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O bac trung hoc co s6 va trung hoc pho thong, hoc sinh da gip cac he
phuong trinh tuyén tinh don gian (14 cdc hé phuong trinh bac nhat hai an
hoac ba én). Hoc sinh da c6 thé gidi hé phuong trinh bac nhat hai an hoic ba
an bang phuong phap ding cac phép bién déi tuong duong hé phuong trinh,
phuong phap khtt an, phuong phap thay thé hosic dimg may tinh bé tai dé
giai.

Hé phuong trinh tuyén tinh 1a hé phuong trinh ma céc an s6 can tim & bac
mot, day 1a bai toan thuong gip phai khi nghién citu cac ddi tuong c6 quan he
tuyén tinh. Ddi véi hé phi tuyén ngudi ta xap xi béi hé tuyén tinh. Vi vay he
phuong trinh tuyén tinh cé rat nhiéu tng dung trong thuc té: ching han céc
bai todn ki thuat, phan tich théng ké trong tam 1y hoc, xa hoi hoc va kinh té
hoc. ..

Qua Chuong 4, nguoi hoc sé biét cach gidi hé phuong trinh tuyén tinh bang
phuong phap dinh thic déi véi he Cramer, phuong phap khit Gauss c6 theé giai
dugc moi hé véi sé phuong trinh va sé an khong qua lén.

Thoat tién ta c6 thé thay rang hinh nhu van dé giai heé phuong trinh tuyén
tinh da cil i va c6 thé giai quyét bang nhitng phuong tién tinh toan so cap
quen biét. Tuy nhién dé giai cac bai toan thirc té néu ra & trén ta thuong phai
khéo sat khoang tir 150 dén 200 phuong trinh dong thoi. Tinh trang iy trong



4.1. Khdi niém hé phuong trinh tuyén tinh 133

thuc hanh da gay ra nhiéu khé khan 16n dén néi hau nhu khong thé giai quyét
duge néu chi dung phuong phap so cap. V6i sit hd trg clia may tinh va céc
thuat toan mdi da khién cho hé phuong trinh tuyén tinh dudce tng dung hiéu
qua dé gidi quyét cac bai toan thuc té. Mua he nam 1949, Gido su Wassily
Leontief truong Dai hoc HarVard da gtii dén Trung tam tinh todn ctia truong
Dai hoc Mark II dé nghi giai hé phuong trinh tuyén tinh gom 500 phuong trinh
v6i 500 an biéu dién cac chi tieu kinh té ctia M. Mark II 13 mot trong nhing
trung tam may tinh dién t 16n nhat thoi bay gio ciing khong gidi quyét dugc.
Leontief buoc phai riat gon bai toan vé hé 45 phuong trinh vé6i 45 an. V6i két
qua nay Leontief nhan dugc gidi Nobel kinh té nam 1973, ong duge xem la
ngudi md canh ctra vao ky nguyén mdéi vé cadc mo hinh toan hoc veé kinh té.

Dé hoc t6t Chuong 4, sinh vién can phai stt dung thanh thao cong cu la
ma tran va dinh thiic 6 Chuong 3. Ta lai thay rang gidi cAc hé phuong trinh
tuyén tinh la cong cu dé giai quyét mot sé van dé ¢ Chuong 2 va Chuong 5
cua gido trinh nay.

4.1. Khai niém hé phuong trinh tuyén tinh

Trong chuong trinh hinh hoc giai tich & bac trung hoc pho thong ta da gap
cac bai toan lien quan dén hé phuong trinh khi tim giao clia cac duong thing
hodc mit phang.

Ching han, trong khong gian vé6i hé truc toa do Ozyz, tap hgp cac diem cé
toa do (z,y, z) thda man phuong trinh Az 4+ By + Cz = D 13 mot mat phang,
do dé phuong trinh c¢é vo s6 nghiem tuong tng véi vo s6 diém trén mat phang.
Tuong tu tap hop nghiém cia hé phuong trinh

{All’ + Bly + C’lz = D1 (4 1)

Agl‘ + Bgy + CQZ = _D2

1 giao ctia hai mat phang. Vi vay hé phuong trinh c6 thé vo nghiem hodc vo
s6 nghiem tuong tng véi hai mat phang song song hodic giao tuyén la duong
thing hodc hai mat phang triing nhau.

Tuong tu tap hop nghiém cia hé phuong trinh

A1$ + Bly + C’lz = D1
AQIE + Bgy + 022 = D2 (42)
Agl’ + Bgy + 0325 = D3
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la giao clia ba mat phang. Vi vay hé phuong trinh c¢6 thé vo nghiem hoiic duy
nhat nghiém ho#c vo s6 nghiem.

Khai niem hé phuong trinh tuyén tinh tong quat va phuong phap giai duge
xét trong cac muc sau.

4.1.1. Dang tong quat ctia hé phuong trinh tuyén tinh

Hé m phuong trinh tuyén tinh v6i n an s6 (1 < m,n € N) c¢6 dang tong
quat:

anry + aprs + -+ Q1pTy = bl

a1 + Q22T + « -+ + ATy = by

(4.3)

Am1T1 + A2l + -+ + Qpp Ty = bm

Hodc viét tat
n

E aijxj:bi,z:l,Q,...,m.

=1
Trong do:

® T,y ..., T, lan an sb,

e a;; la he s6 clia an thit j trong phuong trinh tht i;a;; € R,

e b; 13 he s6 vé phai clia phuong trinh thi i;4 = 1,...,m;b; € R;

e Khi cac vé phai b; = 0 (i = 1,...,m) thi hé phuong trinh dugc goi la
thuan nhat.

Moi hé phuong trinh khi cho vé sau (vé phai) bang 0 ta c6 hé phuong trinh
thuan nhat tuong Gng

1171 + a1y + -+ + a1, =0

2171 + Q22T + -+ - + a2,T, = 0

(4.4)

Nghiém ciia hé phuong trinh 1a bo gom n s6 (ay, as, ..., q,) sao cho khi
thay z; = a;;i = 1,2,...,n vao cac phuong trinh ctia hé (4.3) hodc hé (4.4) ta
c6 cac dang thitc sé ding.
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Nghiém tong qudt ctia hé phuong trinh 1a nghiem khi hé phuong trinh c6
vo s6 nghiém, phu thudc vao mot vai tham s6 nhan gia tri tuy .

Nghiém riéng ctiia hé phuong trinh 1a nghiém gom n sd6 xac dinh
(9,a9,...,a%), nhan dugc sau khi cho cic tham sb tuy ¥ ciia nghiem tong
quat béi gia tri cu thé.

Hai hé phuong trinh cling an dugce goi 1 tuong duong néu tap hop nghiem
cia chiing bing nhau. Vi vay dé gidi mot hé phuong trinh ta cé thé giai hé
phuong trinh tuong duong cia no.

4.1.2. Dang ma tran ctia hé phuong trinh tuyén tinh

Véi he (4.3) ta xét cdc ma tran

aj; a2 ... Qin Ty by

921 929 ... QAop i) bg
A= X = B =

Aml  Amo - - Qmn Tn b,

A, X, B lan luct dude goi 1a ma tran hé so, ma tran an s6 va ma tran vé
phdi (hodc ma tran tu do).
Khi d6 hé phuong trinh (4.3) duge viét lai dudi dang ma trgn nhu sau:

AX = B. (4.5)

4.1.3. Dang véc to ctia hé phuong trinh tuyén tinh

Néu ta ky hieu véc to v; = (ay, ..., ami) € R™ la véc to cot thit i clia ma
tran A, va véc to b = (by,...,by) € R™ la véc to vé phai, thi he (4.3) dugc
viét dudi dang vée to nhu sau

T+ ...+ x,0, =0 (4.6)

V6i cach viét nay ta thay rang he phuong trinh (4.6) c¢6 nghiém khi va chi
khi
b € Span{vy,...,v,}.
Vi du 4.1. Xét hé phuong trinh viét duéi dang tong quét:

21’1+2£L’2—.Z‘3+I4:4
4£L‘1+3I2—ZL’3+2ZL‘4:6
8$1—|—5ZL‘2—3[E3+4{L’4 =12.
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Heé phuong trinh trén viét dudi dang ma tran nhu sau:

x1

2 2 —1 1 4
X2

4 3 -1 2 =16
Z3

8 5 -3 4 12
Ty

Hosc
2 2 —1 1 4

4l 1+ || 2o+ |—1| 23+ |2|24= | 6

8 5 -3 4 12
Ta c¢6 dang véc to cua hé phuong trinh:

21(2,4,8) + 22(2,3,5) + 23(—1, —1, =3) + x4(1,2,4) = (4,6, 12).
Néu ky hieu
v = (2,4,8),v2 = (2,3,5),v3 = (—=1,—1,-3), vy = (1,2,4),b = (4,6, 12)
thi
T1V1 + ToVs + T3U3 + T4v4 = b.

4.2. Dinh ly ton tai nghiém

Dinh ly 4.1. (Kronecker - Capelli) Hé phuong trinh (4.3) ¢6 nghiém khi va
chi khi r(A) = r(A), trong d6 A la ma tran c6 duge bing cach bo sung thém
vao ma tran hé s6 A mot cot cudi 1a vé phai ctia hé phuong trinh.

A= P Co. (4.7)

Chitng minh. He (4.3) ¢6 nghiem khi va chi khi ton tai zy,xs,...,2, € R
sao cho
U1 + Tovg + - - + T, = .
Nghia la b € Span{vy,...,v,}.
Vay r(vi, ..., v,) = 7(v1, ..., v, b). Do do, 7(A) = r(A). O



4.2. Dinh lij ton tai nghiem 137

Vi du 4.2. Xét hé phuong trinh trong Vi du 4.1.
2 2 -1 1 2 -1 1
Matranhe sd A= |4 3 —1 2| ¢6[3 —1 2[|=2#0=r(A)=3.
8 5 =3 4 5 —3 4

2 2 -1 1 4
Ma tran bosung A= [4 3 —1 2 6| c63=r(A) <r(A) <3.
8 5 =3 4 12

= r(A) = r(A) = 3, do d6 hé phuong trinh c6 nghiém.
Vi du 4.3. Xét hé phuong trinh

r—3y+4z=2
2r+y+z=4
—x —4y + 32 = 5.

1 -3 4 1 -3 4 2
TacoA=|2 1 1|;A={2 1 1 4
-1 —4 3 -1 —4 3 5
1 -3 4 1 -3 2
detA=1]2 1 1|=0=7rA4)<3;|2 1 =49 = r(A) = 3.
-1 —4 3 -1 —4 5

Theo dinh Iy Kronecker — Capelli thi hé phuong trinh trén vé nghiém.

Vi du sau day chi ra rang trong qua trinh bién déi dua hé phuong trinh vé
hé phuong trinh tuong duong bing cach bién déi theo hang clia ma tran bo
sung A ta sé tim duge diéu kién ton tai nghiem va dong thoi tit d6 ¢o thé giai

ra nghiém.

Vi du 4.4. Bién d6i ma tran bo sung ctia hé phuong trinh trong vi du 4.1

2 2 -1 1 4 2 2 -1 1 4
A=|4 3 -1 2 ¢| Dzl g 1 1 0 2
4]’L1—h3—)h3

8 5 =3 4 12 03 -1 0 4



138 Heé phuong trinh tuyén tinh

2 2 -1 1 4 2 2 -1 1 4
—3ha+hs—hs %hg-‘rhz—)hg
— |01 -1 0 2|—— |01 0 0 0
%h3—>h3
00 2 0 =2 00 1 0 -1

r(A) = r(A) = 3. Vay hé phuong trinh trong Vi du 4.1 ¢6 nghiém.

Vi du 4.5. Bién doi ma tran bd sung ciia hé phuong trinh trong Vi du 4.3

1 -3 4 2 1 -3 4 2 1 -3 4 2

A=|2 1 1 4|2 dg 7 70— 10 7 -7 0
—2h1+ho—ho

1 -4 35 0 -7 7 7 00 0 7

Do d6 r(A) = 2 < r(A) = 3. Vay hé phuong trinh trong Vi du 4.3 vo
nghiém.

4.3. Mot sé6 phuong phap giai hé phuong trinh tuyén
tinh

4.3.1. Phuong phap Cramer (con goi la phuong phap dinh thic)
Xét hé n phuong trinh tuyén tinh véi n an s6 dang ma tran (4.5): AX = B.

Dinh nghia 4.1. Hé n phuong trinh tuyén tinh n an, c6 ma tran he s6 A
khong suy bién (det A # 0) dugc goi 1a hé Cramer.

Dinh 1y 4.2. (Dinh Iy Cramer) Moi heé Cramer déu ton tai duy nhat nghiem.
Cong thic nghiéem duge xac dinh nhu sau:

det Az
v, =——,1=1,2,...,n. 4.8
det A (4.8)
Trong d6 A; 1a ma tran vuong cap n, c6 dudc bang cach thay cot thi 7 cia
ma tran hé s6 A béi cot hé sd vé phai B.

Ching minh.

Cach 1. Do det A # 0 nén hé {vq,...,v,} 1&a mot co sé cia R™. Do dé b
duge bicu dién duy nhat thanh t6 hgp tuyén tinh ctia {vy,...,v,}. Nghia I
ton tai duy nhat 1,...,x, sao cho z1v; + xov9 + - - + T, v, = b.
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Goi B = {ey,...,e,} 1a co sd chinh tic cia R™. Khi d6

n
D; = DB{Ula ce Vi, by v, 7Un} = Dg {Ula cey Ui, E TV, Vig1, - - -
k=1

n
= E .kaB {U17 ey Vi1, VE, Uy - - - ,'Un}
k=1

= wz‘DB{Uh <oy Uie1, Uiy U1, - - - ,Un} = x;D.

D; .
Do d6 x; = o= 1,...,n, trong d6, D; = det A;, D = det A.
Cach 2. Viét he phuong trinh ¢ dang ma tran AX = B,det A # 0.

Phuong trinh ma tran nay théa man cac diéu kién ctia ¥ ¢) He qua 6, theo

Cong thiic (3.32) hé c6 duy nhat nghiem la X = A7'B. Do d6

1
-t
det A4
hay
X1 A Asr oo A 7
by
S ik
Z; - detA 17 21 ni
by,
Ty Aln Agn . Ann -7
Béi vay
1 det A;
i = Gap A i+ Auba Ao Awbn) = 2 "
Trong d6 Ay 1 phan bu dai sd clia phan ti ai, k = 1,2,...,n trén cot

thi 7 cua A.
Vi du 4.6. Giai hé phuong trinh

2¢4+3y—2z =1
3r +5y+2z =38
r—2y—3z =-—1.

OJ
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2 3 -1
Giai. Co |A| =13 5 2| =22+ 0nén hé da cho la hé Cramer.
1 -2 -3
Ta co
1 3 -1 2 1 -1 2 3 1
[Ail=]8 5 2|=66|A4[=[3 8 2|=-22|A4=3 5 8§|=
-1 -2 -3 1 -1 -3 1 -2 -1

Do d6 hé c¢6 nghiem duy nhat
Ay | As| | As|

r=—=3y=—=—1,2=— =2
Al Al Al

hay nghiém ctia hé 1a (3, —1,2).

Nhan xét 4.1. Phuong phap Cramer chi giai duge hé Cramer.

D6i v6i hé c6 s6 phuong trinh, sé an 16n thi viec thuce hien rat khé khan ké
ca khi st dung cac phan mém dé tinh.

Phuong phap Cramer c¢6 mot wu diém la v6i hé phuong trinh Cramer thi
viéc giai hé dua vé tinh cac dinh thiic ma cidc phan mém cé thé hd trg tinh
toan. Khi hé Cramer v6i s6 an khong qua lén thi phuong phap Cramer kha
hidu qua va c6 thé gidi bang may cam tay.

Vi du 4.7. Giai hé phuong trinh tuyén tinh truong hop tong quat, xét he 4.3.
Gia sit hé phuong trinh c6 nghiem va 7(A) = r(A) = p;p < min(m, n).
Giai. Khong gidm tong quét, gia sit p véc to hang phia trén ciia ma tran A

tao thanh hé doc lap tuyén tinh tdi dai ctia hé cac véc to hang cia A.
@11 ... QAip
Gidst| @ -. ' |#£0.Vivay he (4.3) tuong duong véi p phuong trinh
Qp1 ... Qpp
1121 + A2 + - - + A1pTp + -t apr, = bl
a21T1 + A92XLo + + -+ + A2pTp + -+ aonx, = bg

Ap1T1 + ApaTo + -+ 4 AppXp + - - + App Ty = bp.

44.
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(trudong hop khéc cach giai hoan toan tuong tu).
Hé phuong trinh trén duge viét lai

a1y + appTs + - - 4 a1pxp = by — (A1pr1Tp1 + -+ 1nTn)

211 + A99T9 + -+ + AopTp = bg — (angpo +---+ a2n$n>

(4.3")
ap1T1 + ap®z + -+ ATy = by — (Appr1Tp1 + - + Apuy)

Day 1a hé Cramer c6 vé phai phu thudc vao céc an Tpit,- .., Ly VO MO
bo gia tri cu thé cac an & vé phai la w2+1,... 22 thi he (4.3") tré thanh
mot hé Cramer, ¢6 nghiém duy nhat («},23,..., 25,20, ,,...,2)), trong d6
(7,23, ...,x5) duge tinh theo bo s6 (27,,...,z;).

Cac an Tpyq,..., o, c6 thé nhan vo sd bo gia tri tuy ¥. Vay hé c6 vo s6
nghiém phu thudc vao cac an Tptls- oo T

Vi du 4.8. Giai va bién luan theo tham s6 A hé phuong trinh

AT+ 2o+ 23 +24 =1
T+ Ars+ 3+ 24 =1
Ti+To+Ar3+x4 =1
T1+ a9+ 23+ Ay = 1.

Giai.
A1 11
) 1 A1 1
Ma tran hé s6 A = (Xem Vi du 3.46 Chuong 3).
1 1 X1
1 1 1 X

Ta ¢ detA:()\—l—S)( 1)3.

Khi A # —3,\ # 1 : He da cho 1a hé Cramer nén c6 nghiém duy nhat.
Ngoai ra khi thay ddi vai tro ctia cac an trong hé thi hé khong thay doi, suy
ra nghiém théa man x; = xy = x3 = 24, do d6

1
T1 =Ty =3 =Xy = T—=.

A+3

. 1 1 1 1
Bd6i vay hé c6 nghiem d hat .
i vay hé c¢6 nghiém duy nha ()\+3,)\+3,>\+3>/\+3)
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Khi A =1:7(A) =r(A) = 1, phuong trinh da cho tuong duong véi phuong
trinh 21 + x5 + x5 + x4 = 1. Hé phuong trinh c6 vo s6 nghiém

131:1—.%‘2—1'3—(134
X9, X3, T4 nhan gia tri tuy y thuoc R.
Nghiém tong quét ctia hé c¢6 dang

(1 — X9 — T3 — Xy, ZE2,$3,[E4); Lo, T3,Ty € R.

Khi A = —3:det A =0mnén r(A) <4 (theo Vi du 3.46 r(A) = 3) nhung
ma tran bo sung A c6 dinh thitc con cap 4

1 1 1 1
3 1 1 1

= 64 £ 0.
1 -3 1 1
1 1 -3 1

Do d6 r(A) = 4 va hé vo nghiém.
Két luan:
1 1 1
khi A 2 =3, A\ #1;
>\+3’>\+3’A+3’)\+3> IAZ =3 AZL
Hé ¢6 vo s6 nghiem dang (1 — x9 — 23 — x4, T, T3, 4) khi A = 1;
Hé v6 nghiém khi A = —3.

Hé c6 nghiem duy nhéat <

4.3.2. Phuong phap ma tran nghich dao

Dinh 1y 4.3. Hé Cramer AX = B, v6i cac ma tran tuong tng la

11 Q12 ... Qi by T1
A _ a9, A2 ... QAgn ’ B _ bg ’X _ T
Qp1 QAp2 ... Gpp bn Tn
c6 nghiem duy nhat
X=A"'B. (4.9)

Xem Cong thic (3.32) He qua 6. ¢).
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Vi du 4.9. Giai hé phuong trinh

T1+ 229+ 33 =a
2$1+5$2+3$3:b

1 + 8z3 =c.
Giai. Dang ma tran cta hé la

1 2 3| |xy a
2 5 3| (x| = |]
1 0 8| [x3 c

1 2 3 —40 16 9
Matranhés6 A= [2 5 3| codetA=—-1#£0;A"1= |13 -5 —3
1 0 8 5 -2 -1

(xem Vi du 3.39). Do d6 hé da cho la hé Cramer c¢6 nghiém theo Cong thic
(4.9):

T —40 16 9 a —40a + 16b + 9c¢
zol = | 13 =5 =3| |b| = | 13a—5b— 3c
T3 5 =2 —-1]| |c Sa — 2b — ¢

x1 = —40a + 16b + 9c¢
Vay { x5 = 13a — 5b — 3¢ 12 nghiém duy nhat ctia he.

T3 =ba—2b—c¢

Vi du 4.10. Mot trung tam lam dich vu van chuyén hang héa. Cudc van
chuyén dudce tinh theo ba loai buu kién phu thudc kich ¢d: nhé, trung binh va
16n.

Mot 16 hang c¢6: 6 buu kién nhé, 8 buu kién trung binh va 9 buu kién 16n
c6 cude van chuyen la $173,20.

Mot 16 hang khac ¢6: 7 buu kién nhé, 13 buu kién trung binh va 17 buu
kién 16n véi tong cude phi la $291,05.

Mot buu kién 16n ¢6 cude phi cao gap doi so v6i mot buu kién nhé.

Tinh cude phi van chuyén 3 buu kién nhd, 9 buu kien vita va 2 buu kién
16n.
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Giai. Goi x, v, z 1an lugt 1a cude phi van chuyén buu kien loai nhé, trung binh,
l6n. T gia thiét trén suy ra x,y, z théa man hé phuong trinh:

6x + 8y + 9z = 173.20
Tr+ 13y + 172 = 291.05
2r — 2 = 0.

Ma tran hé sé ctia hé phuong trinh

6 8 9 ~13 8 19 x 173.20 4.8

1
A= |7 13 17 ;A‘lzﬁ 41 —24 -39 = |y| =A"|291.05| = |7.25
2 0 -1 —26 16 22 z 0 9.6

Do dé cuée phi van chuyén 3 buu kien nho, 9 buu kién vira va 2 buu kien
16n la: 3z + 9y + 2z = $98.85.

Ta ciing c6 thé tinh cuée phi van chuyén dudi dang tich ma tran nhu sau:

18
39 2| |7.25) = [os.85].
9.6

Nhan xét 4.2. Hai phuong phap trén chi dung duge déi véi hé Cramer.

4.3.3. Phuong phap khir Gauss

Xét he m phuong trinh n an, dang tong quét (4.3).

