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LOI NOI PAU

To4n cao cip A, A,, As 1a chuong trinh toan dai cwong danh cho sinh vién cac nhém nganh
toan va nhém nganh thudc khdi k¥ thuat. Noi dung cta toan cao cép Aj, Az chu yéu la phép tinh
vi tich phan cua ham mot hoéc nhiéu bién, con toan cao cép A, gidi thi€u cac cAu trac dai sb va
dai s6 tuyén tinh. C6 kha nhiéu sach gido khoa va tai liéu tham khao viét vé cac chu dé nay. Tuy
nhién xuit phat tir dic thd ung dung toan hoc dbi véi nganh dién tir vién thong va cong nghé
thong tin va nhu cau c6 tai liéu phit hop v6i chuong trinh ddo tao ciia Hoc vién Cong nghé Buu
chinh Vién thong nén chiing toi di bién soan gido trinh nay.

Gido trinh dugc bién soan theo chuong trinh qui dinh nam 2007 ctia Hoc vién Cong nghé
Buu Chinh Vién Thong. Noi dung ciia cudn sach duogc téng két tir bai giang cua tac gia trong
nhiéu nam va c6 tham khao céc gido trinh cta cac trudng dai hoc ky thuat khac. Chinh vi thé, gido
trinh ndy ciing c6 thé dung lam tai lidu hoc tap, tai liéu tham khao cho sinh vién cta céc truong,
cac nganh dai hoc va cao dang ky thuat.

Giéo trinh gdm 7 chuong:

Chuwong I: L6 gich toan hoc, Iy thuyét tap hop, anh xa va céac cau trac dai so.
Chuwong II: Khong gian véc to.

Chuong III: Ma tran.

Chuwong IV: Dinh thuc.

Chuwong V: Hé phuong trinh tuyén tinh

Chuwong VI: Anh xa tuyén tinh.

Chwong VII: Khong gian véc to Euclide va dang toan phuong.

Ngoai vai tro 1a cong cu cho cac nganh khoa hoc khéc, toan hoc con dugc xem 1a mot
nganh khoa hoc c6 phuong phap tu duy lap luén chinh xac chat ché. Vi vay viéc hoc toan ciling
gitip ta rén luyén phuwong phap tu duy. Cac phuong phép nay da duoc giang day va cung cap
tirng budc trong qua trinh hoc tap ¢ phd thong, nhung trong chuong I cac van dé nay duoc hé
théng hod lai. N¢i dung cua chuong I dugc xem Ia co s, ngdn ngir cua toan hoc hién dai. Mot
vai noi dung trong chuong nay di dwoc hoc ¢ phd thong nhung chi voi mirc do don gian. Cac
céu trac dai sb thi hoan toan mdi va kha triru tugng vi vay doi hoi hoc vién phai doc lai nhiéu
1an mi tiép thu duoc.

Céc chwong con lai cta gido trinh 1a dai s6 tuyén tinh. Kién thic cia cac chuong lién hé
chit ch& véi nhau, két qua ctia chuong nay 1a cong cu ciia chuong khéc. Vi vay hoc vién can thiy
dugce mbi lién hé giita cac chuong. Dic diém ctia mon hoc nay 1 tinh khai quat hoa va triru tuong
cao. Cac khai niém thuong dwoc khai quat hod tir nhitng két qua cua hinh hoc giai tich & phd
thong. Khi hoc ta nén lién hé dén cac két qua do.

Gi4o trinh dugc trinh bay theo cach thich hop d6i véi nguoi tu hoc. Trudce khi nghién ctru
cac ndi dung chi tiét, ngudi doc nén xem phan gi6i thiéu ciia mdi chwong ciing nhu muc dich cua
chuong dé thdy duoc muyc dich ¥ nghia, yéu cau chinh cta chuong d6. Trong mdi chwong, mdi ndi
dung, ngudi doc co thé tu doc va hiéu dugc can k& thong qua cach dién dat va chimg minh 1
rang. Pac bi¢t ban doc nén chu y dén cac nhan xét, binh luan dé hiéu sau hon hodc mé rong téng
quat hon céac két qua. Hau hét cac bai toan dugc xay dung theo luge do: Dit bai toan, chimg minh
su ton tai 101 giai bang 1y thuyét va cudi cing néu thuat toan giai quyét bai toan nay. Cac vi du 1a



dé minh hoa truc tiép khai niém, dinh Iy hodc cac thuat toan, vi vay s& gitp ngudi doc dé dang
hon khi tiép thu bai hoc. Cudi mdi chuwong déu cé cac bai tap sap xép tir d& dén kho. Cac bai tap
d& chi kiém tra tryc triép ndi dung vira hoc con cac bai tap kho doi hoi phai sir dung cac kién thire
téng hop.

Mot s6 nodi dung cua cudn sach da duoc day hoac day mot phﬁn o phé thong. Chéng han
giai tich t6 hop, cac dudng co nic c6 & chwong trinh phd théng. Tuy nhién ¢ ddy tac gia mudn
trinh bay lai giai tich t6 hop theo ngdn ngit anh xa. Minh hoa tng dung chi s6 quén tinh cta dang
toan phuong dé phan loai cac duong bac 2 trong mit phing va cac mit bac 2 trong khong gian.

Tuy rang tac gia da rat cd ging, song cac thiéu sot con ton tai trong gido trinh 13 didu kho
tranh khoi. Téac gia rit mong su dong gop ¥ kién cua ban bé dong nghiép, hoc vién xa gan va xin
cam on vi diéu d6. Tac gia xin chan thanh cam on GS Poan Quynh, PGS. TS. Nguyén Xuin
Vién, PGS. TS. Nguyén Ning Anh, Ths.GVC. Nguyén Tién Duyén, Ths.GVC. B Phi Nga di c6

Cubi cung chung toi bay to sy cam on ddi voi Ban Giam ddc Hoc vién Cong nghé Buu
Chinh Vién Thong, Khoa Co ban 1 va ban bé dong nghiép di khuyén khich dong vién, tao nhiéu
diéu kién thuan loi dé chiing toi hoan thanh tap tai liéi nay.

Ha Noi, 2008.
PGS. TS. Lé Bd Long
Khoa co ban 1
Hoc Vién Cong nghé Buu chinh Vién thong



CHUONG 1: MO PAU VE LOGICH MENH DE, TAP HOPANH XA VA CAC CAU TRUC PAI SO

CHUONG I
MO PAU VE LOGICH MENH PE, TAP HQP
ANH XA VA CAC CAU TRUC PAI SO

Toan hoc 1a mot nganh khoa hoc 1y thuyét duoc phat trién trén co s& tuan thu
nghiém ngat cac qui luat 1ap luén cia tu duy 16 gich hinh thic. Cac qui luat co ban cia
16 gich hinh thirc dd dugc phat trién tir thoi Aristote (Arit-xtot ) (thé ky thir 3 trude
cong nguyén) cing véi sy phat trién ruc r& cta vian minh ¢6 Hy Lap. Tuy nhién mai
dén thé ky 17 v6i nhitng cong trinh ctia De Morgan (P& Mocgan), Boole ... thi 16 gich
hinh thirc méi c6 mot cau trac dai sé dep d& va cung véi 1y thuyét tap hop gitp lam
chinh xac hoa cac khai niém toan hoc va thic déy toan hoc phat trién manh mé. Viée
nam ving 16 gich hinh thirc khong nhiing gitp sinh vién hoc tot mon todn ma con cé
thé van dung trong thuc té va biét 1ap ludn mét cach chinh xac. Hoc tdt mon 16 gich la
co s& dé hoc tbt dai sb Boole, van dung dé giai cac bai toan vé so dd cong tac role, ky
thuat sé va coéng nghé thong tin. Yéu cdu cta phan nay 1a phai nim vimg khai niém
ménh dé toan hoc, cac phép lién két ménh dé va céc tinh chét cta ching.

Khai niém tap hop, anh xa va cac cAu tric dai s6 1a cac khai niém co ban: vira 1a
cong cy vira ngdn ngir cua toan hoc hién dai. Vi vai tro nén tang cuia nd nén khai ni¢ém
tap hop duoc dua rat sém vao chuong trinh toan phd thong (toan 16p 6). Khai niém tap
hop dugc Cantor (Cang-to) dua ra vao cudi thé ky 19. Sau d6 duoc chinh xac hod bang
hé tién dé vé tap hop. Co thé tiép thu 1y thuyét tap hop theo nhidu mirc d6 khac nhau.
Chuing ta chi tiép can 1y thuyét tap hop ¢ mirc do truc quan két hop vé6i cac phép toan
16 gich hinh thirc nhu "va", "hodc", phép kéo theo, phép tuong duong, lugng tir phd
bién, luong tir ton tai. Vi cac phép toan 16 gich nay ta cd tuong tng cac phép toan
giao, hop, hi¢u cac tap hop con cua cac tap hop.

Trén co so tich Descartes (Dé-cac) cua hai tap hop ta c6 khai niém quan hé hai
ngdi ma hai truong hop dac bi¢t 1a quan hé twong duong va quan h¢ thr ty. Quan hé
tuong duong duoc dung dé phan mot tip nao do thanh cac 16p khong giao nhau, goi 1a
phan hoach cua tap d6. Quan hé dong du moduld p (modulo) 1a mot quan hé twong
duong trong tap cac sd nguyén. Tap thuong cta né 1a tap Z ) cac sd nguyén moduld

p. Tap Z ) c¢6 nhiéu tmg dung trong 1y thuyét mat ma, vé an toan mang. Quan hé thu
tu dugc dung dé sép xép cac dbi tuong can xét theo mét thi tu dua trén tiéu chuin nao
d6. Quan hé < trong cac tap hop sb 13 cac quan hé thir tu.

Khai niém anh xa la sy mo rong khai niém ham s6 da dugc biét. Khai niém nay
gitip ta mé ta cac phép twong tng tir mot tip nay dén tap kia thoa mén diéu kién ring
mdi phan tir cta tip ngudn chi cho Gmg véi mot phan tir duy nhit cia tap dich va moi
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phan tir cta tdp ngudn déu duoc cho tmg voi phan tir cta tap dich. O dau c6 twong Gmg
thi ta ¢6 thé mé ta duwoc dudi ngdn ngir anh xa.

Str dung khai niém anh xa va tap hop ta khao sat cac véan dé cua giai tich t6 hop,
d6 1a cac phuong phap dém sé phan tir cia tap hop. Giai tich t6 hop duoc ap dung dé
giai quyét cac bai toan xac suat thong ké va toan hoc roi rac.

Chung ta c6 thé thuc hién céc phép toan: cong cac sb, ham sb, da thirc, véc to
hodc nhan cac sd, ham s6, da thirc... Nhu vay ta ¢ thé thuc hién cac phép toan nay
trén cac dbi twong khac nhau. Cai chung cho mdi phép toan cong hay nhan & trén 1a
cac tinh chat giao hoan, két hop, phan b... Mot tap hop c6 phép toan thoa mén diéu
kién nao do6 dugc goi la co clu tric dai sb tuong tng. Cac cau trac dai sb quan trong
thuong gap 1a nhém, vanh, truong, khong gian véc to. DPai s6 hoc 1a mot nganh cua
toan hoc nghién ctru cac ciu trac dai s6. Ly thuyét Nhém dugce Evarist Galois (Galoa)
dua ra vao dau thé ki 19 trong cong trinh "Trong nhimg diéu kién ndo thi mot phuong
trinh dai s6 co thé giai duoc?", trong d6 Galoa van dung 1y thuyét nhom dé giai quyét.
Trén co s 1y thuyét nhom ngudi ta phat trién cac cau trac dai s6 khéc.

Viéc nghién ctru cac ciu trac dai s giup ta tach ra khoi cac d6i tuong cu thé ma
thiy duoc cai chung cua timg cdu tric dé khao sat cac tinh chit, cac dic trung cua
chung. Chang han, tip cic ma trin vudng cung cap, cac ty dong cau tuyén tinh, cac da
thirc ... ¢6 ciu tric vanh khéng nguyén nén c6 nhing tinh chét chung nao do.

Céc cau trac dai s6 co tinh khai quat hod va triru twong cao vi viy ngudi ta nghi
ré‘mg khé 4p dung vao thuc tién. Tuy nhién thyc té cho th?iy dai s6 Boole duoc ung
dung rat hiéu qua trong viéc giai quyét cac bai toan vé so do mach dién, trong cong
nghé¢ thong tin va k¥ thuat sd. Ly thuyét nhoém duge ung dung vao co hoc lugng tu. Ly
thuyét vi nhom va vanh duoc tmg dung trong 1y thuyét mat ma, 1y thuyét Otomat.

Chuong 1 trinh bay mdt cach so lugce cac cAu trac: Nhom, vanh, truong va dai sb
Boole. Cac chuong con lai ctia cudn sach nay lién quan dén dai sé tuyén tinh.

1.1 SO LUQC VE LOGICH MENH PE

1.1.1 Ménh dé

L6 gich ménh dé 1a mot hé thong 16gich don gian nhat, véi don vi co ban 14 cac
ménh dé mang ndi dung ctia cac phan doan, mdi phan doan duogc gia thiét 1a c6 mot gia
tri chan 1y nhat dinh 14 dung hodc sai.

Pé chi cac ménh dé chwa xac dinh ta dung cac chit cai p,q,7... va goi chiing la
céc bién ménh dé. Néu ménh dé p ding ta cho p nhan gia tri 1 va p sai ta cho nhan

gia tri 0. Gia tri 1 hoac 0 duoc goi la thé hién cua p.
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Ménh dé phirc hop duoc xay dung tir cac ménh dé don gian hon bang cac phép
lién két 16gich ménh dé.
1.1.2 Céc phép lién két 16gich ménh dé

1. Phép phii dinh (negation): Phii dinh ciia ménh dé p la ménh dé dwoc ky hiéu
p doc la khéng p.Ménh d& p dung khi p saiva p sai khi p dung.

2. Phép hoi (conjunction): Hoi cua hai ménh de p,q la ménh dé dwoc ky hiéu
pAg (docla p va g). Ménh d& p Ag chidung khi p va g cing dung.

3. Phép tuyén (disjunction): Tuyén cia hai ménh dé p,q la ménh d@é dwoc ky
hiéu pv q (docla p hodc q). pvq chisaikhi p va g cung sai.

4. Phép kéo theo (implication): Ménh dé p kéo theo q, ky hiéu p = ¢, 1a ménh
dé chi sai khi p ding ¢ sai.

5. Phép twong dwong (equivalence): Ménh dé& (p = ¢)A(¢ = p) duoc goi la
ménh dé p twong dwong ¢ ,ky hidu p < q.

Mot cong thirc gdm cac bién ménh dé va cac phép lién két ménh dé duoc goi 1a

mot cong thire ménh dé. Bang 1iét ké cac thé hién cua cong thirc ménh dé duogc goi 1a
bang chan tri.

Tir dinh nghia cua cac phép lién két ménh dé ta c6 cac bang chan tri twong Ung
sau

P4 |pPva|prg
p|p 1] 1] 1 1
0 10| 0 1
o |1 0 1] 0 1
00| o 0
pla|pr=4 pPla|r=4q|9=p|P=y
1] 1] 1 1] 1] 1 1 1
10| o 10| 0 1 0
0|1 ] 1 01| 1 0 0
00| 1 00| 1 1 1
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Nhu viy p <> ¢ la mot ménh dé dung khi ca hai ménh dé¢ p va ¢ cung ding

hodc cung sai va ménh dé p < ¢ sai trong truong hop nguoc lai.

Mot cong thirc ménh dé duoc goi 13 hang ding néu né ludn nhan gi tri 1 v6i moi
thé hién cua cac bién ménh dé c6 trong cong thirc. Ta ky hiéu ménh dé twong duong
hang dang 13 "=" thay cho "< ",

1.1.3 Céc tinh chat
Dung bang chan trj ta d& dang kiém chtng cic ménh dé hing ding sau:
1) p=p ludt phii dinh kép.
) (p=9)=({@Vvq.
3) pAq=qAp, PVGg=qVp ludt giao hoan.
4 pa(gary=(pag)ar; pv(gvir)=(pvg)vr  ludt két hop.

5 [pa(gvir)]=[(prg)v(pan)];

[pv(q/\r)]z[(pvq)/\(pvr)] ludt phdn phoi.

6) Ménh dé pv p ludn ding ludt bai trung.
DA ; ludn sai ludt mdu thuan.
7) ngAc_j;mE;vg ludt De Morgan.
8) p=>q= 5 = ]_? luat phan chirng.
9) pvp=p;, pAp=p ludt liiy ddang.
10) pv(pAg)=p; pA(pPVg)=p ludt hap thu.
1.2 TAP HQP

1.2.1 Khai niém tap hop

Khai niém tdp hop va phan tir 1a khai niém co ban cta toan hoc, khong thé dinh
nghia qua cac khai niém da biét. Cac khai niém "tap hop", "phan tir" xét trong moi
quan hé phan tir cia tip hop trong 1y thuyét tap hop 1a gidng véi khai niém "dudng
thang", "diém" va quan hé diém thudc dudng thing duoc xét trong hinh hoc. Mot cach
tryc quan, ta co thé xem tap hop nhu mot su tu tap cac vat, cac doi tuong nao do ma
mdi vat hay d6i tuong 13 mot phan tir cia tap hop. Tap hop duge dic trung tinh chat
rang mot phan tir bat ky chi c6 thé hodc thudc hodc khong thude tap hop. C6 thé lay vi
du vé cac tap hop c6 ndi1 dung toan hoc hodc khong toan hoc. Chéng han: tap hop céc
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sO tu nhién 1a t3p hop ma cac phan tir cia nd la cac s6 0, 1, 2, 3, ... con tap hop cac
cuon sach trong thu vién cia Hoc vién Cong nghé Buu chinh Vién thong 14 tdp hop ma
cac phan tir cua no 1a cac cudn sach.

Ta thuong ky hi€u céc tap hgp béi cac chir in hoa 4, B,... X,Y,... con cac phﬁn t

bdi cac chit thudng x,y,... Néu phan tir x thuéc A ta ky hiéu xe 4, néu x khong

AR

thudc A ta ky hiéu x ¢ 4. Ta cling noi tit "tap" thay cho thuat ngit "tap hop".

1.2.2 Cach mo ta tap hop
Ta thudng mo ta tap hop theo cac cach sau:
a) Liét ké tit ca cac phan tir ctia tap hop trong dau ngodc nhon

Vidu 1.1: Tap céac s6 tu nhién 1¢ nho hon 10 1a {1,3,5,7,9}.
Tép hop cac nghiém ciia phuong trinh x> —1=0 la {-1,1}.

b) Néu dic trung tinh chét ctia cac phan tir tao thanh tap hop

C6 nhiing tap hop khong thé liét ké cac phan tir ciia ching, khi d6 ta mé ta tap
hop nay bang cach dic trung céc tinh chat cta phan tir tao nén tap hop.
Vi du 1.2: Tap hop cic s6 tu nhién chin P = {n eN| n=2m, m eIN}.

Tap hop c6 thé dugc md ta bang cach néu tinh chat dic trung cua cac phan tir
thong qua khai niém ham ménh dé.

Ham ménh dé xéac dinh trong tap hop D 1la mdt ménh dé s (x) phu thude vao
bién x € D . Khi cho bién x mot gia tri cy thé thi ta dwoc ménh dé 16gich (ménh dé chi
nhan mdt trong hai gia tri hodc diing hodc sai).

Gia st S(x) 1a mot ménh dé xac dinh trong tap hop D, ta goi tap hop cac phan
tr xeD sao cho S(x) dung la mién ding cia ham ménh dé& S(x) va ky hiéu
{x € D|S (x)} .

Vi du 1.3: i) Xét ham ménh d& S(x) xac dinh trén tap cac sb ty nhién N: "x* +1 1a
mot s6 nguyén t6" thi S(1),S(2) ding va S(3),5(4) sai ...

i) Mdi mot phuong trinh c6 thé xem 13 mot ham ménh dé c6 mién dung 1a tap
nghiém.

{vez|¥ -1=0|={-11}.
¢) Gian d6 Venn: Dé c6 hinh anh tryc quan vé tap hop, nguoi ta thuong biéu dién tap

hop nhu 14 mién phang gidi han boi dudng cong khép kin khong tu cit duoc goi 1a

gian do Venn.
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1.2.3 Cic tap hop s thwong gip
- Tap cac s6 tu nhién N= {O, 1, 2, } .
- Tép cac sb nguyén Z ={0,+1,£2,...}.
- Tép céc sd hituti Q={p/q| ¢ =0, p.qZ}.
- Tap céc s6 thuc R (gdm cac sd hitu ti va vo ti).

- Tép cac sb phirc (C:{z:x+iy| x,yeR;izz—l}.

1.2.4 Tap con

Pinh nghia 1.1: Tdp A duwoc goi la tdp con ciia B néu moi phdn tir ciia A déu la phan
tr cua B, khi do ta ky hiéu

Ac B hoac B> A.

Khi 4 1a tdp con cua B thi ta con n61 4 chua trong B hay B chia 4 hay B
bao ham 4.

Taco: NcZcQcRcC.
Pinh nghia 1.2: Hai tdp A, B bang nhau, ky hiéu A= B :
A=B khivachikhi Ac B va Bc A.

Nhu vay dé chimg minh A4 — B ta chi can chimg minh xe A= xe B .
Do d6 dé chimg minh A= B ta chi can ching minh xe 4 < xeB.

Pinh nghia 1.3: Tdp rong la tdp khéng chira phan tir nao, ky hiéu & .

Mot cach hinh thirc ta c6 thé xem tap rdng 13 tip con ctia moi tap hop.
Vidu 14: Xét X ={xeZ|x’ =4,x1¢} thi X =@

Tdp hop tdt ca cdc tip con cia X dwoc ky hiéu P(X). Viy A€ P(X) khi va
chikhi 4 X . Tap X 1a tip con cua chinh nd, vi vy X 1a phan tir 16n nhat va & 1a
phan tir bé nhit cua 2(X).

Ae P X)) AcX (1.1)
Vidu 1.5: Xz{a,b,c} co 9/”(X)={@,{a},{b},{c},{a,b},{b,c},{c,a},X}.

Ta thidy X c6 3 phan tir thi 2(X) co 2% =8 phan tir. Ta c6 thé ching minh
téng quat rang néu X c¢6 n phan t thi Z2(X) c6 2" phan tir (bai tap 19).

10



CHUONG 1: MO PAU VE LOGICH MENH DE, TAP HOPANH XA VA CAC CAU TRUC PAI SO

1.2.5 Cac phép toan trén cac tap hop

1. Phép hop: Hop ciia hai tdp A va B, ky hiéu AU B, la tdp gom cdc phan tir
thudc it nhat mot trong hai tdp A, B.

(xedUB) e ((xed)v(xeB)). (1.2)

2. Phép giao: Giao ciia hai tdp A va B, ky hiéu AN B, la tdp gom cdc phdn tir
thudc dong thoi ca hai tip A, B.
(xeAmB)@((xeA)/\(xeB)). (1.3)
3. Hiéu cua hai tap: Hiéu cua hai tap A va B, ky hieu A\B hay A—-B, la tap
gom cdc phan tir thuéc A nhung khéng thuc B.
(xed\B)=((xed)A(xeB)). (1.4)
Thong thuong gia thiét tit ca cac tap duoc xét 1a cac tp con ctia mot tap cb dinh
g0i 13 tdp phé dung U . Tap U\ B dugc goi 1a phan bu cia B trong U va duge ky
hiéu 1a C2 hodc B.

Vidu 1.5: Xét cac tap 4 :{a,b,c,d}, B :{b,d,e,f} , U ={a,b,c,d,e,f,g,h}.

Taco: AuBz{a,b,c,d,e, },AmBz{b,d},A\Bz{a,c},

le :{e,f,g,h}, Cg ={a,c,g,h}.

Ta c6 thé minh hoa cac phép toan trén v6i cac tap tuong Gmg 1a phan gach chéo
ctia gian d6 Venn:

r]

ANB

A\B

Ap dung 16gich ménh dé (tinh chat 1.3) ta dé dang kiém chung lai céc tinh chat
sau:

l.AUA=A, AnA=4 tinh liiy ding

2. AB=BUA, AnB=BnNnA4 tinh giao hodn.

3. Au(Bu(C)=(AuB)uC,
AN(BNC)=(ANB)NC tinh két hop.

11
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4. Av(BNC)=(AuB)Nn(4u (),
AN(BUC)=(ANB)U(ANC) tinh phan bé.

Gid su 4,B 1a hai tap con cua U thi:

5. A=A; AUD=A; ANU = A

6. AUA=U; ANA=0
7.M=Zm§;m=2u§ luat De Morgan

8. A\B=ANB=AN(ANB)=A4\(4nB)=C}"".

1.2.6 Luwong tir phd bién va hrong tir ton tai

Gia st S(x) la moét ham ménh dé xac dinh trong tap D coO mién ding
Dy, = {x e D|S(x)}. Khi do:
a) Ménh dé Vxe D, S(x) (doc 1a véi moi xe D, S(x)) 1a mdét ménh d& dung néu
Dyg(,y = D va sai trong truong hop nguoc lai.

Ky hiéu V (doc 14 v&i moi) dwoc goi 18 lwong tir phé bién.

Néu khong so nham 14n ta thuong bé qua x e D va viét tit Vx, S(x) thay cho
VxeD, S(x).

b) Ménh dé& Jxe D, S(x) (doc 1a ton tai xe D, S(x)) 12 mdét ménh dé ding néu
Dy, # 0 va sai trong trudong hop nguoc lai.
Ky hiéu J(doc 14 ton tai) dugc goi 1a lLeong tir ton tai.

Pé ching minh mot ménh dé véi luong tir phd bién 13 dung thi ta phai ching
minh dung trong moi truong hop, con voi ménh dé ton tai ta chi can chi ra mot trudng
hop ding.

¢) Nguoi ta mo rong khai niém luong tir ton tai v6i ky hiéu 3lx e D, S(x) (doc 1a tén

tai duy nhit x € D, S(x)) néu Dy, c6 ding mot phan tu.
d) Phép phu dinh luong tur

VxeD, S(x)@(ﬂxeD,%)

IxeD, S(x) o ( Vxe D, %) (1.5)

Vi du 1.6: Theo dinh nghia cua gi6i han

12
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lim f(x)=L <Ve>0,38>0;Vx: 0<|x—d|<d=|f(x)-L|<e.

xX—a
Str dung tinh chat hang ding (p = ¢) = (p Vv ¢) (xem tinh chét 1.3) ta co

0<|x—a|<8=|f(x)-L|<e twong duong véi

(0<|x—a|<5)v(|f(x)—L|<8).

Vay phu dinh cia lim f(x)=L la

X—a

3e>0,V8>0;3x: (0<|x—a|<8)A(|f(x)-L|>¢).

1.2.7 Phép hop va giao suy rong
Gia st (Al. )ie[ 1a mdt ho cac tdp hop. Mo rong cong thirc (1.2), (1.3) ta dinh
nghia:

U A4 1a tap gdm cac phan tir thudc it nhat mot tap A; nao do.

iel

ﬂ 4; latap gdm cac phan tir thudc moi tap 4;.

iel
(eriEIAI-)@(EIiOeI;xeAiO) (1.6)
(xeﬂie]Ai)Q(Viel;xeAi). 1.7)

Vidu17: 4,={xeR0<x<n/(n+1)}; B, ={xeR|-1/(n+) <x<1+1/(n+1)]

U, =[0:1) . (18,=[0:1]

1.3 TiCH DESCARTES VA QUAN HE

1.3.1 Tich Descartes cta cac tap hgp

Pinh nghia 1.4: Tich Descartes cia hai tdp X,Y la tdp, ky hiéu X xY, gom cdc

phan tir c6 dang (x,y) trong d6 x€ X va yeY. Viy
XxY:{(x,y)|xeX va er}. (1.8)
Vidu 1.8: X:{a,b,c}, Y:{1,2}; XxY:{(a,l),(b,l),(c,l),(a,2),(b,2),(0,2)}

Ta dé dang ching minh duoc rang néu X c6 n phan tir, Y c6 m phan tir thi
X xY ¢b n-m phan tir.

13
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Tich Descartes cuia n tap hop X, X,,..., X, duoc dinh nghia va ky hi¢u nhu

sau:
X xXyx.xX, = {(xl,xz,...,xn)‘xl- e X;, i=1,2,...,n}. 1.9)
Nhén xét 1.1:
1.Khi X;=..=X,=X thitakyhiéu X" thay cho X x..x X .
n lan

2. Tich Descartes X, x X, x...x X,, con dugc ky hi€u Hie]Xl-.
3.Gidstr (xp,...,x,) € X;x..xX,; (x',...x",) e X; x..x X, thi
(Xp5ee0sX,) = (x"],..0x") © x;, =x";,Vi=1,...,n (1.10)

4. Tich Descartes cua cac tap hop khong c6 tinh giao hoan.

1.3.2 Quan h¢ hai ngoi

Trong thuc té cudc séng cling nhu trong toan hoc ta thudng xét dén cac quan hé.
Chéng han hai ban sinh vién c6 thé c6 quan hé d@)ng huong, quan hé cung mot ho ...,
hai s6 nguyén c6 quan hé chia hét, quan hé nguyén t6 cing nhau, quan hé nhoé hon ...
M&i quan hé nay cé thé xac dinh boi tip cac cip phan tir c6 quan hé véi nhau. Khai
quat hoa diéu nay ta c6 dinh nghia quan hé nhu sau.

Pinh nghia 1.5: Cho tdp X #J, moi tap con R < X x X dwoc goi la mot quan hé

hai ngoi trén X .
Véi x,ye X va (x,y)e R ta ndi x cd quan hé véi y theo quan hé R va ta

viét xRy .
Vi du 1.9: Ta xét cac quan hé sau trén tap céc so:

R xRy < xiy (x chia hétcho y), Vx,yeN

R, xRy < (x,y)=1(x va y nguyén t6 cung nhau) Vx, yeZ

ARy : xRy <> x <y (x nho hon hay bang y) Vx,yeR

Ry xRy < x—yim, Vx,yeZ . Taky hiéu x = y(modm) va doc 1a x dong du
vo1 y moduld m.

Dinh nghia 1.6: Quan hé hai ngéi R trén X dwoc goi la co tinh:

a) Phan xa, néeu xhx,Vxe X ;

b) Doi xitng, néu Vx,y e X ma xRy thi ciing c6 yRx ;

14
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¢) Bac cau, néu Vx,y,ze X ma xRy va yRz thi ciing cé xRz ;

d) Phan déi xvmg, néu Vx,y € X ma xRy va yRx thi x=y.
Vi du 1.10: 44 phan d6i xtmg, bac ciu nhung khong d6i xtmg, khong phan xa (vi 0
khong chia hét cho 0).

Ky dbi xtmg, khong phan xa, khong phan xtng, khong bic cau.

AR5 phan xa, phan ddi xtng, bic cau.

ARy phan xa, dbi xtng, bic cau.
1.3.3 Quan h¢ twong duwong

Dinh nghia 1.8: Quan hé hai ngéi R trén X = duoc goi la quan hé tuong dwong

néu cé ba tinh chat phan xaq, doi xung, bdc cau.
Theo thoéi quen, véi quan hé twong duong A ta thuong viét x ~ y(R) hoic
x ~ y thay cho x Ay .
Ta dinh nghia va ky hiéu I6p twong diong cta phan tr x € X 1a tap hop
x={yeX|y~x] (1.11)
MG&i phan tir bat ky cua 16p tuong duong x duoc goi 1a phan tir dai dién cua x.
Nguoi ta con ky hiéu 16p twong duong cua x 1a c/(x).
Hai 16p twong duong bat ky thi hodc bang nhau hodc khéng giao nhau, nghia 1a

xNx' hodc bang x=x' hodc bang &, néi cach khac cac 16p tuong dwong tao thanh
mot phan hoach cac tp con cua X .

rox=[5 Y (1.12)

Tap tét ca cac 16p twong dwong dugc goi 13 tdp hop thuong, ky hiéu X/~. Vay
X/~= {}\ xe X} (1.13)
Vi du 1.11: Quan h¢ #y trong vi du 1.9 1a mot quan hé tuwong duong goi 1a quan hé
ddng du moduld m trén tap cc s6 nguyén Z . Néu x ~ y, ta viét x = y(modm).
Ta ky hiéu tap thuong (1.13) gdbm m sé dong du médulé m:

Zm={_0,_1,..., m—1}. (1.14)
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Vi du 1.12: Quan hé "véc to @ bang véc to ¥" 1a mdt quan hé twong dwong cia tap
hop cac véc to tu do trong khong gian. Néu ta chon gc O ¢d dinh thi mdi 16p tuwong

duong bt ky déu co thé chon véc to dai dién dang OA.

Vi du 1.14: Quan hé tam giac dong dang trong khong gian Euclide 14 quan hé tuong
duong.

1.3.4 Quan h¢ thu tw

Dinh nghia 1.8: Quan hé hai ngéi R trén X = dwoc goi la quan hé thir tu néu cé

ba tinh chat phan xq, phan doi xung, bdc cau.
Vidu 1.13:

1) Trong N, Z, Q, R quan hé "x < y" la mot quan hé thir tu.

2) Trong N* quan hé "x:y" 1a mdt quan hé thir tu.

3) Trong #(X) (tdp hop tat ca cac tip con ctia X ) quan hé "tap con" (4 B) la
mot quan h¢ thur tu.

Khai ni€ém quan hé¢ thtr tu dugc khai quat hoa tir khai niém 16n hon (hay ding
sau) trong céc tap sb, vi vay theo thoi quen ngudi ta ciing dung ky hiéu "<" cho quan
hé thtr ty bat ky.

Quan h¢ tha ty "<" trén tdp X duoc goi la quan hé thwr tu toan phcfn néu hai
phan tir bat ky cia X déu so sanh duoc véi nhau.

Vx,ye X: x<y hodc y<x (1.15)

Quan h¢ thir ty khong toan phr:fm duoc goi la quan hé thwr tw bo phdn.
Tap X vd&i quan hé tht ty "<" duogc goi la tap duoc scfp. Néu "<" 1a quan hé¢
thir tu toan phan thi X duoc goi 14 tAp dugc sdp todan phan hay sdp tuyén tinh.
Vi du 1.14: Cac tap (N,<), (Z,<), (Q,<), (R,<) duoc sip toan phan, con (N*,%) va
(3]’(X ),c) duogc sip bo phan (néu X c6 nhiéu hon 1 phan tir).

Pinh nghia 1.9: Cho tip dwoc Scfp (X,2) va tap con Ac X. Tap A dwoc goi la bi

chan trén néu ton tai q € Xsao cho a<q, voi moi ae A. Khi do q dwoc goi la mot
chan trén cua A.

Hién nhién rang néu ¢ 1a mot chin trén ctia 4 thimoi ¢'e X ma ¢<g¢' déula
chin trén cia A. Phan tir chin trén nho nhat ¢ cua A ( theo nghia ¢ <g', v6i moi
chan trén ¢' ctia A4) duogc goi la cdn trén cia A va dugc ky hiéu g =sup 4. RO rang

phan tir can trén néu ton tai 1a duy nhat.
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VaeA:a<q
g=sup A (1.16)

(VaeAd:a<q)=>qg<q'

Tuong tu tap A duoc goi la bi chan duoi néu tdn tai p e X saocho p<a, véi
moi a € A. Phan tir chin duéi 16n nhét duoc goi 14 cdn dudi cia A va duoc ky hiéu
inf 4. Can dudi néu ton tai ciing duy nhat.

i VaceA:p<La
p=inf A& (1.17)
(VaeAd:p'<a)y=p'<p
N6i chung sup A, inf A chua chic 1a phan tir cia 4. Néu g =sup A A4 thi ¢
duogc goi 1a phan tir Iom nhdt cia A ky hidu g = max 4
VaceA:a<q
q =max A< (1.18)
qge A
Tuong ty néu p=inf Ae A thi p dugc goi la phan tr bé nhdt cia A ky hiéu
p =min 4
. VYaeA:p<La
p=mnAd< (1.19)
ped
Tu tinh chét lién tuc cua tap s6 thuc R c6 thé chirng minh dugc ré“mg vO1 moi tap
con AcR:

= Néu A bi chan trén thi ton tai can trén sup 4

VaeA:a<q

=sup A< 1.20
1 P {V8>0,3aeA:q—8£a (1.20)

» Néu A bi chin dudi thi ton tai can dudi inf A

_ VaeA:p<a
p=inf A< (1.21)
Ve>0,dJaed:alp+e

Vi du 1.15: Tap A=[0;1)={xeR|0<x<1} c6 1=supd g 4, inf A=0¢€ 4, do d6
khéng ton tai max 4 nhung ton tai min 4 =inf 4=0.

Vi du 1.16: Gia st ham s6 y = f(x) xac dinh trong mién D. Ap dung cong thirc
(1.18), (1.19) ta c6 cong thic xac dinh gia tri 16n nhat M va gia tri nho nhat m.

M:magf(x)@{VxeD:f(x)SM {VxeD:me(x)

ElxoeD:f(xO):M; m=I;li[1’)1f(x)<f,> IxgeD: f(x))=m
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1.4 ANH XA

1.4.1 Pinh nghia va vi du

Khai niém anh xa duoc khai quat hoa tir khai niém ham sé trong d6 ham sb
thudng dugc cho dudi dang cong thuc tinh gid tri cia ham sé phu thudc vao bién sb.
Chang han, ham s6 y = 2x vdi x eN1a quy luét cho tng

0— 0122436, ..

Ta c6 thé dinh nghia anh xa mot cach truc quan nhu sau:

Pinh nghia 1.10: M4t dnh xa tir tdp X vao tdp Y la mét quy ludt cho twong itng moi

mét phan tir x € X véi mét phin tiv y = f(x) ciia Y théa man hai diéu kién sau:
() Moi x € X déu cé dnh twong iing y = f(x) €Y,
(ii) Véi méi x e X anh f(x) la duy nhat.
Takyhidu [:X—>Y hay X—L>y
x=y=f(x) x>y =f(x)
X dwoc goi la tap ngu&n, Y dwoc goi la tap dich.

Vidul.17:
—>e | —>* 1 —>e 1
— e 2 L we 2 =pe 2
e 3 *3 °3
e 4 > 4 —>e 4
X Y X Y X Y
Tuong Ung a) Tuong tmg b) Tuong tng )

Tuong tmg a) khong thoa man diéu kién (ii). Tuong tng b) khong théa man diéu
kién (1) cia dinh nghia. Chi c6 twong tng c) xac dinh mot anh xa tr X vao Y.

Haidnhxa f: X >7Y, g: X'—>Y"' duoc goi la bang nhau, ky hiéu f =g, néu

théa man

{X =X,Y=Y'
(1.22)

f(x)=g(x); Vxe X

Vi du 1.18: Mdi ham s6 y = f(x) bat ky c¢6 thé duoc xem 1a anh xa tir tap xac dinh D
vao R. Chang han:
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Ham légarit y =Inx la dnh xa ln:lRi—)IR
x— y=Inx
Hdmcdnbdchaiyzx/; la anh xa \/7:FR+—>FR
x> y=+x.

Dinh nghia 1.11: Xét dnhxa f: X > Y :

# Cho Ac X, ta ky hiéu va goi tap sau la anh cua A qua anh xa f
f(A) ={f(x)|xe 4] (1.23)
Noirieng f(X)=1Im [ dwoc goi la tdp anh hay tap gia tri cua f .
Khi f la ham s thi {(X) duwoc goi la mién gid tri .
# Cho BcCY, taky hiéu va goi tdp sau la nghich anh cua B qua anh xa f
f'(B)={xeX|f(x)e B} (1.24)
Truong hop B 14 tap hop chi c6 mot phan tir {y} thi ta viét f~'(y) thay cho
/(). vay

[ ={xeXx|y=rx). (1.25)

Vidu 1.19: Xétvidu anhxa f:X — Y la twong urng c) cua vidu 1.17.

Cho A={a,b,c}c X, B={23,4} Y thi

f(A={12}, Imf={1,2,4}, f'(B)=1{b,c.d}, f'(2)={b,c}.

1.4.2 Phan loai cac anh xa

Pinh nghia 1.12:

1) Anh xa f: X — Y duwoc goi la don dnh néu anh ciia hai phdn tir phdn biét la
hai phan tir phén biét. Nghia 1a:
Vx, Xy, € X; x5 # X%, = f(x) # f(x)
hay mot cach tuong duong:

VX, e X f(x)=f()=>x=x, (1.26)
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2) Anh xa f:X — Y dwoc goi la toan dnh néu moi phan tir cua Y la dnh cua

phan tir nao do cia X .

Vay f 1a mot toan anh khi thoa man mot trong hai diéu kién twong duong sau:
f(X)=Y hodac VyeY,dxe X saocho y= f(x) (1.27)
Moi dnh xa f:X — Y bat ky la toan dnh lén tdp gid tri f(X).
3) Anh xa f : X — Y vira don édnh vira toan anh dwoc goi la song dnh.
Vay f la mot song anh khi théa man diéu kién sau:
VyeY,3lxe X saocho y= f(x) (1.28)

Nhén xét 1.2: Khi 4anh xa f: X —> Y dugc cho dudi dang cong thirc xac dinh anh
y = f(x) thi ta co thé xac dinh tinh chit don anh, toan 4nh cua 4nh xa f bang cach
gidi phuong trinh:

yv=f(x),yeY (1.29)

trong do ta xem x la bién an va y 1a tham bién.

¢ Néu v6i moi y € Y phuong trinh (1.29) ludn c¢6 nghiém x € X thi 4nh xa f

l1a toan anh.

¢ Néu v6i mdi y e Y phuong trinh (1.29) c6 khong quéa 1 nghiém x € X thi anh

xa f la don anh.

¢ Néu voi moi yeY phuong trinh (1.2) ludn c6 duy nhit nghiém x e X thi

anh xa f la song anh.

Vidu1.20: Choanhxa f:N — N
x> y=f(x)=x(x+1)

Xét phuong trinh y = f(x)=x(x+1)=x*+x hay x> +x-y=0.

Biéts6 A=1+4y>0 (vi y eN). Phuong trinh luén c¢6 2 nghiém thyc

5 = (1T 4y) 2,0, = (-1-1+4y) 2.

Vi x, <0 nén phuong trinh c¢6 khong qua 1 nghiém trong N. Vay f la don anh.

Mit khac t6n tai y eN ma nghiém x, €N (chang han y=1), nghia 12 phuong
trinh trén v6 nghiém trong N. Vay f khong toan anh.
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Vi du 1.21: Cac ham sb don diéu chat:
e Dong bién chit: x; <x, = f(x) < f(x,)
e Nghich bién chat: x, <x, = f(x,)> f(x,)

la cac song anh tur tap xac dinh 1én mién gia tri ciia no.

Vidu 1.22: Xét 3 anh xa /:R—>R, g:R>R va 7:R—>R xéc dinh va c6 cac db thi

twong tmg nhu sau :

Ham sé f(x)=2" A

c6 dao ham f'(x)=2"In2>0 do d6 ham
s6 ludn d@)ng bién, ham sb chi nhan gia tri
duong. Vay f la don d4nh nhung khong
toan anh.

C6 thé nhan thiy rang duong thang
song song véi truc hoanh cat d6 thi khong /
qua 1 diém do d6 phuong trinh (1.29) c6
khong qua 1 nghiém.

v

Ham sb g(x)= x> —3x khong luén
déng bién va nhan moi gia tri.

Puong thing song song véi truc
hoanh cit d thi tai 1 hodc 3 diém do d6
phuong trinh (1.29) luén c6 1 hodc 3
nghiém. Vay f la toan 4&nh nhung khong
don anh.

v

Ham s6 A(x)=x> khong ludén dong A

bién va chi nhan giatri >0.

Puong thang song song véi truc hoanh
ludn cét do thi tai 2 diém khi & trén truc
hoanh va khong cit d6 thi khi ¢ dudi truc
hoanh do do6 phuong trinh (1.29) co6 2
nghiém khi y >0 va v6 nghiém khi y <0.

Vay h la khong toan anh va khong don
anh.

v
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Vidu 1.23: Giasu 4 latap concia X thi anh xa

ij:4A—>X
X iy (x)=x

12 mot don anh goi 14 phép nhiing chinh tdc.

Dac biét khi 4=X anh xa i, 1a mt song anh, ky hi¢u Id, va goi la anh xa
ddng nhét cua X .
1.4.3 Anh xa nguoc ciia mjt song 4nh

Pinh nghia 1.13: Gia st f: X — Y 1a mot song anh, theo (1.28) véi mdi yeY ton

tai duy nhit x € X sao cho y = f(x). Nhu vay ta c6 thé x4c dinh mot anh xa tir ¥ vao
X bang cach cho tng mdi phan td yeY vé6i phan tir duy nhat xe X sao cho

y = f(x). Anh xa nay dwoc goi la anh xa ngwoc cia f va dwoe ky hidu f~'. Vay
Yy osxva i) =xe y=f(x). (1.30)
C6 thé ching minh duge /™' ciing 1a mot song anh.
Vidu1.24: Himmiicosé a: y=a",a>0,a#1
1a mot song anh (vi ham mii don diéu chat) ¢6 ham ngugc 14 ham 16garit ciing co 86
y=a" < x=log,y.
Vidu 1.25: Cdc ham luong gidc nguoc

Xétham  sin:[-7/2;7/2] > [-11]

X B sinx
don diéu tang chat va toan anh nén n6 1a mot song anh. Ham ngugc dugce ky hiéu

arcsin: [-1;1] > [-7/2,7/2]
y > arcsiny

x = arcsiny < y=sinx,Vxe[-Ll],ye[-7/2;7/2].
Tuwong ty ham cos :[0;w] — [~1;1] don diéu giam chat c6 ham nguoc
arccos : [—1;1] > [0;m];
X =arccosy <> y=cosX.

Ham nguoc arctg, arccotg dugc xac dinh nhu sau
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x=arctgy < y=tgx, Vxe(—wo;0),ye(-7/2;7/2).
x =arccotgy < y=cotgx, Vxe(—o;0),ye(0;7).

1.4.4 Hop cua hai anh xa

Dinh nghia 1.14: Cho hai anh xa f: X —>Y, g:Y —> Z. Tuong ung x+— g(f(x))
xdc dinh mot anh xq te X vao Z, goi la hop ciua hai anh xa f va g, ky hiéu go f .

Vay go f: X — Z c6 cong thuc xac dinh anh
go f(x)=g(f(x) (1.31)

Vi du 1.26: Cho f:R—>R, g:R—>R véi cong thirc xic dinh anh f(x)=sinx
g(x)=2x%+4. Ta cé thé thiét ldp hai ham hop go f va fog tir Rvio R.
fog(x)=sin(2x* +4), go f(x)=2sin* x+4.

Qua vi du trén ta thdy néi chung fog# go f, nghia 1a phép hop 4nh xa
khong c6 tinh giao hoan.

Néu f:X —>Y la mdt song anh c6 anh xa nguogc f*1 Y > X, khi d6 ta dé
dang kiém chimg ring f'o f=Id, va fo f~' =1d,. Hon nita ta c6 thé chimg minh
duoc ré“mg anh xa f: X —> Y la mot song anh khi va chi khi tdn tai anh xa g Yo X

sao cho go f=1d, va fog=Idy,lucdd g=f".

1.4.5 Luc luwgng cia mot tap hop

Khai niém lyc luong cua tap hop céd thé xem nhu 13 sy mo rong khai niém )
phan tir cta tap hop. Tap X c6 n phan tir néu c6 thé liét ké dang X = (X, X500, § -
Vay X c6 n phan tir khi ton tai song énh tir tap {1,2,...,n} 1én X .

