¢6 ku = 0. Néu k # 0 thi ton tai Z € R. Do dé,

1 1 1
u=1lu= (Ek> u= E(k:u) = 29 =0.

H VeeRNVueV 0=k =FLF@u+ (—u)) =ku+k(—u) = ku+ (—k)u
= (—k)u = k(—u) = —(ku).
5) Dugc chitng minh quy nap theo n. O

Tt dinh nghia va tinh chat ctia khong gian véc to ta c6 thé md rong cac
khai niém sau:

a) Hiéu cua hai véc to: u — v := u + (—v);
b) Luat chuyén vé: u+v =w & u = w — v;
c¢) Luat gian uéc: u+v=u+w = v =w.

Dinh nghia 2.2. Trong khong gian véc to V, véc to v bat ky goi la biéu dién

duoe thanh mot to hop tuyén tinh clia cac véc t0 U, . . ., Uy, NéU ton tai cic sd
thuc o, ..., o, sao cho v c6 thé viét dudi dang

n
V= E Aplp = QU1 + -+ + aply.
k=1
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2.2. Khong gian véc to con

2.2.1. Khai niém khong gian véc to con

Dinh nghia 2.3. Gia st W # ) 1a tap con ctia khong gian véc to (V, +,.). Néu
hai phép toan trong V c6 thé thu hep vao W va théa man 8 tien dé V1)-V8)
trong Dinh nghia 2.1 thi W dugc goi la mot khong gian véc to con cia khong
gian véc to V' (hay néi tat: khong gian con ctia V).

Vi du 2.4. Gia sit (V,+,.) la khong gian véc to. Khi d6 V' 1a khong gian con
cia V' va {0} cing la khong gian con cta V.

Dinh 1y sau day chi ra rang néu 2 phép toan trong V c¢6 thé thu hep dudc
vao W thi cac tien dé V1-V8 luon thod man, do d6 W 1a khong gian véc to
con cia V.

Dinh 1y 2.2. Gia st W 1a mot tap con khac rdng ctia V. Hai ménh dé sau
day tuong duong:

i) W la khong gian véc to con ctua V;
ii) W 6n dinh véi hai phép toan ctia V, nghia la:

Véi moi u,v € W thi u+v € W (W &n dinh v6i phép cong);
Véi moi v € W, véi moi o € R thi au € W (W &n dinh v6i phép nhan).

Chiing minh.

(i) = (ii): Hién nhién theo dinh nghia.

(i) = (i): Vi W # @ nén ton tai u € W. Do tinh 6n dinh clia hai phép
toan tit V' vao W va ap dung Dinh 1y 2.1 ta ¢6: § = Ou € W (théa méan V2),
v6i moi u € W, —u = (—1)u € W (théa man V3)). Céc tién dé con lai hién
nhién dang. Vay W la khong gian véc to con cua V. OJ

Vi du 2.5. Ap dung Dinh Iy 2.2, ta chiing minh dugc:

| 2,y € R};

9

9, 0)
Wy ={v=(y,9,2) |y, 2 € R};
c) Wy = {v=(2,0,0) |z € R};
. 2) ER¥ o+ 2y =02 —y+ 32 = 0}

Y
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e) Ws={v=(r,y,2) € R} |z — 4y + 32 =0}

1a cic khong gian con ciia R3.
Vi du 2.6.
a) Tap Ws = {U = (l’,y,l) ‘ T,y € R}a

b) Tap Wy = {v = (z,y,2) € R* | 22 + 3y — 5z = 0},
khong phai 1a khong gian con ciia R? vi khong thoéa man diéu kién ctia Dinh
Iy 2.2. Ta cling nhan thay riang véc to # khong thuoc W.

2.2.2. Su hinh thanh khéng gian véc to con
Ta sé chi ra mot vai cach hinh thanh nén céc khong gian con ctia V.

a. Khong gian con sinh béi hé véc to

Dinh 1y 2.3. Cho hé S = {uy,ug,...,u,}t,u; € Vyi =1,...,n. Tap hop W
gom tat ca cac to hop tuyén tinh ctia S 1a mot khong gian con ciia V. D6 1a
khong gian con nhé nhat ctia V' chiia hé S, ky hiéu SpansS.

W:{UEV]v:Zakuk;al,...,anER} =: Spans.

k=1

Chiing minh.
Goi W la tap tat ca cac to hop tuyén tinh ctia S. Ta ching minh W la
khong gian con bé nhat ctia V chita S.

1) V6i moi u; € S thi u; = lu; € W, vay 0 £ S C W.

i) Véimoiu e Wov € W:u=apu+-+apt,,v=0ruy+- -+ Byu, € W.
V6i moi 7,0 € R

yu 4 0v = y(oqug + - - + apiy,) + 8(Br1ug + - - + Bouy)
= (you 4 0B1)us + - - - + (yan + 68, )u, € W.

Vay W 6n dinh v6i hai phép toan ctia V. Theo Dinh 1y 2.2 thi W 1a khong
gian con cua V chta S.

Gia st W' la khong gian con ctia V' chita S, khi d6 v6i moi

ueW :u=au + -+ ayu,.



2.2. Khong gian véc to con 43

Vi W’ chia S nén uy, ..., u, € W', do d6 (theo y 5) Dinh 1y 2.1)
u=au + -+ apu, € W

Vay W C W’. Né6i cach khac W 1a khong gian con nhoé nhat ciia V' chiia
S. O

Dinh nghia 2.4. W = Span$§ dugc goi la khong gian véc to con cia V' sinh
bdi hé vée to S. Dong thoi S dude goi 1a hé sinh ctia W.

Vi du 2.7.
a) {e1 =(1,0,0),es = (0,1,0),e3 = (0,0,1)} 1a mot he sinh ctia R? vi
V(x,y,2) € R®: (z,y,2) = 2(1,0,0) + y(0,1,0) + 2(0,0,1).
b) Tuong tu {e; = (1,0,...,0),e2 = (0,1,...,0),...,e, = (0,0,...,0,1)} 1a
mot hé sinh cua R".

c) Tap Wi = {u = (z,v,0) | z,y € R} 6 Vi du 2.5 la mot khong gian véc to
con clia R? sinh bdi hé hai véc to {e; = (1,0,0),es = (0,1,0)}.

Ta ciing c6 thé viét
u=(z,y,0) =x(1,0,0) + y(0,1,0) = 2(1,1,0) + (y — x)(0, 1,0).
N6i cach khac Wy = Span{(1,0,0), (0,1,0)} = Span{(1, 1,0),(0,1,0)}.

Diéu nay ching t6 mot khong gian véc to con c¢6 thé duge sinh béi nhicu
hé véc to khac nhau.

d) Tap Wy = {u = (y,v,2) | y,z € R} 6 Vi du 2.5 1a mot khong gian véc to
con ctia R? sinh bdi hé hai véc to {u; = (1,1,0),u = (0,0,1)}.

Chii ¥ 2.2.
e Gid st S ={uy,...,u,} 1& hé sinh ctia V', nghia la Span S = V. Khi d6

vl moi v € V:

n
v = E QplUp = QU1 + -+ + QpUp; g,y ..., 0y € R
k=1

e Khong gian véc td c6 mot hé sinh hitu han goi la khong gian hitu han
sinh. Gido trinh nay chi han ché xét cdc khong gian hitu han sinh.
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b. Giao cua cac khoéng gian con

Dinh 1y 2.4. Néu Wy, W, 1a hai khong gian con ctia V' thi Wi N W, ciing 1
khong gian con ciia V. Ta goi khong gian véc to con nay la giao cua cac khong

gian con Wy, Ws.

Ching minh.

Ap dung Dinh Iy 2.2 ta dé dang suy ra diéu can ching minh. O

Vi du 2.8. Xét Wy, Wa, Wy, Wy, W5 & Vi du 2.5 thi

v=(,y,2) EWiN Wy 4" (z,,2) € W,

v=(r,y,2) € Wy
SUv= (yayvo)nyR

Vay Wi N, = {y(1,1,0);y € R} = Span{(1,1,0)}.

Tuong tut ta co

v=(2,y,2) € Wy

U= (x7y72) e W3

v =(0,0,0).

v:(x,y,z)€W2ﬂW3<:>{

r+2y=0 x =0
v=(z,y,z2) eWyNWs & (x—y+32=0 <<y=0 <v=(0,00).
r—4y+32=0 z2=0

2.3. Doc lap tuyén tinh, phu thudc tuyén tinh

2.3.1. Cac khai niém

a. Biéu dién véc td thanh t6 hdp tuyén tinh ctia hé véc ta bat ky

Theo Dinh nghia 2.2, véc to v bat k¥ dugc goi la mot t6 hgp tuyén tinh

clla cac véc t0 uq, ..., u, néu v c¢6 thé viét dudi dang

n
v = g QplUp = QU1 + -+ + QpUp; o, ..., 0y € R

k=1

Khi dé ta néi v biéu dién duge thanh t6 hop tuyén tinh ctia cac véc to

Ui, . .., Un, hay v bicu thi tuyén tinh qua céc véc to u, . ..

7uTL'
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Nhan xét 2.1.

1) T Dinh ly 2.3 ta thay ring véc to v bicu dién dugc thanh td hop tuyén
tinh clia céc véc to uy, . .., u, khi va chi khi v € Span{us, us, ..., u,}.

2) Khi véc to v ¢6 thé biéu dién duge thanh t6 hop tuyén tinh ctia cac véc to
Ui, ..., U, thi cich biéu dién c6 thé duy nhat hoac khong duy nhéat, dicu
nay phu thuoc vao dac diém ctia timg hé véc to cu thé.

3) Véc to 0 luon c6 mot cach biéu dién duge thanh t6 hop tuyén tinh qua moi
hé cac véc to uy,...,u, bat k¥ nhu sau § = Ouy + - - - + Ou,, ta goi day 1a
mot cach biéu dién tam thuong clia véc to 6 qua hé cac véc to ui, ..., Up.

T d6 suy ra néu ton tai mot he s6 a; # 0 sao cho 0 = > aju; thi ta noi
i=1
véc to 6 biéu dién khong tam thuong qua hé cac véc to uq, . .., uy,.
Vi du 2.9. Trong khong gian R? xét he véc to {u; = (0,—1),us = (1,4)} va
v = (a,b).
Gia st v = zuy + yuo. Khi do

z=4a—0b

(aab) = TU; + Yuz = ZL'(O, _1) +y(174) - (ya —T +4y) A {
y=a.

He phuong trinh trén c6 nghiém duy nhat v6i moi a,b. Vay véc to v = (a, b)
bat ky nao ciing chi ¢6 duy nhat mot cach bicu dién qua hé véc to {u; =
(0,—1),us = (1,4)}.

Do d6 véc to 6§ € R? ciing chi ¢c6 duy nhat mot cach bicu dién tam thuong
qua hé véc to da cho. Nghia la chi ¢6 thé viét duy nhat dusi dang 6 = (0,0) =
Ouy + Ous.

Vi du 2.10. Trong khong gian R? xét he véc to {u; = (0, —1),us = (1,4),uz =
(2,3)} va v = (a,b).
Gia st v = zu; + yus + zuz. Khi dé

(a,b) =x(0,—1) +y(1,4) + 2(2,3) = (y + 2z, —x + 4y + 3z2)
y+ 2z =a r=4a—b— 5z
= =
—x+4y+3z =0 y=a—2zztuyy.

Heé phuong trinh trén c6 vo s6 nghiém phu thugc z tuy ¥.
Chéng han trudng hop v = 0 = (0,0) va v = (1,6):



46 Khong gian véc to n chiéu

Vé6i z = 0:
0 = (0,0) = Ouy + Ougy + Ous; (1,6) = —2uy + us + Ous.
Véi z = —1:
0 = (0,0) = buy + 2uy — us; (1,6) = 3uy + 3ug — us.

Trong vi du nay ta thiy véc to 6, cling nhu véc to (1,6) c6 nhiéu hon mot cach
biéu dién thanh mot t6 hop tuyén tinh ctia hé véc to da cho.

Vi du 2.11. Trong khong gian R? xét he véc to {u; = (1,—-3),us = (—2,6)}.
Ta kiém tra dudc két qua sau:

e Moi véc to u = (a,b),3a + b # 0 khong thé biéu dién dugce thanh td hop
tuyén tinh ctia he {u1, us};

e Véc to 6 = (0,0) va cac véc to v = (a,b),3a + b = 0 lai c6 vo s6 cach
biéu dién dugc thanh t6 hop tuyén tinh ctia he {uy, us}, cu the:

0= (0,0) = Ou1 + OUQ = 2U1 -+ 1U2 = 2tu1 + tlbg,vt € R,

v=(a,—3a) = %(3tu1 + tug), Vit # 0.

b. Poc lap tuyén tinh
Qua cac vi du trén ta nhan thay rang: néu véc to @ c6 nhiéu cach bieu dién
thanh t6 hop tuyén tinh ctia mot hée véc to nao dé thi moi véc to bat ky ciing
biéu dién duge thanh t& hop tuyén tinh ctia hé véc to nay theo nhiéu cach.
Ta xét he véc to S thoa man dieu kien néu c6 thé biéu dién thanh t& hop

tuyén tinh ctia S thi cach biéu dién nay la duy nhat.
Dinh nghia 2.5. Cho h¢ S = {uy,...,u,} gom n véc to clia khong gian véc
to V. He S dudc goi 1a hé doc lap tuyén tinh néu
Vai,...,aq, e R:aqu1 + -+ au, =0=a;=... =a, =0.
N6i cach khac he S duge goi 1a doc 1ap tuyén tinh néu: véc to 6 chi c6 duy
nhat mot cach biéu dién thanh mot to hop tuyén tinh tam thudng qua hée S.
c. Phu thudc tuyén tinh

Dinh nghia 2.6. Hé khong doc lap tuyén tinh dugc goi 1a phu thuoc tuyén
tinh.
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Vay he S = {uy, ..., u,} phu thuoc tuyén tinh khi va chi khi ta c6 thé tim
dude aq, ..., o, € R khong dong thoi bang 0 sao cho aquq + -+ - + o, = 0.

N6i cach khéac he S duge goi 1a phu thudce tuyén tinh néu: ngoai cach bicu
dién tam thudng, véc to 6 con c6 it nhat mot cach bicu dién khong tam thuong
qua hé S.

Vi du 2.12.
a) He chita véc to 6 1a he phu thuoc tuyén tinh. That vay

Ouy + -+ -+ Ou, + 10 = 0;

b) He chi c6 mot véc to u # 0 1a he doc 1ap tuyén tinh;

c) He hai véc to {uy,us} 13 hé phu thuoc tuyén tinh khi va chi khi ching ti
1&, nghia 1a u; = aus hoac uy = auy, a € R.

Vi du 2.13.

a) Trong Ry, hai véc to phu thugce tuyén tinh khi va chi khi chiing ctiing phuong.
b) Trong Rjs, ba véc to phu thuoc tuyén tinh khi va chi khi chiing dong phing.

¢) Trong Vi du 2.11, hé véc to {u; = (1,—-3),us = (—2,6)} 1a hé phu thuoc
tuyén tinh ctia R2.

d) Trong Vi du 2.9, he véc to {u; = (0,—1),us = (1,4)} 1a he doc lap tuyén
tinh ciia R2.
e) He {v; = (1,1,1),v2 = (1,—1,—1),v3 = (1,3,1)} 1a he doc lap tuyén tinh
clia R3.
2.3.2. Tinh chat ctia cac hé déc lap tuyén tinh, phu thudc tuyén
tinh
Dinh Iy 2.5.

1) He véc to chita hé con phu thuoc tuyén tinh 1a hé phu thuoc tuyén tinh. Vi
vay, moi hé con ciia hé doc lap tuyén tinh 1a hé doc lap tuyén tinh.

2) Mot hé véc to 1a phu thudce tuyén tinh khi va chi khi c6 mot véc to 1a o
hop tuyén tinh ctia cac véc to con lai.
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3) Gia st he véc to {vy, ..., v,} doc lap tuyén tinh va u c6 thé biéu dién thanh
t6 hop tuyén tinh cac véc to ctia he {vy,...,v,} thi cach biéu dién nay Ia
duy nhat, nghia la

u:alvl+"'+anvn:ﬁlvl+"'+ﬁnvnthial:517-"7an:ﬁn-

4) Gia st he véc to {vy,...,v,} doc lap tuyén tinh. Khi d6 he {vq, ..., v,,u}
phu thudc tuyén tinh khi va chi khi u c¢6 thé biéu dién duy nhat thanh to
hgp tuyén tinh cta {vq,...,v,}.

Chting minh.
1), 2) dé dang ching minh. 3) Gid st u = vy +- - -+ v, = S1v1+- -+ Brvn,
vi he {vy,...,v,} doc 1ap tuyén tinh nen ti

0=u—u=(a;— B+ + (an — Bn)vn

suyraa; —f1=...=a, — B, =0. Do d6 a; = B1,...,a, = By

4) Gia st {vy,...,v,,u} phu thuoc tuyén tinh. Khi d6 ton tai ay, -+, ap, 3
khong dong thoi bang 0 sao cho ajv; + -+ + a,v, + fu = 0. Ro rang 8 # 0,
vi néu nguge lai mau thudn véi gia thiét he {vq,...,v,} doc lap tuyén tinh.

1
B%Oéu:—g(alvljt---—l—anvn).
Céch viét duy nhat suy ti 3). OJ

2.4. C0d sé - S6 chiéu cua khéng gian véc to
2.4.1. Hang cua hé véc to
a. Hé con doc lap tuyén tinh t6i dai ctia mot hé hiu han véc to

Dinh nghia 2.7. Cho hé véc to S gom hitu han cic véc to ctia khong gian
V. Heé con S’ctia hée S duge goi 1a mot hé con doc lap tuyén tinh toi dai clia S
néu S’ 1a he doc lap tuyén tinh va khong nam trong bat ky hé doc lap tuyén
tinh nao khéc ctia S.

No6i cach khac S’ 1a mot hé con doc lap tuyén tinh t6i dai ctia S néu:

e S’ doc lap tuyén tinh,
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e Néu them bat ky véc to nao ctia S vao S’ thi ta nhan duge hé phu thuoc
tuyén tinh.

Vi du 2.14. Trong khong gian R? tim mot hé con doc lap tuyén tinh toi dai
cua hé véc to sau

S = {Ul = (0, —1),UQ = (1,4),U3 = (2,3),%4 = (3, 8)}
Giai.
e Cac hé con c6 mot véc to ctia S déu doc 1ap tuyén tinh vi khac khong.

e Hé hai véc to bat ky ctia S 1a doc lap vi khong ti 1¢, chang han {uy, us}
1a mot he doc 1ap tuyén tinh. Nhung khi them véc to khac: {uy, ug, uz} 1a
hé phu thuoc tuyén tinh vi uz = 5uy + 2usy , {uy, us, us} 13 hé phu thuoc
tuyén tinh vi uy = 4u; + 3us.