Phuong phap khit Gauss dyra trén nguyén tac sau.
a. Nguyén tic

Khit b6t an clia cac phuong trinh vi phuong trinh cang it an cang dé tim
nghiém.

Dua hé phuong trinh (4.3) vé he tuong duong A’X’ = B’ dé tim nghiem
hon.

Nén thuc hién khit cac an lan lugt theo thi tu sau:

Néu phuong trinh thit nhat c6 an z; (ay; # 0) ta sé khit 2, & cac phuong
trinh con lai (¢t phuong trinh thit hai dén phuong trinh cudi);

Néu ¢ phuong trinh thit hai c6 an 25 (ag # 0) ta sé& khit 25 & cic phuong
trinh con lai (tit phuong trinh thit ba dén phuong trinh cudi);
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Quaé trinh tiép tuc cudi ciing nhan duge hé phuong trinh tuong duong dang
don gian hon tur d6 suy ra nghiém.

Nhan xét 4.3. Ta c6 thé kiém tra duge rang: khi thire hien cac phép bién doi
tuong duong hé phuong trinh thiyc chat 1a thyc hién cac phép bién ddi tuyén
tinh lén cac hang ciia ma tran bd sung A cta he.

“Ddi chd hai phuong trinh" tuong duong véi “d6i chd hai hang ciia A”.

“Nhan ho#c chia mot s6 khac 0 vao ca hai vé clia mot phuong trinh” tuong
duong véi “nhan hodc chia mot s6 khac 0 vio mot hang ciia A”.

“Cong vao mot phuong trinh mot t6 hgp tuyén tinh cac phuong trinh khac”
tuong duong véi “cong viho mot hang clia A mot td hop tuyén tinh céc hang
khac”.

Stt dung nghuyén tic trén ta c6 cac bude thiyc hanh tuong ting sau:
b. Thyc hanh: Ding bién déi Gauss lén ma tran bo sung A.

Gia stt a;; # 0. Ta khit 27 & cdc phuong trinh con lai (tit phuong trinh
tht hai dén phuong trinh cuéi) ma thuc chat 1a 1am cho cac hé s6 a;; = 0,1 =
2.3,...,n bing cach ding cac phép bién ddi trén ma tran A:

(_a11)H1+HZ—>HZ (222,3,,71)

a1

Tuong ty khit xy tic 1 lam cho céc he s6 aly = 0,4 = 3,...,n; trong do6
aly 13 he s tuong ing véi az sau khi bién doi.

Gia sit ab, # 0. Ta thyc hién tuong tu trén:

/
Q99

/
(_“ﬂ) Ho+Hi — H,. (i=3,...,n)

Qué trinh tiép tuc sau maot s6 bude.

Stt dung cac phép bién déi so cap trén cac hang clia ma tran bo sung A
(c6 thé doi chd cot ctia A, nhung can luu ¥ 1a khi déi cot 1a doi thit ty cia
an tuong tng. Vi vay néu khong chic chidn vé sy nham lan thit tu ciia an thi
khong nén bién ddi cot), dua A vé dang bac thang sau day
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ay ayyy b
— O A /4
— BPTDUN) p p (4.10)
00t
0 o 0 ¥
trong d6 ayy, ..., a,, # 0.

Néu mot trong céc b),,,...,b,, khac 0, nghia la r(A) < r(A) thi he vo
nghiém.

Néu b, =...=10b, =0 th r(4) = r(A) = p, khi d6 he phuong trinh da

P . .
cho tuong duong véi hé p phuong trinh n an s6 (chi y 1a 1 < p < min(m,n)).

Truong hgp p = n thi hé ¢6 dang

!/ / / / /! A N

1l Y —
+ ATy + -+ + Ay, T, 9 o £0. (4.11)

/ !
+ annxn - bn>

Céac an x,...,7! 1a cAc an x4, ..., x, nhung c6 thé thay doi thit tu chi sb.
Ta giai he tim nghiém béng cach giai tit phuong trinh cubi tim 2/, r6i tiép tuc
thay lan lugt lén cac phuong trinh trén tim cac an con lai o/, _, 2! ,,..., ).
Heé phuong trinh c6 duy nhat nghiem.
Truong hgp p < n thi hé phuong trinh c6 dang:
G g e a e a0
/ / !/ / / / /
9Ty + -+ -+ as, T, + -+ -+ ay,x, = b
222 2p*p 2n'n 2 (412)
/ / / A N )
Ay, Ty, + -+ ap,x, =0
Cac an 2, ...,2) 1a cdc an a1, ..., T, nhung c6 thé thay doi thi tu chi s6. Ta
c6 thé tim cac an @}, ..., 2, (goi la cac an chinh) theo cac an @, ,, ..., a),. Cac

an Tpyiqs- -5 Ty, €01 1A céc an khong chinh hay con goi la an tity ¥ (tham bién
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tity ¥). Chuyén cic an Tpis- - Ty, SANG vé phai, ta nhan duoc

/ / / / / A N ) / / / /
177 + A%y + -+ AT, = by — (a1p+1$p+1 + o+ ah,Tn)
/ / / I 1/ / / / /
Aoy + Ay, Ty, = by — (A, 1T q + -+ a5, 77,) (4.13)

Khi gan chon—p an @), ..., ), & vé phai mot bo tham s6 (20,,,...,2%) thi
hé phuong trinh c6 duy nhat mot nghiem (x’{, P x2+1, e ,a:%). Trong
d6 z}, x5, ...,z duge tinh theo n — p tham s6 20, ,..., 2. Vay hée phuong
trinh c6 vo sd nghiem phu thuoc n — p an s6 14 n — p tham s6 nhan gia tri tuy

-

y.

Chii y 4.1. Ta chi nén dimg quéa trinh bién doi khi nhan dugec ma tran dang
bac thang.

Nén chon aj; = 1,a9 = 1,... dé viéc bién doi ma tran bo sung A dugce
thuan loi.
Céc an chinh khong nhét thiét la cac an i, ..., 2. T phuong trinh c6 it

an s6 nhat ta giit lai mot an tuy ¥ v6i hé s6 khac khong, chuyén cac an con
lai sang vé phai, khi d6 cac an duge chuyén sang vé phai goi 1a céc an khong
chinh.

Ta c6 dinh 1y sau.

Dinh 1y 4.4. V6i he phuong trinh tuyén tinh (4.3), gid st 7(A) = r(A) =
p,1 < p < min(m,n). Khi d6 ta c6 cac trudsng hgp sau:

1) Néu p = n thi hé ¢6 nghiem duy nhat;
2) Néu p < n thi he ¢6 vo s6 nghiém phu thuoc vao n — p an sb tity ¥.
Vi du 4.11. Giai hé phuong trinh sau bang phuong phap Gauss.

T+ 229+ 323 = a
25E1+5l‘2+31’3:b

T +8$3:C

1 2 3 «a
Giai. Ma tran bo sungZ: 2 5 3 b

1 0 8 ¢
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Thuc hién cac phép bién doéi tuyén tinh lén hang clia ma tran bo sung A,
ta dudge

1 23 a 10 8 ¢ 10 8 c
A=125 3 bl — 1|01 -3 b—2| —101 =3 b-2a
1 0 8 ¢ 0 2 =5 a—c 0 0 1 ba—2b—-c

C6 r(A) = r(A) = 3 hé c6 nghiém duy nhat véi moi a,b, c. Ta nhan dugc
hé phuong trinh tuong duwong véi hé da cho 1a

ry + +8ZL’3:C
Ty —3x3=b—2a

T3 = ba — 2b — c.

r1 = —40a + 160 + 9¢
Vay { x93 = 13a — 5b — 3¢ 1a nghiem duy nhat ctia he.
r3=5a—2b—c
O bai toan nay, ta c6 thé tiép tuc bién ddi ma tran bd sung dé dua ma tran
A vé ma tran don vi khi d6 ta doc duge nghiém:

10 8 c 1 0 0 —40a+ 16b+ 9c
A— |01 =3 b_9q | =My 1 0 130—5b—3c
3h3+ha—>ha
00 1 Ba—2b—c 00 1 5a — 2b — ¢

Vay ta da tim dugc hé phuong trinh tuwong duong va nhan duge nghiém cia
he

r1 = —40a + 16b + 9¢

T9 = 13a — 5b — 3¢

r3 = Ha — 2b — c.

Vi du 4.12. Giai hé phuong trinh sau bang phuong phap Gauss

i — T3+ T4 — T5 = -3
2x1 4+ 2x9 + 3 — 914 =2

3x1 — X9+ a3 —8xy — 4y = —2
6x1 + 2o+ x3 — 1624 — S5 = —3
1+ x9 + + x4 + 225 = —2.
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Giai. Bién doi so cap theo hang ma tran bd sung ciia he

1 0 -1 1 -1 -3 1 0o -1 1 -1 -3
2 2 1 -9 0 2 0o 2 3 -—-11 2 8
A=13 -1 1 -8 -4 —2|—1]0 -1 4 -11 -1 7
6 1 1 —-16 =5 -3 o 1 7 =22 1 15
_1 1 0 1 2 =2 0 1 1 0 3 1
_1 0o -1 1 -1 —3_ —1 o -1 1 -1 —3_
01 1 0 3 1 01 1 0 3 1
— 00 1 -1 -4 6(—|(00 1 —-11 -4 6
00 5 —-11 2 8 00 0 44 22 =22
00 6 —-22 -2 14 00 0 44 22 =22
_1 o -1 1 -1 —3_
01 1 0 3 1
— |10 0 1 —-11 —4 6
00 O 2 1 -1
_O 0 O 0 0 0_

Ma tran cudi la ma tran bac thang hang. Ta c6 r(A) = r(A) = 4 < 5, do
d6 he phuong trinh c¢6 vo s6 nghiem phu thuoc vio mot an tuy ¥. Tuy nhien
nén tiép tuc bién doi dé tir d6 dé dang suy ra nghiém:

(100 0 0 -2 (100 0 0 —2
011 0 3 1 010 -30 2
A—1001 -30 2|—1l001 =30 2
000 2 1 —1 000 2 1 -1
000 0 0 0 000 0 0 0
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thuoc mot an tuy ¥

T = -2
Ty — 34y =
T3 —3x4 =
20y + x5 = —1.
Nghiém tong quét ctia hé la
(xl = -2
To =2+ 314
r3 =2+ 3y
Ts = —1—2x4
|24 tuy y thuoc R.

Trong thuc té tit ma tran cudi ciing ta c6 thé viét luon ra nghiém ma khong

can viét hé phuong trinh tuong duong ciia no.

Vi du 4.13. Giai va bién luan theo tham s6 m hé phuong trinh

31’1 +2[L’2+5ZL’3—|—4[E4 =3
2371 +3$2+6$3+8I4 =5

1 — 61’2 — 9.’13‘3 — 201’4 =—11

4.’1}1 —|—.CL’2 +4.§L’3 —i—m:z:4 = 2.

Giai. Bién doi so cap theo hang cia ma tran bo sung tuong tu vi du trén

3
2

|

1

4

1
0
0

0

2
3
—6
1
~1
5
-5
5

d 4 3 1 -1
6 8 D 2 3
—
-9 =20 -11 1 —6
4 m 2 4 1
-1 —4 —2 1
8 16 9 0
e
-8 =16 -9 0
8§ m+16 10 0

-1
6
-9
4

—4
8
—20

m

Khim =0:2=7r(A) < r(A) =3, do d6 hé vo nghi¢m.

—11

—4

16

-2
3

2

—2

9
1

0
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Khim # 0:7(A) = r(A) = 3 < 4 nén hé c6 vo s6 nghiem phu thuoc 1 an.
Hé da cho tuong duong véi

T — Xy — T3 — 4ay = —2
9xy + 8x3 + 1624 = 9
mxy = 1.

Chon x5 tity ¥, ta c6 nghiém tong quat ctia he

1 4
T =—C o — X3, X2 = — —— — —I3,T4 = —;x3 tuy §.
5 D m
Ta ciing c6 thé bién ddi tuong duong tiép lén ma tran cudi dé duge ma tran
dang don gidn hon dé suy ra nghiem:

1 -1 -1 —4 -2 1032 -2 -2

8§ 16 9
058169_>01Sgg
00 0 m 1 000 m 1
00 0 0 0 000 0 O

T day c6 thé doc ra nghiém nhu tréen.

4.3.4. Ung dung hé phuong trinh tuyén tinh dé tim cd sé ctia khong
gian sinh bdi mot hé véc to

Cho heé véc to {vy,--- ,v,} cla khong gian véc to V| ta co:
b € Span{vy,- - ,u,} < Jzq,..., 2, ER: 2901 + ... + 250, = b. (4.14)

Gia st B = {ey,...,en} & mot co s6 cia V. Goi (bi)B; (aij)B;j =1,...,n,
lan lugt 1a toa do ctia byv;;7 = 1,...,n trong co s¢ B. Khi d6 diéu kien
b € Span{vy,- -+ ,v,} trong Cong thic (4.14) tuong duong véi hé phuong trinh
sau c¢6 nghiém.

a1 a2 ... Qip Iy by

21  dg2 ... Qd2p T2l by <415)

am1 Am2 ... Amp Tn bm
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Vi du 4.14. Trong khong gian R* xét cac véc to:

v = (1,3,0,2); 05 = (1,5, —6,6); 03 = (2,5,3,2).

Dat V = Span{v;, v9, v3}. Hay tim mot co s6 va suy ra sb chiéu ctia V.

Giai. Ap dung Coéng thitc (4.15) ta c6 b = (by, ba, b3, by) € V khi va chi khi hé

phuong trinh sau c¢6 nghiém

Ap dung phuong phap khit Gauss ta 6

1 1 2
— 3 5 5
A=

0 -6 3

2 6 2

b
by
bs
by

Hé phuong trinh c6 nghiém khi

{

Véy b= (bl, bg, b3, b4) ceVeb= (bl, bg, 9b; — 362, —4b; + 2b2>

2 by
T
) by
y p—
3 b3
Y
2 by
2 b1 1
—1 by — 3by 0
3 bs 0
—2 by —2b 0
by = —4by + 2bs

bs +3by —9b; =0 bs =9b; — 3b
3 + o0 1 @{3 1 2

by —2by +4b; =0

o O NN =

—1

b
by — 3b;
bs + 3by — 9b;
by — 209 + 4b1_

b= (bl, bg, 9b1 — 3b2, —461 + 2()1) = (1, O, 9, —4)b1 + (O, 1, —3, 2)b2, bl, b2 € R.

Do d6 {(1,0,9, —4), (0,1,

Vay dim V' = 2.

—3,2)} la mot hé sinh doc lap, do dé 1a co s6 cia V.
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4.4. Heé phuong trinh tuyén tinh thuan nhat

4.4.1. Nghiém ctia hé phuwong trinh tuyén tinh thuan nhéat

Xét he phuong trinh thuan nhat

a1171 + a1y + -+ + a1, =0

2171 + Q22T + -+ - + G2, T, = 0
2141 2242 2 (416)

Tap hop nghiém ciia hé phuong trinh thuan nhat (4.16) luon khac () vi he
luon théa man diéu kién ton tai nghiém r(A) = r(A) (xem Dinh 1y 4.1). D&
thay z; = ... = x, = 0 1a mot nghiém ctia hé (4.16). Nghiem nay dugc goi la
nghiém tam thuong. Nghiém c6 thanh phan khong dong thoi bang 0 duge goi
la nghiém khong tam thuong (hay con goi 1a nghieém khac khong).

Dinh 1y sau day chi ra diéu kién ton tai nghiém khong tam thuong ctia hé
phuong trinh tuyén tinh thuan nhat.

Dinh ly 4.5. H¢ (4.16) ¢6 nghiem khong tam thudng khi va chi khi r(A) < n,
va do do

He (4.16) chi ¢6 nghiem tam thuong khi va chi khi r(A) = n.

Truong hgp s6 phuong trinh bang s6 an (m = n) thi ma tran hé s6 A la
ma tran vuong cap n. Khi d6

He (4.16) c6 nghiem khong tam thuong khi va chi khi det A = 0.

He (4.16) chi ¢6 nghiegm tam thuong khi va chi khi det A # 0.

4.4.2. Cau tric tap nghiém ctia hé phuong trinh tuyén tinh thuan
nhat

Dinh 1y 4.6. Gia st A 13 ma tran he s6 ctia hé phuong trinh tuyén tinh thuan
nhat (4.16). Khi d6 néu r(A) = p < n thi tap hgp nghiem cta he (4.16) 1a
khong gian véc to con n — p chiéu ctia khong gian R™.

Chitng minh. Thyc hién cac bién déi tuong duong lén hang ciia ma tran bo
sung A ctia he dé dua vé hé tuong duong véi ma tran bo sung c¢6 dang:
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1 % % * 0
0 * x 0
— BDTT(H
A Brrran, 0 1 x 0 (4.17)
0O ... 0 ... 00
0O ... 0 ... 00
Khong mat tinh téng quat ta c6 thé xem nghieém cé dang
T1=C11%pr1 + -+ Cln—pTn
= + o4 ConpTn
Ty = C21Tp+1 Con—pT (4.18)
Tp = Cp1Tpr1 + "+ Cpn_pTn.
Khi doé tap hgp nghiém:
{(Cl,lxp—i-l ++ Clyn—pTns -+ Cp1Tpy1 + e+ Cpn—plns Tpd1y - -+ al‘n>}

= {(01,17 e Cp,1, ]-7 07 s JO)xP+1 + o+ (Cl,n—pa U 7Cp,n—p70707 ) 1)3771}

VOl Tpi1, ..., T, tuy ¥ thuoe R.

Do d6 tap hop nghiém 1a khong gian véc to con n — p chiéu ctia R™.

Nhan xét 4.4. Vé phéi ctia hé phuong trinh tuyén tinh thuan nhat luon bang
0, do d6 vé phai khong thay doi khi ta giai hé theo phuong phap khit Gauss.
Nghia la cot cudi clia ma tran bo sung ciia hé phuong trinh thuan nhat luon
bing 0. Vi vay dé giai hé phuong trinh tuyén tinh thuan nhat ta chi can bién
d6i ma tran hé sb cta he.

Vi du 4.15. Giai hé phuong trinh thuan nhat

$1-3[E2+4[E3+2[L‘4:0
201+ a0+ 23+ 424 =0
—x1 — 4x9 4+ 323 4+ by = 0.

Giai. Giai he theo phuong phap khit Gauss, bién doi ma tran he sb
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1 -3 4 2 1 -3 4 2
A= |9 1 1 4| lufheohs, 7 -7 0
—2h1+ho—ho

-1 —4 3 5 0o -7 7 7
1 -3 4 2 10 1 0
%hg—)hz 0 1 1 O 3ho—2hs+h1—h1 O 1 _1 0

L(ha+hs)—hs
0O 0 0 1 00 0 1
Hé c¢6 nghiém: x; = —x3, x5 = x3, x4 = 0; 23 tuy ¥ thudc € R.

bat V la tap hgp nghiém ctia hé
V = {(I1,5E27$3,I4) = (-ZEg,Ig,Z‘g,O) = ZL’3<—1, ]., 1,0) | T3 € R}

Vay V la khong gian con ctia R*; {(=1,1,1,0)} 12 mot co sé cia V va
dimV =1.

4.4.3. Hé nghiém co ban ctia hé phuong trinh tuyén tinh thuan
nhét

Dinh nghia 4.2. Mot hé cac nghiém ctia hé phuong trinh tuyén tinh thuan
nhat tao thanh mot co s clia khong gian nghiem duge goi 1a mot hé nghiém
co ban.

Chu ¥ 4.2. Theo Dinh 1y 4.6 va Dinh nghia 4.2 ta c6 thé tim tap nghiém ctia
hé phuong trinh tuyén tinh thuan nhat (4.16) nhu sau:

e Tim mot hé nghiém co ban ctia hé (4.16).
e Nghieém tong quat la t& hop tuyén tinh ctia hé nghiém co ban nay.
Cach tim hé nghiém co ban

Gia stt 7(A) = p < n, khi d6 khong gian nghiém ctia hé phuong trinh tuyén
tinh thuan nhat (4.16) c¢6 sb chiéu la n — p.

Ta c6 thé tim hé nghiém co ban theo cac budc sau:

Bién ddi tuong duong lén cac hang clia ma tran hé sé6 A dé dua vé ma tran
A’ ¢ p x n. Hé phuong trinh v6i ma tran hé s6 A va A’ 1a tuong duong.
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Ta ¢6 thé chon hé nghiém co ban theo hai buéce lira chon sau:

Budc 1: Chon an lam an tuy . Chon n — p trong n an lam an tuy ¥. Khi
dé6 p an con lai duge bieu dién tuyén tinh theo n — p an tiy ¥ da chon.

Budc 2: Cho an tuy 4 da chon nhan cdc gid tri cu thé. Khi da chon n — p
an lam an tiy ¥ ta co thé cho céc an nay nhan céc gia tri tuy ¥ khong dong
thoi bang 0 thi ta duge cac hé nghiém co ban khac nhau.

R6 rang rang c6 vo sd cach chon hé nghiém co ban.

Chang han néu ta chon 2,41, Tpia, . . ., o, lam an tuy ¥. Khi cho cdc an tiy
¥ Tpi1, Tpi2, - -, T, nhan mot bo n — p gid tri khong dong thoi bang 0 thi ta
duge mot nghiém co ban.

Ching han ta cho céc an nay nhan céc bo n — p gia tri lan lugt sau:

Tpr1 = 1, 2p0=0,...,2, =0
Tpr1 =0,2p0=1,... 2y =
Tp+1 07$p+2 07 y Ly = 1

thi ta dugc hé n — p nghiéem co ban goi 1a hé nghiém co bin chuan tdc .
Vi du 4.16. Giai hé phuong trinh thuan nhat

2ZE1 —31'2 —3273 —21E4 =0
4ry — Txg — Dxg — 624 =0

3$1 — 5232 — 41‘3 — 4[E4 = 0.

e « L 2. ~ ~ A
(iai. Bién doi ma tran hé so

2 -3 -3 -2 2 -3 -3 —2 1 -2 -1 -2
A=|4 -7 =5 —6| — [4 -7 =5 —6| — |2 -3 -3 —2
3 -5 —4 —4 1 -2 -1 -2 4 -7 -5 —6

1 -2 -1 -2 1 -2 -1 -2

— {0 1 -1 2] —10 1 -1 2
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e Néu chon 3,24 13 an tity v thi ta bién déi tiép

1 -2 -1 =2 1 0 =3 2
o 1 -1 2| —101 -1 2
0 0 0 0 00 0 O

T1 =3T3 — 214
To = T3 — 2(L’4
3, T4 € R.
Dat V' 1a tap hop nghiém cua hé thi:
v :{(xb Za, ‘r37x4) - (3373 - 2x47 T3 — 2x47 x3, x4> ’ XT3, Ty S R}

:{(3, 1, 1, 0)$3 —+ (—2, —2, O, 1)I4 | X3, Ty € R}

Hé nghieém co ban chuan tac 1a {(3,1,1,0), (-2, -2,0,1)} tuong ting véi
viéc chon z3 =1, 24 =0va xz3 =0,24 = 1.