Dinh nghia 1.15: Hai tdp hop X,Y duoc goi la cung luc luong néu ton tai song anh
tw X len Y.

Tap cung luc luong véi tép {1,2,...,n} duge goi la ¢ luc luong n. Vay X c6 luc
luong n khi va chi khi X ¢6 n phan tr. n con duoc goi 13 ban sb cia X, ky hiéu

Card X hay |X | Quy uoc luc lugng cua & 1a 0.

Pinh nghia 1.16: 7dp co luc lvong n hodc 0 dwoc goi la cdc tap hiru han. Tap khong

hitu han dwoc goi la tdp vo han. Tdp co cung luc lwong voi tdp cdc s6 tw nhién N hay
hitu han dvwoc goi la tdp dém duoc.
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Nhan xét 1.3:
1) Tap v6 han dém duoc 1a tap cing luc luong voi N.
2) Ban than tap N 1a tip vo han dém duoc.

3) Két qua ndi tiéng nhat cua Cantor vé tip v6 han 1a d3 chi ra ring tip hop céac
s6 hitu ti Q 14 tap v6 han dém duoc, con tap cac sb thuc R khong dém duoc.

4) Tap vo han duoc dic trung boi tinh chat: Tap A4 vo han khi va chi khi ton tai
tapcon Bc A, B# A cung luc luong véi 4.

5) Gid st X,Y Ia hai tap hiru han cung luc lugng. Khi d6 &nh xa f: X > 7 la

don anh khi va chi khi la toan anh, do d6 la mgt song anh.

1.5 SO LUQC VE PHEP PEM, GIAI TICH TO HQP- NHI THUC NEWTON

1.5.1 So lwogc vé phép dém

Céac két qua sau dugc suy truc tiép tir tinh chat caa tap hiru han va anh xa:

a) |AUB|+|ANB|=|d+|B|,  (cong thirc cong) (1.32)
b) |[4x B|=|4|-|B. (cong thirc nhdn) (1.33)
o) |(f:4- B)|=|8/, (chinh hop ¢6 1dp) (1.34)
d) [ 2(a)=2", (1.35)
e) Néu f: 4—> B song 4nh thi |4 =|B]. (1.36)

Cong thuc cong (1.32) thuong dugce st dung trong truong hop dac biét khi 4, B
rdi nhau (théa man AN B=9), lac 46 |4 U B|=|4+|B|.

Cong thirc cdng (1.32) md rong cho truong hop £ tap d61i mot ro1 nhau:
|4 U0 A=A |+ |4 (1.37)

Mot nhom cac doi tugng duoc phan thanh & nhdém ro1 nhau va cé s6 cac phan tir
tuong ung 1a ny, ..., n, thi tong so cac doi tuong can tinh 1a n; +---+n,

Cong thirc nhan (1.33) ¢ thé mé rong cho & tap bat ky
|4y % .. x A =4 ... |4 (1.38)

Hodc néu mot hanh dong H gém k giai doan 4,,..., 4, . Moi giai doan 4 ¢o thé

thuce hién theo n; phuong an thi ca thay c6 n; x...xn; phuong an thyc hién H.
Vi du 1.27: Cho mach dién theo so dd dudi day. Hoi:

24



CHUONG 1: MO PAU VE LOGICH MENH DE, TAP HOPANH XA VA CAC CAU TRUC PAI SO

a) C6 bao nhi€u trang thai cua mach.
b) C6 bao nhiéu trang thai c6 thé ctia mach dé c6 dong dién chay tir A dén B
Us

U, U,

Gidi: Ap dung cong thirc nhan ta co:

a) S céc trang thai ciia mach 22.2°2% =2° =512,

b) O U, co 22 trang thai nhung c6 1 trang thai dong dién khong qua duoc, do do
& U, c6 3 trang thai dong dién qua dugc. Tuong tu & U, co 2~1vaé Us c6 2% -1

trang thai dong dién qua duoc. Vay sb cac trang thai ctia mach c6 dong dién chay tir A
dén B 1a 3x7x15=315.

1.5.2 Hoan vi, phép thé

Dinh nghia 1.17: Cho tdp hitu han E = {xl,xz,...xn}. Moi song anh tw E lén E dwoc

goi 1 mot phép thé, con dnh ciia song dnh ndy dwege goi la mét hodn vi n phan tir ciia
E.

Néu ta xép cac phan tir cia E theo mdt thir tw nao d6 thi mdi hoan vi 1a mot sy
d61 cho céc phan tir nay.

Dic biét néu E ={1,2,..n} thi mdi phép thé dugc ky hiéu béi ma trén
1 2 ... nm
c= (1.39)
o(l) o(2) .. o(n)
trong d6 hang trén 13 cac sb tir 1 dén n sip theo tht ty ting dan, hang dudi 13 anh

tuong (g clia n6 qua song énh c. Con [o(1),5(2),...,6(n)] 1a hoan vi ctia phép thé o.

. 123 4
Vidu1.28: [4 2 1 3]lahoan vitlr phépthé o= 421 3 co:

c(l)=4,0(2)=2, 03)=1, c(4)=3.

Tap hop {1,2} co6 hai hoan vi la:
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[12] va [21].
Tap hop {1,2,3} ¢6 sau hoan vi la:
[123],[213], [312],[132],[231] va[321].

Véi thp E ={x,x,,....x,} thi co n cach chon gi tri o(x;), n—1 cach chon gia

tri 6(x,).... cho mot phép thé o bat ky.

Vay ¢6 n(n—1)(n—2)...1=n! hoan vi (phép thé) cua tdp n phan tu.

1.5.3 Chinh hop
Cho tap hop hitu han c6 n phan tu E ={x,,x,,..,x,} va tp hop hiru han
B ={1,2,...,p}.

Dinh nghia 1.18: Mdt chinh hop Idp chdp p cdc phan tir ciia E la danh ciia mot dnh

xa tir B vao E.

Ta ciing ¢ thé xem mot chinh hop 13p chap p nhu mot bo gdm p thanh phan la
cac phan tir c6 thé trung nhau cua E . Noi cach khac, mot chinh hop lip chap p 1a mot

phan tir ctia tich Descartes E7 .
Vay sb cac chinh hop 1ip chip p cua n vat1a n” (cong thuc 1.34).

Vi du 1.29: Cho n vat E ={x;,x,,...,x, | Vva tién hanh bdc c6 hoan lai p l1an theo cach
sau:

Boc lan thi nhat tir tap E dwoc x; , tatra x; lai cho £ va bdc tiép lan thi hai...

M&i két qua sau p 1an bdc (x-1 X, ,...,xl-p) 1a mdt chinh hop c6 lap n chap p.

1

Dinh nghia 1.19: Mét chinh hop (khéng Idp) chdp p gom n phan tir cia E(p <n) la

anh cua mot don anh tw B vao E .
Hai chinh hop n chap p 1a khac nhau néu:
= hoic chiing c6 it nhat mot phan tir khic nhau,
= hodc gdm p phan tir nhu nhau nhung c6 th tu khic nhau.

Nhu vy ta c6 thé xem mdi chinh hop 14 mot bd ¢6 p thanh phan gdm cac phan
tir khac nhau cia E hay c6 thé xem nhu mot cach sap xép n phan tir cia £ vao p vi

tri.
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Co6 n cach chon vao vi tri thir nhat, n—1 cach chon vao vi tri thi hai, ... va
n— p+1 cach chon vao vi tri thir p.

Vay sb cac chinh hop chip p cua n phan tir 1a

AP =n(n=1).(n—p+1)=—"" (1.40)
(n—p)!

1.5.4 T6 hop

Pinh nghia 1.20: Mét 16 hop chdp p ciia tip E ¢6 n phan tir la mét cach ldy ra dong

thoi p phan tir tir E . Nhwe vdy ta cé thé xem mdt t6 hop chdp p cia n phdn tir la mét
tdp con p phan t cia tdp ¢é n phan tir E .

Néu ta hoan vi p phan tr ciia mot t6 hop thi ta ¢6 cac chinh hop khac nhau cua
cing p phan tr ndy. VAy tmg voi mot t6 hop p phan tir c6 dung p! chinh hop cia p
vat ndy. Ky hiéu C” 14 sb cac to hop n chap p thi

p
Ay n!

CP=1n — .
p! pl(n-p)!

n

(1.41)

Vi du 1.30: a) C6 bao nhiéu cach bau truc tiép mot 16p trudng, mot 16p pho va mot bi
thu chi doan ma khong ki€ém nhiém cua mot 16p ¢6 50 hoc sinh.

b) C6 bao nhiéu cach bau mot ban chap hanh gdm mat 16p truong, mot 16p phé
va mot bi thu chi doan khong ki€ém nhiém ctia mot 16p c6 50 hoc sinh.

Gidi: a) Mbi két qua bau truc tiép 1a mot chinh hop chap 3 cia 50 phan ti.
Vay ¢ A3y =50x49x48=117.600 cach bau truc tiép.
b) Mbi két qua bau mot ban chip hanh 13 mot t6 hop chap 3 cta 50 phan tir.

50! B 50x49%x48
31471 6

Vay co C53O = =19.600 cach bau ban chap hanh 16p.

Vi du 1.31: C6 bao nhiéu sb tu nhién viét dudi dang thap phan c6 n chir s6 (n>3)
trong d6 c6 dung hai chir s 8.
Gidi: Gia st N 14 s6 tu nhién c6 n chir s6 ma chir s6 thir nhat bén trai khac chit s6 0
va c6 dung hai chir s 8.

¢ Truong hop 1: Néu chit sb thtr nhit bén trai 1a chir s6 8 thi co n—1 vi tri dé dat
chir s& 8 thir hai, c6 9 cach chon cho mdi chir s6 & n—2 vi tri con lai. Vay c6 dung

(n—1)9"% s N thudc loai nay.
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¢ Truong hop 2: Néu chir sé thir nhit bén trai khong phai 1a chit s 8 thi co Cf_l
vi tri dé dat 2 chix s6 8, ¢6 8 cach chon chit s6 cho vi tri thtt nhét, ¢6 9 cach chon cho
mdi chir s6 & n—3 vi tri khac vi tri thir nhat va hai vi tri d3 chon cho chir s6 8. Vay c6

dung C2,-8-9"7 :%2(”_2)-8-9"3 s6 N thudc loai nay.

Str dung cong thirc cong ta suy ra sb cac sb tu nhién can tim la:
(n—-19" 2 +4(n-D(n—-2)9"> = (4n+1)(n-1)9"> .
Vi du 1.32: Trong mit phang cho n dudng thang d6i mot cit nhau va cac giao diém
nay khéc nhau (n>4).
a) Tim s6 cac giao diém cta chiing.
b) Tim s6 cac dudng thang méi duge tao boi cac giao diém trén.

Giai:

a) SO cac giao diém cua n dudng thang bang s6 cac cap cua n duong thang nay.

A J 2 . + R
Vay c6 C,, giao diém.

b) X¢ét tai diém A bat ky trong C,f giao diém cua cau a). Ton tai ding hai dudng

trong n duong tréndiqua 4 1a D;,D ;i< j.

Trén moi duong cé dung n—1 diém trong s C,f giao diém cua cau a).

Vay trén D;,D; ¢6 2(n—1)—1 diém, do d6 co

C2—(2n-1)-1)= %2(”_3) dudng thing méi ndi dén A.
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Vi moi dudng thang méi déu noi hai diém ¢ cau a) nén so6 dudng thang méi la:

%c,f%z(”‘”%n(n—l)(n—z)(n—a.

1.5.5 Nhi thirc Newton

Xét da thirc bac n: (x+1)" = (x +1)(x+1)..(x +1)

n thtra sO

Khai trién da thirc nay ta duogc:
(x+1)" =x"+a, X" +a, x"F+..+1
Hé s6 ctia x? bang sb cach chon p thira sé trong n thira sb trén. Mdi cach chon
1a mot t6 hop chap p cua n phan tir, do d6 a ,=Cr.
Viy (x+1)" =C'x"+CX" 4 4 CPXP 4+ C)
Thay x =a/b (néu b#0) ta co:
(a+b)' =C'a"+C"'a" b +..+COb" = Z CPaPh"? (1.42)
p=0
Cong thirc nay duoc goi 1a nhj thirc Newton, dung voi moi a,b €C (ké ca truong
hop 6 =0).
Vi du 1.33: Cho tip con A c6 p phén tir ciia tdp E c6 n phan tir (p <n). Hiy dém
s6 cac cdp (X,Y) cac tap con cua E thoamin diéu kién :
XUY=E, XNnY> 4 (1.43)
Gidi: Ky hicu B=E\ 4.
Dt A ={(X,Y)| X UY=E, XY >4}
B={(X.Y)X'<BYcB; X'UY'=B |
Tuong ing f:./ > B ; (X,Y)— (X N B,Y N B) 1a mot song anh.
Matkhac X'c B,Y'c B: X'UY'=B< B\X'cY".
Vay sb cac cip (X,Y) thoa mén diéu kién (1.43) can tim bang ban s cua tap

{(X"Y)|X"<B,Y'<B,X"cY'}.
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Véi mbi tap Y'< B ¢6 ban s6 ' thi ban s6 cua tap {X"| X"<Y'} 1a 2¥; S6

cac tap con Y'c B c6 y' phan tir 1a C,flp. Ap dung cong thirc cong va nhi thic

n—p
5 A A \ \ y' y' __An=p
Newton suy ra ban so can tim la Z 22C,_,=3"".
y'=0

1.6 CAC CAU TRUC PAI SO
1.6.1 Luat hop thanh trong

Dinh nghia 1.21: Mot ludt hop thanh trong cua tdp X # O la anh xa tir X x X vao
X.

Ta thuong ky hi¢u XXX > X
(X, y) = x*y
Luat hop thanh trong két hop hai phan tir x,y ctia X thanh mot phan tir x* y

cua X vivay luat hop thanh trong con duogc goi la phép toan hai ngai.

Vi du 1.34: Phép cong va phép nhan 13 cac luat hop thanh trong cua cac tap sé6 N, Z,
Q,R,C.

Vi du 1.35: Phép cong véc to theo quy tic hinh binh hanh 1a phép toan trong cta tip
R, céc véc to tu do trong khong gian, nhung tich vd hudng khong phai 1a phép toan

trong vi -V = |L7|-|\7|cos(ﬁ,\7) ZR;.

Dinh nghia 1.22: Ludt hop thanh trong * cua tap X dwoc goi la:

1) C6 tinh két hop néu Vx,y,ze X :x*(y*z)=(x*y)*z

2) C6 tinh giao hodn néu Vx,ye X :x*y=y*x

3) C6 phan tir trung hoa (hay cé phan tir don vi) la e € X néu
VxeX:x*xe=e*x=x

4) Gia sit * c6 phan tir trung hoa e X . Phan tr x'e X dwoc goi la phan tiv

doi cua xe€ X néu x*x'=x*x=e.
Ta dé dang thay rang phan tir trung hoa c6 phan tir d6i 1a chinh né.

Céc phép hop thanh trong hai vi du trén déu c6 tinh két hop va giao hoan. S6 0 13
phan tir trung hoa dbi voi phép cong va 1 13 phan tir trung hoa dbi véi phép nhan trong.

Vécto 0 1a phan tir trung hoa ctia phép toan cong véc to trong R; .

Moi phan tir x trong Z, Q, R, C déu c6 phan tir d6i ctia phép + 13 —x. Phan tir
d6i ciia x # 0 g voi phép nhan trong Q, R, C 1a 1/x.
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Moi phan tir khac 0 trong N khong c6 phan tir d6i d6i voi phép cong, moi phan
tir khac 1 trong ZZ khong c6 phan tir d6i ddi v6i phép nhan.

Dinh Iy 1.4: Gid siz * la mot ludt hop thanh trong cua tip X & . Ta c6 cdc két qua
sau:

1) Phan tir trung hod néu ton tqi la duy nhat.

2) Néu * ¢6 tinh két hop, thi phan tir @i ciia moi phan tir la duy nhat.

3) Néu * cé tinh két hop va phan tir a cé phan tr doi thi ¢6 ludt gian wéc:
a*x=ax*y=x=y vd phwong trinh a*x=>b cé duy nhdt nghiém x=a'"«b véi a' la
phan tir d6i ciia a .
Chirng minh:

1) Gia str e va e' 1 hai phan ti trung hod thi e'=e'*e=¢ (ddu "=" th& nhét c6
duoc do e 1a phan tir trung hod, con dau "=" tht hai 14 do e' 1 phan tir trung hoa).

2) Gia str a c6 hai phan tir d6i 14 a' va a", khi do:
a'=e*a'=(a"*a)*a'=a"*(a*a')=a"xe=a".
Jaxx=a*xy=a*(a*x)=a*(a*y)= (a*a)*x=(a*a)*y =>x=y. |

Theo thoi quen ngudi ta thuong ky hiéu céc luat hgp thanh trong cé tinh giao

hoan boi dau "+", khi d6 phan tir trung hoa dugc ky hiéu 1a 0 va phan tir d6i cua x 1a
—x . Néu ky hiéu luat hop thanh bai ddu nhan "." thi phan tir trung hoa duoc ky hiéu 1
va goi 1 phén tir don vi, phan tir d6i ciia x ky hiéu x' va goi 1a phan tir nghich dao

cua x.

1.6.2 Nhom

Pinh nghia 1.23: Gid st G la tdp khdc trong véi ludt hop thanh * cdp (G,*) duwoc

goi la mot vi nhém néu thoa man hai diéu kién sau:
G, * ¢6 tinh két hop.
G, * ¢6 phdn tir trung hoad e.
Vi nhom (G,*) la mot nhom néu thod man thém diéu kién:
Gs: Moi phan tir ciia G déu c¢é phan tir doi.
Nhom (G, *) dwoc goi la nhém giao hodn hay nhém Abel néu :
Gy * co tinh giao hoan.
Vi du 1.36: (N,+), (Z*,») la hai vi nhom giao hoan. (Z,+), (Q,+), (R,+), (C,+),
(Q*,0), (R*,9), (Qj,-) , (Ri,-), (C*,) la cac nhom Abel.
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Nhan xét 1.4: 1) Mot nhom 1a tap khac r6ng G voi luat hop thanh * thod man G1, G2,
G3, nhung néu * d3 xac dinh va khong so nham 1an thi ta néi tit nhém G thay cho
nhom (G,*).

2) Cho nhém giao hoan (G,+) va A4,B 1a hai tap con cua G, ta ky hiéu:
A+B={a+bacAbeB}; a+B={a+bbeB} (1.44)

Pinh nghia 1.24: Pong cdu nhém tir nhém (G.*) vao nhém (G'[)) la dnh xa
f:G— G'sao cho

Vx,yeG: f(x*y)=f()Uf(y). (1.45)
Néu [ don anh (toan dnh, song anh) thi f dwoc goi la don cdu nhém (toan cdu,

ddng cdu, mét cach tuwong vng).

Vi du 1.37: log, :R. —>R; 0<a =1 la mot ding ciu nhém tir nhom (R’ ,+) 1én nhom
R,+).

Dinh nghia 1.25: 7dp con G' duoc goi la nhom con cua nhom (G,*) néu théa man 3

diéu kién sau:
1) Vx,yeG' =>x*yeG'
ii) eeG'
i) VxeG' = x'eG'.
Pinh Iy 1.6: (G,*) la mot nhom, G #G'c G. G' la mot nhom con cua G khi va chi
khi Vx,yeG'=>x*y'eG'.
Vidu 1.38: (Z,+) la nhém con cua (Q,+), (R,+). (C,+).

1.6.3 Vanh

Pinh nghia 1.26: Gid si trén tip A# D c6 hai ludt hop thanh trong ky hiéu boi diu
cong va déu nhan, khi @6 (A,+,) dwoc goi la mdt vanh néu:

Ay (A,+) la mot nhom Abel,

A, Ludt nhén 6 tinh két hop,

As: Ludt nhén c6 tinh phén phéi hai phia doi véi ludt cong, nghia la:
Vx,y,ze€A: x-(y+z)=x-y+x-z phdn phéi bén trdi
Vx,y,z€A: (x+y)z=x-z+y-z phdn phéi bén phdi

Né&u thoa man thém di€u kién:
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Ay Ludt nhan co tinh giao hoan thi (A,+,-) la vanh giao hoan.

As: Ludt nhan co phdn trdonvilal thi (A,+,") la vanh co don vi.

Nhén xét 1.5:
1) Ton tai vanh giao hoan nhung khong c6 don vi va nguoc lai.
2) Ta néi tat vanh A thay cho vanh (4,+,").

Pinh nghia 1.27:

1) Phan tir x# 0 ciia A dwoc goi la wde trdi ciia 0 néu ton tai y € A,y #0 sao
cho x-y=0 (0 la phin tir trung hod cia ludt céng ciia vanh (A,+,)). Twong tw

x#0 cia A dwoc goi la wéc phdi ciia 0 néu ton tai ye A,y #0 sao cho y-x=0.

X dwoc goi la woc cua 0 néu x la ude trdi hodc wéc phai cua 0.

2) Vanh giao hoan khong co woc cua 0 duoc goi la vanh nguyén.

Vay vanh (4,+,-) la vanh nguyén khi va chi khi moi x,y€ 4 saocho x-y=0
thi x=0 hoac y=0.
Vi du 1.39:

1) (Z,+,) la mot vanh nguyén.

2) Ky hiéu (5, 1a tap hop cac ham lién tuc trén doan [a;b].

Ta dinh nghia pheép cong va phép nhan trong Cp,,; xac dinh nhu sau:

V.8 € Cupy i (f +8)0) = f(x)+g(x);
1g(x) = f(x)g(x).

Ta c6 thé kiém chimg dugc rang voi hai phép toan ndy thi Clapy la mot vanh giao
hoan ¢6 don vi va c6 uwdc cua 0.

3) (K[x],+,) 12 mét vanh nguyén, trong d6 K[x] 1a tap cac da thirc cua bién x
6 hé sb thudc vao vanh s K =Z,Q,R,C.
Vidu 1.40: Tdp Z,=Z/modn cdc s6 dong di médulo n.

X : x=x'(modn +y=x"+y'(mod
Ta c6 thé ching minh dugc rang: { ( ) — {x y »( n)

y = y'(modn) xy =x'y'(modn)

Vi vay ta c6 thé dinh nghia phép cong va phép nhan trong Z, boi:

X+y=x+y VA x-y=x-y (1.46)
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Changhan  5(mod7)+4(mod7) = 2(mod7)
5(mod7)-4(mod7) =—-1(mod7)=6(mod7).

Véi hai phép todn nay (Z,,+,-) 1a mot vanh giao hoan c6 don vi.

Pinh nghia 1.28: Béng cdu vanh tir vanh (A,+,)) vao vanh (A',+,") la anh xa

f:A— A" théa man 3 diéu kién sau:
) Vx,yed: f(x+y)=f(x)+f(»)
i) Vx,ye A: f(x-y)= f(x)- () (1.47)
Truong hop 4, A' 12 hai vanh ¢6 don vi 1, 1, thi thém diéu kién
i) f(1)=1,.
Khi [ don danh (toan dnh, song anh) thi f dwoc goi la don cdu vanh (toan cdu,
ddng cdu, mét cach tuwong ving).
1.6.4 Truong

Dinh nghia 1.29: Vanh giao hoan co don vi (K,+,-) dwoc goi la mot truong néu moi

phan tir x # 0 ciia K déu kha nghich (cé phan tir doi ciia ludt nhan). Nghia la:
Ki: (K,+,-) la nhom Abel,
Ky: (K*,) la nhom Abel, K* = K\ {0},
Ks: Ludt nhdn phan phoi déi véi ludt cong.
R rang rang moi trudng 13 vanh nguyén, nhung diéu nguoc lai khong dung.

(Z,+,-) 1a mot vi du vé vanh nguyén c6 don vi nhung khong phai 1a truong.
Vidu1.41: (Q,+,)), (R,+,"), (C,+,") la truong.

Vi vay ta c6 cac truong so hiru ti, truong so thuc, truong s6 phuc va vanh so
nguyén.

Vidu 1.42: (Z,,+,) la truong khi va chi khi n la s6 nguyén to.

Gidi: Gia sit n 1a sb nguyén tb va m eZ,, m# 0(modn) thi (m,n)=1 do d6 ton tai
hai s6 nguyén u,v sao cho um+vn =1 (Pinh Iy Bezout) —u-m= i(mod n). Vay u la
phan ttr nghich dao cua m.

Nguoc lai, néu Z, latruong thi véimoi meZ (0<m<n) tdntai m'eZ sao

cho m-m'=1 = mm'=1+kn = (m,n)=1.
Vay n 1a s6 nguyén td.
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1.7 PAI SO BOOLE

Ly thuyét dai s6 Boole duoc George Boole (1815 - 1864) gidi thiéu vao nim 1854
trong bai bao " Cac quy luat ca tu duy", trong d6 k¥ thuat dai s duoc dung dé phan
tich cac quy luat cta 16gich va cac phuong phap suy dién. Sau d6 dai s6 Boole dugc ap
dung trong cac linh vuc khac nhau cua todn hoc nhu dai s0, giai tich, t6 po, 1y thuyét
xac suat... Vao khoang nam 1938, Claude Shannon (Clau Sé-ndn) (mét ky su vién
thong nguoi M) 12 ngudi dau tién da 4p dung dai s6 Boole vao linh vuc may tinh dién
tir va Iy thuyét mang.

1.7.1 Pinh nghia va cac tinh chit co ban ciia dai s6 Boole

Pinh nghia 1.30: Mot dai s6 Boole (B,v,A,") la mét tdp khdc trong B véi hai phép

todn hai ngéi v,A:BxB —> B vd phép todn mét ngéi ': B — B thod mdn cdc tién dé

sau:
*B,: V,A co tinh két hop, nghia la véi moi a,b,c € B
av(bvc)y=(avb)yve, an(brc)=(anb)rc (1.48)
*B,: V,A co tinh giao hoadn, nghia la voi moi a,b € B
avb=bva, anb=bnra (1.49)
e B;: Ton tai cdc phcf‘zn twr khong va phd‘n tr don vi 0,1 B; 01 sao cho voi
moi a € B

av0=a, anl=a (1.50)
®B,: Véimoi ac B tontai a'€ B ldphcin tr doi ciia a theo nghia:
ava'=1,ana'=0 (1.51)

e Bs: Ludt \/ phdn phéi doi véi ludt A va ludt A phan phéi doi véi ludt V/,

nghia la véi moi a,b,c € B

av(ibanc)=(avb)a(ave), an(bvc)=(anb)v(anc). (1.52)
Vi du 1.43: Gia st X =, xét #(X) la tdp céc tdp con cua X . Cac luat hgp thanh
V,A 1a phép hop, phép giao cac tip con ciia X va phép toan mot ngdi ' 1a phép lay
phan bu cta tap con trong X . Khi d6 (#(X),uU,n,') 1a dai so Boole véi phan tir
khong 1a & va phan tir don vi 1a chinh tap X .

Vidu 1.44: Xét B, ={0;1} tap gom hai phén tir 0 va 1. Ta dinh nghia:
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5 {1 néu it nhat mot trong hai phan t a,b1a 1
avb=

néu nguoc lai

, d =

{1 néu ca hai phantr a,b1a 1 {1 néua=0
anb= '

néu ngugc lai 0 néua=1

thi (B,,V,A,") 1a mot dai s6 Boole.

Vi du 1.45: Xét By ={0;1; a; b}, ta dinh nghia cac phép toan
vI|i0o 1 a b A0 1 a b '
0(0 1 a b 0(0 0 0 0 o1
111111 10 1 a b 10
ala 1 a 1 al0 a a 0 al b
b|b 1 1 b b10 b 0 b bl a

thi (By4,V,A,") ladai s6 Boole.

Vi du 1.46: Cho m 1a sb tu nhién 16n hon 1, ky hiéu D(m) 1a tip cac sb ty nhién 13
uéce s6 cua m. Chang han D(12) ={1,2,3,4,6,12}, D(42) ={1,2,3,6,7,14,21,42} .
Ta dinh nghia cac phép todn v, A,' trong D(m) nhu sau:

a v b =Dboi chung nho nhat ctia a,b

a Ab=udcchung l6n nhitctaa,b ; a'=—.

C6 thé kiém chimg duoc rang cic phép toan vira dinh nghia thoa man cac diéu
kién B,, B,, Bs va B; v6i s6 1 dong vai tro 14 phan tir 0 va sé m dong vai tro 1a phan
tr 1. Tuy nhién diéu kién B4 n6i chung khong dung. Chang han véi m =12 thi 6'=2
va2ve=6=12.

Nguoi ta ching minh duoc rang (D(m),v,A,") 1a mot dai sé Boole khi m bang
tich cac s nguyén td phan biét, vidu m=30=2-3-5, m=42=2-3-7 .... Tuy nhién
12 =2-2-3 khong thoa man.

1.7.2 Cong thirc Boole, ham Boole va nguyén ly dbi ngiu

Pinh nghia 1.31: M6t biéu thic chta cac bién duge lién két boi mot sd hitu han 1an

cac phép toan v,A,' va hai phan tir 0;1 cua dai s6 Boole (B,v,A,") dugc goi 1a mot

cong thirc Boole.
Vidu147: (xv y")Al va (x'A y) Vv z 1a hai cong thuc Boole.
M&i cong thire Boole cua dai s6 Boole (B,Vv,A,") xac dinh mot ham nhan gié tri

thudc B vi khi thay cac bién c6 mit trong cong thirc boi cac phan tir ciia B thi nhan
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duoc gia tri la phﬁn tir cia B. Mdi ham x4c dinh boi cong thirc Boole duoc goi 1a Ham
Boole .

Hai cong thirc Boole xac dinh cung mot ham Boole duoc goi 1a hai cong thic
tuong duong. Chang han xA(yvz) va (xAy)v(xAz) 13 hai cong thic twong

duong, taki hi€u xA(yvz)=(xAy)v(xAz).

Pinh nghia 1.32: Hai cong thitc Boole trong dai s6 Boole (B,V,A,") duoc goi 1a doi

ngdu néu trong mot cong thic ta thay v, A, 0;1 1an luot bang A, v, 1,0 thi ta duoc
cong thure hai.
Vi du 1.48: Hai cong thitc x A (¥ v 1) va xv (y A0) 1a d6i ngiu.

Trong mdi tién dé& cta hé tién dé B,-Bs cia dai s6 Boole déu chira timg cip
cong thirc d6i ngdu nhau, vi vy ta c6 nguyén 1y ddi ngiu sau:

Nguyén ly dbi nglu: Néu hai cong thire ciia dai sé6 Boole dwge chirng minh la
twong dwong diea trén co sé hé tién dé B,-Bs thi hai cong thirc doi ngau cia ching
ciing twong dwong.

Chang han, ta s& chimg minh av1=1, do d6 theo nguyén 1y d6i ngau ta ciing cd
an0=0.

Tinh chit 1.7: Gia st (B,V,A,") 1a dai s6 Boole voi phan tir khong va don vi 1a 0;1.

Khi d6 vé1 moi a,b € B ta co:
1) ava=a, ana=a;
2) 0'=1, 1'=0;
3) avl=1, an0=0;
4) av(anb)=a, an(avb)=a; (tinh hdp thu)
5) Néutdntai ce B saocho ave=bve vaanc=bac thi a=b;
6) Néu avb=1vaanb=0 thi b=a'; (tinh duy nhdt ciia phan bi)
7) (avb)'=a'Ab'va(anb)' =a'vb'. (cong thirc De Morgan)
Chirng minh:

Theo nguyén 1y ddi ngdu ta chi can ching minh cac dang thirc thir nhat tir 1)-7).

1) a=av theo Bs
=av(ana) theo By
=(ava)r(ava') theo Bs
=(ava)al theo By
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=ava theo B;

2) 0'=0v0 theo B;
=1 theo B,, By

3) avl=av(ava') theo B,
=(ava)va' theo B,
=ava' theo 1)
=1 theo By

4) av(anb)=(anl)v(anb) theo B;
=an(lvb) theo Bs
=anl theo 1)
=a theo B;

5) a=av(anc) theo 4)
=av(bnc) vi anc=bnc
=(avb)a(ave) theo Bs
=(avb)n(bvc) vi avec=bvc
=bv(anc) theo Bs
=bv(bnc) vi anc=bnc
=b theo 4)

6) Vi avb=1=ava'va anb=0=ana',thecoS)suyrab=a'.

7) Ta d& dang kiém chung (avb)v (a'Ab") =1 va (avb)A(a'Ab) =0, ap dung
6) suy ra diéu phai chimg minh.

Ap dung cac tinh chit nay cung véi hé tién dé B;-Bs ta co thé don gian hoa céac
cong thirc Boole bat ky.

Vi du 1.49: Rut gon cong thirc Boole (x Ay)v(xAy)v(x'vy).
Gidi: TacOo (xAy)vV(xAY)=xaA(yvy)=xal=x.
= (xAy)vxAay)vx'vy)=xvx'vy)=(xvx)vy=1vy=1.
Vi du 1.50: Rit gon cong thirc Boole (xAy)v[xA(yaz)]vz.
Giai: Ta co (x/\y')v[x/\(y/\z)‘]vz=(x/\y’)v[(x/\y‘)v(x/\z')]vz

=(x/\y')\/(X/\z')vz=(X/\y')\/[(xvz)/\(z'\/z)]
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=(x/\y')\/[(xvz)/\1]:(x/\y')\/(x\/z):[(x/\y')vx]VZ:xvz.

Vidu 1.51: Rut gon cong thiic (x Ay Az)V(XAYAZ)V(X'AYAZ).

Gidi: TacO (XAYAZ)V(XAYAZ)V(X'AYAZ)
=[xAyAr)v(xAy Az V[(xAYAZ)V(x'A Yy AZ)]
=[xANAzvz)|v[(yrz)Aa(xvx)]
=(xAy)v(yAz)=yA(xvz).

1.7.3 Phuwong phap xiy dung ham Boole théa man gia tri cho truéc

Mot vai truong hop khi ung dung dai sé Boole dé giai quyét van dé thuc té s&
dan dén bai toan can tim cac ham Boole theo cac bién nao dé thoa mén cac diéu kién
cho trudc (muc 7.4.2). Trong tiét nay chung ta chi ra hai phwong phap xay dung céac
ham nhu thé. Phuong phép thtr nhét biéu dién ham can tim dang “tdng (V) cac tich
(A)”. Str dung nguyén 1y d6i ngau ta c6 phuong phap thir hai dang “tich céc tong”.

Pé xay dung ham can tim dang “tong céc tich” ta thyc hién cac budc sau:
1. Lap bang céac gia tri cac bién X; € B, c6 mat trong cong thuc va gia tri tuong
mg ctia ham F cua cac bién nay (twong ty bang chan trj trong muc 1.2).

2. Chi xét cac hang ctia bang trén ma ham F nhan gia tri 1. Trong mdi hang nay ta
lap biéu thirc 1a A cua céc bién:
# x; néu x; nhan gia tri 1
® X' néu x; nhan gia tri 0.
3. Ham F can tim c6 dugc bang cach 1ay v cua cac biéu thire theo hang.

Vi du 1.52: Tim ham cia hai bién F(x,y) nhan gia tri 1 khi x, y dong thoi nhan gia
tri 1 hoac 0.

Lap bang cac gia tri cia ham va bién:

X y F(x,y) |Biéu thirc theo hang
1 1 1 XNY

1 0 0

0 1 0

0 0 1 x'Ay'
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Vay ham can tim 13 F(x,y)=(x A y) Vv (x'A Y.
1.7.4 Ung dung dai s6 Boole vao mang chuyén mach (switching networks)

Ta chi xét cic mang gdm cac chuyén mach c6 hai trang thai dong (dong dién di
qua dugc) va mé (dong dién khong qua duoc). Hai mang don gian nhat 1a mang song
song co ban (basic parallel network) va mang ndi tiép co ban (basic series network)
dugc mo ta trong hinh vé sau:

X
— —e —( )— )——o

M) X Y

mang song song co ban (hinh 1) mang nédi tiép co ban (hinh 2)

Mot mang bat ky co thé nhan duoc bang cach ghép nbi tiép hay song song cac
mang co ban nay.

Ta ky hiéu cac chuyén mach béi cac chit x, y,z,.... Néu x & trang thai mé ta x
cho nhan gia tri 0 va & trang thai dong ta cho x nhén gia tri 1. Trong mot mang néu
hai chuyén mach luén cung trang théi thi ta ky hiéu cting mot chit. Hai chuyén mach
c6 trang thai luén ngugc nhau, néu mot chuyén mach dugc ky hiéu 1a x thi chuyén
mach kia dugc ky hi¢u la x'.

Mang song song (hinh 1) nhan gi trj 1 khi c6 it nhat mot trong hai chuyén mach
X,y nhén gia tr1 1, ta ky hiéu xv y. Con mang ndi tiép (hinh 2) nhan gia tri 1 khi ca
hai chuyén mach x,y nhén gid tri 1, ta ky hiéu x A y. Nhu viy x',xVv y,x Ay co thé
duoc xem nhu cac bién nhan gia tri trong dai s6 Boole B2 (vi du 1.37). Bﬁng phuong
phap ndy ta c6 thé mo ta mot mang bit ky boi mot cong thie Boole va nguogc lai.
Chiang han mang sau day:

nO=0

() )
/ -/
x '

Y
tuong ung voi cong thic (yvz)v(xay').

Con cong thirc Boole (x Az) v (¥ Az) Vv (¥'A X) md td mang:
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=0 <=0 =O
<O vOnO

Chu y rang trong cac cong thirc can xét ta thay (xv y)' boi x'Ay' va (xAy)'
bot x'v y' .

Hai mang N1 va N2 dwoc goi la twong dwong néu né thuc hién cting mot chirc
ning, nghia 13 v6i bat ky cach chon cac trang thai déng mé ¢ moi vi tri chuyén mach
trong mang thi trang thai dau vao va dau ra cia N1 va N2 déu nhu nhau. Nhu vay hai
mang tuong duong khi hai cong thirc Boole tuong ing cua chung 1a twong duong.

Ta c6 thé ap dung dai s6 Boole dé giai quyét hai van dé sau:

1.7.4.1 Vé&i mot mang cho truwde tim mang twong dwong don gian hon

Vi du 1.53: Tim mang tuong duong don gian hon ciia mang sau

)
N\
X )
N\
O y
z
o— .
X w ()
—/
() y
-/
w

Cong thirc Boole tuong tng: [(xv z) A y]v [((x AW)V W) A y] .

Ta cd (x Aw)v w=w (ludt hip thu), do do cong thirc trén co thé bién d6i thanh

[(xvz)/\y]\/[W/\y]:(xvsz)/\y.

Vay ta ¢ mang tuwong duong don gian hon

M)
/
X

. O O—s
z Y
)
/
w
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Vi du 1.54: Tim mang tuong duong don gian hon cia mang sau:

() M
N /
z X
[
X z
X
Z'

Cong thirc Boole twong img: [ (z AX) v (xA(yv ) [A(zVX)A(zV ).
Tacod [(zAx)V(xA(yvz))|A(zvX)Aa(zv )
=[@Ax)v((xAp)vxAaz))]|Aa[zv(xrp)]
=[(xA(zAZ))V(xAY) | A[zV(xAp)]

=xnlzvxay) =) vxaxay)]=(xrz)v(xay)=xa(zVvy)

Vay ta c6 mang tuong duong don gian hon

()
),
z
° _( )_ e
x M
),
Yy

1.7.4.2 Thiét ké mot mang thoi min cac diéu kién cho truéc

Vi du 1.55: Thiét ké mot mang dién cho mot bong den & cau thang ma cé thé bat tat &
c4 hai dau cau thang.
Gidi: Goi x va y 1a hai cong tic & hai ddu cau thang. Theo yéu cau dit ra ta can thiét
ké mot mang di¢n sao cho khi thay ddi trang thai ciia mot trong hai vi tri x, y thi trang
thai cua dau ra (bong dén) phai thay d6i. Bang gia tri ctia ham cho trong vi du 1.52
thoa man doi hdi nay.

Vay mang can tim la

X Yy
x' y'
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BAI TAP CHUONG I

1.1) Hai tdp hop 4 va B trong cic trudng hop sau diy co bang nhau hay 13 tip hop
con cua nhau?

a) A:{xeR‘x2+2x>l} , B:{xeR‘x>\/5—1}.

b) A la tap moi s6 thuc >0, B 1a tap moi s6 thuc > tri tuyét ddi cua chinh no.

c) A 1a tap moi sb nguyén khong am cé luy thira bac 3 1a mdt s6 1¢ khong chia
hét cho 3, B 1a tip cac sd nguyén khong am c6 binh phuong trir 1 chia hét cho 24.

1.2) 4,B,C,D latip con cia E . Chirng minh rang:
a) A\B = khivachikhi 4c B.
b)Néu AcB,CcDthi ACcBUD,AnNCcBND.
¢)Néu AUCc AUB, ANCc ANB thi Cc B.
1.3) Cho 4,B 1a hai tap con cua E, Ching minh rang:
a) AcB< BcA.
b) AcBo AUB=B< AUB=E.
c)AcB@AmB:AQEmA=®.
d) A\(4\B)=ANB.
e) AN(B\C)=(ANB)\(ANC).
f) AU(B\A)=AUB.
14) 4,B,C,D latap concua E.Ching minh réing:
a) ANB#2O0 < (AxB)N(BxA)+J.
b) (AXC)N(BxD)=(ANB)x(CND).
1.5) Trong R, xét quan hé A xac dinh boi:
aRb < a’—b>=a—b
Chimg minh # 12 mot quan hé twong duong. Tim 16p tuong duong a cia a.

1.6) Trong tap hop céac s6 tu nhién N, cac quan hé sau c6 phai 14 quan hé twong duong
khong?

a) aRb < a chia hét cho b.

b) aRb < a khong nguyén td véi b.
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1.7) Trong R, xét quan hé & xéac dinh boi:
aRb < (@ +2)(b% +1) = (B> +2)(a* +1)
Chtrng minh 4 1a mot quan hé tuong duong. Xac dinh s6 phan tir cta 16p tuong
duong a clia a.

1.8) Trong tap cac dudng thang trong khong gian, quan hé vudng goc ¢ phai 13 quan
hé twong duong khong?

1.9) Trong R? xét quan hé¢ (x,y)<(x,y)< x<x', y<y'. Chiing minh < la mdt
quan hé tht ty. Quan hé ndy c6 phai 1 quan hé thtr ty toan phan khong?

1.10) Ta sap xép thir hang hoc sinh bang cach dyua vao kiém tra hai mon hoc ma két
qua dugc danh gia bang diém, diém mon thir nhat ky hiéu 1a x, diém moén thir hai ky
hiéu 12 y. Hoc sinh c6 diém (x;,);) kém hon hoc sinh c6 diém (x,,y,), ky higu

(x1,1) < (x5,y,) x4c dinh nhu sau:

Xl <X2
LY < (g, )< {?ﬁ:xz
)

Gia str di€ém ctia mon thur hai cua cac hoc sinh 1a khac nhau, chirng minh quan hé

< 1a quan hé thtr ty toan phan (duoc goi 14 sap thi tu tir dién).

1.11) a) Cho tip duoc sdp (E,<) va hai tdp con 4 B c E . Chting minh rang néu ton
tai sup 4, sup B thi sup 4 <supB.

b) Tim ba vi du vé tip duoc sip (E,<) thoa man:
1) Ton tai sup 4 nhung khong t6n tai sup B.

2) Ton tai sup B nhung khong t6n tai sup 4 .

3) Ton tai sup A ¢ Anhung ton tai max B.

1.12) Cac &nh xa f: X — Y sau day la don anh, toan anh, song &nh? Xac dinh anh xa

nguoc néu ton tai.

a) X=Y=R, f(x)=2x+5.
b) X =Y =R, f(x)=x>-2x.
¢) X =[1;3], Y =[-1;3], f(x)=x?=2x.

d) X =Y =R, f(x)=3x-2[x].
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e) X=Y=R, f(x)=x2+bx+c;b,ceR.

1.13) Cho f:R*—> R va g:R— R xac dinh boi:

£ () =1/%,g(x) =3/ ( +1)
a) Anh xa nao 1a don anh, toan anh. Tim Im f,Img.
b) Xac dinh anh xa tich go /. C6 dang thitc go f = g khong ?
1.14) Cho hai anh xa f,g: N—N xac dinh bdi:

n/2 néu n chin
(n—1)/2 néu n 1

f(n)=2n, g(n)= {
a) Xac dinh tinh chat don anh, toan anh cta f,g.
b) Xac dinh fog, go f .
1.15) Choanhxa f:X —»Y cho 4, Bc X va C,D c Y .Ching minh rang:
a) Ac B= f(4)c f(B).
Tim vi du chimg t6 f(A) < f(B) nhung A& B.
b) f(AnB)c f(A)N f(B).
Tim vi du ching to f(A)N f(B)z f(ANB).
¢) f(AUuB)= f(ADV f(B).
d /CnD)= O T D).
o) ricup)=rO)usrD).
H /7 C\D)= O\ (D).
Néu f don 4nh thi
g) f(A)c f(B)y=AcB.
h) f(AnB)= f(A)N f(B).
1.16) Ky hidu = go f lahop ciahaidnhxa f: X >Y, g:¥ > Z.
Chung minh:
a) f,g don anh thi # don anh.
b) f,g toan anh thi /4 toan anh.

¢) h toan anh thi g toan anh.
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d) & don anh thi f don anh.
e) h don anh va f toan 4nh thi g don anh.
f) 4 toan anh va g don &nh thi f toan anh.
1.17) Véi moi bon sb nguyén a,b,c,d € Z sao cho ad —bc =1.
Ta xét anh xa f:Z%— Z? xac dinh béi f(x,y) = (ax+by,cx+dy).
Goi / 1a tap hop cac anh xa nhu trén. Chirng minh:
a) Véimoi f e thi f lasonganhva f'edF

b)Néu f,geF thi fogeF .Noicach khac tip F véi luat hop thanh 13 hop

hai anh xa la mot nhom khong giao hoan.
1.18%) Cho ba tap hop khac trong E,F,G .

a)Chohaidnhxa f:E—>F vag:E—>G.

Chung minh rang t6n tai 4anh xa 4 : F — G sao cho ko f =g khi va chi khi véi
moi x,x'e E: f(x)=f(x")= g(x)=g(x").

b) Chohaidnhxa g: E—>G va h:F > G.

Chtrng minh rang ton tai anh xa f : E — F sao cho ho f = g khi va chi khi véi
moi xe E,dye F:g(x)=h(y).
1.19) Cho X c¢6 n phan tir . Chitng minh #(X) ¢6 2" phan tu.

1.20) Cho hai phép thé ciia tap {1,2,3,4}:
1 2 3 4 1 2 3 4
O = ) M =
341 2 4 21 3
Ti -1 -1
im cop, poc, G , U .
1.21) Cho » diém khac nhau trong mat phang:
a) Tinh s6 cac doan thang ndi timg cap diém khac nhau.
b) Tinh s cac vecto # 0 c6 cac diém dau, diém cudi tr n diém nay.
1.22) Tim s hang 16n nhét trong khai trién ctia nhi thie (37 + 19)31 :

n
1.23*) Vi hai s6 tu nhién n, p N, ky hiéu S,(n) = D k?.
k=0
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p+l
a) Chimg minh S, ;(n+1)= > Ck 1 S;(n).
k=0

)4
b)Suyra (n+)?*'=" Ch. 1Sk (n)
k=0

n n n
¢) Suy ra cac tong Z k, Z kz, Z K
k=1 k=l k=1

1.24) Chting minh rang %G = {fab :R—)IR‘ f(x) =ax+b;a,beR,a# O} véi phép hop
anh xa o 1a mdt nhom. Nhom nay c6 giao hoan khong?