Vay {u1, us} 1a he con doc lap tuyén tinh t6i dai ctia h¢ S da cho.

o Tuong t, cic he {ur, us), {un, s}, {us, us}. . s} cing 1 b con doc
lap tuyén tinh t6i dai ctia hé da cho.

Tinh chit ctia hé con doc lap tuyén tinh tbi dai nhu sau

1) Néu S’ 1a hé con doc lap tuyén tinh t6i dai ctia he S thi moi véc to clia
S déu bicu dién dugce thanh t6 hop tuyén tinh cac véc to ctia S’ mot cach
duy nhat (y 4) Dinh 1y 2.5).

2) Gia st {v1,...,v,} 1a he con doc lap tuyén tinh cia mot he hitu han S.
Khi dé ta c6 thé bo sung them dé duge mot hé con doc lap tuyén tinh t6i
dai cua S chia {vy,...,v,}.

That vay, néu {vy, ..., v,} khong t6i dai thi ton tai mot véc to ctia S, ky hieu
Uny1 sa0 cho hé {vy, ..., v,, vpy1} doc 1ap tuyén tinh. Lap luan tuong ti va vi
hé S hitu han nén qua trinh b sung them nay sé ding lai, cudi ciing ta dugdc
hée {v1,. .., Un, Units - -, Ungm } dOc 1ap tuyén tinh t6i dai clia S. O

Dinh 1y dudi day cho ta mot tinh chat quan trong ctia cac hé con doc lap
tuyén tinh t6i dai trong mot hé hitu han véc to.

Dinh 1y 2.6. Moi hé con doc lap tuyén tinh to6i dai ctia hé hitu han déu c6 s6
véc to bang nhau.
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Bo6 dé 2.1. (Dinh Iy thé Steinitz, hay con goi la Dinh Iy trdo véc to) Néu he
S doc lap tuyén tinh c6 n véc to va mdi véc to ctia S bieu dién duge thanh to
hop tuyén tinh céc véc to ctia hé R ¢6 k véc to thi n < k.

Chting minh.

Gia st S = {v1,...,0.}, R = {uy,...,u;}. Ta sé& chitng minh ring c6 thé
thay dan cac véc to clia hé S bang cac véc to ciia hé R dé c6 cac he R', R?, . ..
ma mdi véc to clia heé S vAn con la t6 hgp tuyén tinh cia R, R?, . ..

That vay, ta c6 vy = ayuy + - -+ + agug, v1 # 0 (vi S doc 1ap tuyén tinh)
nén a,...,q, € R khong dong thai bing 0, ta gia st a; # 0 (c6 thé danh lai
s6 tht tu ctia R), suy ra

1 9 oy,
U = —V) — —Uy — +++ — —U.
(631 (631 631
Xét he R' = {vy,us, ..., ux}. R6 rang moi véc to clia S van con 1a to hop

tuyén tinh cac véc to cia R!.

Tuong tu ta ¢6 vy = Sivy + Paus + -+ + Brug, Vi {v1,v2} doc lap tuyén
tinh, nén S,, ..., 3 € R khong dong thoi bang 0, ta gia st 35 # 0. Khi d6

s — 111 611) 53u Bku
2= Vs — U1 — Uz — ** — U
Ba B2 o Ba
Xét he R? = {vy,vo,us, ..., ux}, moi véc to clia S ciing 1a t6 hop tuyén

tinh cac véc to ctia R2.

Néu n > k, tiép tuc qua trinh nay cudi cling ta dude moi véc to ciia S 1a to
hgp tuyén tinh cac véc to ctia hé R¥ = {vy, vy, ..., v}, 12 hé con clia S. Diéu
nay mau thudn véi gia thiét he S doc lap tuyén tinh. Vay n < k. O
Chitng minh dinh 1y 2.6. (Day chinh la hé qua ctia Bo dé 2.1)

Gia st {viy, ..., vi, },{vj, .-, v; } 1a hai he con doc lap tuyén tinh t6i dai
ctia he S. Tu tinh t6i dai clia mdi he, suy ra ring moi véc to ciia hé nay 1a t6
hop tuyén tinh cac véc to ctia hé kia. Dodon < kvak <n,vayn=~k O

Cha y 2.3.

e Khai niém hé con doc lap tuyén tinh t6i dai con duge md rong sang
khong gian véc to ¢6 hé sinh hitu han. D6 1a mot he véc to: doc lap tuyén
tinh va khong nam trong bat ky heé doc lap tuyén tinh nao khac ctua
khong gian véc to.
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e Theo tinh chat ctia hé doc 1ap tuyén tinh t6i dai suy ra: Moi khong gian
véc to V hitu han sinh déu ton tai hé con doc lap tuyén tinh tdi dai S.
Moi véc to ctia V' déu biéu thi tuyén tinh mot cach duy nhéat qua hé con
doc lap tuyén tinh toi dai S.

e Tu Dinh Iy 2.6 suy ra moi hé con doc lap tuyén tinh t6i dai ciia he S
nao do trong khong gian hitu han sinh déu c6 sé véc té bang nhau.

b. Hang ctia hé véc to
Theo Chii ¥ 2.3 ta c6 thé dinh nghia hang ctia mot hé véc to nhu sau.

Dinh nghia 2.8. S6 cic véc to clia mot hé con doc lap tuyén tinh t6i dai nao
d6 cta he S duge goi la hang (rank) cia S, ky hiéu r(.S).

Quy udc hé chi c6 véc to 6 c6 hang la 0, nghia la r({6}) = 0.
Vi du 2.15. He véc to & Vi du 2.14 c6 hang bang 2.
Tinh chit ctia hang hé véc to

Nhan xét 2.2. Hang ctia hé véc to khong doi néu thuc hien mot sé hitu han
cac phép bién ddi (goi 1a phép bién doi so cap) sau lén hé S:

1) Doi chd cac vée to clia hé (hang ctia hé véc to khong phu thude vao thit tu
cac véc to trong he);

2) Them (bét) mot s6 vée to 1a t6 hop tuyén tinh cac vée to khéac clia hg;
3) Nhan mot s6 khac 0 véi mot véc to ctia he S;

4) Cong vao mot véc to cia hé S mot t6 hop tuyén tinh cac véc to khac ctia

S, thi he S bién thanh S’ ¢6 r(S) = r(5).

Vi cac phép bién ddi so cap nay khong lam thay doi s6 véc to trong mot hé
con doc lap tuyén tinh t6i dai ctia he, do d6 hang ctia hé véc to khong thay
doi.
c. M6t s6 phuong phap tim hang cta hé véc to

Dé tim hang ctia hé véc to {vy,va,...,v,} ta c6 thé sit dung 2 cach sau:

Cach 1. Ap dung dinh nghia: chi ra he con doc 1ap tuyén tinh téi dai ctia he
do, theo tiung budc nhu sau:
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e Loai cac véc to v; = 0,
o Gia st v; # 0, loai cac véc to v; ty 1é vé6i vy;

o Gid st {v;,,...,v; } doc lap tuyén tinh, khi d6 {v;,...,v;,,v;} doc lap
tuyén tinh khi va chi khi v; khong biéu dién thanh t6 hop tuyén tinh ctia

{Uil, e ,Uik}.

Cach 2. Ap dung Nhan xét 2.2 vé tinh chit ctia hang he véc to, bing cach
thuc hién cac phép bién déi so cip len hé véc to da cho dé dua vé hé véc to ma
ta dé& dang nhan dugc hang ctia n6. Khi thuc hanh ta c6 thé viét toa do cac
véc to thanh mot bang, méi véc to nam trén mot hang (hofic mot cot). Sau
d6 bién doi bang s6 nay sao cho cac phan tit khac 0 ma cac phan tit bén trai
(phia trén) déu bang 0 c6 dang bac thang theo hang (hodc theo cot).

RO rang hé cac véc to khac 6 c6 toa do dang hinh bac thang 1a hé doc lap
tuyén tinh toi dai.

Vi du 2.16. Tim hang ctia hé véc to sau
{Ul - (17 ]'7 ]'7 1)7U2 - (17 _17 17 _1)7U3 - (1737 173)7U4 - (172707 2)7”5 - (1727 172)}

Giai.

Cach 1. vy, v, khong ti 1é nén doc lap tuyén tinh. Néu vs = xv; + yv, thi

r+y=1
rT—y=3
r+y=1
rT—y=3

Do d6 x = 2,y = —1. Vay vz = 2v; — vy. Nghia 1a hé {v, vs,v3} phu thudc
tuyén tinh, loai vs.

Néu vy = zv; + yvs thi

r+y=1
r—y=2
r+y=20
T—y=2

hé vo nghiem. Vay {vy, ve,v4} doc 1ap tuyén tinh.
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Néu vs = zv; + yvy + 2v4 thi

r+y+z=1
T—y+2z=2
r+y=1
T—y+2z2=2
) 3 1 N 3 1 s
Do d6, x = 3 Y= —5,2:0. Vay vs = QU1 52 nghia 1a {vy, ve, vy, v5} phu

thudc tuyén tinh, loai vs.

Suy ra {vi,ve,v4} 1a mot he con doc lap tuyén tinh téi dai cla
{v1,v9,v3,v4,v5}. Do d6, hé véc to c6 hang la 3.

Cach 2. Viét cac véc to thanh mot bang s6 (mdi cot ting véi mot vée to),
roi bién doi tuong duong theo cot thanh bang c6 dang bac thang cot.

c1 — C1

—Cc1+co — co

p —Cc1+c3—c3
11 111 hese [t 00 00
1 -1 3 2 2 —c4+c5—>c5 |1 =2 2 1 0
1 1 1 01 1 0 0 —1 1
\1 -1 3 2 2 \1 -2 2 1 0
c1—C1 1 —
Cq4 — C2 C2 — C2
Cs — C3 ’ c3 — C3 ’
2ca +ca =y L0 0 0 0 2c3+ca —ca L0 000
co +c3 — cs5 <1 1 0 0 0 C5 — Cs <1 1 00 0
_— _—
1 -1 1 =2 0 1 -1 10 0
\1 1 0 0 0 \1 1 0 0 0

Bang s6 nay c6 dang bac thang theo cot, c6 3 cot khac khong 1a 3 véc to
doc lap tuyén tinh t6i dai. Vay hang ctia {vy, va, v3,v4, v5} 12 3.

Cha ¥ 2.4.
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e Viéc sit dung cac phép bién déi so cap ddi véi mot he véc to dé dua bang
s6 vé bang c¢6 dang bac thang hang (ho#ic bac thang cot) con goi 1a st
dung phép bién d6i Gauss.

e C6 thé st dung dinh thitc dé tim hang ctia hé véc to sé duge xét trong
Chuong 3.

2.4.2. Cd sd, s6 chiéu ciia khong gian véc to

a. Co s3 cia khong gian véc to

Dinh nghia 2.9. Mai hé sinh doc lap tuyén tinh ctia khong gian véc to V
dugc goi la mot co sd cua khong gian véc to V.

Vi du 2.17. Tit Dinh nghia 2.9 ta c6 thé kiém tra cac truong hop sau.
a) {e1 =(1,0),e2 = (0,1)} 1a mot co sé ciia R?, goi 1a co s6 chinh tic.
b) Tuong tur co s6 chinh tic clia R? 1

{e1 = (1,0,0),es = (0,1,0),e5 = (0,0,1)}.

¢) Mot cach tong quat, co s chinh tac ctia R™ 1a {e;, es,. .., e, } trong do
e1=(1,0,...,0),e2 = (0,1,...,0),...,en = (0,0,...,1).

Dinh 1y 2.7. Gi4 st {e1,e,...,€,} 12 mot hé cic véc to ctia V. Ba menh dé
sau la tuong duong:

i) He {ej,ea,...,e,} 1a mot co s ctia V;
ii) He {e1,es,...,e,} 1a he doc 1ap tuyén tinh t6i dai ctia V;
iii) V6i mdi véc to u € V ton tai mot cach viét duy nhat
u=mx161+ -+ x€;2T1,...,T, €R.

Chitng minh. (i) = (ii): Hién nhién tit dinh nghia ctia co sd.
(ii) = (iii): Suy ra ti tinh chat ctia hé doc lap tuyén tinh t6i dai.

(iii) = (i): Ro rang {ey, e, ...,e,} 1a he sinh. Ngoai ra néu xye; + -+ +
Tpe, = 0, dong thoi ta ciing ¢6 6 = Oe; + - - - + 0e,,. Do cach viét duy nhat suy
raz;=...=x,=0,do do {e,es,...,e,} doc 1ap tuyén tinh. Vay né 1a mot

cosGcua V. O
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Dinh ly 2.8. Gia sit V la khong gian httu han sinh va {vy, ..., v} 1a hé doc
lap tuyén tinh céc véc to ctia V. Khi dé c¢6 thé bo sung them dé c6 duge he
{V1, .0 Uky Ukg1y -+, Ut 14 mOt co 86 ctia V.

Chitng minh. Gid st V ¢6 mot he sinh ¢6 n véc to. Néu S = {vy, ..., v} khong
phai & co s6 thi S khong phai 1a hé doc lap tuyén tinh tdi dai, do d6 ton tai mot

vée to, ta ky hieu vg, 1, sao cho hé {vy, ..., v, ver1} doc lap tuyén tinh. Tiép
tuc qua trinh nay cudi cing ta c¢6 hé {vy, ..., Vg, Vpst, - - - Vkem } doc lap tuyén
tinh va 1a hé sinh, k+m < n (theo Bd dé 2.1). Vay {v1, ..., Uk, Uk, - -+ » Ukim}
14 mot co s can tim. O

Hé qua 2.1. Moi khong gian hitu han sinh déu ton tai co sé.

Dinh 1y 2.9. S6 véc to clia moi cd sé clia mot khong gian véc to déu bang
nhau.

Ching minh. Ap dung Bé dé 2.1 ta ¢6 hai co s6 bat k¥ ciia V déu ¢6 sé phan
ti bang nhau. O

Dinh 1y 2.9 dan dén dinh nghia s6 chiéu ctia khong gian véc to.
b. S6 chiéu ctia khéng gian véc to

Dinh nghia 2.10. S6 véc to ctia mot co s6 nao d6 ctia V duge goi 1a so chiéu
cua V, ky hieu dim V.

Néu dim V = n thi ta néi V 1a khong gian véc to n chiéu.
Quy uée dim{f} = 0.

Vi du 2.18.
a) Khong gian R" c¢6 co sd chinh tic 1a
{e1=(1,0,...,0),e2=(0,1,...,0),....en = (0,0,...,1)}.
Vay dim R" = n.
b) Khong gian Wy = {v = (0,2, z3) | z2, 3 € R} ¢6 mot co sé la
{(0,1,0),(0,0,1)}.

Do d6 dim W, = 2.
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Dinh 1y 2.10. Gid st dimV =n va S = {vy,...,v,} 1a mot hé m véc to cia
V. Khi dé:

i) Néu he S doc lap tuyén tinh thi m < n;

ii) Néu he S 1a he sinh ctia V' thi m > n;

iii) Néu m = n thi he¢ S doc lap tuyén tinh khi va chi khi S 1a he sinh.
Chitng minh. Goi B 1a mot co sd clia V. Ap dung B6 dé 2.1 cho hai he B va

S suy ra cac diéu can chitng minh. 0

Hé qua 2.2. Trong khong gian véc to n chieu V, moi hé gom n véc to doc
lap tuyén tinh hoac hé sinh déu 1 co s6 cia V.

Nhan xét 2.3.

1) Tu Dinh Iy 2.10 ¢6 thé rit ra he qua sau: Trong khong gian véc td n chiéu,
moi hé c6 nhiéu hon n véc to déu 1a hé phu thuoc tuyén tinh, he it hon n
véc to khong phai la hé sinh.

2) Theo Hé qua 2.2 dé tim mot co sd cia khong gian véc to n chiéu ta chi can
tim heé n véc to doc lap tuyén tinh hodc hé sinh.

Chang han hé hai véc to khong ty 1é khac @ bat ky clia khong gian 2 chiéu
V tao thanh co s6 cua V.

Vi du 2.19.

a) He {v; = (1,5),v2 = (3,—1)} gom 2 véc to khac # khong ti 1& nén doc lap
tuyén tinh, do d6 la mot co sé ctia R2.

b) He {v; = (1,1,1),v = (1, —1,—1)} doc 1ap tuyén tinh, nhung chi ¢6 2 véc
to nén khong phai 1a co s ctia R3.

c) He {v1, vy, v3,v4} C R3 1a he phu thuoc tuyén tinh vi c¢6 nhicéu hon 3 véc
to.

d) He {vy,v2} C R3 khong la he sinh ctia R? vi ¢6 it hon 3 véc to.

e) He {v; = (1,1,1),v = (1,—1,-1),v3 = (1,3,1)} doc lap tuyén tinh, do d6
14 mot co sG cua R3.
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2.5. Toa d6 cua véc to trong co sG

Ta da biét, néu B = {ey,...,e,} 1a mot co sd clia khong gian véc to V' thi
moi u € V deéu viét duge mot cach duy nhat (theo Dinh 1y 2.7)

u=umxie1+ -+ Tpen; T1,...,T, €R. (2.1)

Dinh nghia 2.11. Bo gom n s6 thuc (z1,...,x,) xac dinh theo cong thiic
(2.1) dugc goi 1a toa do ciia véc to u trong co s6 B ={e1,... ey}

Ta ky hieu (u)g = (z1,...,2,) 14 toa do cia véc to u trong co sé B =

{e1,...,en}

Nhan xét 2.4.

1) Toa do clia mot véc to trong hai co 86 khac nhau la khéc nhau
(u)p # (u)p-

2) Toa do ctia véc to trong bat ky khong gian thiyc nao ciing 14 mot bo cac s6
thite, s6 thanh phan bang s6 chiéu ctia khong gian véc to.

Sau khi hoc chuong 3 ta sé c6 cong thic lién hé gitta hai toa do clia cuing
mot véc to trong hai c¢o s6 khac nhau.