Ta cing c6 hé nghiém co ban khac {(1,-1,1,1);(-2,-2,0,1)} tuong
ting v6i viec chon 23 =24 =1vax3 =0,24 = 1.

Tuong tit nhu thé bang cach cho xs, 74 nhan cac gia tri khong dong thoi
bang 0 khac ta c6 hé nghiém co ban khac.

e Néu chon 1,2, la an tity v thi ta bién doi tiép

1 -2 -1 =2 1 -3 0 -4 1 -3 0 -4
o1 -1 2{—(0 1 -1 2|—|1 -1 =2 0
0 0 0 O 0O 0 0 0 0O 0 0 0

Hé c6 nghiém

T3 = %(1’1 - $2)
Ty = %(ZL‘l - 31’2)
r1, T € R.

Chon 1 = 4,29 = 0 va 27 = 0,29 = 4 ta dugc hé nghiém co ban la
{(4,0,2,1), (0,4, 2, —3)}.

Tuong tir nhu thé bang cach cho x1, z, nhan cac gia tri khong dong thoi
bang 0 khac ta c6 hé nghiem co ban khac.
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e Ta ciing c6 thé chon cac cip (v1,73) hodc (z1,24) hodc (72,73) hodc
(72, 74) 12 an tiy ¥.

Vidu 4.17. Goi V4, V5 lan lugt 1a tap hop nghiém ctia he phuong trinh (I) va
hé phuong trinh (IT) sau

4r1 + 519 — 223+ 3x4 =0 201 — 319 — 33— 214 =10
(I) € 3x1 + 529 +6x3 —4xy, =0 (II) < 4xy — 7wy — Sag — 624 =0
Sy + Txg + 223 =0; 3x1 — bxy — 4wy —4xs = 0.

Hay tim mot co sd, so chiéu cuia ciac khong gian con Vi, Vo, Vi N Va.
Giai. Giai hé phuong trinh (I).
4 5 =2 3 10 -8 7
A=135 6 -4 —1[3 5 6 —4
5 7 2 0 1 2 4 =3
10 -8 7
— |0 5 30 =25 —
0 2 12 -10

o o =

o = o

o o
|
o

=8x3 — 7
Hé phuong trinh (I) < 17 S T
To = —0x3 + dxy4.

v = (21,29, 23,24) € Vi & v = (8x3 — Txy, —623 + Dy, 3, T4)
= 25(8,-6,1,0) + 24(—7,5,0,1).

Do d6 Vi = {x3(8,—6,1,0) + 24(—7,5,0,1) | z3, 24 € R}. Mot co s6 ctia Vi 1a
{(8,-6,1,0), (~7,5,0,1)}; dim V; = 2.

Tuong tu, giai hé phuong trinh (II) ta c6

2 -3 -3 -2 2 -3 -3 -2 1 -2 -1 =2
A=|4 -7 =5 —6| — |4 -7 =5 —6| — |2 =3 -3 -2
3 -5 —4 —4 1 -2 -1 =2 4 -7 -5 —6

1 -2 -1 =2 1 -2 -1 =2 10 -3 2

— {0 1 -1 2}|—/0 1 -1 2| —10 1 -1 2
0 -1 1 =2 0 0 0 0 00 0 O
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T = 3ZE3 — 21’4
Vay { 2o = 23 — 214
3, x4 € R.

Vo = {1’3(37 1, ]-70) + ZL’4<—2, —2,0, 1) ’ T3,T4 € R}

Mot co s6 cua V 1a {(3,1,1,0),(—2,-2,0,1)}; dim V, = 2.
Khi do, V4 N'V5 1a khong gian nghiém ctia hé 6 phuong trinh sau:

(4x) + 5wy — 223+ 314 =0
3r1 + dxy + 623 —4ry =10
5xq + Txo + 225 =0
201 — 31y — 33— 224 =10
4ri — Txg — dx3 — 64 =10

(371 — Sx9 — 4wg —4xy = 0.

Stt dung két qua bién doi da dat duge khi giai he phuong trinh (I) va (II) &
trén ta co:

4 5 =2 3 10 =8 7 1 0 =3 2 100 -1

3 5 6 —4 01 6 -5 01 -1 2 010 1

5 7 2 0 00 0 O 00 —-11 001 -1
— — —

2 -3 -3 -2 10 =3 2 00 —-11 000 O

4 -7 =5 —6 01 -1 2 00 0 O 000 O

3 =5 —4 -4 00 0 O 00 0 O 000 O

Giai he phuong trinh ta duge nghieém (z4, —x4, x4, 24), 4 tuy §. Do d6
Vinv, = {374(1, —-1,1, 1) ‘ Ty € R}
Mot co s6 cua Vi NnVa la {(1,—1,1,1)},dim(V; NV;) = 1.

4.4.4. MBobi lien hé gitta nghiém ctia hé khéong thuan nhat va hé
phuong trinh thuan nhat tuong dng
Xét he phuong trinh tuyén tinh khong thuan nhat (4.3) va he phuong trinh
tuyén tinh thuan nhat tuong ting (4.4).
Dinh 1y 4.7. Gia st X* = (z7,...,2) la mot nghiém riéng ctia hé phuong
trinh (4.3), khi dé:
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X = (1,...,2,) 1a nghiem téng quat ciia hé (4.4) khi va chi khi X = X* + X
la nghiem tong quét ciia he (4.3).

Vi du 4.18. Giai hé phuong trinh tuyén tinh khong thuan nhat

$1—3$2+4$3+2I4:4
2[E1—|—l‘2+{[’3—|—4l‘4:8
—x1 — 4x9 4+ 323 4+ Dy = 3.

Giai. Nhan thay (1,1,1,1) 14 mot nghiém riéng ciia h¢ trén. Theo két qua
ctia Vi du 4.15 nghiém tong quat ctia hé phuong trinh tuyén tinh thuan nhét
tuong tng cua hé trén la

(—t,t,,0),t € R.

Do d6 nghiém tong quat ctia hé phuong trinh da cho 1a (1 —¢,1+¢,1 +
t,1),t € R.

4.5. Mot s6 mo hinh tuyén tinh trong phan tich kinh té

Dé thay dugc tng dung ctia hé phuong trinh vao cac bai toan kinh té, sinh
vien c6 thé tham khdo théem mot s6 dang mo hinh tuyén tinh co ban sau.

4.5.1. M5 hinh can bang thi trudng
a) Thi trudng mot loai hang héa

Khi phan tich thi truong hang héa, cac nha kinh té hoc sit dung ham cung
va ham cau dé biéu dién sy phu thuoc ctia luong cung va lugng cau vao gia
hang héa (véi gid thiét cac yéu t6 khac khong thay doi).

Dang tuyén tinh tuong ting ctia ham cung va ham cau c6 dang

Qs = —ap + a1p; Qg = by — bip,

trong d6 @, 1a lugng cung, tic 1a luong hang héa ma ngudsi ban bang long ban;
Qg 12 luong cau, titc 1a lugng hang héa ma ngudi mua bang long mua; p 1a gia
hang héa; ag, a1, by, by 1a céc hang s6 duong.

Trong cac mo hinh da muc tieu sé kho c6 phuong an téi wu cho dong thoi
tat ca cac muc tiéu, vi vay nguoi ta thuong chon phuong 4n toi uu 1a can bang
cho dong thoi cac muc tieu nay.
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Khi d6, mo hinh can bang thi truong c6 dang

Qs = —ap + arp
Qa="byo—bip
Qs - Qd

Giai hé phuong trinh nay ta tim dudc gid va san luong tai vi tri can bang, tit
d6 nhan duge ham cung ham cau can bang.
ag + bo — ag + bo

& =—ag+ta
a1+b1Q 0 1a1+61

ﬁ:

b) Thi trudng nhiéu loai hang héa
Trong thi truong nhiéu hang héa lien quan gia ciia hang héa nay c6 thé
anh hudng dén luong cung va lugng cau ctia cac hang hoa khac. Dé xét mo
hinh can bang thi truong n hang héa lien quan ta ki hiéu bién s6 nhu sau
Lugng cung hang héa thi 7 la Q,,,7 =1,2,...,n;
Lugng cau hang hoa thi i la Qq,,1 = 1,2, ..., n;
Gia hang héa thit i 1a p;,i = 1,2, ... n.

V6i gia thiét cac yéu to khac khong thay ddi, ham cung va ham cau c¢6 dang
tuyén tinh tuong tng

Qs; = aio + aipr + GoPa + ... + ippnsi = 1,2,...,n;
Qdi = biO + bﬂp1 + bi2p2 —+ ...+ bmpn;i = 1, 2, oy NG
Khi d6, mo hinh can biang thi truong hang héa c6 dang nhu sau

Qs; = aio + ainp1 + aops + ... + Py
Qa; = bio + birpr + bigpa + ... + binpn
QSZ' = Qdi

1=1,2,...,n.

(4.19)

Giai hé phuong trinh nay ta sé xac dinh duge gia can bang va lugng can bang
cua n hang hoa dé.

Vi du 4.19. Xét thi truong gom 2 mit hang véi cadc ham cung va ham cau
tuong tng c6 dang

Qs; = —1+6p1;Qa, =8 — p1 + 2po;
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Qsy = =4+ p2; Qa, = 10 + 2p1 — 2ps.

Heé phuong trinh can bang hang hoéa sé 1a

—146p; =8 — 2 Tp1 —2py =9
+ Op1 1t 2p2 o ) PL— 2D (4.20)
Giai he phuong trinh bang phuong phap Cramer
7T =2 9 =2 79
D = =—-17,D, = = —55,Dy = = —116.
2 -3 —-14 -3 2 —14

Do d6 hé c6 nghiem duy nhat 1a gia can bang ciia mdi loai hang héa

_ 5% _ 116
b1 = 17,]72 - 17
Thay gia can bang vio cac biéu thitc ham cung ta xac dinh duge lugng can
bang:
— 55 313 — 116 48
G=—ltbp=Tr@=—tt =g

4.5.2. M5 hinh can bang kinh té vi mé

O dang don gidn, ta x6t mo hinh can bing déi vi mot nén kinh té dong
(khong c6 quan hé kinh té v6i nu6e ngoai).

Goi Y la tong thu nhap qudc dan va E la tong chi tieu ké hoach ctia nén
kinh té&, trang thai can bing dugc biéu dién dudi dang phuong trinh

Y =F.

Trong mot nén kinh té dong, tong chi tieu ké hoach ciia toan bo nén kinh
té gom cac thanh phan sau:

C': Tiéu dung ctia cac ho gia dinh;

G: Chi tiéu cua chinh phu;

I: Chi tiéu cho dau tu clia cac nha sin xuét.

Phuong trinh can bang trong truong hop nén kinh té déng la:

Y=C+G+1.
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Gia st dau tu theo ké hoach 1a ¢6 dinh I = I'* va chinh sach tai khoa ctia
chinh phi1 ¢6 dinh G = G*, con tiéu diing ciia cac ho gia dinh phu thuoc vao
thu nhap dudi dang ham bac nhat (goi 1a ham tiéu dung):

C=aY +b(0<a<1;b>0).

Hé s6 a biéu dién lugng tieu dung gia ting khi ngudi ta c6 them $1 thu
nhap, goi la xu hudng tiéu dung can bién (marginal propensity to consume),
con b 1a miic tieu diing t6i thicu, tiic 1a miic tieu dung khi khong c6 thu nhap.

Mo hinh kinh té vi mo trong truong hgp nay quy vé hé phuong trinh tuyén
tinh:

(4.21)

Y=C+G"+1I*
C =aY +0.

Giai hé nay ta sé tim dude mitc thu nhap can bang va mitc tiéu dung can bang
clia nén kinh té.

— 1 —
Yzl—(b+G*+]*);O:aY+b. (4.22)
—a

Trén day 1a mo hinh kinh té vi mo6 dang don gidn. Do phiic tap ciia mo hinh
sé tang lén néu ta tinh dén cac yéu t6 khac, chang han nhu thué, xuat nhap
khau,... Néu tinh thué thu nhap thi ham tieu diing sé thay doi nhu sau:

C=aYy;+b;
trong d6 Yy 1a thu nhap sau thué, hay con goi 1a thu nhap kha dung:
Y;=Y — T (T la thué thu nhap)
Goi ty 1é thué thu nhap 1a ¢ (biéu dién & dang thap phan), ta co:
Yo=Y —-tY =(1-)Y;C=a(l-t)Y +0.
Tt d6 ta xac dinh duge mic thu nhap quoc dan va tiéu ding can bang.

Vi du 4.20. Gia st C' = 250 + 0,84Y; [* = 250; G* = 300 (tinh bang triéu
USD), theo cong thiic (4.22) ta tinh duge miic thu nhap can béng va mic tieu
ding can bang tuong tng la:
— 800 — = P
Y = 016 5000; C' = 0.84Y + 250 = 4450(trieu USD).
Néu nha nudc thu thué thu nhap é mitc 20% thi ta c6 mitc thu nhap can
bang va miic tidu dimng can bang la: Y, = 4200; C' = 3778 (trieu USD).
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Bai tap Chuong 4

> 4.1. Ham cau va ham cung déi v6i hai hang héa phu thuoc 1an nhau duge
cho béi:

Qa, =50 — 2p1 + po
Qa, =10+ p1 — 4py
Qs, = =20+ py

Qs, = —10 + Hpy

a) Chiing t6 rdng gia can bang théa man phuong trinh ma tran

3 =1 |m 70

—1 9 P2 20

Y

b) Tim ma tran nghich ddo clia ma tran vuong cap 2 trong phan a) tir dé suy
ra gia can bang.

> 4.2. Gidi cac hé phuong trinh sau bang phuong phap Cramer:

£1+l‘2+l’3:5 3I1+$2—ZL’3:4
a) 2wy — 4wy + a3 =2 b) ¢ 22y — 4y + 23 = =5
r1 4+ 9 — 4x3 = —b; T1 + To + 2253 = 5.

> 4.3. Gidi cac hé phuong trinh sau bang phuong phap ma tran nghich dao:

4y — 29 + 223 = 8 201 — 4dxy + 23 = —5
a) ¢ a1+ 31y —2w3 =1 b) <3z + a9 — 13 =14
3x1 + 19 — 23 = 2; r1+ 29 + 223 = 5.

> 4.4. Giai cac hé phuong trinh sau:

2$1+25L’2—I3+$4:4 2I1+7$2+13$3+5$4:4
) 4{L‘1+3I2—ZE3+2ZE4:6 b) ZE1+J]2+5J]3+21’4:1
a

8$1+5[L’2—3l’3—|—4l’4 =12 2$1+ZEQ—|—3ZL‘3—|—25E4: -3

a1 + 3z — 223 + 224 = 6; Ty + x3 + 3wz + 4wy = 3.
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> 4.5. Gidi cdc hé phuong trinh sau bang phuong phap khit Gauss:

3[L‘1—21’2+5CL’3+41’4:2 2$1+7$2+3ZE3+$4:5
a) < 6z — 4wy + 43+ 314 = 3 b) 21 4+ 329 + Hx3 — 224 = 3
9$1—6$2+3£L’3—|—21‘4:4; $1+5$2—9x3+8x4:1

5%1 + 18562 + 4LE3 + 5%4 =12.

> 4.6. Giai va bién luan cac hé phuong trinh sau:

21’1+7$2+3ZL‘3—|—$4:5 (1+m)$1+x2+$3:1
) 5x1+mw2+4x3+5x4:13 b) $1+(1+m)x2+$3:m
a

ZE1+3$2+55L’3—2$4:3 x1+x2+(1+m)x3:m2.

CL’1+51’2 —9$3+8ZE4 = 1;

> 4.7. Xac dinh cac gia tri ctia tham s6 m sao cho cac hé phuong trinh sau:

(x—l—y—z =1 T+y+mz 2
a) ¢ 2rx+3y+mz =3 c) R 3x+4y+2z =m
(z+my+3z =2 20 +3y —z =1;
(2x+my—z = -2
b) Sz — 3z =-3 Q) {x+2y+mz =1
(T +2y+mz =1 20 +my +8z = 3;

i) Vo nghiém;
ii) C6 nhiéu hon 1 nghiém;
iii) C6 duy nhat nghieém.

> 4.8. Tim diéu kién cla a, b, ¢ dé hé phuong trinh sau c6 nghiém:

x4+ 2y — 3z =a r+2y—32 =a
a) ¢ 2rx+6y—11z =10 b) ¢3z—y+22z =b
x—2y+T7z = r—5y+8 =c

> 4.9. Trong khong gian R*, hay biéu thi véc to vy qua cac véc to con lai

v =(1,3,1,2),v0 = (2,6,2,4),v3 = (3,1, —1,2), vy = (—12,4,8,—4).
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> 4.10. Véc to v = (3,9, —4, —2) c¢6 thudc khong gian sinh béi hé véc to S sau
hay khong

S={u; =(1,-2,-3,3),us = (2,3,1,—1),us = (2,—1,2,1)}.
> 4.11. Hay tim mot co s6, s6 chiéu ciia cdc khong gian con U, V,U NV cla
R*, véi
U = {(x1, 32,33, 74) € R* | 23 + 25 + 24 = 0};
V = {($1,I2,[E37ZE4) - ]R4 | I + To = 0,1’3 = 21‘4}
> 4.12. Xét mo hinh kinh té vi mé c6 dang:
Y=C+I"+G"
C=aY-T)+Db
T =tY + 1T,
a) Biéu dién he¢ phuong trinh dudi dang ma tran AX = B, trong d6 X =
Y
C'|1a ma tran an, A ¢d 3 x 3 13 ma tran hé s6 va B ¢d 3 x 1 14 ma tran

T

vé sau ctia hé phuong trinh;
b) St dung phuong phap Cramer tim nghiém Y.

> 4.13. Tim hé nghiém co ban va sb chiéu ctia khong gian nghiém clia cac hé
phuong trinh sau:

2t —y+Tz4+4 =0 (221 + 29 + 425 — 202, =0
2) r+2y—3z+6t =0; c) < 4wy + 219 — T2z — 1524 =0
(71 — 222 + D3 — 314 = 0;
r5[E1+4ZL’2—2$3+ZE4+6£B5 =0
b) {2x+4y—|—z+2t+3w =0 d) 2wy + 229 — 23 +4w4 + 325 =0
r+2y+z+2t+4w =0 | 771+ 6xy — 323+ 324+ 925 = 0.

> 4.14. Hai hé véc to S;, S, trong R* duge cho dusi day 1a doc lap hay phu
thuoc tuyén tinh:

a) S fun = (3,2,4,7),us = (4,-3,11,2),u3 = (=5,3,13,1),us =
(2,-3,7,9)};



Bai tdp Chuong 4 167

b) SQ : {Ul = (1,3,0, 7),1)2 = (4, —3,4, 2),7)3 = (6,3,4, 16),1}4 = (1, —1,3,2)}
> 4.15. Cho hé phuong trinh

Ty + o+ x3 + T4 + x5 =0
3r1 + 29+ 2x3+24—325 =0
511 +4x9 +3x3+3x4 — x5 =0
Ty + 223+ 224 + 625 =0

Hé nao trong s6 cac hé véc to sau la hé nghiém co ban ctia hé phuong trinh
trén?

a) {aq = (1,-2,1,0,0),a2 = (1,-2,0,1,0),a3 = (0,0,1,—1,0),cy =
(1,-2,3,-2,0)};

b) {p = (1,-2,1,0,0), 5, = (4,0,0,—6,2), 53 = (0,0,—1,1,0)};

¢) {m1=1(1,-2,1,0,0),v = (4,0,0,—6,2),v3 = (2,4, —1,—6,2) };

d) {m =(1,-2,0,0,0),m2 = (4,3,0,—6,2),n3 = (2,4, —1,—6,2)};

e) {1 = (1,-2,1,0,0), s = (4,0,0, —6,2)}.

> 4.16. Cho hai véc to v; = (3,1, —4), v, = (2,5, —1) clia R3.

a) Viét u = (—1,17,8) thanh t6 hgp tuyén tinh ctia hai véc to vy, v;

b) Tim cic gid tri clia k dé u = (4, —3, k) viét duge thanh t6 hop tuyén tinh
cua hai véc to vy, vg;

c¢) Tim di¢u kién clia z,y, z dé u = (z,y, z) viét duge thanh t6 hgp tuyén tinh
cua hai véc to vy, vs.

> 4.17. Trong khong gian R* xét cac véc to:
v = (1,-2,0,3);09 = (1, —1,—1,4);v3 = (1,0, =2, 5).

Dat Vi = Span{vy,va,v3}, Vo = {(z,y,2,t) € R* | 3y + 52 + 2t = 0; 2 = 2t}.
V6i moi khong gian vée to con Vi, Vo, Vi N V,, hay tim mot co s tuong ting va
suy ra so chiéu ctia ching.
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> 4.18. Xac dinh gia va sin lugng tai vi tri can bang clia thi truong hang hoa
gom hai mat hang véi cadc ham cung cau c6 dang:

Hang hoa 1: Qg, = —2 + 3p1, Q4 = 10 — 2p; + po.
Hang hoa 2: Qs, = —1 + 2py, Qu, = 15+ p1 — po.

> 4.19. Xét mo hinh kinh té vi mo c6 dang:
Y=C+TI"+G",C=0,75Y + 200,

trong dé I* = 300, G* = 400, Y la tong thu nhap qubc dan, C la tieu ding clia
cac ho gia dinh. Hiy x4c dinh mitc thu nhap can bang va mitc tiéu dung can
bang.

> 4.20. Xét mo hinh kinh té vi mo dude xac dinh béi

Thu nhap quéc dan: Y =C+ I+ G*(G* > 0)

Tieu thu: C=aY +b0<a<1,b>0)

Dau tu: I=cr+d(c<0,d>0)

Cung tién: Mg = kY + kar(ky > 0,ke < 0, M5 > 0)

a) Hay biéu_ dién hé phuong trinh nay dudi dang ma tran v6i ma tran an la
Y
C
X = ;

1
r

b) St dung phuong phap Cramer tim nghiém 7.
Huéng dan giai bai tap Chuong 4

> 4.1. a) He phuong trinh can bang gia

Qu, = Qs - 50 — 2p; +p2 = =20+ py N 3p1 —p2 =70
Quvy, = Qs, 10 + p1 — 4ps = —10 + 5p, —p1 + 9p2 = 20

Dang ma tran ctia hé phuong trinh la

3 —1| |m 70
—1 9 P2 20
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-1

3 -1 119 1
b) = -4 )
-1 9 26 11 3
. Dp1 119 1] |70 25
suy ra nghiém = — = .
p| 2601 3] |20 5
1 1 1 5 1 1
>42.a) D = |2 -4 1| = 30;D,;, = |2 —4 1| = 60,D,, =
1 1 —4 -5 1 -4
1 5 1 1 1 5

2 2 1 :307Dx5: 2 —4 2 :60:>ZB1:2,372:1,$3:2.
1 -5 —4 1 1 =5

b) D = —36;D,, = —36,D,, = —72, Dy, = —36 = 2 = 1,20 = 2,253 = 1.