1.25) Liiy thira ctia phan tir a ctia nhém G véi phép nhan dugc dinh nghia nhu sau:

0 _ n _ n—1 -n __ -1 n'
a =1,a"=aa"",a" =\a ; VneN.
. : N 7, : m _n m+n m\" mn m+n k km+kn
Chtrng minh rang v6i moi m,n,k €eZ: a”'a”" =a™™", (a =a", (a =a )

1.26) Cho nhém G véi phép nhan théa min didu kién (ab)* = a’b* v6imoi a,be G .
Chting minh G 1a nhom Abel.
1.27) Cho (G,*) 1a mdt nhém, gia st G 1a mot tp hitu han c6 s6 phan tir chin. Dt

S= { Xe€ G‘ X% = e,x# e} . Chimg minh rang quan hé 4 xéc dinh trong G boi:

xR y< y=x hoic y:x_1

12 mot quan hé twrong duong. Suy ra S ¢6 s6 phan tir 1¢.
1.28) Cho G, G' 13 hai nhém 1an luot c6 phan tir trung hoa la e va e'. f:G— G' 1a
mot déng cAu nhom. Ching minh: f(e)=e', f(a_l) = f(a)_l.
1.29) Cho G, G' 1a hai nhém lan lugt c6 phan tir trung hoa la e va e'. f:G—>G' 1a
mot déng cdu nhém. Ta dinh nghia va ki hiéu hat nhan cua déng cdu nhom f la
Ker f = £~ (e'). Chimg minh ring f 1a don céu khi va chi khi Ker f = {e}.
1.30) Cho (4,+, ) 1a mot vanh. Tap con C ={x e 4| Va e A:ax=xa} dugc goi 14 tim
cia 4.Gia st Vxe 4,x* —xeC.

a) Chimg minh ring (C,+) 1a mot nhém con ciia nhom (A4,+).

b) Chimg minh ring xy+ yxeC véimoi x,ye A.

¢) Suy ra vanh A4 giao hoan.
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1.31) Cho A4 la mot vanh c6 don vi.
a) Chirg minh rang, néu x, y thod man xy = yx thi ta c6 nhi thirc Newton
(x+y)" =>] Crxkynt

k=0

trong do x¥=1 , x* 1a tich k 1an coa phan tir x.
b) Phan tir xe 4 duoc got 1a luy linh néu ton tai mot sb tu nhién n =0 sao cho

x" =0. Chimg minh rang, néu x, y luy linh va xy = yx thi x+ y ciing lily linh.
¢) Ching minh rang, néu x luy linh va xy = yx thi xy ciing lily linh.
d)Néu x e 4 lug linh thi tdn tai (1-x) .

1.32) Biéu dién so dd mang tmg véi cac cong thirc Boole sau:

a) [xv(y'/\z)v(x/\z')]\/(y/\z).
b) xv [y'v (yAz)'v z'].

1.33) Viét cac cong thirc Boole ng véi cac mang sau va tim mang tuong dwong don
gian hon

<O
<O
“O
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CHUONG II
KHONG GIAN VEC TO

Khai niém khong gian véc to c6 ngudn gbe tir vat 1y. Ban dau cac véc to 1a
nhitng doan théng c6 dinh hudng, voi khai niém nay nguoi ta da st dung dé biéu dién
cac dai lugng vat 1y nhu: véc to van tde, luc tac dong, luc dién tur .... Cac nha vat ly
con st dung phuong phap véc to Fresnel dé tong hop cac dao dong diéu hoa.

Cubi thé ky 17 Descartes di dé& xuat phuong phép toa 6 dé giai quyét cac bai
toan hinh hoc. Vi phuong phap ndy mdi véc to trong mit phing duoc dong nhét véi
mot cip s6 14 hoanh d6 va tung do con véc to trong khong gian duoc ddng nhit véi bo
ba sd. Cac phép toan cta véc to (cong véc to, nhan 1 sb véi vée to) cd thé chuyén
tuong Ung bﬁng phép toan trén cac bo sb va thoa min mot sd tinh chat nao do. Trong
nhiéu linh vuc khac ching ta ciing thay nhimg ddi twong khac nhu cac da thirc, ham
sO, v.v... cO cac phép toan thoa man cac tinh chét twong tu cc véc to. Piéu ndy din
dén viéc khai quat hoa khai niém véc to.

Trong cac cong trinh vé s6 quaternion tir nim 1843 cia nha todn hoc Anh
Hamilton, ngudi ta c6 thé tim thdy mot dang thd so cua khai niém khong gian véc to 3
va 4 chiéu. Hamilton dung cac sd quaternion dé nghién ciru cic van dé toan 1y. Sau d6
céc nha vat Iy nhu Maxwell va Gibbs di phat trién dan 1y thuyét khong gian véc to 3
chiéu. Khai niém khong gian véc to 4 chiéu duoc Einstein (Anh-xtanh) st dung trong
thuyét twong ddi. Ngay nay Iy thuyét khong gian véc to nhiéu chiéu duoc st dung rong
rai trong nhiéu linh vuc khac nhau cia toan hoc va céac nganh khoa hoc khac.

Chung ta thdy khai niém khong gian véc to dugc hinh thanh qua mot qua trinh
lau dai trén co sé cac thanh tu vé 1y thuyét cling nhu ing dung thuc té va c6 tinh khai
quat hoa cao. Vi vdy dé hoc tot chuong nay doi hoi ngudi hoc phai nim ving khai
niém khong gian véc to vo1 muc do triru tuwgng cao, con cac md hinh cu thé 1a cac
khong gian 2 chiéu, 3 chiéu ta da biét & chwong trinh pho thong.

Gido trinh ndy chi xét cac khong gian véc to hitu han chiéu, d6 1a cac khong gian
c¢6 hé sinh hitu han. Trong khong gian nhu thé moi véc to déu c6 thé biéu dién thanh to
hop tuyén tinh cta cac véc to ciia hé sinh. Mudn cho biéu dién nay 1a duy nhét thi hé
sinh phai doc 1ap tuyén tinh, lic d6 ta c6 mot co s cua khong gian véc to. Cac hé sd
trong biéu dién ¢ trén duge goi la toa do cua véc to.

Sinh vién can luyén tap tim toa d§ cua mdt véc to trong cac co s& khac nhau. Tim
hé con doc lap tuyén tinh t8i dai ciia mot hé véc to cho truge. Tim hang cia mdt hé
véc to, tim chiéu cua khong gian con. Cong thire chiéu ciia tong hai khong gian véc to
con, chiéu ctia giao ctia hai khong gian véc to con. Thiy duoc mbi lién hé giira hé con
doc lap tuyén tinh toi dai caa hé sinh va co s, lién hé gitra hang cta h¢ sinh va chiéu
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cua khong gian sinh bdi hé sinh nay (dinh 1y 2.17). Lién h¢ véi nhiing phép toan va
tinh chét véc to di biét & pho thong.

2.1 KHAI NIEM KHONG GIAN VEC TO

2.1.1 Dinh nghia va cac vi du

Dinh nghia 2.1: Gid sit V la tdp khic &, K la mét truong. V dwoc goi la khéng

gian véc to trén truong K néu cé hai phép todn:

- Phép toan trong (+): VxV >V
(u, V) u+v

- Phép todn ngoai ():KxV >V
(o, u) = au
thod mdn cdc tién dé sau véi moi u,v,weVva a,Bek
V1) u+v)+w=u+w+w)
V2) Tontai 0V saocho u+0=0+u=u
V3) Véiméi ucV c6 —ueV sao cho u+(—u)=(—u)+u=0
V4) u+v=v+u
V5) (a+B)u=ou+Pu
V6) a(u+v)=ou+av
V7) (ap)u =o(Bu)
V8) lu=u, trong dé 1 la phan tir don vi ciia K .
Khi K =R thi V' dugc goi 1a khong gian véc to thuec.
Khi K =C thi V' duogc goi la khong gian véc to phirc.

Céc phan tir cia V' duoc goi 13 cac véc to, cac phan tir cia K duoc goi 1a cac
phan ttr vo hudng.

Bén tién dé dau ching to6 (V,+) 1a nhém Abel. Tién dé V5),V6) noi rang phép
nhan s6 vo hudng véi véc to phan phdi ddi voi phép cong cia sd vé hudng va phép
cong véc to. Tién d& V7) 1a tinh két hop cia tich cac sd vo hudng véi phép nhan véi

véc to.

Vi du 2.1: Gid st K 1a mot truong, xét K = {x = (xl,...,xn)‘ x;eK,i=ln }
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Ta dinh nghia: (x1,...,X;) + (V]see0s V) = (X] + V]oees Xy + V1)
o(xy,...,x,) = (0xq,...,0x,), Vae K

D& dang kiém chting lai hai phép toan nay thoa man 8 tién dé cta khong gian véc
to c6 véc to khong 1a 0 = (0,...,0), phan tir d6i ciia x = (x;,...,x,) 12 —x=(-x,...,—x,).
%/_/

n phan tu
Khi K =R ta c6 khong gian véc to thuc R”.
K =C ta co6 khong gian véc to phirc C”.
Vi du 2.2: Ky hi¢u RY 1a tap cac ham s6 xac dinh trén tapcon X cR, X #J. Ta
dinh nghia phép toan cong va nhan véi sé thuc nhu sau:
(f+2)O)=f)+g), (af))=af(r), VieX

RS rang v&i moi ham sé f,g xac dinh trén tp con X cR, voi moi o eR thi
f+g, of ciing 1a cac ham s6 x4c dinh trén tap con X cR.

Véi hai phép toan ndy R¥ 6 ciu trac khong gian véc to thuc véi véce to khong
1a 0(r)=0,Vt e X, phan tir d6i cua f 1a —f xéc dinh bdi (-/)#)=—f(t),Vie X .

Vidu 2.3: Goi P, 1a tap cac da thirc bac <n, n la s6 nguyén duong cho trudc:
Pn = {p‘p =4ay + alt +...+ antn;ao,al,...,an EIR} .

Ta dinh nghia phép cong hai da thirc va phép nhan mot s6 v6i mot da thirc nhu
phép cong ham sé va phép nhan mot s6 voi ham sé trong Vi du 2.2 thi P, 1a khong

gian véc to voi véc to khong 1a da thic 0.

Vidu 2.4: Goi P 1a tap cac da thuc

P= U P, ={p‘p =ay+at+...+a,t";ay,q,...a, sR.n EN}
neN

Ta dinh nghia phép cong 14 phép cong hai da thirc va phép nhan véi mot sd véi
da thtrc theo nghia thong thuong & Vi du 2.3 thi P 1a khong gian véc to va P, < P voi

moi neN.

2.1.2 Tinh chit

1) Vi (V,+) 1a mot nhom Abel nén véc to 0 va véc to déi —u cia u 1a duy nhét
voimoiu el .

2)Coluatgian ubc: u+v=u+w=v=w.
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3)Voimoi uelV,0u=0, (—)u=-u.

4)Véimoiae K, a0=0.

5)Néu o =0 thi =0 hodc u=0.
Chirng minh:

1) 2) Xem Dinh 1y 1.4.

3) Voimoi u €V ,(0+0)u =0u+ Ou . Mat khac (0+0)u =0u =0u+0.

Theo luat gian udc ta co Ou =0.

Tuongtyvéimoiu eV ,u+(—u)=0=0u=>01-Du=1lu+(-u.
Suy ra (—1)u =—u.

4)0+00=00=0(0+0)=00+00 = a0=0,VaekK.

5)Néu au=0vagiast a#0 = Jo ' ek

0=0"'0= oc_l(om) = (oc_loc)u =lu=u.

Tur dinh nghia ctia khong gian véc to ta co6 thé mé rdng cac khai niém sau:

1) Ta dinh nghia u—v:=u+(-v), khi do

UFTV=WSDSU=W—V.

2) Do tinh két hop ciia phép cong nén ta cé thé dinh nghia theo qui nap:

n
Zuk =up+..tu, =W +..+u, )+u, .
k=1

n
Tuong tu Zakuk = oy +..+ou, =04y .o, U, ) o,
k=1

bi€u thirc nay duogc goi 1a mot 16 hop tuyén tinh cua cac véc to uy,...,u,,.

Tir day tro di ta chi han ché xét cdc khong gian véc to thuec.

2.2 KHONG GIAN VEC TO CON

2.2.1 Dinh nghia va vi du

Gia st tip con W # & cua V' thoa man tinh chét:

YuyveW: u+veW,;
YueW , VYacR: ouel.

Khi d6 c6 thé xac dinh 2 phép toan tir khong gian ¥ thu hep vao W :

2.1)
2.2)
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(+): WxW —>W
(u,v)>u+v

() :KxW ->WwW

o, u) > au

Hai phép toan nay hién nhién théa man cac diéu kién V1), V4), V5), V6), V7),
V8) cua Dinh nghia 2.1.

Ngoaira vi W =@ do d6 ton tai it nhit véc to u e W suyra 0=0u cW .
YueW:-u=~-HueW.
Viay W thoa min céc tién d& V1) — V8) cua khong gian véc to. N6i cach khac

v6i hai phép toan thu hep tir khong gian véc to V' vao W thi W 1a mdt khong gian véc
to .

Dinh nghia 2.2: Gid si: (V ,+,.) la khéng gian véc to. Tdp con W =D ciia V théa

man diéu kién (2.1)-(2.2) dwoc goi la khéng gian véc to con ciia V (hay ndi tit: khong

gian con cia V).

Pinh 1y sau day chi ra mot tiéu chudn dé kiém tra tip con W V' 1a khong gian
véc to concua V.

Pinh Iy 2.2: Gid sit W la tdp con khdc rong cia V. Khi d6 W khéng gian véc to con
cua V khi va chi khi: Voi moi u,v e W , voi moi a,peR thi ou+pBveW.

Chirng minh: ( = ): V6i moi u,veW , voi moi a,peR thi auelW, pvelW =

ou+pBvem.
(<): VuveW , VoaeR: u+v=lu+lveW 6 au=au+0uecW .

Vi du 2.5: T dinh 1y trén ta thdy ring moi khong gian véc to con ctia ¥ déu phai chta
vécto 0 cua V.

Tép {0} chi gom véc to khong 1a khong gian véc to con nhé nhat cua V.
V' 1a khong gian véc to con 16n nhit cua V.

Vi du 2.6: Tap W, = {u =(x,,0)

X,y ER} R 1a khong gian con cua R3.

Vidu2.7: Tap W, = {u =(x,y,2) eR3|2x—3y +4z = 0} la khong gian con cua R>.

Vi du 2.8: Tap W3 = {u = (x,,1)

X,y eR} R’ khong 1a khong gian con cla R>.

Vidu 2.9: P, 1a khong gian con cua P, néu n <m, trong d6 P, 1a khong gian cac da

thire bac <n.
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k g

Vi du 2.10: Goi C(a,b) 1a tap cac ham kha vi lién tuc dén cap k, (k=0,1, 2,...), trong

khoang (a,b)cR. Vi tong cta hai ham kha vi lién tuc va tich ciia mot hing sb véi
k

mot ham kha vi lién tyc cling 1a mot ham kha vi lién tuc, vi vay C(a b) la mot khong

gian véc to con cua khong gian véc to R(“%) (Vidu2.2).

2.2.2 Khong gian con sinh béi mét hg véc to

Dinh Iy 2.3: Néu (Wi)ie ; la ho cac khong gian con cua V' thi ﬂWl cting la khong
iel

gian con ciia V.

Chitng minh: Ap dung Pinh 1y 2.2. ta d& dang suy ra diéu can ching minh.

Tt Pinh 1y 2.3 suy ra rang v6i moi tdp con S bat ky ctia ¥ ludn ton tai khong
gian con W bé nhit cua ¥ chita S. W 1a giao cua tit ca cac khong gian con cua
V chua S.

Pinh nghia 2.4: Khong gian W bé nhdt chira S dwoc goi la khéng gian sinh boi hé
S, ky hiéu W =span S, va S duoc goi la hé sinh ciia W .

Khi S hitu han thi W duwoc goi la khong gian véc to hitu han sinh.
Dinh Iy 2.4: W =span S bang tdp hop tdt cd cdc té hop tuyén tinh cia S .

Chitng minh: Goi W' 14 tap tat ca cac td hop tuyén tinh cia S. Ta ching minh W' 1a
khong gian con bé nhéat chita S, nghiala W'=W .

1) Truong hop S hitu han: S ={v,,...,v,} thi W'={oc1v1 +...+ocnvn‘a1,...,0cn eR}.

(1) Véimoi v; €S thiv,=lv,eW' vay S W'.

(i) V61 moi ueW' veW'iu=apy+...+0,v,,v=Bw +...+B,v, eW"; Véi
moi v,0 eR:

yu+0ov=y(av +...+a,v,)+3Bv +...+B,v,)
=(yoq +0B v +...+(yo,, +0B,)v, e W".

Vay W' la khong gian con ctia V' chira S.

Gia sut W" la khong gian véc to con cia V' chita S. V& moi uel’,
u=ov +..+o,v,. Vi W" chtta § nén v,...,.v, eW" => u=oyv +...+a,v, eW".
Dodo W'cw".

N6i cach khac W' 1a khong gian con nhé nhit caa ¥ chaa S'.

Vay W'=W =spanS§.
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2) Truong hop S vo han tap W' c6 dang
W':{oclvil +ot oY |y, 0, ERGY LY, €8 :1,2,...}

Tuong ty nhu trén ta ¢6 thé ching minh W' 13 khong gian véc to con nho nhét
chua §.

Giao trinh nay chi xét cac khong gian véc to hitu han sinh.
Gia sit S ={v,,...,v,} 1a hé sinh cua V khi dé:

ueV =span{vy,...,v, } < u =0y +..+0,V,; a,...,0, €R (2.3)

Vi du 2.11: a) Trong khong gian véc to con W) = {u =(x,,0)
xét hai véc to ¢, =(1,0,0), e, =(0,1,0). Khi do:

x,yeR} & Vi dy 2.6.

ueW, < u=(x,y,0)=x(1,0,0)+ y(0,1,0) = xe; + ye,
Vay W, =span{e,e,}.

b) Khong gian véc to con W, = {u =(x,1,2) eR3‘2x —-3y+4z= 0} 6 Vidy 2.7 c6 tinh

chat u=(x,y,z)eW, &2x-3y+4z=0<x=3/2y-2z. Viy

u=(x,y,z)eW, o u= (%y—ZZ,y,Z) :(%y,y,0j+(—22,0,z) =§(3,2,0)+Z(—2,0,1)
Xét v =(3,2,0), v, =(-2,0,1) e W,, ta duoc W, =span{v,v,}.

2.2.3 Tong ciia mdt ho khong gian véc to con

Gia su W,,...,W, la n khong gian con ctia V. Sir dung dinh ly 2.2 ta ching minh
duoc tap { u +...+u, eViu eW,i= 1,...,n} cling la mot khong gian véc to con ctia V.
Ta goi khong gian véc to con nay 14 téng ciia cdc khéng gian con w,...W, vaky hiéu
W, +..+W,. Vay:

ueW+..+W, cu=u+..+u,, uyyeW;i=1,.,n. 2.4)
Tuy nhién, n6i chung cach viét trén khong duy nhat.
Ta c6 thé chimg minh dugc
W +...+ W, =span(W U..UW,) (2.5)

Mot cach tong quat ta dinh nghia tong ctia mot ho cac khong gian véc to con nhu
sau.
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Pinh nghia 2.5: Néu (W)l.G ; 1a ho cac khong gian con cua V. Khong gian con sinh

1

boi | JW, dugce goi la tong cua cac khong gian W}, ky hiéu ZWZ :

iel iel
Vay > W, =span(| JW¥;). Theodinhly 2.4 taco

iel iel

ZW ={u, +...+u;
i i iy

iel

1

u; eW.j,i.el,jzl,...,k;kzl,z,...}. 2.6)

Pinh nghia 2.6: Néu moi u e Wi+...+W, duoc viét mét cach duy nhat dudi dang

nsu, €Wsi=1..,n thi tong cdc khéng gian con nay dwoc goi la tong

truec tiép. Lic d6 ta ky hiéu W, @---®W,.

u=u +..+u

Dinh Iy 2.5: Gia st W,,W, 1a hai khong gian con cua V', khi d6 tong hai khong gian
con nay la tong truc tiép W, ® W, khi va chi khi W, "W, = {0}.

Chirng minh:

(=): Gid st W] ® W, ,ve W nW, thi v=0+v=v+0ec W, ®W,. Do cach viét
duy nhat suy ra v=0. Vay W, "W, = {0} .

(&):Giastu=u;+uy =vi+v EVVI +W2 thi
Viy tong cta hai khong gian con 1a téng truc tiép W ew,.
Vi du 2.12: Xét hai khong gian véc to con W, W5 & Vidu 2.6, 2.7 co:

W+ Wy =R 5 W, AW, :{%(3,2,0)‘)/ eR};t {(0,0,0)} .

Viy tong cta hai khong gian véc to con nay khong phai 13 tong truc tiép.
Ta ciing c6 thé nhan thiy rang cach viét (2.4) khong duy nhét. That vay:
u=(x,y,z)=(x,y—4z/3,0)+(0,4z/3,z) e W, + W,

=(0,y—(2x+42)/3,0)+(x,(2x+4z)/3,z) e W; + W,.
Vi du 2.13: Xét Wy & Vidy 2.6 va W, ={u=(0,y,y)|y eR} <R’
W+ Wy =R W, W, =1{(0,0,0)}.

Vay tong cta hai khong gian véc to con nay 1a tong truc tiép: R> =W, eW,.
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2.3 POC LAP TUYEN TiNH, PHU THUQC TUYEN TiNH

Khai niém phy thudc tuyén tinh khai quat hoa tir khai niém 2 véc to ciing phuong
va 3 véc to dong phang.

Hé véc to khong phy thudc tuyén tinh goi 1a hé doc lap tuyén tinh. Hé cac véc to
doc lap tuyén tinh c6 tinh chat: néu mot véc to bat ky biéu dién dugc thanh to hop
tuyén tinh cta hé nay thi cach viét d6 1a duy nht.

Dinh nghia 2.7: Cho hé n véc to S = {ul,...,un} ciia V (cdc véc to nay cé thé tring

nhau). Hé S dwoc goi la doc lap tuyén tinh néu:

vag,...,a, R oy +...+o,u,=0= o;=..=a, =0 2.7

H¢ khong doc lap tuyén tinh dwoc goi la phu thuoc tuyén tinh.

Vay hé S ={u,...,.u,} phu thudc tuyén tinh khi va chi khi ta c6 thé tim duoc

0., 0, €R khong dong thoi bang 0 sao cho oy +...+ o u, =0.

Vi du 2.14: Hé {e,e,,e;} trong d6 e =(1,0,0), e; =(0,1,0), e; = (0,0,1) eR® 1a doc
Vi du 2.15: ¢ Hé chira véc to 0 13 hé phu thudc tuyén tinh.

e H¢ hai véc to {ul,uz} 1 hé phu thudc tuyén tinh khi va chi khi ching ty 18,
nghia la u; = au, hodc u, =ou.

e Xét cac véc to u; =(4,-2,8), uy =(-6,3,-12), uz =(3,-2,5). H¢ hai véc to
{uy,u} phu thue tuyén tinh (u, =-3/2u; ), nhung {u;,u3 } doc 1ap tuyén tinh.
Pinh 1y 2.6: 1) Néu {vl,...,vn} déc lap tuyén tinh va u = oyv, +...+ v, thi cach viét
nay la duy nhat.

2) Hé véc to chira hé con phu thuoc tuyén tinh la hé phu thuoc tuyén tinh. Vi vay,

moi hé con cua hé doc lap tuyén tinh la hé doc lap tuyén tinh.

3) Mot hé véc to la phu thude tuyén tinh khi va chi khi c6 mét véc to la t6 hop
tuyén tinh ciia cdc véc to con lai.

4) Gia sur hé {vl,...,vn} doc ldp tuyén tinh. Khi do hé {vl,...,vn,u} phu thudc
tuyén tinh khi va chi khi u 1a t6 hop tuyén tinh ciia cdc véc to Vis...,V,. Ngoai ra cdch

viét u = B +...+B,v, laduy nhdt.
Chirng minh: 1) Gia st u=oyv +...+a,v,va u =By +...+p,v, thi

O=u-u=(,-B)v+..+(a,-B,)v,20,-B=...=a,-3,=0.
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Dod 6 o, =By,....a,, =B,. Vay cach viét trén 1a duy nhat.

sy Uy

2) Gia st hé¢ S={u,..,u,,} chia hé¢ con {u,..,u,} phu thudc, khi do tdn tai

ay,....0,, €R khong ddng thoi bang 0 sao cho oy +...+ o1, = 0.

Chon ay,...,0,,0,,1,...,0,, €R, trong d6 a,,; =...=a,, =0 va ay,...,a, khong dong

thoi bang 0 thda man oy +...+ 0L u, + 0L, i, +...+ o, u, =0.
3) Gia st h¢ S ={uy,...,u,} phu thudc tuyén tinh, khi d6 ton tai oy,...,a, R khong
ddng thoi bang 0 sao cho oy +...+o,u, =0.
Gid st ay #0 thi u; =—(o, /o)y, —...— (o, /o )u,, .
4): (<): suy tu 3).
(=): Gid stt {v,...,v,,u} phu thudc khi d6 ton tai cac s6 B, ",...,.B, o €R khong dong

thoi béng 0 sao cho By'vj+...+B,'v, +ou=0, vi h¢ {vl,...,vn} doc lap nén a =0,

dod6 u= _&"1 — . —B—"vn . Cach viét duy nhét suy tir tinh chat 1).
a (04

2.4 HANG CUA MOT HE HU'U HAN CAC VEC TO
2.4.1 Hé con déc 1ap tuyén tinh tdi dai

Dinh nghia 2.8: Cho hé S cdc véc to cua khéng gian véc to'V . Hé con S' ciia hé S
dwoc goi la doc lap tuyén tinh t6i dai cia S néu théa mén hai diéu kién sau:

1) S'lahédoc lap tuyén tinh.
ii) Néu thém bdt ky véc to ndo ciia Svao S' thi ta c6 hé phu thudc tuyén tinh.
Néi riéng {v,...,v,} 1a hé doc lap tuyén tinh t6i dai ctia V' néuhé {v,...,v,} doc
1ap va néu thém bat ky véc to khac ctia V' ta c6 hé mai 1a phu thudc.
Pinh Iy 2.7: 1) Néu S' la hé con dbc ldp tuyén tinh toi dai ciia hé S thi moi véc to

ciia S 1d t6 hop tuyén tinh cdc véc to cia S' va cach biéu dién thanh té hop tuyén tinh
la duy nhat (diéu nay suy tir tinh chat 2.6).

2) Gia su {vl,...,vn} la hé con doc lap tuyén tinh cua mot hé hitu han S . Khi do
ta ¢é thé bo sung thém dé dwoc mét hé con doc lap tuyén tinh 16i dai cia S chira
Dy, ).

That vay, néu {vl,...,vn} khong tbi dai thi tdn tai mot véc to cua S, ta ky hiéu

V,.1»> sao cho hé {vl,...,vn,vn +1} doc 1ap tuyén tinh. Lap luan tuong tu va vi hé S hiru
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han nén qud trinh bd sung thém nay s€ dung lai, cudi cung ta dugc hé

{Visees Vs Vst oees Vg | d0C 18p tuyén tinh t6i dai cia S .

Vi du 2.16: Tim h¢ con doc 14p tuyén tinh t6i dai hé véc to S = {u;,uy,uz,u4}:
u =3,L4), uy =(2,-3,5), u3 =(5,-2,9), uy = (1,4,-1).

% Hai véc to {u;,u, | doc 1ap vi khong ti 1¢.

3

Vay {u,u,} 1a h¢ con doc 1ap tuyén tinh t6i dai ciia S .

Tuong ty c6 thé kiém tra dwoc {u,uz}, {uy,uy}, {uy,us}, {us,u,} cling la cac hé
con doc lap tuyén tinh t6i dai cua S .

Qua vi du ta nhan thay mét h¢ véc to c¢6 thé c6 nhi¢u hé con doc 1ap tuyén tinh toi
dai. Tuy nhién s0 cac véc to ctua cac h¢ con doc 1ap tuyén tinh t6i dai déu bang nhau.
Ta s€ chung minh diéu nay trong muyc ti€p sau.

2.4.2 Hang ctia mogt hé hiru han cac véc to

Pinh 1y 2.8 (Pinh 1y thé Steinitz (Xtéi-nit)): Néu hé S déc Idp tuyén tinh cé n véc to
va moi véc to ciia S 1 té hop tuyén tinh cdc véc to cia hé R ¢é k véc to thi n<k.
Chirng minh: Gia su S ={v,...,v,}, R={u,..,u;}. Ta s& chimg minh rang c6 thé
thay dan cac véc to cia hé R bang cac véc to cia hé S dé c6 cac hé R, Ry,... ma
mdi véc to caa hé S van con 1a td hop tuyén tinh ctia Ry, Ry ,....

That vay, ta c6 vy =ou +...+ o, vy#0 (vi § doc 1ap) nén a,...,a, eR
khong ddng thoi bang 0, ta gia st o, # 0(co thé danh lai s6 thu ty cia R), suy ra

1 o,y oLy

Xét he R, ={vj,u,,...,u; }. RS rang moi véc to cua S van con 1a t0 hop tuyén
tinh céc véc to cia R, .
Tuong ty ta o v, =Py +Pouty +...+ By, vi {v,v,} doc 1ap nén B,,....B; eR

khong dong thoi bang 0, ta gia sir B, #0.

B = By
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Xét hé R, ={v,v,us,....u; |, moi véc to clia S cling con 14 to hop tuyén tinh

cacvéctocua R,.

Néu n > k, ti€p tuc qua trinh nay cuoi cung ta dugc moi véc to cua S 1a to hop
tuyen tinh cac véc to cua hé R, ={v,v,,...,v;}, 1a hé con cua §. Piéu nay mau thuan

v6i gia thiét he S doc 1ap tuyén tinh. Vay n<k.

Dinh 1y 2.9: Moi hé con doc lap tuyén tinh t6i dai ciia hé hitu han S cdc véc to ciia V
déu c6 s6 phan tir bang nhau.

Chitng minh: Gia sir {v, ,...,v, }va {v,...v; |1a hai h¢ con doc Iap tuyén tinh t5i dai

ctia hé S 1an luot o6 & phan tir va n phan tr. T tinh t6i dai cia mdi hé, suy ra rang
moi véc to ctia hé nay 1a t6 hop tuyén tinh cac véc to cua hé kia. Ap dinh 1y thé 2.8 ta
con<kvak<n,vayn=k.

Pinh nghia 2.9: S6 cdc véc to cia mét hé con doc lap tuyén tinh t6i dai cia hé S
dwoc goi la hang (rank) cia S, ky hiéu r(S).

Qui woc hé chi co véc to 0 co hang la 0.

2.5 CO SO, SO CHIEU CUA KHONG GIAN VEC TO

Dinh nghia 2.10: M6i hé sinh déc lap tuyén tinh cua V dwoc goi la mot co so cua V.

Dinh ly 2.10: Gia su {el,...,en} la mét hé cdc vée to cia V. Cac ménh dé sau la
twong duong:

(1) He { el,...,en} la mét co so cua V.

(1) He { el,...,en} la hé doc lap tuyén tinh t6i dai cia V.

(i) MoivéctoueV ton tai mot cach viet duy nhat:

u=xe+..+x,e,, x,.x, eR. 2.9

Chirng minh: (i)=(ii): Hién nhién tir dinh nghia ctia co s& va tinh chat 2.7.

(ii)=>(iii): Suy tir tinh chét 2.6 va tinh chat 2.7.

(111)=(1): RO rang { el,...,en} 1a h¢ sinh.

Gia st xje, +...+x,e, =0, ta ciing c6 0=0¢ +...+0e,. Do cich viét duy nhat

suyra x; =...=x, =0. Vy {¢,...,e,} 1a mot h¢ sinh doc lap, do d6 1a mot co so.
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Dinh nghia 2.11: (x,...,x,) trong (2.8) duoc goi la toa do cua véc to u trong co so

{el,...,en}.
Ta ky hiéu toa d6 clia véc to u trong co sé & = {ey,....e, | 1a (u)/)’ .
Vay néu u théa min (2.8) thi
() =X, y,) 2.9

B
Vi du 2.17: Hai hé véc to e%:{el,ez}, e%)':{e'l,evz}, vol 9] :(1,0), € :(0,1) va

e'1 =(L1), e', =(4,3) 1a hai co sé cua khong gian véc to R2.

Véimoi u =(x,y) eR?: u= (x,»)=(x,0)+(0,y) =x(1,0)+ »(0,1) = xe; + ye, .
Gidast u=(x,y)=x'e'|+y'e'r, =x'L)+y'4,3)=(x"+4y",x'+3y").
'+4y'= '=4y-3
Do do { y x@{x y=3x
xX+3y'=y  (y'Ex-y
Vay:

(u) =@x»); (u) =@y-3xx-y). (2.10)
B B
Co s& & ={e,e,} dugc goi la co s6 chinh tic cla R2.

Dinh Iy 2.11: Gia sir /' 1a khong gian véc to hiru han sinh va {v,...,v; } 12 hé doc lap
tuyén tinh cac véc to cia V. Khi d6 c6 thé b sung thém dé co dugc hé
{Viseeos Vs Vit Viam } 1 MOt cO 8O clia V.

Chitng minh: Gia sit V c¢6 mot hé sinh c6 n véc to. Néu § = {Vi,....v;} khong phai la
co sé thi S khong phai 1a hé sinh, theo tinh chat 2.6-3) ton tai véc to, ta ky hiéu v,,;,
sao cho hé {v,...,v;, v, } doc lap tuyén tinh. Tiép tuc qua trinh niy cudi cing ta c6 hé
{Vlseees Vs Vis1ses Vs ) G0C 18p tuyén tinh va 13 hé sinh, k+m<n (theo B6 dé 2.8).

Vay {Viseees Vs Vists oo Vi | 18 MOt €O 5O can tim.

Heé qua 2.12: Moi khong gian hitu han sinh déu ton tai co s6.
Pinh Iy 2.13: S6 phan tir ciia moi co s6 ciia déu bang nhau.

Chirng minh: Ap dung Dinh 1y 2.8 ta suy ra hai co so bt ky ctia V déu c6 sb phan tir
bang nhau.
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Pinh nghia 2.12: S6 véc to ciia mét co sé cia V dwoc goi la $6 chiéu cia V., ky hiéu
dimV . Quy wéc dim{0}=0.

Vi du 2.18: Trong khong gian R" taxéthé B ={e,,...,e,} trong do:

e, =(1,0,...,0), e, =(0,1,...,0),..., e, =(0,0,...,1) @.11)

n

1a mot co sd cia R” goi 1a co sé chinh tic. Vay dimR"=n.
Vi du 2.19: H¢ A :{l,t,...,t”} la mét co s& cua P,, goi la co s¢ chinh tac. Vay
dimP, =n+1.

Nhan xét 2.1: Khong gian P = U P, 1a mot vi du vé khong gian véc to khong hiru han

n=1
sinh. That vay, hé { l,t,tz,....} c6 vo han véc to va doc lap tuyén tinh nén khong thé 1a
htru han sinh.
Dinh 1y 2.14: Gid sir diimV =n va S ={v,,...,v,,} ld hé m véc to ciia V. Khi do:
(i) Néu hé S déc ldp tuyén tinh thi m<n.
(ii) Néu hé S la hé sinh cia thi m>n.
(iii) Néu m=n thi hé S déc ldp tuyén tinh khi va chi khi S la hé sinh.

Chirng minh: Goi & 1a mot co s cia V. Ap dung Pinh 1y 2.8 cho hai hé & va S
suy ra cac diéu can ching minh.

Dinh 1y 2.15: Gia su W}, W, 1a hai khong gian con cua V' thi
dimW, + dimW, = dim(W, + W,) + dim(W; " W,) (2.12)
bac biét:
dim(W; @ W,) = dimW, + dimW, (2.13)
Chirng minh: Gia st {e,...e;} 12 mit co s cia W, "W, (néu W, "Wy = thi
[ =0). Theo dinh 1y 2.11 ta c6 thé bo sung thém dé {e,...,e,,u;,...,u,, } 1& mdt co s&

cua W) va {e,....e, ...,V | 1a mot co s& ciia W, . Vi moi ve W, + W, thi:
v=0x+x"e +..+ (g +x"))e iy + o+ YU, 2V 2V
Vay {ey,....e,uy,..., U, V..., vy } 12 hé sinh ctia W + W7,

Mt khéc, gia st xje +...+ x¢, + yyuy +...+ y u, v+ +zv, =0 (%)
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thi xe +...+xe+ U +...+ YU, ==V —..— vy €W W,
= gV —..— v =he ..t eWNWr= zy+..+z v +he ...+ 1e, =0
Vi { el,...,el,vl,...,vk} d@C lép = Zl = ...= Zk = tl = ...= tl = O

Thay vao (*) = x=...=x,=y,=...=y, =0.

Vay {€),....€,1y,cesllyy, V5, vy | 18 MO CO SO clia W) + W5

Do d6: dimW, + dimW, =2+ m + k = dim(W} + W, ) + dim(W; nW,) .
Dinh Iy 2.16: Gid sur S la hé hitu han cdc véc to cua V', Sy la mot hé con cua S . Dat
W =span S . Khi do:

() S, la mét hé con dic ldp tuyén tinh t6i dai ciia S khi va chi khi Sy la mét co
so cua W, do do r(S)=dimW .

(ii) Khi thuc hién mot sé hitu han cdc phép bién doi so cap sau 1én hé S :

o Nhdn mét sé khdc 0 véi mét véc to ciia hé S ;
o Cong vao mét véc to cua hé¢ S mot 16 hop tuyén tinh cac véc to khac cua
S ; thi hé S bién thanh hé S'.

Dat W'=spanS' thi W =W"', do do r(S)=r(S")=dimW .
Chitng minh: (i) Gia sit S, 1a h¢ con doc lap tuyén tinh toi dai ciia S thi S, ciing
sinhra W, do do S, 1a mot co s¢ cua W . Ngugc lai néu So 1a mot co s¢ cua W thi
So 1a hé con doc lap tuyén tinh t6i dai cua W, do d6 cling 1a hé con ddc 1ap tuyén tinh
tdi dai cia S .

(S) = sb véc to ciia S, = dim I .

(ii) Co thé kiém ching rang S'c W dodd W'c W . Tuong tu ciing cé W < W',

Vay W =w"'= r(S)=r(S").
Nhén xét 2.2: D¢ tim hang ctia hé véc to {v},v,,...,v,} ta c6 thé sir dung 2 céch sau:
Cach 1: Ap dung dinh 1y 2.16 bang cach thuc hién cac phép bién ddi so cp 1én hé véc
to da cho dé dua vé hé véc to ma ta d& dang nhan duoc hang cua no.

Khi thuc hanh ta c6 thé viét toa d6 cac véc to thanh mot bang, mdi véc to ndm
trén mot cdt, sau d6 bién doi 1én cac cdt cua bang ) (déi vi tri 2 cOt, nhan mot s6 khac
0 vao 1 cot, cong vao 1 cot mot t6 hop tuyén tinh cac cot khac) dé dua bang sd tuong
g vé bang s6 ma cac phan tir khac 0 c6 dang hinh thang. Khi d6 cac cot khac 0 tao
thanh hé véc to doc lap tuyén tinh toi dai can tim.
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s W T HFox
c FH OH %
*¥ O O O

trong d6 * 1a cac phan tir khac 0, cac phan tir # c6 thé bang 0.
Cach 2: Ap dung tinh chat 2.6 theo ting budc nhu sau:

1. Loaicac vécto v, =0,
2. Giastr v, #0,loai cac véc to v; ti 1€ voi v, ,
J J
3. Giasir {v, ,...,v, | doclap, khidé {v, ..., , v, doc lap khi va chi khi
v; khong bicu dién thanh t6 hop tuyén tinh cua {vl.1 sees Vi } )

Vi du 2.20: Tim hang cua hé véc to sau:

vl = (1919191)9 VZ = (19_1719_1)9 V3 = (1739173)9 V4 = (1929092)9 VS = (1727192) .

Gidi: e Cachl:

1 1 1 11 1 0 0 0 O

I -1 3 2 2 1 -2 2 1 0
%

1 1 1 01 1 0 0 -1 1

1 -1 3 2 2 1 -2 2 1 0

(Cot1 > cot1,cot2-cotl > cot2,cot3-cotl > cot 3, cot4 -cotl > cot 4, cot
5-cotd —> cot )

I 0 0 0 O 1 0 000

I -2 0 0 O 1 1.0 00
- —

I 0 0 0 1 I 01 0O

I -2 0 0 O I T.0 0O

(Cot3+cot2 — cot 3, cot4d +(1/2) cot2 - cot 5 — cot 4).
(-1/2¢0t 2 = ¢ot 2, cot 5 — cot 3).
Vay hé véc to ¢6 hang la 3.

e Cach?2: v, v, khong ti 1¢ nén doc lap. Néu v; = xv, + yv, thi
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x+y=1
x—y=3
7 = x=2,y=-1.
x+y=1
x—y=3

Vay v; =2v—v, . Nghiala {v,v,,v;} phu thudc.

x+y=1
X  jx-y=2 A a . A A 1A
Neu v, =xv, + yv, thi , hé vO nghiém. Vay {v,v,,v,} doc lap.
x+y=0
x—y=2
x+y+z=1
P Clx=y+2z=2
Néu vs =xv,+yv, +zv, thi = x=3/2,y=-1/2,z=0.
x+y=1
X—y+2z=2

Nghia 1a v =3/2v,—1/2v,. Do d6 {v;,v,,v,,vs} phu thudc.

Vay {v,v,,v,} 1amodt hé con doc 1ap tuyen tinh t0i dai cua {v;,v,,v5,v4,vs}.

BAI TAP CHUONG II

2.1) Tap R® véi cac phép toan duoc dinh nghia trong céc truong hop sau cd phai la
khong gian véc to khong? Chi 16 tién dé ma phép toan khong thoa man.
(x,y,2)+(x,y,z)Y=(x+x,y+y,z+2")
a(x,y,z) =(ox,y,z) ; a.€R

(X, y,2)+(x,y,z)=(x+x,y+y,z+2")
o(x,y,z)=Qax,2ay,20z); a.eR

xy,2)+(x,y,z)Y=(x+x+Ly+y+1Lz+z'+1)
a(x,y,z)=(0,0,0); o eR '

2.2) Xét cac ham sd xac dinh trong doan [a,b] — R voi cac phép cong hai ham sb va
phép nhan ham sb voi s6 thuc. Tap cac ham sd sau c6 phai 1a khéng gian véc to
khong?

a) Tap cac ham lién tuc trong doan [a,b].
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b) Tap cac ham sb kha vi trong khoang (a,b) (c6 dao ham tai moi diém
Xe€ (a,b) ).
c¢) Tap cac ham s6 bi chin trong doan [a,b].
d) Tap cac ham s6 trong doan [a,b] sao cho f(b)=0.
e) Tap cac ham s6 trong doan [a,b] sao cho f(b)=1.
f) Tap cac ham s6 khong am trong doan [a,b].
2.3) Tap hop cac véc to co dang sau c6 phai 1a khong gian con cia R® khong?
a) Cac véc to c6 dang (x,0,0).
b) Céc véc to c6 dang (x,1,1).
c¢) Céc véc to co dang (x,y,z) thodman x+y+z=0.
d) Cac véc to c6 dang (x,y,z) thod man x+y+z=1.
e) Cac véc to co dang (x,y,z), 2x—y+z=0, x+y—4z=0.
2.4) Tim x,y,z néu (2,-3,4)=x(1,L,1)+(1,1,0)+2(1,0,0).
2.5) Hiy biéu dién véc to u thanh t6 hop tuyén tinh ctia v, v,V
a) u=(7,-2,15); v =(2,3,5), v, =(3,7,8), v; =(1,-6,1).
b) u=(1,4,-7,7); vy =(4,1,3,-2),v, =(1,2,-3,2),v; =(16,9,1,-3).
2.6) Hiy xéac dinh A sao cho u 1a t6 hop tuyén tinh ciia v, v,,v3:
a) u=(7,-2,1); v =(2,3,5), v, =(3,7,8), vs =(1,-6,1).
b) u=(L3,5; v =3,2,5), v, =(2,4,7), v; =(5,6,1).
2.7) Viét da thitc p = -3 +4x+ x> thanh t6 hop tuyén tinh cia cac da thic :
)2 =5-2x+x°, y2 = 3x+2x°, p3=3+x.

2.8) Chung minh {VI,VZ,V3} la mot co sé cua R , tim toa do cia u trong co sd nay.

a) u=(69,14); v =1LD, v» =(,1,2), v3 =(1,2,3).
b) u= (6929—7)7 Vl = (2:19_3) s VZ = (3929_5) s V3 = (la_lal) .

2.9) MJi hé véc to sau cé sinh ra R® khong?

a) u=(LLD), v=(22,0), w=(3,0,0).
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b) u=(2,-13), v=(4,1,2), w=(8,-1,8).
c) u=(3,14), v=(2,-3,5, w=(5-2,9), s =(1,4,-1).
2.10) Cac hé véc to dudi day doc 1ap hay phu thude tuyén tinh.
a) u = (4,-2,6), v=(6,-3.9) trong R>.
b) u =(2,-3,1), v=(3,-15), w=(1,-4,3) trong R*.
¢) u=(543), v=(3,3,2), w=(8,.,3) trong R*.
d) u =(4,-52,6), v=(2,-2,1,3), w=(6,-3,3,9), s = (4,-1,5,6) trong R*.
2.11) Tim chiéu va mot co s& cua khong gian con cia R?
a) Cac véc to co6 dang (a,b,c,0).
b) Cac véc to c6 dang (a,b,c,d)voi d =a+b vac=a-b.
¢) Cac véc to c6 dang (a,b,c,d) voi a=b=c=d.
2.12) Tim chiéu va mot co so ciia khong gian con sinh béi hé cac véc to sau:
a) v =(2,4,1), vy =(3,6,-2), v3 =(-1,2,-1/2).
b) v =(1,0,0,-1), v, =(2,LLL,0), v3 = (LLL1), v4 =(1,2,3,4), v5 =(0,1,2,3).
c) v =(LLLLO), v =(LL-1,-1,-1), v3 =(2,2,0,0-1), v4 =(1,1,5,5,2),
vs =(1,-1,-1,0,0).

2.13) Chimg minh ring tip cdc ham kha vi trén [a,b] va thod man f'+4f =0 tao

thanh khong gian con cua C[a’ b]- Tim mot co s va sd chiéu cta khong gian con nay.
2.14) Cho 3 véc to v}, v,,v; cua khong gian véc to V. Ching minh:

a) Néu {v,v,}doc lap thi {v, +v,,v —v,} cling doc lap.

b) Néu {vl,v2,v3} doc 1ap thi {v1 +V,,Vy + V3,3 +v1} cling doc lap.

2.15) Chimng minh néu hai hé véc to {v,...,v,} va {u,..,u,,} ciia khong gian véc to

2 7n >m
¥ ma mdi véc to cta hé ndy déu biéu thi thanh t6 hop tuyén tinh cta hé kia thi hai hé
d6 c6 cung hang.