Vi du 2.20. Trong khong gian R? xét véc to v = (1, 6).

a) v=(1,6) = (1,0) + 6(0,1) néen (1,6) 1a toa do clia v trong cd sG chinh tac
clia R?,

b) Xét co s {e] = (0,—1),¢e5 = (1,4)},
v=2a'el +y'ey = (1,6) =2'(0,—-1) + ¢'(1,4) = (v, —2' + 4y)
y =1 ¥ = =2
= =
—x' +4y =6 y =1

Vay (—2,1) la toa do cta v trong co s6 {e] = (0,—1),¢e, = (1,4)}.
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Bai tap Chuong 2

> 2.1. Cac tap hgp sau trong R™ ¢6 phai la khong gian véc to con ciua R™
khong? Vi sao?

a) W=A{u=(r1,29,...,0,) ER" |11 =09 = ... =2, = 1};
b) W={u=(21,29,...,2,) ER" |21 =29 = ... =1, };

c) W={u=(0,2q,...,2,) € R" | 29 > 0};

d) W={u=(0,29,...,2,) ER" |29+ -+ + 2, =0}

e) W={u=(x1,29,...,2,) € R" | 2y + 22 = 0};

f) W={u=(21,29,...,2,) € R" | 2y + 2z, = 1}.

> 2.2. Tap R? vé6i cac phép toan dugc dinh nghia trong cac truong hgp sau
c6 phai 1a khong gian véc to khong? Chi 1o tien dé ma phép toan khong thoa
man.

(z,y,2) + (2, ¢, 7)) = (@ + 2"y +y, 2+ 2)
alz,y, z) = (az,y,z), «a€R;

b (:L.7 y7 Z) + (:LJ’ y,7 Z/) = (x—i_x,’y—i_y,”z—i_zl)
alz,y, z) = (2azx, 2ay,2az), o €R;

(z,y,2) + (@9, )=+ + Ly+y +1,2+2 +1)
C
alz,y,z) =(0,0,0), «a€R.

> 2.3. Hay biéu dién véc to v thanh t6 hop tuyén tinh clia uq, us, us.
a) v=(7,-2,15),u; = (2,3,5),us = (3,7,8),us = (1,6, 1);

b) v=1(2,4,5),u1 = (3,2,5),us = (2,4,7),u3 = (5,6,0).

> 2.4. He véc to nao sau day 1a co s6 cia R%:

a) up = (2,3),us = (3,7),u3 = (1,—6);

b) up = (2,1),us = (3,7);

c) up = (1,-3),us = (—=3,9);
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d) up = (10,7),us = (2,1),us = (3,0);
e) up = (0,2),us = (1,4).

> 2.5. Chiing minh he véc to {vy, ve, v3} 1a mot co s6 clia R?, tim toa do cla
u trong co sd nay.

a) u=1(6,9,14);v; = (1,1,1),ve = (1,1,2),v3 = (1,2, 3);

b) u=(6,9,14);v; = (1,1,2),v5 = (1,2,3),v3 = (1,1, 1);

c) u=(6,2,=-7);vy =(2,1,-3),v9 = (3,2,—5),v3 = (1, -1, 1).
> 2.6. Mdi he véc to sau c6 sinh ra R3 khong?

a) u=(1,1,1),v = (2,2,0),w = (3,0,0);

b) u=(1,2,3),v=(3,1,5);

c) u=(3,1,4),v=1(2,-3,5),w = (5,-2,9),s = (1,4, —1).

> 2.7. Céac he véc to dudi day doc lap hay phu thuoc tuyén tinh?

a) u=(4,-2,6),v = (6,-3,9) trong R?;

b) u=(2,-3,1),v=(3,-1,5),w = (1,—4, 3) trong R3;

c) u=(543),v=(3,3,2),w=(8,1,3) trong R3;

d) u=(4,-5,2,6),v = (2,-2,1,3),w = (6,-3,3,9),s = (4,—1,5,6) trong

> 2.8. Tim z, y, 2 néu (2, =3,4)=x(1,1,1)+y(1,1,0)+ z(1, 0, 0).
> 2.9. Tim s6 chiéu va mot co sé clia khong gian con ctia R

a) Céac véc to ¢6 dang (a, b, c,0);

b) Cac véc to c¢6 dang (a,b,c,d) véid=a+bvac=a—b;

c) Céc véc to c6 dang (a,b,c¢,d) v6ia=b=c=d.

> 2.10. V6i cac phép toan duge dinh nghia trong R™, (n > 2). Hay chiing t6
cac tap hgp sau la khong gian véc to. Trong mdi truong hop hay tim mot co
s§ va sb chiéu.



60 Bai tdp Chuong 2

a) Wiy ={u=(r1,29,...,2,) ER" | 21 =29 = ... = 2, };

b) Wo ={u=(0,29,...,2,) ER" | 29+ --- + x, = 0};

c) Wy ={u=(z1,29,...,2,) € R" | 21 + x, = 0};

d) Wy={u=(x1,29,...,2,) ER" | 27 — 22, = 0;20 = ... =z, _1}.

> 2.11. Véi gia tri ndo ctia k thi véc to u = (1,—-2,k) € R? biéu dién duge
thanh t6 hgp tuyén tinh ctia v = (3,0, —2),w = (2, —1, —5).

> 2.12. Cho 3 véc td vy, v9, v3 cia khong gian véc to V. Ching minh:

a) Néu {vy,ve} doc lap tuyén tinh thi {v; + va,v1 — vo} cling doc lap tuyén
tinh;

b) Néu {vi,vs,v3} doc lap tuyén tinh thi {v; + vy, v2 + v3,v3 + v1} ciing doc
lap tuyén tinh.

> 2.13. Ching minh rang W = {(a,b,0) | a,b € R} dugc sinh ra bdi he hai
véc to {u, v} trong hai truong hop sau:

a) u=(1,2,0),v = (0,1,0);
b) u=(2,-1,0),v = (1,3,0).
> 2.14. Chitng minh ring cac tap con sau la cic khong gian con ctia R3.

V={(z,y,2) €ER® |z +y+2=0};
W ={(z,y,2) €R*| v —y — 2z =0}

Tim mot co s6 cua V, W,V N W. Suy ra s6 chiéu clia cac khong gian con
VWV,

> 2.15. Cho cac vée t0 u = (1,-2,5),00 = (1,1,1),00 = (1,2,3),05 =
(2,—1,1) ctia khong gian véc to R3.

a) Chiing minh ring {v1, ve, v3} 14 Mot co s§ clia R3;
b) Tim toa do ctia u trong co sé {vy, ve, v3} ;

c¢) Biéu dién v3 thanh td hop tuyén tinh ctia {vy, vo, u}.
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Huéng dan giai bai tap Chuong 2

> 2.1. Truong hop b) va d) 1a khong gian véc to con ctia R". Céc trusng hop
con lai khong 1a khong gian véc to con: a), c), f) khong chita véc to khong.
Truong hop e) khong chita vée to doi.

> 2.2. a) Khong thoa man Tien dé 5;
b) Khong théa man Tien dé 7,8;
¢) Khong thoa man Tién dé 5,8.

20438+ y=7
> 2.3. a) Giai hé phuong trinh ¢ 3o+ 78 — 6y = —2
ba+88+ v=15
Nhan duge nghiem o = 11; f = —5; v =0. Vay v = 11uy + (—5)us + Oug;

Ja+28+5y =2
b) Giai hé phuong trinh ¢ 2o +48 + 6y =4
Sa + 70 =5
. . 1 ) 1 1
Nhan dugc nghiem o = —5 B = i v = g Vay v = 6(—u1 + bug + ug).

> 2.4. dimR? = 2 do d6 moi hé hai véc to doc lap tuyén tinh (khong ti 1¢)
ctia R? 1a co s6 cua R2.

e b) e) 1a co sd clia R?;
e a) ¢) d) khong phai 1a co sé ctia R2.

a+pB+v=0
> 2.5. a) Giai hé phuong trinh ¢ a+ 5 +2y =0
a+28+3y=0
Nhan duge nghiem o = § = v = 0. Vay {vy, ve, v3} doc 1ap tuyén tinh, do
d6 1a mot co s6 cua R3.
Giai he phuong trinh trén véi vé sau la toa do tuong tng ciia u = (6,9, 14)
suy ra u = vy + 2vs + 3v3;

b) Tuong tu trén va u = 2v; + 3vy + vs;

c) Tuong tu trén va u = vy + ve + vs.
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> 2.6. dimR? = 3 do d6 moi hé sinh ctia R? phai c6 it nhat 3 véc to. Moi hé
3 véc to doc lap tuyén tinh ctia R3 1a co s6, do d6 1a hé sinh.

a) He véc to u,v,w doc lap tuyén tinh, do dé 1a mot c¢d sG va 1a he sinh clia
R3;

b) Hé hai véc to u, v khong la he sinh ciia R?;

c) w=u+v,s=u—vdodé {u,v,w,s} khong la he sinh ctia R3.

> 2.7. o u= %v do d6 he véc to {u,v} trong a) phu thuoc tuyén tinh;
e Chiing minh tuong ty Cau 2.5 suy ra Heé b) doc 1ap tuyén tinh;
e Heé ¢) d) phu thuoc tuyén tinh.

>28. (2, -3,4)=(r4+y+z,x4+y,2) = x=4y=-72=>5.

> 2.9. a) (a,b,c,0) = a(L,0,0,0) + b(0,1,0,0) + (0,0, 1,0);

b) (a,b,a —b,a+b) =a(1,0,1,1) +b(0,1,—1,1);

¢) (a,a,a,a) =a(l,1,1,1) .

> 2.10. Dé dang kiém tra dugc:

{Vul,uQGWk:>U1+u2€Wk ;k:1,2,3,4.

Yu e Wi, Va € R = au € Wy,
Vay Wy, 1a céc khong gian véc to con cia R™.

a) ueW, e u=(z,z,...,z) =x(1,1,...,1); dimW; = 1;

b)
uEWQ@UZ(O,—Zxk,xg,...,mn)
k=3
=x3(0,—-1,1,...,0) + ...+ 2,(0,—1,0,...,1);
dim Wy =n — 2;
C) u € Wi s
w=21(1,0,0,...,—1) + 25(0,1,0...,0) + ...+ 2,_1(0,0,...,1,0);

dimWs =n —1;
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d) ue Wy < u=u150,1,1,...,1,0) + 2,(2,0,0,...,1): dim W, = 2.

> 2.11. u = (1,—2,k) biéu dién dugc thanh t6 hgp tuyén tinh cta v =
(3,0, —2),w = (2, —1,—5) néu ton tai z,y sao cho

3r+2y=1 r=-—1
—2x—-by==~Fk k=-8

> 2.12. a) a(vi+ve)+L(v1—v2) =0 = (a+f)v+(a—pF)va =0 = a = = 0;

b) a(vy +va) + B(ve +v3) +y(vy +v3) =0
= (a+7yn+(a+ B+ (B+Yvs=0=>a=F=~v=0.

> 2.13. a) (a,b,0) = zu+yv = 2(1,2,0) +y(0,1,0) = (z,2z + y,0)
r=a r=a
~ <~

{2x+y:b {y:b—2a;

b) (a,b,0) = zu+yv ==x(2,-1,0) +y(1,3,0) = 2z + y, —z + 3y,0)
2r+y =a T =

= =

—x+3y=> Yy =

>2.14. e u=(x,y,2) eV eu=(v,y,—x—y) =x(1,0,—1)+y(0,1,—1).
Do d6 hé véc to (1,0,—1); (0,1, —1) 1a mot co sé cta V; dim V' = 2;

(3a — b)
(a+20b).

= =

e u=(x,y,2) e W u=(zr,y,x —y) =2(1,0,1) +y(0,1,—1). Do d6 he
véc to (1,0,1); (0,1, —1) 1a mot co s6 cia W, dim W = 2;

r—y—2=0 y=—z
< u=(0,y,—y) = y(0,1,—1). Do d6 hé véc to (0,1, —1) la mot co sG
cia VW, dim(VnW)=1.

=0 =0
ou:(x,y,z)EVﬂW<:>{x+y+Z @{x

a+pf+2y=0
> 2.15. a) Giai hé phuong trinh < o +28 —~v =10
a+38+v=0

Nhan du’OC nghlém o = B = fy — 0 Vay hé VéC to {Ul, Vg, U3} dOC lap7 dO
do6 1a mot co s cta R?;
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a+pf+2y=1
b) Giai hé phuong trinh ¢ o +28 — v = -2
a+38+v=5

Nhan dugc nghiém o = —6, 5 = 3,y = 2. Suy ra u = —6v; + 3v9 + 2v3;

) 1
c) T két qué trén suy ra vs = 5(61)1 — 3vg + u).
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Ly thuyét ma tran c6 mat khap noi, trong todn hoc ciing nhu trong céc
nganh khoa hoc khac. Vi vay ching ta dé 1am tudng ring 1y thuyét ma tran ra
doi da lau lam nhung thic té 1y thuyét nay méi ra doi tit dau thé ky 19, mic
dit nhiéu loai bang s6 c6 tinh chat dic biet da duge biét dén tit hang tram nam
nay. Cac ma tran vuong xuat hien dau tién ¢ dau thé ky 19 trong cac cong
trinh vé dang toan phuong hay vé cac phép thé tuyén tinh. Phép nhan hai ma
tran vuong cap 3 duge Gauss (Gau-xo) dua ra vao nam 1801. Tén goi ma tran
dugce nha toan hoc Anh Sylvester (Synvét) dua ra nam 1850. Cayley (Ke-li) 1a
ngudi dau tién mo td mot cach tong quét cac phép tinh véi cdc ma tran bat
ky va ma tran nghich ddo (1858). Peano la ngudi dau tién dua ra cach biéu
dién mot 4nh xa tuyén tinh qua cdc ma tran. Con Gauss la ngusi dau tién sit
dung ma tran dé nghién ciu cac dang toan phuong.

Ky hiéu ma tran co dong, rat c6 ich va thuan tién trong khi thie hién céc
phép bién ddi tuyén tinh (chuong 5) va cho phép ta phat trién mot phuong
phap hoan chinh dé gidi cac hé phuong trinh vi phan tuyén tinh. Su quan
tam ctia cac nha vat 1y doi véi Iy thuyét ma tran, dic biét tang len sau khi
Heisenberg, Born, Jordan vao nam 1925 da dung né trong cac bai toan ciia co
hoc luong tii. Su phét trién ctia may tinh hién dai thuc hien dé dang nhing
phép tinh ma tran co ban cang thic day thém su tng dung rong rii ma tran
vao nhitng linh viyc khéc.

C6 ngudi vi ma tran nhu 14 s6 hoc ciia toan cao cap. Cach vi von nay hoan
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toan hgp 1y vi ma tran dugc st dung rong rai trong cac chuyén nganh khac
nhau ctia toan hoc. Vi tu cach 1a sy biéu dién clia cac phép bién doi tuyén
tinh, ma tran dudc st dung trong cac bai toan cuc tri cia ham nhiéu bién,
dao ham ham hop, ma tran Jacobi trong phép doi bién s6, giai cac hé phuong
trinh vi phan tuyén tinh. Cac ma tran duong dimg dé mo ta cac dic trung ctia
véc to ngdu nhién, mo td xac suat chuyén ciia chudi Markov trong 1y thuyét
xac suat. Ma tran con dugce st dung dé giai cac bai toan quy hoach tuyén tinh,
biéu dién cdc mo hinh kinh té ...

Ma tran va dinh thitc ngay nay luon di lién v6i nhau va ai cling nghi 1a
khai niém dinh thitc phai ra doi sau khéi niém ma tran, nhung sy thuc nguge
lai. Dinh thtc hinh thanh la nhdm dé gidi cac hé phuong trinh tuyén tinh
ma viéc lam nay da c6 mot lich sit lau doi truée d6. Khai niem dinh thic lan
dau tien dugc Leibniz (Lépnit) dua ra vao nam 1693 khi ban dén vige giai he
phuong trinh tuyén tinh. Dinh thic duge tiép tuc phét trién va nghién ctu qua
cac cong trinh cia Cramer (Corame) (Thuy si), Vandermonde (Vandécmong)
(Ha Lan), Laplace (Lapolat) (Phéap), Jacobi (ia-co-bi) (Dic)... Nguoi dau tién
nghién cttu khai niem dinh thitc mot cach he thong 1a Cauchy (Co-si) (Phép).

Trong chuong nay ta xét dén hai ting dung ctia dinh thitc d6 1a tim ma
tran nghich ddo va tim hang ctia ma tran, hang ctia hé véc to bang cach tinh
cac dinh thiic con. Trong chuong 4 ta sé ting dung dinh thtic dé giai hé phuong
trinh tuyén tinh.

3.1. Ma tran

3.1.1. Khai niém ma tran

Ching ta bat dau khai niém ma tran bang vi du sau.

Gia sit ring mot cong ty san xuat ba loai hang héa 1a G1, G2 va G3 dé
ban cho hai khach hang la C1 va C2. Doanh thu hang thang ctia nhiing mat
hang nay dugc dua ra trong Bang 3.1:

Nhu vay trong thang cong ty ban 3 mat hang G2 cho khach hang C1, 6
mit hang G3 cho khach hang C2, ... Khi dd x4c dinh nhitng con s6 nay tuong
tmg v6i khach hang ndo mua mat hang nao, ta c6 thé bé qua cac tieu dé cia
bang va viét thong tin nay dudi dang ngan gon hon nhu sau

73 4
A= (3.1)
15 6
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Bang 3.1 Doanh thu hang thang tinh theo khach hang
Lugng hang ban ra

trong mot thang
G, Go Gs

Ban cho 4 7 3 4
khach hang | Cy 1 5 6

Trong d6 cic s6 trén hang 1 1 lugng hang C) mua, trén hang 2 13 lugng hang
C5 mua. Cot 1 1a lugng hang tuong tng v6i mat hang G ... Day 1a mot vi du
vé ma tran.

Khai niém ma tran dugc dinh nghia nhu sau.

Dinh nghia 3.1. Mot bang gom m hang n cot (n, m € N*) ¢6 dang sau

a1 a12 e A1y a1 a12 e A1p
921 929 P Aon a921 a92 e Qo

A= hay A = (3.2)
Am1 Am2 ... QAmnp Am1 Am2 ... Qmp

duge goi la ma tran cd m X n.

Ma tran trong Cong thic (3.1) ¢6 2 x 3.
Ma tran A ¢d m x n cé thé duge viét tit dudi dang

A=lagl,, .. - (3.3)
a;j 1a phan i ¢ hang thi i va cot thit j clia ma tran A;
i goi 1a chi so chi hang, i =1,...,m;
j goi la chi s6 chi cot, j=1,...,n.

Khi a;; 14 s thi ta ¢6 ma tran s6. Cu thé, néu a;; 14 s6 nguyén, thuc, phitc
tuong ting ta ¢6 ma tran nguyen, thuc ho#ic phitc. Néu khong chi ro a;; thi ta
quy uéc la ma tran thuce, nghia la a;; € R.

Khai niém ma tran con dudec mé rong cho nhing déi tuong khac. Chang
han néu a;; 1a véc to thi ta c¢6 ma tran véc to, néu a;; la ham s6 xac dinh trén
tap X thi ta c6 ma tran ham ...
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Trong chuong nay ta chi xét ma tran so.