> 4.3. Goi A, B lan ludt 1a ma tran hé sd ctia hai hé phuong trinh da cho:

4 -1 2 1 -1 4
a) A= |1 3 -2 ,A‘1:% 5 10 —10
3 1 -1 8 7 -—13
1 1 -1 4 8 1
Nghiém ctia hé phuong trinh |z, :% 5 10 —10| [1]| = |2];
T3 8 7 —13| |2 3
2 -4 1 39 3
b) B=|3 1 -1 ,B_lz% -7 3 5
1 1 2 2 —6 14
x 39 3| |-5 1
Nghiém ctia hé phuong trinh |z, | = % -7 3 5 4| =12
X3 2 —6 14 5 1

> 4.4. Goi A, B lan lugt 13 ma tran he sé ctia hai hé phuong trinh da cho:
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2 2 —1 1 2 1 1 -2
4 3 —1 2 1] 2 1 -1 0
a) A= JdetA=2=3A71 =
8 5 —3 4 212 3 -1 0
3 3 =2 2 -8 3 -1 4
X1 4 1
. ) 6 1
Nghiém ctia hé phuong trinh = A1 = :
T3 12 —1
Ty 6 —1
2 7 13 5 -4 —-16 62 —18
11 5 2 1 |18 =51 8 —1
b) B = ,det B=82= 3B = _
2 1 3 2 8212 33 —10 -9
11 3 4 -2 -8 -—10 32
X1 4 -2
. ) ) 1 0
Nghiém ctia hé phuong trinh =Bt =
T3 -3 1
Ty -3 -1

> 4.5. a) x3 =6 — 1521 + 1029, 24 = —7 + 1821 — 1229; w1, x5 thy §.

b) 3 =6 — 26x3 + 1Txy, 20 = —1 + T3 — day; x3, 74 tUy ¥.

_2 7 3 1 5-
>4.6.a) Ma tran bo sung A = oomo A s “

13 5 -2 3
1 5 -9 8 1_

_1 3 5 =2 3_

1 5 -9 8 1

2.7 3 1 5

5 m 4 5 13
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1 3 5 -2 3 1 3 5 -2 3
0 2 —-14 10 -2 0 1 -7 5 -1
YRS YRS
0 -1 7T -5 1 0 0 0 0 0
0 m—15 —-21 15 =2 0 m—18 0 O 1
[ 26 11 16 |
17 0 7 7
- 0 : -1 2 -1 N 1) Khi m = 18 hé v6 nghiém.
0 0 0O 0 0 2) Khi m # 18 hé c6 nghiém:
0O m—18 0 0 1
1 26 i 1 1
— ~ (16— —11 ) - g = ——(1
o= (10 T o) = e = = (Mg
1+m 1 1
b) Dinh thtic clia ma tran he s6: | 1 1+m 1 | =m*(m+3).
1 1 1+m
Khi m(m + 3) # 0 hé ¢6 nghiem duy nhéat:
2 —m? 2m — 1 m?® 4+ 2m? —m — 1
= py= =
YTomm 437 mim+3) 0 m(m + 3)

Khim=0vam= -3, r(4) <3 =r(A) hé vo nghiem.
>4.7. a) i) m= -3, i) m=2,iii) m # 2, m # —3.
b) i) m #£2, m# —5, i) m = —5, i) m = 2.
c) i) ludn ludn 6 nghiém, ii) m = 3, iii) m # 3.
d) i) m =4, ii) m # 4, iii) khong thé c6 duy nhat nghiem.
> 4.8. a) ¢+ 2b— 5a = 0;

b) 2a —b+c¢=0.

r4+2y+3z2 =-—12

3 6 =4 2
> 4.9. vy = v + Yvo + 203 & T Oyte &S Ty

T+2y—=z =38 z

20 +4y + 2z = —4

Vay vy = (3 — 2y)xv; + yvge — bus, y tuy §.

+5$C4> , Ly tfly }/f .
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> 4.10. v = (3,9, -4, —2) € Span{uy, us, uz} khi va chi khi hé phuong trinh

T+ 2y + 2z =3

. . —2x+3y—z =9
sau c6 nghiém: .
—3r+y+2z =-4
3r —y—+=z2 = -2

Giai hé phuong trinh suy ra: v = u; + 3us — 2us.

> 4.11. o u=(r1,%9,23,74) €U & u=(x1,—23 — x4, 23,14). MOt co 86
ctia U {(1,0,0, 0), (0,—-1,1,0), (0,—1,0,1)}.

$1+.T2:0

o u=(x1,29,23,14) EV & { S u= (21, —T1,214,24).

T3 — 233‘4

Mot co s6 cia V: {(1, —1,0,0), (0,0,2, 1)}

To+x3+2x4=0
o u=(x1,29,23,74) EUNV)Sa;+29=0
T3 = 224
S u = (3xy, =314, 204, x4) = (3,-3,2,1)z4.
Mot co s6 cia UNW: {(3,-3,2,1)}.

1 -1 0| |y I + G
>4.12.a) |—a 1 a| |C| = b
—t 0 1||T Ty

I+ G +b—aly

b) Y
1l—a+at

> 4.13. a) Mot he nghiem co bén {(5,0, 11, -14), (0, 5,13, —8)}, s6 chidu
ctia khong gian nghieém la 2.

b) Mot he nghiem cd ban {(—2, 1,0,0,0), (0,0,-2,1,0), (1,0,—5,0,1)}, 56
chiéu ctia khong gian nghiem 13 3.

¢) Mot hé nghiém co ban {(64, 72,25, 15)}, s6 chiéu ctia khong gian nghiem
la 1.

d) Mot hé nghiem co ban {(O, 1,2,0,0), (0,0,3,0, 1)}, s6 chiéu ctia khong

gian nghiém la 2.
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> 4.14. a) Dé chiing minh hé S; phu thudc tuyén tinh ta chi ra ring ton tai

x,y, z,t khong dong thoi bang 0 sao cho: zu; + yus + zus + tuy = 6, diéu
nay tuong duong v6i hé phuong trinh thuan nhat sau c6 nghiém khong tam
thuong:

3r+4y — 5242t =0

20 =3y +32—-3t=0

Az + 11y — 13247t = 0

Tr+2y+2+9t=0.

St dung phuong phap khit Gauss ta co:

4 =5 2 3 4 =5 2 0O 0 0 0

3

2 -3 3 =3 2 -3 3 =3 2 -3 3 -3
<~ —

4 11 13 7 1 7 =8 5 1 7 -8 5

7T 2 1 9 7T 2 1 9 7 2 1 9

Vay hé c6 nghiem khong tam thuong, do d6 hé S; phu thuoc.
b) Tuong tu trén, dé chitng minh hé S, phu thudc tuyén tinh ta chi ra ring
hé phuong trinh thuan nhat sau c6 nghiém khong tam thuong:
r H4y+62+t=0
3z =3y+3z2—1t=0
dy +4z+3t=0
Tr +2y+ 16z + 2t = 0.

St dung phuong phap khit Gauss ta c6:

1 4 6 1 1 4 6 1 1 4 6 1
3 -3 3 -1 3 -3 3 -1 3 -3 3 —1
< e
0 4 4 3 0 4 4 3 0 4 4 3
7T 2 16 2 0 4 4 3 0O 0 0 O
Vay hé c¢6 nghiem khong tam thuong, do d6 hée S, phu thuoc.
1111 1
o 3211 -3
> 4.15. Ma tran hé s ctia hé phuong trinh c6 hang r(A) =

54 3 3 -1
0122 6
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2. Do d6 khong gian nghiém c6 chiéu bang 3, vi vay hé nghiém co ban c6 3

véc to.

a) {aq, g, ag, ay}t c6 4 véc t6 khong phéi hé nghiém co ban;

b) {1, P2, B3} 1a mot hé nghiém co bén;

¢) {71,72,73} khong phai la hé nghiém cc ban vi véc to 3 khong phai la

nghiém cua he;

d) {m,n2,n3} khong phéi 14 hé nghiém co ban vi véc to n; khong phai la

nghiém cua hé;

e) {p1, 2} khong phai 1a hé nghiém co ban vi hé chi ¢6 2 véc to.

> 4.16. a) v =

—3uy + 4us;

c) 19z — by + 13z = 0.

> 4.17.
1

-2
nghiém

1 1
-1 0

a

o o O =

X

-1
1

e V] la tap céac véc to (x,y, z,t) sao cho hé phuong trinh sau c6

. St dung phuong phap khit Gauss

1 x

2 y+2
—2 z

2

t— 3x

o o O

o O = =

o O N

x
Y+ 2x
z+y+2x
t—b5r—vy

Do d6 V; la khong gian nghiém ctia hé phuong trinh thuan nhat

20 +y+=z
Sx+y—1

=0
=0.

C6 mot co s6 1a {(1,0,-2,5),(0,1,—1,1) };dim V4 = 2.
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e V5 la khong gian nghiém ctia hé phuong trinh thuan nhat véi an (x,y, 2, t)

nhu sau:
y = —4t
3y+5z+2t =0
Sz =2t
z— 2t =0 o
T tuy y.

C6 mot co s6 1a {(1,0,0,0),(0,—4,2,1) };dim V5 = 2.

e V1 NV, la khong gian nghiém ctia hé phuong trinh

2r+y+z =0
or +y—1t =0.
y+5z2+2t =0
z—2t =0

> 4.18. He phuong trinh can bang hang hoa sé 1

—2+3p1 =10 = 2p; + p2 - op1 — p2 = 12
—1+2p2 =15 + p1 — po. D1 —3p2 = —16.

Giai hé phuong trinh bang phuong phap Cramer
D =—-14,D; = =52, Dy = —92.

Do d6 hé c¢6 nghiem duy nhat 1a gia can bang ciia mdi loai hang héa
26 __ 46

b1 = 77292 = 7-

Thay gi4 can bing vao céc biéu thic ham cung ta xac dinh dudce lugng can
bang:

— 64 — 85
Ql - 7) QQ - 7
> 4.19. Ap dung cong thic (4.22)
— 1 _ —
Y = 5= (200 4+ 300 + 400)= 3600; C = 0.75Y +200 = 2900.

> 4.20. a) Dang ma tran cta hé phuong trinh: AX = B

[ 1 -1 -1 0 ] _Y_ _G*-
—a 1 0 0 C b
A= X = B = :
0 0 1 -C 1 d
]{31 0 0 ]{32 T Mg‘v
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Mi(1—a)—ki(b+d+ G¥)
b) r = :
]{?2(1 —CL)+C]€1
RO rang rang mau s6 ctia r 13 am vi ky(1 —a) < 0do ks <0 vaa < 1, dong
thoi cky <0doc< 0vaky > 0.

Do d6 hé s6 r duong khi tit s6 am. Diéu nay giai thich 1ai suat, r, ting khi
chi tiéu ctia chinh phu, G*, tang lén.
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Chuong 5
Phép bién doi tuyén tinh va
dang toan phuong trén R"

5.1. Phép bién déi tuyén tinh . . . ... ......... 178
5.2. Dang toan phuong trén R™ . . . .. ... ... ... 207
Baitap Chuong 5 . ... ... ... ... ... 222
Huéng dan gidi bai tap Chuong 5 . . . . . . .. .. ... 228
Tai liéu tham khdo . . . . . . . . ... o o000 238

Phép bién déi tuyén tinh tit khong gian véc to vao khong gian véc to la
mot anh xa bao toan phép cong véc to va phép nhan mot s6 véi véc to. Mot
dang toan phuong la anh xa tit khong gian véc to vao tap sé thuc cé biéu thiic
xac dinh 1 da thitc ddng cap bac 2 theo toa do. Phép bién doéi tuyén tinh va
dang toan phuong l1a nhitng noi dung chinh ctia dai sé tuyén tinh. Chuong nay
chi xét phép bién doi tuyén tinh va dang toan phuong trén R™.

Khéi niém dang toan phuong c6 rat nhiéu tng dung. Chéng han, ta da biét
ham s6 chi dat ciyc tri tai nhitng diém t6i han (dao ham cip 1 bing 0 hoac
khong ton tai dao ham). Khi ham mot bién s6 c¢6 dao ham cap 1 triet ticu tai
mot diém nao dé thi s6 gia ctia ham phu thudc vao dau ctia dao ham cap 2
tai diém nay. Truong hgp ham nhidu bién c¢6 cac dao ham rieng cap 1 bing 0
tai mot diém nao do6 thi s6 gia clia ham tai diém nay phu thuoc vao vi phan
cap 2, d6 1a mot dang toan phuong. Tuy theo tinh chat xac dinh duong, xac
dinh am hosc chi s6 quan tinh duong va chi s6 quan tinh am khéc 0 ctia dang
toan phuong nay ta c6 thé két luan ham sb dat cuc tiéu, cuc dai hay khong
dat cuc tri tai diém da xét. Khi vi phan cap 2 bang 0 thi bai todn sé phiic
tap hon nhiéu, nhung rat may 1a truong hop nay it giap trong thuyc té. Dang
toan phuong con dudc sit dung trong bai toan binh phuong cuc ticu, trong quy
hoach dong, ...

C6 thé nghién citu phép bién ddi tuyén tinh va dang toan phuong thong



178 Phép bién doi tuyén tinh va dang toan phuong trén R™

qua ma tran biéu dién n6 hoadc biéu thic toa do. Vi vay dé hoc tot chuong nay
sinh vién can nam ving cac kién thitc da hoc trong cac chuong trude.

5.1. Phép bién déi tuyén tinh

5.1.1. Khai niém, tinh chit, phép toan

Truée hét ta xét 4nh xa tuyén tinh tong quat tit khong gian véc to V' vao
khong gian véc to W.

Dinh nghia 5.1. Anh xa f tit khong gian véc to V vao khongto W théa mén:
V6i moi u,v € V,a e R

(5.1)

duge goi 1a mot dnh za tuyén tinh tt V vao W.
Anh xa tuyén tinh tit R™ vao chinh né dudc goi 1a mot phép bién doi tuyén
tinh cta khong gian véc to R™.

Diéu kién (5.1) con c6 thé thay thé béi dicu kien tuong duong sau:
V6i moi u,v € V,a,8 € R:

flau+ pv) = af(u) + B f(v). (5-2)

Ky hieu Hom(V, W) la tap cdc anh xa tuyén tinh tu V vao W.

N6i rieng khi V = W thi f dugc goi la tir dong cau ciia V, hay con goi 1a
phép bién déi tuyén tinh ciia khong gian véc to V.

Ky hieu End(V) 1a tap cac phép bién ddi tuyén tinh ctia khong gian V.

Mot anh xa hoan toan dugc xac dinh khi ta biét quy luat cho tuong tng
moi phan tit clia tap nguon X véi anh clia n6 trong tap dich Y. Quy luat nay
thuong duge cho dudi dang cong thitc xac dinh &nh y = f(z) € Y,Vz € X.
Tuy nhién dinh 1§ sau chi ra ring: do diéu kién (5.1) nén chi can xac dinh dnh
clia mot ¢o sé nao do clia khong gian véc to V 1a c6 thé xac dinh 4nh xa tuyén
tinh tit khong gian véc to V.

Dinh ly 5.1. Mai 4nh xa tuyén tinh tit V vao W hoan toan dugc xac dinh béi
anh ctia mot cd sé cia V. Nghia 1a v6i moi co sé B = {ey,...,e,} cho trude
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ctia V' va v6i mdi he véc to uq,...,u, cta W, ton tai duy nhat anh xa tuyén
tinh x4c dinh nhu sau

f:V — W sao cho f(e;)) =u;i=1,...,n.

Chitng minh.Tham khéo [1].

Vi du 5.1. Tim cong thiic xac dinh anh ctia 4nh xa tuyén tinh f : R? — R3
biét anh cac véc to clia co sd chinh téc:

f(1,0) =(2,-1,5); f(0,1) = (—3,4,7).

Giai. V6i moi v = (z,y) € R* : v = x(1,0) + y(0,1). Theo Cong thtic (5.1) ta
co:
f() = f(2(1,0) +y(0,1))= zf(1,0) + yf(0,1)
=2(2,-1,5) + y(—3,4,7) = (2z — 3y, —x + 4y, 5z + Ty) € R®.

Dinh 1y 5.2. Anh xa tuyén tinh tir khong gian véc to V' vao khong gian W
c6 cac tinh chat sau:

(i) f(0) =6
(i) Véi moiv € Vi f(—v) = —f(v) ;

m

(iii) f (Z%‘%‘) => a;if(v),Ya,.. .,¢n RV, .. 0, V.
i=1

=1

Chtng minh.

(i) £(6) = £(0.6) = 0.£(9) = 6.
(i) f(v) + f(—0) = F(v+(—v)) = F(6) = 6. Do d6 f(—v) = —f(v).

(iii) Dé dang chitng minh béng cach quy nap theo m.

V6i cac ham s6 ta co thé thyc hién phép cong cdc ham s6, phép nhan mot
s6 v6i ham s6 va phép hop ham s6. Cac phép toan cong hai 4nh xa tuyén tinh,
phép nhan mot s6 thiic v6i mot anh xa tuyén tinh va phép hgp hai anh xa
tuyén tinh dugc xac dinh tuong ti nhu sau.
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Dinh 1y 5.3. a) Néu f, g € Hom(V, W), tuong ting f + g xac dinh nhu sau

+g:V—W
f+e (5.3)
w f(u) + g(u)
thi f + g € Hom(V, W) va dugc goi la tong clia f va g.
b) V6i moi k € R, v6i moi f € Hom(V, W), tuong ting kf xac dinh nhu sau

kf:V — W
u (kf)(u) = kf(u)

thi kf € Hom(V, W) va dugc goi la tich ctia k va f.

(5.4)

c¢) Néu f,g € End(V) thi hgp fog cling la phép bién ddi tuyén tinh ctia khong
gian véc to V. Néi cach khéc f,g € End(V) thi fog e V.

Phép hop nhiéu lan mot phép bién déi tuyén tinh duce dinh nghia theo
quy nap. Ta ciing ky hiéu fo f 1a f2 va tong quat hon fo fo...o fla f™
—_—

n

Cha ¥ 5.1.

e (C6 thé chiing minh véi hai phép toan: cong hai anh xa tuyén tinh, nhan
mot 6 véi anh xa tuyén tinh thi Hom(V, W) ¢6 cau tric khong gian véc
to.

e Do gi6i han clia n6i dung chuong trinh theo Dé cuong mon hoc nén trong
gidao trinh nay ching ta chi xét cdc anh xa tuyén tinh trén cac khong
gian thyc R, R™. Bdi vay vi du va bai tap chi nhac dén cac anh xa tuyén
tinh c6 dang sau

f:R"—R"

(Il,l'g,...,l’n) = f(l’l,l'g,...,l’n) = (y1;y2;---,ym)-
Tat nhién n6 mang day du tinh chat clia mot dnh xa tuyén tinh (5.1).

e Trong ly thuyét chiing to6i van diing ky hiéu tong quat 1a cac khong gian
V,W.

Vi du 5.2. Cac anh xa sau déu la cac phép bién doi tuyén tinh:
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1) Anh xa dong nhat
[dV 'V —V

u— Idy(u) = u.

2) Anh xa khong
f:R" — R™
ur O(u) =6.
3) Anh xa
f:R* — R?
(@, y) = fla,y) = 3z — 4y, 2z +y).
V6i moi u = (z,y),v = (2/,y') € R?, v6i moi k € R ta c6
flutv)=fle+ay+y) =B +2) -4y +y).2z+2) + (y+v))
= (B +32" —dy — 4y, 22+ 22 +y+v)
= 3z — 4y, 2z +y) + (32" — 4y, 22" + /) = f(u) + f(v).
f(ku) = f(kx, ky) = (k(3x — 4y), k(2z 4+ y)) = k(3z — 4y, 2z + y) = kf(u).
Chiing t6 f théa man (5.1), vay f 1& mot phép bién ddi tuyén tinh trén R2,
4) Anh xa
fiR — R
(x,y,2) — flz,y,2) = (Bx — 4y + 22,2z + y — 52)
12 mot anh xa tuyén tinh.
5) Mot cach tdng quat, cho ma tran A = [a;],xm, X6t tuong ting
fiR" —R™
(1, ..y xn) = [y, 0 20) = Y1y -+ 3 YUm)
xac dinh bdi
Y1 ain Q2 ... Qip 1
=1 : S e (5.5)
Ym Ul Qm2 - Gmn | | Zn

Ta c6 thé chitng minh duge day 1a anh xa tuyén tinh tit R” vao R™. Ngudc
lai ta cling chiing minh duge moi anh xa tuyén tinh tit R” vao R™ déu co6
dang (5.5).
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Thuyc hién phép nhan ma tran ta nhan duge cong thic:

Y1 = 01121 + Q1222 + - - + A1 Ty

= a91%1 + Q99X + + -+ + QopTy
Y2 2171 2272 2 (5.6)

(5.6) dugc goi 1a biéu thitc toa do ctia phép bién ddi tuyén tinh f.
2), 3), 4) 1a ba trudng hgp cu thé cta 5).

Vi du 5.3. Cho hai phép bién déi tuyén tinh f, g : R> — R? ¢6 cong thiic
xac dinh anh nhu sau:

f(z,y) = 3z — 5y, 4o + y);
g(z,y) = (2x + 6y, x — by).

Cac anh xa 2f, f +g, fog,go f cling 14 cAc phép bién déi tuyén tinh cilia
R2, ¢6 cong thitc xac dinh anh nhu sau:

e 2f(x,y) = (6x — 10y, 8x + 2y);

o (f+9)(x,y) = (52 +y,5z — 4y);

e fog(x,y) = f(2z + 6y,z — 5y) = (x + 43y, 92 + 19y);

e go f(x,y) = g(3x — by, 4x + y) = (30x — 4y, — 17z — 10y).

Vi du 5.4. Cho phép bién ddi tuyén tinh f : R? — R? c6 cong thiic xac dinh
anh nhu sau:

f(z,y) = Bz — 5y, 4z + y).
Khi dé:
Pxy) = f(f(z,y) = f(3z — by, 4z 4+ y) = (—11lz — 20y, 162 — 19y).
Viéc tim cong thiic xéc dinh anh clia phép bién doi tuyén tinh trong Vi du

5.3, Vi du 5.4 sé dé dang hon khi sit dung ma tran ctia phép bién ddi tuyén
tinh duge xét nhu sau.
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5.1.2. Ma tran ctia phép bién déi tuyén tinh trong mot co sé

Xét anh xa tuyén tinh f:V — W.

Gia st B = {ey,...,e,} lamot co s6 cua V, B = {wy,...,w,} 1a mot co
sé cia Wi dimV = n, dim W = m. Khi d6 {f(eq),..., f(e,)} 1a mot hé véc to
trong W.