2.16) Gia st U,V va W la ba khong gian véc to con ciia mdt khong gian véc to. Chung
minh rang (UNV)+UW)cUnNFV +W).

2.17) Trong khong gian R* xét cac véc to: u=01,2-13), u,=(2,4,1,-2), u; =(3,6,3,-7);
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Va vy =(1,2,-4,11), v,=(2,4-514). bat U, V' 1a hai khong gian véc to con cua R* 1in
lugt sinh bai hé véc to {ul,uz,u3} va {,,}.Chimg minhrdng U=V .
2.18) Chimg minh rang cac tap con sau

14 :{(x,y,z)eR3|X+y+z =0}’ W={(x,y,z) Ry —y-z= 0}

la cac khong gian con cua R3. Tim motcosdcua VW, V., W.
2.19) Chang minh ring cac tdp con sau

V= {(x,y,z) eR3|x = O} , W= {(x,y,z) eR3|y = 0}
la cac khong gian con cua R>. Xac dinh V AW,V +W . Téng ndy c6 phai 1a tong truc
tiép khong?
2.20) Trong khong gian R* xét:

V =span{(1,0,0,2);(0,2,1,-1);(~1,6,3,7)}, W = span{(3,2,0,1); (1,2,1,1)}

Tim s6 chiéu ctia V, W,V AW,V +W .
2.21) Tim diéu kién cua x, v,z dé u= (x,9,2) eR? thudc khong gian véc to con sinh
bGi: 1, =(2,1,0) , w,=(1,-12), 13 =(0,3,-4).

2.22) Chimg minh rang W ={(x, ,0)

X,y ER} la khong gian véc to con sinh boi hai

véc to u,v trong do :
a) u=(1,2,0), v=(0,1,0).
b) u :(29_190)9 V:(1,3,0).

2.23) W,,W, 14 hai khong gian véc to con ctia R® xac dinh nhu sau:

W = {(x,y,z) x,y,zeRx=y= Z} s Wy = {(O,y,z)‘ v,z EFR} .
Ching minh rang R*= W, ® W, .

2.24) Cho hai véc to 1, =(1,-3,2) , u,=(2,-11) ciia R*.

a) Viét (1,7,—4) thanh t6 hop tuyén tinh cua hai véc to u,, u,.

b) Viét (2,—5,4) thanh t6 hop tuyén tinh cua hai véc to u,, u,.

c¢) Tim céc gia tri cia & dé (1,k,5) viét duoc thanh to hop tuyén tinh cua hai véc to u,

U .
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d) Tim diéu kién x, y,z dé (x,y,z) viét dugc thanh to hop tuyén tinh cta hai véc to u,,

uz .
2.25) Tim W, W, trong 46 : W, = {(x,y, O)| X,y eR}. W, la khong gian véc to con
ciia R? sinh béi hai vec to (1,2,3) va (1,—1,1).

2.26) W,,W,,W, 1 ba khong gian véc to con ctia R® xac dinh nhu sau:

W, ={(x,,2)
W; ={(0,0,2)| zeR}.

x,y,zeRx+y+z :O} W, :{(x,y,z)‘ X, 9,z eR;x:z};

Chtng minh rang: a) R =W, + W, ; b) R’ =W, +W;; c) R*=w, +W;.
Trong céc tong trén trudng hop nao 13 téng truc tiép.

2.27) Gia sit W 1a khong gian véc to con ciia khong gian véc to n chiéu V. Chimg
minh rang dimW <n.

dimW =n khivachikhi W =V
2.28) Cho W,,W, la hai khong gian véc to con cua R* xé4c dinh nhu sau:

W, ={(x,7,2.0)

Tim moét co s¢ va chiéu cua cac khong gian véc to con W, W, va W, nW,.

X, y,z,t ER;y+z+t :0};W2 :{(x,y,z,t)

X, y,z,teR;x+y=0,z= Zt}

2.29) Gia sir W,,W, 1a hai khong gian véc to con 2 chidu cia R?. Ching minh ring
W, "W, #{0}.

2.30) Gia st W,,W, la hai khong gian véc to con cua R’ thoa man diéu kién
dim®, =1, dimW, =2 va W, ¢ W,. Ching minh ring R>= W, ® W, .

2.31) Gia su Wp,W, la hai khong gian con cua khong gian véc to V' sao cho
W, W, =V . Chiing minh W} =V hoac W, =V

2.32) Gia su W|,W, la hai khong gian con cua khong gian véc to V. Chimg minh
rang hai tinh chat bét ky trong ba tinh chit sau kéo theo tinh chat thtr ba:

1) Wy w, ={0},
2) Wi+ W, =V,
3) dimW, +dimW, = dimV .

2.33) Ching minh rang moi khong gian con W ctia ¥ déu c6 bu tuyén tinh, nghia 1a
t6n tai khong gian con Z sao cho ¥V =W @ Z. Hoi Z c¢6 duy nhét khong?
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2.34) Cho hé véc to {v,..,v,} cua khong gian véc to V. Ching minh ring hé

n
{W,-...v,} dc lap tuyén tinh khi va chi khi ) Ry, 1 tong tryc tiép va v; =0 v&i moi
i=1

i=1,...,n.
2.35) Giasia V =W, ®...®W,. Chimg minh rang:

a) Néu S, 1la mot hé doc lap tuyén tinh cua W; vo1 moi i=1,..,n thi
HU...u, 1ahé doc 1ap tuyén tinh cia V.

b) Néu 7, 1a mot hé sinh ctia W; v&i moi i =1,...,n thi % U...U7, 1a hé sinh
cua V.

¢) Néu .7, 1a mot co sé caa W; véi moi i =1,..,n thi FU...0.%, 1a mot co so
cua V.

2.36) Giasu ky,....,k, lan sd thuc cho trude, trong R" xét tap:

W= {v = (XX, ) ER" ey + .y, = 0}

a) Chiung minh W 1a khong gian con cia R” .
b) Chimg minh rang dimW =n—1 néu k;,...,k,, khong dong thoi bang 0.

2.37) Cho hé véc to M :{vl,...,vp,ul,...,uq} cua khong gian véc to V. Gia su hé

= Vp

M, :{vl,. v } co hang la m va hé M, :{ul,...,uq

} c6 hang n. Ching minh hang
cua M <m+n.
2.38) Giasu V la khong gian véc to (hitu han sinh):

a) Chirng minh rang, véi moi hé sinh hiru han .% cua V', ton tai co sé & cua V'
sao cho #C .7 .

b) Chiing minh rﬁng, v&i moi hé sinh hitu han % ctia V' va hé doc lap tuyén tinh
U cha V saocho % C .4 ,ton tai cosd A cua Vsaocho U C B Y.

¢) Ching minh réng, v&i moi hé sinh hitu han .% cua V' va hé doc lap tuyén tinh
U cua V ,tdn tai cosd A cua Vsaocho W C RS JU .
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CHUONG III
MA TRAN

Ly thuyét ma tran c6 mit khip noi, trong toan hoc ciing nhu trong cac nganh
khoa hoc khac. Vi vay chiing ta dé& 1am tudng rang 1y thuyét ma tran ra doi da lau lam
nhung thyc té 1y thuyét ndy méi ra doi tir dau thé ky 19, mac du nhiéu loai bang s6 c6
tinh chat dac biét da duoc biét dén tur hang tram nam nay. Cac ma tran vuong xuét hién
dau tién ¢ dau thé ky 19 trong cac cong trinh vé dang toan phuong hay vé cac phép thé
tuyén tinh. Phép nhan hai ma trin vudng cap 3 duoc Gauss (Gau-xo) dua ra vao nam
1801. Tén goi ma trdn dugc nha todn hoc Anh Sylvester (Synvét) dua ra nam 1850.
Cayley (Ké-li) 1a nguoi dau tién mo ta mot cach tdng quat cac phép tinh véi cac ma
tran bat ky va ma tran nghich dao (1858). Peano 1a ngudi dau tién dua ra cach biéu
dién mot 4nh xa tuyén tinh qua cac ma tran. Con Gauss 12 ngudi dau tién st dung ma
tran dé nghién ciru cac dang toan phuong.

Ky hi¢u ma tran c6 dong, rat ¢6 ich va thuan tién trong khi thyc hién cac phép
bién ddi tuyén tinh (chuwong 6) va cho phép ta phat trién mot phuwong phap hoan chinh
dé giai cac hé phwong trinh vi phan tuyén tinh. Su quan tim ctia cic nha vat 1y doi véi
ly thuyét ma tran, dac bi¢t ting 1é€n sau khi Heisenberg, Born, Jordan vao nam 1925 da
dung né trong cac bai toan cta co hoc luong tir. Sy phét trién ciia may tinh hién dai
thuc hién dé dang nhiing phép tinh ma tran co ban cang thiic day thém sy ng dung
rong rai ma tran vao nhiing linh vuc khac.

C6 nguoi vi ma tran nhu 1a sé hoc cua toan cao cap. Cach vi von nay hoan toan
hop 1y vi ma tran dugc st dung rong rai trong cadc chuyén nganh khac nhau cua toan
hoc. Véi tu cach 1a sy biéu dién cua céc phép bién doi tuyén tinh, ma tran duoc su
dung trong céac bai toan cuc tri cia ham nhiéu bién, dao ham ham hop, ma trdn Jacobi
trong phép d6i bién sd, giai cac hé phwong trinh vi phan tuyén tinh. Cac ma trin duong
dung dé mo ta cac dic trung cua véc to ngau nhién, mo ta xac suit chuyén cta chudi
Markov trong 1y thuyét xac suat. Ma tran con dugc st dung dé giai cac bai toan quy
hoach tuyén tinh, phén loai cac dudong, mat bac 2...

Chuong trinh phin mém MATLAB (Matrix laboratory) hd trg cho viéc tinh
toan, do hoa va mo phong cling dugc thyc hién trong mdi trudong ma tran.

Nim virng khai niém ma tran giap hoc vién hoc tdt cac chuong 4,5,6,7.

Trong chuong nay ta chi xét khai niém ma tran cung vi cac phép todn cong ma
tran, nhan mgt s6 vo1 ma tran, nhan hai ma tradn va ma tran chuyén vi.

Cong hai ma tran cung c¢& dugc thuc hién bang cach cong cac phan tr nam trén
cac hang cac cdt tuong trng véi nhau. Nhan mot s6 véi ma tran 1a nhan s6 ndy véi moi
phan tr cia ma tran. Hai phép toan nay dugc thuc hién mdt cach dé dang. Phép nhan
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hai ma tran chi thuc hién duoc khi sb cot ciia ma tran truGe béng $6 hang ctia ma tran
sau. Khi d6 phan tir & hang i cot j cia ma tran tich c6 duoc bang cach 13y cac phan tir
trén hang thir i ctia ma tran trude nhan tuong ing vai cac phan tir trén cot thir j ciia ma
tran sau roi cong lai. Nhu vay phép nhan ma tran dugc thuc hién kho hon nhiéu. Hoc
vién can luyén tdp nhiéu vé phép nhan ma tran.

Tap hop cac ma tran cung cd voi phép cong ma tran va phép nhan mét s6 voi
ma tran la mgt khong gian véc to. Tap hop cac ma trdn vudng cung cap véi phép cong
ma tran va phép nhan ma trdn vdi ma tran la mot vanh c6 don vi, khong giao hoan va
khong nguyén.

Ma tran ciia mot hé véc to trong mot co s& & nao do la ma tran co6 cac cot 1a toa
do6 cua hé véc to nay trong co s& . Ma tran chuyén tir co s¢ 8 sang co s6 ' la ma

tran cia hé véc to A’ viét trong co s& 4. Hang clia ma tran 1a hang cta hé véc to cot.

Ma tran nghich ddo dugc xét trong chuong 4 khi ta da hoc dinh thirc ciia ma
tran. Bai toan chéo hod ma tran dugc xét trong chuong 6 cung véi bai todn chéo hoa tu
ddng ciu tuyén tinh. Ma tran truc giao va bai toan chéo hoa truc giao ciia mot ma tran
duoc xét trong chuong 7 bang cach sir dung tich vo hudng.

3.1 KHAI NIEM MA TRAN

Pinh nghia 3.1: Mét bang s6 ¢6 m hang n cét ¢é dang

a an A,
a21 a22 e az
A=| . ! 3.1
_aml am2 amn

dwoc goi la mot ma trdn co' mxn.
a;j la phan tir & hang thit i va ¢t j .
Khi a; eR,Vi,j thi A duoc goi la ma tran nguyén, a;j eC,Vi,j thi A duoc goi

1 ma tran phtrc. Néu khong chi ro aj thi ta quy uéc A4 la ma tran thuc.

Matrin A ¢& mxn c6 thé duoc viét tit dang
i=lm
A=[a;| = hay A= [a,.j]mxn (3.2)

j=L,n

Khi m =n tandi A 1a ma tran vuong cap n.
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Tap hop tat ca cdc ma tran ¢ mxn dwoc ky hi¢u A, .

Tap hop tat ca cac ma tran vudng cap n duoc ky hiéu ’/{n .

0o -1 =«

~3 2 5

Vidu 3.1: { } la ma tran c& 2 x 3.

Hai ma tran 4 = [ai]} , B= [bl-]} o bang nhau khi cing ¢& va c6 cac phan tir
mxn mXn

tuong Gmg déu bang nhau:

m=m
[ay]mxnz[bl.j]m,m' o dn=n' (3.3)
a,.j:bij,Vizl,m ; j=Ln

3.2 CAC PHEP TOAN MA TRAN
3.2.1 Phép cong ma tran

Cho hai ma trdn cung ¢c& A4 = [aij }mxn » B= [bij]mxn

T 5ng cua hai ma trdgn A,B 1a ma tran cung c& dugc ky hi¢u va dinh nghia boi

A+B=[c,.j] , Cy =y +by; véimoi i=Lm; j=Ln. (3.4)

mxn J
2 -3 0 0 8 5 2 55
Vidu 3.2: + = )
9 4 -1 -3 1 7 6 5 6

3.2.2 Phép nhian mjt sé véi ma tran

Chomatran 4= [aij] ¢ mxn, va sb thuc k . Ta dinh nghia va ky hi¢u:

mxn

kA = [kal.j]mxn (3.5)

Vi du 3.3: l{
2

/2 -1 o}

3 -8 10

{1/4 ~1/2 o}

32 -4 5]

i . . p X y x 6 4 X+y
Vidu3.4: Tim x,y,z va w néu: 3 = + .
z w -1 2w Z+w 3
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. . 3x 3y x+4 x+y+6
Gidi: Theo (3.4) va (3.5) ta duoc 3 = .
z

3w z+w—-1 2w+3
3x=x+4 2x=4 x=2
3y=x+vy+6 2y=x+6 =4
Theo (3.3) ta co yeaTy = ryer = Y
3z=z+w-1 2z=w-1 z=1
3w=2w+3 w=3 w=73

Tinh chit 3.1: Cic tinh chit sau day dung ddi véi cic ma trin cung cd:

1) A+(B+C)=(4+B)+C,;

2) Ma trdn c6 cac phan tr déu bang 0 goi 1a ma tran khong va ky hiéu 0.
Khido: A+0=0+A4=4;

3) A+(—=A4)=0 , trong do —A:[—aij] ;

mxn

4y A+B=B+A.

vay (M, ,+) 1a mdt nhom Abel.

Ta ciing kiém chtng dugc cac tinh chéat sau dung v6i moi sé thuc &,/ véi moi
ma tran A4 = [aij]mxn , B= |:bij:|m><n cO mxn:

5) k(A+B)=kA+ kB ;

6) (k+h)A=kA+hA ;

7) k(hA) = (kh)A4,;

8) 14= 4.

V6i 8 tinh chat nay tap e/ZmX ,, la khong gian véc to.

Ky hi¢u Eij 12 ma trin ¢& mxn c6 cac phan tir déu bang 0 ngoai trir phan tir &

i=Lm 5 j=Tn| lamtcoss cia My,

hang i cot | b:;ing 1. H¢ cac ma tran {EU
Vay dim-A ., =m-n.

Vi du 3.5: Ma trin c¢& 2x3 bat ky c6 thé biéu dién duy nhét thanh t6 hop tuyén tinh:
=dap +ap; +a3
(121 a22 (123 0 0 0 O O O 0 O 0
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. [oo0] fooo] Tooo
a a a .
21 0 o] o1 o] Plo o 1

C(f1 o olfo 1 0] [ooo]) . .
Vay , s 1a mot co sé cua A, , .
0O 0 0|10 O O 0 0 1

3.2.3 Phép nhian ma tran

Pinh nghia 3.2: Tich hai ma tran A= [ai]} va B= [bij] la ma tran co mxn

mxp pxl’l
dwoc ky hiéu va dinh nghia boi AB = [cl-j} , trong do
p
¢; =D agby véimoi i=1m;j=1n. (3.6)

k=1

Vay phan tir & hang thir i cot thir j cia AB bang tong cia tich cic phan tir cia
hang thir i cia A v&i cac phan tir tuong g cua cot thir j cua B.

/

]
[ S |

Y |
Vidu 3.6: [-------------! =

3 N
(9% 15
o[=[=" "1
7 17
4

B

Ta thiy ring tich cta hai ma trdin 4 va B dinh nghia dugc khi sb cot cua 4

bang s hang cua B. Vi vy co thé dinh nghia 4B nhung khong dinh nghia duoc BA
néu sb cot cia B khong bang s6 hang ciia 4.

Khi A4, B 13 hai ma trin vudng ciing cip thi ta c6 déng thoi AB va BA. Mic dau
vy chua chic co dang thic AB = BA, noi cach khac tich ma tran khéng c6 tinh giao
hoan. Chéng han, xét
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—1 0 0 ... O] 1 ]

30 ...0 300 ...0

A= 0 0 0 B= 0 0 0

(0 0 0 0 O] 0 0 0 0 0]
-1 -2 0 0] 3 6 0 0]

11 4 ... -3 0 ...
AB=|0 0 O .. 0| # BA=|0 0 0 ... 0}
(0 0 0 0 O] 0 0 0 0 O]

Tinh chit 3.2: Gia sit 4, B,C 14 cac ma trin v6i s6 cot s6 hang thich hop dé cac phép

toan sau xac dinh duoc thi ta c6 cac drfmg thuc:

1) A(BC)=(A4B)C tinh két hop.

2) A(B+C)=AB+ AC tinh phdn phéi bén trdi phép nhin ma trdn véi phép
cong.

3) (B+C)A=BA+CA tinh phdn phdi bén phdi phép nhin ma trdn véi phép
cong.

4) Véimoi k eR, k(AB)=(kA)B = A(kB).

5) Voi moi s6 tu nhién duong n ta xét ma tran / n vuong cip n cb cac phan tir

trén duong chéo bang 1 va cac phan tir & vi tri khac déu bang 0.

Khi d6 véi moi ma trdn A ¢& mxn ta co

I,A=A=Al,. (.7

Ma trgn 1, dwoc goi la ma trdn don vi cap n.

Tir cac tinh chat trén ta thay tap hop cic ma tran vudng cip 7 >2 cing v6i phép
cong va nhan ma tran (ejfnﬁ,.) la mot vanh khong giao hodn, c6 don vi va khong

nguyén vi ¢6 udc cua 0. Chang han
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2.0 ... 0 2 -6 0 ... 0

0 ... 0 -1 3 0 ... 0
A4=[0 0 0 .. 0| B=[0 0 0 .. 0
000 0 0 (0 0 0 0 0]

A,B#0 nhung A4B=0.
3.2.4 Da thirc ma tran
Gid sit p(r) = ag +ayt +---+a;t* 12 mot da thire béc k .
Véi moi ma tran 4 vudng ca”ip n. Ta dinh nghia da thirc ctia ma trdn 4 nhu sau:
p(A)=agl +ajA+---+a, A (3.8)

Quiudec A°=1, A'=4.

, [-7 2 1 0] [1 27 [t 27 [-6 30
=60 671" D=0 1174 3Ta 3] Tlaa sol

3.2.5 Ma tran chuyén vi

)
Vi du 3.7: Cho 4 :L 3} va da thie p(t)=5—-4t+1. Ta co:

Pinh nghia 3.3: Cho ma trgn A ¢& mxn, néu ta déi cdac hang ciua ma trgn A thanh

cdc cot (va do do cac cot thanh cdc hang) thi ta duwoc ma trgn moi co6 nxm, goi la ma

A P4 ., ~ A r 1A t
trdn chuyén vi ciia ma trdn trén A, ky hiéu A

At:[cy}nxm:cij:aﬁ Vi=ln;j=1m. (3.9
4
, (-4 25
Vidu 3.8: A= 2 0|; A = .
5 1 0 9

Tinh chat 3.3:

1) (4+B) =4"+B".
2) (kA) =kA'.

3) (4B) =B'A" .
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Pinh nghia 3.4:;

1) Néu A= A" thi A dwoc goi la ma trdn doi xirng (A 13 ma tran vudng co cac
phan tir d6i xtng nhau qua dudng chéo thir nhat).

2) A=-A"thi A dwoc goi la phan d6i xitng (A 13 ma trdn vudng c6 cac phan
tir di xtmg va trai ddu qua dudng chéo thir nhét, cac phan tir trén dudng chéo thir nhét
bang 0).

3.3 MA TRAN CUA MOT HE VEC TO
3.3.1 Pinh nghia ma tran cia mgt hé véc to
Gid st ¥ 1a khong gian n chiéu véi mot co s& B ={ey,.....e, } .

{vl,...,vm} 1a mot hé gom m véc to cia V' ¢6 toa do trong co sG A :

Gia suv —Zaljel,]—l m , khi d6 ma tran 4 = [ IJ co cac cot la cac toa do

nxm
i=1

cua cac véc to { v,...,v ! trong co s& & dugce goi 1a ma tran cua hé véc to {v,,...,v
1 m 1 m

trong co 86 & .

A:[ ]m =Za,], i=1m (3.10)
Nguoc lai, voi ma tran 4 ¢& nxm cho trude thi ta ¢c6 hé m véc to ma toa do

ctia no trong co s& & 1a cac cotcua 4.
Vay khi khong gian véc to V' véi co sé ¢b dinh & = { €s.... en} thi co tuong tng

1 - 1 gitta cac ma tran ¢c& nxm voicac h¢ m véctocua V.

Noi riéng, n€u u = x,e; +...+x,e, theo (2.9) ta ky hi€u toa o cua u trong co s¢

$ la

u =(X1,.00, X 3.11
() = Gisesn) (3.11)
Ma trin clia u trong co s& &4 la
X
W] =|: (3.12)
B
x
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Vi du 3.9: Ma tran cua hé véc to v =(4,1,3,-2), v, =(1,2,-3,2), v; =(16,9,1,-3)

trong co s chinh tac cua R* 1a

4 1 16

1 2 9

33 1
2 2 -3

3.3.2 Ma tran chuyeén co s&
Gia st #B={e¢,...e,}, B'={e,..e',} 12 hai co s6 cua V. Ma tran cia hé

véc to AB' trong co s¢ B dugce goi 1a ma tran chuyén tir co s6 B sang co s6 B’ .

Nghia 1a néu
n
e'j = Ztyel ,j = l,n
i=1
Thi
B
T= [;/L (3.13)

12 ma tran chuyén tir co s& & sang AB'.

n n
Khi d6 véi véc tobatky u €V ; u=Y xe; = x';e';. Taco:
i=1 i=1
[xi]nxl - [tij Jm [x 'j ]m (3.14)
Nghia la
B
(], =1 ][], (3.15)

(3.14), (3.15) dwoc goi la cong thire doi toa dd

Néu 4, A' 1an luot 12 ma tran cua {vl,...,vm} trong co s& A, AB' thi
B
A= [tlj] A (3.16)

Vi du 3.10: (Xem vi du 2.16 Chuong 2) Hai hé véc to % = {el,en} , B = {e'l,e'n} , VOl

e, =(1,0), e, =(0,1) va e'; =(L1), e, =(4,3) la hai co s¢ cua khong gian véc to RZ.
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Theo cong thuce (2.10): Vuz(x,y)eR2: u=xe +ye, =(4y —3x)e'|+(x—y)e';
u =(x,v); (u =4y-3x,x—v).
( )/), (x,);5 ( )ﬂ (4y ¥)

. ) ) 1 4
Ma tran chuyén tir co s 8 sang AB' 1a T = L 3} do do

MEH

, } ,, -3
Ma tran chuyén tir co s& ' sang A 1a T :{ |

SO AL

4
1},do do

3.4 HANG CUA MA TRAN
3.4.1 Pinh nghia va tim hang ciia ma trin bang phép bién déi so cap

Dinh nghia 3.5: Ta goi hang cua ma trdn A, ky hiéu r(A), la hang cua cac véc to cét

cua A.
Phuong phap tim hang ciia ma trin biang phép bién ddi so cip
Hang 7(S) ciia mot hé véc to S cua khong gian V' 14 s6 véc to ciia mot hé con
ddc lap tuyén tinh toi dai ctia S hay 14 chiéu ctiia spanS (xem Pinh 1y 2.16 chuong 2).
Vi vay khi ta thuc hién lién tiép cac phép bién do6i sau, goi 1a cac phép bién doi so cép,
thi span S khéng doi do d6 hang cta hé khong thay dbi:
1) P6i ché cho nhau hai véce to ciia hé.
2) Nhan vao mot véc to cua hé mot s6 khdc 0.
3) Cong vao mét véc to cua hé mot 16 hop tuyén tinh cac véc to khac cua hé.
Vi vay dé tim hang ctia mot ma tran ta thuc hién cac bién dbi so cép lén cac cot
(sau ndy ta s& chimg minh duoc rang ta cling co thé bién d6i theo cac hang) dé dua ma
tran vé dang tam giac hodc hinh thang (xem Nhan xét 2.2, cach 1). Sé cac vée to cot
khéc 0 1a hang cua ma tran.

I 3 4 203+ [1 0 0 0

A=[2 1 1 4 |dq+c3oc3]2 17 =7 0

Vidu 3.11:
-1 -2 1 =2 —26’1-}-6’4—)6’4 -1 -5 5 0
%
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Cl - q
Cl + 02—) C2
—Cl+ C3 —)C3

] + C4—) cq

1 2 —2c1+ 05—>c?5

0
0
0

Cl—)Cl
02—)02
02+C3—)C3
_— -
Viay r(4)=2.
Vidu 3.12:
102 1 -1 12:?5‘1 -1
B a -1 1 -1 -1 o 1 -1
1 a 0 1 1 |[eg>c|0 1
2 2 -1 1282 -]
1 0 0 0 0] 17
02—)63
1 0 -2 a+1 -3 o3>
0 1 1 1 a |—(a+3)cy+(a+l)ez+2cq >y
27 1 -1 ) (3—-2a)cy —3c3 +2c5 —> c5
A 4 néu a=l
Vay r(B)= ) :
3 néu a=1

3.4.2 Cac ma tran twong wng v6i cac phép bién doi so cip

Xeét cac ma tran vudng cap n sau:

Rk =[ay]=

P(@i, j)=[ay] =

hang i

hang k&

Ay =

1
0
1
1
0

trong cac truong hop khac

0
0
0

2-2a 2—2a_

(3.17)

(3.18)
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1,
N I k=1
0@, j.A) =[ay] = ay=1r k=il= (3.19)
A - Lt hang i 0 trong cdc trudong hop khéc
L ....1_
Cot j

Tinh chit 3.5: Ta d& dang kiém tra duoc:

a) Néu nhan R(k,\) vao bén phai ctia ma trdn 4 thi ma tran tich AR(k,A) ¢o

duoc béng cach nhan thém A vao cOt k£ ciama tran 4.

a b c¢l||1 0 0 a M ¢
a'" b'" c¢'||0 A O|=|a'" Ab' '
a" b" C" O O 1 a" kb" "

b) Néu nhan P(i, j) vao bén phai ciia ma tran 4 thi ma tran tich AP(, j) c6

duogc bang cach d6i cho hai ¢t i vaj cuia A cho nhau.

a b ¢l||0 1 0 b a ¢
a'" b'" c¢'||1 0 O|=|b" a ¢
a" b" CH O O 1 b" a" c"

¢) Néu nhan O(i, j,A) vao bén phai ciia ma trdin A4 thi ma tran tich A40(, j,\)
co duoc béng cach nhan A vao cot i va cong vao cdt j cia ma tran A.

at+tic b ¢

a b c¢l||1 0 O
a'" b'" ¢'||0 1 O0|=|a+ic' b' '
a" b" C" 7\( O 1 a"+7\,C" b" C"

d) Néu nhan P, O, R vao bén trai ciia ma trdn A4 thi ta c6 cac két qua tuong tu

nhu trén, trong d6 cac tac dong lén hang ddi thanh tac dong lén cit va nguoc lai.

Chang han
1 0 Olla b c a b C
0O A Ofla'" b'" c'"|=|ra'" Ab' Ac'
O O 1 a" b" n a" b" C"
1 0 Olla b c a b c
01 O0f|la" b c'|= a' b' c'
0O A 1|la" b" c" ra'+a" Ab'+b" Ace'+c"
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BAI TAP CHUONG III
1 3 0 1 2 -3
3.1) Cho 4=|-1 2|,B=|3 2|,C=|1 2 |. Tinh:
3 4 -2 3 4 -1
a) (A+B)+C b) A+(B+C)
c) A',B',C! d) A'B e) BC!.

2 -5 1 1 -2 -3 0 1 -2
3.2) Cho A=  B= ,C= :
30 -4 0 -1 5 1 -1 -1

Tinh 34+4B-2C.

3.3) Trong khéng gian véc to -4, cic ma tran vudng cip 2. Ba ma tran sau c6 doc 1ap

1 1 1 0 1 1
khong: 4= , B= , C= .
1 1 0 1 0 0

3.4) Trong khong gian véc to e/é cac ma tran vudng cép 2. Tim toa do cua ma tran

2 3 111 0 -1 I -1 1 0
A= trong co so , , , .
4 -7 1 1 1 0 0 O 0 0

3.5) Cho cac ma tran

2 -3 0 1 2
) 4 0 -3
A= , B= ,C=|5 -1 -4 2|,D=|-1].
0 3 4 1 2 3
10 0 3 3

a) Tinh A+B, A+C, 34—4B.
b) Tinh 4B, AC, AD, BC, BD, CD.

¢) Tinh A", A'C, D'A", B'A, D'D, DD'.

v T o2 317 3] w[2 32 o7 3
O Tmh sl s ol s 7)o 3]s -2

51
3|

17 -6
c) .
35 —12

1
3.7) Cho A= L

a) Cho f(x)=2x>—4x+5,tinh f(4).

b) Dt g(x)z‘ 4" tinh g(4).

-3—x
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2 0 7 0
3.8) Cho 4= va B= . Tinh :
0 3 11

0
a) A+ B b) 4B c) A°
d) A" e) p(A), trong d6 p(t) 1a mot da thirc.

3.9) Chiing minh néu AB = BA thi vi moi s tu nhién n > 0:

k=0
2 -1
o _J

0 1 1999
) L o}
coso  —sino AL o
d Lin(x cosa} ){O XJ

(A+B)' = A" +na" B+ 2

1 -2
3.10) Tinh: a){ }
3 -4

0 01 0
0 0 0 1
3.11) Cho J=
1 0 0O
01 0 0
a) Tinh J?

b) Xét ma tran 4= ol +BJ, ching minh 4" c6 dang 4" = a1 +B,J

Tinha,,, B, theo a,B,n.

3.12%) Tinh 4'% veéi

1 -2 1 21 2
a) A=|-1 1 0 b) A={0 1 0
-2 0 1 0 0 2
0 2 11
c) A= d) 4= .
-3 5 -1 3

0 néui=j
3.13) Cho A:[ }lamatranvuongcap n>?2; a;; = | néu iz i
néu i+ j

a) Tim o, sao cho P =0a4+p/ thoda man Pr=1.

b) Viét cu thé P trong céc trudng hop n=3,n=4.
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3.14) Cho ma tran 4 :[aij] vudng cap n. Ta goi Trd =ay| +ayy +...+a,, (tong cac
phan tir trén dudng chéo chinh) 13 vét cia 4. Chtng minh:

a) Tr(A+B)=TrA+TrB;

b) TtdB =TrBA (mac du AB # BA);

¢)néu B=P 4P thi Trd=TrB;

d) khong ton tai ma trin 4, B sao cho AB—BA=1.

a b
3.15) Choma tran 4= { }
c d

a) Ching minh A4 thod man phuong trinh X2 - (a+d)x+ad—-bc=0.

b) Chirng minh A% =0 véish nguyén duong k > 2 khi va chi khi 4% =0.

¢ d
3.16) Cho D = A= " “l op=|? 2|
_Cn dn_

Tinh DA va BD .

3.17) Hai ma tran 4, B duoc goi 14 giao hoan néu AB = BA . Chirng minh ring 4 giao
hoan v&i moi ma tran vudng cing cap khi va chi khi 4 12 ma trdn v6 hudng (nghia 1a
A=kl).

. X I 1
3.18) Tim tat ca cac ma tran Y giao hodn voi .
z t 0 1
3.19) Chimg minh rang tap hop tit ca cac ma tran dbi xing vudng cip n (4’ = 4) 1a

khong gian véc to con ctua khong gian véc to fjln cac ma tran vudng cap n. Tim mot

co s¢ cua khong gian véc to con nay.
o ) a b e
3.20) Tim cac ma tran 4 :{ d} trong cac truong hop sau:
c
a) 42 =0 b) 4% =1

¢) c=0 va A" =1 véin nao do.

3.21) Ma tran vudng 4 dugc goi la luy dang néu A>=4. Chting minh rang tong ciia
hai ma tran luy dang 4, B 1a luy dang khi va chi khi AB+BA=0.
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3.22) Cho 4, B la hai ma tran ¢& mx n. Ching minh rang »(4 + B) < r(A4)+r(B).
3.23) Tim céac vi du vé hai ma tran 4, B vudng cap 2 théa man ting diéu kién sau:
a) r(A+B)<r(A), r(B).
b) r(A+B)=r(A)=r(B).
c) r(A+B)>r(A), r(B).

3.24) Tinh tich ma trin AB bang cach dung phép nhan ma tran khi

1 21 1 2 3 1
E F R S
A=|3 4 0|, B=|4 5 6 1 codangmatrankhmA , B= ,
0 G 0 T
0 0 2 0 0 01
. 1 2 1 1 2 3 1
trong d6 E = ,F=| |,G=[2], R ,S=| |, T=[1].
3 4 0 4 5 6 1
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CHUONG IV
PINH THUC

Ma tran va dinh thirc ngdy nay luén di lién v6i nhau va ai ciing nghi 1a khai
niém dinh thic phai ra doi sau khai niém ma tran, nhung su thuc nguoc lai. Pinh thirc
hinh thanh 12 nham dé giai cdc hé phuong trinh tuyén tinh ma viéc lam nay da c6 mot
lich str 1au doi trude do.

Khai niém dinh thtc 1an dau tién duoc Leibniz (Lépnit) dua ra vao nam 1693
khi ban dén viéc giai hé phuong trinh tuyén tinh. Dinh thirc duoc tiép tuc phat trién va
nghién ctou qua cac cong trinh cua Cramer (Corame) (Thuy si), Vandermonde
(Vandécmong) (Ha Lan), Laplace (Phap), Jacobi (ia-co-bi) (Puc)... Ngudi dau tién
nghién ctru khai niém dinh thirc mot cach hé thong 1a Cauchy (C6-si) (Phap).

Ngoai tmg dung dé giai hé phuong trinh tuyén tinh, dinh thirc con duge sir
dung dé nghién ctru nhiing van dé cta ma tran nhu: ma tran nghich d4o, hang cua ma
tran, tim gia tri riéng... Khdo sat tinh chat doc 1ap ctia mot h¢ véc to. Pinh thuc Jacobi
duoc st dung trong phép ddi bién sé cua tich phan nhiéu 16p. Pinh thirc Wronsky
(vrong-xki) dung dé kiém tra tinh chat doc lap tuyén tinh cua céc nghiém cta phuong
trinh vi phan tuyén tinh thuan nhat.

Pinh thirc ciia mot ma tran vudéng duoc dinh nghia bang téng cia tat ca cac sd
hang c6 dugc bang cach 14y tich cua cac phan tir trén tat ca cac hang nam trén cac cot
khac nhau cta ma tran va nhan v6i dau ctia hoan vi twong tmg. Tuy nhién khi tinh dinh
thire ta thuong sir dung céc tinh chat ctia n va phuong phép khai trién theo hang, theo
cot hodc nhiéu hang, nhiéu cot (Pinh 1y Laplace).

Pé dinh nghia dinh thuc ta sir dung khéi niém phép thé d6 13 mot song anh tir
mot tip ¢ n phan tir vao chinh nod, anh cua phép thé 13 hoan vi. Khai niém phép thé,
hoan vi ta da gap ¢ chuong 1, trong muc giai tich to hop.

Trong chuong ndy ta xét dén hai ung dung cua dinh thirc d6 1a tim ma tran
nghich dao va tim hang ctia ma tran bang cach tinh cac dinh thirc con. Trong chuong 5
ta s& tng dung dinh thirc dé giai hé phuong trinh tuyén tinh. Trong chuong 6 ta s& ing
dung dinh thirc dé tim gié tri riéng ctia ma tran hodc tu dong ciu tuyén tinh.

Trong chuong 3, ta dd chi ra rang tap cic ma trdn vudng cung cap v6i phép
cong ma tran va phép nhan ma tran Ia mgt vanh c6 don vi nhung khong nguyén, do do
n6 khong phai 13 mot truong. Vi vy ton tai nhitng ma tran vudng khac ma tran khong
va khong kha nghich. Str dung tinh chét dinh thirc cta tich hai ma tran bang tich hai
dinh thtrc ctia hai ma tran nay, ta chung minh dugc diéu kién can va du dé mot ma tran
kha nghich 13 dinh thirc cta né khac 0. Dong thoi ta co cong thire tinh ma tran nghich
dao bang nghich dao cta dinh thirc nhan véi chuyén vi cia ma tran phu hop.
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Hang cua mdt ma trdn bang cap cao nhat cia dinh thirc con khac 0 chira trong
ma tran.

Vi vdy yéu cau cia chuong nay 1a phai nim vimg duoc dinh nghia dinh thirc
clia mdt ma trn vudng, cac tinh chit cua dinh thirc va cac phwong phép tinh dinh thirc.
Tu d6 c6 thé tinh toan thanh thao dinh thirc ctia cac ma tran thong thuong, van dung dé
giai cac bai toan vé ma trin nghich déo, vé hang ctia ma tran.

Ngoai phuong phép sir dung dinh thire ta ¢ thé sir dung phuong phap Gauss-
Jordan dé tim ma tran nghich dao, thuc chit cua phuong phap nay 1a st dung phép
bién d6i so cap 1én cac hang cta ma tran.

4.1 HOAN VI VA PHEP THE

Pinh nghia 4.1:

1) Moi song anh o : {l, 2,...,n} — {1,2,...,n} dwoc goi la mot phép thé bdc n.

Ta thuong ky hiéu mot phép thé bang mot ma tran c6 hang thir nhat 13 cac sd
1,2,...,n sap theo tht ty ting dan con hang thi hai 13 4nh cua no:

1 2 .. n
O =
o(l) o(2) .. o(n)
2) Anh ciia mét phép thé dwoc goi la hodn vi. V&i phép thé o ta c6 hoan vi

tuong trng

[G(l) c(2) .. G(n)].

3) Ddu ciia phép thé:
Mdi cip i < j ma o(i) > o(j) dugc goi 1a mot nghich thé clia phép thé o.
Gia st k 13 sb cac nghich thé cua o, ta dinh nghia va ky hiéu ddu cta phép thé o 1a
Sgno = (—l)k 4.1)

Nhu vay phép thé 1ay dau + hodc — néu sb cac nghich thé twong tng 13 chin hoic
1¢.

Ta dé dang kiém ching duogc rang tip cac phép thé bac n véi luat hop thanh 1a
phép hop cua hai dnh xa tao thanh mot nhém khdong giao hoan, goi 1a nhom doi xung
bdc n, ky hi¢u S, .
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Trong chuong 1 ta da biét tap S n c6 ding n! phan tir. Chang han S, c6 2 phan
tir, S3 c6 6 phan tir ...

, 1 2 3 ,
Vi du 4.1: Hoan vi [1 3 2] umg v6i phép thé o = L ; 2} c6 mdt nghich thé 1a

¢ap (2, 3). Vay sgno=(-1)' =—
Pé tim sb cac nghich thé k cua phép thé o ta thuc hién cac bude sau:

Trong hoan vi [6(1) ©(2) .. o(n)] 6 j la gid tri sao cho o() =1.

¢ Goi k;1a so cac sb trong [o(1) o(2) ... o(n)] ding trude o(i)) =1; (k12 sd
cac nghich thé tng voi 1).
¢ Xo4 sb o(iy) =1, ton tai i, sao cho o(i;) =2, goi kyla sd cac sb con lai trong

[6(1) ©(2) .. o(n)]ding trude o(iy) =2; (ky1a sO cac nghich thé ing véi 2).
¢ Xoasd o(ip) =2 va tiép tuc dém nhu thé ...
Cudi cung s6 cac nghich thé cua o la:
k=k+ky+..+k,
Vidud.2: )Hoanvi [3 4 2 1]c6 k=3, k=2, k3=0.
Vay k=k +ky+k;=3+2+0=5 do d6 sgno = (-1)° = -
2)Hoanvi [4 2 5 1 3]c6 k=3, ky=1,x0al,2 =k =2,k4=0.

Vay k =k +ky+k;+ky =6 do d6 sgno=(-1)° =1

Tinh chit 4.1:

1) Cap (i,j),i# j la mot nghich thé ctia phép thé o ( nghia 1a i< va

o(i) > o()) khi va chi khi ddu cia ————2 o) ~o()) bang —1. Vay
i—j

sgno= [ dau (G(’) G(J)j 4.2)

I<i#j<n J

2) Phép thé chuyén vi 6 =[iy j,] 1a phép thé chi bién déi hai phan tir iy, j,

cho nhau va gilt nguyén c4c phan tir con lai:
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1 2 ... iy .. Jo ... n
o= 0 N 43)
I 2 .. jo o iy .. n
Dé dang tinh duge: & =... =k 1=0, ki =jo—ip,
ki0+1:"':kj0—1:1’ kjo :...:kn:() = k:2(j0_i0)—1

Viay sgncs:(—l)k =-1.
3) Vé6imoi o,ues,:

sgn(co) =sgnosgnpl. 4.4)

That vay, khi (i, j) chay khip tap {1,2,...,n}><{1,2,...,n}\{(1,1),...,(n,n)} thi
(u(i),u(j)) ciing chay khip tap nay. Do dé:

- [T aa dﬂ—c(f)j: i (cm(i»—cmm)]
e 1sl'1¢_j['s;1 au[ =] lSu(i)];!(j)Sn - n(@) — ()

1=J

R G(M(i))—c(u(j))j_
L1 au( () 1))

1<i=# j<n

~ senosann= [] déiu(c(“(i)) —o(u() | 8 da,u[},t(i)— u( j)J

1<i# j<n @) = (/) 1<i# j<n i=J

: =sgn(cop) .
1=

< | o(u@)—o(u(y)
= dau
131’1;[5;1 [ -

4) Vi moi phép thé chuyén vi [iy jy] (xem 4.3) va phép thé o:

sgncso[io jo] =—sgno.

4.2 PINH NGHIA PINH THUC

Trudce hét ta lién hé dén khai niém dinh thie cip 2 di biét khi giai hé phuong

. L ax + by =c
trinh tuyén tinh

a'x+b'y=c'

a b

a' b

D=

1 1 ¢ b ' 1
=ab'-ba', D, = o b =cb'-bc', Dyz

Cac dinh thie nay duoc xac dinh 12 tich 2 phan tir cia dudng chéo tht nhat trir
tich 2 phan tir ciia duong chéo thu hai.
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- . A a a A X \
Nhu vay dinh thirc cia ma tran 4 = { 1 12} vuong cap 2 1a
a,, a
21 492
a4
‘A‘ = = 6111022 — (1126121 (4.5)
drp A

, ‘ 1 2 1 2
Mat khac nhom doi xtmg S ¢6 2 phan tr 1a o) = L 2} va o, = {2 J co
dau sgno; =1, sgno, =—1 . Vay (4.5) c6 thé viét lai

ap  ap

|4|= = ay1ay; —appdy

dyy dp

=S8N0 A5 (1)%26,(2) T 58107 A5, (1)%20,(2) = Z SgNGC di5(1)326(2) -
ces,

Mo rong két qua ndy ta co dinh nghia dinh thirc cia ma tran vudng cip n bét
ky nhu sau:

Dinh nghia 4.2: Dinh thirc cua ma trgn vuong A= [aij] dwoc ky hiéu la
nxn

det A hay ‘A‘ va dinh nghia boi biéu thirc:

det 4 = Z Sgnao - alG(l)...anG(n) (4.6)

ces,

Nhu vy dinh thirc cia ma trdn vuong 4 = [aij} 1a téng tat ca cac tich gdbm n
nxn

phan tir trén n hang ma ¢ trén n cdt khac nhau cua ma tran 4 va nhan vdi dau cua
phép thé tuong Ung.

Vi du 4.3: Nhom dbi xting S5 ¢6 6 phan tir 1a (xem vi du 1.23 chuong 1)

1 2 3 1 2 3 1 2 3
G]: 962: 763: s

1 2 3 2 3 1 31 2

1 2 3 1 2 3 1 2 3
Gy = s » 05 = . Og =

1 3 2 3 2 1 2 1 3

c6 dau sgno; =sgnoc, =sgnoz =1, sgno, =sgncs =sgncg =—1 . Vay

app dip 43

dyr dppp 43| = Z SEN G d15(1)%26(2)%36(3)

a3 ayp  ay| O
= 4114033 T a1p073031 T A1307193) (4.7)

—apd)3dsy —djpdp a3z — d13dpdzy -
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2 5 x
Vidud44:3 v 4/=12y+3x+20z—xyz—-8-90=3x+12y+ 20z —xyz—-98.
z 1 6
dir 412 43 - dyy
ary dnz e Qoy
Vi du 4.5: Tinh dinh thitc D, = azy .. az,

o .

n} 6 sgno =(—1)0 =1.
n

2

. 1
Xét phép thé o = L 5

Véi moi ce S, néu o # o, thi ton tai k sao cho o(k)#k = ton tai k' sao

cho G(k') <k' = ak'G(k') =0 = alG(l)...anG(n) =0. Véy

D, = Z SEN G - Ay (1) Apg(n) = SN O A 1--lpy = Ay 1oy - (4.8)
ces,

Tuong tu

. Q
dy1 an

' = —
D'y =laz; a3y a3 =apy..-Ayy . 4.9)
Ay Ay Ayy ... Ay,
O u
Ay n-1  42p
Vidu 4.6: Tinh dinh thtc D", = -' : :

al’l—l,z Ay _1n

al’ll Clnz ann

n n-—

. |
Xét phép thé o :{ . ﬂ thod man oy(k)+k=n+1, Vk=1,..,n.

Ta dé dang tinh duoc
kl =n—1, kz =n—2,...,kn_1 =] = k=1+...+(n—l)=n(n—1)/2
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= sgno; =(=1)""2 . Mit khic véi moi ce S, néu o # o, thi tn tai k sao

ChO G(k)+k <n+l = akG(k) =0 = alc(l)...anc(n) =0.