Hai ma tran A = [a;;], ., B = [b;] .., goi la bang nhau, viét la A = B,

néu ching c6 ciing ¢d, dong thoi cdc phan tit § vi trf tuong ing bang nhau.
m=m’
[aij]an = [bij]m’xn’ = n = n’ (34)
azjzbw,‘v%:l,,m,j:l,,n

Khi m = n ta néi A 1a ma tran vuong cap n. Cac phan ti a; 6 hang thi
va cot thit ¢ goi 1 cac phan tit trén dudng chéo chinh.
Tap hgp tat ca cdc ma tran c¢d m x n dude ky hieu M., .

Tap hgp tat ca cdc ma tran vuong cap n dude ky hieu M,,.

8 1
Vidu3.1l. A= |8 7

—4

2 | 1a ma trén cé 3 x 4.

ST R o)

T Yy t

Ta co ayp = 8,@12 = 17(123 = 5,@31 = T, Q34 =1..

Duéi day la tén cac ma tran thuong giap duge dinh nghia thong qua hinh
thic ctia ma tran.

Ma trgn hang la ma tran c6 1 hang.

Ma trgn cot 1a ma tran co 1 cot.

Ma tran khong 1a ma tran c6 moi phan ti 1a 0, ky hieu 1a 6.

N

Ma tran doi cia ma tran A = [a;j]mxn 12
—A= [bij]mxnabij = —CLZ‘]‘,V 1= 17,m,Vj = 1,...,7’L.

Néu ta doéi cac hang clia ma tran A ¢ m x n thanh cac cot (va do dé cac
cot thanh cac hang) thi ta duge ma tran méi ¢d n x m, goi 1a ma tran chuyén
vi clia ma tran A, ky hieu 1la A*. Cu thé:

Ma tran chuyén vi clia ma tran A = [a;j]mxn 1
A" = [cijlaxm i cij=ai,Vi=1,...,mVji=1,...,m.

Trong Bang 3.1, cdc con s6 trén hang 1, hang 2 tuong tng véi lugng mua
clia hai khach hang C}, Cy va cac cot tuong tng véi so6 lugng ba hang hoa
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Bang 3.2 Doanh thu hang thang tinh theo mat hang

Ban cho khach hang
Ch Cy
G, 7 1
Lugng hang ban ra
Gsy 3 5
trong mot thang
Gs 4 6

G4, Gy, G5 ma hai khach hang Cy, Cy mua. Biéu dién ma tran ctia Bang 3.1 1a

7 3 4
1 56

Thong tin tuong tu vé doanh s6 hang thang cé thé trinh bay theo cach khac
nhu trong Bang 3.2, trong dé cot tuong ting vdi so lieu ciia khach hang C;, O,
va hang tuong ting v6i loai hang héa G, Go, Gs. Bicu dién ma tran tuong ting
sé la

Nhu vay ma tran B la chuyén vi ctia ma tran A, nghia la B = A*.
Mot s6 ma tran vuong cap n c¢6 dang dic biét

o Ma tran duong chéo 1a ma tran vuong c6 cac phan tit khong nam trén
duong chéo chinh (duong chéo thit nhat) déu bang 0.

e Ma tran don vila ma tran chéo c6 cic phan tit trén duong chéo chinh
bang 1.
0ij=1 khii=j

Ma tran don vi cap n, ky hieu I, I,, = [8;i]nxn :
' cap T, Ay sl {5@:0 khi i # j
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10 ...0

0 1 0
I, =

00 ...1

e Ma tran tam gidc trén (tam gidc dudi ): a;; =0V i > j(a; =0V i < j).

o Ma tran doi zming: Néu A = A! thi A duge goi 1a ma tran déi xing (A la
ma tran vuong c6 cdc phan tit doi xting nhau qua dudng chéo chinh).

o Ma tran phdn doi ming: Néu A = —A! thi A duge goi 14 ma tran phan
d6i xing (A 1a ma tran vuong c6 cac phan tit doi xiing va trai dau qua
duong chéo chinh, cac phan tit trén dudng chéo chinh bang 0).

-4 1 4 -1
—4 2 5
Vidu3.2. Vi A= |2 olthi—-A=|-2 0 |,A"= :
1 09
5 9 -5 -9
a b c 0 =z vy
Xet B=1|bp d e ,C: —x 0 =z thiB:Bt,C:—Ct.
c e f -y —z 0

Vay ma tran B déi xiing va C' phan déi xiing.

3.1.2. Phép toan ma tran
1. Phép cong ma tran

Dinh nghia 3.2. Cho hai ma tran cing ¢ A = [ai;]mxn, B = [bij]mxn- Tong
cua hai ma tran A, B 1a ma tran cung ¢ duge ky hiéu va dinh nghia béi

A+B = [CZ]]an7cl] :Cllj—l-sz vOi m01 1= 1, ,m,j = 1, , n. (35)

Vi du 3.3. Gia st lugng mua cia hai khach hang C;, Cy tuong ting véi ba
loai hang héa G, Gy, G5 cia 6 thang dau nam va sau thang cudi nam dudc
cho dué6i dang ma tran A;, As nhu sau

42 18 24 48 25 32
1= y £12 =

6 30 36 9 38 40
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Khi d6 lwgng mua ciia hai khach hang C7, Cs trong ca nam la

42 18 24 48 25 32 90 43 56
A+ A = + =
6 30 36 9 38 40 15 68 76

Tinh chat 3.1 Cac tinh chéat sau day ding véi cac ma tran ciing cd:

2. Phép nhan moét sé v6i ma tran

Dinh nghia 3.3. Cho ma tran A = [a;;],nxn va s6 thuc k. Tich cia s6 thuc k
vdi ma tran A la mot ma tran cung ¢6 véi A duge dinh nghia va ky hiéu nhu
sau

kA = [kaij]an. (36)
Vi du 3.4.

a) Gia st lugng mua cta hai khach hang Cy, Cy tuong tng véi ba loai hang
héa G4, G, G5 trong mdi thang 1a khong doi va cho dudi dang ma tran

7 3 4
1 56

Khi d6 lugng mua ctia hai khach hang C7, C5 tuong tng véi ba loai hang
hoa G, Gs, G3 trong mot nam la

7 3 4 84 36 48
124 = 12 = :
15 6 12 60 72

b) Stt dung phép nhan mot s6 v6i ma tran ta c6 the riat gon

25 =15 0 . 5 =3 0
-5 50 35 -1 10 7
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3 ) x vy xr 6 4 r+y
Vidu 3.5. Tim z,y, z va w néu 3 = + )
zZ w -1 2w z 4w 3

Giai.Theo Cong thic (3.5) va (3.6) ta dugc

3z 3y x+4 r+y+6
3z 3w z4+w—1 2w+3
(3x =2 +4
3y = 6
Theo Cong thic (3.4) ta c6 y=ohyT
z=z+w-—-1
(w = 2w + 3.
Do do6 y=r+ vay Y
2z=w-—1 z=1
w =3, w = 3.

Tinh chat 3.2. Ta c6 thé kiém chiing dudc cac tinh chat sau ding v6i moi
h,k € R; A, B € M,,un:

1) k(A+ B) = kA+ kB;

3

)
2) (k+h)A = kA+ hA;
) k(hA) = (kh)A4;

)

4) 1.A= A

Nhan xét 3.1.

e V6i 8 tinh chat ctia hai phép toan néi trén, tap M., ., 1a mot khong gian
véc to thue.

e Ky hieu F;; 1a ma tran cd m x n c¢6 cic phan tit déu bang 0 ngoai trit
phan tit 6 hang ¢ cot j bang 1.
Hé cacmatran {E;; [t =1,...,m;j =1,...,n} 1a mot co sé ciia M, .

Vi du 3.6. Ma tran ¢d 2 x 3 bat ky c¢6 thé biéu dién duy nhat thanh t6 hop
tuyén tinh:
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a1 a1 ai13 1 00 010 0 01
= an + a2 + a3
21 A29 A23 0 0O 00O 00O
0 0O 0 00 0 00
+ aoq + ao9 + Qo3
100 010 0 0 1
100 000
Vay{ ey }lamét co 86 cia Maoys .
0 0O 0 01

3. Phép nhan ma tran

Phép cong hai ma tran va phép nhan mot s6 v6i ma tran duge thie hien
tuong doi quen thuoc, kha dé dang, dé hiéu. Tuy nhién phép nhan hai ma tran
la khé xa la v phtic tap. Ching ta c6 thé xét phép nhan ma tran qua vi du

don gian sau.

Vi du 3.7. Ma tran A (Cong thiic (3.1)) biéu dién lugng hang mua ctia hai
khach hang C7, Cs5 v6i ba mat hang G, Gy, G3. Gia sit gia ban ctiia ba mét hang
nay tuong tng 1a $150, $300, $500. Khi d6 cong ty sé nhan dugdc tit khach hang
Cy va Oy sb tien:

C1: 7 x $150 + 3 x $300 + 4 x $500 = $3950;

Cy: 1 x $150 + 5 x $300 + 6 x $500 = $4650.

Néu ta biéu dién bang gia dudi dang ma tran cot

150
P =300
500

va biéu dién s6 tién cong ty nhan duge theo hai hang tuong ting véi hai khach
héng Ol, 02
3950

4650
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theo dinh nghia phép nhan ma tran sau day thi ta cé thé viét két qua trén
duéi dang

150

7 3 4 3950
300| =

1 56 4650
500

Dinh nghia 3.4. Tich hai ma tran A = [a;j]mxp V& B = [bij]pxn 12 ma tran
cd m x n, ky hieu AB = [¢;;]mxn, trong do ¢;; duge xac dinh bdi cong thic:

p
Cij = Zaikbkj = anbyj + -+ apbpyVi=1,-- m;Vji=1,---,n. (3.7)
=1

Nghia la phan t& ¢ hang thi ¢ cot thi j cia AB bang tong clia tich cac
phan ti ctia hang thit i ctia A nhan vé6i cac phan tit tuong Gng clia cot thit j
ctia B. Ta minh hoa cach thiic hién tim phan tit § hang thit 4 cot thi j cia
AB trong Hinh 3.1.

Hinh 3.1 Minh hoa cach tim phan tit cia ma tran tich

Y o
1 r ke ]

: — !

v b
Yy

H | 1
r-" e R S : sz :
[ I N | =i T o A b
|\ ; 1:2' : 2']_ ?)2 -------------- ']‘,}’ﬂ : E :
R
H 1 1

1 1

I 1

| .

i P

1 [}

1 1

1 [}

-1

Nhan xét 3.2.

e Ta thay rang tich clia hai ma tran A va B chi xac dinh dugc khi s cot
ctia A bang s6 hang ctia B. Vi vay c6 thé dinh nghia AB nhung khong
dinh nghia dugc BA néu sb cot ctia B khong bang sé hang ctia A.

Ma tran gia P trong Vi du 3.7 ¢6 ba hang lan lugt 1a gia tuong ting véi
ba loai san pham G, G4, G5 viét theo cot clia ma tran A. N6i cach khéac



3.1. Ma tran 75

khi thic hién phép nhan AP thi s6 cot clia A (ba loai san pham) bing
s6 hang ctia P (gia tién ctia timg loai sdn pham nay).

e Khi thyc hién phép nhan AB s6 hang ma tran A va s6 cot clia ma tran
B la tuy ¥,
Tré lai Vi du 3.7, néu them khach hang Cs véi lugng mua tuong tng
a, b, c; khi d6 ma tran lugng mua A’ va ma tran biéu dién lugng tién cong
ty nhan dugc A’P tré thanh

7 3 4 3950
A'=11 5 6|,AP= 4650
a b c 150a + 3006 + 500c¢

Néu thém loai gia mdi 1a z, vy, z cho ba mat hang G, G5, G3 nay thi ma
tran gia P tré thanh P’

150 =«
P'= 1300 vy|,
500 =z

khi d6 ma tran biéu dién lugng tién cong ty nhan duge la

3950 Tr + 3y + 4z
AP = 4650 x + 5y + 62
150a + 300b 4+ 500c  az + by + cz

Tinh chat 3.3. Gid st A, B, C 1a céc ma tran véi so6 cot va s6 hang thich hop
dé cac phép toan sau xac dinh duge, khi dé ta c6 cac dang thic:
1) A(BC) = (AB)C: tinh két hop;

2) A(B+ C) = AB + AC: tinh phan phéi bén trai phép nhan ma tran véi
phép cong;

3) (B+ C)A = BA + CA: tinh phan phdi bén phai phép nhan ma tran véi
phép cong;

4) Véi moi k € R, k(AB) = (kA)B = A(kB):
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5) V6i moi ma tran A ¢6 m X n

I,A=A= Al (3.8)

6) Phép nhan hai ma tran khong c6 tinh giao hoan.

Phép nhan hai ma tran thuyc hién duge khi s6 cot ctia ma tran dau bang
s6 hang ciia ma tran sau. Vi vay c6 thé thuc hién duge phép nhan ma tran
AB nhung chua chic thuyc hien duge BA. Truong hop hai ma tran A, B vuong
cling cap ta c6 thé thuc hien duge phép tinh nhan AB va BA, nhung ké ca
trong trudng hop nay thi AB chua chac bang BA

Hai ma tran vuong A, B thoa man AB = BA dudc goi la hai ma tran giao
hoan.

Da thitc ciia ma tran

Dinh nghia 3.5. Gia sit p(z) = ag + a1 + - - - + ai2® 13 mot da thiic bac k.

Vé6i moi ma tran A vuong cap n, ta dinh nghia da thiic ciia ma tran A nhu

sau
p(A) = aol + a1 A+ -+ ap A" (3.9)
trong d6 A° =T, A' = A, A*=A..-A. Taco p(A) € M,,
k lan

1 2
Vidu 3.8. Cho A = va da thic p(z) = 2 4+ 4 + 4. Tim p(A).
4 =3

9
Ta c6 A% = , do do
-8 17

9 4 1 2 10 17 4
-8 17 4 =3 01 8 9

Ta ciing c6: p(z) = (v +2)%, (A +21) =

, |3 2|[3 2 17 4
= p(A) = (A+21)* = =
4 -1 |4 -1 8 9



3.1. Ma tran 77

Tinh chat ctia ma tran chuyén vi
2 . ~ 2 ~ 2 . 2 2 2 ~ -
St dung dinh nghia ctia ma tran chuyéen vi, cac phép toan ma tran ta co
cac tinh chat sau déi v6i ma tran chuyén vi.

Tinh chat 3.4.

1) (A+B)!= A"+ B
2) (KA)" = kA"

3) (AB)! = B'A".

3.1.3. Ma tran chuyén cd sd

a. Ma tran ciia mot hé véc to trong mot co sé

Cho khong gian véc to V' véi co s6 B = {ey,...,e,}, khi d6 moi véc to
u € V déu duge biéu dién mot cach duy nhat dusi dang

U = X161 + To€y + -+ + Tpep; 1, Lo, ..., T, € R.

Ta ky hiéu va goi

_xl_
(u)B = (1, 22,...,%,); [ulg = 2
_xn_
lan lugt 1& toa do va ma tran cia u trong cd sé B.
Xét mot he gom m véc to {uy,...,u,} cia khong gian véc to V.

Dinh nghia 3.6. Ma tran A = [a;;]nxm €6 cac cot lan luot la toa do clia cac

véc t0 uj, (j = 1,2,...,m) trong co sé B dugc goi la ma tran cia hé véc to
{uy, ..., uy} trong co sdé B.
ai;y a1 ... QAim
21 A29 ... QA9m
A=

aAp1 Ap2 ... Apm
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Vi du 3.9. Tim ma tran ctia hé véc to {v; = (3, —2),v5 = (1,2),v3 = (0,5)}
trong cd sé chinh tic cia khong gian R2.

Giai. Ta biéu dién céc véc to da cho trong co sé chinh tic ctia R?

v = (3,-2) = 3(1,0) — 2(0,1);
U2:( 72) 1( ) )+2(Oa1);
= 05)

1 1,0
(0,5) = 0(1,0) + 5(0, 1).

Do d6 he véc to {v1,vs,v3} ¢6 ma tran trong co sé chinh tic la

3 10
-2 2 5

A:

Vi du 3.10. Trong khong gian R? cho hé véc to

S ={u; =(2,2,6),us = (1,1,0),u3 = (0,1,0)}.
Tim ma tran cia hé véc to do6 trong co s6 B va trong cd sé B'.
a) B={e; =(1,0,0),eo = (0,1,0),e3 = (0,0,1)} (co s& chinh tic).

b) B = {v; = (1,1,1),v9 = (1,—1,—1),v3 = (1,3,1)} (da chiing minh 6 Vi
du 2.19).

Giai.

a) Ma tran ctia hé S trong co s6 chinh tic c6 cac cot 1a toa do cia S:

210
A=12 1 1
6 0 0

b) Trong co s6 B, ta xét toa do véc to bat ky theo co s6 nay:
u=(z,y,2) =avi+ o+ =(a+f+v,a-F+3y,0—5+7)

at+B+y=u a=3(r—y) +=z
Sla-F+3y=y ©(8=4(-2)
a—f+y=z v=35(y—2)
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1
Do d6 u = (z,y, 2) c6 toa do trong co s6 B’ 1a (u)p = 5(.1' —y+2z,x—
2,y — 2).

1 1
Vay (u1>8’ = (67 _27 _2) ) (u2)3’ = 5(07 17 1)7 (u3)B’ = 5(_1707 1)

Do d6 hé S ¢6 ma tran trong co sé B’ la:

12 0 —1
1

A’=§ -4 1 0
41 1

Nhan xét 3.3.

e Ma tran ctia hé véc to ctia khong gian R™ viét trong co s chinh tic duge
goi 1a ma tran chinh tdc. Dé viét ma tran chinh tic ta chi can viét lan
luot toa do ciia véc to thanh cot ciia ma tran.

e Hai ma tran ctia cing mot hé véc to {uy,...,u,} trong hai co s6 khac
nhau ctia mot khong gian véc to la hai ma tréan cung ¢6 nhung khong
bang nhau vi toa do clia mot véc to trong hai co s6 khac nhau 1a khéc
nhau.

b. Ma tran chuyén cg sé

Dinh nghia 3.7. Gid st B = {e1,...,e,},B = {€],..., €.} la hai co s6 cia
V. Ma tran cua heé véc to B’ trong co s6 B duge goi 1a ma tran chuyén te co
sd B sang co sd B'.