Theo Dinh 1y 5.1 anh xa tuyén tinh f hoan toan dugc xac dinh béi he véc to
{f(e1),..., f(en)}. Mat khac theo Dinh nghia 3.6 hé véc to {f(e1),..., f(en)}
dugce xac dinh béi ma tran A ctia né trong co s6 B’ cia W. Vay ma tran A
hoan toan xic dinh anh xa tuyén tinh f, dieu nay dua dén khai niém ma tran
clia anh xa tuyén tinh nhu sau.

Dinh nghia 5.2. Ma tran ctia hé véc to { f(ey), ..., f(e,)} trong co sé B’ dugce
goi 1a ma tran cla dnh za tuyén tinh f trong cap co s6 B va B'.

Nghia la néu f(e;) = Y ajjwi;j = 1,...,n thi ma tran A = [a;]mxn 12 ma
i=1

tran ctia anh xa tuyén tinh f trong cip co sé B va B'.

a1 a2 ... QAip
. 921 oo ... QA9
Ky hicu A= [f]g =| e (5.7)
_am1 Amo ... amn_

Truong hop f 1a phép bién déi tuyén tinh ctia khong gian véc to V' thi ma
tran ctia f trong co sé B nao do ctia V 1a mot ma tran vuong. Cu thé néu
B ={ei,...,e,} thi ma tran ctia f trong co s nay c6 cac cot lan lugt 1a toa
do cta he véc to {f(e1),..., f(en)} Viét trong co s B.

Ky hieu A = [f]s. (5.8)

Ma tran ctia phép bién déi tuyén tinh trong cd s3 chinh tic
Truong hgp anh xa tuyén tinh f : R®™ — R™, khi d6 ma tran cia f trong
co s chinh tic ctia R™, R™ goi 1a ma tran chinh tdc.

Dinh 1y 5.4. Anh xa tuyén tinh f: R® — R™ v6i cong thiic xac dinh anh

flzy,. . xn) = (a121 + -+ @1nTpy - oy Q11 + -+ Q) (5.9)



184 Phép bién doi tuyén tinh va dang toan phuong trén R™

c6 ma tran trong co sd chinh tac ctia R™ va R™ la
ar ... Qin
A=
A1 - Qyn
Nguge lai méi ma tran A = [a;;]mxn xac¢ dinh duy nhat mot anh xa tuyén

tinh f c6 cong thiic xdc dinh dnh trong co sd chinh tac theo Cong thiic (5.9).
Ta c6 thé minh hoa dic¢u nay trong truong hop n = 3, m = 4 nhu sau. Gia

2

su:
f(x,y,2) = (mx + b1y + c12, asx + boy + 22, azx + b3y + c32, s + bay + c42)
Khi doé

f(z,y,2) = x(ay, as, as, ay) + y(by, ba, bs, by) + 2(c1, o, 3, ¢4)
f(x,y,2) = f(zer +yes + ze3) = v f(e1) +yf(e2) + 2 f(es)

aq bl C1
r=1y=0,2=0= f(e1) = (a1, a9, a3, a4)

(05} b2 Co
I:O,y:]_,Z:O:>f(62):(bl,bg,bg,b4> = A=
.I:O,y:O,Z:1:>f(63):(01,02,03,64) a3 b3 €3

as by c4

Ta cling thay hang thit i(s = 1,2,3,4) cia ma tran A 1a he s6 ciia thanh
phan thit 4 trong cong thiic xac dinh anh.
Dang ma tran cta cong thic xac dinh anh

Cong thiic xac dinh dnh ctia 4nh xa tuyén tinh f : V — W ting véi co s6
B ctia V va B ctia W viét duéi dang ma tran:

VueV: [f(wls = [flius. (5.10)

Néi rieng f 1a phép bién ddi tuyén tinh trong khong gian véc to V véi co sé
B, ta co:

VueV:|[f(uls=I[f]sluls (5.11)
(5.11) dugc goi la cong thitc xac dinh anh dang ma tran ctia phép bién ddi
tuyén tinh f trong co sé B ctia khong gian véc to V.

Nhan xét 5.1.
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e C6 tuong tng 1 — 1 gitta Hom(V, W) vi M,,»p,. Cu thé néu c6 dinh co
sé B ={ey,...,e,} cia Vva B ={wi,...,w,} cia W, khi d6 véi moi
f € Hom(V, W) ton tai duy nhat ma tran A = [a;j|mxn xac dinh béi
(5.10) va ngugc lai.

e Truong hop anh xa tuyén tinh f : R® — R™, sit dung Dinh 1y 5.4 ta
nhan dude ma tran chinh tac ctia f. Ngugc lai néu c¢6 ma tran chinh tic
cia f thi ¢6 cong thitc xéc dinh anh dang (5.9).
Dinh ly 5.5.

a) Gia st A, B lan luot 1a ma tran cia f,g € Hom(V, W) trong mot cip co
sé B, B’ nao d6 cia V va W. Khi d6 A + B, kA lan lugt 14 ma tran cta
f+ g, kf trong cap co sé B, B, v6i k € R.

b) Gia stt A, B lan lugt 1a ma tran ctia f, g € End(V) trong mot co s6 B nao
dé ctia V. Khi d6 AB 1a ma tran cia f o g trong co sé B.

c) Gidsit Alamatran cia f € End(V) trong mot co sé B nao dé ctia V. Khi d6
f kha nghich khi va chi khi ma tran A kha nghich, dong thoi [f ']z = A~L.

Chitng minh. Tham khao [1].

Vi du 5.5. Cho hai anh xa tuyén tinh f, g : R* — R3 xac dinh béi
flx,y,z,t) = (4o + 2y — 42 + 6t,3x + 5z + 3t,5x — 4y + =z + 2t).
g(z,y,2,t) = (bx + 2y — 4z + Tt,3x + 5z — 2t, 4x — 3y + 62 + 1).

a) Viét ma tran chinh tic A cta f va B cla g;

b) Viét ma tran chinh tic ctia 3f — 2g va viét cong thitc xac dinh anh.

Giai.

4 2 -4 6 5 2 -4 7
a) Theo Dinhly 54tacé: A=13 0 5 3|,B=13 0 5 =2|;
5 —4 1 2 4 -3 6 1
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2 2 —4 4
b) Ma tran chinh tdc cta 3f —2¢g1a34—-2B=13 0 5 13].
7 —6 -9 4
Theo Dinh 1§ 5.4, tit ma tran c6 thé nhan duge cong thic xac dinh anh:

(Bf —29)(z,y,2,t) = (20 + 2y — 4z + 4t,3x + 5z + 13t, Tz — 6y — 9z + 4t.)

Tir day ta chi xét ciac phép bién doi tuyén tinh ctia khéong gian R”.

Vi du 5.6. Cho hai phép bién déi tuyén tinh f, g : R> — R? ¢6 cong thic
x4c dinh anh nhu sau:

g(x,y) = (22 + 3y, —x + 4y).

a) Tim ma tran chinh tic ctia cac phép bién doi f,g (14 ma tran trong co sd
chinh tic ctia R?).

b) Tim ma tran chinh tic ciia cdc phép bién doi

2f +3g,fog.go f, f* = 5f + 241 dg.
c¢) Viét cong thitc xac dinh anh clia cac phép bién doi

2f +3g, fog.go f, f* = 5f +241dg.
d) Viét cong thitc xac dinh anh ctia f~! néu ton tai.
Giai.

a) Theo Dinh 1y 5.4 va tuong tu Vi du 5.4 ta nhan dugc ma tran chinh tic
A, B tuong ting clia hai phép bién déi tuyén tinh f va ¢

3 -5 2 3
A= B =

4 1 -1 4

b) Ap dung Dinh 1y 5.5 ta nhan dugc ma tran chinh tic ciia cac phép bién
doi 2f +3g,fog,go f, f* = 5f + 24Idg> 1an lugt tuong ting la

12 -1 11 —11 18 —7
2A+ 3B = , AB = BA —

9

5 14 7 16 13 9
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A?2 —5A 4241 =
—4 0

¢) Theo Dinh Iy 5.4 v& Nhan xét 5.1 ta c6 thé suy ra cong thiic xac dinh anh
clia cac phép bién d6i 2f +3g, fog,go f, f2 — 5f + 241dg> 1an luct tuong
ing la
(2f +39)(z,y) = (122 — y, 5z + 14y),

(fog)(z,y) =11z — 11y, Tz + 16y),
(90 f)(z,y) = (18z — Ty, 13z + 9y),

(f* = 5f + 24Idg2)(z,y) = (—2x + by, —4z).

1|1 5
d) A kha nghich va A™! = — , do d6 f kha nghich va

24 3

[ y) = 2—13(:1: + by, —4x + 3y).
Ma tran cua f € End(R") trong cac co sé khac nhau.

Ma tran ctia cing mot phép bién doi tuyén tinh f € End(R") trong hai
cd s6 khac nhau ctia R™ la khac nhau. Dinh 1y sau xac dinh cong thic lién hé
giita hai ma tran ctia cting mot phép bién doi tuyén tinh nay trong hai co s6
khac nhau.

Dinh 1y 5.6. Gia st f € End(R"). Goi A, A’ 1an lugt 1a ma tran cia f trong
hai co s¢ B, B’ ctia R" va T la ma tran chuyén tit co sé B sang B’. Khi do:

A =T 1AT. (5.12)

Chitng minh. V6i Vu € R”, f(u) € R" va cac gid thiét da cho ta co6

(1)(cong thitc ddi toa do)

s=T[f(w]s  (2)
(3)

(

fw))s = A'lulp (4)(biéu thitc dang ma tran ctia phép bién doi f).

(
(cong thitc ddi toa do)
(biéu thitc dang ma tran ctia phép bién ddi f)



188 Phép bién doi tuyén tinh va dang toan phuong trén R™

Tu (4) ta c6
Aluls = [f(u)]s
=T 'T[f(u)lg = T~ H(T[f(u)]s)
=T '([f(u)]5) theo (2)
=T (Alu]z) theo (3)
= T 'AT[u]p theo (1)
= (T7'AT)[u]s.

Tt day ta suy ra diéu can ching minh. ([l

Dinh nghia 5.3. Hai ma tran A, B dudc goi 1a dong dang néu ton tai ma
tran khong suy bién T sao cho B = T—1AT.

Chi ¥ 5.2.

e Dinh Iy 5.6 chi ra ring hai ma tran ctia mot phép bién ddi tuyén tinh
theo hai co s khac nhau 1a dong dang (Cong thiic 5.12).

e Dinh thitic ctia hai ma tran dong dang la bang nhau.

That vay néu B = T 'AT thi det B = det(T'AT) = det T 'det Adet T =
det A.

Vi du 5.7. Cho phép bién ddi tuyén tinh f: R® — R?, x4c dinh nhu sau:
flz,y,2) = (2 — y, 92 + 4y + 62, —8z — 3z).
a) Tim ma tran chinh tic ctia f trong R3.
b) Tim ma tran cta f trong co sé S cia R3
S={v=(1,3,-4),ve=(1,1,-2),v3 = (3,-3,—4) }.
Giai.
a) Tuwong tu hai vi du trén ta c6 thé nhan duge ma tran chinh tic cta f 1a
2 -1 0

A=19 4 6
-8 0 -3
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b) Tim ma tran clia f trong co sé S theo hai cach sau.
Cach 1): Theo Dinh nghia 5.2, Cong thic (5.8).
F(1,3,—4) = (=1, -3,4) = —1(1,3,—4) + 0(1, 1, —2) — 0(3, —3, —4);

f(la 1: _2) = (17 17 _2) = 0(17 37 _4) + 1(17 17 _2) - 0(37 _37 _4);
£(3,-3,—4) = (9, -9, —12) = 0(1, 3, —4) + 0(1, 1, —2) + 3(3, =3, —4).

-1 0 0
Do d6 f ¢6 ma tran déi véicos6 S1a A =0 1 0

0 0 3
Céch 2) Ap dung Cong thitc (5.12): A’ = T—'AT

Trong d6 T la ma tran chuyén co sd tit co sé chinh tic sang co s6 (S).

1 1 3 -5 —1 -3
1
T=13 1 -3 :»T*:Z 12 4 6
4 —2 —4 1 -1 —1
10 0

A =T"'"AT=|0 1 0
0O 0 3

Vi du 5.8. Cho phép bién doéi tuyén tinh f € E_nd(R4) ¢6 ma tran A ing voi

1 2 0 1

3 0 —1 2
co 86 B = {ey, €2, €3, €4} xac dinh nhu sau A = .

2 5 3 1

1 2 1 3

Hay tim ma tran A’ clia f trong co s6 B’ = {ey, €3, €2, €4}

Giai.

Céch 1) Ap dung Dinh nghia 5.2 va Cong thitc (5.8).
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Dit €] = ey, ey = e3, €5 = e, €, = e4. Theo gia thiét ta co:

f(e) = fler) = ex + 3ex + 2e3 + eq = €] + 2e5 + 3¢z + ey;
f(ey) = fles) = —ea + 3es + ey = 3¢, — € + €3
f(ey) = flez) = 2e1 + bes + 2e4 = 2¢] + bely + 2ey;
f(e}) = flea) = €1 + 2es + €3+ ey = €] + ey + 2e5 + 3¢,
Vay ma tran A’ cta f trong co sé B’ = {ej, 3, €2, €4} 1a:
-1 0 2 1-
o2 3 5
3 -1 0 2
1 1 2 3

Céch 2) Ap dung Cong thic (5.12): A’ = T-'AT, ta c6

10001 2 O 1|1 0 0 O 1 0 21
W 0010|130 -121001F20 _ 2 3 51
0100|125 3 1,101 0 0 3 -1 0 2
000 1)1 2 1 30001 1 1 2 3

5.1.3. Véc to riéng, gia tri riéng ctia phép bién d6i tuyén tinh va
ma tran vuodng
a. Khai niém véc to riéng, gia tri riéng
Dinh nghia 5.4. Xét phép bién doi tuyén tinh f : R® — R" ctia khong gian
véc to R™. Véc to v € R™, v # 0 dude goi 1a véc to rieng clia f néu ton tai so
A € R sao cho
f(v) = . (5.13)

Khi d6 s6 A dudce goi 1a gid tri riéng clia f ng véi véc to rieng v.
Cho ma tran vuong A = [a;;]nxn , MOt cach tuong tu ta dinh nghia véc to
riéng va gia tri riéng cia ma tran A nhu sau.
Néu ton tai x1,...,x, khong dong thdi bing 0 sao cho
xq X X 0
Al =Xt hay(A=XD) | | = | (5.14)
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Khi d6 v = (x1,...,2,) € R", v # 0 1a véc to riéng ing vdi gia tri riéng A
cia ma tran A.

Dinh nghia 5.5. V6i A 1a mot ma tran vuong cap n. Da thiic bac n ciia A
xac dinh nhu sau

Pa(X) = det(A — A) (5.15)
dugc goi 1a da thic dac trung cua ma tran A.

Nhan xét 5.2.

e Da thtc dic trung ciia ma tran A la dinh thic cia ma tran nhan duge
ti ma tran A va cac phan tit trén duong chéo trir di .

o Gia st A va A’ 1a hai ma tran clia phép bién déi tuyén tinh f trong hai
co s6 tuong ting B va B, theo Dinh 1y 5.6 ta c6 A’ = T~1AT. Vay A va
A’ dong dang. Khi d6

Pa(N) = det(A'—AI) = det (T AT—AI) = det (T~ (A=AI)T) = Pa(N).

Vay da thitc dac trung ctia cac ma tran tng véi cac co s6 khac nhau cua
cting mot phép bién doéi tuyén tinh la bing nhau.

Do d6 ta c¢6 thé dinh nghia da thic ddac trung cia phép bién doi tuyén
tinh qua da thic dic trung clia ma tran ctia phép bién ddi tuyén tinh
trong mot ¢o sé nao do.

Pinh nghia 5.6. Da thic ddac trung cia phép bién doi tuyén tinh f trong
khong gian véc to R”, ky hicu Py, dudc xac dinh nhu sau :

Pf()\) = 'PA()\) = det(A — )\[). (5.16)
Trong d6 A la mot ma tran cia f trong c¢o s6 nao dé cua R™.
Dinh 1y 5.7. A\ la gia tri riéeng cia ma tran A khi va chi khi g la nghiém
cua da thic dac trung ctua A.

Truong hop A la ma tran ctia phép bién doi tuyén tinh f trong co s nao
d6 thi A ciing la gia tri rieng ctia phép bién déi tuyén tinh f.

Chitng minh. )\q la gia tri riéng cia ma tran A khi va chi khi hé phuong
trinh thuan nhét (5.14) c6 nghieém khong tam thuong, diéu nay tuong duong
v6i ma tran hée s6 ctia hé phuong trinh c6 dinh thic bang 0; néi cach khac Ag
la nghiém cua da thic dac trung. O
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Vi du 5.9. Cho phép bién déi tuyén tinh
f:R? — R? x4c dinh béi f(z,y) = 3z —y, —2z + 4y).

Dé dang thay f(x,z) = 2(z,z). Vay A = 2 la mot gia tri rieng va moi véc
to v = (z,z),r # 0 1a véc to rieng tuong tng. Nhu vay c6 vo sd véc to rieng
ung véi gia tri riéng A\ = 2.

. —1

Ma tran chinh tac ctia f la A = .
-2 4

Ta c6 thé tim gia tri rieng theo nghiém ctia da thic dac trung nhu sau

3—X -1 2—X -1
Pa(A) = = =(2-X(G-=N.
-2 4= 2—X 4-—)

Da thic dic trung Pa(A) ¢6 hai nghiem 1a A = 2 va A = 5. Vay f ¢6 hai gia
tri rieng A =2 va A = 5.

Vi du 5.10. Cho phép bién déi tuyén tinh

f:R? — R? x4c dinh béi f(z,y) = (—y, z).

—1
Ma tran chinh tic clia f 1a A =
1 0
Da thic dac trung
A -]
Pa(N) = =N +1.
1 =X

Vay phép bién déi tuyén tinh f khong cé gia tri rieng thuc nao.

Vi du 5.11. Cho phép bién ddi tuyén tinh f : R® — R? ¢6 ma tran chinh
tac 1a



5.1. Phép bién doi tuyén tinh 193

Ta c6 thé kiem tra cac két qua sau

2\ -1 0 2\ -1 0
PsA)=| 9 4-—)\ 6 |=| 9 4—X 6
-8 0 —3-\ 3—)X 3—X\ 3—2)\
2-\ -1 0
— -1
=B-XN] 3 —2-X 6/=03-X)
3 —2-\
0 0 1
1-X -1 1—-X -1
=(3-)\) =(3-\)
1—XA —2—\ 0 —1-2\

=B=XN)(-1=XN(1-=2N).
PaAN) =0 A=-1Ax=11A=3.
Vay phép bién déi tuyén tinh f c¢6 ba gia tri rieng la —1, 1, 3.

Dinh nghia 5.7. Cho phép bién déi tuyén tinh f ciia R™. V6i mdi A € R, ky
hiéu

V= {veR"| f(v) = M} = {v € R" | (f — Mdgs)(v) =0}.  (5.17)

V) la khong gian con ctia R"™.
Néu ) la gia tri rieng thi V3, dugce goi 1a khong gian riéng ting véi gia tri
riéng A.

Dinh 1y 5.8. A la gia tri riéng ctia f khi va chi khi V) # {6}.

Chitng minh. (Viéc chiing minh dinh ly nay kha don gidn va xem nhu mot
bai tap).

Dinh 1y 5.9. Néu vy, ..., v; la cac véc to rieng ting véi cac gia tri rieng phan
biét A1, ..., A\, clia phép bién doi tuyén tinh f (hosic ma tran A) thi hé véc to
{vi,..., v} doc 1ap tuyén tinh.

Ching minh. Ta ching minh quy nap theo k.

e Khi k = 1, ménh dé ding vi hé mot véc to vy # 0 1a doc lap tuyén tinh.
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e Gia stk > 1 va ménh deé dang v6i k—1. He {vy,...,vx_1} doc lap tuyén
tinh.
e Ta chitng minh hé {vy,...,v;} 12 he doc lap tuyén tinh. Gia st c6

T+ - apv =60, (%)

Ta can chitng minh z; = ... = 7, = 0.

Lay anh qua f dang thic () ta dugc
flxyog + -+ zvp) = f(0) = 0.
Vi v; la nhiing véc to riéng ing véi cac gia tri riéng A;, do do
Moy + - 4 ANgrpvg = 6. (kk)
Nhan )\, vao hai vé ctia (*) roi trit cho (**) ta dugc
21 ( Ak — A1) + 22 ( A — Ao)va + - F 21 (A — A1) vp—1 = 6.

Theo gia thiét quy nap, he véc to {vy,...,vx_1} doc lap tuyén tinh. Do
do,

.131()\1 — )\k) = ZL’Q()\Q — )\k) =...= xkz—l(/\k—l — )\k) = 0
Vado cac Ay, ..., A\, khac nhau timg doi mot, suyrax; = ... =x,_1 = 0.

Thay cac gia tri nay vao (*) ta ¢6 zxvp = 6. Nhung vy # 6 nén x5, = 0.
Vay hé {v1,..., v} 1a he doc 1ap tuyén tinh.

b. Thuat toan tim véc to riéng va gia tri riéng ctia phép bién déi
tuyén tinh

Tt Dinh nghia 5.4 va Dinh 1y 5.7, dé tim véc to rieng va gia tri rieng clia
phép bién ddi tuyén tinh f c6 ma tran trong co sé nao dé 1a A ta thuc hien
cac budc sau:

e Budc 1: Lap va giai phuong trinh dic trung Pa(A\) = det(A — A1) = 0.

Cac nghiém ctia da thitc ddc trung P4 (M) la céc gia tri rieng clia ma tran
A va clng la gia tri riéng cua f.



5.1. Phép bién doi tuyén tinh 195

e Budc 2: V6i moi gia tri rieng A; tim duge, giai hé phuong trinh tuyén
tinh thuan nhat

A-XND || =1:]. (5.18)

Tap nghiém ctia h¢ phuong trinh (5.18) la khong gian rieng V), ting véi
gia tri rieng \; cia f (tuong tng ma tran A).
Hé nghiém co ban ctia hé phuong trinh (5.18) 1a co s6 cua khong gian
rieng V), tng v6i gia tri rieng \; ctia f (tuong tng ma tran A).

Vi du 5.12.

a) Tim véc to rieng va gia tri riéng clia phép bién doi tuyén tinh trén R? c6

3
ma tran chinh tic la A = (xem Vi du 5.9).
-2 4

b) Tim véc to rieng va gia tri rieng ctia phép bién doi tuyén tinh f : R® — R3
(xem Vi du 5.11), xac dinh béi

f(z,y,2) = (2 — y, 92 + 4y + 62, —8x — 32).