Véy D"n = Z Sgnc-alc(l)...anc,(n) =8gnao;j - anl...ak’n_k...aln

ces,
= ()" D2 ay ey (4.10)
Tuong tu
Qi 4 e g1 Qi
drp dpp - Aoy
p" = i = (D" ey, (@11)
anl Q
2 a b c
i 0 -7 d e
Vidu 4.7: =2-(=7)-(-1)-3=42.
— 10 0 -1 f
0O 0 0 3
4 _2 X 3><2
Vidud8: 3 y 0/ =(-1)2 xyz=—xpz.
z 0 O

Vi du 4.9: Gia sit 4 12 ma trdn vudng cap n c6 tinh chit trén mdi hang mdi cot co
dung mot phan tir bang 1 con cac phan tir con lai déu bang 0. Tinh dinh thic cua A.

Gidi: Trén hang thtr i c¢6 phan tir duy nhat trén cot Ji bang 1 con cac phan tir con lai
déu bang 0. Vi mdi cot co6 ding mot phan tir bang 1 nén cac phan tir J; ung voi cac

hang khac nhau 13 khac nhau, n6i cach khac [ j; j, ... j,] 1a mot hoan vi cua {1, ..., n}.

1 2 - n
Ky hiéu o, :{ o ) } thi det(4) =sgno .
S J2 0 Un

Pinh nghia 4.3: Dinh thuc cua ma tran A= [aij] cua hé véc to {vl,...,vn} ung voi

nxn
co s¢ B trong khéng gian véc to n chiéu V dwoc goi la dinh thirc ciia hé véc to

{vl,...,vn} trong co s¢ B va ky hiéu Dy {vl,...,vn}. Vay

Dy {Vsev, ) = det 4. (4.12)
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Vi du 4.10: H¢ véc to v =(2,4,1), v, =(3,6,-2), v =(=1,5,2) ¢6 ma tran trong co so&

2 3 -1
chinhtic Z cuta R’ 1a 4={4 6 5
1 2 2

Vﬁy Deuﬂ {Vl,Vz,V3} =det4=49.

4.3 CAC TiNH CHAT CO BAN CUA PINH THUC

Tinh chit 4.2:

1) Néu dbi chd hai hang ciia ma tran thi dinh thirc d6i dau:

a; néu i# k,m

_ [ ' [ ~ . 3 [
A—[aij}nxn, A _[a"f}nxn’ a'y =qa;; néu i=m thi detA4'=—det 4.

ay; néu i=k

Thét Vay: detA'= Z Sgno-a '16(1) ...a 'kG(k) .a ‘mc(m) ...a 'I’lG(I’l)

ces,

Z Sgnao- alc(l)...amc(k)...akc(m)...anc(n)
ces,

= Z Sgno - alc'(l)...akc.(k)...amc.(m)...anc.(n)
ceSs,

= - Z SgnG" alc-(l)...amc.(k)...akcv(m)...ancv(n) = —detA
c'es,

trongdd o'=oce[k m].

a b c a" b" c"
Vidud.11l: |a' b' c'|=—|a' b' c'|.
a" b" C" a b C

2) Pinh thirc ¢6 tinh chat tuyén tinh d6i voi mdi hang:

Cho hai ma trén 4 = [aij ]nxn, B = [bl.j

} va ma tran C = [cy] c6 hang thu
nxn nxn

k 1a t6 hop tuyén tinh ctia hang thit k cia 4 va B, cac hang khac hang thtr & cua ba

ma tran nay bang nhau.
cji = ay; =bl-j néu ik

~ \ l
Nghia la / / . ..
Clg':aalg'+Bblg'; véimoi j=1,..,n.

thi detC=oadet4+pBdetB.
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Thét V;ﬁy: detC = Z SgnG-Clc(l)...ckc(k)...cm(n)

ceS,

= Z sgnc-alc(l)...(aakc(k) +Bbk6(k))...am(n)

ces,

= Z Sgnao - alc(l)...akc(k)...am(n) +B Z sgnao- b]G(l)"'ka(k)"'bnG(n)

ces, cesS,
=oadetA+PdetB.
a b c a b ¢ a b ¢
Vidu4.12: a' b' c' =ala' b' c'|+Bla" b' c'|.
(X.Cll + Ba2 (X.bl + Bbz (X.Cl + BC2 al bl Cl a2 b2 Cz

3) Tir 1) va 2) suy ra rang trong mot dinh thirc c6 hai hang ty 18 thi dinh thirc
bang 0.

4) Néu ta cong vao mot hang mot t hop tuyén tinh cac hang khac thi dinh thirc
khong thay doi.

5) Pinh thtrc ctia ma tran Chuyén Vi béng dinh thirc cua ma tran do:

vy o _ [ ) v s 3 r_
Gia su A—[aij]nxn, A _[aij}nxn’ aij—aﬁ,z,]—l,...,n thi detA4 =detA.

detAt = Z sgnc-a'lc(l)...a'kc(k)...a'm(n) = Z Sgnc-ac(l)l...ac(k)k...ag(n)n

cesS, ces,

= Z Sgnao- 6116_1(1)...ak6_1(k)...an0_1 (n)

ces,

_ -1 _
= Z SENG -y ot gy ey 1 ey () =det 4

ceSs,

Vi sgno =sgn o L.

' n

a b ¢ a a' a
Vidu4.13: |a' b' c'|=|b b' b"|.

a" b" c" C Cl C

6) Tir 5) suy ra rang cac tinh chit cua dinh thic dung véi hang thi cling dung
v6i ¢t va nguoc lai. Vi tinh chét nay tat ca cac két qua cua dinh thic dung ddi véi
hang c6 thé chuyén thanh tinh chat diing d6i v6i cot. Chang han, tinh chét 4) chuyén
thanh tinh chat dbi voi cOt nhu sau: néu ta cong vao mot cOt mot td hop tuyén tinh cac
cot khac thi dinh thic khong thay d6i.

7) Pinh thirc ctia moi hé n véc to phu thudc tuyén tinh cua khong gian véc to n
chiéu déu bang 0.
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C_lll e Ay
8) det(A)(modp)= D sgnodgny.-duony =| : - (4.13)
ceS - -
" anl Ann
Vidud1d: A=|a;]| voi a5 =11
T .. 1
det(4)(mod2)=|: "-. |=0(mod2) = detA chan.
1T .1
a 1 1 .. 1| |a+n-1 1 1 .. 1
l a1 .. 1| a+n-1 a 1 .. 1
Vidud.15: D,=|1 1 a .. l|=la+n-1 1 a .. 1
I 11 ... a a+n—-1 1 1 .. a
(cOng cac cot vao cot 1)
1 11 ... 1 1 O 0O .. O
1l a 1 ... 1 l a-1 0 .. O
=(a+n-D|1 1 a .. l|=(@+n-D|I 0 a-1 .. 0
1 1 1 ... a 1 0 0 .. a-1

= D, =(a+n—-1)a-1)"",

4.4 CAC CACH TiNH PINH THUC

4.4.1 Khai trién theo hang, theo cot
Néu ta nhom theo cot thir j cong thire (4.6) thi ta dugc:

detA=aj;| D, SENC Are()d36(3)no(n) | *
ceS,,.o(l)=j

+(12j Z Sgnao- 010(1)030(3)...61,16(”) +...+
ceS,,0(2)=j

Tay; Z SN G - A15(1)%25(2) - Fn-1o(n-1) |-
cesS, ,o(n)=j
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Vi vay dinh thtrc cua ma tran 4 duoc viét lai dudi dang

dCtAZCllelj +...+ClnjA 4.14)

nj
goi 1a cong thirc khai trién ciia A theo cot thit j.
Aij duogc goi 1a phan bu dai sb cua aj; .

Dinh Iy 4.3: Ky hiécu M ij la dinh thuc cua ma tran ccfp n-1 co duwoc bcing cach xoa

hang i cot j cua ma tran A thi
Ay = (D" My, 4.15)

Chiing minh: Trudce hét ta chimg minh 4, = M. Taco:

All = Z Sgno 6126(2)...61},16(”) = Z SgnG' aZGV(Z)...anG.(n) = Mll

ceS,,o(1)=1 c'eS,

véi G'=G‘{2 ) 1a phép thé trong tap hop {2.....n}.

Truong hop 4;; bét ky, ta thyc hién i-1 1an d6i chd cac hang va j-1 1an doi chd
céc cot dé dua vé hang 1 cot 1.
Dods Ay =(-D""* D, = (1" M,

Cong thirc khai trién theo hang i duoc suy tir tinh chét 3.7: 6)
det 4 = ailAil +...+ ainAin (4.16)

Nhin xét 4.1: Cong thirc khai trién theo cot thr j (4.14) va cong thire khai trién theo
cot I (4.16) cho phép tinh dinh thirc cip n theo tong cac dinh thirc cip n—1 dang

a;4;;, trong do viéc chon hang thir i va cot thu j la tuy y. Néu & hang thtr i hodc cot j

ma a; =0 thi a;4; =0. Vi vy dé tinh dinh thirc ta thirc hién cac budc sau:

+ Chon hang i hoac cot j co nhiéu phén tor bé“mg 0 hoic dé triét tiéu.

+ Thuc hién cic phép bién d6i (cong vao mdt hang mot o hop tuyén tinh cac
hang khac) dé triét tiéu cac phan tir trén hang (hodc cot) da chon.

+ Khai trién theo hang hodc cot da triét tiéu.
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-1 + c3 —> c3

1 2 3 4 1 2 2 2
—201 + cyq - Cy4
1 0 1 2 1 0 O
Vidu4.16: D= =
3 -1 -1 O 3 -1 4 -6
1 2 0 -5 1 2 -1 -7
2 2 2
Khai trién theo hang tht 2 ta dwoc D = (-=1)>"1-1-|-1 -4 —¢|.
2 -1 -7

Tiép tuc triét tiéu hang thir nhat cua dinh thirc trén ta co

2 0 0
D | -3 5= 7 (=2)( 3)1 - 6(=9 +5)=-24
s 3 o -3 -9 1 -9

4.4.2 Pinh Iy khai trién Laplace (theo k hang k cot)

T ma tran A:[aij} tadéy k hang: i, <..<i, va k cot: j, <...< j,.
nxn

Giao cua k hang k cOt nay 1a mQt ma tran cép k . Pinh thttc cia ma tran nay

duoc ky hiéu 1a MZ{I ’"';.Zk .

Néu tir ma trin A ta xoa di k hang i]5.-5 i V& k cOt j],..., ji thita c6 ma tran

con cip n —k . Pinh thirc cia ma tran nay dugc ky hiéu la M {1 oIk gy

1seeolk

Aijl,...;zk _ (_1)11 RaPO o e o A It oy 4 j\_lljl,,lzk (4'17)
j ERXXD) 15005

duoc goi la phén bu dai s cua Ml.]1 ""l’.]k .
1oe-5lf

dyy dpp dp3 dyy ;25
Vidud4.17; A=|a @ a a a>
yidua4a.l/ ENRINE PV KR
g1 A4p Q43 A4 Qys
| 451 dsp ds3  dsq  dss |
a a
M1235 _|%2 s
a3y  dzs
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dry dp3 dpy dyy dp3 dpy
1+3+2+5 _
13 P = (1) Aqp Qg3 Qgq|=—|A41 A43 A4y
ds; ds3  dsy ds; ds3 dsy

Dinh ly 4.4 (Laplace):
1) Khai trién & hang i, <...<i,:

— ]17 7]1{ ]19 :]k
detd= > M]lgls (4.18)
I<j,<.<j,<n

Dinh thirc cia 4 bang tong tat ca cac dinh thirc con cap k& nam trén k hang
i} <...<i, nhan véi phan bu dai so tuong Gmg ctia no.

2) Khai trién k cot j; <...< j,:

detd= ) M ’kafl’ Ik (4.19)

el el
I<ij<.<iy<n

Dinh thitc cia 4 bang tong tat ca cic dinh thirc con cdp k nam trén k cot
j, <...< j, nhan véi phan bu dai s6 tuong tmg ctia né.
Pic biét khi k£ =1 ta c6 cong thirc khai trién theo hang va theo cot (4.14), (4.16).

Chirng minh: Truong hop i, =1,...,i, =k:

M 1 ,k = Z SEN G - A1)+ Ao (k)

ceS,
L,....k , 1.k
1ok Z SENG " Ay 116'(k+1) - ns'(n) = Al,...,k
c'eS,

Ung v6i mdi phép thé o cia tap {L,....k} va c' ctia {k+1,...n} thi phép thé p
c6 hoan vi trong tng [o(1),...,0(k),o(k +1),...,5(n)] c6 sb cic nghich thé bang so cac
nghich thé ciia o cong v6i sd cac nghich thé ciia o'. Do d6 sgnp=sgno-sgnoc'. Vi
vay moi tich

SENC - A1)+ Ako(k) *SENC " U116 (k+1) -+ Pnc(n)

1a mot hang tir trong tong cuia det 4. Néi cach khac M i’ ’kM k chi bao gom cac

hang tir ctia det 4; n6 1a mot bo phan trong biéu thire tong cta det 4. Trudng hop tong

quat M ljl’ ’kj" ta bién doi hang va cdt cia det 4 dé dua M: Jio- l’kj" vé dinh thirc con bac
150 I seens
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k goc trén bén trai. Ta thyc hién i, —1 lan d6i chd hang thir j; dé dua vé hang thu 1,
.y iz —1 lan d6i chd hang tht i, d& dua vé hang thtr k. Tuong tu d6i chd
J1—Le i —1 lan dé dua cac cot J1oeeos Jk vé cac cot 1,....k . Vi vay dinh thuc doi dau

(_1)(1'1 D4+ —D+( —D+..+—D _ (_1)i1+...+ik+jl+...+jk .

il
Khi d6i vi tri nhu vay dinh thirc bu cia M S l’fk vanla M,k
19 BLe l’ otk

ool Ji et o T g 1o A , , 5
Do d6 Ajl’ 2k = ()it j"Mll 2%, nhu vdy cac hang tor cia
1’ ’k 199tk

Mljl’ l’J" AJ“ ZTJ" cling chi 1a cac hang ttr ctia det 4.
[ eeeale I seenslg

Mit khac moi Mfl’ Ik AJ" “Jk ¢ k!(n—k)! hang ti. S& cac dinh thie con

B seesly I el

Mjl’ =Jk trén k hang i,...,7; bang s6 cac to hop n chap k va bang C,];

I ’k

Cac hang tir ctia Mjl’ Z’J" AJ“ ?]k va MJI’Z’J" Ajl’l’Jk khéc nhau ting doi
I peensly I 5eenslg U 5eensly L 5eesly

mét néu {jl""’jk} z {j'l”“’j'k} .

Do d6 tong Z Mljl’ l’k]"A]l’ ’kj" co Ckk'(n k)!'=n! hang t&r phan biét
19000 ]7 7
I<j<..<j<n

ciia det 4 nhung det 4 ciing chi c6 n! hang tir. Viy mdi hang tir ciia det 4 déu la
hang tir ndo d6 ctiia mot trong nhirng M{l lkj" A{l ”kj" véi 1< ji <...< j, <n.Vayta
c6 dang thuc (4.18).

Cong thirc khai trién theo cot (4.19) dugc chimg minh truc tiép hoan toan tuong

tur cach trén hodc c6 thé suy ra tir két qua trén va 4p dung tinh chit det 4 = det A

Vidu 4.18:
a, ... ay 0 . 0
Qi G| Dtk e Ytn
Ay ... Gy 0 .. 0 . . : : .
D, = = : o : . : 1(4.20)
Qesrr - Gtk | Gtk o Ghln
. . . . . . Arr - Q|| Quken Aun
A e Ay Ay e Ay
Giai:

Tu diéukién 1< j <...< j, <n = j, >k.

100



CHUONG 1V: PINH THUC

% Néu ji >k thi M{">/k =0 vi dinh thitc nay c6 it nhat mot cot bang 0.

gesey

. all alk
® Néu jy =k thi M =My = '
akl akk

At1k+1 - Qk+ln
A L..,k_ 1+ +k+1+--+k . . .
va Al = (-1

.....

Ank+1 Ann
air - YUk ||9k+1k+1 0 Yt
Vay D, - . . : . :
Arr - k|| Gnk+1 Ann
a b
c d b 2 2 2
a
Vidu4.19: Tinh D, =le f 2 2 2|= d‘ -1 -4 —6|=24(ad —bc);
c
g h -1 -4 -6 2 -1 -7
i j 2 -1 -7

(Xem Vi du 4.16).

Vi du 4.20: Vi hai ma tran vudng cung cap 4, B bat ky ludn c6
det AB =det Adet B 4.21)

That vay, gia sir A= [ay]nn B= [b,-j]nxn,

n
C=4B = [Cij ]nxn, Cij = Z aikbkj
k=1

Xét dinh thirc cip 2n:

e
0
0
e
.
.
0
‘e
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Khai trién Laplace theo n hang dau ta c6 D,, =det Adet B (xem vi du 4.14). Mat
khéc, nhan by, v6i cot 1, by v6i cot 2,..., b, v6i cotn cia D,, xong cong tat ca vao

cot n+1 thi dinh thic D,,, tr¢ thanh:

all aln cll O O

a, o Gy, ¢y 0 0

~., 0 by b
O 1 0 by, b,

Tiép tuc bién doi twong ty nhu trén cudi cung dugc:

n_

6111 aln Cll Cln

D _ anl a,m Cl’ll Cnn

SC . O 0 0
I O

O -1 :0 0

_L". O Cll Cln
1+2+..+n+n+l+..42n o, :
D2n = (—1) - . . .

2;1(2;1+1)+

_(-1) 2 .detC=detC.

4.5 UNG DUNG PINH THUC PE TiM MA TRAN NGHICH PAO
4.5.1 Dinh nghia ma tran nghich dao

Ta da biet vanh (-4, ,+,.) cac ma tran vudng cap n 1a khong nguyén, vi vy véi
ma tran vuong cho trude chua chiac da c6 ma tran nghich ddo doi voi phép nhan ma
tran.

Dinh nghia 4.4: Ma trin vuong A duoc goi la kha nghich néu ton tai ma trn vuong

cung cdp B sao cho AB=BA=1.
Phép nhan ma tran c6 tinh két hop nén ma tran B ¢ dinh nghia trén néu ton tai

thi duy nhat, ta goi ma tran nay la ma trdn nghich dao cia A, ky hiéu A1
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4.5.2 Piéu kién cin va di dé ton tai ma tran nghich dao

Pinh 1y 4.5: (diéu kién can) Néu A kha nghich thi det A# 0 (ta néi ma trgn A khéng
suy bién).

Chiing minh: A4 =1 = detAdet A =det A4 =detl =1.

Do d6 detA4= #0

det 47! '

Dinh nghia 4.5: Ma trgn B = [AU] , trong do A la phan bt dai s6 ciia phan tir aj

nxn

cua ma trgn A= [aij} , duwoc goi la ma tran phu hop cua A.
nxn

Dinh Iy 4.6: (diéu kién da) Néu det 4= 0 thi 4 kha nghich va

| Q-
B, 4.22
det 4 ( )

A7 =

véi B 1a ma tran phu hop cta 4.
Chirng minh: Khai trién dinh thirc cia ma tran A theo hang thr £ ta duogc:
ap gy + ...+ ag, 4y, =det 4.
Vi vay tong a;; Ay + ...+ aj, Ay, 13 khai trién theo hang thtt & ctia dinh thtc cia ma

tran c6 dugc bang cach thay hang th k& ctia A boi hang thir i ctia 4, do d6 bang 0
(vi hang thir k& va hang thtr i bang nhau). Vay

det4 néu i=k ;
aj A +...+a;, 4, = o = AB =(det A)!. (4.23)
0 néu i #k
Tuong tu, khai trién theo cot ta co:
det4 néu i=k ;
ay A+t a,; Ay = o = B'A=(detA)I . (4.24)
0 néu i #k

Cong thirc (4.23)-(4.24) suy ra két qua (4.22).

Hé qua 4.7: Néu BA=1 hodc AB=1 thiténtai A va A4 =B.
Chiing minh: BA=1 = detA#0 = 347 va

B=BAAHY=BHA" ' =47",
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b ,
H¢ qué 4.8: Ma trén 4= {a d} vudng cap 2 v6i dinh thirc |4|=ad —bc#0 ¢6 ma
C

d - d —b
tran nghich déo la A7 = ! | = ! .
ad —bc|-b a ad —bc|—c a

) 5 7 . . _ o o1 119 -7
Vidud4.21: A= 3 9 co ma tran nghichddaola 4 =— .

24| -3 5
1 2 3
Vidud4.22: Matran A=|2 5 3|coddetd=-1.
1 0 8
5 3 2 3 25
A = (=D =40, 4, =(-)""? =—13 , A5 =(-DI* =5,
11()08‘ 12()18 13()10
2 3 13 1
Ay = (=1)*" =-16 , 4y, =(-1)**? =5, A =(-1)*" =2,
21()08‘ 22()18 23()10
2 3 1 3 1 2
Ay = (=1 =9, Ay, =(-1)*"? =3, Ay =(-1)*" =1,
31()53‘ 32()23 33()25
1 40 -13 -51% T[40 —-16 —9] [-40 16 9]
Vay A l=—|-16 5 2| =—-13 5 3 |=|13 -5 -3|.
9 3 1 -5 2 1 5 -2 -1
2 5 3
Vidu4.23: Matran A=|7 3 2| c6 detd=-56.
4 1 3
3 2 7 2 7 3
Ay = (=D =7, A =(-D'*? =—13, 4y =(-D'*? =-5,
=D | 3‘ 12 =(=1 4 3 13 =(-D 41
51 2 1 2 5
Ay = (=D =14, Ay = (-1)**? =2, dyy=(-1)*" =18,
1 =1 { 3 h =(=1 13 3 =(=1) 41
51 21 2 5
Ay = (=1)°H =7, Ay, =(-1)**? =3, Ay =(-1)*" =-29 ,
31 =(-1) 3 7 3 =(=1) - 33 =(-1) 7 3
t
1 7 -13 -5 1 7 -14 7
Vay A l=—|-14 2 18 | =——|-13 2 3
~56 56
7 3 =29 -5 18 -29
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4.5.3 Tim ma tran nghich dio theo phwong phap Gauss-Jordan

Tinh chat 3.5 muc 4.2 chuong 3 chi ra rang: viéc thuc hién lién tiép cac phép
bién ddi so cap 1én cac hang clia ma tran 4 dé dua 4 vé ma tran don vi tuong ung voi
viéc nhan bén trai cia 4 cac ma tran Ey,...,E; dang R(k,A), P(i,j), O@,j,\A) (xem

3.15,3.16, 3.17) sao cho E;...E, A=1.Matkhac theo Hé qua 4.7 thi A= E\..E}.

Ciing v6i lap luan nhu trén ta c6: E...E, = E,...E,I 1a ma trdn c6 duogc bang
cach thuc hién boi cung cac phép bién ddi so cap twong tng nhu da thuc hién d6i véi
ma tran A4 1&n cac hang cua ma tran don vi /. Vi vay dé tim ma tran A ta thuc hién
cac budc sau:

1) Viét ma tran don vi / bén phai ma trdn A: Al
2) Thyc hién cac phép bién ddi so cap dong thoi 1én cac hang cua A|I dé dua
matran 4 O vé trai vé ma tran don vi /.

3) Khi vé trai tré thanh ma tran don vi thi vé phai 1a ma tran A7

Al —>.......... 1A' (4.25)
1 2 3
Vidud.24: Tim A véi 4=|2 5 3 (vidu4.22)

1 0 8

1 2 311 0 0 hy — Iy 1 2 3|1 0 0
—2h1+/’l2—>h2

2 5 30 1 0 —hl+ﬁ>—>h3 0 1 3-2 1 0

1 0 80 0 1 0 -2 5|-1 0 1

1 2 31 00 4, 55, 1 2 31 0 0

hl—)hl _hlz_))lz

hoh 0 1 -3=2 1 0 R0 132 10
2h h h

27878 0 —1l-5 2 1 0 1|5 -2 -1

0 040 16 9
I 013 -5 -3
0 15 -2 -1

Sy ek o] 2 0-14 63

3ha + hy —> h >y
3@3@ 20 1 013 -5 -3 B3
0 0 1 5 -2 -1

=
RS
+
&
=
O =

S
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40 16 9
Vay A= 13 -5 -3
5 -2 -1

Nhén xét 4.2: Tim 4™ theo phuong phap Gauss-Jordan s& dé dang khi cac phan tir

cua A~ 1a cac s6 nguyén (thudng gip khi det 4 = £1).

4.6 TIM HANG CUA MA TRAN BANG PINH THUC

Pinh thirc cia mot hé phu thudce tuyén tinh bang 0 (xem Tinh chat 4.2-7). Do d6
néu dinh thirc Dy {vy,...,v,,} # 0 thi hé {v,...,v,} doc 1ap tuyén tinh.

Nguoc lai, néu hé {VIseesv, | d0c lap tuyén tinh thi Dy {VIse v, } # 0. Thét véy,

gia st hé {v,..,v,} c6 ma trdn trong co s6 B ={e,...e,} 1a A:[aij], nghia 1a

V; =Zn:al-jei . Taco det 4 =D,%{v1,...,vn}.
i=1

Mat khac vi hé {Vl yeers vn} ddc lap tuyén tinh nén no cling la mot co so cua V.

ij Vi
i=1

n
Viy ta co e; :Zb~v~ .bat B :[bij], ta c6 thé kiém tra duoc AB=I=det4#0.

Dinh 1y 4.10: H¢ {vl,...,vn} doc lap khiva chi khi D {vl,...,vn} #0.

: 2 B . . o
Nhén xét 4.3: Ta da chung minh dugc néu 7 = [tlj} la ma tran chuyén tir co s6 &

3"

sang &' thi ma tran chuyén tir co s& B' sang B 1a T L.
B B B A
T_[zl.j]%, = [z U]ﬁ =T (4.26)

Dinh ly 4.12: Gid su A= [aij] la mét ma trgn ¢& mxn. Néu ton tai dinh thirc con

mxn

ciap p cua A khdc 0 va moi dinh thitc con cdp p+1 bao quanh né déu bang 0 thi
r(A)=p.
Chirng minh: Khong mat tinh tong quét ta c6 thé gia thiét dinh thirc con cap p goc

tréi M*7 % 0. Khi do p véc to cot dau doc lap tuyén tinh, vi néu cé mét véc to 1a 6

A o ) . \ R X g ea i X L., . ,
hop tuyén tinh cia p—1 véc to con lai thi mau thuan voi gia thiet M, 5 #0 (dinh ly

4.10), do @6 r(4) > p. Ta can chimg minh bat dang thirc nguoc lai.

106



CHUONG 1V: PINH THUC

Véimoi k=1,....m; s=p+1,...,n; Xét ma tran cép p+1:

app e e A, A
Ay e ey, A
B : .
Apl o e Apy Ay
Al e e Gy Gy |

Khi k < p: Matran B c6 hai hang bang nhau, do d6 detB=0.
Khi k> p: detB=0, vi det B 1a dinh thirc cip p+1 bao M 115 .
Mit khac khai trién theo hang cudi ta duoc dang sau:

Qi + ot Aty + ag M P =0

= ap, = May +...+kpakp ,voimoi k=1,2,...m.

Vi vy véc to cot v, 1a t6 hop tuyén tinh clia p véc to cot dau. Vay r(4)< p. ®

Hé qua 4.13: A la mot ma trdn c6 mxn thi r(4A) =r(4") <min(m,n).

Nhén xét 4.4: Dé tim hang ma tran A ta tim dinh thirc con cép 2 khac 0. Bao dinh
thirc nay bdi cac dinh thirc con cép 3. Néu tit ca cac dinh thirc cAp 3 bao quanh déu
bang 0 thi 7(4)=2. Néu c6 dinh thic con cap 3 khéac 0 thi ta tiép tuc bao dinh thirc
cip 3 ndy boi cac dinh thirc cip 4...

2 1 -2 3
Vidud4.25: Matran A=|-2 9 -4 7 |cbd:
-4 3 1 -1
2 1 =20 |12 1 3
2 1
=20, -2 9 —4=-2 9 7|=0.
-2 9
-4 3 1 -4 3 -1
Vay r(4)=2.
(2 1 0 4]
-4 -2 1 -7
Vidu 4.26: Ma tran B =
3 1 -1 4
1 4 3 -4
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2 1 0
=0 nhung =1.
-4 -2 -2 1
2 1 0
Bao dinh thirc ndy boi dinh thirc cap 3: |-4 -2 1|=1.
31 -1
Dinh thitc cép 4 chinh 1a dinh thirc |B|=0.
Vay r(B)=3.
(a 1 1 1]
1 a 1 1
Vidu 4.27: Tim hang cuia ma trdin A =
1 1 a 1
1 1 1 a]
Ta co ‘A‘z(a+3)(a—l)3.
Vay: eKhi a#-3,a#1thi r(4)=4,
eKhi a=1thi r(4)=1,;
1 -3 1
eKhi a=-3,(1 1 =-3#0= r(4)=3.
1 1 |

Trong thyc hanh ta c6 thé két hop phuong phap nay véi phuong phép bién dbi so
cép 1én cac hang cac ¢t ma tran thi qua trinh tim hang ma tran s€ nhanh hon.

BAI TAP CHUONG 1V

S 1 2 3 4 5| . 1 2 3 45
4.1) Cho hai phép thé c = va U= .
2 4513 4 1 3 5 2

a) Xac dinh cop, poo, c .

b) Xéc dinh ddu: sgno, sgnp, sgn(cop),sgn(neo), sgno .

4.2) Tinh céc dinh thtrc sau:

11 1 2 1 1
a) -1 0 1 b0 5 -2
-1 -1 0 1 -3 4
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2 -1 4 7 6 5
ol6e -3 -2 Hll 2 1
4 1 2 3 2 1

4.3) Tinh cac dinh thuc sau:

0 1 1 1 2 =5 1 2
1 0 1 1 -3 7 -1 4
a) b)
1 1 01 5 -9 2 7
1 110 -6 1 2
7 6 3 7 -5 8 4
3 57 2 7 5 2
c) d) .
5 4 35 3 7
5 6 5 4 —4 -8 -3
. a—-b a
4.4) Tinh dinh thuc .
a a+b
4.5) Tinh cac dinh thirc
t—2 =3 t-5 7
a) b) .
-4 -1 -1 t+3
e k
4.6) Tim céc gia tri cia k sao cho 2k‘ =
4.7) Tinh dinh thirc cia cac ma tran sau:
_ '3 2 -5 4]
/2 -1 -1/3
-5 2 8 -5
a) A=|3/4 1/2 -1 b) B=
-2 4 7 -3
1 -4 1
- 2 3 -5 8
[t+3 -1 1
cC=| 5 -3 1
6 -6 t+4
4.8) Tinh dinh thirc cia cac ma tran sau:
t-2 4 3 t—-1 3 -3
a) A=| 1 t+1 =2 b) B=| -3 t+5 -3
0 0 -4 -6 6 t-4
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+3 -1 1
c)C=| 7 -5 1
6 —6 t+2
1 x x> x°
4.9) Giéiphuongtrinh:l 2 4 8 =0.
1 3 9 27
1 4 16 64
2 99
4.10) Biét 299, 966, 161 chia hét 23. Chimg minh |9 6 6| chia hét 23.
1 6 1

4.11) Khong can tinh dinh thie, chimg minh cac dang thirc sau:
a b ax+by+c| |ag b ¢
a) 612 bz Clzx + bzy + C'z = 612 b2 C'z
(13 b3 a3x + b3y + C3 Cl3 b3 C3

a+bx a-bx ¢ a b q
b) Clz +b2x az_bzx C2 :—2x a2 b2 Cz
a3 + b3x 613 — b3x C3 613 b3 C3
1 a bel 1 a a? 1 a o 1 a d*
Ol b cal=|l b B dll b Pl=@+b+o)l b b?
1 ¢ abl )| ¢ ¢ 1 ¢ & 1 ¢ ¢
1 & & 1 a a°
ol b bl=(ab+bc+ca))l b b*
1 2 & 1 ¢ ¢
1 1 |
X 29) Xn

4.12) Cho dinh thiec Vandermond D, =

n (k-1 n=1( n
Chung minh: D, = H (x; —xﬂzH(H(xk —xi)Jzn( H (xg —xl-)].

1<j<i<n k=2\i=1 i=1 \k=i+1
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a x Xx
Clz X
413) Tinh D,={x x a3 .. x
X x Xx a,
a b ¢ d
b d -
4.14*) Chimg minh a) ¢ U= (@ b2+ +d?)?
—c —-d a b
-d ¢ -b a
a -b —-a b
b -b -
byl Yo a4 +d?)
c —-d ¢ -d
d ¢ d c
l+a, a, a,
a l+a, a,

4.15*) Chirng minh =l+a +ay+..+a,

4.16%) Cho dinh thirc D, = det| a; | v6i a;; bing 1 hodc —1, v6i moi i, j =1,....n.
a) Chimg minh D, 1a mot s6 chin;
b) Tim gi4 tri 16n nhét cta cac dinh thic Dy;
¢) Chimg minh D, <(n-1)(n—1)! véimoi n>3.

4.17%) Tinh dinh thirc cia cic ma tran vudng cip n trong cac trudng hop sau:

a) a; =min(, j), b) a; = max(i, ),
/ T+ j-1)!
1 2 n-1 n
n 1 n-2 n-1
4.18) Tinh D, =n—-1 n n-3 n-2

2 3 .. n 1

a; (0| = Y a'y(0)45(x) .

i,j=1

4.19) Ching minh 4
dx
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4.20) Tim A dé hé véc to sau phy thudc tuyén tinh:

u= }\'a__la__l s V= __15}\'9__1 s W __19__19}\' .
22 2 2 22

4.21) Tim hang cta cac ma tran sau:

4 3 -5 2 3
2 -1 3 2 4 8 6 -7 4 2
a) A=|4 2 5 1 7 b)B=|8 3 -8 2 7
2 -1 1 8 4 3 1 2 -5
8 6 -1 4 —6]
3 1 2] -1 2 1 -1 1]
C)C:14 7 2 d)D:m—11—1—1
1 10 17 4 1 m 0 1 1
4 1 3 3] 12 2 -1 1]

dao:
2 1 -1 1 4 2
a) A=|0 1 3 by B=|-1 0 1
21 1 2 2 3
1 -1 2 1 1 2
o C=(-1 2 1 dD={2 3 2
2 3 2 1 3 -1
1T 1 1 1]
1 1 -1 -1
e) E=
1 -1 1 -1
1 -1 -1 1]
-1 3 -3
4.23)Cho A=| -3 t+5 -3
-6 6 -4

a) Tim céc gia tri cua ¢ d& 4 kha nghich.

b) Khi r=3 tim 47".
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t+1 7 3
4.24)Cho A=| -1 -1 2
t-5 2t-5 t-6
a) Tim céc gid tri cua ¢ dé A kha nghich.
b) Khi =2 tim 4.

4.25) Gid st A 1a ma tran chéo va B 1a ma tran tam giac c6 dang:

al 0 oo 0 bl 012 e Cln
i 0 a, - 0 5o 0 b, - o,
0 0 - a,] 0 0 - b,

a) Chung t6 rang ma tran phu hop ctia 4 c6 dang chéo va ma tran phu hop ciia
B c6 dang tam giac.

b) Chimg to rang B kha nghich khi va chi khi moi b; #0; do do A kha nghich

khi va chi khi moi a;, #0.

¢) Chung to rang néu A, B kha nghich thi ma tran nghich dao tuwong tng c

dang:
a0 0 | b7 dy, d,, |
R a,” 0 | |0 b, d,,
0 0 a,” | 0 0 b,
I, 0
4.26) Ching t6 ma trdn vudng kha nghich, v6i A€ A, . Tim ma tran
A Iq qxp

nghich déo.
4.27%) Chung t6 rang néu P lap= Q_IBQ thi ton tai cac ma tran R va S sao cho
A=RS, B=SR.

4.28) Chung t6 rang moi ma tran vudng phan ddi xtmg (4’ = —A4) cip 1¢ 1a suy bién.
Ma tran vudng phan d6i ximg cap chin c6 suy bién khong? Ching minh rang ma tran
nghich dao ctia ma trdn phan dbi ximg cling 1 ma tran phan déi xtmg.

4.29*) Tim ma tran nghich ddo cua cac ma tran vuodng cap n sau:
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1 1 1 ... 1 o 1 1 .. 1
1 0 1 .. 1 0o 1 .. 1

a) A=|1 1 0 .. 1 b) B=[1 1 0 .. 1
111 0 111 0]
- - i 2 no |
A1 0 0 O 1 a a a
0 A 0 0 01 a .. a"!
_O 0 O coe }\4_ _O O 0 1 |

4.30%) Chumg minh néu 4* =0 thi 7+ 4, I — 4 kha nghich.

4.31*) Chimg minh néu 4" =0, B” =0 va AB = BA thi I + A+ B kha nghich.
4.32*) Chirng minh rang néu (I + A)* =0 thi detA4#0.

4.33*) Chting minh néu 7 + AB kha nghich thi 7 + B4 ciing kha nghich.

4.34*) Tim tat ca cic ma trin vudng cip n dang tam giac 4 = [aij], a; >0 co

ij

A7 =[b; ], ;>0

4.35*) Gia str ma train 4 vudng cip n thoa min (XA)2 =0 v61 moi ma tran X vudng

cap n. Ching minh 4=0.

4.36*) Chimg minh dang thirc Wagner dung v6i moi ma tran 4, B,C vudng cap 2:
(AB— BA)*C—C(AB—-BA)* =0.

4.37*) Cho hai ma trdn 4, B vudng cap n thoa man tinh chdt AB—BA=B.

a) Chimg minh AB* = B¥(4+ k) v6i moi k.

b) Tr do suy ra det B =0.
4.38) Cho ma tran khbi M = {Ié ?} , trong d6 A4, C 1a hai ma tran vuong. Chung
minh rang |M| = |A||C| .
4.39) Cho 4, B, C, D 1a cic ma tran vudng cap n giao hoan. Ching minh rang ma

tran khdi M :{g g} vudng cap 2n co dinh thirc |M| :|A||D|—|B||C|.
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CHUONG V
HE PHUONG TRINH TUYEN TiNH

Hé phuong trinh tuyén tinh 13 bai toan thudng gip phai khi nghién ciru cac hé
tuyén tinh. D6i v6i hé phi tuyén ngudi ta xap xi boi hé tuyén tinh. Vi vay hé phuong
trinh tuyén tinh c6 rat nhiéu tng dung trong thuc té.

Nho su hd tro cta cong ngh¢ thong tin, cac bai todn hé phuong trinh tuyén tinh
ngay cang duoc Gmg dung rong rai hon. C6 thé chi ra ddy mot vai bai toan dang nay:

- Su phan phdi dong dién trong nhitng so d6 ¢ nhiéu ghép nbi.

- Giai gan ding nhing bai toan cua 1y thuyét thé vi.

- Giai gan ding mot vai bai toan trong cac van dé birc xa dién ti.

- Su phan phéi van toc cac dong nudc trong cac hé thuy luc hoc phtc tap.
- Ung dung phan tich théng ké vao tam 1y hoc, xa hoi hoc va kinh té hoc.

- Chudi Markov, phan bb dimg cta chudi Markov tmg dung trong bai toan
chuyén mach cia tong dai ...

Hé phuong trinh tuyén tinh da dugc biét dén rat som. O Trung Qudc ngudi ta
tim thay mot cudn sach c6 khoang tir nim 500 trudc cong nguyén, trong d6 co nhiing
chi din vé viéc duing mot ban tinh dé giai cac hé phwong trinh tuyén tinh qua céc vi du
cu thé. Phuong phap giai ndy chinh 1a thuat toan khir Gauss. O chau Au thuat toan nay
da duoc md ta trong cong trinh cua Buteo (Phap) nam 1550, truéc Gauss hon hai thé
ky. Mot phuong phap khac dé giai hé phuong trinh tuyén tinh 13 sir dung dinh thirc cta
Cramer.

Thoat tién ta c6 thé thdy rang hinh nhu van dé giai hé phuong trinh tuyén tinh
d3 cii r0i va c6 thé giai quyét bang nhiing phuong tién tinh toan so cip quen biét. Tuy
nhién dé giai cac bai toan néu ra & trén ta thudng phai khao sat khoang tir 150 dén 200
phuong trinh déng thoi. Tinh trang ay trong thyc hanh da gy ra nhiéu kho khan 16n
dén nodi hau nhu khong thé giai quyét ndi néu chi dung phuong phap so cip. Véi sy hd
trg cia may tinh va cac thuat toan méi da khién cho hé phwong trinh tuyén tinh duoc
tmg dung hiéu qua dé giai quyét cac bai toan thuc té. Mua hé nim 1949, Gido su
Wassily Leontief truong Pai hoc HarVard d gui ¢én Trung tAm tinh toan cta truong
Dai hoc Mark II dé nghi giai hé phuong trinh tuyén tinh gdm 500 phwong trinh véi
500 4n biéu dién céc chi tiéu kinh t& cia My. Mark II 1a mét trong nhimng trung tim
may tinh dién tir 16n nhit thoi by gid cling khong giai quyét dugc. Leontief budc phai
dua bai toan vé hé 45 phuong trinh v6i 45 an. Véi két qua nay Leontief nhan duoc giai
Nobel kinh té nim 1973, éng ta dugc xem 1a ngudi mé canh cira vao k§ nguyén moi
vé cac mo hinh toan hoc vé kinh té.
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Mot hé phuong trinh tuyén tinh c6 thé viét dudi dang ma tran, dudi dang mot
véc to 12 mot to hop tuyén tinh ctia mot hé cac véc to khac hodc biéu thirc toa d6 cua
mot 4nh xa tuyén tinh (chuong 6).

Néu ta ky hiéu cac hé s6 ctia hé m phuong trinh c6 n 4n thanh mot ma tran c&
mxn, cac an thanh ma tran cdt nx1, cac hé s6 vé sau thanh ma tran cot mx1 thi hé
phuong trinh di cho ¢ thé biéu dién dudi dang ma tran. V6i cach biéu dién nay ta
thiy néu ma tran cac hé sd kha nghich thi hé phuong trinh c6 duy nhéat nghiém (hé
Cramer).

Néu ta xét n+1 véc to ¢ m thanh phan trong d6 n véc to dau 1a cac hé sé ung
vOi cic an con véc to thtr n+1 1a hé sb cua vé sau cia hé phuong trinh. Khi d6 h¢
phuong trinh duoc biéu dién dudi dang véc to, vé sau 13 mot to hop tuyén tinh cta n
véc to cac hé s6. Véi cach biéu dién nay thi hé phuong trinh ¢6 nghiém khi va chi khi
véc to vé sau thude vao khong gian con sinh boi n véc to cia cac hé $0.

Diéu nay cho thiy ta c6 thé giai quyét mot bai toan hé phuong trinh tuyén tinh
bang ma tran, bang biéu dién thanh t6 hop tuyén tinh. Piéu kién ton tai nghiém lién
quan dén hang ctia hé véc to hodc tap anh cua anh xa tuyén tinh ... va nguoc lai. Vi vay
khi hoc chuong nay doi hoi hoc vién théiy duoc mdi lién hé gitta cac khai niém trén dé
gidi quyét bai toan mét cach linh hoat. Hoc vién cin nim viing va van dung thanh thao
hai phuong phap: phuong phap Cramer va phép khir Gauss dé giai hé phuong trinh
tuyén tinh.

Phuong phap Cramer sir dung dinh thirc dé giai hé phuong trinh, khi Cramer
dua ra quy tic nay thi nd trd thanh "mét" trong cac cong trinh vé toan Gmg dung trong
mot thoi gian dai. Tuy nhién phuong phap khir cua Gauss doi khi to6 ra don gian hon.
Giai bai toan theo phuong phap khir ctia Gauss 1 sir dung cac phép bién ddi tuong
duong 1én cac phuong trinh ctia hé dé dwa hé phuong trinh can giai vé hé trong duong
don gian hon ma ta d& dang tim duoc nghiém. Thyc chat cua phuong phap nay 1a sir
dung cac phép bién ddi so cip 1én cac hang ciia ma tran hé s ctia hé phuong trinh.

Hé phuong trinh tuyén tinh thuan nhat lién quan dén nhan cta 4nh xa tuyén tinh
dugc khao sat trong chwong 6, Tap hop nghiém cia hé phuong trinh thuin nhat 13
khong gian véc to con cia R"” (dinh 1y 5.4).

5.1 KHAI NIEM VE HE PHUONG TRINH TUYEN TiNH
5.1.1 Dang tong quit ciia h¢ phwong trinh tuyén tinh

Hé m phwong trinh tuyén tinh n dan cé dang tong qudt:
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allxl +6112X2 +...+a1n n = bl
(121xl + Clszz +...+ aznxn = bz (5 1)

Ay X + ApoXy +...+a,,, X, = b,

n
Hoac viét tat Za-xj =b., i=1,...m

ij i
j=1
trong do X1, Xp,...,X, la n an,
ajj 1a hé s6 cua an thir j trong phuong trinh i,
b; 1a vé phai cta phuong trinh tha i; i=1,...m; j=1,...n.
Khi cac vé phai b; =0 thi h¢ phuong trinh dugc goi la thuan nhdt.

Nghiém ciia hé phuong trinh 13 by gdbm n s6 (x1,X,...,x,) sao cho khi thay
vao (5.1) ta c6 cac dang thirc dung. Giai mot hé phuong trinh 1a di tim tdp hop nghiém
cua hé.

Hai hé phuong trinh cling 4n 1a twong duong néu tip hop nghiém ciia ching bang
nhau. Vi vay dé giai mot hé phuong trinh ta c6 thé giai hé phuong trinh twong dwong
cua no.

5.1.2 Dang ma tran ciia h¢ phwong trinh tuyén tinh

Véi he (5.1) ta xét cac ma tran:

Qi 42 - Ay by X
(121 6122 az b2 Xz

A=| ° . . T, B=| S, X=| ] (5.2)
L9m1  9m2 A _bm_ L Xn

A, B, X lan luot duoc goi la ma tran hé s6, ma tran vé sau va ma tran an. Khi
d6 hé phuong trinh (5.1) duoc viét lai dudi dang ma tran:

AX =B (5.3)
5.1.3 Dang véc to ciia hé phwong trinh tuyén tinh
Néu ta ky higu véc to cot thir i ctia ma tran 4 1a v, = (ay;,....a,,; ) ER™ va véc to
vé sau b= (by,...,b, ) eR™, thi h¢ (5.1) dugc viét dusi dang véc to:

XV +XoVy +.+ X, v, =b (5.4)
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Vi cach viét nay ta thdy rang hé phuong trinh (5.1) c6 nghiém khi va chi khi
be span{vl,...,vn} .

Vi du 5.1: Xét hé phuong trinh viét dudi dang téng quat:

2xl+2X2— X3+ X4:4
4X1 +3x2 - X3 +2X4 =6
8x1 +5.X2 —3x_7) +4X4 :12

H¢ phuong trinh viét dudi dang ma tran nhu sau:

X

2 2 -1 1
X

4 3 -1 2 =| 6
X3

8 5 3 4 12
X4

Xét cac vée to v, =(2,4,8), vy =(2,3,5),v3 = (=1,-1,-3), v, =(1,2,4); b=(4,6,12).

Hé phuong trinh trén c6 thé viét dudi dang véc to:

X(2,4,8)+X5(2,3,5) + x3(=1,-1,-3) + x4 (1,2,4) = (4,6,12).