Nghia 13 néu: e = Etzjei; j=1,...,n,

viét cu thé:
e] =tner +taea+ -+ thie,
ey = tigey + tagey + - -+ + tpaey,

6;1 - tlnel + t2ne2 + -+ t'rmen'
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Khi d6 ma tran ctia hé véc to co sé B’ viét trong co s6 B c¢6 dang:

tin tie ... Tin
tor toy ... tlon

=" e (3.10)
tnl tn2 s tnn

Ma tran T dugdc goi la ma tran chuyén tit co sé B sang co sé B'. Ky hieu
BLB.

Hoan toan tuong ti, ta dinh nghia ma tran chuyén tit co sé B’ sang cd s
B 1a ma tran cta hé véc to B trong co s B/, ky hiéu

B LB (3.11)

Vi du 3.11. Trong khong gian R?, tim ma tran chuyén tit co sé B sang co s6
B’ va chuyén tit co sé B’ sang cd sé B, trong do6

B=1{e=(1,0),es=(0,1)},B = {e = (4,3),¢}, = (1,1)}.

Giai. B 1a co s§ chinh tic ctia R? nén ma tran chuyén tit co sé B sang B 1a
4 1

ma tran chinh tac ctia B'. Vay T = )
3 1

Toa do clia véc t0 u = (z,y) bat ky theo co s6 B’ xac dinh nhu sau:

(x,y) = ZE/(4, 3) + y/(17 1) g {

' +y = - ¥=x—y
3 +y =y Yy = =3 + 4y.

Vay u = (z,y) thi (u)B = (z,y) va (u)B, = (z —y, =3z + 4y).
C6 (e1) g = (1,-3), (€2) 5 = (—1,4).
1 -1

Do d6 ma tran chuyén tit ¢ s6 B’ sang B 1a P =
-3 4

Vi du 3.12. Trén R?, tim ma tran chuyén tit c6 sé B sang cd s6 B’ va ma
tran chuyén tit co s6 B’ sang co s6 B, trong dé

B=1{e; =(1,0,0),es = (0,1,0),e3 = (0,0,1)}

B ={v,=(1,1,1),v = (1,—1,—-1),v3 = (1,3,1)}.
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Giai. B la co 56 chinh tdc nén ma tran chuyeén tit co sé B sang co s6 B 1a ma
1 1 1

tran chinh tic cta hé véc to B’ xac dinh nhusaw: 7'= |1 —1 3].
1 -1 1

Tu cong thic toa do ctia véc to trong c¢o s6 B’ xac dinh trong Vi du 3.10
ta tim duge ma tran chuyén tit co s6 B’ sang co sé B la:

c. Cong thiic déi toa do ctia mot véc to trong hai co sd khac nhau
Dinh 1y sau cho ta cong thiic lién hé gitta hai toa do ctia cing mot véc to
trong hai co sé khac nhau.

Dinh 1y 3.1. Gid st B = {ey,...,e,}, B = {e},..., €, } 1a hai co s6 cia V.
Véi véc to bat ky u € V, gid st u = > wye; = > yie), va T 1a ma tran chuyén
i=1 i=1
tit co sé B sang B’, P la ma tran chuyén tit co sé B’ sang B. Khi d6
Tuwong tu ta cing c6 cong thiic
[ulp = Plu]p. (3.13)
(3.12), (3.13) dugc goi 1a cong thitc ddi toa do véc to.
Chitng minh. Ta chitng minh cong thic (3.12).
Gia st
u=mz1e1++Tpen, T1,...,T, €R (*)

U=yr€] + Y€, Y, Y € R, (**)
Theo gia thiét ta co
e) =tner +taea+ -+ thie,
ey = tige1 + tagey + -+ + tpaey,

6;1 - tlnel + t2ne2 + -+ t'rmen'
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Thay cac €;,i =1,2,...,n vao (**) ta ¢

u = y1(t11€1 + t21€2 + -+ tmen)—l—
+ ya(tizer + tazey + - - + tnoey)+

+ yn(tlnel + t2n€2 + -+ Zfnnen)-
Viét lai biéu thic trén ta nhan dugc
u=(tnyr +tizye + - + tipyn)er+

+ (tay1 + taoya + + - + tonyn)ea+ (55

+ (tlnyl + tn2y2 + -+ Zfrmyn)en-
Do trong mot co sé thi mot véc to chi c¢6 duy nhat mot cach biéu dién, so sanh

(*) va (***) ta c6

1 =1ty +tioye + -+ lialn
To =ta1y1 + tooyo + -+ +l2n¥n

Tp = tnlyl + tn2y2 + -+ tnnyn

Diéu nay tuong duong véi

T ti1 tiz ... t| [N
To| |t ta .. ton| U2
Tn tnl tn2 tnn Un
hay [U]B = T[U]B/. O

Nhan xét 3.4. Cong thiic thay doi toa do trong hai co s6 khac nhau viét dusi
dang ma tran cho bdi (3.10) va (3.12). Vi vay khi biét cong thitc do6i toa do
thi ta xac dinh dugc ma tran chuyén co s6 va ngude lai. Vi du sau day minh
hoa diéu dé.

Vi du 3.13. Trong khong gian véc to R?, tim ma tran chuyén tit ¢ sé B sang
cd s¢ B’ va ma tran chuyén tit co s6 B’ sang co sé B véi

B={e1 =(1,0),eo=(0,1)} va B = {e] = (4,3),e5 = (1,1)}.
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T T
Giai. Xem Vi du 3.11, véi Vu = (z,y) € R?, gia st [u]g = Julp = ;
Y Y
nghia la u = xe; + yes = '€} + y'es,.
Ta ¢6 u=x(1,0) + y(0,1) = 2/(4,3) + v'(1,1), suy ra
x =42+ '=x—
) o r=x—-Y
y:ga:./+y/ y/:_3x+4y
hay
x 4 1| || . | 1 1] |z
= dong thoi =
y 31|y y -3 4| |y

Theo cong thic (3.12) va (3.13), ta co:

Ma tran chuyeén tit co s B sang B 1a T = ,

Ma tran chuyén tit co s¢ B’ sang B la P =

Két qua nay da nhan duge bang cach dung triyc tiép dinh nghia ¢ Vi du
3.11.

3.2. Dinh thic

Dinh thtc cap 2 da dugc gi6i thieu trong chuong trinh Toan & bac THPT
khi giai va bien luan hé hai phuong trinh bac nhét hai an, trong dé dinh thiic
cap hai dugc tinh bang tich hai phan tit cia duong chéo thit nhat (dudng chéo
chinh) trit tich hai phan tt ctia dudng chéo thit hai. Trong muc nay ta xét dinh
thitc ma tran vuong cap n,n > 1.

Dé dinh nghia dinh thic cap tong quat nhu vay ta can dén khéi niéem hoan
vi va phép thé.

3.2.1. Hoan vi va phép thé

Dinh nghia 3.8.

1) Moi song anh
o: {1,2,...,n} —{1,2,...,n}

i o(i)
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duge goi 1a mot phép thé bac n tren tap {1,2,...,n}. Ten goi la phép thé
vi ta thay thé k boi o(k).

e Ta thuong ky hiéu mot phép thé bang mot ma tran c6 hang thi nhat
1a cac s6 1,2,...,n sap theo thit tu tang dan va hang thi hai 1a dnh
tuong tng cua nod

o= : (3.14)

e Ky hicu S, 1a tap tat ca cac phép thé bac n tren tap {1,2,...,n}.
e Véio,ue S, thioope S, Trong Chuong 1 ta biét tap S, c6 ding

n! phan ti, goi S, 14 nhém déi xing bac n.

2) Anh ctia mot phép thé 1a mot su thay doi vi trf clia cac phan ti trong tap
{1,2,...,n} nén goi la mot hoan vi cia tap {1,2,...,n}. Véi phép thé o,
ta c6 anh cua o la hodn v tuong tng

3) Dau ctia phép thé:
Xét phép thé o voi anh 1a hodn vi |o(1) o(2) ... o(n)].
Néu ¢6 cdp i < j ma o (i) > o(j) thi ta n6i c6 mot nghich thé ctia phép thé

o
Cach tim sb cac nghich thé ctia phép thé o:

Trong hoan vi [0(1) a2) ... a(n)] c6 i1 la gid tri sao cho o(iy) = 1.
Goi k; 12 s6 céac s trong [0(1) a(2) ... U(n)] ding truée o(iy) = 1, ¢6
the thay ki 1a s6 cac nghich thé tng véi 1;

Xoa s6 o(i1) = 1, ton tai iy sao cho o(iy) = 2, goi ko 1a s6 cac s6 con lai
trong [0(1) a(2) ... 0'(71)} ditng truée o(is) = 2, ky 12 86 cdc nghich thé
ing véi 2;

Xoa s6 o(iz) va tiép tuc dém nhu thé ...

Cudi cuing s6 cac nghich thé cia o 1a k =k + ko + -+ + kp_1.
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Gia stt k 1a s6 cac nghich thé ciia o, ta dinh nghia va ky hiéu dau ctia phép
thé o 1a

sgno = (—1)". (3.15)
Néu k chén thi sgno = 1, ta goi o 1a phép thé chén.

Néu k 18 thi sgno = —1, ta goi o 1a phép thé 1é.

.. . PR . U )
Trong moi tap S, so cac phép the chan bang so cac phép the 1é va bang 5

Chuyén trf (con goi la chuyén vi) o = [io jo} 12 phép thé chi trdo déi hai

phan tit ig, jo cho nhau va git nguyén cic phan tit con lai

o= . .. ... : .o e ‘ (3'16)

N6i cach khac o = |iy jo| 1a phép thé co tinh chét
(0 (i) = jo,io # Jo
a(jo) = o,

(o(k) =k, k # i, Jo.

Dé dang tinh duge
ki=...=ki—1=0,ki, = jo—io

ki0+1:...: j0—1:17kj0:---:kn:0-

Do d6 k = 2(jo —ig) —1 = sgno = (—1)¥ = —1. Vay moi chuyén trf 13 mot
phép thé 18.

5) V6i moi o, 4 € S,

sgn(o o i) = sgno.sgn f. (3.17)

6) Véi moi chuyén vi [io jo} va phép thé o ta co

sgno o [@'0 jo] = —sgno. (3.18)
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Vi du 3.14. Nhom déi xiing Sp ¢6 2 phan ti 1a

1 2 1 2
o] = va 09 =
1 2 21
sgnoy = 1,sgn oy = —1 (chuyén trf).

Vi du 3.15. Nhom doi xiing S3 ¢6 6 phan tit 1a

1 2 3 1 2 3 1 2 3
01 = , 02 = ,03 = 5
1 2 3 1 3 2 2 1 3
12 3 1 2 3 1 2 3
04 = , 05 = ,06 =
2 31 3 1 2 3 21
Sgn oy = sgn oy = sgnos = 1;
sgn oy = sgn oy = sgnog = —1 (chuyen tri).
} 1 2 3 4
Vi du 3.16. Hoan vi [4 2 3 1} uing v6i phép the o = la
4 2 3 1

chuyén tri o = [1 4]. Do d6 sgno = —1.

3.2.2. Dinh nghia dinh thic

Khi giai va bién luan heé hai phuong trinh bac nhat hai an

axr +by=c
adr+by=<

ta da biét cach tinh cac dinh thic D, D,, D,:

a b , , c b , , a c , ,
D= =ab —ba',D, = =cb —bc,D, = =ac —ca'.
a v d v a

13 cac dinh thitc cap hai.

. ) . R 11 Q12 ~ z .
Nhu vay dinh thic ctia ma tran A = vuong cap 2 la
G21 A22
11 Q12
|A| = = A11G22 — A12G21.

a21 A2
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Stt dung Vi du 3.14 v6i hai phép thé ctia Sy ta co

@11 Q12
|A| = = SgN 0114, (1)320,(2) T SN 020 15,(1)A205(2)
G21 Q22

= Z SgN 0A14(1)A20(2)-

oES2

Bing cach md rong cong thitc nay ta cé thé dinh nghia dinh thic ciia ma
tran vuong cap n bat ky nhu sau:

Dinh nghia 3.9. Dinh thic ciia ma tran vuong cip n goi 1a dinh thic cap n.

Dinh thtc ctia ma tran vuong A = [a;j],x, dude ky hiéu la det A hay |A|
xac dinh nhu sau:

det A = Z SEN T.015(1)-A20(2) « + - Gig (i) - - - Ano(n)- (319)

oc€Sh
Tit dinh nghia ta c6 cong thiic cu thé clia dinh thitc véi n = 1,2, 3 nhu sau:

e Khin =1, A= [a1] c6 det A = ayy, goi la dinh thitc cap mot.

. . p . ayp a2 .. L2 .
e Khi n = 2, dinh thic clia ma tran A = la dinh thitc cap hai
21 (22
a11 Q12
|A‘ = = E SgN 0U145(1)020(2) = A11A22 — G12G21-
G21 (22 o€Ss
aix G2 013
e Khi n = 3, dinh thtic clia ma tran vuong cap ba A = |ay; a9  as3
az1 a3z 0aszg
aix G2 013
Al = |an axn ax|= E : SN 0Q16(1)(20(2)A30(3)

0ES3
a3; Aazz2 ass

=@11022033 + G12G23031 + A13021032

— 11423032 — A120210A33 — 13022031 -
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Nhan xét 3.5.
1) Dinh thifc clia ma tran vuong A = [a;;],x, 12 tong gom n! s6 hang.

2) Mdi s6 hang ting v6i mot phép thé cia tap S,, gom hai phan:
- Phan dau: sgno;
- Phan s6: a1,(1)a20(2) - - - Qio(i) - - - Ano(n) 12 tich gom n nhan t, d6 1a n phan
ti trén n hang va § trén n cot khac nhau cta ma tran A. Trong moi tich
do6 khong c6 hai phan ti nao ctiing hang, cing nhu khong c6 hai phan ti
nao cung cot.

3) Ma tran vuong A = [aij]nxn 1 mot bang so6 n hang n cot, trong khi dé dinh
thic det A = |aij|nxn 14 mot so.

D6i v6i dinh thiic cap ba ngudi ta con cé cac thuat toan dé tinh dinh thic:
nhu thuat toan Sarus va qui tac hinh sao.

Thuat toan Sarus

013

N
\
>,

—asy a‘;fa-l—
—0,11 13+
Rl \

—a91 (15] az3+
+a11\+a12 +a13 - a1 — o a12 —
a9 99 , @23 _a21 22
asy as” ass a3l asp

Hinh 3.2 Thuat toan Sarus

det A = ay1a22a33 + a12a23a31 + A13G21A32 — Q11023032 — (21012033 — Q13022031 -

Quy tac hinh sao
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Hinh 3.3 Quy tic hinh sao

Dinh nghia 3.10. A I3 ma tran khong suy bién néu det A # 0.
Néu det A = 0 ta n6i A 14 ma tran suy bién.
6
4 -3
6

8 .
Ta c6 det A = =8(—3) —6(—4) = 0. Vay A la ma tran suy bién.
-4 =3

Vi du 3.17. Véi A =

7 8 7 8
V6i B = ta c6 det B = =7.9—8(—4) =95 # 0. Vay B
—4 9 —4 9

khong suy bién.
2 3 -1
Vi du 3.18. Tinh dinh thic cia ma tran A= |4 6 2
1 1 2

2 3 —1

detA=14 6 2

11 2
=262+4.1.(~1)+321—6.1.(—1) — 1.2.2 — 3.42 = 4.

2 5 x

Vidu3.19. |3 ¢y 4| = 12y+32+202—2yz—8-90 = 3x+12y+20z—xy2—98.
z 1 6

Dinh nghia 3.11. Ma tran ctia hé n véc to trong co s6 B nao dé ctia khéng

gian véc to n chiéu V' 1a ma tran vuong cap n. Dinh thic clia ma tran vuong
nay dudc goi 1a dinh thic cia hé véc to tuong tng trong co sG B.
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Cu thé néu A = [@]lnxn 1& ma tran ctia hé véc to {vy,...,v,} ing véi co
sé B, khi d6 ta ky hiéu dinh thic ctia hé véc to {vy,...,v,} tng véi co 6 B la
Dg{v1,...,v,} va bang dinh thiic clia ma tran A = [a;;]nxn-

Dp{vy,...,v,} = det A. (3.20)

Vi du 3.20. He gom 3 véc to vy = (2,4,1),v, = (3,6,1),v3 = (—1,2,2) c6 ma
tran trong co s6 chinh téc B ctia R3 1a

2 3 —1
A=14 6 2
1 1 2
2 3 —1
CodetA=14 6 2 |=4.Vay Dp{vy,ve,v3} =det A =4.
11 2

3.2.3. Cac tinh chit cd ban ctia dinh thiic

a. Dinh thitc dang tam giac
Tt dinh nghia dinh thic, ta c6 thé tinh duge mot sé dinh thitc dang dac
biet, chi tiét chiing minh xem trong [1].

1) Dinh thic clia ma tran vuong A = [a;j]uxn €6 cic phan ti ¢ dudi dudng
chéo thit nhat bang 0, nghia 1a a;; = 0;Vi > j (goi la dinh thiic tam gidc
tren), bang tich cdc phan tit tréen duong chéo thit nhéat (dudng chéo chinh).

aj; a2 aiz ... Qin
0 Q99 A923 ... QA9p

Dn =10 0 asz ... Qzp| = A11022...0nn.
0 0 0 ... apy

Ta c6 két qua tuong tu v6i ma tran tam giac dudi.
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2) Dinh thtic clia ma tran vuong A = [a;j]nx, ¢6 phan tit bén trén dudng chéo
thtt hai bang 0, nghia la a;; = 0 néu i + j < n + 1, bang tich cac phan ti

n(n—1)

trén dudng chéo thit hai nhan véi (—1)" 2

o 0 ... 0 aip
0 0 c.. Qop—1 Q2p n(n—1)
Dn = = <_ ) 2 Q1pQ2p—1---QApn1
Qpy -+ .. App-1 GQpn

Ta c6 két qua tuong ty véi ma tran A c6 cac phan tit bén dudi duong chéo thit
hai bang 0.

Vi du 3.21.
2 a b ¢
0 -7 d e
a) =2.(=7).(-1).3 =142
0o 0 -1 f
0 O 0 3

b) Dinh thitc ctia ma tran don vi cip n bat ky bang 1: det I,, = 1.

a b =z
3.2
2

Vidu 3.22. |¢ y 0| =(-1)72yz = —ayz.
z 0 0

b. Cac tinh chat ctia dinh thic dudc chiing minh nhd tinh chat cia
phép thé

Diuing tinh chat ctia phép thé bac n ta cé thé ching minh duge mot sé tinh
chat rat quan trong ctia dinh thitc. Chiing minh chi tiét xem trong [1].
Tinh chat 1. det A* = det A.
Hé qua 1. Tinh chat ndo cia dinh thitc ding véi hang thi cling ding véi cot.
Chu y. Tit tinh chat 2 tré di cac két qua ludn dude phat biéu véi hang dong
thoi véi cot.
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2 3 —1
Vidu3.23. Ovidu3.18 A= |4 6 2 |,detA=4. Suyratacé
11 2

2 4 1
detA'=13 ¢ 1| =4.
-1 2 2

Tinh chat 2. Dinh thitc d6i dau néu d6i chd hai hang (hodic hai cot) clia ma
tran.