Giai.
a) Da thic dac trung cé cac nghieém Ay = 2, Ay = 5, do d6 cung la hai gia tri
riéng cua A.

Véc to rieng v = (z,y) Gng v6i gia tri rieng A; = 2 1a nghiém khéc 0 ctia hé

1
(A—X\I)v =0 hay = . (ax)
-2 2 Y 0

Hé phuong trinh (ax) tuong duong véi phuong trinh 2 —y = 0 hay y = «.
Vay
Vi = {U = (J?,I) = JI(l, 1>7$ S R}
la khong gian riéng ng v6i gia tri riéng Ay = 2.
Do dé céc véc to rieng tng véi gia tri rieng Ay = 2 ¢6 dang v = (z,z) =

z(1,1);x # 0.
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Tuong tu, véc to v = (z,y) ung véi gid tri rieng Ay = 5 1a nghiém khac 6
cua hé

-2 -1 |z 0
(A — Xol)v = 0 hay = . (axx)
-2 1| |y 0

Hé phuong trinh (a * %) tuong duwong v6i phuong trinh 2z + y = 0 hay
y = —2x. Vay
Vi, = {v=(z,—22) = z(1,-2),x € R}.

Cac véc to riéng tng v6i gia tri rieng Ay = 5 ¢6 dang v = (x,—2z) =
z(1,—-2),z # 0.
b) Da thitc dic trung ctia f cling 1a da thitc dac trung ctia ma tran chinh tic

PaA)=] 9 4—-X 6 |=A+DA-1)B-=N).

Do do6 f c6 cac gia tri rieng A\ = —1, Ao = 1, A3 = 3.
Gia tri rieng A\ = —1 ¢6 céc véc to rieng v = (,y, 2) 1a nghiem khong tam
thudng cta hé phuong trinh (f + Idgs)(v) = 0(bx*)

3 -1 0 x 0
Dangmatran | 9 5 6 y|l = |0]-
-8 0 =2 |z 0
3 -1 0 3 -1 0 3 -1 0
A+I=9 5 6|—=|0 0 0|—4 0 1
-8 0 -2 -8 0 =2 0 0 0

Hé phuong trinh (bx) tuong duong véi hé

y =3z
3z —y=0
brta—0 )T M
r eR.
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Khong gian riéng tng véi gid tri rieng \; = —1 1&
Vi, ={v = (z,3z, —4z) = (1,3, —4);z € R}.
Vay cac véc to riéng tng véi gia tri rieng A\; = —1 la nghiém khac khong
ctia he, c¢6 dang v = (2, 3z, —4x) = z(1,3,—4);x # 0.

Gia tri rieng Ay = 1 ¢6 cic véc to rieng v = (x,y, z) 14 nghiém khong tam
thuong ctia hé phuong trinh (f — Idgs)(v) = 0(b * %)

1 -1 0 1 -1 0 1 -1 0
A-I=19 3 6|[—=|0 0 0|—>|0 -2 -1
-8 0 -4 -2 0 -1 0 0 0

Hé phuong trinh (b *) tuong duong véi hé

T=1y
r—y=20

{2 +2z=0 Ty
Y y € R.

Vie ={v=(y,y,—2y) =y(1,1,-2);y € R}.

Vay cac véc to riéng tng véi gia tri rieng Ay = 1 ¢6 dang v = (y,y, —2y) =
y(1,1,=2);y # 0.

Gia tri rieng A\3 = 3 ¢6 cac véc to rieng v = (z,y, 2) 1a nghiem khong tam
thuong cta hé phuong trinh (f — 37dgs)(v) = 6.(b * xx)

Ta cb
-1 -1 0 1 10
A-3I=1]9 1 61 —10 0 O
-8 0 -6 4 0 3

Heé phuong trinh (b x *x) tuong duong véi he

{x—l—y:() N y=-T

4
dr 4+ 32 =0 z:—gx;:veR.
4 T
V)\g - {U = (I7 —{L‘,—gx) = g(gv -3, —4);$ S R}

Vay cac véc to riéng tng véi gia tri riéng A3 = 3 ¢6 dang

v:§8;3;4%x#0
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5.1.4. Chéo héa ma tran

Trong muc nay ta sé chi ra cach tim ma tran chéo dong dang véi mot ma
tran cho trudc. Tuong ting nhu thé can tim mot co sé clia khong gian véc to
R" sao cho trong ¢4 sd nay ma tran ciia phép bién doi tuyén tinh f c6 dang
chéo.

a. Cac khai niém va diéu kién chéo héa

Dinh nghia 5.8. Néu ma tran vuong A dong dang v6i mot ma tran chéo thi
ta n6i A chéo hod duge. N6i cach khac: ma tran vuong A chéo hoa duge néu
ton tai ma tran khong suy bién T sao cho T-'AT 1a ma tran chéo.

Dinh nghia 5.9. Phép bién doi tuyén tinh f € End(R") chéo hod dugc néu
ton tai mot co s ctia R™ dé ma tran ciia f trong co sé nay c6 dang chéo.

Nhan xét 5.3. Ta da biét mot s6 tinh chat ctia hai ma tran dong dang nhu:
1) Néu A, B dong dang thi det A = det B.
2) Néu A, B dong dang thi Tr A = Tr B (xem bai tap 3.12).
3) Néu A, B dong dang thi A™ vd B" dong dang.

)

4) Cong thitc (5.12) cho thay hai ma tran ctia mot tu phép bién ddi tuyén tinh
bat ky trong hai co s6 khac nhau 1a dong dang.

Vi vay khi ma tran A dong dang véi ma tran chéo ta cé thé 4p dung cac tinh
chat trén cho A nhu mot ma tran chéo. Diéu nay gitp ta gidi quyét mot s6 bai
toan dé dang hon.

Ta xét hai bai toan sau.
Bai toan 1. Cho phép bién doi tuyén tinh f € End(R"). Hay tim co s6 clia
R"™ dé ma tran cia f trong co sé nay c¢6 dang chéo.
Bai toan 2. Cho ma tran A vuong cap n. Tim ma tran khong suy bién T
sao cho T7YAT c6 dang chéo.

Dé dang thay khi da chon mot co sé ctia R™ thi Bai toan 1 dua vé Bai toan
2 va ngugc lai.

Céc dinh 1y dudi day cho ta 1oi giai cua bai toan trén.
Dinh 1y 5.10. Phép bién ddi tuyén tinh f € End(R"™) chéo hoa dugc khi va
chi khi ton tai mot co s ctia R™ gom céc véc to rieng clia f.
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Chitng minh. Ma tran ctia f trong cd s6 B = {e1,...,e,} cia R" c6 dang
chéo khi va chi khi
f(el) = Cklez,V’L = 1, 2, o, n.

Trong d6 o;,i = 1,2,...,n la cic phan t1t trén dudng chéo ctia ma tran chéo.
e; la véc to riéng ing vé6i gia tri rieng «;, véit=1,2,...,n.
Dinh 1y cho ta cac diéu kién can va du dé phép bién doi tuyén tinh chéo
hoéa dugc.
Hé qua 1. (diéu kien du 1) Néu da thitc ddc trung Ps()) cia phép bién ddi
tuyén tinh f € End(R") ¢6 ding n nghiem thyc phan biét thi f chéo hoa duge.
Chitng minh. Vi da thic dac trung ¢6 n nghiém phan biét nén n véc to riéng
tuong tng véi n gia tri rieng nay la mot hé doc lap, do dé 1a mot co s6 cia R™
gom cac véc to rieng ciia f. Vay f chéo hoa dugc. O
Hé qua 2.(dicu kien di 2) Phép bién doi f € End(R™), chéo hoa dugc néu

PaA) = (=1)" A = X)™ o (e = )™

A, ..., \p 1a nghiem thie, khac nhau ting doi, véi mq + --- + my, = n. Dong
thoi dim V), = m; hay r(A—NI) =n—m;Vi=1,... k.

Chitng minh. Trong mdi V), ta chon mot co sd gom m; vée to. He n vée to
hop lai tit cac co sd vita chon 1a mot he doc lap tuyén tinh, do dé hé nay 1a
mot co s ciia R™ gom céc véc to rieng ctia f. Vay f chéo hoa dugc. O
b. Thuat toan chéo héa

Tong két cac diéu tren ta co thuat toan chéo hod gom cac budc sau.

e Budc 1. Tim céac gia tri rieng 1a nghiém cta phuong trinh dac trung:
det(A — \I) =0.
- Vi ta chi xét cac ma tran thyc nén néu da thic dic trung c6 nghiem
phtic thi ma tran khong chéo hoa thyc duge; Ding.
- Truong hop da thic diac trung chi c¢6 nghiém thue:

det(A—MI) = (A =N ... (\—A)"* = 0;m;+...+my = n; Tiép tuc.
e Bué6c 2. Kiém tra diéu kien di. Gia st dimVy, = d; =n — r(A — \]I).

Néu d; < m; véi i ndo d6, 1 < i < k thi f khong chéo hoa duge; Dirng.

Néu d; = m; v6i moi ¢ = 1,...,k thi f chéo héa dugc. Tiép tuc.
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e Budc 3. Vé6i mdi gia tri rieng A; tim mot hé nghiém co ban cua hé
phuong trinh (5.18), d6 1a mot co sé gom m; véc to rieng ting véi gia tri
riéng \;.

e Buéc 4. Gop cac co sd tim dude & Buée 4 ta duge mot he gom my +
-+ 4+ my = n cac véc to rieng doc lap 1a co s6 B’ can tim. Khi d6 T' 1a
ma tran chuyén tit co sé B sang B’ va T~'AT c6 dang chéo.
2 -1 0
Vidu 5.13. Chéo héamatran A= |9 4 6 | (Xem Vidub5.12Db)).
-8 0 -3

Giai. Da thic dac trung cia A

2-A -1 0
PsAN)=| 9 4-—)x 6 |=0+DA=1)(3-N\).
—8 0 —3-2)\

Ma tran A c6 ba gia tri rieng phan biét A\; = —1, Ao = 1, A\3 = 3 nén chéo
héa duge.

V6i gia tri rieng Ay = —1, khong gian riéng
Vi, = {v = (z,3z,—4x) = x(1,3,—4),z € R}.

Chon mot co sé ctia V), 1a {e} = (1,3,—4)}.
Véi gia tri rieng Ay = 1, khong gian riéng

Ve ={v=(y,y,—2y) = y(1,1,-2),y € R}.

Chon mot co sé cia V), 1a {e}) = (1,1, —-2)}.
Tuong tu As = 3, Va, = {g(s, 3, -4) |z e R}.
Chon mot co sé cua V), 1a {e} = (3,—3,—4)}.

Co sd méi gom cac véc to rieng B = {e}, ey, e5}. Ma tran chuyén tit co sé
chinh téc sang B' = {¢/,e), e} 1a T
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1 1 3 -1 00
T=13 1 =3 thiT'AT=1|0 1 0
—4 -2 —4 0 0 3
Vi du 5.14. Cho phép bién déi tuyén tinh f : R® — R3 x4c dinh bdi:

f(z,y,2) = (3 — 2y, —2z + 3y, 2). Tim Mot co s6 ciia R® dé ma tran cia f
trong cd s nay c¢6 dang chéo.

3 =20
Gidi. Ma tran chinh tdcctia fla A= |—2 3 0
0 0 1
Da thtc dac trung
3—A =2 0 1-X =2 0
PA=] -2 3-X 0 [=]1-X3=X 0
0 0 1-2A 0 0 1-—-2A

Do dé f c¢6 cac gia tri rieng Ay = 5 va Ay = 1 (kép).
Gia tri rieng \; = 5 ¢6 véc to rieng v = (x,y,2) la nghiéem khong tam
thuong cta hé phuong trinh (A —5Iv =0 (1)

-2 =2 0 1 10
A=5I=|-2 =2 0| =10 0 1| =r(A=XNI)=2. (%)
0 0 -4 000

Heé phuong trinh (1) tuong duong véi

{:c—l—y:O j{x:—y
z2=0 z=0.
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Khong gian riéng tng véi gid tri rieng Ay = 51a Vy, = {v =2(1,-1,0) | x €
R}.
Chon mot véc to rieng €} = (1, —1,0) lam co sé ctia khong gian riéng V).

Tuong tu, gid tri rieng Ay = 1 xét hé phuong trinh (A — v =60 (2)

2 =20 1 -1 0
A—T=|-2 2 0|l =10 0 0| =>r(A=XI)=1. (*x)
0 0 0 0O 0 O

Hé phuong trinh (2) tuong duong véi z —y = 0 va z tuy .
Khoéng gian riéng tng v6i Ay = 1 la

Vi, = {v = (2,2,2) = 2(1,1,0) + 2(0,0,1) | z, 2 € R}.

Co s6 cia khong gian rieng V), 1a {e}, = (1,1,0),¢e5 = (0,0,1)}.
T d6 chon co s6 mdi gom cac vée to rieng B’ = {e}, €}, e5}.
Ta c6 f(¢}) = 5¢}, f(eh) = e, F(eh) = b,

Ma tran ctia f trong co sé B’ ¢6 dang chéo

50 0
A=[fls=101 0
00 1

Chua y 1a tu ( *) va (**), chiing t6 ma tran A chéo hoa duge do thoa man dieu
kién du tha 2 (He quéa 2).

1 -3 4
Vi du 5.15. Chéo héa ma tran A= (4 -7 8|.
6 —7 7

Giai. Da thic dac trung
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1-X =3 4 1-x =3 4
PAN=| 4 —-7-X 8 |=]2+2\ -1-X 0
6 -7 7= 6 —7  T—=A

—5-X -3 4 1+X 3 4

= 0 —1-X 0 [=[0 14X 0
—8 ~7  T—=A [14+X T T=)

5|1 4 2
=(A+1) =B=NA+1)".
1 7—A
Da thitc ddc trung c¢6 nghiem A\ = —1(m; = 2) va Ay = 3(mg = 1).

Gia tri rieng Ay = —1, xét ma tran

2 -3 4 2 -3 4 2 -3 4
A-MI=14 -6 8 =0 0 0| —|0 1 —2|=r(A-M\I)=2.
6 —7 8 0 2 —4 0 0 0

Do d6 dimV,, =3 —-r(A—\I)=1<2.
Khong gian rieng V), ¢6 dim V), =1 < 2 = my nén ma tran A khong chéo
héa dugc.

5.1.5. Mot vai itng dung cta da thic dac trung va bai toan chéo
héa
a. Ung dung ctaa da thic dic trung

Cong thitc (5.15) dinh nghia da thic dic trung clia ma tran A qua dinh
thie:
Pa(X) = det(A — \I).

Vi vay khi biét da thitc dac trung ta c6 thé ap dung dé tinh dinh thic cdc ma
tran tuong Ung.

1 -3 4
Vidu 5.16. Cho ma tran A= |4 —7 8| (xem Vidu 5.15).

6 —7 7
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Tinh dinh thiic ctia cac ma tran sau:
a) A? +4A 51 ;
b) A? +4A+41 ;
c) A% +2A%;

)

d) A2 +41 .

Giai. Da thitc dic trung ctia ma tran A (xem Vi du 5.15):
Pa(A) =det(A—AI) = (3—N)(A+1)%

a) A*44A—51 = (A—I)(A+51) = det(A*+4A—51) = det ((A—1)(A+51)) =
Pa(1)Pa(—5) = 1024;

b) A2+ 4A 441 = (A +21)% = det(A2 + 44 + 41) = (Pa(-2))" = 25;

¢) A3 4242 = A2(A + 21) = det(A® + 242) = (P4(0))*Pa(—2) = 45;

d) Da thiic dic trung c6 thé md rong cho tham s6 A 1a s6 phitc, ma tran A
c6 thé thue hosic phitc. Céc tinh chat ctia da thiic dic trung tham sb phiic
ciing giong tham s6 thue.

A%+ 41 = (A — 21)(A+ 2i]) = det(A? +41) = P4 (2i)Pa(—2i)
Pa(20)Pa(—2i) = (3+2i)(3 — 20)((2i + 1)(—2i +1))” = 13.5% = 325.
b. Ung dung ctia chéo héa

Theo Nhan xét 5.3 truong hgp ma tran A chéo héa dugce thi ta cb thé
chuyén bai toan clia A vé bai toan clia ma tran chéo, do dé dé& dang giai quyét.

2 -1 0

Vidu 5.17. Chéo héamatran A= | 9 4 6 | (Xem vidu 5.13).
-8 0 =3

a) V6i moi n € N*: Tinh det A", TrA"™ ;

b) Cho da thitc p(t) = t5 — 4t , tinh det p(A) ;

¢) Cho da thitc q(t) = t* — 3t* —t + 3 = —Pa(t) , tinh q(A) ;
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d) Tinh (A% —I)(A—31)";n € N* .
Giai. Theo Vi du 5.13 da thiic dic trung ctia ma tran A:
PaA) =det(A—=A) =B =N+ 1)(A—-1).

C6 3 gia tri rieng phan biét nén chéo hoéa dugde, nghia 1a ton tai ma tran khong
suy bién T sao cho:

30 0
TT'AT=B=101 0
00 —1

Véi moi n € N*: B® = (T'AT)" = (T*AT) ... (T7*AT) = T-'A"T

3n 0 0
= A"=TB"T'=T 1|0 1 o |77
0 0 (=1

a) Theo Nhan xét 5.3 ta c¢6 det A" = det B = (=3)", TrA" = TrB" =
L+ (=)™ +3";

b) p(A) = A> —4A=TBT' —4TBT ' =T (B> —4B)T~' = Tp(B)T*

= det p(A) = det p(B) = p(3)p(—1)p(1) = —2079.

Ta c6 thé kiém tra lai rang néu p(t) 1d mot da thic tiy ¥ thi p(A) =
Tp(B)T~". Do d6 det p(A) = det p(B) = p(3)p(—1)p(1);

c) Tuong tu ¥ b) ta c6 q(A) = Tq(B)T'. Mat khac
q¢(B) = B* —3B* — B+ 31 = —P4(B)

300 2 0 0 30 0 100
=10 1° 0 -310 12 0 —{01 of+3[0 1 0
0 0 (-1 0 0 (=12 |o o0 -1 00 1
43) 0 0 ~P.3) 0 0 000
=10 q1) o |=| 0 —Ps1) 0 =10 0 0
0 0 (-1 0 0 —Pa=D| |0 00

(Vi3,1,—11a cac gia tri rieng ctia A, do d6 P4(3) = Pa(l) = Pa(—1) = 0).
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d) Tauyc)tacoq(t)=t>—3t2—t+3=(t*—1)(t —3) va g(A) = 6. Do d6

VneN*: (A —I)(A=3)"= (A= 1)(A—=3I))(A-3)"" =4.

Nhan xét 5.4.

e K&t qua trong phan ¢) ctia Vi du 5.17 1a noi dung ctia Dinh ly Hamilton-
Caley phat biéu nhu sau:
Cho ma tran vuong A. Dat p(t) = Pa(t) , khi d6 p(A) = 6.

e (6 thé chitng minh Dinh 1y Hamilton-Caley khong can stt dung diéu kién
chéo hoa va dinh 1y ding v6i moi ma tran vuong A tuy y.

Vi du 5.18. Cho ma tran vudng

(010 0 0
00100
A=lo 0010
00001
100 0 0

a) Tinh da thiic dac trung Pa(N) ;

b) Tinh det(A+1) ;

c) Tinh A®;

d) Tinh A%

Giai.
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a)

~A 1 0 0 0
0 -A 1 0 0
PaA)=det(A-=A)=|0 0 -x 1 0
0 0 0 -x 1
1 0 0 0 =\
~A 1 0 0 1 0 0 0
N L +—/\ 1 0 O:(—)\)5+1,
0 0 -\ 1 0 -X 1 0
0 0 0 —=A |0 0 —=x1

b) det(A+ 1) =Pa(—1) = 2;
¢) Theo Nhan xét 5.4 ta c6 A°> = I;

d) Tu c) ta c6 A* = A~ St dung phuong phap Gauss-Jordan tim ma tran
nghich dao ta dugc

A4:A_1 —

o o o = O
o O = O O
o = O O O
- o O O O
o o o O

5.2. Dang toan phuong trén R"

5.2.1. Dinh nghia va biéu thiic toa do ctia dang toan phuong

Mot cach chinh xac va day du thi dang toan phuong trén khong gian véc
to V duge dinh nghia thong qua mot dang song tuyén tinh ¢ : V x V — R.
Tuy nhién do gi6i han ctia hoc phan nay, ta chi nghién cttu dang toan phuong
tren R™ tit biéu thic toa do ciia né trong mot co sé cho trude ctia R™.
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Dinh nghia 5.10. Anh xa Q : R* — R xéc dinh béi

u=(x1,...,2,) ER" — Q(u) = Z Zaija:imj trong d6 a;; = a;;  (5.19)
i=1 j=1
dugce goi la mot dang toan phuong trén R™.

Nhu vay dang toan phuong c6 bicu thic toa do 1a mot da thic dang cap
bac 2.

Cong thic (5.19) c¢6 thé viét dang gon hon

Q(U) = i i CLZ‘j[EZ‘ZL‘j = i a”m? + 2 Z (lijl’ix]‘. (520)
i=1

i=1 j=1 1<i<j<n

n n n
Dé don gian ta ky hieu . a2, thay cho > Y ajmz;.
i,j=1 i=1j=1

n
Q(U) = E Qi TiT5 =A11T1T1 + A19T1T2 + A13T1T3 + -+ + A1 T1Tp+
3,7=1
+ A91T2X1 + A29T2X2 + A23T2X3 + * * + + A9 ToXny+

+ Ap1Tndy + Ap2Tn T2 + Ap3Tnd3 +-+ AppTpLnp-

Biéu thic toa d6 ctia dang toan phuong viét dudi dang ma tran

Tu Cong thiic (5.20) xét ma tran A: doi xting, ¢6 phan tit trén dudng chéo
chinh 1& a;, phan ti 6 hang i cot j,7 > i la a;;. Ta goi A 1a ma tran chinh tic
cua Q.

Cong thiic x4c dinh anh trong Dinh nghia 5.10 goi 1a biéu thic toa do cia
dang toan phuong Q. Stt dung ma tran A = [a;;] ta c6 thé biéu dién Q(u) dusi
dang ma tran.

ai;p a2 ... QAip I
n
G21 Q22 ... Q29 Hop)
[Q(U)} = E Qi TiTi| = (X1 T2 ... Ty . ) ) )
ij—1 : : t. . e
Ap1 Ap2 ... Qpp Tn

O day [Q(u)] ky hiéu ma tran chi c6 1 hang 1 cot v6i phan tit 1a Q(u).
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Cha y 5.3. Thong thudng biéu thiic toa do xac dinh anh ctia dang toan
phuong duge cho dudi dang

1

i= 1<i<j<n

Khi dé dé viét ma tran chinh téc ciia biéu thic toa do clia dang toan phuong
theo Cong thitc (5.21) ta can dé ¥ chia doi he s6 a;;, vi trong Cong thitc (5.20)
c6 nhan doi hé s6 Qjj.