5.2 PINH LY TON TAI NGHIEM

Dinh 1y 5.1: (Kronecker-Kapelli) H¢ phuong trinh (5.1) ¢6 nghiém khi va chi khi
r(A) = r(A) trong d6 A lama tran c6 duoc bang cach bd sung thém vao ma tran hé sb

A mot cot cudi 13 vé phai caa hé phuong trinh.

) 3 all Clln bl
r(A)=r(d); A=| © . 1 (5.5)
Aml A bm

Chirng minh: Hé (5.1) c6 nghiém khi va chi khi ton tai X|,%9,..-,X, ER" sao cho
XV + XV +...+x,v, =b. Nghia 1a b espan{v,..,v,} (b biéu dién duoc thanh t6 hgp

tuyén tinh cua {vl,...,vn} ). Vay r(vy,...,v,) =r(v,...,v,,b). Do d6 r(4)= l”(zzl). [
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2 2 -1 1
Vi du 5.2: Hé phuong trinh trong vi du 5.1 c6 ma tran hé s6 A=|4 3 -1 2|, ma
8 5 -3 4

2 2 -1 1 4
tran bd sung cot cudi A=|4 3 -1 2 6
8 5 -3 4 12

Hang r(A4) = r(A)=3, do d6 hé phuong trinh cé nghiém.
5.3 PHUONG PHAP CRAMER

5.3.1 H¢ Cramer va cach gidi

Dinh nghia 5.2: Hé n phirong trinh tuyén tinh n an cé ma trdn hé s6 A khéng suy bién

dwoc goi la hé Cramer.
Dinh 1y 5.2: Moi hé Cramer déu ton tai duy nhat nghiém.
, n
Cuthéhé Y ayx;=b;, i=1,.,n conghiém x; =D;/D, i=1,...n;
j=1
trong do
D=detA=Dy{V|,....V;_1,V;,Vis1ses Vi |
D; =Dy {vi,esVi 13D,V 150,V | (5.6)

D; 1a dinh thirc cuia h¢ cac véc to cft 1a cac cot hé s6 cua hé phuong trinh nhung véc

to cOt thir 1 dugc thay boi véc to cot vé sau.

Chirng minh: detA+0 = hé {v,...,v,} 1a mot co s¢ cua R”. Do do b dugc biéu
dién duy nhét thanh 6 hop tuyén tinh cua {v,..,v,}. Nghia la ton tai duy nhét

X15X7,5...5X, 530 cho XV + XV, +...+x,v, =D.

Goi # ={ey,....e,} 1a co s6 chinh tac ciia R". Khi do:

n
D; =Dy {vl,...,v,-_l, b ,vi+1,...,vn} =Dy {vl,...,vil, Zxk"k ,vl-+1,...,vn}

k=1
= XD {Vises Vi, VisVig ooV =D = x;=D;/D, i=1,..,n. u
2x + 3y - z =
Vi du 5.3: H¢ phuong trinh {3x + 5y + 2z = 8
x - 2y - 3z = -1
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2 3 -1 1 3 -1
D=3 5 2[=22,D.,=|8 5 2|=66,
1 2 -3 1 -2 -3
2 1 -1 2 3 1
D,=|3 8 2|=-22,D,=|3 5 8|=44.
1 -1 -3 1 -2 -1

Do d6 hé c6 nghiém x=3, y=-1,z=2.

5.3.2 Giai hé phwong trinh tuyén tinh trudmg hop tong quat

Gia st h¢ phuong trinh c6 nghiém va r(v;,...,v,) =r(vi,....v,,0) =r(vi,....v,);
p <n (trong trudng hop khac cach giai hoan toan twong tu). V6i gia thiét nay p véc
to hang phia trén cia 4 tao thanh hé doc lap myén tinh tdi dai cua hé cac véc to hang
ciia A. Vivay hé (5.1) twong duong v6i p phuong trinh dau

allxl +a12x2 +...+Clln n :bl
a21x1 +a22x2 +...+a2nxn = bz

Api X +apxy +.ta,,x, =b,
all alp
Giastr| : -. i |#0 (truong hop khac cach giai hoan toan twong tur)
apl app
H¢ phuong trinh trén dugc viét lai:
anx +6112X2 +...+a1pxp = bl —a1p+1xp+1 T Xy,
ar1X + arH Xy +...+ aszp = b2 — a2p+1xp+1 — e aznxn
Api X+ apXy +od ppX, =b)—a,, X, == A, X,

day 1a h¢ Cramer c6 v€ sau phu thudc vao cac an X i lseees Xy
Vay hé c¢6 v6 s6 nghiém phu thude x,,;,...,x,; cac an x,,y,...,x, nhan gia tri tuy y.

}\.X1+X2 +X3 +X4:1

, coe A4 oA n e R xl+7ux2+x3+x4=1
Vi du 5.4: Giai va bién luan theo tham s6 A hé
.Xl +.X2 +7\,.X3 +.X4 :1

X1+X2 +X3 +7\..X'4 :1
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Tur vi du 4.14 chuong 4 ta c6 det 4 = (A +3)(A — 1)3 .
¢ Khi A #-3,L#1: H¢ da cho 1a h¢ Cramer nén c6 nghi¢m duy nhat. Ngoai ra
khi thay d6i vai tro ctia cac 4n trong hé thi hé khong thay doi, do d6 hé c6 nghiém:

1
X|=Xg=X3=X4 = X| =Xy =X3=X4 =——

A+3

¢ Khi A =1: r(4)=r(4)=1, hé phuong trinh da cho twong duong véi phuong

trinh X|+ Xy + X3+ Xy =1
Hé phuong trinh c¢6 v6 s nghiém x; = 1—x, —x3 — x4 Vi x,,X3,%, tuy y.

¢ Khi A=-3: det4=0 = r(4)<4 (theo Vi du 4.23 r(A4) =3) nhung ma tran

bd sung A cbd dinh thtrc con cép 4

1 1 1 1
-3 1 1 1 ~ A A
=64#0 = r(4)=4 = h¢ vo nghiém.
1 -3 1 1
1 1 31

5.4 PHUONG PHAP MA TRAN NGHICH PAO

n
Dinh Iy 5.3: He¢ Cramer Za--x- =b;, i=1,..,n co nghiém duci dang ma tran

ity
j=1
ap dip - 4y by X
a a .. a b X B
A=| 20 2 g2 X =72, detd#0=> X =4"'B.  (5.7)
_anl apy - ann_ _bn_ _xn_

X +2x, +3x3=a
Vi du 5.5: Xét h¢ phuong trinh {2x; +5x, +3x3 =b.

X +8x3=c
1 2 3
Matran hé s6 A=[2 5 3| co det4=-1, do dd hé di cho 1a hé Cramer c6 nghiém
1 0 8
theo cong thuc (5.7).
—40 16 9
TeVidud22c6 A= 13 -5 -3|.
5 =2 -1
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X -40 16 9 ||la —40a +16b +9c x; =—-40a +16b+9c
Vay | x, |=| 13 =5 =3||b|=| 13a-5b—-3c | ={x,=13a-5b-3c
X3 5 =2 -ljc Sa-2b-c x3=5a-2b-c

Nhan xét 5.1: Tir cong thirc d6i toa do (3.13), cong thic (4.25) vé ma trdn chuyén co
sO va tir vi du 5.5 ta thay:

iaij-xj =b,Vi=1,..,n
- vi A=[a;] thi 47 =[¢;] (5.8)

n
ch]b] = xi,Vi = 1,...,72
j=1

5.5 GIAI HE PHUONG TRINH TUYEN TINH BANG PHUONG PHAP KHU GAUSS
Ta c6 thé kiém tra dugc rﬁng: khi thuc hién cac bién dbi so cdp sau lén cac
phuong trinh ctia hé thi s¢é dugc hé méi twong duong:
e D6i chd hai phuong trinh;
e Nhan, chia mot s6 khac 0 vao ca 2 vé ciia mot phuong trinh;
e Cong vao mot phuong trinh mot to hop tuyén tinh cac phuong trinh khéc.

Giai hé phuong trinh tuyén tinh bang phuong phap khir Gauss 1a thyc hién céac
phép bién d6i so cap (c6 thé dbi chi s6 cac an néu can) dé dua hé phuong trinh (5.1)

n
J=1

vé hé trong duong

n
Za'ljx'j :b‘l’ l=1,,m
J=1

Cac an x',...,x", 1a cac an xp,...,x,, nhung c6 thé thay doi thir ty chi s6 va ma

tran bo sung cua h¢ mdi cd dang

_aﬁku by ]
0w b
op P (5.9)
b'p+1
o o
L m |

4 ' '
trong d6 a'jy...a'p, #0.
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¢ Néu mot trong cac b’ p+l1s-sb'y khac O thi ton tai phuong trinh ma vé trai bang

0, v€ phai khac 0 nén h¢ vo nghi¢m.

¢ Néu b', 4 =...=b", =0 thi h¢ da cho twong duong voi h¢ p phuong trinh
a'“x'1+a'12x'2+ +a'1nx'n :b‘1
a‘22X'2+ +Cl'2 x' :b'z
. (5.10)
a'p1x1+ ..+a'pnx'n :b'p

Ta c6 thé tim cac nghiém x'l,...,x'p phu thudc x'p+1,...,x'n.

Chu ¥ rang khi ta bién ddi twong dwong 18én cac phuong trinh thi thuc chét 1a
bién doi cac hé sb trong cac phuong trinh. Vi vay trong thuc hanh ta chi cn bién doi
ma trdn bo sung (5.5) cia hé dé dwa vé ma tran co dang (5.9) va giai hé phuong trinh
(5.10) tir d6 suy ra nghiém ctia hé phuong trinh ban dau.

X +2xy+3x3=a
Vi du 5.6: Xét hé phuong trinh {2x; +5x, +3x3 =b . (xem vi du 5.5)

X +8x3 =c

S D DN
S

1 3
Ma tran bo sung hé s6 A=|2 3
1 8

c
Thuc hién cac bién ddi twong duong ta dugc
1 2 3 a 1 0 8 c 1 0 8 c
2 53 b0 1 -3 b-2a|<|0 1 -3 b-2a
1 0 8 ¢ 0 2 -5 a-c 0 0 1 5a-2b-c
1 0 0 —40a+16b+9c
<0 1 0 13a-5b-3c
0 0 1 Sa-2b-c
Vay ta da tim dugc hé phuong trinh twong duong va ciling 1a nghiém cuia h¢:
x; =-40a +16b+9c
Xy =13a-5b-3c
x3=5a-2b-c
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Vi du 5.7: Giai hé phuong trinh

Q)
I
i \ P I SN O

oS o o =

-8 8
9 9
577
-7 12
-7 12]
6 -16
-1 1
30 -1

N BN =

W W W o0

o o O =

8
1
0
0

~7 12]

12]
8
9

7]

-1

-5 5

1

1

1

2x) +5x) —8x3 =8
4x +3xy) —9x3 =9
2x)+3xy = 5x3 =7
X +8xy —Tx3 =12

1 8 -7
2 5 -8
0 -7 7
0 2 3

oS o o =

Vay h¢ da cho c6 nghiém duy nhét x=3,x=2x=1I.

Vi du 5.8: Giai va bién luan theo tham s6 m hé phuong trinh

3
2
1

4

2

3
-6

1

5

6
-9

4

4
8
=20

m

3

5
—-11
2

1
3
2

4

2
3
1

1
0
0
0

H¢ da cho tuong duong véi hé:

¢ Khi m =0: h¢ v6 nghiém;

-9
5
6
4

-1

5
0
0

X=Xy — x3— 4x4=-2

¢ Khi m#0:hé c6 vo sb nghi¢m

3% +2xy +5x3 +4x4 =3
2x)+3xy +6x3 +8x4 =5
xX; —6xy —9x3 —20x, =11
4x) +xy +4x3+mxy =2

=20
4
8

m

o o o ==

-1

0

SX2 +8X3 +16X4 = 9

mxy =1

8
1
0 1 1
0

20
15

oS o o =

32
24

o o = O

oS = O O

S = N W

~11]
36
27

124



CHUONG V: HE PHUONG TRINH TUYEN TINH

1 Om—-16 8§
x4:; , Xy =

Sm 5

X1

Vi du 5.9: Giai hé phuong trinh

4—m

IR DR st B tuy y.

Sm

le + 2.X2 + .X3 - 9X4

—X3+ X4 — X5=-3

=2

3xl— X2 +X3—8X4—4XS :_2
6x1+ Xy +X3—16X4—5.XS =-3

X+ Xy + X4 +2x5==2
1T 0 -1 1 -1 =3] [t 0 -1 1 -1 -3
2 21 -9 0 2 0o 2 3 -11 2 8
A=|3 -1 1 -8 -4 =2|<|0 -1 4 -11 -1 7
6 1 1 -16 -5 -3 0 7 22 1 15
11 0 1 2 2] |0 10 3 1]
10 -1 1 -1 3] [1 0 -1 1 -1 =3]
0 1 1 0 3 1 o1 1 0 3 1
<0 0 1 -11 4 <00 1 —-11 4 6
0 0 5 -11 2 8 0 0 0 44 22 -22
00 6 -22 -2 14 |0 0 0 44 22 22
1 0 0 0 0 2] [1 0 0 0 0 -2]
011 0 3 1 01 0 -3 0 2
<0001 30 2(/001 -3 0 2
000 2 1 -1 000 2 1 -1
000 0 0 0] |OOO0O O O O]
H¢ da cho tuong duong véi hé:
X =-2 X =-2
X, —3xy =2 . Xy =2+4+3xy
suy ra nghiém
X3 —3xy4 =2 X3 =2+3xy
2x4 + x5 =1 X5 =—1-2x4; x4tuyy

5.6 HE PHUONG TRINH TUYEN TiNH THUAN NHAT

a21xl + a22x2 +...+ aznxn = 0

al lxl + alzxz +...+ alnxn = O

(5.11)

A X) + ApoXy +...+a,,x, =0
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Hé phuong trinh tuyén tinh thudn nhat (5.11) c6 it nhat nghiém tim thuong
X =...=x, = 0. Diéu kién ton tai nghiém (5.5) lu6n théa man r(4) =r(4)<n.
Nhin xét 5.2: Vé sau cta hé phuong trinh thuin nhét ludn bang 0 do d6 khong thay
d6i khi ta giai hé theo phuong phap khir Gauss. Vi vdy dé giai hé phuong trinh thuan
nhét ta chi can bién d6i ma tran hé s6 cla hé.
2x1 —SX2 —3)(3 — 2X4 =0
Vi du 5.10: Giai hé phuong trinh thuan nhat < 4x; —7x, —5x3 —6x4 =0
3% —=5xy —4x3—4x4 =0
2 -3 3 2 2 -3 -3 2 1 2 -1 2 I -2 -1 2
A=l4 -7 -5 —-6|<>|4 -7 -5 6|2 3 3 2|<|0 1 -1 2
3 -5 —4 -4 1 -2 -1 2| |4 =7 =5 =6| |0 -1 1 =2
I -2 -1 2 1 0 -3 2

x, =3x;, —2x, .,
<01 -1 2|01 -1 2] = ; X5, X, tuyy.
X, =X, —2X,
0 0 0 O 00 0 O

Dinh Iy 5.5:

a) Hé (5.11) chi c6 nghiém tAm thuong khi va chi khi #(4) =n.

b) Néu r(4) = p <n thi tdp hop nghiém ciia hé (5.11) 1a khong gian con n— p
chiéu cua R”.
Chirng minh: Ta chimg minh b). Thyc hién céc bién d6i twong duwong 1én ma tran bo
sung (5.5) cua hé dé dua vé hé tuong duong v&i ma tran bo sung c¢6 dang

[ x % % (]
0 . * x 0
0 1 = 0 (5.12)
0
0 - 0 0

Suy ranghiém cd dang < ....cccoeviieiiieieeeee e

trong do (x'),...,x",) 1a mot hoadn vi cta (xi,...,x,,).

Pé don gian trong cach trinh bay ta gia sir x'| = X5en X'y =X, (truong hop

khac dugc chung minh tuong tu), khi dé tap hop nghi¢m:

{(cllxp+1 F ot Cly p Xy CptX gt oot Copp Xy X 150005 X)

XpiloeesXp eR}
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= {(cll,...,cpl,l,O,...,O)po oot (Clp s Cppe 505050, DX, X g5 X, eR}

la khong gian con n— p chiéu cia R".

Vidu5.11: Tap W, = {u =(x,y,2) eR3|2x —3y+4z= 0} 1a khong gian con cua R® ¢6
chiéu dim W, =3-1=2 (xem vidu2.7).

Vi du 5.12: DBit V;, V, lan luot 13 tap hop nghiém cua hé phwong trinh (I) va hé

phuong trinh (II):
4XI+SX2—2X3 +3.X'4 =0 2x1—3x2—3x3—2x4 =0
(1) 3X1+5.)C2 +6X3—4X4 =0 ’ (II) 4X1—7X2—5X3—6X4:0
SXI + 7X2 + 2)(?3 =0 3X1 — SX2 — 4X3 — 4X4 =0

Hiy tim mot co s& clia cac khong gian con V;, V5, ¥; NV, . Suy ra sb chiéu ciia

V1+V2.

Giai: Giai h¢ phuong trinh (I) :

4 5 -2 3 1 0 -8 7 1 0 -8 7 1 0 -8 7
35 6 4|35 6 405 30 25|«<|0 1 6 =5
57 2 0 1 2 4 3 0 2 12 -10 00 0 O

j—

V=(X],X%p,X3,X4) € V] < v=(8x3 —Txy,—0x3 +5x4,x3,%4) = x3(8,-6,1,0) + x4(-7,5,0,1)
7 ={x3(8,-6,1,0) + x4(~7,5,0,1)

X3,X4 GR} .
Tuong tu, tir vi du 5.10 ta c6
Vy ={x33,1,1,0)+x4(-2,-2,0,1)|x3,x4 €R} .
V1 NV, 1a khong gian nghiém cua hé 6 phuong trinh
4X1 +5)C2 —2)(3 + 3)(4 =0
3x; +5xy +6x3—4x4 =0
5x1 + 7)C2 + 2X3 =0
2X1 —3X2 —3X3 —2X4 =0
4x) —Txy —5x3—6x4 =0

3)C1 —SX2 —4X3 —4)C4 =0
Giai hé phuong trinh nay ta dugc nghiém: x; = —x, =x; =x,; x, tuy y.

=1 Vs ={x(1L,-LLD)|x; eR} .
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=dimV; +V, =3.

Vi du 5.13: Cho hé phuong trinh thuan nhat c6 n phuong trinh n+1 an :

n+l
Dlagx;=05i=1,..n. (5.13)
j=1

bat D; la dinh thirc cua ma tran vudng cap n c6 dugc bang cach xéa cot thir ;,

j=1,...,n+1 clia ma tran hé so A:[aij]i:lfn .
j=l,n+l

Néu ton tai D; #0 thi khong gian nghiém ciia (5.13) c6 chiéu bang 1 va c6

dang

{t(Dl,—DZ,....,(—1)j+1Dj,...,(—l)”Dn+1)

t elR} (5.14)

Gidi: Xét dinh thic cap n+1:

B T B R (o

all LY al] DY al’n+1
D=

T P P

Ay oo Ay e Gy

Khai trién theo hang thtr nhét ta duoc:
D= (—1)2)’1D1 + )’2(—1)3D2 +"‘+yj(—1)j+le +ot Y (D" Dy
V&i mdi i=1,..,n:thay y,=a,, Yo =0y ... y Vyiy = a; 1 thi dinh thac D tuong
mg bang 0 (vi hang tht 1 va hang thir i +1 bang nhau). Piéu ndy ching to
(Dy,=Dspsecees (1) D, (-1 D)

la mot nghiém khac khong cua hé phuong trinh (5.13). o
Mat khac ton tai D; #0 do do6 khong gian nghiém co chiéu bang 1. Vay tap

nghiém cé dang
j+1 n
{t(Dl,—Dz,....,(—l)” Djpeos(<1)' D, )

lelR}.

Dinh IV 5.6: Gid sit (X{,...,X,,) la mét nghiém ciia phwong trinh khéng thudn nhdt
(5.1). Khi d6 (x,...,x,,) la nghiém ciia phwong trinh thudan nhdt tuwong ting (5.11) khi
va chi khi (x| + X{,...,X,, + X,;) la nghiém ciia phuong trinh (5.1).

Cho W <R", (x,...,x,) eR" ; ky hiéu
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(Xpseens X))+ = {(F) + Xe00s Xy + X,)| (357,.0,) €W (5.15)
Dinh 1y 5.6 ¢6 thé viét lai:
Gia st (Xq,...,X,) 1a mot nghiém cua (5.1); khi d6
W 1a tap nghiém cua (5.11) khi va chi khi (x;,...,X,,) + W la tap nghiém cua (5.1).
Vi du 5.14: Giai va bién luan theo tham s6 a,b hé phuong trinh
X;+ax, + a2x3 =1
{xl +bxy + b2x3 =1

Gidi: H¢ c6 mot nghiém riéng x; =1, x, =0,x3 =0.
. 1 a a?
Ma tran hé s6 4 = .
1 b b

* Truong hop a=>b: r(4) =1, h¢ phuong trinh tuong duong vdi mdt phuong trinh
do d6 c6 vo s6 nghiém x; =1—ax, — a2x3; Xy, X3 tuy y.

» Truong hop a#b: r(A)=2. Theo vi du 5.12 khong gian nghi¢m cua h¢ phuong
trinh thuan nhat tuong tng c6 chiéu bang 1 va c6 dang {t(Dl,—DZ,D3 )‘t eIR} .

2 2

a
D1:

a
‘zb—a.
b b*

b

1
=ab(b-a), D, =‘
1

1
, =(a+b)b—-a),D, =‘
b 1

Vay khong gian nghiém cta hé phwong trinh thuin nhét twong Gng:

t(b—a)(ab,—(a+b),1)|t eR;.
( )

X1 = 1+ abt
Do do6 hé da cho c6 nghiém {x, =—(a+D)t.
x3=t; teR
BAI TAP CHUONG V
5.1) Giai h¢ phuong trinh sau:
2x1+2x)— x3+ x4=4 2x)+7xy +13x3 +5x4 =4
) 4X1+3X2— X3+2X4=6 b) X+ X+ SX3+2)C4:1
a
8X1+5X2—3X3 +4.X'4 =12 2X1+ Xy + 3X3 +2)C4 =-3
3x;+3x) —2x3+2x4 =6 X+ xp+ 3x3+4x4=-3

129



CHUONG V: HE PHUONG TRINH TUYEN TINH

2x— y+3z=9
c)<3x-5y+ z=-4
4x-Ty+ z=5

5.2) Giai hé phuong trinh sau:

2xp+ Txy+3x3+ x4 =5
X1+ 3xy) +5x3—2x4 =3
2 X+ 5xp —9x3 +8x4 =1
5x; +18xy +4x3 +5x4 =12
2x) +5x) —8x3 =8
4x) +3xy) —9x3 =9
2 2x1+3xy —=5x3 =7
X +8xy —Tx3 =12

2x— y—6z+ 3t+ 1=0
Tx—4y+2z-15t+32=0

d)
x=2y—-4z+ 99— 5=0
x— y+2z— 6t+ 8=0
4x) —3xy +2x3— x4 =8
3 =2xy+ x3-3x4=7
b) 1 2 3 4

2X1 — X2 —SX4 = 6

5X1 —6)C2 +3X3 +2.)C4 =4

3)C1 —2X2 +5X3 +4X4 =2
d) 6X1 —4X2 +4X3 +3X4 =3
O9x; —6xy +3x3 +2x4 =4

5.3) Giai va bi¢n luan cac h¢ phuong trinh sau:

3x1 + 2)C2 + SX3 + 4X4 =3
2)(31 + 3)C2 + 6X3 + 8)(4 =5
X1 —6xy —9x3 —20x4 =11

dx)+ xp +4x3+ mxy =2

x+ y+ z=1
c)s ax+ by+ cz=d

a2x+b2y+czz =d?

5.4) Chung minh h¢ phuong trinh sau luén c6 nghi€ém véi moi a # 0,b,c¢,d .

(A+m)x; +xy +x3=1
b) yx+(1+m)x; +x3=m
X+ x5 +(1+m)x3 = m?

x+ay+azZ=a3

d) {x+by+b’z=0b
3

x+cy+czz=c

ax+(-b)y+ cz+(1-d)t=a
(b-1x+ ay+(d—-1)z+ ct=>b
—cx+(1-d)y+ az+(b-t=c
(d-1x— cy+(1-b)z+ at=d

5.5%) Giai va bién luan h¢ phuong trinh

5.6) Xac dinh céc gi tri ciia tham s6 m sao cho cic hé phuong trinh sau:

x| +2xy +3x3+...+nx, =1

Xy +2x3+3x4 +...+nxp =2

X, +2x+3xy +...4nx,_| =
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X + y - z = 2x + my - z = =2
a) 2x + 3y + mz = b) { x - 3z = 3
xX + my + 3z = x + 2y + mz = 1
X + y 4+ mz = 2
x + 2y + mz = 1
c) 3x + 4y + 2z = m d)
2x + my + 8 = 3
2x + 3y - z =1
1) VO nghiém.
ii) C6 nhiéu hon 1 nghiém.
iii) C6 duy nhat nghiém.
5.7) Tim diéu kién cua a, b, ¢ dé hé phuong trinh sau c6 nghiém:
X 2y - 3z = a 2x + 3y - z = a
a)i2x + 6y — 1llz = b b)sx - 2y + 4z = b
x - 2y + Tz = ¢ 3x + y 4+ 2z = ¢
x + 2y — 3z = x - 2y + 4z = a
¢)y3x — y + 2z = b d <2x + 3y - z = b
x — S5y + 8z = ¢ 3x + y + 2z = ¢

5.8*) Chimg minh rang hé phuong trinh sau ton tai duy nhat nghiém

1/2x, = ay x; + ...+ ay,x,

1/2)(:2 = a21x1 +...+d2nxn ,
trong d6 a; e Z.

1/2x, = ayx; + ...+ a,,x,
5.9) Véc to v=(3,9,—4,—2) co thudc khong gian sinh béi cac véc to:
uy =(1,-2,0,3), uy =(2,3,0,—1) va uy =(2,-1,2,1).

5.10) Giai phuwong trinh AX = B véi 4n 1a ma trdn X , trong do:

I -11 1 1 1 -1
A=|-1 2 1|, B=|1 0 2 2
-2 3 1 1 -2 2 0

5.11) Gia st U, W 1a khong gian véc to con cua R*:
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Hay tim mot co s¢ cua cac khong giancon U, W, U nW . Suy ra so chi€u cia
U+W.

5.12) bat 1, V, lan luot 13 hai khong gian nghiém cta h¢ phuong trinh (I) va hé

phuong trinh (II):
4)C1+5.X2—2)C3 +3X4 =0 2X1—3X2—3X3—2.X4 =0
(I) 3x1+5x2+6x3—4x4=0 ) (I[) 4X1—7X2—5X3—6X4:O
5x1 +7x5 +2x3 =0 3% —=5xy —4x3 —4x4 =0

Hay tim mot co so ctia cac khong gian con Vi, V,, ¥y N V,. Suy ra sb chiéu ciia
Vl + V2 .

5.13) Tim hé phuong trinh thuan nhit c6 khong gian nghiém W 13 khéng gian véc to
con cua R* sinh b&i hé véc to: {(1,-2,0,3), (1,-1,—1,4), (1,0,-2,5)} .

5.14) Tim hé phuong trinh thuan nhat c6 khong gian nghiém W 1a khéng gian véc to
con ctia R® sinh bai hé véc to: {(1,—2,0,3,—1), (2,-3,2,5,-3), (1,—2,1,2,—2)} .

5.15) Tim ma trdn X vudng cap 2 thoa min phuong trinh.
5 -1 0
X -2X = .
6 3
5.16*) Cho hé phuong trinh tuyén tinh c6 10 phuong trinh va 11 4n sb. Biét rang:
1) Bo s6 (1993, 1994, ..., 2003) 1a mot nghiém ctia hé phuong trinh da cho.
2) Khi x04 cot thir j trong ma tran hé s6 ciia hé phuong trinh da cho thi ta duoc
mot ma tran vudng c6 dinh thirc dung bang j(j =1, 2, ..., 11).
Hay tim tit ca cic nghiém cuia hé phuong trinh di cho.
5.17) Cho hé phuong trinh gdm n phuong trinh n an:

allxl + alzxz +...+ alnxn = b]

azlxl + a22X2 +...+ aznxn = bz (1)

a X1 +a,,x, +...+a,,x, =b,

a) Gia sir hé phuong trinh thuan nhit twong Gng chi c6 nghiém tdm thuong.
Chutng minh rang hé phuong trinh (1) c6 duy nhat nghiém dbi v6i moi cach chon cac
hésé b, i=1,..,n.

b) Gia str hé phuong trinh thuan nhét twong (mg c6 nghiém khong tim thuong.
Chtrg minh ring ton tai cic hé sb b;, i=1,...,n sao cho h¢ phuong trinh (1) vo
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nghiém. Trong trudng hop nay néu hé phuong trinh (1) ¢6 nghiém thi nghiém khong
duy nhat.

133



CHUONG VI: ANH X4 TUYEN TINH

CHUONG VI
ANH XA TUYEN TiNH

Anh xa tuyén tinh (bién ddi tuyén tinh) tir khéng gian véc to vao khong gian
véc to 12 mot anh xa bao toan phép cong véc to va phép nhan mét sé voi véc to. Anh
xa tuyén tinh 1a mot ndi dung chinh cua dai ) tuyén tinh. Mot anh xa tuyén tinh tr
mot khong gian véc to vao chinh khong gian d6 duoc goi 1a tu dong cdu tuyén tinh
(goi tat 1 ty dong cu) hay toan tir tuyén tinh. Nha toan hoc Peano (Italia) 1a ngudi
dau tién dua ra khai niém anh xa tuyén tinh (1888).

Anh xa tuyén tinh con bao toan cac khong gian con qua cic tdp anh va anh
nguoc. Nghia 1a anh qua anh xa tuyén tinh cia mot khong gian con 13 mot khong gian
con, anh nguoc cua khong gian con cling la khong gian con. Pac biét anh (V') cua

anh xa tuyén tinh f:V — W 1a khong gian con ciia W dugc goi 1 anh ciia . Con
anh nguoc ' {0} 13 khong gian véc to con cia ¥ dugc goi la nhan clia f . Chidu cia

khong gian véc to anh £ (V) dugc goi la hang cua f .

Anh xa tuyén tinh va don anh duoc goi 1a don cAu, toan anh duoc go1i 1a toan cAu,
song 4nh duoc goi 14 dang cau. Néu ton tai mot dang cau tir khong gian nay 1én khong
gian kia thi ta néi hai khong gian d6 dang cau. C6 nhiing tiéu chuan riéng dé nhan biét
mot anh xa tuyén tinh 14 toan cAu, don cau hay déng cAu. Mot anh xa tuyén tinh 1a toan
cAu khi va chi khi hang cta nd bang chiéu ctia khong gian dich. Mot anh xa tuyén tinh
1a don cau khi va chi khi nhan ctia n6 chi gdm véc to khong. Anh xa tuyén tinh tir mot
khong gian véc to vao mot khong gian véc to cing chiéu 1a toan ciu khi va chi khi 1a
don ciu (do d6 1a dang ciu), diéu nay ciing gidng nhu anh xa giira hai tip hitu han c6
cung sb phan ti.

Mot anh xa tuyén tinh hoan toan duoc xac dinh boi anh cta c& s& bt ky qua anh
xa ndy. Vi vy khi dd cho co s6 # ={¢,...,e,} cua V vacoss #' cia W thi anh xa
tuyén tinh f:V —>W hoan toan dugc xac dinh bdi ma tran cia hé¢ véc to
{ f(e),...f (en)} viét trong co s& 4. Piéu nay giai thich tai sao dai s tuyén tinh
thuong dugc xem 1a 1y thuyét ma tran. Ma trn ciia tong hai 4nh xa tuyén tinh bang
téng hai ma trin, ma tran cta tich mot sé véi mot anh xa tuyén tinh béng tich cua sb
nay v6i ma tran xac dinh dnh xa tuyén tinh, ma tran ctia hop hai anh xa tuyén tinh bang
tich hai ma tran cua ching. Néi cach khac twong mg gitta anh xa tuyén tinh va ma tran
ctia n6 12 mot dang cau bao toan phép cong, phép nhan mot sb v4i ma trdn va phép
nhan hai ma tran. Hang cta anh xa tuyén tinh bﬁng hang ctia ma tran ctia nd. Ma tran
clia mot ty déng cdu trong hai co s& khac nhau 1a dong dang. Chinh vi 1y do nay nén
mot bai toan vé ma tran ¢ thé giai quyét bang phuong phap anh xa tuyén tinh va

nguoc lai.
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Cong thuc xac dinh anh cia mot anh xa tuyén tinh c6 biéu thuc toa d6 1a mot hé
phuong trinh tuyén tinh. Tim véc to thudc khong gian anh twong Gmg véi tim diéu kién
ctia vé sau dé hé phuong trinh tuyén tinh c6 nghiém. Nhan cua anh xa tuyén tinh 1a
khong gian nghiém cta hé phuong trinh tuyén tinh thun nhat twong ng voi 4nh xa
nay.

Mot bai todn quan trong cua ly thuyét ma tran la chéo hoa ma tran, dé la tim mot
ma tran déng dang ctia ma tran cho trudc ma ma trin dong dang nay c6 cac phan tir
khong & trén duong chéo bang khong. Van dé nay twong duong véi viée im mét co
SO gém cac véc to riéng cua tu déng ciu xac dinh bdi ma trin da cho. Thuét toan chéo
hoa & cudi chwong s& gitp hoc vién giai quyét duge bai toan dang nay. Bai toan chéo
héa ma tran c6 rat nhiéu ung dung. Bai toan chéo hoda truc giao ma tran dugc xét trong
chuong 7.

6.1 KHAI NIEM ANH XA TUYEN TiNH
6.1.1 Dinh nghia va vi du

Dinh nghia 6.1: Ank xq f tir khong gian véc to' V vao khong gian W thod man:

voimoi u,veV, aeR;

{f(u+V)=f(u)+f(V) 6

S (ow) = af (u)

dwoe goi la anh xa tuyén tinh (@ong cdu tuyén tinh hay goi tat la dong cdu) tir V vio
w.

Khi V=W thi f dwoc goi la tw dong cdu.
Vidu 6.1: Xét cac anh xa sau:
1) Anh xa khong 0:V > w
u = 0w)=0
2) Anh xa dong nhat Id,:V >V
u = Id,(u)=u
3)Phépvitutysd keR [V = V
u = f(u)=ku
4) Gia st Wy @ Wy V', xét phép chiéu 1én thanh phan th nhét:
Pr:mew, — ¥V

VI+Vvy =
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5) Phép tinh tién theo véc to vwelV, v - V1
u = u+v
6) Phép quay goc 8 f: R* > R?

(x,¥) > f(x,y)=(xcosO— ysin0O,xsin0O + ycos0)

Anh xa 1), 2), 3), 4), 6) la
anh xa tuyén tinh.

) 2),3), 6)la tu dong cau.

5) khong phai 1a anh xa
0 v tuyén tinh néu v, # 0.

v

7) Cho ma tran A:[aij] ,twongtmg f: R" — R"
(Xpseees X)) 2 F (X500 X)) = (VY 5eees Vi)
xac dinh boi

N X
i |:aij ]mxn (6.2)

Ym Xn

12 mot anh xa tuyén tinh.

Nguoc lai ta cé thé chtrng minh dugc (xem muc 4) moi anh xa tuyén tinh tr R”
vao R™ déu c6 dang nhu trén.
6.1.2 Cac tinh chat
Pinh Iy 6.1: Néu f:V — W la dnh xa tuyén tinh thi

@) f(0)=0

(ii) voimoi veV : f(—v)=—f(v)

(iii) f(ZociviJ => o, f(v,), Va,...,a, R, Vy,..,v, V.
i=1

i=1
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Chikng minh: (i) f(0)=f(0-0)=0/(0)=0.
(i) S+ (V) =f+E))=f0)=0= f(-v)=-f().
(iii) D& dang chirng minh bing cach quy nap theo 7. |
Pinh IV 6.2: Anh xa f:V — W la dnh xa tuyén tinh khi va chi khi:
Vu,veV,Va,peR: f(au+pv)=af(u)+Bf(v) (6.3)

Chirng minh: Véi moi u,veV , voi moi a,p eRta ching minh diéu kién (6.1) twong
duong diéu kién (6.3).
(6.1) = (6.3): f(ou+Pv)= f(ou)+ f(Bv) = af (u) +Bf (v)

Su+v)=fQuw)+ fAv)=1fw)+1f(v)=fw)+f(v)
flou)= fau+0v)=af(u)+0f(v)=of (u).

(6.3) = (6.1): { m

Dinh ly 6.3: Mbéi anh xa tuyén tinh twr V vao W hoan toan dwoc xdc dinh boi anh cua
mot co so cua V' ; nghia la véi co s¢ B = { el,...,en} cho trude ciia V', khi d6 véi méi
hé véc to uy,...,u, e W :

Tén tai duy nhét anh xa tuyén tinh /' :7 — W sao cho fle)=u;,i=1..,n. (6.4)
Chitng minh: *) Ton tai: V&i moi v eV, gia st (xq,...,X,) 14 toa d6 cua V trong co
s0 #,nghiala v=1xje; +...+ x,e,.Pat f(V)=xju +...+ x,u,, eW.

Ta c6 thé kiém ching duge rang £ 1a 4nh xa tuyén tinh va f(e;) =u;, v6i moi
i=1,...,n.

*) Duy nhat: Gia st g : ¥ — W 1a 4nh xa tuyén tinh sao cho g(e;) = u;, v6i moi
i=1,..,n khid6 voibatky veV,v=xje| +...+ x,e,,
gv) =g(xie +...+x,e,) =x18(e)) +...+ x,,8(e,,)) = xquy +... + xu,, = f(v)

Viy g=f. u

Hé qua 6.4: f,g:V — W la hai dnh xa tuyén tinh. P = { el,...,en} la mét co so cua
V. Khi do

f=g< f(g)=g(e); Vi=1,..,n. (6.5)
6.1.3 Cic phép toan ciia cac 4nh xa tuyén tinh
6.1.3.1 Hom(V,W)
Cho hai khong gian véc to V', W . Tap cac anh xa tuyén tinh tr V' vao W duogc
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ky hi¢u la Hom(V, W) (homomorphism).
Véi f,g e Hom(V, W), twong Gtng: V — W
vie f(v)+g(v) (6.6)
12 mot 4nh xa tuyén tinh, dugc ky hiéu /' + g vagoilatongcua fva g.
Tuong tu, véi k €R, twongung: V — W
v kf(v) (6.7)
1a anh xa tuyén tinh duoc ky hiéu 13 &f .

Vay ta da xac dinh hai phép toan: cong hai anh xa tuyén tinh, nhan mot sd voi
anh xa tuyén tinh. C6 thé chimg minh dugc véi hai phép toan nay thi (Hom(V,W),+,-)
c¢6 cau trac khong gian véc to va dim Hom(V, W) = dimV -dim W .

Vi du 6.2: Cho hai 4nh xa tuyén tinh f, g :R>—>R?c6 cong thirc xac dinh anh nhu sau:
f(x,y,2)=CBx—-5y+2z,4x+y—62), g(x,y,2)=2x+6y—T7z,x—52).
Taco: 2f(x,y,z)=(6x—-10y+4z,8x+2y—-12z).

GBf-2g)x,y,2)=(5x—-27y+20z,10x+3y—-8z2).

6.1.3.2 EndV

Giast f:V —V'va g:V'— V" l1a hai anh xa tuyén tinh. C6 thé chirng minh
dugc rang anh xahop go f:V — V" ciing 1a mot anh xa tuyén tinh.

Ky hiéu tap cac tu dong ciu cua ¥ 1a EndV (endomorphism).

Vi hai phép toan cong va hop anh xa (EndV,+,0) c6 cdu trac vanh khong giao
hoén, c6 don vi, khong nguyén.

Ngoai ra v6i hai phép toan (6.6) , (6.7) thi (EndV,+,-) con la mot khong gian
véc to.

Vay EndV vira c6 cau tric vanh, vira c6 cau trac khong gian véc to.

Cho f € EndV va p(f)=ay+--+a,t" 1a mdt da thirc bic n, ta ky hiéu

p(N=agldy+-+a,f";trongdd fO=1dy, f'=f, f"=foof (6.7
nlan

Vi du 6.3: Cho anh xa tuyén tinh f RZ>R%c6 cong thirc xac dinh anh nhu sau:

f(x,y)=0Bx-5y,4x+y).
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a) f2(x,y)=(-11x-20y,16x—19y)
b) Xétda thic p(¢) = 50 -9z +2¢>.

P, Y) =(501d, =91 +2.£)(x,y) = (x+ Sy, ~4x+3y).

6.2 NHAN VA ANH CUA ANH XA TUYEN TiNH
Pinh IV 6.5: Gid sir f:V — W la dnh xa tuyén tinh, khi do:

(i) Néu V| la khong gian con cua V thi f (V) la khong gian con cia W. S la
mot hé sinh cua Vy thi f(S) la mot hé sinh cua f(V}). Do do dim f(V}) < dim/.

(i) Néu W, la khong gian con cua W thi f_l(Wl) la khong gian con cua V,
ngodi ra néu Wi f(V) thi dimW, < dimf_l(Wl).
Chirng minh:

(i) ® Véi moi uy,u, € f(V}) ton tai v,v, € ¥} sao cho u; = f(v)), uy = f(v5). Do

do voi moi a,p R
oy +Buy = of () +Bf(vy) = f(av +Bvy) € f(1).
e V61 moi uef(l/l),téntai vel;saocho f(v)=u.
Gia st {ej,....e,} 1a mot hé sinh cia V], khi do: v=xp +...+x,v,
=u=fv)=f(xe +..+x,e,)=x/(e)+..+x,f(e,)
= {f(e),.... f(e,)} 1amot hé sinh cua f(1}).
Diéu nay suy ra dim f(¥;) < dim ;.
(11) ¢ Vo1 moi v, v, ef_l(Wl), voi moi o, eR:
S +Bvy) € of () +Bf (vy) € Wy = v +Bvy € [T ().
e (Gia su {ul,...,un} la mot hé doc lap tuyén tinh cuia W, va
{vl,...,vn} - f_l(Wl) sao cho f(v;) =u; thi {vl,...,vn} ciing doc lap tuyén tinh.
Vay dimW, <dim /™' (%) ]

Dinh nghia 6.2: Vi dnh xa tuyén tinh f:V — W ta ky hiéu va dinh nghia

Ketf = {0}, Imf=f(V) (6.9)

138



CHUONG VI: ANH X4 TUYEN TINH

la hat nhdn va la anh cua f .
Vay Kerf = {v € V|f(v) = 0} la mgt khong gian véc to con cua V.
VvelV:veKerf< f(v)=0 (6.10)
Im f = {f(v)|v € V} la mot khong gian véc to con cua W .
YueW: uelmf < vel:u=f(v) (6.11)
Ta ky hiéu va dinh nghia

r(f)=dimIm f (6.12)

la hang cua anh xa f .

Dinh IY 6.6: V6i moi dnh xa tuyén tinh f:V —>W

dimV =r(f)+dimKer f (6.13)
Chirng minh: Gia st {e,,...,e,,| 1a mot co s¢ cia Ker f (khi Ker / ={0} thi m = 0).
Ta c6 the bo sung d€ {e},...,€,,, €4 1-» €y | 12 MOt cO 8O clia V.

Ta s& chimg minh {f(€,,1)s-, f(€,4)} 1& mot hé sinh, doc 1ap tuyén tinh cua

Im £ (do d6 1a mot co s&).
e Voimol f(v)elmf; v=xe +..+x,€, +X,,1€n4e1 T+ XpikCmik €V
S =xif(e)+ ..+ X,/ (ep) + X1 f (i) + oot Xy g f(€p)
= X1 S (@uat) F oot Xy (€ ) -
Vay { f(€p41)s-s [ (€ex )} 1 MmOt hé sinh cua f(V).
e Giastt y f(ey)+-t+yif (e r)=0 thi e, .;+..+ye,. ., €Kerf

= y1€m+1 +...+ ykem+k = Zlel +...+ Zmem

= Vepsl Tt ViCmik — 1€ — o Zpy€y =0
= y=..=y,=0.
Vay {f(em+1),...,f(em+k)} doc lap tuyén tinh [

Nhin xét 6.1: Gia sit f:¥ — W la anh xa tuyén tinh va 8 = {el,...,en} l1a mot co s&
ciia V. Ta c6 thé ching minh dugc { f(e),....f (en)} la mgt h¢ sinh cia Im £, do do

moi hé con doc 14p tuyén tinh t6i dai cta { f(e)),..., f(e,)} 1a co s clia Im f .
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Vi du 6.4: Xét anh xa tuyén tinh f R*>R> xéc dinh boi:
fx,p,z,0)=(2x—y+3z+5t,3x =2y +3z+4t,x+3z+6t).

Tim mot co s& cua Im /', Ker f/ cia f . Tur d6 suy ra hang r(f).

Gidi: Theo (6.11): VueR’: uelm f < IveR*: u=f(v).

Noi cach khac u = (a,b,c) € Im f khi va chi khi h¢ phuong trinh sau c6 nghi¢m

2x -y 3z +5t =a
3x 2y +3z +4t =b
X +3z 46t =c

Str dung phuong phéap khir Gauss ta dugc:

2 -1 3 5 a I 0 3 6 c I 0 3 6 c
3 234 b0 -1 -3 -7 a-2 |0 -1 3 -7 a-2c
1 0 3 6 c 0 -1 -3 -7 b-a-c 0 0 0 0 b-2a+c

Vay h¢ phuong trinh ¢6 nghi¢m khi b—2a+c¢=0. Do d6
u=(a,b,c)elmf < u=(a,2a-c,c)=a(,2,0)+c(0,-1,1).

Viy Im £ c6 mét cosd1a {(1,2,0), (0,~1,1)}.

Tuong tu, tir (6.10) ta c6: v=(x,y,z,¢) € Ker f khi va chi khi (x,y,z,7) la

nghiém cua hé phuong trinh sau

2x -y 3z +5t =0

x=-3z-6t
3x 2y +3z +4 =0 =

y=-3z-Tt
X +3z +6t =0

Vay Ker f co motco s la {(-3,-3,1,0), (-6,-7,0,1)} .
r(f)=2,dim(Ker f)=2;r(f)+dim(Ker f) = dimR* (nghiém diang cong thuc 6.13).

Mit khac ngoai co s {(1,2,0), (0,~1,1)} cia Imf, theo nhan xét 6.1 va

2 -1 3 5
r(f)=2 thihai vécto cotbatky ciamatran |3 -2 3 4| déulacosdcua Imf .
1 0 3 6

6.3 TOAN CAU, PON CAU, PANG CAU

6.3.1 Toan ciu

Pinh nghia 6.3: Ank xq tuyén tinh va toan anh dwoc goi la toan cdu.
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Dinh Iy 6.6: V6i dnh xa tuyén tinh f:V — W, cic ménh dé sau twong dwong:

() f toan cdu.

(i) Anh cia hé sinh ciia V la hé sinh ciia W .

(iii)) r(f)=dimW.
Chitng minh: (i)= (ii): Gia st {v,...,v,} 1a hé sinh ciia . Khi d6 v6i moi ueW
ton tai veV saocho f(v)=u (Vi f(V)=W).

VX et x,v, = u=f)= v +atxy) =xf )+t x, f(v,).

Vay {f(),... f(v,)} 1a hé sinh caa W .