Heé qua 2. Néu dinh thitc ¢6 hai hang (ho#ic hai cot) giong nhau thi dinh thiic
bang 0.

Vi du 3.24.
a b c a// b// C//

a) lad b d|=-|d ¥ | hang 1 ddichd cho hang 3 (H, +— Hj).
a v a b ¢
6 4 3 6
2 5 1 -1

b) =0 (Hy = Hy).
0 -1 0 4
2 5 1 -1

c) Ta co thé thay déi hang hoac cot dé dua dinh thic vé dang tam giac trén
tit d6 nhan dudgc gia tri dinh thitc can tinh.

2 3 -1 |-1 2 3
54 0|=|0 5 4/=(-1)51=-5
01 0 0 0 1

Ta da thuc hién phép bién doi Cy +— Cy +— C4.

Dé ching minh céc tinh chat don gian tiép theo ctia dinh thic ta chi can
chi ¥ s6 hang

A15(1)-A25(2) - - - ig(3) - + - Ano(n)
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trong Cong thitc (3.19) ctia Dinh nghia 3.9.

C6 thé xem chitng minh chi tiét trong [1].
Tinh chat 3. Néu dinh thiic c6 mot hang (hodic mot cot) 1a cac s6 0 thi dinh
thiic bang 0 .

Chéng han hang thtt & bang 0 khi do

det A = Z sgn 0015(1) - - - ak,la(k,l).o.ak+1a(k+1) <o Apo(n) = 0.
o€Sn

Tinh chét 4. Dinh thiic nhan lén « 1an néu nhan s6 a vao mot hang (hoi#c
mot ¢ot) nao dé ctia ma tran.

Chéng han nhan thém « vao hang thtt & clia ma tran A ta dudgc ma tran
A’ khi do

det A" = Z SEN OA15(1) - - - Qk—10(k—1)- (ko (k)) -Ckt10(k+1) - - - Ono(n)

Hé qua 3.

1) C6 thé dua thita s6 chung & mot hang (hosic mot cot) ra ngoai dau dinh
thuec.

2) Dinh thtic bang 0 néu c6 hai hang (hodc hai cot) ty le.
3) Néu A l1a ma tran vuong cap n thi det(aA) = a" det(A).

Tinh chat 5. Dinh thiic c¢6 tinh chat tuyén tinh d6i véi méi hang (hoic cot).

Nghia la néu c6 hang nao do6 la to hop tuyén tinh ctia k hang thi duge tach

thanh t6 hgp tuyén tinh ctia k& dinh thic tuong ting (tuong tu déi véi cot).
Ch#ng han hang tht ¢ ctia ma tran A c¢6 dang:

Aig(i) = albilo(i) +o Tt akbfv(z‘)

Khi do
det A = Z SN OA1(1) - - - (Ozlb}a(i) +...+ akbfa(i)) oo pg(n)
O'GSn
= Z SgN 0141y - - - bzlg(i) < Ono(n)
O'GSn

+ ...+ o Z SN TA14(1) - - - bfa(z) <+ ng(n)-
gESy,
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Vi du 3.25. Khi méi phan tit trén hang thi 3 1a t6 hop tuyén tinh ctia céc
phan ti tuong @ng ciia hai hang nao doé thi dinh thic bing to hgp tuyén tinh

cua hai dinh thic xac dinh nhu sau:
a b c a b ¢ a b
a b Il =ald VvV Jd|+B|ld V
aay + fBay  aby + Bby  acy + Bey a; b o as by
Tuong tu doéi vé6i cot.
Vi du 3.26.

aar + Bas a ad a; a da as a d

1) Oébl—i—ﬂbg b V| =« by b b "‘/B ba b v

S

acy+ By ¢ c ¢ c co ¢
2) r+a ar+a r ar—+a a ar—+a
y+b ay+b y ay+b b ay+b
T a a T T a
= +a =(1-a) = (1 — a)(bx — ay).
y b b y y b

2 3 -1
Vi du 3.27. Tinh dinh thic chtamatran A= |4 6 2

10 15 -1
Nhan thay cot 1 va cot 2 ti 1é v6i nhau. Do d6

2 3 -1 1 1 —1
detA=14 ¢ 2(1=23.12 2 2|=60=0.
10 15 -1 5 5 —1

Duéi day 1a mot hé qua clia hai tinh chat trén.

C2

Tinh chéat 6. Néu ta cong vao mot hang (hodc mot cot) mot to hgp tuyén
tinh cic hang (hodc cac cot) khac thi dinh thitc khong thay ddi (Hé qua 3 va

Tinh chat 5).
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Hé qua 4: Dinh thiic bing 0 néu c6 mot hang (hodc mot cot) 1a t6 hgp tuyén
tinh ctia cac hang (céc cot) khac.
2 4 -1
Vi du 3.28. Tinh dinh thic chtamatran A= |4 3 2
10 15 -1
det A=0vi Hy = 3H, + H,.
Ta ciing c¢6 thé thuc hién céc phép bién doi sau
2 4 -1 |2 4 -1
(=3)Hi + (—1)Hy + Hy — Hz;detA=|4 3 2|=[4 3 2|=0.
10 15 —1 00 O

Tinh chat 7. Dinh thic ctia moi hé n véc to phu thudc tuyén tinh trong
khong gian véc to n chiéu déu bang 0.

Vi du 3.29.
2 3 -1
a) Matran A= 4 6 —2| c6det A=0.
1 1 0
2 -1 3 4 2 -1 3 4
1 2 -3 0 1 2 -3 0
b) Ma tran B = co det B = = 0.
4 0 2 6 4 0 2 6
5 3 -7 1 5 3 -7 1

Do hé véc to cE)t clia hai ma tran trén 1a hé phu thuoc tuyén tinh, cu thé:
Ma tran A: C3 = Cy — Cs.
Ma tran B: Cy = C; + Cy + C5 .

a 1 1 1
1 a 1 1
Vi du 3.30. Tinh dinh thiccapn: D, =1{1 1 a ... 1].
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Ta co
a+n—1 1 1 ... 1
a+n—1 a 1 ... 1

D,=la+n—-1 1 a

—_

(cong céc cot vao cot 1)

a+n—111 ... a
111 1 1 0 0 0
1 a 1 1 1 a—1 0 0
=(a+n—-1)1 1 a ... I|=(@+n—-1){1 0 a—1 ... 0
1 11 ... a 1 0 0 .ooa—1

Do d6 D, = (a+n—1)(a—1)"""

3.2.4. Khai trién dinh thic theo mot hang hoac theo mot cot
Cho ma tran A = [a;;]nxn-

Dé khai trién theo mot hang, (hodc mot cot) bat ky, ta xét cac ky higu
dudi day.
Dinh nghia 3.12.
1) T ma tran vuong A = [a;;]nx, x6a di hang ¢, cot j (hang va cot chia a;;)

ta c6 ma tran vuong cap n — 1. Dinh thic clia ma tran cap n — 1 nay ky
hiéu la M;; va goi la dinh thic con bu cla phan ti Qjj.

2) A;; ducc goi 1a phan bu dai s6 cia phan ti a;;
Ay = (=1)"H M. (3.21)
Moi phan tit a;; ¢6 mot phan bu dai s6 A;; tuong ung.
Vi du 3.31. Tinh cac phan bu dai s6 A;; clia cic phan tt trong ma tran sau
1 2 3
A=12 5 3
1 0 8
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5 3 2 3 2 5
Ay = (—1)1+1 = 40; Ayp = (—1)1+2 =—13; Aiz3 = (_1)1+3 = —9;
0 8 1 8 10
2 3 1 3 1 2
Ay = (—1)* = —16; Agy = (—1)*" = 5; Agy = (—1)**"? =2
0 8 1 8 10
ait |2 3 1 3 .11 2
Agy = (—1)*™ = —9; Agy = (—1)3"2 =3; Agz = (—1)*" =1.
5 3 2 3 2 5

Dinh 1y 3.2. Cho ma tran vuong A = [a;j]nxn khi d6 v6i moi hang i hodc cot
j bat ky ta c6 cong thiic khai trién nhu sau:

det A = ajn Ay + -+ apAin = Z ik Ak (3.22)
k=1

det A = alelj + -+ anjAnj = Z aijkj. (323)
k=1

(3.22) goi la cong thic khai trién dinh thic theo hang thi i.
(3.23) goi la cong thic khai trién dinh thic theo cot thit j.

Chitng minh. Xem trong [1].

1 2 3 4
) 1 0 6 0
Vi du 3.32. Tinh dinh thtc cap 4 sau: D =
3 -1 -1 0
1 2 0 =5

Giai.

Cach 1. Khai trién dinh thic theo hang thi hai, ta dugc

D=1.(-1)""—1 -1 0|+6(-1)*"|3 —1 o0|=-381
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Ta ciing c6 thé khai trién dinh thic trén theo cot thit 4 clia ma tran.

Cach 2. Bién doi hang thit hai ctia ma tran trude khi khai trién theo hang
thit 2.

1 2 3 4 1 2 -3 4
Ho|t 0 6 0 e 1 000
3 -1 -1 0 3 -1 —-19 0
1 2 0 -5 1 2 -6 -5
2 -3 4
=1.(-1)*""1-1 —19 0
2 -6 -5

Tiép tuc triét tieu them phan ti az = —19 bang phép bién doi (—19)C;+Cy —
Cy, sau d6 (—1)Hy + H3 — Hj ta ¢6

2 —41 4 2 —41 4
D=—|-1 0 0|=—|-1 0 0
2 —44 -5 0 -3 —9
ber |—41 4 —41 4
— — (=1)(=1) —3 — 3(—123 —4) = —381.
3 -9 1 3

Nhan xét 3.6.

1) Cong thiic khai trién dinh thitc theo cot thit j (Cong thitc 3.23) va cong
thiic khai trien dinh thiic theo hang i (Cong thiic 3.22) cho phép dua viec
tinh dinh thitc cap n vé tinh téng clia n dinh thic cap n — 1.

2) Viéc chon hang thit ¢ hay cot thi j 1a tuy §. Tuy nhién néu a;; = 0 thi ¢6
ngay a;;A;; = 0 ma khong can tinh A;;. Vi vay dé tinh dinh thtc ta thyc
hién cac cong viéc sau:

e Chon hang i hodc cot j c6 nhiéu phan tit biang 0 va dé triét tieu cac
phan ti con lai.

e Thuec hién cac phép bién doi: néu chon hang thi cong vao mot cot mot
t6 hop tuyén tinh cac cot khac dé triet tiéu thém cac phan ti trén
hang da chon sao cho hang nay s6 phan tit khac 0 con lai it nhat, tham
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chi chi con lai mot phan tit khac 0 (thyc hién tuong ty nhu thé khi
chon cot).

e Khai trién theo hang (hogc cot) sau khi da trigt tieu.

3) Dau (—1)"*7 trong cong thitc A;; = (—1)"M;; ta c6 thé dém theo vi tri
trén dinh thic. Cu thé

1 2 3 4
) 10 1 2
Vi du 3.33. Tinh dinh thtc cap 4 sau: D =
3 -1 -1 0
1 2 0 -5

Ta chon hang 2 dé triet tieu

1 2 3 4| —C1+c3—c3 1 2 2 2
1 0 1 2| 2a+c—ca 1 0 0 0

D= =
3 -1 -1 0 3 -1 —4 -6
1 2 0 -5 1 2 -1 -7
—C1 + Co — Cy
2 2 2 2 0 0
—C1 + C3 — C3
=—|-1 -4 —6 = —|-1 -3 -5
2 -1 -7 2 -3 -9
1 =5
— (~2)(=3) = 6(—9+5) = —24.
1 -9

Dinh nghia 3.13. Ma tran Cy = [A;;],,xn, trong dé A;; 1a phan bu dai s ctia
phan tif a;; clia ma tran A = [a;;]nxn, dude goi 1a ma tran phu hop ctia A.
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Vi du 3.34.

1 2 3
a) Theo Vi du 3.31 ma tran phu hop cia ma tran A = [2 5 3| la

1 0 8
40 —-13 -5
Ca=|-16 5 2
-9 3 1
‘ a b
b) Tim ma tran phu hgp ctia ma tran A = )
c d
Ta co
ai :CL<:>A11 :d;a12 :b<:>A12: —C
a1 :C<:>A21 = —b;aggzd@AQQ = a.
a b d -—c
Vay ma tran phu hgp cia A = 1a Cy = )
c d —b «a

3.2.5. Khai trién theo k hang hoic k cot (Coéng thiic Laplace)
T ma tran vuong A = [aj]nxn ta xét k hang iy,..., 9 va k cot ji,..., jk
dude sap xép theo thit tu tang dan
1< <ia<...<4:<m; 1< )1 <fpp<...<Jp<n.
Ching ta can xac dinh mot s6 tén goi sau:
e Ma tran con cap k tit ma tran A 1 ma tran gom cac phan tif nam trén
giao ctia k hang k cot ctia A.

e C6 C* (56 t6 hgp chap k clia n) ma tran con cap k trén k hang (hodc k
cot) da chon.

e Dinh thiic con cap k 1a dinh thiic clia mot ma tran con cap k.

e Dinh thiic con cap k clia ma tran con lay trén & hang i1, ...,4, va k cot

Ji, - 7jk ky hléu la
M (3.24)

U15eslg
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M&i ma tran con cap k cho ta mot dinh thiic con cap k tuong ting nén
cling ¢c6 C’ﬁ dinh thitc con cap k trén k hang (hodc k cot) da chon.

Dinh thitc con bu ciia dinh thitc M| I ’]’“ duoe ky hieu va xac dinh nhu
sau

_j17“"jk
M7 (3.25)
Tu ma tran A ta x6a di k hang iy,...,7 va k cot j1,..., 7, chia cac

phan tit trong dinh thic Mjl"“’-j’“ ta nhan dugc ma tran con cap n — k
cua A. Dinh thic cia ma tran con nay la Mjl’ f:, vay Mjl’ WK . la dinh
thic cap n — k.

A“’ ’J’“ duge goi 1a phan bt dai s6 clia M,fl’ "Ik x4c dinh theo cong thiic

ATl = (—1)it it +JkM71’ Jk (3.26)

1 yeenslk 11,00k

Trén k hang iy, ..., da chon (hodc k cot jy, ..., Jjr da chon), ta c6 Ck
dinh thitc con cap k dang M”’ kv tuong tng 1a C% = C* phan bu

g )

dai s6 AJ'Ix,

Vi du 3.35. Xét ma tran:

Néu ta chon hai hang la hang 1, hang 3 thi ta ¢6 C? = 10 dinh thiic con cap

2:

12 2713 asl4 ar15 1723 ar24 2725 as34 35 pg45

Véi hang 1 hang 3, ta chon cot 2 cot 5 khi d6 dinh thitc con cap 2 tng véi hai

Q12 dAis

hang hai cot nay sé la: M%) = :

31 dAss
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Dinh thtic bt va phan bu dai s6 cia M2 1a

21 Ag23 A4 a21 A23 A24
Vi . A25 1+3+2+57 725
M13 — |A41 Q43 Q44 ,A13 - (_1) M13 — T |41 Q43 Q44| -
51 53 Qa4 51 A53 Q54

Dinh 1y 3.3. (Dinh Iy Laplace khai trién theo k hang hodc k cot)
1) Khai trién theo k hang iy, ...,
det A= > Mk Ald (3.27)

(A RTPR T ey SEPPOK T
1<ii<..<jr<n
Dinh thtic clia A bang tong tat ca cac tich clia dinh thic con cap k nim
trén k hang iy,...,1, va k cot tily ¥ theo thit ty ting dan nhan v6i phan
bt dai s6 tuong ting clia no.

2) Khai trién theo k cot ji, ..., jr
detA= N MPAld (3.28)

21 5eeylf 1] 4eeeylf
1<ir <. <ig<n
Dinh thtc ctia A bing tong tat ca cac tich clia dinh thic con cap k nim
trén k cot ji,..., 7% va k hang tuy ¥ theo tht tu tang dan nhan v6i phan
bt dai s6 tuong ting clia no.

Dac biet khi & = 1: Cong thiic (3.27), 1a cong thitc khai trién theo mot hang
Cong thite (3.22) va Cong thiic (3.28) 1a cong thiic khai trién theo mot cot
Cong thic (3.23).

Chitng minh.(tham khéo [1]).

Nhan xét 3.7. Néu trong dinh thitc c6 k& hang nao d6 va trén n — k cot cia
hang nay déu bing 0, khi d6 khai trién Laplace theo k& hang nay sé nhan dugce
két qua gon hon. Hai vi du sau minh hoa cho diéu do.

a b 00 0
c d 00 0
Vi du 3.36. Tinh dinh thic Ds=1|e f 2 3 -1
g h 4 6 2
5 11 2
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Giai. Ta khai trién dinh thiic theo hai hang dau, trén hai hang nay c¢6 C2 = 10
dinh thic con cap 2. Ngoai dinh thic cap 2

a b
M5 = = ad — be,
c d

cac dinh thiic cap 2 con lai déu bang 0 vi c6 it nhat mot cot toan s 0.

Phan bu dai s6 ctia dinh thiic cap hai M{Z 1a

2 3 -1 2 3 -1
A2 = (—1)HR2 | g
11

Il
o
o
W

Il

|

S

Il

N

2
11
2

Vay D5 = M{3Al%2 = 4(ad — be).

Vi du 3.37. Tong quat hon ta sé chiitng minh coéng thiic sau

ai N a1k 0 N 0
D Q1 c. Qe 0 c. 0
n =
agp+1,1 -+ Qp4+1k Qklk+1 -+ Qi1
n1  ---  Qnk nj+1 - bpn
aip ... Qig| |Ok+1,k+1 -+ Qktln
Q1 ... Qg An k+1 ce bn,n

Giai. Khai trién Laplace theo k hang dau va chd ¥ riing M{" 7% = 0 néu
ji > k, vi cot thit j, chi gom céc s6 0. Do d6 céc s6 hang trong cong thiic
(3.27) chi con s6 hang Mll,fAiﬁ nhu trén.

Vi du 3.38. Chitng minh rang véi moi ma tran vuong cing cap A, B luon c6

det(AB) = det A. det B.
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That vay, gid st A = [ajjlnxn, B =

C=AB = [cij]nxna

Xét dinh thitc Dy, cap 2n sau day:

S

[bij]nxn

n

tI‘OIlg do Cij = E aikbkj.
k=1

Khai trién Laplace theo n hang dau ta c6 Ds, = det A.det B (ap dung két qua

Vi du 3.37).