Vi du 5.19. Cho dang toan phuong Q : R* — R
(r1, 29, 23) — Q(x1, 79, 23) = :E% — 7$§ + 4$§ + 22129 + 102,25 — 47973

c6 ma tran chinh tic 1a

1 1 5
A= (1 -7 =2
5 =2 4

Dang ma tran cta cong thic xac dinh anh

Ta ¢6 thé kiém tra lai nhu sau:

1 1 5 T T, + 3 + 5x3
[Q(u)} = |1 X2 [L’3j| 1 -7 =2 To| — |:$1 ) 1’3i| Ty — Tx9 — 223
5 —2 4 T3 5.771 — 21‘2 + 433'3

= |z1(x1 + 22 + Bag) + wo(x) — T — 223) + 23(H11 — 229 + 4:63)]

= x% — 7:1:% + 4x§ + 2x129 + 102123 — 4x2x3].
Dinh nghia 5.11. Dang toan phuong () duge goi la

e Xdc dinhnéu Q(u) =0 u=20.
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e Khong am néu Q(u) > 0,Vu € R™.
o Khong duong néu Q(u) < 0,Vu € R™.
e Xdc dinh duong néu vita xac dinh vita khong am. Khi d6 Q(u) > 0,Vu €
R™ u # 6.
e Xdc dinh @m néu vita xac dinh viia khong duong. Khi d6 Q(u) < 0,Vu €
R™ u # 6.
5.2.2. Ma tran cua dang toan phuong trong mot co sé

Trude hét ta nhic lai mot s6 két qua vé toa do véc to trong mot co sé
(Dinh nghia 2.11), ma tran ctia h¢ véc to (Dinh nghia 3.6), ma tran chuyén
cd s6 (Dinh nghia 3.7), cong thitc ddi toa do (Dinh ly 3.1) da dugce hoc trong
Chuong 2, Chuong 3.

Chi § 5.4.

a) Gia su B = {e1,...,e,} la mdt co s6 cua khong gian véc to V. Khi do
v6i moi w € V ton tai cach viét duy nhat v = xie; + ... + x,e, ta no6i
(x1,...,2,) la toa do clia u trong co s6 B.

b) Ma tran A = [a;;]nxm O cac cot la toa do cta hé véc to S = {uy, ..., up}

trong khong gian véc to V' tng véi co sé B duge goi la ma tran ciia S trong
cd sé B.

¢) Ma tran ctia he véc to co s6 B’ viét trong co sé B duge goi 1a ma tran chuyén

tit co 86 B sang cd s B'. Cu thé néu B = {ey,...,e,} va B = {e},... e };
i=1

la ma tran chuyén tit co s6 B sang B’ .

Nguge lai néu c6 ma tran chuyén (5.22) thi ta c6 thé nhan duge he véc to
co sG B’ tit cac cot tuong tng clia ma tran chuyen 7.

d) Vu € V :u = zie; + ...+ xpe, = 7j€} + ... + e, v6i ma tran chuyén
T = [tij]g/ cong thic doi toa do dang ma tran

=ty | ¢ |- (5.23)
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Hoac dang hé phuong trinh:

T = t1133,1 + .0+ tlnx%
To — tgll‘/l + ..+ t2na:;1

(5.24)

T (5.22) ta nhan duge (5.23), nguge lai tir (5.24) ta nhan duge (5.23) va
(5.22).

Cé (5.22) ta xac dinh duge co sé B'.

Dinh nghia 5.12. Cho dang toan phuong trén R” c6 biéu thitc toa do trong
co s6 chinh tic

Q([L‘h e ,l’n) = Z CLij(L’iCL’j; aij = aji- (525)

ij=1
Khi d6 ma tran ctia @ trong co s¢ chinh tac la A = [a;;).
n
Xét cos6 B ={v1,...,v} vau=(x1,...,2,) € R" v6i u = Y y;v;.
i=1

Goi T = [t;;]% 1a ma tran chuyén tit cd s§ chinh tic B sang co s6 B, ta c6
cong thic chuyén co s6:

:[tijr/ a8 (5.26)

Thay Cong thitc (5.26) vao (5.25) ta nhan duge biéu thitc toa do ciia @Q theo
cdsé B
w= (w1, mn) = Y yvs Qu) = D ayrir; = Y iy al = af.
i=1 ij=1 ij=1

/

Ta ky hicu va goi ma tran doi xting [Q]p = A" = [aj;

toan phuong @ trong co sé B'.

|nxn 1& ma tran cia dang

Biéu thiic toa do viét dusi dang ma tran ctia dang toan phuong Q trong
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cd 6 chinh téc, voi u = (z1,...,2,):
— — t - -—
T I
_ o) o)
Q)] = | Y ayony| = 7] sl 5:27)
ij=1 . o
Tn, Tn,

Biéu thic toa do viét dudi dang ma tran ciia dang toan phuong Q trong co s6
n

B, v6éiu=(x1,...,2,) = > yiv;:
i=1

— — t — —
Y1 Y1
B Y2 Y2
[QWHZ{E:%ﬂwJZ ) || (5.28)
ij=1 e R
_yn_ _yn_
Thay (5.27) vao (5.28) ta dugc
— — t — — — — t — —
n n n (2
P a7 = [P 1) | 7] vay & = AT
_yn_ _Z/n_ _yn_ _yn_
Chii § 5.5.

e Ma tran ctia dang toan phuong l1a ma tran ddi xing.

e Truong hop khong gian véc to R"™ v6i n = 2, 3,4 ta ky hiéu toa do véc to
tLI’OIlg I/I'I'lg la (I,y), (Imya Z)v (ZE, Y, =, t) thay cho (131,.7}2, . )

Vi du 5.20. Cho dang toan phuong Q : R? — R
(z,y) = Q(a,y) = 3z° — Ty* + day

Hay viét ma tran ctia Q trong co s6 B = {e} = (1,1),¢, = (1,2)}.
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Giai. Ma tran chuyén tit co sé chinh tic sang co sé B': T =

1 2
Cong thitc ddi toa do tit co s§ chinh tic sang co s B. Vu = (2,y) € R? 1 u =
x'el + e,

x 1 1| |2

= hoac tuwong duong
y 12| |y

T = .,L,/ _|_ y/
y=1"+2y.
Cach 1: Thay tric tiép vao cong thiic xac dinh anh:

QUu) = 3a® — Ty +day = 3(x' +¢/)* = T(' +29/)° + 42" +4/) (' +2)
= 32" +y" + 22'y) — T(@” + 4y + 42'y) + 4(2" + 2y” + 32Y)
= —17y"”% — 102"y

Theo Dinh nghia 5.12 ta ¢6 ma tran cua @ trong co sé B 1a

0 -5
-5 —17

Qs =

Céach 2: Ap dung cong thic: [Q]g = A’ = T*AT, trong d6

PR RS I
2 7|’ 1 9
t
|1l 3 20|11l [t1f|5 7| o -5
1 2 o —71 |1 2 1 2| |=5 —12 _5 —17

Dinh 1y 5.11. Trong khong gian véc to R™ xét hai co s6 B’ = {e},..., e} va
B> ={e"1,...,e"n} Goi A’ = [a};] = [Q]p, A" = [a" 4] = [Q]p lan luot la hai
ma tran cta Q trong hai co sé B va B”. Goi T' = [tij]g; la ma tran chuyén tit
co 86 B’ sang B” Khi d6

A" = T'A'T. (5.20)

Chitng minh. Ching minh Cong thic (5.29) tuong tu chiing minh cong thic
trong Dinh nghia 5.12.
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Gia st toa do clia véc to u € R™ trong hai co sé B va B’ lan lugt 1a
(W) = (2} ...20) , (u)g = (27 ...27,). Cong thitc ddi toa do:

n

=T|...|. (5.30)

t

Q)] =1|...| [a]|...]- (5.31)

t

T 1 T 1
[Q(U)} = ... | @yl |...]- (5.32)
x”n xﬂn
Thay (5.30) vao (5.31) ta dugc
t t
x?? 1 a;,” 1 x?? 1 x?? 1
Taf )T | ..ol =1...| [a]]... |- (5.33)
x?’n x?’n x”n I”n

T (5.33) ta nhan duge (5.29).

Vi du 5.21. Cho dang toan phuong @ : R®> — R c¢6 biéu thiic toa do trong
co sG chinh tic cia R? xac dinh nhu sau:

Q(v) = o] + 4w 139 + 23113 + 425 + 23 + 22073,

1 21
Ma tran ctia Q trong co sé chinh tacla A= |2 4 1].

1 11
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Xét co s6 B = {e} = (1,0,0),e, = (—=3,1,1),¢4 = (—1,1,—1)} va toa do
véc to bat ky trong co sé B’

Vu € R® : u = (21,79, 73) = y1€} + yach + ys€l

1 -3 -1

Ma tran Chuyén tlt co 56 chinh tic sang cos6 B: T = [0 1 1

0 1 -1
Ma tran ctia Q) trong co sé B’ 1a
t
1 =3 —1| |1 2 1] |1 =3 -1 1 0 0
A=TAT=10 1 1 2 4 11|10 1 1]|=1]0 =20
0 1 —1| |1 1 1/]0 1 =1 0 0 2

Vay biéu thitc toa do ciia Q trong cd s B' ¢6 dang Q(u) = y? — 2y2 + 2y2.
5.2.3. Puwa biéu thiic toa do ctia mot dang toan phuong vé dang
chinh tac
a. Khai niém

Dinh nghia 5.13. Trong khong gian véc tc thuc V' cho cos6 B = {eq, ..., e, },
weV iu=uxe +- -+ xpe,. Mot dang toan phuong Q cé biéu thic

n n
Q(U) = Z CLZ'jIZ'.Tj = Z a“xf + 2 Z CLijl'i(L’j.
ij=1 i=1 1<i<j<n
Néu trong co s6 B = {e},..., e/} ndo d6 ctia V biéu thitc toa do clia dang
toan phuong chi c6 cac s6 hang binh phuong dang

Qu) =D Ayl s u =1l + - + ynel, (5.34)
=1

thi ta noi biéu thic dang (5.34) 1a biéu thic toa do chinh tdc clia dang toan
phuong Q).

Bai toan tim co s6 B' = {e],..., e} thoa man diéu kién trén duge goi la
bai toan dua vé dang chinh tic clia biéu thic toa do.
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Nhu vay ma tran clia dang toan phuong tng véi biéu thiic toa do dang
chinh tic 14 ma tran chéo

MO .0
JYE BRI
0 0 ... A\

b. Pua vé dang chinh tic theo phuong phap Lagrange
b.1. M6 ta phuong phap Lagrange
Tt biéu thitc toa do clia dang toan phuong tong quat

ZCL“Q? —|'2 Z aljxxj

1<i<j<n

Can dua vé biéu thitc toa do chinh tic

Ta stt dung hai hang ding thiic sau dé dua biéu thiic toa do ciia dang toan
phuong vé dang chinh téc

a® + 2ab = (a + b)* — b% (5.35)
(a+b)(a—0b)=a®>—b* (5.36)
e Sit dung hing dang thiic (5.35) ta nhém cac thanh phan chita

2 § :
AT + 2 CLz’jZL’in

j>i>1
vé dang hiéu clia hai s6 hang binh phuong:

2 2
amx + 2 Z i T;T 5 = g (xz + Z %x]> Qi (Z %xj> )

j>i>1 j>i>1 Qii j>i>1 %@

e Néu khong ton tai hé s6 ai; # 0 ta stt dung hing dang thitc (5.36) dé tao
ra hé s6 dang aj; # 0.
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b.2. Thuc hién phuong phap Lagrange

Gia stt trong co s6 B = {ey, ..., e,} clia khong gian véc to V biéu thiic toa
do cua dang toan phuong () c6 dang

n
E anx +2 E i TiT5 5 U :E T;€;.
i=1

n>j>1>1

Trudng hop 1. Gia sit ¢6 a; # 0, chang han a1 # 0, ta ¢6 thé sip xép lai va
stt dung dang thic (5.35).

Q(u) = ay | 22 + 21, Z ) + Z ;T
=2 ai 0,j=2
n 2 n n 2
a1; a1;
=ay | r1 + Z ! ZT; + Z Q3T L5 — 11 Z ! ZT; (537)
— an =" o a11
7 1,]= 7
= an $1+Z 19€i Za i
— 11 —
1= 7]
Dat
n alz
yio=at ) (5.38)

yj:xj;j:2,...,n

thi Q(u) = ayy? + Z a;;Yils-

1,j=2
Tiép tuc qué trinh nay véi biéu thitc toa d() cua mot dang toan phuong
m6i tir thanh phan thit hai clia toa do trd di Z ai;Yilj-
1,j=2
Trudng hop 2. Néu moi a; = 0 khi d6 sé ton tai a;; # 0, chang han
aip # 0, ta st dung dang thiic (5.36).

Dat
T1 =Y + Yo
T2 =Y1 — Y2 (5.39)
.flfj:yj ) j:3,...,77,

Khi do

/ Z /
E A;jTT; = E a;;Yiy; €O ayy = 2azz # 0.

I<i<j<n 1<i<j<n
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Vi vay ta c6 thé dua vé trusng hop 1.
Tiép tuc qua trinh trén, giad st cudi ciing ta nhan dude cong thic tng véi

phép bién doi tuyén tinh sau:

T1 =tz +tigze + -0+ lip2n

=t t o+ tonzn
Ta 2121 + o220 + + ton2 (5.40)

Tp =1tn121 +tnaza + -+ tanzn
va biéu thitc toa do theo (z1, ..., z,) c6 dang chinh tic

Q(u) = \zi + Aoz + - + Az
Ta c6 thé viét lai duéi dang ma tran

T tll e tln 21
=1 - S Qu) = M2t Aazs - M22 (5.41)
Tn tnl Ce tnn Zn
Khi st dung cac phép doi bién nay, toa do theo co sé cii sé bicu dién tuyén

tinh theo co s6 méi. Do d6 két qua clia phép bién doi la tuong tng véi phép
ddi co s6 ciia khong gian véc to. Theo Cha y 5.4 d) thi T = [tijlnxn chinh

I3 ma tran chuyén co sd tit co s6 ban dau B = {ey,...,e,} sang co s mdi
B = {e|,... e} dé biéu thiic toa do trong co sd mdi nay c6 dang chinh tac
(5.41).

Theo Chu § 5.4 ¢) cac véc to ¢o toa do la cac cot clia ma tran 1" = [t;j],xn
trong Cong thiic (5.41) 1a co s§ can tim:

6/1 = (tllw"atnl)w"ae;: (tlna'-->tnn)-
Khi d6 v6i moi véc to u € V i u = x1ey + -+ - + xpe, = 21€] + -+ + 2,€), VA

N6i cach khéc trong co sé mdi {e/, ..., e, } thi biéu thiic toa do ciia Q trong
co s6 nay c¢6 dang chinh téc.

Vi du 5.22. Xét dang toan phuong 6 Vi du 5.21
Q(u) = 2% + 4x129 + 22123 + 425 + 15 + 27073,

Dua dang toan phuong trén vé dang chinh tic bang phuong phap Lagrange.
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Giai.
Q(u) = 27 + 271 (272 + x3) + 423 + 735 + 27973
= (21 + 229 + 3)* — (212 + 23)* + 425 + 23 + 27073
= (11 + 229 + 3)% — 2293
Y1 = 1 + 229 + 23 T1=y1— 2Y2 — Y3
Dat ¢ ya = 22 4 T2 =Y
Y3 = I3. T3 = Ys.

Viét dusi dang ma tran

1 1 -2 -1 |n
To| — 0 1 0 Y2
XT3 0 0 1 Ys

Yy1=2
Hé s6 ctia 43, y2 bang 0, roi vao truong hop 2. Tiép tuc dat § yo = 25 + 23

Y3 = 29 — 23

U1 10 0 21
= lya| = [0 1 1] |20] vAQ(2) =27 — 225 +223.
Ys 01 —1 Z3
Ta co

T 1 -2 -1 10 0 21 1 -3 -1 21

zo|l = |0 1 0 01 1 2| =10 1 1 2o

xs3 0 0 1 01 —1 Z3 0 1 —1 Z3

1 -3 -1

Suyramatran 7T = |0 1 1 | la ma tran chuyén co sé tit co s§ chinh
0o 1 -1
tac sang co sd moi.
Do d6 co s6 méi la B' = {e} = (1,0,0),¢e, = (=3,1,1),e4 = (—1,1,—1)}.
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Trong co sé B’ ta ¢6
Vu € R :u = (11,19, 13) = 21€] + 22¢h + 23¢5

thi
Q(v) = 27 — 225 + 223,

Do d6 trong co s6 B ma tran cia @ ¢6 dang chéo

1 0 0
A=10 -2 0
0 0 2

Nhan xét 5.5.

e Néu dimng céach bién déi khac ta sé nhan duge biéu thic toa do dang
chinh tac khac va tat nhién 1a trong mot co s khac.

e Céc vi du cho thiy ring cling mot dang toan phuong ta c6 thé dua veé
cac dang chinh tic véi cac he s6 khac nhau.

e Ngoai phuong phap Lagrange dua bicu thic toa do clia mot dang toan
phuong vé dang chinh tic con mot s6 phuong phap khac. Chang han
Phuong phap Jacobi, Phuong phap chéo héa tryc giao ... . Tuy nhién
nhitng phuong phap nay vuot khéi pham vi chuong trinh Toan cao cap
2. C6 thé tham khéo thém hai phuong phap nay trong tai lidu [1].

e (6 thé chitng minh dudc rang s6 cac hé sé duong va hé s6 am trong biéu
thitc dang chinh tic ctia mot dang toan phuong la bat bién (xem [1]).
Dua vao dieu nay ta c6 luat quan tinh sau.

5.2.4. Luat quan tinh

Dinh 1y 5.12. (Sylvester - Jacobi): S6 céc hé¢ s6 duong va s6 cac he s6 am
trong biéu thitc toa do dang chinh tic ctia mot dang toan phuong @ la nhing
bat bién clia dang do (tiic la khong phu thuoc vao viée Ia chon co s6).

Dinh nghia 5.14. S6 cac hé sd duong dude goi 1a chi s6 qudn tinh duong va
s6 cac hé s6 am dudc goi 1 chi s6 qudn tinh am cta dang toan phuong.
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Gia st (p, q) 1a c@p chi s6 quan tinh duong va am ctia dang toan phuong
Q trong khong gian n chieu V', khi d6 p+ ¢ = r (hang ctia Q). Tt Dinh nghia
5.11 ta dugc két qua sau:

e p = n khi va chi khi ) xac dinh duong;
e ¢ = n khi va chi khi ) xac dinh am.

Viéc nhan biét chi s6 quan tinh ctia dang toan phuong déng vai tro quan
trong trong viéc tng dung dé giai quyét cac van dé thuec té.

Ching han vi phan toan phan cap 2 clia mot ham nhiéu bién 14 mot dang
toan phuong. Néu vi phan toan phan cap 2 tai diem dimg 14 dang toan phuong
xac dinh duong, xac dinh am hodc cgp chi 6 quan tinh (p,q);p # 0,q # 0 thi
mot cach tuong ting ham sé dat cuc ticu, dat cuc dai hosic khong dat cuc tri.

Dinh ly 5.13. (Sylvester) Gia st dang toan phuong () ¢6 ma tran la A trong
mot co s6 nao dé cia V. Khi do:

i) @ xac dinh duong khi va chi khi cac dinh thitc con chinh géc trai ciia A
luon duong.

ii) @ xac dinh am khi va chi khi céc dinh thtic con géc trai cap chén la duong
va cap 1é 13 am.

Vi du 5.23. Xét dang toan phuong @ trén R? c¢6 ma tran trong co s chinh
tac:

Cac dinh thtc con chinh 1a

1 1
Alzanzl;Agz :1,A3:detA:1
-1 2

Vay @ la mot dang toan phuong xac dinh duong.
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Vi du 5.24. Xét dang toan phuong @ trén R3 c¢6 ma tran trong co s chinh
tac 1a

1 1
Co Ay =an=-1; Ay = =4; Az =det A = —20.
1 -5

Theo Dinh 1y 5.13 thi @) 1a mot dang toan phuong xac dinh am.

Bang phuong phap Lagrange ta ciing nhan dudc két qua tuong tir. That
vay, biéu thic toa do clia dang toan phuong 1a

Q(v) = —a% — 5x3 — To3 + 23129 + 27173 + 27573
o] + 221 (—x9 — x3)) — By — T3 + 27073

r1 — T — 1’3)2 + (272 + $3)2 - 51’3 - 7ZL’§ + 2$2I3

T — Xy — x3)% — da — 623 + 4roxs

(
(
(
(

Yy =21 — T2 — T3
Dit { yo = 19 — — thi Q(v) = —y? — 4y2 — 5y2 < 0,Vv # 6.

Ys = T3

Ap dung Dinh 1y 5.13 ta kiém tra dugc day 1a mot dang toan phuong xac
dinh am.

Vi du 5.25. Dang toan phuong 6 Vi du 5.21 ¢6 chi s6 quan tinh (2, 1), khong
phai la dang toan phuong xéc dinh duong, cing khong phai la dang toan
phuong xac dinh am.

Bai tap Chuong 5
> 5.1. Anh xa f: R? — R? nao dudi day la anh xa tuyén tinh?

a) f(z,y) = (22,2 +y); c) f(z,y) = (y,2);

b) flz,y) = (2%, y); d) f(z,y) = (z,y +1);
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e) f(z,y) = (ax + by, cx + dy); f) flz,y) = V=, ).
> 5.2. Cho anh xa tuyén tinh f : R® — R? xac dinh nhu sau
£(1,0,0) = (1,1); £(0,1,0) = (3,0), £(0,0,1) = (4, ~7).
a) Tim ma tran chinh tic cta f;
b) Tinh f(1,3,8), f(z,v, 2).
> 5.3. Cho 4nh xa tuyén tinh f: V — W ta dinh nghia:
e Nhan cta f la tap ky hiéu va xac dinh nhu sau

ker f = f70) = {v e V | f(v) = 6}.
e Anh ciia f 1a tap ky hieu Im(f) va xac dinh nhu sau
Imf=f(V)={f(u) JlueV}CW.

—1

Cho phép bién ddi tuyén tinh f : R? — R? ¢6 ma tran chinh tic
-8 4

a) Véc to nao sau day thuoc ker f : (5,10);(3,2);(1,1)?

b) Véc to nao sau day thude Im f : (1, —4); (5,0); (—3,12)7

> 5.4. Cho phép bién doi tuyén tinh f : R? — R? ¢6 cong thiic xac dinh anh
flryy,z) =(—z+y—z,x4+2y — 2,z + by — 32).

a) Tim ma tran clia f trong co sé chinh tic clia R?;

b) f ¢6 la mot don anh khong? Vi sao?