(i) = (i): Gia st {ey,...,e,} 1a mdt co s& cia V thi {f(e),..., f(e,)} la hé sinh
cua W =W =span{f(e)),.... f(e,)} = (V) = f toan cAu.

(i) = f(V)=W < dim f(V) =dimW < r(f) =dimW . m

6.3.2 DPon ciu

DPinh nghia 6.4: Anh xa tuyén tinh va don anh duoc goi la don cdu.

Pinh Iy 6.7: Vi dnh xa tuyén tinh f:V —W , cdc ménh dé sau twong drong:
(i) f don cdu.
(i) Ker /={0}.
(iii) Anh ciia hé déc ldp tuyén tinh cia V la hé ddc ldp tuyén tinh ciia W .
(iv) r(f)=dim/V .
Chitng minh: (i) = (ii): Hién nhién.
(i) = (i): Gid st f(n) = f(v)) = 0= f() = f() = f(—v))= =1y =0 = v =v,
(if) = (iii): Gid st {v},...,v,,} doc lap, ta chimg minh { f(),..., f(v,,)} doc lap:
VXX ERix f (V) +o 4+, f(v,) =0 = xv +...+x,,v, eKer f = {0}
=0.

S+t x,y, =0 = x=..=x,

(i) = (iv) : Gia st {ej,...,e,} 1a mot co s& cua ¥ thi {f(e))..... f(e,)} 1a hé sinh doc
1ap tuyén tinh ciia f(¥). Do d6 r(f)=dimV .

dimV =r(f)+dimKerf

(iv) = (ii): dimV = (/)

} = dimKerf = 0= Kerf = {0}. u
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Vi du 6.5: Anh xa tuyén tinh xét & vi du 6.4 khong don ciu vi Ker f # {0}, khong
toan cdu vi (f) =2 # dimR>.
6.3.3 Ping ciu

Dinh nghia 6.5: Anh xq tuyén tinh vira don cau vira toan cau dwoc goi la dang cdu.

Vay dang cdu 1a mot anh xa tuyén tinh va song anh.

Hai khéng gian V,W dwoc goi la dang cdu néu cé dnh xa tuyén tinh ding cdu
fVow.

Phép dang cau f:V -V dugc goi 1a tir dang cdu cia khong gian ¥ . Tap hop

cac tu déng ciu cua ¥ duoc ky hiéu 1a GI(V).
Pinh Iy 6.8: V' va W dang cdu khi va chi khi dimV = dimW .
Chitng minh: (=): Néu f:V > W dang ciu thi

dimV =r(f) (don cau)

' ) } = dimV =dimW .
dimW =r(f) (toanciu)

(<) : Nguoc lai néu dimV =dimW =n.

Gia st %z{el,...,en}, %":{ml,...,con} 1a co s& lan luot cua V' va W. Goi
f:V — W la anh xa tuyén tinh thoa man f(e;) = w;; i =1,...,n (xem chitng minh
dinh 1y 6.3). Khido r(f)=dimV =dimW = f dang ciu. |
Vi du 6.6: Anh xa tuyén tinh f:R*—>R? xé4c dinh boi:

f(xay):(zx_y9x+y)
1a mot don cau vi f(x,y)=(0,0) = (2x—y,x+y) =(0,0) :>(x,y) =(0,0).
f don chu do d6 f 1a mot ding cAu vi vay: voi moi (x',»") eR? tdn tai duy
nhét (x, ) eR? sao cho (x',3") = f(x,y) = (2x-y,x+y).

Nhu vdy f dang ciu khi va chi khi hé phuong trinh sau ton tai duy nhét

nghi¢m:
2x—y=x'
x+y=y'
LR g ‘n A x'+y' 2y'—x'
Ta c6 thé tim dugc nghiém duy nhat: x = 3 y= 3
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Vi du 6.7: Xét anh xa tuyén tinh f R} — P, xdac dinh boi:
f(x,y,z)= (x+2y+3z)+(2x+5y+6z)t+(x+82)t2 .
X +2xy+3x3=a
Theo vi du 5.6 hé phuong trinh {2x; +5x, +3x3 =b t6n tai duy nhat nghiém.
X +8x3 =c
Do d6 Va+bt+ct* e P,, 3(x,y,z2) eR® théa man f(x,y,z)=a+bt+ ct.
Viy f la mot dang ciu.
Dinh 1v 6.9: (Gl(V),o) la mot nhom khong giao hoan.
Chirng minh: Ta dé dang ching minh néu f 1a ty dang cdu ciia ¥ thi anh xa nguoc
f -1 cling 1a tu dang cdu ciia V. Néu f,g tu dang cauthi go f ciing tu dang ciu.

Ta d3 biét rﬁng anh xa tor mot tdp hiru han vao mdt tap hiru han c6 cung sb phﬁn
tr 1a don anh khi va chi khi 1a toan anh (Nhan xét 1.3-5, chuong 1). Diéu ndy ciing con
dung d6i v6i anh xa tuyén tinh gitta hai khong gian véc to c¢6 cung sb chiéu.

Pinh Iy 6.10: Gid sir dimV =dimW va f:V — W la dnh xa tuyén tinh tiv 'V vio W .
Khi dé: f don cdu khi va chi khi f toan cdu, do dé dang cdu.

Chirng minh:

f toan ciu < r(f)=dimW < r(f)=dimV < f don cau. |

6.4 ANH XA TUYEN TiNH VA MA TRAN
6.4.1 Ma trin biéu dién anh xa tuyén tinh

Theo dinh ly 6.3, moi anh xa tuyén tinh f:V — W hoan toan dugc xac dinh bdi
anh cia mot co so cua V' (cong thuc (6.4)).

Gia st % ={ey,....,e,} 1amodt co sé cia V', khi d6 anh xa tuyén tinh / hoan toan
duoc xac dinh boi hé véc to { f(e)),..., f(e,)} .

Mit khéc néu AB'={wy,...,»,,} 1a mdt co s& cua W thi hé¢ {f(e))...., f(e,)} hoan
toan dugc xac dinh bdéi ma tran ¢ mxn c¢6 n cOt la cac toa do cua cac véc to
f(e),..., f(e,) trong co s& &' (cong thuc (3.10)). Vi vAy véi hai co s¢ &, &' cho

trudc thi anh xa tuyén tinh f hoan toan dugc xac dinh bdi ma tran:

A:[aij]mxn,véi f(ej):ilaijcoi;jzl,...,n (6.14)
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Pinh nghia 6.6: Ma trin A c6 cdc cét lan lwot la toa do ciia hé véc to f(e),.... f(e,)

viét trong co s¢ B' (cong thire (6.14)) dwoc goi la ma trdn cia dnh xa tuyén tinh f

trong co s6 P = { el,...,en} cua V va RB' cua W . Ky hiéu:

=[], (6.15)

Néu f 1a mot tu dong cdu cua khong gian véc to V', khi d6 ma trdn A4 coa f

trong cing mot co s6 4 ={¢,...,e, | cua ¥ dugc ky hiéu

4=[f], (6.16)

thay cho [f]ﬁ
Ma tran cta anh xa tuyén tinh trong co s& chinh tac duoc goi la ma tran chinh tdc.
Vidu 6.8: Xétanhxa f:R> — R? xdc dinh bdi f(x,y,2) = (2x+ y—4z,3x+5z2)
£(1,0,0)=(2,3)=2(1,0)+3(0,1)..
£(0,1,0) =(1,0) =1(1,0) + 0(0,1) .
£(0,0,1) =(-4,5) =—-4(1,0)+ 5(0,1)..

Vay ma trdn ciia f trong co sd chinh tic ciia R va R? 1a

2 1 4
A= .
3 0 5
Nhéan xét 6.2: Béng cach tinh toan nhu vi du trén ta c6 thé kiém tra dugc r@fmg anh xa
tuyén tinh f:R™ — R" v&i cong thirc xac dinh anh:

S X)) = (ap X -+ Q1 Xy 5eees A X+ + A X))

C6 ma tran chinh tac:

Vi du 6.9: Toan tir dao ham D: P; —P, 1a mot anh xa tuyén tinh thoa man:

D(1)=0, D(t)=1, D(t*)=2t, D(t’) =3¢>.

01 00
Do d6 c6 ma tran trong co s& chinh tic cia Py va P, 1a 4={0 0 2 0
0 0 03
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Néu cb dinh co s6 B = {e,...e,} cia V vacoso B'={w,..,o,} cia W thi:

Véi mdi anh xa tuyén tinh fV-ow t6n tai duy nhat ma trin A = [aij] xac dinh
mxn

bdi (6.14).

Nguoc lai, cho ma trdn 4 = [aij] . Xét hé véc to {uy,...,u,} cua W co toa do

mxn
trong co s& ' 1a cac cot cia ma trAn A4, theo dinh 1y 6.3 ton tai duy nhét anh xa
tuyén tinh £ :¥ — W théa man (6.4). Do dé [ /]2 = [a]] e M
mxn

B mxn*

Vay c6 tuong ung 1 - 1 gitta Hom(V, W) va A

mxn *°

Dinh Iy 6.11: Twong ing Hom(V ,W) — M,

foe A=[f])

xdc dinh béi (6.14) la mét song dnh théa man cdc tinh chat:

[£+2]y =1/, +lel, s vreR ST, =2/, (6-17)
r(N=r(f10). (6.18)

Chitng minh: [f+g]ﬁ 1a ma trin cta hé véc to cdt {(f+g)(e),...(/ +g)e,)},
[f];/i 1a ma trén cta hé véc to cot { f(e)),..., f(e,)} va [g]ﬁ 12 ma tran cta hé véc to
cot {g(e),....g(e,)}. Do do [f+g]j§’ :[f]z +[g]§ Pang thtc thir hai ctia cong
thire (6.17) dugc chung minh tuong tu.

Pé ching minh cong thirc (6.18) ta nhan thdy rang hang r(4) clia ma trin
A=[ ]} 1a hang ciia hé chc véc to cdt { £(e)),. £ (e,)}-

Mt khac span{ f(e)),.... /(e,)} = f(V), do d6 r(4) =dim f (V) =r(f). |

Cho hai 4nh xa tuyén tinh f,g: V TN SN V.,V V" 1an luot c¢6 co s&
la ?Bz{el,...,en}, ?B'z{e'l,...,e'm}, %"z{el",...,el"}.

Giasi 4=[f])

cua g trong co s& AB', A" thi BA 1a ma tran cta go f trong co s& 4, JA". That

! \ A 9 2 Yo7 Yo7 \ eﬂﬁ" \ A
la ma tran cia f trong co s B, A' va B=[g],, 1a matran

A

vay:

m
A:[ay]mxn,xac dinh béi f(ej)zgaye'i D j=l..n
1=
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/
B=[by),, »xacdinhbsi g(e';) =D bye"s s i=1,..m

k=1
m m m / / m
go f(ej) = g{Zaije'iJ = Zaijg(e'l-) = Zaij LZbkie"kJ = Z(Zbkiaijje"k .
i=1 i=1 i=1 k=1 k=1\li=1
Diéu nay ching t6 BA lama trin ctia go f .
g /15 =[elp /1, (6.19)

Khi V' =V"'=V" va ta chon c0 dinh mot co s¢ cua V' thi cé tuong g 1-1 gilra
cac ty dong cau cua V' va cac ma tran vudng cap n.

Pinh IV 6.12: Twong iing End(V) — A,
f=4=[f],

la mét dang cdu vanh, trong d6 A = [ f ] , la ma tran cia f trong mét co sé ¢é dinh

P cua V xdc dinh boi (6.14), (6.16).

HéE qua 6.13: Cho f € EndV , P la mot co sé cua V. Dat A= [f]/)) | khi do:

f la tw diang cdu khi va chi khi A kha nghich, dong thoi ma trdn cia f_1 trong co

s6 PB cé dang [f_qﬂ =41

Heé qua 6.14: Cho f e EndV, & la mot co sé cua V. Gia sir p(t)=ay+---+a,t" la
mot da thirc bdc n . Pat A= [f]ﬁ ; theo (6.8), (6.16) - (6.19) ta co:

Ma trgn cua p(f)=agldy+---+a,f" trong cosé H la p(A)=ayl +---+a,A".
Vi du 6.10: Cho 4nh xa tuyén tinh f:R>—>R> ¢6 cong thire xac dinh anh
f(x,y,z2)=(x+2y+2z,3x+y+5z,x—y+z).
a) Chimg minh rang f 1a mot dang cAu. Tim cong thic xac dinh anh ctia anh xa
nguoc f‘l(x,y,z) .

b) Cho da thitc p(r) =2 —4¢+3¢%. Viét ma tran chinh tic cia p(f).

1 2 2
Gidi: a) Ma tran chinh ticciia / 12 A=|3 1 5/|. 4 kha nghich va
1 -1 1
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6 -4 8
e SR
2
4 3 -5

Do dé f la mot déng cAu va 4nh xa nguoc xac dinh nhu sau:
_ 1
N x,p,2) :§(6x—4y+82,2x—y+z,—4x+3y—52).
b) Ma tran chinh tic cua p(f):

9 2 14 25 -2 34
A= 11 2 16|= p(A)=21-44+34* =21 4 28|.
-1 0 -2 -7 4 -8

6.4.2 Ma tran ciia anh xa tuyén tinh trong cic co sé khac nhau
Giasit f:V — W la anh xa tuyén tinh.
Goi T=[1, | 1a ma trin chuyé y B = y B ={e,....e
0l T'=|f; |, 1a ma trdn chuyén co'so %, ={ey,....e,} sang coso A ={e',...e',}

cua khong gian V.

. e% N A AR 9 I 2
Goi P= [p,\,j]%?2 1a ma trén chuyén co s6 %, = {w,,...,0,,| sang co s&
By ={0,..,0',} cia W.

A= [f]ﬂl2 la ma trdn ctia f trong co s& Ay, S,

r%‘z \ A ” - _ .
A= [f]%,,I la ma trdn cua f trong co s A, A", thi

PB B! B B
[l L Tpl =L T [ ] (6.20)
Hoac
PA'= AP; A'=P'AT (6.21)

That vay: Gidsa 4= [f]zl2 =lag] ., = fle)= iakiook
-1

ap 1
R,

A':[f]%'l :[a'ki]mxn jf(e'j)ZZa'ij o'
i=1

B, ' q
P:[pki]g/}vz :(’Oz’:zpkiwk

i=1

147



CHUONG VI: ANH X4 TUYEN TINH

Ta co:
fle')= Za o —Za,{Zpk, ) Zﬂzpk,-a',-jjcok (*)
i=1 k=1 k=1\li=1

Mat khac:

fle')= f{ZU,J Zt,]f(e) gty[z% J_

Z{Z% ijk ()

k=1\_i=1

(*) va (**) suy ra Zpk, Zak”] voimoi j=1,..,n; k=1,.,m.
i=1 i=1

Dodé PA'= AT. Vay A'=P 'AT .

Pic biét néu f 1a ty dong ciu cta khong gian véc to V. Goi A, A' 13 ma tran

ciia f trong hai cosd 4,%"' va T 1a ma tran chuyén tir co s& 4 sang ' thi:

A'=T7'4T (6.22)
#\7! ¥
1 =([6T5) ULl6T, 623)

Vi du 6.11: Ty dong cau tuyén tinh /' ¢6 ma tran Gtng véi co sG B = {el,ez,e3,e4} Xac

dinh nhu sau:

12 0
30 -1 2
A=

25 3 1
12 1 3]

Hay tim ma trdn A' cua f trong co s6 ' ={ej,e3,5,¢4}

Gidi:

Cach 1 (Tim truc tiép theo dinh nghia 6.6 cong thic (6.14)-(6.16)):
Diate'|=¢, e, =e3,e'35=¢y,€'y=¢4.

Theo gia thiét ta co:
f(e')=f(e)=e +3ey+2e;+ey =e€"|+2e'5+3e's+e'y;

f(evz) :f(€3) =—€ +3€3 tey 236'2—6'3—|- e'4;
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f(e'3)=f(ey)=2e +5e3+2e4 =2e"+5e'5+2e'y;
f(e's)=f(es)=¢ +2e;+e3+3ey =e'|+e'5s+2e'3+3e'y;

Vayma tran A' ciia f trong coso #B'={ej,e3,e5,¢4}:

1 0 2 1
2 3 5 1
A'=
3 -1 0 2
11 2 3
Cach 2 (Ap dung cong thuc 6.22, 4.25, 3.12):
1 0 0 olfft 2 o 1)t 0o 0 O] [1 O 2 1]
q 0 01 03 -1 210 01 O |2 3 5 1
A'=T AT = _

01 0 0l/|25 3 1l01 00 3 -1 0 2
0 0 0 11 30 0 0 1) |1 1 2 3

Dinh nghia 6.7: Hai ma tran A,B duoc goi la déng dang néu ton tai ma tran khong

suy bién T sao cho B = TlAT.

Cong thirc (6.22) cho thdy hai ma trdn cia mot ty dong cau bat ky trong hai co so
khac nhau 14 dong dang. Mit khac, néu 4, B dong dang thi det A =det B. Vi vay ta co

thé dinh nghia dinh thic ctia mot tw dong cau £ 1a
det f =det 4 (6.24)
trong d6 A la ma tran cua f trong mot co so nao do.
Vidu 6.12: Cho hai 4nh xa tuyén tinh £ :R>>R> va g:R*—>R? x4c dinh boi:
f(x,y)=(x-2y,x,-3x+4y), g(x,y,2)=(x—2y—-5z,3x+4y)
Tim ma tran chinh tic ciia go f, tinh det(go f).

Gidi : Goi A, B lan lugt 1a ma tran chinh tic cua f va g thi:

1 =2
1 -2 -5
A=|1 o0|,B=
3 4 0
3 4

‘ A el ‘ 14 =22
va ma tran chinh tac ciia go /' 1a BA = ; 6|

14 22

Dinh thire: det(go f) =
inh thue: det(g e f) ‘7 &

-,
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6.4.3 Biéu thirc toa dd ciia anh xa tuyén tinh

Gia st f:V — W 1a mot anh xa tuyén tinh, % = { el,...,en} 1a mot co sé cua V
va B'= {ml,...,wm} 1a mot co sG cua W .

Néu (xq,...,x,) = (v)% latoadod cua vel trongcosé A,

(Voo Ym) = (£ (V) 1atoa dd clia f(v) € W trong co s A’ (xem 3.10)
va [f]ﬁ _ [aij ]mxn la ma trdn cua f trong co s6 A, A" thi

N X
[f0],=[/1 [v] i nghiata | i |=[a;] | (6.25)

Ym Xn
(6.25) duoc goi la biéu thirc toa d6 cia anh xa tuyén tinh f.
Dic biét néu f :R” — R™ 1a 4nh xa tuyén tinh x4c dinh boi
Viseeos V) = F (X5es X)) = (a1 + -+ ay, %, s QX+ + ay,X,)
thi ma tran chinh tic caa f la [al-j ]mxn (xem nhan xét 6.2). Nguoc lai tr cong thirc

(6.25) suy ra rang moi anh xa tuyén tinh tr R” vao R” déu c6 dang trén, diéu nay

gidi thich cong thure (6.2) cua vi du 6.1.
6.4.4 Anh xa tuyén tinh va hé phwong trinh tuyén tinh
Piang thirc (6.25) c6 thé viét dudi dang hé phuong trinh tuyén tinh

yl = al 1)(1 +...+ alnxn
.................................... (6.26)

Vi = A1 X] + oot X,
Diéu nay cho phép giai quyét cac bai toan vé anh xa tuyén tinh thong qua hé
phuong trinh tuyén tinh.
Gid st f:V — W 1a mot 4nh xa tuyén tinh, B ={e,,...e,} 1a mdt co s¢ cua V
va B'={wy,...,0, } 1amodt co so cia .

Ttr cong thirc (6.10), (6.11) xac dinh Im £, Ker f va biéu thirc toa d6 dudi dang
hé phuong trinh tuyén tinh (6.26) ta c6 cac két qua sau:

£ Voimoi ueW, u=bw,+---+b,w,,. Khido
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anx +...+ Xy = b]
u € Im f khi va chi khi hé phuong trinh <...........cooiiiiiiiinnnnne, co nghiém (6.27)

£ Voimoi v=xe +--+x,e,€V;

veKer f khi va chi khi (xq,...,x,) 1a nghiém cua phuong trinh tuyén tinh thuan
nhét

al 1X1 +...+ alnxn = 0
................................. (6.28)

Ay Xy + .ot Ay, x, =0
Vi du 6.13: Cho 4nh xa tuyén tinh /" : Py — P, c6 cong thirc x4c dinh dnh
Sflag+ayt+ aztz + a3t3) =(Say +2ay —3a, +az)+(4ay + a; —2a, +3az )t
+(ag+a;—ap — 2a3)t2
a) Viét biéu thiic toa do ctia f trong co s chinh tac.
b) Tim mot co sé cua Ker f va Im f.

Gidi: a) Dat f(ag +at +ant® +ast>) = by + byt + byt>, bidu thic toa do (6.24) cua f

trong co s¢ chinh tac c6 dang

ap
by 5 2 3 1
a
bl=|4 1 -2 3
a
b, 1 1 -1 =2
as

Dang phuong trinh (6.25):
b() = 5610 + 2611 —3612 +az
bl = 4610 +a1 —2612 +3d3
b2: ay + a —ap —2(13
b) g=by+bt+byt* elm f <IAp=ag+ayt +art> +ast: f(p)=q.
Diéu nay twong duwong hé phuong trinh (v6i an ay, a, a,, ay) sau c6 nghiém:
5(10 + 2611 —302 + as = bO

4610 +Cl1 —2612 +3a3 :bl
a0+ 611 —a2—2a3 :b2

Str dung phuong phéap khir Gauss ta dugc:
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52 -3 1 b 11 -1 =2 by 21 0 -7 2b-h
41 22 3 b|le|30 -1 5 b-b |3 0-1 5 b-b
11 -1 =2 b 00 0 0 by+h—bh 0 0 0 0 by+b-b

Vay h¢ phuong trinh c¢6 nghiém khi b, + b, —by =0.
Do d6

q=by+bt+byt* €lm f < q=(by+by)+bt+byt* =b(1+1)+by(1+1%).
Vay Im f co mot co so 1a {ql =1+1, ¢ =1+t2}.

Theo nhan xét 6.1 va tuong tu vi du 6.4 ta cling nhin théiy r@fmg hai véc to cot

5 2 3 1
bét kyciamatran (4 1 -2 3 | doc lap, do do cac cap véc to twong ing tao thanh
1 1 -1 =2

cosdcua Im f .
Chang han {n.nb, {n. i), s i), {ms i) . i), {3, i} 18 cac co so cua

Im f , trong d6 {rl =544t =2+1410 s ==3-21—1", 1y :1+3z—2z2}.

p=aq +alt+a2t2 +a3t3 eKer f khi va chi khi qg, a;, ay, a;1a nghiém cua hé

phuong trinh thuan nhat:

5610 +2a1—3a2 +a3 =O

—2an+a;—7a, =0 a; =2ap+7a
4a0+a1 —2a2+3a3 =0 & { 0 ! 3 > { ! 0 3

300 —a2 —|—5a3 :0 a2 :3610 +5d3

ag+ a; —a,—2a3=0

Do d6:

p=ay+at+ a2t2 + a3t3 eKer f < p=ay+2ayg+Ta3)t+3ay+ 5a3)t2 + a3t3

< p=a0(1+2t+312)+a3(7t+5t2+t3).

Vay Ker /' ¢6 mot co so 1a {p1:1+2t+3t2;p2=7t+5t2+t3}.

Nhén xét 6.3:

a) Tir hai dinh 1y 6.11, 6.12 hé qua 6.13, 6.14 va cac vi du trén ta thay rang mot
bai toan vé anh xa tuyén tinh c6 thé chuyén sang bai toan ma tran, hé phuong trinh
tuyén tinh va nguoc lai. Chang han dé chimg minh dinh thirc ctia ma train A khac 0 ta
chi can chimg minh tw dong cdu tuyén tinh f v6i A=[f ], 1adon c4u hodc toan cau,

hodc hé phuong trinh tuyén tinh tuong tng (6.25), (6.26) c6 duy nhit nghiém.
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b) dimKer / 14 chiéu cta khong gian nghiém ciia hé phwong trinh thudn nhat
(6.28), hang ctia ma trn hé sb bang hang cua f . Ap dung dinh 1y 5.5-b) ta nhan duoc
dang thirc (6.13) cua dinh 1y 6.6.

6.5 CHEO HOA MA TRAN

Trong phan nay ta giai quyét bai toan: Vi ty dong cau tuyén tinh f cua khong

gian V', hay tim mQt co s¢ ciia V' d€ ma trdn cua f trong co sé nay c6 dang chéo:

A O
(6.28)
O 1,
Bai todn trén cling twong duong vdi bai todn: Cho ma tran A4 tim ma tran khong
suy bién T sao cho T AT co dang chéo.
Ta sé& chi ra khi ndo bai toan nay c6 10i giai, cach tim co s¢ dé ma tran cua f

trong co s& nay c6 dang chéo hodc cach tim ma tran 7" sao cho T AT o dang chéo.

6.5.1 Khong gian con bit bién

Pinh nghia 6.8: Khong gian con W ciia khéng gian V dwoc goi la bdt bién doi véi tir
dong cau f trén V néu f(W)cW.

Gia su {el,...,ek} 1a mét co s& cua W, ta bd sung dé {el,...,ek,ek+1,...,en} la co

so cua V. Voi co sé nay ma tran cia f c6 dang

Néu V =W, ®W,, W,,W, bét bién d6i véi f thi c6 thé chon co so dé ma tran
cua f cédang

/ k
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6.5.2 Véc to riéng, gia tri riéng

Pinh nghia 6.9: A dugc goi la gid tri riéng cla ma trdn 4= [aij} néu ton tai

nxn

X{,...,x, khong dong thoi bang 0 sao cho

X X X 0
Al P |=A| P | hay (A-AT)| ©|=]: (6.30)
x 0

X X

n n n

Khi d6 v=(x;,...,x,) €R” duogc goi 1a véc to riéng ung vai gia trj riéng A .

Nhu vay céc véc to riéng tmg véi gia tri rieng A 1a cac nghiém khac khong cua
phuong trinh thuan nhat (6.29). Khong gian nghiém ctia (6.29) duoc goi 1a khong gian
riéng img véi gia tri riéng A .

Dinh nghia 6.10: A duwoc goi la mot gia tri riéng cua tu déng cau f néu ton tai véc

to vel :
v#0 sao cho f(v)=Av (6.31)
v la véc to riéng wng voi gid tri riéng A.
Vidu 6.14:
a) Xét anh xa dong nhat Id, :V—>V.
VéimoivelV, Idy(v)=v. )
Vay 1 1a mot gid tri riéng cua 1dy, .

b) Phép quay géc 0 (vidu 6.1)

v

fo: R > R?

(x,¥) = fo(x,y)=(xcos0— ysin6,xsin6+ ycos0)
o Khi 6=0, f, la 4nh xa dong nhat Id , : chi ¢6 gid tri riéng 1a 1.
e Khi 0=m, fy:chicogidtririéngla —1.
e Khi 6#0, m, f, khong co gia tri riéng.
¢) f: R* > R? x4c dinh boi: f(x,y) = (Bx—y,—2x+4y).

Dé& dang thay f(x,x)=2(x,x). Vay 2 12 mot gia tri riéng va moi véc to

v=(x,x); x#0 la véc to riéng tuong ung.

Pinh nghia 6.11: Cho ti dong cau [ cia V. Véiméi R, ky hiéu
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V, ={veV|f() =iv}=Ker(f-11d}) (6.32)

RG rang rdang Vi la khong gian con cua V.
Néu \ la gid tri riéng thi Vs, dwoc goi la khong gian riéng ung vdi gia tri riéng \.
Dinh ly 6.15: 1) A la gid tri viéng cua [ khiva chi khi V, # {0}

2) Néu \ la gid tri riéng cia f thi moi véc to v+ 0 ciia A déu la véc to riéng
ung voi gia tri riéng A.

3) Voimoi A, khong gian con 'V, bt bién déi véi f .
Chirng minh: Ta chiing minh 3)

a) Truong hop ¥, ={0} 1a hién nhién.

b) Truong hop V; 1a khong gian riéng:

Véimoi vel, = f(v)=Av = f(f(V)=f(W) =M (V)= f(v) eV, u

Nhén xét 6.4: Néu A=[f] ,; 1a ma trin cua tu dong cdu f trong co s& & . Khi d6

veV 1avéc toriéng ung véi gid tri riéng A cua f khi va chi khi (v)_, 1a véc to riéng

ung véi gia tri riéng A cua A. Nghia la:

X 0
vevr, (V)%=(x1,...,xn),v¢0:f(v)z?»v<:>(A—k]) fl =|: (6.33)
X, 0
6.5.3 Da thure dac trung
Dinh nghia 6.12: A4 /a mot ma trgn vuong ccfp n. Dinh thirc
P (L) =det(A—-A\I) (6.34)

la mot da thire bdc n cua A dwoc goi la da thiee dac trung cua A.

Néu f la mét tw dong cdu trong khong gian véc to' V. ¢é ma trgn A= [f]ﬂ

trong mot co s¢ B nao do cua V. Khi do dinh thirc
P(N) = det(f -\ IdV) =det(4—Al) (6.35)

khong phu thugc vao co so cua V', ciing dwoc goi la da thirc dac trung cua f .
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Dinh 1y 6.16: A, 1a gia tri riéng cua 4 (twong Umg cua f ) khi va chi khi A, 1a nghiém

cua da thuc dac trung cia A4 (tuong tng cua f).
Chirng minh: )., 1a gia tri riéng khi va chi khi ¥; #{0}. Diéu nay twong duong vdi
céc diéu sau: Anh xa f — Ao 1d;, khong don c4u, hé phuong trinh tuyén tinh thuan nhat
(6.33) c6 nghiém khong tim thudng.

Vay L, la gia tri riéng khi va chi khi r(f —2q1Id, ) <n; do do det(f—A,1d, )=0
hodc det(A4—A,/)=0.Nghiala (1)) =0. u
Vi du 6.15: Tim véc to riéng va gia trj riéng cua ty dong céu trong R? ¢6 ma tran

. 3 1
chinhtacla 4= { 5 4} (xem vi du 6.14-c).

DPa thuc dac trung

) 3-2 -1 2-2 -1 2-12 -1

=2-M)G5-1M)=0
-2 4= 2-1 4-A 0 5—%‘ ( X )
cocacnghiém A, =2, A, =5.

* Véc toriéng v = (x, ) ung voi gia tri riéng A; =2 1a nghiém khac 0 ctiia hé

X 0 I 1| x 0
y 0 -2 2|y 0
H¢ phuong trinh twong duong v6i phuong trinh x—y=0= y =x.

Vay v=(x,x)=x(L1), x#0.

* Véc toriéng v = (x, ) ung voi gia tri riéng A, =5 1a nghiém khac 0 ctia h¢

sl o) 5 G

H¢ phuong trinh twong duong v6i phuong trinh 2x+y=0= y =-2x.
Viay v=(x,—2x)=x(1,-2); x#0.
Vi du 6.16: Phép quay goc 0 (vi du 6.1, 6.14-b) f : R* - R? co cong thirc xac dinh
anh fy(x,y)=(xcos®—ysin6,xsin0+ ycosO).
ba thuc dac trung:

) cosO—A  —sin0O
;%(k):det(fe—kld,/)z “in6 cosB—2

‘: (cos®—A)* +sin? 6.
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Do do f, chi co gia tri riéng khi sin?® =0 =0 hoic 0 =r.

Pinh Iy 6.17: Moi tw dong ciu [ trong khéng gian thire n chiéu (n>1) déu cé it nhat

mot khong gian con bat bién mét chiéu hodc hai chiéu.
Chitng minh: Gia st A 1a ma trin cua ty dong cu f trong co s6 {ej,...,e, }.
Da thue dic trung #(A) =|4— 11| 1a da thirc bac n cua L.

+ Truong hop phuong trinh #(A) =0 c6 nghiém thuc A, theo Dinh 1y 6.16 va
Dinh nghia 6.10 tén tai v# 0 sao cho f(v)= Aov. Khong gian con mot chiéu sinh bai
{v} bat bién doi véi f .

+ Truong hop phuong trinh 2(L) =0 khong c6 nghiém thyc thi c¢é it nhat mot
nghiém phuc A; = a +ib (xem phu luc).

Xét hé phuong trinh tuyén tinh phirc

Z 0
[A—Kll] C = (6.36)
z 0

n

RS rang rang hé phuong trinh nay khong thé c6 nghiém thuc, vi néu Zyy ey Z,
A A
thuc thi A| : | thuc nhung A, | : | phuc, vo ly.

Zn Zn

Mit khac, vi det(4—-2,/)=0 nén hé phuong trinh (6.36) ton tai nghiém
(z1,...,2, ) khong dong thoi bang 0.
Gid s z; =x, +iy,, ..., z, =X, +iy, thi:
> X1,..., X, khong thé dong thoi bang 0 (vi néu x=..=x,=0 thi y,....,y, la
nghiém thuc cua phuong trinh ).

> V...,V khong thé dong thoi bang 0 (vi néu y, =..=y, =0 thi X]5eees Xy 12

nghiém thyc cua phuong trinh).
» X[y X, VA Y1,.., ¥y, khOng ti 18, That vay, néu x; =ky, ..., x, = ky, thi
(215 s 2,) = (K +D)(Vy5een V)

Z Y1 0 1 0
[A-0]| ¢ | =[A=20](k+i) = [4-21]| ¢ |=
z, Y, 0 Vo, 0
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diéu nay chimg to y1,..., ¥, 1a nghiém thuc cua hé, vo ly.

bat v=xe +...+x,e,, u=ye+..+y,e,, Vi x,...x, va y,...,», khong dong

thoi bang 0 va khong ti 16 nén hé hai véc to {v,u} doc lap.

Mit khac bang cach dong nhat phan thuc va phan 4o cua sb phirc ta suy ra

X1 X1 Vi Vi X1 V1
A =a -b ; A 2| =b +a
xn xn yl’l yl’l xn y}’l
v)=av—bu
Vay /) (6.37)
f(u)=bv+au
Do d6 W =span{v,u} la khong gian con hai chiéu bét bién déi véi f . |

6.5.4 Ty dong ciu chéo hoa dwoc

Pinh nghia 6.13: 1) Ti dong cdu f trong khéng gian véc to V chéo hod dwoc néu

ton tai mot co so cua V dé ma tran cua f trong co so nay co dang chéo.

Tir dinh nghia nay ta thiy rang f chéo hoa duoc khi va chi khi ton tai mot co s&

cua V gom cac véc to riéng cua f .

2) Ma tran vuéng A chéo hoa dugc néu ton tai ma tran khong suy bién 7' sao

cho 77'AT 1a ma tran chéo.
Dinh Iy 6.18: Néu Vi,...,V,, lad cdc véc to riéng wng voi cdc gid tri riéng phdn biét
Als-esh, cla tu déng cau f (hodc ma trgn A) thi hé véc to {vl,...,vm} doc lap tuyén

tinh.
Chitng minh: Ta chimg minh quy nap theo k ring hé {vl,...,vk} doc 1ap tuyén tinh
voi 1<k<m.

* Khi k=1 hé mot véc to v, # 0 1a doc lap tuyén tinh.

* Gia sur hé {vl,...,vk} voi 1<k<m—1 doc lap tuyén tinh. Ta ching minh h¢
{Visoes Vi Viyr } d0c 18p. Thét vay, gia st

XV et XV X Ve =00 ()
=[xy +o x5 +x,0V) =0
S AXYV F A AV F A X Vi =00 (FF)

Nhéan A, vao (*) 1l trir cho (**) ta duge
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Mt =AD)x + et R = A )x v =0
Vi {vl,...,vk} doc 1ap va cac A,...,A,, khac nhau ting d61 mot suy ra
x=..=x,=0=x,,=0. |
Hé qua 6.19: Néu da thire ddc trung cia tw dong cau f trong khéng gian n chiéu
V (hodc ma trdn A vuéng cdp n) cé ding n nghiém thuc phan biét thi f (twong iing
ma trgn A) chéo hoa duoc.

Chirng minh: Vi da thirc dac trung c6 n nghi¢m phan biét nén n véc to ri€éng tuong
ung voi n gia tri riéng nay 1la mot hé doc 1ap, do do 1a mdt co sd cua V' gém cac véc
toriéng cia /. Vay f chéo hoa duogc. |

Hé qua 6.20: Gia su da thic dac trung cua tw dé‘ng cdu f (hoac ma tran A vuong

cdp n) chi c¢é cac nghiém thiee:
PN =D" A=A (A=A, )™
VOl my +...+my, =n va cdac Ay,...,\, khac nhau tung doi mot.
Khi dé f (twong g ma trdn A) chéo hod dwoc khi va chi khi chiéu ciia khéng gian
riéng ung voi gia tri riéng \; bang dj boi m; cua nghiém. Nghia la
Vi=l..k:dimV, =m,. (6.38)

Chirng minh: (<) :Trong moi V, ta chon mét co s¢ gdm m; véc to. Hé n véc to gop

lai tir cac véc to cua cac co so vira chon 1a mot hé doc 1ap tuyén tinh, do dé hé nay la
mot co sd cua V' gdm cac véc to riéng cua f . Vay f chéo hoa dugc.

(=): Gid st f chéo hoa duogc, khi do ton tai co s& gdm céc véc to riéng dé ma tran

f c6 dang chéo

Hy . O
O .
= 20 ="t —p). (- p,)

Suy ra cac gia tri riéng p,,...,1, phai trung voi A,..., A .

My

Vay c6 dung m; gia tri riéng trong cac W,,...,H, bang A, i=1,...,k. Do d6 co

dang m; vec to riéng doc lap Gmg voi gia tri riéng A;, nghia la dimV, = m;. u

6.5.5 Thuat toan chéo hoa
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% Bai toan 1: Cho ty dong cdu f trén khong gian V. Hay tim co s¢ cua V' dé

ma trdn f* trong co s& nay co dang chéo.

% Bai toan 2: Cho ma trdn 4 vudng cip n. Tim ma tran khong suy bién T sao
cho TVAT co dang chéo.

Cho tu dong ciu f trong khong gian véc to V . Gia sit 4 = {el,...,en} 1a mét co
56 trong V' va ma trdn cta f trong co s6 A 1a A=[f],,. Khi d6 bai toan 1 trd thanh

bai toan 2. Nguoc lai, cho ma trdn vudong A ta xét anh xa tuyén tinh f :R"—>R" c6
ma trdn trong co sé chinh tac la A . Khi d6 bai toan 2 tré thanh bai toan 1.

Vi vay, dé giai hai bai toan nay ta can tim co s¢ #'={e',....e',} gom cac véc to
riéng cia f va ma trin can tim 7 chinh 1a ma trdn chuyén tir co s&¢ & sang A'. Vay

ta can thuc hién cac budc sau:
Budce 1: Viét da thirc dic trung dang:
PN = = 2" (b = 1) O()
trong d6 Q(A) 1a da thuc khong c6 nghiém thuec.
> Néu my +---+ my, <n (khibac cua Q(L) >2): khong chéo hoa dugc.
> Néu my+---+m; =n thi A,...,A; 1a cac gia tri riéng phan biét; tiép tuc budc 2.
Budc 2: Véi mdi gid tri riéng A, tim mdt co s& ciia khong gian riéng V,,- Cac
véc to riéng v=xe +...+x,e, cO (x,...,x,) la nghiém khac 0 cuia hé¢ phuong trinh

thuan nhat:
[A—Xil] =] (6.39)

> Néu d; <m; v6i i ndo do, 1<i<k thi f khong hoa chéo duoc.
> Néud; =m;, Vi:1<i<k. Tiép tuc budc 3.

Budc 3: Véi gia tri riéng A;, i =1,...,k ta da chon dugc m; véc to riéng doc lap
tuyén tinh. GOp tat ca cac véc to nay ta dugc hé g@)m my +...+my =n véc to riéng

doc 1ap, do 1a co s¢ A" can tim. Ma tran T ¢6 céac cOt 1a toa d cua hé véc to A",
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2 -1 0
Vidu 6.17: Chéohdamatran A= 9 4 6
-8 0 -3

2-12 -1 0 3-2 3-A 3-A
Da thuc dac trungcua A: (M) =| 9  4-A 6 |[=| 9 4-A 6

-8 0 -3-1] | -8 0 -3-i

10 0
=B-M9 —5-% -3 |=+DA-D3B-2n).
8 8 5-%

A c6 ba gia tri riéng phan bi¢t A, =—1, A, =1, A; =3 nén chéo hoa dugc.

*) Véc to riéng v=(x,y,z) #0 Ung vé1 gia tri riéng A, =-1 1a nghiém khac

khong cua hé phuong trinh

X 3 -1 0 ||x 0

[A—kll] yi=9 5 6||y|=|0

z -8 0 2|z 0
3 -1 0 3 -1 0 3 -1 0

Ta co: 9 5 6«0 0 0|0 0
-8 0 -2 -8 0 2| [4 0 1

. 4 a . R oo 13x=y=0 y=3x
Vay h¢ phuong trinh trén tuong duong véi hé: =

dx+z=0 z=—-4x

Dodo vel, < v= (x,3x,—4x) = x(1,3,—4) chon e'| =(1,3,-4).

**) Véc to riéng v=(x,y,z) # 0 tmg voi1 gia riéng A, =1 1a nghiém khac khong

cua hé phuong trinh
X 1 -1 0 ||x 0
[A-%I]1y|5 9 3 6|y|=|0
z -8 0 —4||z 0

1 -1 0 1 -1 0
Ta co: 9 3 6|<|0 0 O
-8 0 -4 -2 0 -1

Vay h¢ phuong trinh trén tuong duong véi hé: {

)
|
<
Il
—
<
Il
=
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Do do ve sz Sv= (x,x, —Zx) =x(1,1,-2) chon e', =(1,1,-2).

**%) Gia tri riéng A, =3 co véc to riéng v =(x,y,z) la nghiém khac khong cua

-1 -1 0 ||x 0 -1 -1 0 1 10
hé phuongtrinh | 9 1 6 ||y |=|0]|.Tacod 9 1 6|«<|0 0 O
-8 0 —6||z 0 -8 0 -6 4 0 3
s N o [x Yy =0 re=
Vay h¢ phuong trinh trén twong duong voi hé: = —4
4x +3z=0 z=—X

Dod6 vel, < v= (x,—x,_?“xj = %(3,—3, —4) chon ey =(3,-3,-4).

Co s6 m6i gom céc véc to riéng B'={e'},e'y,e'}.

1 1 3 -1 0 0
PatT=3 1 -3| thi 7'4T=|0 1 0].
4 -2 -4 0 0 3

Vi du 6.18: Xét tu dong ciu f :R>>R> x4c dinh boi:
f(x,y,2)= (3x—2y,—2x+3y,z).

Tim mdt co sd cua R> dé ma tran cia f trong co s& nay c6 dang chéo.

3 20
Ma tran chinh ticcua f: A=|-2 3 0
0 0 1

Da thuc dac trung

3-2 2 0 1-» -2 0 1-A -2 0
PN =| =2 3-L 0 |=|1-12 3-1 0 |=| 0 5-1 0 [=(5-1)(1-1)?
0 0 1-A 0 0 1-A 0 0 1-A
Do d6 A4 c6 cac gid tririéng A, =5 va A, =1 (kép).

*) Gia tri riéng A, =5 c6 véc to riéng v =(x,y,z) 1a nghiém khac khong ctuia hé

-2 2 0 ||x 0
phuong trinh: | -2 -2 0 ||y |=|0
0 0 -4||:z 0
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y=-x

1A . x+y =0
c6 hé phuong trinh twong duong: = 0
z z=

=0
V= (_yayao) = y(—l,l,()) ChQIl e'l = (_1’1’0) .

**) Gi4 tri riéng A, =1 ¢6 véc to riéng v =(x,y,z) la nghiém khac khong cua hé

phuong trinh
2 2 0f|x 0
-2 2 0||y|=|0
0 0 0}|cz 0

H¢ phuong trinh trén twong dwong véi phuong trinh: x—y =0, z tuy y.
V= (x,x,z) =x(1,1,0)+z(0,0,1) chon e', =(1,1,0), e'; =(0,0,1).
Chon co s6 A'= {e'l,e'z,e'3} ; fle')=5e", f(e'y)=e'y, f(ey)=e.

5 00
Ma trdn ctia f trong co s& ' ¢ dang A':[f]%, =0 1 0.
0 0 1

Vi du 6.19: Cho ty dong cdu f : P, — P, c6 cong thirc xac dinh anh
f(ao + Cllf+ Clztz) = (—ao + a + a2)+ (Clo -4 + az)t‘i' (Clo + a —az)tz .

Tim mot co s& cua P, dé ma tran cua f trong co s& nay co dang chéo.

-1 1 1

Ma tran chinhticcoa f: A=| 1 -1 1

1 1 -1

Pa thire dac trung cua A
-1-A | 1 1-A | 1
A= 1 —1-X 1 |=|1-A —-1-A 1
1 1 —1=-A [1-A 1 —1-X
1 1 1

=(1-M)0 —2-2 0 |=(1-M)A+2).
0 0 —2-

Da thtrc ddc trung c6 nghiém A; =1 va A, =-2 (kép).
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*) Véc to riéng p =aq, +a1t+a2t2 #0 Ung v61 gid tr1 riéng A; =1 la nghiém

khac khong ciia hé phuong trinh thun nhét

-2 1 1 -2 1 1 -1 0 1
Taco |1 -2 1 |«<>|3 -3 0j<>|1 -1 0
I 1 =2 0 0 O 0 0 O

A 1 . A .. |~ at a;=0 ay = a
Vay h¢ phuong trinh trén twong duong voi: =

PeEV,, S p=q +agt+agt® =ay(1+t+1*) chon p' =1+1+1>.
**) Véc toriéng p=a, +at+ azt2 # 0 ung voi gia tri riéng A, =—-2 la nghiém
khac khong ctia hé phuong trinh thun nhét
1 1 1} a 0
1 1 1 (11 = O
1 1 1} a 0
Hé phuong trinh trén twong duong vo1 phuong trinh: gy +a, +a, =0.
PeEV,, S p=—a-—a+al+ azt2 =a(-1+1)+ a2(—1+12).

Chon p'y=-l+t, p'y=—1+1>.

Xét co sO %}':{P'pp'zap's}; f(p')=pr", f(phr)=-2p", f(p3)=-2p%.

1 0 0
Ma tran cia f trong co s ' codang 4'=[f], =|0 -2 0
0 0 =2
1 -3 4
Vidu 6.20: Chéohdéamatrain 4=4 -7 8
6 -7 7
Da thirc dac trung cua A
1-» -3 4 1-A -3 4 -5-» -3 4
PA)=| 4 -T-r 8 |[=2+2% —-1-1 0 |[=(1+1)| O -1 0
6 -7  T-A 6 -7  T-A -8 -7 T7-A

164



CHUONG VI: ANH X4 TUYEN TINH

~1-A» -3 4 -1-» -3 4
=1+M)] 0 -1 0 |=1+n)] 0 -1 0 |=@-M)(A+D7>.
—1-% =7 T-x 0 -4 3-A

Da thtrc ddc trung c6 nghiém A, =-1 (kép) va A, =3.