Ta sé chiing t6 rang D,, = det(AB).
Bang cach thuc hien phép bién ddi khong lam thay déi gia tri ctia dinh

thic:

buCl + b2102 + -+ bnlCn -+ Cn+1 — Cn+1

(nhan by; véi cot 1, by v6i ¢t 2,...,b,; VOi €Ot n clia Dy, xong cong tat ca
vao ¢ot n + 1) thi dinh thitc Dy, tré thanh

a1 a1n  C11
DQn _ an1 Qpn  Cpl
-1 0 0
—1
0 -1 0
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Tiép tuc bién ddi tuong tu nhu trén sau n bude, cudi cling ta duge

a; ... Qip C11 ... Cin
Dgn _ Qn1 Qpn  Cpl Cnn
—1 0 0 0
—1
0 -1 0 0

V6i C' = [¢ijlnxn = AB. Khai trién Laplace theo n hang cubi ta dugc

-1 ... 0 Ci1 ... Cip
D2n — (_1)(1+2+-~~+n)+(n+1+--~+2n) 1

0 ... =1| |lcs1 ... Cun

2n(2;1+1) +n

=(-1) .det C' = det C' = det(AB).
Hé qua 5. Vé6i moi A, B € M, ta ¢

1) det(AB) = det(BA); ké ca trudng hop AB # BA.
2) det(A™) = (det A)".

3) det(kA) = k™det A.

3.3. Ma tran nghich dao

Dinh nghia 3.14. Ma tran vuong A dugc goi 1a khd nghich néu ton tai ma
tran vuong ciing cap B sao cho AB = BA = 1.

Phép nhan ma tran c6 tinh két hgp nén ma tran B 6 dinh nghia trén néu
ton tai thi duy nhat va dugce goi 1a ma tran nghich ddo cia A, ky hieu A=L

Mot s6 thyc (hitu ti, phitc) z # 0 thi ton tai s6 nghich ddo 1a =1, nhung
ma tran khac ma tran khong chua chiac kha nghich. Dinh 1y sau day chi ra
diéu kién can va di dé ma tran kha nghich va cong thiic ma tran nghich dao.
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3.3.1. Diéu kién can va du dé ton tai ma tran nghich dao

Dinh 1y 3.4. (diéu kién can) Néu A kha nghich thi det A # 0.
Chitng minh. Néu A kha nghich thi AA=! = I. Do d6

det Adet A™' = det(AA™') =det I = 1.

. 1
Do d6 A khong suy bién (tit d6 ciing ¢6 det A~! = Tt A #0).
Dinh Iy 3.5. (didu kien dit) Néu det A # 0 thi A khi nghich va
1
-1 _ Ct
det A 4

v6i C'4 1a ma tran phu hgp cia A.

(3.29)

Chitng minh. Véi gia thiét det A # 0 ta sé chi ra rang ton tai ma tran vuong

cing cap B sao cho AB = BA=1.
Trude hét ta chiing minh két qua sau:

- det A néui==k
E i Ak = @it A + -+ i Apn = )
@ij Akj = Qi1 k1 Ain Ak {O néu i # k,

=1

Z Ajraj; = Aipar; + - -+ Applpn; =

J=1

det A néui==k
0 néu i # k.

Khai trién dinh thic ctia ma tran A theo hang thit k ta duge:

aklAkl + -4 a;mA;m = det A.

(3.30)

(3.31)

Néu i # k xét ma tran A’ c6 duge tit A bang cach thay hang thi k clia A
bdi hang thit 7. Ma tran nay c6 dinh thitc bang 0 (vi ¢6 hang thit ¢ va hang

thit k giong nhau). Nghia 1a
ailAkl + -t CLmAkn = det A/ =0.

Do d6 Cong thitc (3.30) duge ching minh.

Hoan toan tuong t, khai trién theo cot ta nhan duge Cong thitc (3.31)

T (3.30), (3.31) suy ra

ACY = CY A = (det A).I
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vi det A # 0 ta ¢6

1 . 1
S =— _CLA=1
det A A7 det AT A
hay
A ! ct) = ! CL)1A=1T
det A 4] \detA 4 -
Vay A~! = ! Ct O
' det A~ 4
Hé qua 6.

a) Néu BA = I hosc AB = I thi A kha nghich va A™! = B.
b) Néu A, B 1a ma tran kha nghich thi A=t B~ AB, A* cling kha nghich va

(A—l)_l _ 147 (B—l)—l - B, (AB)—I _ B_lA_17 (At)_l _ (A_l)t '

¢) Néu ma tran A vuong cap n kha nghich, B 1a ma tran ¢d n x p. Khi d6
phuong trinh ma tran AX = B c6 nghiém duy nhat

X =A"'B. (3.32)

Tuong ti, néu ma tran A vuong cap n kha nghich, B 1a ma tran cd p x n.
Khi d6 phuong trinh ma tran XA = B ¢6 nghiém duy nhéat

X =BA ™, (3.33)

Chiing minh.
a) BA=1= det(BA) =1= det A# 0. Do d6 ton tai A~! va

B=BI=BAAY) = (BAA'=14A"1"= A",

b) suy ra tir a).
c) Nhan A~! vao hai vé ctia phuong trinh AX = B ta dugc

ATTAX =A'B= X =A"'B.

Cong thiic (3.33) duge ching minh tuong tu. O
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3.3.2. Cac phuong phap tim ma tran nghich dao

Ta c6 thé tim ma tran nghich dao bang cach ding dinh nghia hodc st dung
ma tran phu hgp (Cong thic 3.29).
1. Phuong phap dung ma tran phu hgp

St dung két qua Vi du 3.34 va Cong thitc (3.29) ta c6 ma tran nghich dao
clla ma tran cap 2:

a b . 1 d —b
A= a A7 =
c d ad — bc c a
Vi du 3.39.
4 3
a) Tim ma tran nghich déo cia A = )
-2 7
1 2 3
b) Tim ma tran nghich ddo ciia ma tran B= [2 5 3
1 0 8
Giai.
1 |7 =3
a) A7l = —
34 9 4
40 —-13 -5
b) Tacodet B=—-1#0vaCp= |-16 5 2
-9 3 1
Vay
t
40 -—-13 -5 40 -16 -9 —40 16 9
1
B‘lz_—1 -6 5 2| =—1-13 5 3|=|13 -5 -3
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C6 thé tim ma tran nghich dio theo thuat toan Gauss-Jordan nhu sau
(phan tham khéo):

2. Thuat toan Gauss-Jordan:
e Viét ma tran don vi I bén phai ma tran A: All.
e Thuyc hién cac phép bién doi Gauss lén cac hang ctia A|I mot cach dong
thoi dé dua ma tran A & vé trai vé ma tran don vi I (cach bién doi giong
nhu ta dua ma tran vé dang tam giac trén, dudi. Cha y trong ci qua

trinh, chi bién ddi theo hang).

Al — i, — IJA™ (3.34)

e Khi bén trai 13 ma tran don vi thi bén phai la ma tran nghich dao A~

1 2 3
Vi du 3.40. Tim A~'v6i A= |2 5 3| bang thuat toan Gauss - Jordan.

1 0 8

Giai. Viét ma tran don vi / bén phai ma tran A:

Bién do6i dong thai ca hai ma tran bang cac phép bién doi so cap theo hang dé
dua ma tran bén trai vé ma tran don vi.

1 2 3,11 0 0 1 2 3 1 0 0
—2h1+hos—ho
2 5 3|0 1 1 -3 -2 1 0
—b5h1+2ho+hs—hs
1 0 8|0 0 1 o 0 -1} -5 2 1
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atSha ke 1 0] 13 -5 -3
—3hs+hi1—hy

0o 0 1| 5 -2 -1

1 0 0| —40 16 9

e b0 1 0| 13 -5 -3

0 0 1| 5 -2 -1
40 16 9
Vay AL =13 —5 -3
5 -2 —1

Nhan xét 3.8.

1) Tim A~! theo phuong phap Gauss-Jordan sé dé dang khi cac phan ti
cia A~! 1a céc s6 nguyeén c6 gia tri tuyet déi khong 16n (thuong gip khi
det A = £1) hoac trong mot sd truong hgp ma tran cap cao, c6 tinh chat
dac biét.

2) V6i ma tran cap hai nén dung cong thiic ma tran phu hop.
3.4. Hang cua ma tran

Hang ctia mot ma tran duge dinh nghia qua hang ciia hé véc to cot clia ma
tran hodc (mot cach tuong duong) 1a cap cao nhat ctia dinh thitc con khac 0
clia ma tran nay, tit dé dan dén cac phuong phap khac nhau dé tim hang ciia
ma tran. Tuy nhién, tlily theo dang cu thé ctia ma tran thi méi phuong phap
lai c6 mot lgi thé rieng. Trong chuong tiép theo ta ciing sit dung céch bién ddi
so cap theo hang dé giai v bien luan hé phuong trinh tuyén tinh.

Vé6i muc dich chinh 1a phuc vu cho sinh vién khéi nganh kinh té c6 cong cu
hoc tap mon toan kinh té, nén muc nay ching toi sé gidi thiéu cach tim hang
ma tran chit yéu nhd vao bién doi tuyén tinh len cac cot clia ma tran.

3.4.1. Dinh nghia va cach tim hang ctia ma tran bang phép bién
doi tuyén tinh

a. Dinh nghia
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Dinh nghia 3.15. Xét ma tran A ¢d n X m la ma tran clia mot he (S) gom
m véc to ndo dé ctia khong gian véc to n chiéu. Ta goi hang ciia ma tran A,
ky hiéu r(A), la hang ctia hé véc to cot (S) ctia ma tran A.

Vay r(A) = p < min(m, n).
Ma tran khong c¢6 hang bang 0: r(0) = 0.

b. Tinh chét

Tu dinh nghia trén ta thay ring: tinh chat hang clia ma tran dugc suy ra
tir tinh chat ctia hang hé hitu han véc to. Tic 1a hang clia ma tran khong thay
doi khi ap dung mot s6 hitu han cac bién ddi tuyén tinh lén cac cot clia ma
tran do.

c. Phuong phap tim hang ctia ma tran bing phép bién ddi tuyén
tinh

V6i cach dinh nghia nhu trén, hang clia ma tran ciing c6 cac tinh chat va
cach tinh tuong tu nhu hang ctia hé véc to ¢ot clia né. Céac phép bién doi tuyén
tinh khong lam thay doéi hang ma tran la

1) Ddi chd hai cot cho nhau.

2) Nhan vao mot ¢ot clia ma tran véi mot s6 khac khong.

3) Cong vao mot cot mot t6 hop tuyén tinh cac cot khac ctia ma tran.

Vi vay dé tim hang ctia mot ma tran, ta c6 thé coi mdi c¢ot ctia ma tran do6
la toa do ctia mot véc to. Thue hien céc bién dbi tuyén tinh lén cac cot dé dua
ma tran vé dang bac thang cot. S6 cac véc to cot khac 0 clia ma tran chinh 1a
hang clia ma tran.

Nhan xét 3.9.

1. Can hiéu ré thé ndo la ma tran bac thang cot, dé két thic cac bién doi
tuyén tinh ding lic. Chang han nén xép bac thang tit trai sang phai.

2. Can c6 quy tac thuc hién cac bién doi tuyén tinh phit hgp dé ta nhan duge
ma tran bac thang nhanh nhét sao cho cac budc bién doi sau khong lam
héng cac bude bién ddi trude. Chang han ta lan lugt triet tieu goc trén bén
phai gan cac véc to da triet tieu & bude trude.

3. RO rang cac véc to dang bac thang 13 doc lap tuyén tinh va cac véc to cot 0
thém vao la phu thudc nén hé cac véc to dang bac thang khac 0 tao thanh
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he doc lap tuyén tinh t6i dai. Do d6 s6 véc to cot khac 0 nay 1a hang clia
ma tran.

4. C6 thé chitng minh duge r(A) = r(A!), do d6 khi tim hang ma tran, ta c6
thé thyc hién bién déi tuyén tinh lén cidc hang va cac cot. Tuy nhién dé
khéi nham 1an ta nén triét tiéu hoac chi theo hang hoic chi theo cot.

Ching han khi tim hang ctia mot hé véc to thi ta nén triét tieu theo cot
vi méi cot biéu dién cho mot véc to. Khi tim hang clia ma tran bo sung dé
giai hé phuong trinh (Chuong 4) thi ta nén triét tiéu theo hang vi méi hang
13 hé s6 mot phuong trinh ctia heé.

1 -3 4 2
Vi du 3.41. Tim hang clia ma tran A = | 2 1 1 4
-1 -2 1 -1
Giai.
1 -3 4 2 1 0 0 0
301 +Ccy —> Cy
A=12 1 1 4 > 12 7 =70

1 -2 1 1| datea-—ea | 5 5 g

—2c1+cy —cy

1 0 00
Co 4+ c3 —> c3

2 7 00

-1 -5 0 0

Ma tran cudi 1a ma tran bac thang cot. Vay r(A) = 2.

-1 2 1 -1 1
a -1 1 -1 -1
Vidu 3.42. Bién luan theo a hang clia ma tran B =
1 a 0 1 1
1 2 2 -1 1
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Giai.
C1 — C4
Co — Cj -1 -1 1 =1 2- 1+ c2—Co -1 0 0 0
c3 — C1 1 -1 -1 a -1 —Cp+C3 —C3 1 0 -2 a+1
B——— -
L — Cy 0 1 1 1 a 1+ ca = c4 01 1 1
Cs =5 C3 2 —1 1 1 2_ —9¢1 + s —> s _2 1 -1 3
C3 — C2 1 0 0 0 0
—(a+3)eat(a+1)es+2c4—cs |1 -2 0 0 0
(3 —2a)cy — 33 + 2¢5 — 5 0 1 1 0 0
2 -1 1 2—2a 2-—2a
1 0 0 0 0
—C4+C5 — C5 1 -2 0 0 0
0 1 1 0 0
2 -1 1 2—-2a 0
4 néua#1l

Day 1a ma tran bac thang theo cot. Vay r(B) = {

3 néua=1.

Vi du 3.43. Tim hang ctia ma tran sau theo tham s6 m

4 1 4

2 3 6
B =

1 -6 -9

3 2 5

m 2
8 5
-20 -11
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Giai.
3 2 5 4 3 1 -1 -1 —4 =2
2 3 6 8 5 2 3 6 8 5
B — —
1 -6 -9 —-20 -—-11 1 -6 -9 —-20 -—-11
4 1 4 m 2 4 1 4 m 2
1 -1 -1 —4 —2 1 -1 -1 —4 -2
0 5 8 16 9 0O 5 8 16 9
— —
0O -5 -8 —=16 -9 O 0 0 m 1
0 -5 -8 m—16 -8 O 0 0 0 0

Do d6 r(B) = 3 v6i moi m.

3.4.2. Tim hang ctia ma tran bing tng dung dinh thitc (tham khao)

Dinh 1y 3.6. Gid st A = [a;;],xn 1& mOt ma tran cd m x n. Néu c¢6 dinh thic
con cap p khac 0, va moi dinh thiic con cap p + 1 bao quanh né déu bang 0
thi r(A) = p.

Chitng minh. (tham khéo [1]).
Hé qua 7.

a) Néu A la ma tran ¢d m X n thi hang 7(A) = p < min(m, n).
b) r(A) = r(AY).

c) Néu A la ma tran vuong cap n thi det A # 0 < r(A) = n,det A = 0 &
r(A) < n.

Tinh chat: Tt ¥ b) ciia he qua 7, ta ciing thiy ngay ring:
1) Hang ctia ma tran khong thay doi qua phép chuyén vi ma tran.

2) Hang clia ma tran khong thay déi qua phép bién doi tuyén tinh lén céc
hang, cot cia ma tran.

Phuong phap tim hang ctia ma tran bing tng dung dinh thic
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Theo Dinh 1y 3.6 khi biét dinh thitc con cap p khéac 0, ta chi can tinh cac
dinh thitc con cap p + 1 bao quanh dinh thic cap p khac 0 nay. Néu tat ca
cac dinh thic con cap p + 1 vita tinh déu bang 0 thi hang ctia ma tran 1a p.
Truong hgp c6 dinh thitc cap p + 1 khac 0 thi ta tiép tuc tinh cac dinh thiic
con cap p + 2 bao quanh dinh thitc cap p + 1 khac 0 nay va tiép tuc nhu vay
sé tim dugc hang ctia ma tran.

Thong thuong dé tim hang ma tran A ta bit dau xét dinh thic con cap 2.
Néu c6 dinh thitc cap 2 khéac 0, ta bao dinh thitc nay béi cac dinh thitc con
cap 3. Néu tat ca cic dinh thiic cAp 3 bao quanh déu bang 0 thi r(A4) = 2.
Néu c6 dinh thiic con cap 3 khac 0 thi ta tiép tuc bao dinh thitc cap 3 nay bdi
cac dinh thic cap 4 ...

2 1 -2 3
Vidu 3.44. Tim hang chtama tran A= |—2 9 —4 7
-4 3 1 -1

2 1
Giai. Dé thay = 20. Chi ¢6 hai dinh thic cap 3 bao quanh dinh thitc

-2 9
cap 2 trén la
2 1 =2 2 1 3
-2 9 —4/=0,1-2 9 7[=0.
-4 3 1 -4 3 -1

Do do r(A) = 2.

2 1 0 4
‘ 4 -2 1 -7

Vi du 3.45. Tim hang ctia ma tran B =
3 1 -1 4

2 1
Giai. Mic du dinh thuc = 0 nhung ta c6 =1.
-4 -2 -2 1
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2 1 0
Bao dinh thitc nay béi dinh thiccap 31a |—4 —2 1| =1.
3 1 -1

Dinh thitc cap 4 duy nhat bao dinh thic cap 3 trén chinh 13 dinh thic
|B| = 0.

Vay r(B) = 3.
a 1 1 1
1 a 1 1
Vi du 3.46. Tim hang ctia ma tran C =
1 1 a1
111 a

Ta ¢6 |C| = (a + 3)(a — 1),

Khia # —3,a # 1 thi r(C) = 4;

Khi a =1 thi r(C) = 1;
1 -3 1 1 -4 0

Khia=-3,¢6{1 1 =3|=[1 0 —4/=16%#0.Do dor(C)=3.
1 1 1 1 0 O

3.4.3. Xac dinh tinh chit doc lap ctia hé véc to bang ting dung dinh
thic

Tt Tinh chét 7 ctia dinh thic, ta biét rang dinh thic ciia mot hé n véc to
phu thudc tuyén tinh trong khong gian véc to n chiéu bang 0. Do d6, néu trong
co 86 B ={eq,...,e,} ndo dé6 clia khong gian véc to tuong ting, dinh thic cia
hé véc to trong co s6 nay Dg{v1,...,v,} # 0 thi he doc 1ap tuyén tinh. Ngugce
lai, gid stt he {v1, ..., v,} doc 1ap tuyén tinh thi ta cling c6 Dg{vy,...,v,} # 0.
That vay, gia su

n
V; = E aijei;V] = 1,...,7’L
i=1

khi d6 A = [a;j]nxn 18 ma tran cta {vi,...,v,} trong cd sé B.