¢) f c¢6 la mot toan anh khong? Vi sao?

> 5.5. Viét ma tran chinh téc, tim Im f, ker f clia cac phép bién déi tuyén
tinh trén R3 sau day, anh xa ndo c¢6 anh xa nguge? Vi sao?

a) f(z,y,2) = (x —y+ 32,5z + 6y — 4z, Tz + 4y + 22);
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b) f(z,y,2) = (2x — z,—x + 2z, + 2y);
c) fz,y,2) = (2 + 2y — 8z,x + 6y + 2,3z + 6y — 92).

> 5.6. Viét ma tran chinh téc, tim Im f, ker f clia cac phép bién déi tuyén
tinh trén R* sau day, anh xa ndo c¢6 anh xa nguge? Vi sao?

a) f(z,y,2,t) = (r+4y+52+9t,3x—2y+2—1,3y+52+8t, 4r+2y+ 62+ 8t);
b) f(z,y,z,t) =(x+y—3z+t,3x —2y+z—t,y+ 2+t do+2y+ 62 —1t);

c) flzyy,z,t) =(x+2y—z+t,o —2y+2—t,3y+2+2t,x + 2y + t).
> 5.7. Cho phép bién doéi tuyén tinh f : R® — R? c¢6 ma tran chinh tic la

0 2 1
A= 1|1 —4 0].
3 0 0
Hay tim ma tréan cta f trong co s6 {vi,ve,v3}, v6i v = (1,1,1),v9 =

(1,1,0),v3 = (1,0,0).

> 5.8. a) Ching té {v; = (1,2,3),v2 = (2,5,3),v3 = (1,0,10)} 1a mot co s6
clia R3.

b) Tim cong thitc x4c dinh anh f(z,y, 2) clia 4nh xa tuyén tinh f: R? — R?
biét ring
f(vl) = (17070)7 f(v2) = (07 170)7 f(’Ug) = (0707 1)

> 5.9. Tren R3, cho céc phép bién doéi tuyén tinh f sau day dugc viét dudi
dang biéu thitc toa do, hay viét ching dusi dang ma tran

a) f(z,y,2) = (x —y, 20 + 3y + 2z, + y + 22);
b) f(x,y,2) = Br+y+z2x+4y +2z,x 4+ y + 32);

c) flz,y,z) = (x,2y,32).

> 5.10. Trén R3, cho cac phép bién doéi tuyén tinh f, ¢ duge viét dudi dang
biéu thiic toa do

gy, 2) = (x+y+2z,2+2y — 2z, —x +y+42).

Hay xac dinh cac anh xa f +g,fog,g0 f, f* f*, ¢°.
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> 5.11. Cho phép bién ddi tuyén tinh f : R® — R? c¢6 ma tran chinh téc la

5 7 =5
A=10 4 -1
2 8 -3

a) Tim cac véc to rieng va gié tri riéng cta f;
b) Tim ma tran cia f trong co sé gom céac véc to rieng cia f.
> 5.12. Cho phép bién doi tuyén tinh f : R® — R3 c6 cong thiic xac dinh
anh
flr,y,2) = (x +2y+2z,0+2y — z,—x +y + 42).
a) Tim mot co s6 clia R? dé ma tran clia f trong cd s nay c6 dang chéo;
b) Tim ma tran chuyén co sd tit co sé tim dugce sang co sd chinh tic ciia R?;

c) Co6 ton tai 4nh xa nguge ciia f khong? Vi sao? Néu c6 hay xac dinh cong
thie £

> 5.13. Tim céc gia tri riéng, co s6 ciia khong gian riéng ctia cac ma tran sau:

1 2 1 2 1 1 3 =10 0
a) |2 0 —2|: c) -2 1 3 |; 1 1 0 0
-1 2 3 31 -1 ) 3 0 5 =3
(3 2 4 (7 12 6 4ot s
b) 12 0 2|; d) [10 —19 10(;
4 2 3 12 —24 13
> 5.14. Ma tran nao sau day khong chéo hoa duge? Vi sao?
0 10 2 6 —15 12 —6 —2
a) |—4 4 0]; b) [1 1 —5]; c) [18 -9 -3|;

-2 1 2 1 2 -6 18 =9 -3
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4 -5 2 1 -3 3 -3 1 -1
d) [5 -7 3|; e) |3 =5 3|; f)y |-7 5 —1].
6 —9 4 6 —6 4 6 6 —2

> 5.15. Tim ma tran P lam chéo hoa A va xac dinh P~'AP

57 =5 5 —3 2 -1 3 -1
a) [0 4 —11; c) |6 —4 4|; e) |-3 5 —1|;
2 8 —3 4 —4 5 -3 3 1
(7 _12 6 (1 —3 3] (0 1 0
b) [10 —19 10]; d) [3 =5 3|; fy (1 0 1]
12 —24 13 6 —6 4 010

> 5.16. Trong mdi trudng hop sau tim mot co sé cia R? dé phép bién doi
tuyén tinh f c6 ma tran dang chéo:

a) f(z,y,2) = (r—y,20+3y+2z,x +y + 2z);

b) f(x,y,2) = Br+y+2z2x+4y+2z,2+y+3z2);
c) flx,y,z) = (x+2y+2z,0+2y — z,—x + y + 4z);
d) flz,y,2) =(x+y+ 22y + 22y + 32).

> 5.17. Trong R3, cho cac dang toan phuong sau day dudc viét dudi dang ma
tran, hay viét ching dusi dang bicu thic toa do

a)[xyz]—13() Y|

b)[xyz] -1 3 =2| |yl|:
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5 0 0 T
C)[:Eyz]()?)() Y| -
0 0 —4]| |z

> 5.18. Tim biéu thtc toa do clia dang toan phuong Q trén R? duéi day sau
khi thiyc hién phép bién doi tuong ting:

a) Q(wy, 19, 13) = 202 — 323 — 62179 + 27173 — dT973;

1
1 =Y + 2y2 — 58

T2 = Y2
T3 = —Y2+ Y3 -

b) Q(x1,xs,x3) = 2% — :Eg + 20129 — 42123 + 62973;

y1:$1+$2—2I3
Yo = T2

Ys = Tg — T3 ;

> 5.19. Viét ma tran clia dang toan phuong Q) trong co s chinh tac ctia R3.
Dua dang toan phuong vé chinh tic bang phuong phap Lagrange. Tim mot co
s§ ctia R? dé bieu thic toa do ctia @ trong co sé nay c¢6 dang chinh téc.

a) Q(xy1, w9, w3) = 22 + b3 — 42 + 23119 — 421 23;
b) Q(x1, T2, x3) = 422 + 235 + 25 — 4x 109 + 43173 — 3T973;
c) Q(x1,xa,x3) = T122 + T123 + To3.

> 5.20. Viét ma tran ctia dang toan phuong () trong co sd chinh tic ciia R3.
Dua dang toan phuong vé chinh tic bang phuong phap Lagrange. Tim mot co
s§ ctia R? dé biéu thic toa do ctia Q) trong co sé nay c¢6 dang chinh téic.

a) Q(z1, g, 13, 74) = 323 + 223 — 25 — 227 + 23129 — 4ToT3 + 27974
b) Q(x1, 9, x3) = 22?2 + 323 + 423 — 23179 + 47123 — 3T2T3;
¢) Q(z1,m2,73) = 323 — 223 + 223 + 4z 119 — 37173 — ToT3;

> 5.21. Tim A dé cac dang toan phuong sau xac dinh duong:
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a) Q(xy1, w9, w3) = bt + 23 + A2 + 4119 — 201703 — 27973;
b) Q(z1, T2, x3) = 223 + 23 + 322 + 21129 + 221 73.

> 5.22. Tim \ dé cac dang toan phuong sau xac dinh duong:
a) Q(z1,xq,x3) = 2% + 23 + 53 + 2 T 139 — 20173 + 4T0T3;

b) Q(x1, 9, x3) = 3 + 423 + x5 + 2\1179 + 107173 + 67973,
Huéng dan giai bai tap Chuong 5

> 5.1. e Cac truong hop a) c) e) la 4nh xa tuyén tinh.

e Cac truong hgp b) d) f) khong la anh xa tuyén tinh, vi f(az,ay) #
af(z,y).
1 3 4
>5.2.a) A= ;
1 0 -7
b) f(1,3,8) = (42, =55); f(v,y,2) = (z + 3y + 4z,2 — 72).
> 5.3. Cong thic xac dinh anh cta f: f(x,y) = (22 — y, —8z + 4y).

a) (z,y) € Ker f < y = 2x. Vay chi ¢6 (5,10) € Ker f;

2r — =
b) (a,b) € Im f khi va chi khi he phuong trinh { = 7 “ ¢6 nghiem.
—8r+4y =0
X&y ra khi b = —4a. Vay (1,—4), (—3,12) € Im f.
-1 1 -1
> 5.4. a) Ma tran cia f trong co s6 chinh tdc: A= | 1 2 —1];
1 5 =3

b) f khong don anh vi (—1,2,3) # 6 nhung f(—1,2,3) = 0;

C) (aa b7 C) S Imf And 3(.%,3/,2) sao cho f(xaya Z) = (aaba C); Vﬁy (aa bv C) < Imf
khi va chi khi hé phuong trinh sau ¢6 nghiém:

—r+y—z=a
r4+2y—z=2»b
T+5y—3z2=c;
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St dung phuong phap khit Gauss ta dugc:
-1 1 -1 «a -1 1 -1 a -1 1 -1 a
1 2 -1 b= |0 3 =2 bta|l<= |0 3 =2 b+a
1 5 =3 ¢ 0 6 —4 c+a 0 0 0 a+2b—c
Do d6 (a,b,c) € Im f < a + 2b — c. Vay f khong toan anh.
1 -1 3
>5.5.a) A= 1|5 6 —4|;Imf={a(1,0,2)+b(0,1,1)]a,b e R};
7T 4 2

Ker f = {t(—14,19,11) | t € R}; det(A) = 0; khong ton tai anh xa ngudc.

2 0 -1
-1 0 2

1 2 0

fla n;(f)t song anh, ton tai anh xa ngugc.

b) B ;det<B) = _6; Imf = Rg; Kerf = {«9}7 ;

2 2 =8

) C=11 6 1|;Imf={b(-18,1,0)+ ¢(30,0,1) | b,c € R};
36 -9
Ker f = {2(5,—1,1) | 2 € R}; det(C) = 0; khong ton tai 4nh xa ngugc.

1 4 5 9
3 -2 1 -1

>5.6.a) A= ;
0 3 5 8
4 2 6 8

Im f = {a(1,0,0,1) + b(0,1,0,1) + ¢(0,0,1,0) | a,b,c € R};
Ker f = {t(0,—1,—1,1) | t € R};
det(A) = 0; khong ton tai anh xa ngugc.

b) B

;det(B) = 65; Im f = R*; Ker f = {6};
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f 1a mot song anh, ton tai 4nh xa ngudc.

1 2 -1 1
1 -2 1 -1
c) C= ; det(C) =2; Tm f =R*; Ker f = {6};
0o 3 1 2
1 2 0 1

fla ni@t song anh, ton tai anh xa ngugc.
> 5.7. Goi T 1a ma tran chuyén tit co sé chinh tic sang co sé {vy, vo, v3} v A’
a4 ma tran cia f trong co s6 {vy, va, v3}:
1 11 3 3 3
T=1110|; A=T"'AT |—6 —6 -2

1 00 6 5 —1
1 2 1
>58. a) Taco6 |2 5 0|=1,
3 3 10

do d6 hé 3 véc to {vy, ve, v3} doc 1ap nén 1a mot co sé ciia R3.

a+260+7y =
b) (z,y,2) = avy + Bug + yv3 < § 20+ 50 =y
3a+38+10y ==

50 —17 =5 |z a=50x — 17y — 5z

S|l =1-20 7 2| |yl 0=—-200+Ty+22

f(x,y, 2) =f(av) + vy + yv3) = af(vy) + Bf(v2) +vf(v3)
=(50x — 17y — 5z, =20z + Ty + 2z, =9z + 3y + 2).

> 5.9. Dit (z,y,2) = f(z,y,2) = (X,Y,Z), ta viét cong thiic xac dinh anh
clia cac bién ddi tuyén tinh sau dudi dang ma tran.

X 1 -1 0f [«
a) |lYl=12 3 2 Yl
Z 1 1 2 z
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X 3 1 1| |z
b) Y| =12 4 2| |y]|;
Z 1 1 3] |z

o

N—

<
(@] —
N O
o o
< &

N
o
o
w
N

> 5.10. Goi A, B lan lugt 14 ma tran chinh téc ctia f,g. Ta c6

311 1 1 2
A=12 4 2|;B=1]1 2 -1

1 1 3 -1 1 4
4 2 3 3 6 9 77 9

e A+B=|36 1|;AB=|4 12 8|;BA=16 8 2|;

027 -1 6 13 3 7 13

12 8 8 15 13 13 -4 19 31
A?=116 20 16|; A°=4126 28 26|; B°= |12 8 -12

§ 8 12 13 13 15 —-12 19 39

o (f+9)(z,y,2) = (4x + 2y + 32,3z + 6y + 2,2y + 72);

(fog)(r,y,2) = (3x + 6y + 9z,4x + 12y + 8z, —1x + 6y + 132);
(go f)(x,y,2) = (Tx + Ty + 92,6z + 8y + 2z, 3x + Ty + 132);
(f)(x,y,2) = (122 + 8y + 82,16z + 20y + 162, 8z + 8y + 122);
() (x,y,2) = 4(15x + 13y + 132, 262 + 28y + 26z, 13x + 13y + 152);
(9°) )

(
> 5.11. a) Pr(AN)=(1-N2—-AN)B—=A);
A=1:v=(2,1,3), A=2:v=(—-1,1,1), A=3:v3=(1,1,2).

1 00
b) Ma tran ctia f trong co s6 {vy,v9,v3} {0 2 0

00 3
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1 2 2

> 5.12. Ma tran ciia f trong co s6 chinh tac:| 1 2 —1

-1 1 4

a) Da thic dac trung Pr(A\) = (1 = \)(3 = N)?;
Cac gia tri riéng va véc to riéng tuong tng:

A=1:v=(2,-1,1), A=3: v, =(1,1,0), v3=(1,0,1);

1 00
Ma tran cta f trong co sé {v,ve,v3}: |0 3 0

0 0 3
2 N 2, 2, z < 1
b) Ma tran chuyen tit co sé {vq, vo, v3} sang co sé chinh tac 5 1 1 =1

3 -2 =2
c) detA:9:E|A1=% -1 2 1
1 -1 0

Do d6 ton tai f~(z,y,2) = %(Sx —2y—2z,—x+2y+z,x —y).

>5.13. a) PA)=-AX2-M)3A=0:v=(1,-1,1); A\=2: vy =(1,0,1) .

b) cot 1 — cot 3 — cot 1 = P(\) = (8 — A\)(1 + \)?;
A=—1:v1=(1,-2,0),v2(0,—2,1); A =8 :v3 = (2,1,2).

c) —cot 2+ cot3 —cot3 =P =—-3-N2+N)(1-2N);
A=-2:v=(0,1,-1); A=3:,0=(51,4); A=1,v3=(3,—1,2).

d) cot 1 —cot 3 — cot 1 = P(\) = —(1+ M) (1 =N
A=—1:v1=(3,5,6); A=1:wvy=(2,1,0), v3 =(0,1,2).

e) PN =2-N5A=2:v =(1,1,-1,0), v, = (0,0,1,1).
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> 5.14. a) P(A) = (2— N3V = {2(1,2,0) | x € R} ;dim V5 = 1 < 3, khong
chéo hoa duge.

b) 3 cot 1+ cot 2 + cot 3 — cot 3 = P(\) = —(1+ \)3;
Voy = {y(—=2,1,0) + 2(5,0,1) | y,z € R} ;dimV_; = 2 < 3, khong chéo
hoéa dugc.

c) cot 1+ 2 cot 2 — cot 1; —3 cot 3 + cot 2 — cot 2 = P(A) = —\3;
Vo = {x(1,0,6) + y(0,1,-3) | =,y € R};dim Vy = 2 < 3, khong chéo hoa
dugc.

d) Cot 1+ cot 2+ cot 3 — cot 1 = P(\) = (1— )\
Vo ={y(1,2,3) | y € R};dimVj = 1 < 2, khong chéo hoa duge.

1 1 1 2 0 0
e) PN =—2+N2A4-)N;T=1{1 0 1|, 7T*AT=|0 -2 0.
0 —1 2 0 0 4

f) PA) = -4 -N2+ M5V ={2(1,2,0) | zeR};dimV , =1 < 2,
khong chéo hoa duge.

> 5.15. a) hl + h2 — h3 — h3 = P(A) = (1 - A)(2— N (3 - \);
2 1 1 100
P=1|11 —1|,P"AP=10 2 0f.

3 2 -1 0 0 3

b) el + 2+ c3 = 3 = PA) = —(1+ ) (1 -\
2 -1 3 10 0

P=11 0 5|,P'"AP=101 0

0 1 6 00 —1

¢) hl — h2 + h3 — hl = P(\) = (1 - A)(2— N)(3 = \);
111 100
P=|2 1 2|,P'AP= |0 2 0].

1 01 00 3
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d) hl — h2 + h3 — hl = P(A) = —(4 — A)(2+ V)%
110 4 0 0
P=1|11 1|,P'"AP=1{0 -2 0

2 01 0 0 =2

e) cl +c2+c3—=cl=PN)=(1-N)(2-N3

11 3 100
P=1|10 1|,P'AP=10 2 0.
13 -3 00 2
f) P(A) = —A(\? —2);
EREE 00 0
P=|0 ¥ 2/ P'AP=1{0 v2 0
-1 ! 1 0 0 —V2

> 5.16. a) P(A) = (1 —A)(2 = X)(3 — A); Gié tri riéng va véc to riéng tuong
ing
A=1:v=(L0,-1);A=2:v=(-2,2,1);A=3:v3=(1,-2,-1);
f(v) =v1, f(v2) =2vy, f(v3) = 3vs.

b) P(A) = (6 — \)(2 — \)?; Gia tri riéeng va véc to rieng tuong ting
A=6:v=(1,2,1);A=2:v=(1,0,—-1);v3 = (0,1, —,1);
f(v1) =601, f(v2) =2vq, f(vs) =203

c) P(A) = (1—-X)(3—\)? Gi4 tri rieng va véc to rieng tuong ting
A=1:v=(2,-1,1);A=3:v=(1,1,0);u3 = (1,0, 1);
for) = w1, f(v2) =302, f(vs) = 3vs.

d) P(A) = (1 — A\)?(4 — \); Gia tri rieng va véc to rieng tuong ting
A=1: V1 = (1,0,0);1)2 = (0,1,—1);)\:41’03 = (1,1,2),
flor) = v, fv2) =02, flus) = 4dvs.

> 5.17. a) Q(z,y,2) = 2% + 3y? — 42% — 2zy + 222 ;
b) Q(x,y,2) = dbx? + 3y? — 42% — 2wy — dyz ;

¢) Q(z,y,2) = 2z* + 3y* — 422
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> 5.18. Goi A 1a ma tran ctia dang toan phuong () trong co sé chinh tac T 1
ma tran chuyén co sé theo cong thic bién doi toa do.

1
2 -3 1 1 2 —5 2 0 0
a) A=|-3 -3 —2[;T=10 1 o |=>TAT=1|0 -7 0
1
1 -2 0 0 —1 1 0 0 3
1
Vay Q(z1, z2, 23) = 2y — Tys — §y32,
1 1 -2 1 1 =2 1 0 O

b)A=|1 0 3(;T=|0 1 0|=TAT=1]0 4 0
-2 3 -1 0 -1 1 0 0 -5
Vay Q(x1, z2,3) = i + 4y3 — 5y3.
1 1 -2
> 5.19. a) Ma tran cia @ trong co s chinhtdic A= |1 5 0

-2 0 —4
Stt dung phuong phép Lagrange ta tim dudc co s6

{v1 = (1,0,0),v5 = (—1,1,0),v3 = (5/2,—1/2,1)}

thda man (z1, Te, ¥3) = Y101 + Yoo + ysv3 ; Q = y# + 4y? — 9y2.

4 =2 2
. 3
b) Ma tran ctia ) trong co sé chinh tac B= |—-2 1 ~3
2 —§ 1
2

St dung phuong phap Lagrange ta tim dugc co s
{Ul = (1/27 07 0)7U2 = (07 17 1)7 U3 = (17 17 _1)}
thda man (x1, Te, T3) = Y101 + Yavo + Y303 ; Q = y3 — Y2 + 4.

01 1
. P 1
¢) Ma tran cia @ trong cd sé chinh tac C' = 3 1 0 1

1 10
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St dung phuong phap Lagrange ta tim dugc co s6

{v1 = (1,1,0), 05 = (1,—1,0),v3 = (—1,-1,1)}

théa man (x1, za, x3) = y1v1 + Yoo + Ysv3 ; Q = yf - 3/% - 3/:3-

31 0 0
, , ) 1 2 -2 1
> 5.20. a) Ma tran cta ) trong co s6 chinh tac A =
0 -2 -1 0
0 1 0 =2

St dung phuong phap Lagrange ta tim dugc co s
{v; =(1,0,0,0),v = (—1/3,1,0,0),v3 = (—=2/5,6/5,1,0),v4 = (1/17,-3/17,6/17,1)}

théa man (z1, xe, T3, £4) = Y101 + Y2v2 + Y3v3 + Yavy ;

5 17 3
g2 22 2202
Q y1+33/2 53/3 173/4

4 -2 4

, 1
b) Ma tran ctia ) trong co sé chinh tac B = 5 -2 6 -3
4 -3 8

St dung phuong phap Lagrange ta tim dugc co s

{v1 = (1,0,0),v5 = (1/4,1,1/4),v3 = (—1,0,1)}

) - 19
thoa man (1, To, ¥3) = Y101 + Yovs + Y3v3 ; Q = 2y3 + gyg + 292,

6 4 -3
, 1
c) Ma tran cia @ trong cd sé chinh tac C' = 3 4 —4 -1
-3 -1 4
St dung phuong phap Lagrange ta tim dugc co s
{v1 =(1,0,0),v9 = (—13/15,1,—-2/5),v3 = (1/2,0,1)}

. - 53 5
thoéa man (1,22, x3) = Y101 + Yov2 + ysv3 ; Q = 3y% - 1—53/3 + Zy?%

> 5.21. Dang song tuyén tinh xac dinh duwong khi cidc dinh thtc con chinh
duong.
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a) A > 2.

2—-X>0
b = |\ < +/5/3.
>{5—3/\2>0 [ /

> 5.22. Dang song tuyén tinh xac dinh duwong khi cidc dinh thtc con chinh
duong.

1-X2>0 4
a) = —— < A<0.
—A4+5X) >0 5

4—X>0
b) - SN <2
105 — 30X — A2 >0
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