Ta c6 det A = Dg{vy,...,v,}, vihe {vy,...,v,} doc 1ap tuyén tinh nén né6
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14 mot co s clia khong gian n chiéu V. Vay ta co6
n
€; = szﬂ}wvj = 1,. .., n
i=1

khi d6 B = [bi;]nxn 1& ma tran ctia B trong co sé {vq, ..., v,}.

A va B chinh la cdc ma tran chuyén tit co s6 B = {ey,...,e,} sang cd sd
{v1,...,v,} va nguge lai. Do d6 AB = I, béi vay

det A # 0. (3.35)

Dinh ly 3.7. Trong khong gian véc to n chiéu, he véc to {vy,...,v,} doc lap
tuyén tinh khi va chi khi Dg{vy,...,v,} # 0 v6i B la ¢6 s6 nao do.

Heé quéa 8. Trong khong gian véc to n chiéu, hé véc to {vy, ..., v,} phu thudc
tuyén tinh khi va chi khi r{vy,...,v,} < n.
Vi du 3.47. Hé véc to {v; = (2,4,1),v2 = (3,6,1),v3 = (—1,2,2)} ¢6 ma
tran trong co s& chinh tic B clia R3 13
2 3 —1
A=14 6 2 |,detA=4.
1 1 2
Vay r{v, ve,v3} = 3. Day 1a he véc to doc lap tuyén tinh, do d6 ciing 1a co sé
clia R3.
Vi du 3.48. Hé véc to {v; = (2,1, —4),v = (1,-9,3),v3 = (3,-8,—1)} ¢6
2 1 3
1 -9 —8/=0, do do6 r{vy,vq,v3} < 3.
—4 3 -1

Day 1a hé véc to phu thuodc tuyén tinh.

Chu y 3.1. Trong qua trinh tinh dinh thic hay tim hang clia ma tran chiung
ta thuong ding dén cac phép bién ddi tuyén tinh dbi véi cac hang, cac cot cla
ma tran. Ta c6 thé tém tat noi dung trén bing mot bang tong két dudi day:
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Muc dich . . . N ~
Phép BDTT Tinh dinh thtc Tim hang ma tran
D6i chd hai hang h; < h; Dinh thic déi dau Khong doi
(hodc hai cot ¢; <> ¢;)
Nhan mot s6 k # 0 Dinh thic gap len & lan Khong doi
v6i mot hang kh; — h;
(hoac mot cot ke; — ¢;)
Cong mot t6 hgp tuyén tinh Dinh thiic khong doi Khong doi
clia cac hang (cot) khac vao
mot hang (cot)
k’hl—i—h] — hj(k’Ci—FCj — Cj)

Bai tap Chuong 3

> 3.1. Doanh s6 trung binh hang thang ctia mot ho gia dinh (tinh bang tram
ngan dong) tién dien thoai (B1) va internet (B2) khi dung mot trong ba nha
mang (M1, M2, M3) cho dudi dang nhu sau:

' 35 27 13
Thang Giéng: J =
42 39 24
_ 31 17 3
Théang Hai: F' = .
25 29 16

a) Tim ma tran bicu dién doanh s6 ban hang ctia thang Giéng va thang Hai;

b) Tinh J — F 14 ma tran biéu dién vé sy vugt troi clia doanh s6 ban hang
thang Giéng so véi thang Hai.

> 3.2. Cho cac ma tran

1 0 -1 1 3 1 2 =2
A=|-2 -1 2 3|, B=|1 -3 0 3
o 1 2 1 -2 1 4 1

Tih A'B, BtA, BA!, (B'A).
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> 3.3. Mot cong ty san xuat ba loai san pham P, P, va P; dé ban cho hai
khéach hang 1a C, Cs. S6 luong hang clia mdi loai sdn pham duge ban cho hai
khach hang nay dugc bidu dién dudi dang ma tran

6 7 9

2 1 2
Cong ty ban cho ca hai khach hang cling mot mitc giad v6i méi loai san pham
Py, P, va P3 nhu sau

t
B = 1100 500 200]

Dé san xuat moéi mit hang loai Py, P, va Ps, cong ty st dung bén nguyeén lieu
tho 1a Ry, Ry, R3, Ry. SO tan can thiét cho mdi mat hang duge xac dinh nhu

sau
1 001

C=11121
0011

Gia mdi tan nguyen lieu Ry, Ry, R, R4 tuong ting 1

t

D:[20 10 15 15

Dat £ = [1 1].
Tinh cdc ma tran sau va giai thich ¥ nghia ctia moi truong hop sau.
a) AB; c) CD; e) EAB; g) FAB -
EACD.
b) AC, d) ACD; f) EACD;

> 3.4. Cho cac ma tran:

3 —1 4 407
A= B =
0 2 1 2 5 1

Tim X thoa man 2A + Xt = 2B.

> 3.5. Cho cac ma tran:

a—1 b 1 3a
A= B =
a+b 3¢c—b 2¢c d+1
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Tim a,b,c,d néu A= B .

> 3.6. Cho cac ma tran:

2 =5 1 1 -2 -3 0 1 =2
3 0 -4 0 -1 5 1 -1 -1

A=

Tinh 34+ 4B — 2C.

> 3.7. Cho cac ma tran

2 -3 0 1 2
1 -1 2 4 0 -3
A= , B = C=15 -1 -4 2|, D=|-1
0 3 4 -1 -2 3
-1 0 0 3 3
Tinh

a) A+ B, A+ C,3A — 4B;
b) AB,AC,AD, BC,BD,CD:
¢) At, A'C,D'At, B'A, D'D, DD'.

> 3.8. Trong khong gian véc to My cdc ma tran vuong cap 2. Ba ma tran sau
c6 doc lap tuyén tinh khong? C6 phai 1a mot co s6 ciia My khong?

> 3.9. Trong khong gian véc to My cdc ma tran vuong cap 2.

a) Chiing t6 rdng cac ma tran sau tao thanh mot co sd ciia M.

11 0 —1 1 -1 1 0
1 1] |t ol o o] [oo
f 3 ‘
b) Tim toa do ciia A = trong co sé trén.

4 =7
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> 3.10. Trong khong gian R?, hay tim ma tran chuyén co sé tit co sé
{Ul = (1707 2>7U2 = (_27074)7U3 = (37 _172)} sang cd s
{u; = (1,1,2),us = (1,2,1),u3 = (2,1,1)} va nguge lai.

1 2
> 3.11. Cho ma tran A =

4 3]
a) Tinh f(A) trong dé6 da thic f(z) = 223 — 4z + 5.

11—z 2
b) Tinh g(A) trong dé da thic g(x) = :
4 -3-x

> 3.12. Cho ma tran A = [a;;] vuong cap n. Ta goi Tr A = a1+ as+- -+ amm
(tong cac phan tit tren duong chéo chinh) 1a vét ctia A. Chitng minh:

a) Tr(A+ B) =Tr A+ Tr B;

b) Tr AB = Tr BA (mic du AB # BA);

c) Néu B = P7'AP thi Tr A = Tr B;

d) Khong ton tai ma tran A, B sao cho AB— BA=1.

> 3.13. Tinh cac dinh thic:

t—2 =3 t—>5 7
a) D1 = ) b) D2 = .
—4 t-1 -1 t+3
k k
> 3.14. Tim cac gia tri cua k sao cho =0
4 2k

> 3.15. Tinh céac dinh thic:

0111 2 =5 1 2
1 011 -3 7 -1 4
a) Dy = ; b) Dy = ;
1 1 01 5 -9 2 7
1 110 4 —6 1 2
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6 -5 8 4
76 37 9 7 5 2
d) D4 - .
35 7 2 7T 5 3 7
C) D3 = )
5 4 3 5 —4 8 -8 3
5 6 5 4
> 3.16. Tinh dinh thtc ctia cac ma tran sau:
t—2 4 3 t+3 -1 1
a) A= 1 t+1 =2 c)C=| 7 t-5 1
0 0 t—4 6 —6 t42
t—1 3 -3
b) B=| -3 t+5 -3
—6 6 t—4
> 3.17. Giai cac phuong trinh sau:
1 =z 22 28
1 2 4 8
a) D1 = = 0,
1 3 9 27
1 4 16 64
r+3 -1 1
b) Dy=| 5 -3 1
6 —6 x+14
2 99

> 3.18. Biét 299,966, 161 chia hét cho 23. Ching minh |9 6 6| chia hét cho

23.

> 3.19. Tim hang ctia cac ma tran sau:

1 6 1
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4 3 -5 2 3 3 m 1 2
8 6 =7 4 2 1 4 7 2
c) C= ;
a) A=14 3 -8 2 7 |; 1 10 17 4
4 3 1 2 =5 4 1 3 3
8 6 -1 4 —6 - .
- - -1 2 1 -1 1
1 0 -1 1 -1 -3 m -1 1 -1 -1
d) D=
2 2 1 -9 0 2 1 m 0 1 1
by B=13 -1 1 -8 —4 -2|; 1 2 2 -1 1
6 1 1 -16 -5 -3
1 1 0 1 2 =2
C1 dl
30 a; Qo -+ G cy d
> 3.20. Cho D = A=t B=|" "
0 3 by by by,
Cn dp

Tinh DA va BD.

> 3.21. Cac ma tran sau c6 kha nghich khong, néu kha nghich hiy tim ma
tran nghich déo:

2 1 1] (1 —1 2
a) A=10 1 3 |; c) C=|-1 2 1};
2 1 1 2 -3 2
(1 4 2] 11 2
b) B=|-1 0 1|; d) D=2 3 2
_2 33_ 1 3 -1
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> 3.22. Cho hai ma tran:

m—1 3 -3 m+1 7 3
A=1| -3 m+5 -3 |, B=| -1 m-1 -2
—6 6 m—4 m—5 2m—5 m—=6

Tim cac gia tri ctia m dé A, B la cac ma tran kha nghich.

V6i m = 5, hdly tim ma tran nghich ddo ctia A, B (néu c6).

> 3.23. Giai phuong trinh AX = B v6i an 1a ma tran X, trong dé:

1 -1 1 1 1 1 -1
A=|-1 2 1|,B=1[1 0 2 2
-2 3 1 1 -2 2 0
2 0 7 0
> 3.24. Cho ma tran A = , B =
0 3 0 11

a) Tinh A + B; AB; A%; A", n € N;

b) Tinh f(A), f(B) trong d6 da thic f(z) =

> 3.25. Vi n € N, héy tinh

B n

AN ... O
0 ... X
1

b) ;

0 A

cosa —sino
c)

sina  cos«
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35 27 13 31 17 3 66 44 16
> 3-1. a) J+ F = + —
42 39 24 25 29 16 67 68 40

35 27 13 31 17 3 4 10 10
b) J—F = — =
42 39 24 25 29 16 17 10 8
1 7 2 =8 1 -3 -5 4
-3 4 4 =2 7T 4 =5 =7
> 3.2. A'B = ,B'A = ,
-5 =5 6 10 2 4 6 6
4 =7 6 8 -8 =2 10 8
-1 -9 3
BA"= 1|4 10 o0/|,(B'A)!=A((B")") = A'B.
-5 14 10
5900 . ~
> 3.3. a) AB = Tong chi phi tinh cho mo6i khach hang;
1100
13 7 23 22 ) .
b) AC = Lugng nguyén liéu tho dung dé san xuat hang hoa
3 1 4 5

cia moi khach hang;
35
¢) CD = |75| Tong chi phi nguyén vat lieu dé san xuit mdi mat hang;

30

1005 , ) PR L
d) ACD = Tong chi phi nguyén liéu tho dé sadn xuat can thiét so
205

lugng hang hoéa cho ting khach hang;

e) EAB = [7000} Tong doanh thu nhan duge tit khach hang;
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fy FACD = [1210] Tong chi phi nguyen vat lieu;
g) EAB — EACD = [579()] Thu nhap trude khi khau trit lao dong, von va
chi phi chung.

6 6
>34. X =12 11

13 1

>3.5.a=2b=6,c=4,d="5.

10 =25 -5
> 3.6. 3A+4B —2C =
7T =2 10
5 _ _
>3.7.a) A+ B= , A+ C khong xac dinh,
-1 1 7
—-13 -3 18
3A—4B =
4 17 0
-5 =2 4 5 9
b) AB,CD khong xac dinh, AC = JAD = ,
11 -3 —-12 18 9
11 —-12 0 -5 -1
BC =  BD =
—-15 5 8 4 9
1 0
¢) A= |_1 3|, A'C khong xdc dinh, D' A = [9 9],
2 4
4 -7 4 4 -2 6
B'A=|0 -6 -8|,D'D=][14], DD'=|-2 1 -3
-3 12 6 6 -3 9

> 3.8. aA+pB+~vC =0=a ==~ =0, do dé bama tran A, B,C doc
lap. dim My = 4 do d6 hé 3 ma tran khong thé 1 co s6 clia M.
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11 0 -1 1 -1 10 00
> 3.9. a) x; + x4 + x3 + x4 =
11 1 0 0 0 0 0 0 0
T1+T3+Ty T1— Tg— T3 0 0
= = T1 =Ty =T3==Tyg =
T+ Xo X1 0 0
2 3 11 0 —1 1 -1 10
b) = + X2 + x3 + x4
4 -7 1 1 1 0 0 0 0 0

=x1=—T,29 =11, 23 = =21, 24 = 30.

> 3.10. e Goi T la ma tran chuyén tit co s6 {vy,vs,v3} sang co s
24 38 26
1
{Ul,UQ,Ug}I T = g —4 9 7
-8 —16 -8
e Goi P 1a ma tran chuyén tit co s6 {uy,us, us} sang co sd {vy, va, v}
5 14 4
1
P=7T"1=2Z|_ _ _
1 3 2 8
1 -—-10 8
—13 52
> 3.11. a) f(A) =
104 —117

b) glz) =2?+2x — 11 = g(A) = A2+ 24— 111 = 0.

> 3.12. a) tl”(A + B) = Z (akk + bkk) = Z App + Z bkk; = tl“(A) + tr(B);
k=1 k=1 k=1

= k=1

c) tr B = tr(P7'AP) = tr (P7'A)P) = tr (P(P'A)) = tr (PP HYA) =
tr A;

d) Khong ton tai A, B théa man AB — BA = I vi tr(AB — BA) = 0 nhung
tr I =n # 0.

> 3.13.
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a) Dy = (t —5)(t +2); b) Dy = (t +2)(t — 4).
ko k 11 h=2

> 3.14. — 2k —ok(k—2)=0 | .
4 2k 2 k k=0

> 3.15. a) D1 = —3, C) D3 = —10,

> 3.16. a) det A = (t+2)(t—3)(t—4); c) detC = (t +2)%(t — 4).
b) det B = (t + 2)*(t — 4);

x =2
> 3.17. a) D1:2(2—x)(3—x)(4—:v)20<:>[ r=3;

r=4

T =2
b) Do=(z+2)(z—-2)(z+4) =0« [x:—2.
r=—4

> 3.18. Theo gia thiét 299 = 23k, 966 = 23ks, 161 = 23ks;

ki, ko, ks € Z.
2.9 9 [2 9 299 2 9 k
9 6 6/=1[9 6 966|=23|9 6 ky| =23k keZ.
16 1 |1 6 161 1 6 ks

> 3.19. a) Cot 1, cot 2 va cdt 4 ctia ma tran A ti 1é nén dé tim hang ctia A
ta chi can xét cot 3, cot 4, cot 5.

2

Ta co = —8 # 0 va cac dinh thiic cap 3 bao quanh dinh thic nay
4 2

-5 2 3 -5 2 3 -5 2 3

—7 4 2/=|-7 4 2|=|-7 4 2|=0.Dodor(A)=2;

-8 2 7 1 2 =5 -1 4 -6
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4;
néu m # 0
néu m = 0;

4 néu m#1

3 néu m=1.

d) r(D) = {

>3.20. D=3 = DA = (31)A =

21 -1

>3.21.a)detA=|0 1 3|=4=3A7 1=

— (m +2)2(m — 4)

21 1
1 4 2 -3
1
b) B=|-1 0 1:11:>E|B*1:ﬁ
2 3 3 -3
1 -1 2 7T —4
c)C=|-1 2 1=1=3C'=|4 -2
2 =3 2 -1 1
1 1 2 -9 7
dy D=2 3 2|=1=3D1'=|4 -3
1 3 —1 3 -2
m—1 3 -3
>3.22.a) detA=| -3 m+5 -3
—6 6 m — 4
-2
=3JA & m7
m#4.
4 3 =3
m=5=A=1[-3 10 —-3| =>A4A1==

-6 6 1

4
3
6

-1 -1
3 2

—4

-3 3
-2 3
-6 7

2

3(IA) = 34; BD = B(3I) = 3(BI) = 3B.
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m+ 1 7 3
b)detB=| -1 m—-1 =2 |=m+2)(m—23)(m—4).
m—5 2m—5 m—©6
m # —2
=3dB ' (m#3
m#4.
6 7 3 6 22 -26
m=5=B=|-1 4 -2 :>B—1=1—14 -1 -6 9
0 5 -1 -5 =30 31

> 3.23. Vi det A =1 # 0 nén phuong trinh AX = B ¢6 nghiem X = A™!B.

-1 4 =3[]|1 1 1 -1 0 5 1 9
X=A"B=|-1 3 —=2[|1 0 2 2|=|0 3 1 7
1 -1 1 1 -2 2 0 1 -1 1 -3
2 70
> 3.24. Cho ma tran A = , B =
0 3 0 11
9 0 14 0 4 0 2" 0
a) A+B = i AB = (A% = ;AT = ,n e N.
0 14 0 33 09 0o 3"
b) f(z) = (z =3)(z - 1)
-1 0| (1 0 -1 0
= f(A)=(A=-3)A-1)= = :
0 0| |0 2 0 0
0] [6 O 24 0
f(B)=(B=3I)(B-1I)= =
0 810 10 0 80

> 3.25. Bang cach quy nap theo n € N, ta c6

n
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n

Al A7 p AL
b) = ;
0 A 0 A"
- n
cosa —sino cosna  —sinna
c) =
sina  cos« sinno  cosna