Gia tri riéng A, =—-1 c6 véc to riéng v=(x,y,z) la nghiém khac khong cia hé
phuong trinh
2 3 4||x 0
4 -6 8||y|=|0
6 -7 8||z 0

Bién ddi ta duoc hé phuong trinh twong duong:

{2x—3y +4z=0 {yzZz
=

N = v=(x2xx)=x(21)
y— 2z=

xX=z
Khong gian riéng V; = {x(1,2,1)| X eR} co dim¥; =1<2 nénma tran 4 khong

chéo hoa duoc.

BAI TAP CHUONG VI

6.1) Anh xa f:R? - R? nao duéi day 1a anh xa tuyén tinh:
a) f(x,1)=(2x,x+y) b) f(x.y)=(x")
¢) f(x,y)=(y,x) d) f(x,y)=(xy+1)

o) f(xy)=(ax+by,cxtdy) D) f(xy)=QRx3y)
6.2) Anhxa f:.4, —R nao dudi day 1a 4nh xa tuyén tinh:

(a b] Catd b a b a b
2) f ¢ d| - )/ c dl|) lc d
fa b ﬂd bD 2 2
c) f =2a+3b+c—-d+1 d) f =a” +d".
¢ d| c d

6.3) Cho anh xa tuyén tinh f :R*—>R? x4c dinh nhu sau:

f£(1,0,0)=(L1), £(0,1,0)=(3,0), £(0,0,1)=(4,-7).

a) Tim ma tran chinh tic cia f .

b) Tinh f(1,3,8), f(x,»,2).
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6.4) Chung minh moi 4nh xa tuyén tinh 7 :R*—>R? déu c6 dang:
f(x,y) = (ax+by,cx +dy)

Hay tong quat hod ddi v6i anh xa tuyén tinh f :R"—>R"™.

. .12 -1
6.5) Cho 4nh xa tuyén tinh / :R*—>R? c¢6 ma tran chinh tic { s 4 } :

a) Vecto nao sau day thudc Ker f: (5,10);(3,2);(L1).
b) Vecto nao sau day thuoc Im f: (1,-4);(5,0);(-3,12).
: : . , a b
6.6) a) Chirng minh rang tap -4/ cac ma tran vuong cap hai c6 dang L } 1a khong
c

gian con cta -4/ cac ma tran vudng cap hai. Tim mot co s¢ cua A .

, C o, a b a+c b o N . .
b) Chirng minh anh xa f: > la mot tu dong cau tuyén
b ¢ b a+b+c

tinh cua -4/ . Tim nhin va anh cua f .

6.7) Tu d@)ng ciu tuyén tinh f c6 ma trdn Ung voi co sO {81,82,63,64} la

(12 0 1
30 -1 2
A=

2 5 3 1
12 1 3]

Hay tim ma tran cia f trong co so {e),e; + ey, +ey +e3,0 +ey +e3+¢4).
6.8) Viét ma tran chinh tic, tim mt co s& cua Im f, tim mot co s¢ cua Ker f cua cac
anh xa tuyén tinh f:R"—>R" sau:

a) f(x,y,z)=(x—y+3z5x+6y—4z,Tx+4y+2z)

b) f(x,y,2)=2x—z,—x+2z,0)

c) f(x,y,2)=2x+2y—-8z,x+6y+2z3x+6y—-9z,x+5y)

d) f(x,y,z,t)=(x+4y+5z+9t,3x-2y+z—t,—x—y—t,2x+3y+5z+8t).

0 2 1
6.9) Cho anh xa tuyén tinh 7 :R*—>R>® co ma trdn chinhtic1a A=|1 —4 0].
30 0

Hiy tim ma trdn ctia f trong co s& {v;,v,,v3}; v = (LLD), v, = (1,1,0), v; = (1,0,0).
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6.10) a) Chungtoé v, =(1,2,3),v, =(2,5,3),v; =(1,0,10) 1a mdt co s& cua R’

b) Cho anh xa tuyén tinh f :R*—>R? xac dinh boi f(v,)=(1,0), f(v,) = (1,0),
f(v3) =(0,1). Tim cong thurc xac dinh anh f(x,y,z).
6.11) Cho f:R>>R? xéc dinh b6i f(x,y) = (x+ y,2x) va da thic p(r)=3-21+1>.
Tim p(f)(x,»).
6.12) Cho D:P, »P, la toan tir ldy dao ham. Cho da thic p(f)= —5+42t+¢>. Tim
p(D)(q(1)), trong d6 v(x) e Py, q(t)=at* +bt +c.

1 3 -1
6.13) Cho anh xa tuyén tinh f: P, >P, comatrdn A={2 0 5 | trong co so
6 -2 4

B={q1.q,.q3}; ¢, =3t+3t, gy =—1+3t+2t°, gy =3+Tt+2¢".
a) Tim toa d0 trong co s& & anh cla cic vecto cua co sd 4 :
[f(a)], » [f@)], » [f(@)], -
b) Tim f(q,), f(qy), f(q3).
¢) Tim f(1+¢%).
6.14%) a) V61 hai ma tran cung cép bét ky A,B ching minh: r(A+ B) <r(A4)+r(B).

b) V&i hai ma tran vudng cip n batky 4, B, ching minh bat dang thirc Sylvester:
r(A)+r(B)—n<r(4B) <min(r(A4),r(B)).

6.15%) V&i ba ma tran vudng cip n bat ky 4, B,C ; ching minh bat dang thirc
Frobenius: »(4AB)+r(BC)<r(B)+r(A4ABC).

6.16%) Gia st 4 1a ma trin vuodng cép n sao cho A4* = I. Chtng minh:
r(A+1)+r(A-I)=n
6.17%) Gia st 4, B 1a hai ma tran c6 ¢& 1an lugt mxn,nxp.
a) Chtrng minh rang cac vecto c6 dang (BX)', véi X’ eR?, thoa mén diéu kién
ABX =0 1a khong gian con ctia R” ¢6 s6 chiéu bang r(B) — r(4B).
b) Chimg minh ring r(A4) = r(B) khi va chi khi ABX =0= BX =0.

6.18) Ma trin A4 vudng cip n duogc goi 12 luy linh néu ton tai sd nguyén duong & sao
cho 4 = 0. Chtng minh rang A luy linh khi va chi khi 4" =0.
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6.19) Gia str {e;,....e,} 12 mdt co s& cua khong gian véc to V. Ty dong cau f thoa
man f(e) =0, f(e)=aye, f(e)=aze +ape,, ..., f(e)=a,e++a,, €.
Chung minh rang f" =0.
6.20) Tim dinh thirc ctia cic tu ddng cu sau:
a) / 1a tu ddng ciu cua khong gian véc to R x4c dinh boi:
f(x,y,2)=2x—z,x+2y—-4z,3x-3y+2z).
b) f 1a tu ddng ciu cua khong gian véc to .412 cac ma trin vudng cap 2 xac

dinh boi:

b
£(4) = MA trong d6 A= {a d}.
C

6.21%) Giast f:V — W la dong cau tuyén tinh:

a) Chirng minh riang f toan cu khi va chi khi ton tai ddng cdu g:W —V sao
cho fog=1Idy.

b) Ching minh rang f don cu khi va chi khi ton tai déng ciu h:W —V sao

cho ho f=1d,.
6.22%) Cho ba khong gian vecto V},V,,V;:

a) Gia su f:V, >V,, g:V;—>V; la hai anh xa tuyén tinh. Chtrng minh:
Ker f « Ker g khi va chi khi ton tai 4nh xa tuyén tinh / : V, > V;saocho g=hof.

b) Gia st f:V, > V;, g:V; —>V; la hai anh xa tuyén tinh. Chimg minh:
Im f > Img khi va chi khi ton tai 4nh xa tuyén tinh 4 : Vi >V, saocho g=foh.

6.23%) Gid st A4,B la hai ma tran vuong cép n sao cho vé1 moi ma tran c6t X thi
AX =0= BX =0. Chiing minh tdn tai ma tran C cép n saocho B=CA4.
6.24*) Gia st W, W, 1a hai khong gian vecto con cia ¥ . Ching minh rang hai tinh
chét sau twong duong:

(i) Ton tai ty dong cau f cua V sao cho Im f =W,, Ker f =W,

(ii) Ton tai mot phan bu W, cua W, trong khong gian vecto V' sao cho W,
dang cau véi W,.
6.25%) Gia sit f:V — W la anh xa tuyén tinh. Ching minh ring ton tai anh xa tuyén
tinh g:W —V saocho fogof=fvagofog=g.

6.26*) Tim cac gia tri riéng, co s& cua khong gian riéng cua cac ma tran sau:
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1 1 3 2 4 2 1 1
a2 0 -2 b2 0 2 o)|-2 1 3
-1 2 3 4 2 3 3 1 -1
) 3 -1 0 0|
1 -3 4 7 —-12 6
d|4 -7 8 )|10 —-19 10 t)l 0 0
— e —_—
3 0 5 -3
6 -7 7 12 -24 13
- 4 -1 3 -1

6.27) Gia st D:V — V la toédn tir vi phéan, nghia la D(v) = % . Tinh dinh thtc det(D)
(Tim da thue dac trung , trang 204, 9.13, 9.3) trong céc truong hop sau:

a) V' la khong gian véc to sinh boi {l,t,...,t”} )

b) V' 1a khong gian véc to sinh bdi {e’, e, e ’} .

c) V' 1a khong gian véc to sinh béi {sint, cost}.

6.28) Chimng to rang cac ma tran sau khéng chéo hoa duoc:

[0 1 0 2 6 -15
a)|-4 4 0 b1 1 -5
-2 1 2 1 2 -6
12 -6 -2 4 -5
0|18 -9 -3 A5 -7
18 -9 -3 6 -9 4

6.29) Chéo hoa hai ma tran sau:

1 -3 3 -3 1 -1
a) A={3 -5 3 b) B=|-7 5 -1
6 -6 4 -6 6 -2

6.30) Tim ma tran P lam chéo hod A va xac dinh P'4P.

5 7 =5 (7 -12 6 5 -3 2
a)|0 4 -1 b) |10 -19 10 c)|6 -4 4
2 8 -3 12 -24 13 4 -4 5
1 -3 3 -1 3 -1 0 1 0
d|3 -5 3 e)|-3 5 -1 f)y(1 0 1
6 -6 4 -3 3 1 01 0
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11 -5 5 -1 a a* 0 -1 1
2|/-5 3 -3 |0 0 -a i)|—a-1 a a+1|,aeR
5 -3 3 0 0 1 —-a a a+l

6.31) Trong mdi truong hop sau tim mot co so ciia R® dé anh xa tuyén tinh / c6 ma

tran dang chéo:
a) f(x,y,2)=(x—y2x+3y+2z,x+y+22)
b) f(x,y,2)=0CBx+y+2z2x+4y+2z,x+y+32)
c) f(x,y,2)=(x+2y+2z,x+2y—z,—x+y+4z)
d) f(x,y,2)=(x+y+2z2y+22y+32).

4 Ay o
. L s NS , A 10 ay p
6.32) Tim da thirc ddc trung va céc gia tri riéng cua ma tran 4 = . )
10 0 a,, |

6.33) Chtng minh rang 4 va A" c6 cing da thirc dic trung.

6.34) Gia st f,g 1a hai ty dong ciu tuyén tinh cua khong gian vecto ¥ thoa min
fog=gof. Ching minh Ker f,Im f bat bién dbi véi g .

8 12 0
6.35)Cho B=|0 8 12|. Timmatran 4 théaman B = A4
0 0 8

6.36) Cho da thirc p(¢) bat ky. Chimg minh rang :

a) p(4') = p(4)'. b) p(P~'4P)= P~ p(A)P.
fa, 0 -+ 0] ‘a, a - b]
, 0 a, - 0 0 a, - c ‘ ,
ogNewd= . . . |,B=. [ . . | thi p(A), p(B) c6 dang:
0 0 - a, 10 0 a, |
_P(al) 0 0 | _P(al) X Yy |
O p(a ) oo O O p(a ) oo Z
pA)= . :2 . . PB= . :2 . :
0 0 - pla,) 0 0 - play) |

170



CHUONG VI: ANH X4 TUYEN TINH

6.37) Giasu f; la cac ty d@)ng cau tuyén tinh cua khong gian vecto con W, i=1,...,n

val =W ®..eW, Véimoi vel, ton tai cach viét duy nhat v=v, +..+ v,, trong

do6 v €M,..., v, €W,.Dat f(v)=_ f;(v;). Chimg minh f la ty dong chu tuyén
i=1

tinh cua V' va: Ker f=@PKerf;, , Imf=PImf; .
i=1 i=1

43 0 0
100 2 \ A 2 3 0 0 p
6.38%) p(t)=t "+t —1 vamatran 4= 49 -1 0 . Tinh det p(A4).
12 5 2]

/2 1 1

6.39%) Cho A=| 0 1/3 1 |.Kyhiéu 4" :[a,.j(n)]3 . Tim lim a; (n)37,/=1,2,3.
X n—»o0
0 0 1/5

A 1Al A\ as ake  ge o A oo 2 .~ | a4 ,
6.40%) Tim di€u kién can va du doéi voi cac phan tot a,b,c,d dé ma tran { } chéo
c

hoa duoc.

6.41*) Gia sir ty dong cau tuyén tinh £ cta khong gian vecto n chiéu V¢ n gia tri

riéng phan biét. Chirng minh rang néu ty dong cdu g cua khong gian vecto V giao

hoan véi f(nghiala fog=go f)thi g chéo hoa dugc.

6.42*) Cho ty dong ciu tuyén tinh f:R"—>R" c¢6 ma trin trong co s& chinh tic co

dang A:[aij] voi a; =0 néu 1<i,j< p hay p+1<i,j<n.Ching minh ring néu

A la gid tririéng cia f thi — A cling la gia tri riéng cua f .

6.43*) Cho ty dong ciu tuyén tinh f :R"—>R”" c6 ma tran trong co s& chinh tic co
0 néu i+l<j

1 néu j=i+l
dang 4= [aij] Vol a; = /

néu i=j=2,.,n
nhan gia tri tuy y trong cac truong hop khic

a) Dit v=e, = (0,...,0,1). Chimg minh {v, L0y (v)} 14 mot co s& clia R”.

b) Chimg minh riang néu f chéo hoa duoc thi cac gia tri riéng ciia f khac nhau
tung doi mot.

6.44*) Cho hai 4nh xa tuyén tinh f,g:¥ — W . Chtrng minh:
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(Fre)=rN g e OmE=t0
r(f+g)=r(f)+r(g)<
& & Ker f+Kerg =V
6.45%) Cho ma trin 4 vudng cap n phan d6i xtmg. Chting minh , + 4 kha nghich.

6.46*) Cho V=W, ®W,,v6imoi vel , v=v, +v,, v, €
p(v) = v, : phép chiéu lén W, song song véi W, .

W, xétanh xa p:V -V,
a) Chimg minh pop=p, Imp =W, Kerp=W,.
b) Nguoc lai, néu p:V —V, pop=p thip l1a phép chiéu 1én Imp song song
Kerp.
6.47) a) Gia st v 1a mot véc to riéng cta hai tu dong cau f, g . Ching minh rang v
cling 13 véc to riéng cta af +bg, véi moi hang sd a,b.
b) Néu A 13 mot gia tri riéng cua tu dong cdu f thi p(A) 13 mot gia tri riéng cua t
ddng cau p(f), trong d6 p(¢) 1a mot da thirc.
6.48) Chtrng minh rang 4 va A" ¢ cing cac gia trj riéng. Cho vi du ching t6 4 va
A" ¢c6 cac véc to riéng khac nhau.
6.49) Gia st f, g 1a hai ty dong cau théa min fog=go f. Gia st W 1a khong gian
riéng ung voi gia tri riéng A cia f . Chung minh rang W bét bién d6i véi g .
6.50) Gia st f, g 1a hai tu dong cau chéo héa dugc va théa man fog=go f. Ching
minh rang ton tai mot co s& gdm céac véc to riéng dong thoi cua f va g .
6.51) Dinh ly Cayley-Hamilton: Goi #()) :|A—M | la da thic ddc trung cua A4,
chimg minh rang #(4)=0.

6.52) Vi da thitc bat ky p(t)=1"+a, "' +---+ a;t + a,, ma tran vudng cdp n sanh

0 0

0 _ao
1 0 0 -q
doéi voi p(t) codang 4={0 1 0 —a, |.Ching minh rang p(A)=0.
00 1 -a,|

6.53) Cho tu dong cdu f:V — V. Gia st ton tai veV sao cho f k_l(v);tO va
f5v)=0.pat S = {v, fO),es fk_l(v)} . W =span S . Chitng minh ring:

i) Hé S doc lap tuyén tinh.

ii) Khong gian véc to con W bat bién d6i véi f .

172



CHUONG VI: ANH X4 TUYEN TINH

1i1) Thu hep cua f vao khong gian véc to con W : ]N” =f ‘W 1a iy linh.
iv) Tim ma tran cta 7’ trong co s& {fk_l(v), ...,f(v),v} cua .

6.54*) Chimg minh rang da thirc dic trung ctia ma tran A4 c6 thé biéu dién dudi dang:
|A=21| = (-1)" + C (1) + Cy (L)' +...+ C, , trong 46 C, 1a tong tit ca cac dinh
thirc con chinh bac & ctia A (dinh thirc con chinh 1a dinh thirc con ¢6 céac chi sO hang

va chi s0 ¢t bang nhau).
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CHUONG VII
KHONG GIAN VEC TO EUCLIDE
DANG TOAN PHUONG

Euclide 1a nguoi dau tién d3 trinh bay todn hoc mot cach hé théng trong bg sach
"Co s¢", trong d6 Euclide da xay dung mon hinh hoc chi dua trén nam tién dé. Cubn
sach nay duoc dung lam sach gido khoa cho dén tan thé ky 19. Khong gian Euclide
ban dau dugc hiéu nhu 1a khong gian thyuc 3 chiéu véi hé tién dé Euclide. Su mo rong
sang khong gian nhiéu chiéu xuat phat tir nhitng cong trinh ctia Banach (1892-1945),
nha toan hoc Ba Lan.

Khéng gian afin dugc xay dung trén nén 1a khong gian véc to, trong do ta chi
khao sat cac phang va quan hé song song. Khong gian Euclide duoc xay dung trén nén
khong gian véc to Euclide, trong d6 ta c6 thé tinh duoc d6 dai, quan hé truc giao, khai
niém goc.... Mat phang va khong gian ta gip trong chuong trinh phd thong 13 cac
khong gian Euclide.

Khong gian véc to Euclide 1a mgt khong gian véc to véi tich vo hudng. Tich vo
hudng 1a mot dang song tuyén tinh doi xing xac dinh duong. Khai niém tich vo hudng
dugc khai quat hod tir khai niém tich vo huéng da gip & pho thong, trong do tich vo

hudng cia hai vécto u, v lasdthuc u - v :HuH-Hchos(u,v).

Hai véc to duoc goi 13 truc giao nhau néu tich vé hudéng cta ching bang 0. Hé
véc to gém cac véc to truc giao nhau duoc goi 1a mot hé tryc giao. Véc to ¢ tich vo
hudng véi chinh nod béng 1 duogc goi la véc to don vi. Mot hé truc giao gém cac véc to
don vi dugc goi l1a hé truc chuan. Cho mdt hé véc to doc 1ap tuyén tinh thi ta c6 thé tim
duoc mét hé truc chuan sao cho khong gian sinh boi hai hé nay 1a trung nhau. Pé tim
hé truc chuan nay ta su dung lugc dd truc chun hod Gram-Shmidt.

Trong vién thong nguoi ta hay dung phuong phap nay trong 1y thuyét truyén dan
tin hiéu, trong d6 mdi tin hiéu duogc biéu dién dudi dang mgt ham s6 theo thoi gian t.

b
Tich v6 huéng cta hai tin higu £(¢), g(t) 1a (f(1).g(0)) = [ /()g(t)dt . Lic d6 nguoi

ta tim mot hé cac tin hiéu chuin 13 mot hé truc chuin (béng cach truc chuan hoa
Gram-Shmidt), con céc tin hiéu khac dugc biéu dién dudi dang t6 hop tuyén tinh cia
cac tin hiéu chuan nay.

Ma tran tryc giao 1a ma trdn vudng c6 céac véc to cot 1a mot hé truc chuan. Ma
tran chuyén co s& cua hai co sé truc chudn 1a ma tran truc giao. Ma tran cua anh xa
tryc giao trong co s¢ truc chuan 13 ma tran truc giao. Ma tran tryc giao kha nghich va
ma tran nghich dao bang ma tran chuyén vi ctia né.
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Bai toan chéo hoa truc giao ma tran vudong A la tim ma tran truc giao 7' sao cho
T'AT 1a ma tran chéo. Ma tran vuong chéo hod truc giao duoc khi va chi khi né 1a ma
tran doi xung. D€ chimg minh diéu nay ta st dung tu dong cau doi xing.

Khai niém dang toan phuong c6 rit nhiéu tmg dung.

Mot dang toan phuong dugc xac dinh boi duy nhat mot dang song myén tinh doi
xtng dugc goi la dang cuc cua dang toan phuong d6. Ma tran cua dang cuc cling con
goi la ma trén cua dang toan phuong. Viy ma tran cua mot dang toan phuong la ma
tran d6i xtmg, do d6 co thé chéo hoa truc giao dugc. Bang phuong phap nay ta co thé
dua biéu thuc toa do ctia mot dang toan phuong vé dang chinh tac (chi chtra cac thanh
phan binh phuong, ma tran ctia n6 c6 dang chéo). Ngoai ra ta c6 thé dua vé dang chinh
tic bang mot sd phuong phap khac; chang han: phuong phap Lagrange va phuong
phap Jacobi, thuat bién d6i ma tran ...

Khi dua biéu thic toa do cua mot dang toan phuong vé dang chinh tic theo
nhimg phuong phap khac nhau thi cac hé s6 trén dudng chéo ciia ma tran chéo c6 thé
khac nhau, nhung s6 cic hé sd duong va hé s6 Am ludn bang nhau, dugc goi 1a chi s6
quan tinh cta dang toan phuong. Pinh Iy Sylvester cho ta mot tiéu chuan dé nhan biét
mot dang toan phuong la xac dinh duong hay x4c dinh &m dya vao céc dinh thic con
chinh goc bén trai.

Dua vao tinh bét bién cua chi s quan tinh cta dang toan phuong ta c6 thé tng
dung dé phan loai cac duong bic 2 trong mit phang (cac duong conic: dudng ellipse,
hyperbol, parabol. Pay 1a 3 dudng cong co ban da duoc khao sat & phd thong dudi
dang phuong trinh chinh tic) va cac mat bac 2 trong khong gian. Thyc hién phép ddi
truc toa do dé dua dudng bac 2 trong mit phing va mit bac 2 trong khong gian vé
dang chinh tic.

Ham s6 chi dat cuc tri tai nhitng diém t6i han (dao ham bac nhat bang 0 hoic
khong ton tai dao ham). Khi ham mdt bién s6 c6 dao ham bac 1 triét tiéu tai mot diém
nao dé thi sb gia cua ham phu thudc vao dau cia dao ham béc 2 tai diém nay. Truong
hop ham nhiéu bién c6 cac dao ham riéng cip 1 bang 0 tai mot diém nao do thi s gia
clia ham tai diém nay phy thudc vao vi phan bac 2, d6 1a mot dang toan phuong. Tuy
theo tinh chat xac dinh duong, x4c dinh 4m hay khong xac dinh ctia dang toan phuong
nay ta cé thé két luan ham sb dat cuc tiéu, cuc dai hay khong dat cuc tri tai diém da
xét. Khi vi phan bac 2 bang 0 thi bai toan s& phirc tap hon nhiéu, nhung rit may 13
truong hop ndy it gap trong thuc té.

Dang toan phuong con duoc st dung trong bai toan binh phuong cuc tiéu, trong
quy hoach dong, phan loai cac phuong trinh dao ham riéng tuyén tinh cép 2 ...

Hoc vién nén &p dung thanh thao lugc dd truc chuin héa Gram-Shmidt. Doi co
s dé dua biéu thirc toa do cua mot dang toan phuong vé dang chinh tac, dic biét chh
trong phuong phap chéo hoa tryuc giao.
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7.1 DANG SONG TUYEN TINH
7.1.1 Pinh nghia dang song tuyén tinh

Pinh nghia 7.1: Mot dang song tuyén tinh trén khéng gian véc to V' la mét anh xa

n:Vxv¥ —>» R
(u,v) B n,v)
sao cho khi ¢é dinh méi bién thi né tré thanh édnh xa tuyén tinh doi véi bién kia.
Nghia la véi moi a,a,,B,B, €R, voi moi uy,u,,v; u,v,v, €V thi
n(auuy + iy, v) = am(uy, v) + oon(u,,v)

N, Bvy +Byvy) =B, v) +Bon(u,v,). (7.1)

Dinh nghia 7.2: Dang song tuyén tinh n dwoc goi la c6 tinh:

i) Déi xvng: Néu n(u,v) =n(v,u) véi moi u,veV ; (7.2)
ii) Khong dm: Néu n(u,u) >0 véi moi ueV ; (7.3)
iii) Khong dwong: Néu n(u,u) <0 véi moi ueV ; (7.4)
iv) Xdc dinh: Néu n(u,u) =0 khiva chi khi u=0. (7.5)

Dang song tuyén tinh xac dinh va khong am duoc goi 1a xac dinh duong. Ta dé
dang thiy ring n xac dinh duong khi va chi khi n(u,u) >0 véimoi u 0.

Mot dang song tuyén tinh doi ximg xdc dinh dwong dwoc goi la tich vé hudng. Ta
thuong ky hiéu tich vo huéng cta u va v 1a (u,v) thay cho n(u,v).

Vi du 7.1: Anh xa n: R*xR* —>R xéc dinh nhu sau: =(x,%),v=(),¥,)

N, V) =23 =3, + X0 + 7%,
Khi ¢ dinh u = (x;,x,) thi n(u,v)=2xy, — 5%y, + X, 3, + X, ¥, tuyén tinh dbi

v6i (3, ¥,), nghia 1a tuyén tinh dbi véi bién v.
Tuong tir khi ¢b dinh bién v thi n(u,v) tuyén tinh d6i véi bién u.
Vay n(u,v) 13 mot dang song tuyén tinh.

Ngoai ra n(u,v) #n(v,u) va n(u,u) = 2x12 —4xx, + 7x§ =2(x; — xz)2 + 5x§ >0,

véimoi u = (x;,x,)#0.

D6 d6 n(u,v) 1a mot dang song tuyén tinh xac dinh dwong nhung khong d6i

xung.
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7.1.2 Ma tran va biéu thirc toa dd ciia dang song tuyén tinh
Gia st n:V xV —>R 1a mot dang song tuyén tinh trén khong gian véc to V.
B = {el,...,en} 12 mot co sé ctia V. Ma trdn vudng cAp n c6 phan tir & hang i cot j 1a

n(e;,e;), ky hiéu:

A=[n],=]a;] . a;=nee, (7.6)

duoc goi 1 ma trdn ciia dang song tuyén tinh v trong co sé R .
VYu,velV, u=xe +..+x,e, va v=ye +..+ye,
n n
n(u,v) =n(xe +...+x,e,, e +..+y,e,) = z n(e,e;)xy; = Z a;xy;  (1.7)
i.j=1 i.j=1
(7.7) dwoc goi la biéu thirc toa do cia dang song tuyén tinh m trong co s¢ B .

Néu dong nhat ma trin mot hang mot cot [] v6i chinh phan tr a, thi biéu thic

toa d6 (7.7) co thé viét lai dudi dang ma tran nhu sau:

() =[u],[n],[v], (7.8)

Nguoc lai ta c6 thé chimg minh dugc rang anh xa 1: 7 x¥ —R ¢6 biéu thiic toa

dd xac dinh badi (7.7) hodc (7.8) 1a mdt dang song tuyén tinh c6 ma tran thoa man
(7.6).

Vidu 7.2: Xét n: R’xR’—> R xac dinh nhu sau: V u = (x;,%,,%3),v = (V], V4, V3)
N, v) = 3%y = 2x10, + 5%, + Tx, 1, =8X, ¥ + 4x3, — X313
A ={e,,e,e5} 1a co s¢ chinh tic ca R’.
Ta co: n(e,e) =3, nle,e)=-2, ...

Do d6 ma tran cua n trong co s& chinh tac:

3 -2 0
A=|5 T -8
0 4 -1

7.1.3 Biéu thirc toa dd ciia dang song tuyén tinh trong cic co sé khac nhau

Gia st 1 12 mot dang song tuyén tinh trong khong gian véc to V'
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A:[aij} =[nl]y, ; A':[a'l-j]:[n]%, 14 hai ma trn cta 7 trong hai co s twong
g #={e,...e,}, B'={e',...e',} cta V: a;=n(e,e;), a'; =n(e'.e')).

19/

. B A 2 . . G L
Goi T = [tl-j ]%, 1a ma tran chuyén tir co s6 A sang B': e'; = Ztijei
i=1

a'y=nee';)= n[ztkiek’ztljelJ =Dl (Zﬂ(ek»ez)%} =2t (Zakltljj
=1\ =1 =1 \i=1

=1 1=1
Vay
A'=T'AT (7.9)
Cong thure nay cling dugc suy ra tir (7.8) nhu sau:
[uly =T[ul s [v],=T[v],
() =[ul, ], [v], =[] 7' [n] , T[]
n(uav) = [u];}' [T]]Q%! [V] 23’

= [n]y=T"[n],T (7.10)

Vi du 7.3: Xét dang song tuyén tinh & vi du 7.2. Xét co s AB'= {e'l,e'2,e'3} cua R*:

e'1=(3,4),¢e',=(2,0,3), e'y=(3,1,2).

1 2 3
Ma tran chuyén tir co s& % sang B': T=|3 0 1
4 3 2

Ap dung cong thirc (7.9) ta c6 ma tran ctia 1 trong co s& AB':

11 48 33
A'=T'AT =18 3 20|.
I -2 31

7.2 DANG TOAN PHUONG

7.2.1 Dinh nghia dang toan phwong

Dinh nghia 7.3: Gid sirt 1:V xV —R la dang song tuyén tinh xdc dinh trén khéng

gian véc to V. Anh xa 0:V - R xdc dinh boi Q(v)=n(v,v) duoc goi la mot dang

toan phwong trén V .
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Gia sit # ={e,,....e,} lamodt cosd ciia V', VvelV;v=xe +..+x,e, theo cong
thire (7.7) va dinh nghia dang toan phuong ta c6 biéu thirc toa do:
n n
OM) =n(.v) = 3 n(ee))xx; = D azxx;
i,j=1 i,j=1
Nhu vay dang toan phuong c6 biéu thirc toa do 13 mot da thirc ding cap bac 2.

Nguoc lai anh xa Q:V —> R ¢o biéu thirc toa do trong co s& 4 nao d6 1a mot

da thire déng cip béc 2 c¢6 dang

o) = Z agx;x;, voi v = le-ei (7.11)
i=1

i,j=1
thi O 1a mot dang toan phuong mg voi dang song tuyén tinh 1 ¢o a; =n(e;e;).
Vi du 7.4: Xét dang song tuyén tinh ¢ vi du 7.1 1:R*xR*—>R xac dinh nhu sau:
u=(x,%),v=0,2); NW,v) =2x0 =5y, + 0 +7x,0,.
Dang toan phuong trén R? tuong ung 1a Q(u) =n(u,u) = 2x12 —4xx, + 7x§ :

Ta c6 thé xay dung cac dang song tuyén tinh khac nhau xac dinh cing 1 dang
toan phuong, chang han:

Xét cac anh xa n; : R*xR*—R; M (U, v) =2x,9, =2X9, = 2%, + TX, 155
M, REXRE DR ; 1, (1,v) = 2%,y + 22X,y — 6,3, + TX, 1y ;
Nt REXRZ >R M3 (1, v) = 2x,, — 4%, 0, + TX, s ;
1a cac dang song tuyén tinh va
ny(,u) =M, (w,u) =3 (u,u) = ... =n(u,u) = Ou) .
7.2.2 Dang cuc cua dang toan phuong

Vi du trén ching té cing mdt dang toan phuong O c6 nhiéu dang song tuyén
tinh 1 sao cho O(v) =n(v,v). Tuy nhién chi c¢6 duy nhat mot dang song tuyén tinh ddi
xtng 1 sao cho O(v)=n(v,v). Dang song tuyén tinh ddi ximg n ndy dugc goi 1a

dang cwc cia Q.
Dang cuc cua O dugc xac dinh boi cong thirc:

n(w,v) =%(Q(u+V)—Q(u)—Q(V)) (7.12)
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7.2.3 Ma tran va biéu thirc toa dd ciia dang toan phwong

Ma tran cua dang cuc cia Q trong co s& & ciing duoc goi 1a ma trdgn cia dang
toan phwong Q trong co s¢ & . Nhu viy ma tran ctia dang toan phuong 1 ma trin
dbi xtmg.

Nhu véy ma tran trong co s6¢ % ={e,,...,e, } cia dang toan phuong Q c6 dang

cuc n, ky hiéu 4=[0Q], , duoc xac dinh nhu sau

P’
Az[aij]nxn, a; =n(e,e;)=nle;e)=ay (7.13)

Biéu thirc toa do (7.11) c6 thé viét lai dudi dang ma tran

o) =[],[0],[v],, (7.14)
Vi du 7.5: Dang song tuyén tinh n, la dang cuc cua dang toan phuong Q cua vi du
7.4. Do d6 ma tran cta dang toan phuong O trong co so chinh tic 1a 4 = {_22 _72} .
Vi du 7.6: Tim ma trin cta dang toan phuong Q c6 biéu thic toa do trong co s
chinh tic ciia R® x4c dinh nhu sau: Vv = (x;,X,,X;) = X,€, + X,€, + X3¢
O(V) = x,° = 2x) + X, +4x,, + 4x;,° +2X, %5

Dang cuc tuong irng

N, V) = X)) = X1 V) = XV + X505 + 213+ 230 +4X3 03 + X, V3 + X3, -

I -1 2
Do d6 ma trin A cua Q trong co sé chinhticla 4={-1 1 1].
2 1 4

7.2.4 Biéu thitc toa d9 dang chinh tic ciia mgt dang toan phwong
Biéu thtic toa d6 cta dang toan phuong trén O trong co sé ndo d6 cia V' c6 dang
O(V) =X, + oy +.+ A, x, 2 (7.15)

duoc goi la biéu thurc toa d6 dang chinh tc cua 0.

Trong cac muc tiép theo ching ta xét mot vai phuwong phap tim co s¢ dé biéu
thirc toa do cua dang toan phuong trong co so nay c6 dang chinh tic.
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7.2.5 Pua vé dang chinh tic theo phuwong phap Lagrange

Gia st trong co s6 & = {el,... e } cua khong gian véc to V' bi€u thiic toa do cua

>¥n

dang toan phuong Q c6 dang:
n
(v)_zalj X J’ ij aji’vzzxiei
i,j=1 i=l1
Ta thyc hién cac phép doi toa do sau:
o Truong hop 1: Gia sir ¢ a;, # 0, chang han g, # 0, ta c6 thé sap xép lai:

o) = au(xl +2xlz x}rZaU X;X

i=2 411 =2

2
=ay x1+za1i X, | + Z AXX ;= (Zﬂ)ﬂ} (7.16)

i=2 A1 i,j=2 i=2 A1

2 n
ai -
_ 1i '
=ay | x+) x|+ Y ayx;
i.7=

" a

_ i
J/1—x1+z_ X

-2 411

(7.17)
Y, =X j =2,...,n
) n
thi Q(v)=a; " + Z a'y yviy;
i,j=2
r 2 n
Tiép tuc qua trinh nay véi biu thic Y a'; y,y; -
i,j=2
¢ Truong hop 2: Néumoi a; =0 va ton tai a; #0, chang han a;, #0.
bat
X =Y+
Xy == (7.18)

X;=Y; j=3,..,n

n
thi O (v)—ZaUl] Za'ijyl-yj

i,j=1 i,j=1
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cO a'|;=a, #0, vivay ta co thé dua vé truong hop 1.
Ti€p tuc qua trinh trén, gia str cudi cung ta nhan dugc:
X dyp 4

n Z

=l ] VAOW) =Mz A Az et Az,
Xy Ay Ay Zy
Xét hé véc to ¢o toa do 1a cac cOt ciia ma tran trén:
e =(ay,.-nay,) 5 ..., €', =(a,,...,a,,)
Khi d6 voimoi vécto velV : v=xe +---+x,e, =zie'|+---+z,e', va

Noi cach khac {e'),...,e",} 1a co so can tim dé biéu thirc toa do cia Q trong co

sO ndy c6 dang chinh tic.
Vi du 7.7: Cho dang toan phuong Q cua R> c6 bidu thie toa do trong co s chinh tic
o) = xl2 + 4X22 + x32 +4x,%5 + 2x%5 + 2x,%5 .
Taco OV)=x%+2x,(2x, +X3) +4x,° +x3° +2x,x5
=(x; +2x, + )c3)2 —(2x5 + x5 )+ 4X22 + x32 + 2, X5

= (Xl + 2X2 + X3)2 - 2X2X3

V=X +2x, + x5 X =V =2V,— )3 X 1 =2 -1|| »
bat 1y, =x, =12 =)0 = X% |=0 1 0y
V3 =X3 X3 =3 X3 0 0 1]y

thi Q)= =21,

=7 N 10 0|z
Pit {y,=z,+z; = |y, |=[0 1 1]z | thi QW)=z"-2z"+2z"
V3=2y— 23 V3 0 1 -1}z
X 1 2 -1|1 0 0|z 1 -3 -1} z
x»|=0 1 00 1 1|z|=0 1 1|z
X, 0 0 110 1 -1z 0 1 -1}z

Vay trong co s¢ moéi e'; =(1,0,0), e', =(-3,L1), e’y =(-1,1,-1);

Vv eR?: v=(x,%y,X;) = zje'| + zye s+ zze's thi Q(v) =z,° —22,° +2z;".
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Vi du 7.8: Cho dang toan phuong O c6 biéu thirc toa do trong co s& chinh tic cia P,,

2, _ 2 2 2
v=a,t+at+a,”: Q) =a," —2aya, +2a," +4aya, +4a,” +2a,a, .
Tacdé QW)= a02 +2ay(—a; +2a,)+ 2a12 + 46122 +2aa,
_ 2 2 2 2
— 2 2

by =ay—a, +2a, ay =by +b, —5b,
Pit b =a,+3a, = {a, =b —3b, = Q(v) = by +b> —9b,*
b, = a, a, = b,
a, I 1T 5|5, 1 1T -5
a, |=|0 1 -3|b|= matrainchuyéncoss T=[0 1 -3,
a, 0 0 1|b 0 0 1

Vay trong coso méi e'| =1, e\, =1+¢, e'y =—5-3t+1°;

YveP,: v=ay+at+art’ =by+b(1+1)+by(=5-3t+1*) c6 O(v)=b," +b> —9b,*.

7.2.6 Pua vé dang chinh tic theo phwong phap Jacobi

Cho dang toan phuong Q trong khong gian véc to V' voi dang cuc tuong Gng m
va ¢ ma trén trong co s6 & ={e,,....e,| 1a 4= [aij] say =n(e,e)); b j=1..,n.

Gia sir cac dinh thirc con chinh ctia 4 déu khac khong

all ) aln

a a . . .
20, .., D= . %0 (7.19)

ay; dp
nl nn

Khi d6 v6i mdi j =1,...,n; hé phuong trinh

ap X +apX, +.o.ta;x; =0

apX +a;,x, +..tax; =1

1a h¢ Cramer do do c6 duy nhat nghiém, ky hiéu la (o ;,0,;, ..., @ ;).

182



CHUONG VII: KHONG GIAN VEC TO EUCLIDE DANG TOAN PHUONG

Xét hé véc to

fi=04¢

= 0He + 0ye
f2 12*1 22%2 (7.21)

f,=0a,e+0a,.e +...+0,.e,
Ta s& chimg minh hé véc to B'={ f,,.... f,} 1a mot co s¢ cua ¥ ma biéu thirc toa
d6 ctia O trong co so nay co dang chinh tic.
Quy uéc D, =1.

Tir diéu kién (7.19) va nghiém ctia hé (7.20) ta co:

P g vy
a«j'j - D J i ,.-.’n.
J

Dinh thic ciia hé B'={f,.... f,} trong co s¢ {e,....e,} 1a a;,0....0,, #0 nén
hé &' doc 1ap tuyén tinh vi vay 1a mot co sé cua V.
Tu (7.20) va (7.21) suy ra:

nN(fj.e))=a;04;+a;0,; +..+a;0 ;=1

{n(fj,ei) =a;0; + a0, + .t azo ;=03 Vi=1,..., j—1
Do d6 ta cling co6:
n(f;, f)=0; Vi<
{“(fj:fj) =n(fj, 00+t aye;)=omif.e)=a;
Mat khéc dang song tuyén tinh 1 d6i xtmg nén n(f;, f;)=0 véimoi i> j.
Vay

0 néu i # j
T'l(flafj): Dj—l
D

J

. . . vOéimoii,j=1,.,n (7.22)
néu i=j

Goi A' la ma tran ctia Q trong co s6 B'. T 1a ma tran chuyén tir co s& 4 sang
' thi:

O Oyp Oy,

“ O
Oy Oy,

T'AT =A'=[n(f;.f))]=

o . O e

nn
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Vay biéu thuc toa d6 cua Q trong co s& ' ¢6 dang chinh tic:

y= +...+ = 0W)=—yp " +— +...+ 2= . 7.23
nh VuSu = OO) D N D, Vs L (7.23)

n

Vi du 7.9: Cho dang toan phuong Q cta R’ c6 biéu thic toa do trong co s& chinh tic

OW) = xl2 - 4)c22 + x32 —4x1%y +2XX3 +2X5%5 .

1 -2 1
Ma trén ctia Q trong co s chinh tic 4={ -2 —4 1
I 1 1

Co cac dinh thire con chinh:
D=1D,=| = 8, Dy =|4|=-9
1TL T, T ST
Xét cac h¢ phuong trinh (7.20):

1
¢) j=1 taco o =—=1; (7.24)
D,

¢) j=2:H¢ phuong trinh (7.20) c6 dang

= nghiém x; =——, x, =—— (7.25)

¢) j=3:H¢ phuong trinh (7.20) c6 dang

1
3 b
xl + XZ + X3 = 1

Ta chon co s dang (7.21)

(7.24) = f,=¢ =(1,0,0)

(7.25) = f,=—1/4¢,—1/8e, =(-1/4,-1/8,0)

(7.26) = f3=-2/9¢,+1/3e, +8/9e; =(-2/9,1/3,8/9).
Trong co s& méi nay biéu thic toa do ciia O c6 dang:

Vv =(x,%,X3) = X, + X28y + 365 = 1 fi + v fr 03 /5

1 » D 2 D, » > 1 2 8
V)= — it Lyt 2t =t —
o) D, N D, Y2 D, Y3 =N 8)’2 9y3
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Vi du 7.10: (Xem Vi du 7.8) Cho dang toan phuong O c6 biéu thirc toa do trong co s
chinh tic cia P,, v=a, + a;t + ayt’:

OW) = ay,* —2aya, +2a,”> +4aya, +4a,” + 2aa, .

1 -1 2
Ma tran ciia Q trong co sé chinh tic A=|-1 2 1
2 1 4
¢0o cac dinh thirc con chinh:
1 -1
D, =1, D, :‘ 2‘:1, Dy =|4|=-9
Xét cac h¢ phuong trinh (7.20):
1
¢) j=1 taco o, =—=1; (7.27)
1
¢) j=2:H¢ phuong trinh (7.20) c6 dang
xl x2 = O .
= nghiém x; =x, =1 (7.28)
¢) j=3:H¢ phuong trinh (7.20) c6 dang
X — X, +2x;=0
—x1+2§c +x3—0 = x—é X 1 X __ 1 (7.29)
1 2 3 1 9 ) 2 3 D) 3 9 . .

2x +x, +4x3 =1
Ta chon co sé dang (7.21)
(727) = f,=1
(7.28) = f, =1+t

5 1 1,
729) = fi=—+—t——t".
(7.29) = fi=5+3175

Trong co s& mdi nay bicu thirc toa dd cia QO cé dang:

1

1. > D ,2 Dy, » 2 .2 1.9
Vy=—5b,"+—b " +—=b," =b," +b"~——b,".
o) D, 0 D, | 3 ) 0 OG0
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Nhan xét 7.1:

1) Mot dang toan phuong c6 thé dwa vé dang chinh tic theo phuong phép
Jacobi khi moi dinh thirc con goc bén trai D, #0,Vk =1,2,...Vi viy co thé dua vé
dang chinh tic theo phuong phap Lagrange nhung chwa chic c6 thé vé dang chinh tic
theo phuong phap Jacobi. Chang han dang toan phuwong & vi du 7.7 khong st dung
‘1 2

phuong phap Jacobi dugc vi D, = 5 4‘ =0.

2) Céac vi du 7.8, 7.10 cho thiy rang cuing mot dang toan phuong ta c6 thé dua
vé cac dang chinh tac v6i cac hé sb khac nhau. Tuy nhién s6 cac hé sd duong va hé sb
am la nhu nhau. Ta s€ chung minh diéu nay qua lut quan tinh.

7.2.7 Luat quan tinh

Gid st A= [aij} =[0],: 4'= [a'l.j} =[0],; 14 hai ma tran ctia O trong hai co s&
a1 _ aR _ ' ' 7 : _ Y A A <\ 3
B ={e,...e,}, B'={e',....e',} cua V.Goi T = [zl.jl%, 12 ma trin chuyén tir co s&
& sang AB', theo cong thire (7.9), (7.10)tacd A'=T AT .

Theo tinh chat hang ctia ma tran ta c¢6 r(A4") = r(T"AT) < r(A). Mit khac T kha
-1

nghichnén A4 = (T’) AT = 1(A) < (A4Y). Vay r(4) =r(4).

Do d6 ta c6 thé dinh nghia hang cta dang toan phuong Q 13 hang ctia ma tran
cua n6 trong mdt co so nao do.

Pinh 1y 7.1 (Sylvester - Jacobi): Sé cac hé s6 duong va sb cac hé sd am trong biéu
thirc toa do dang chinh tic ciia mot dang toan phuong Q 1a nhiing bat bién ciia dang
do (tuc 1a khong phu thude vao viéce lya chon co so).
Chirng minh: Gia st trong co s6 B = {el,...,en} biéu thuc toa do cua dang toan
phuong O c6 dang:
o) = Z AXX;, A =dj, \v4 v=2xl-ei .
i,j=1 i=1
Gid st B'={e',...e',}, B"={e",...e",} 1ahai co s¢ sao cho biéu thic toa dd

n n n
5 r ’ <. _ _ v T
cua Q co6 dang chinh tac: v = inei = Zyl. ;= ZZie o
i=1 i=1 i=1

O =k +.4 b,y =k v, ==k, (7.30)
O =z’ +..+l,z,> —1 20" == 12,7 (7.31)
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v6i r =r(A) lahang cia A, cac hé s6 ky,....k.; 1,....[. > 0.
Ta chimg minh p = ¢ bang phwong phap phan ching.
Gid st p < g (truong hop ¢g < p dugc ching minh hoan toan tuong tu).
Theo cong thuc ddi toa do ta co

yl = bll.xl +...+b1nxn Zl = Cllxl +...+Clnxn
.................................. D (1.32)

(7.30) va (7.31) =

by kv Lzt et Lz =zt Lz kg yn et kY (1.33)

q

Ta s€ chirmg minh rang ton tai mdt véc to velV :
n n n
j— — v n
V—le-ei —Zyiei —Zzie 70
i=1 i=1 i=l
thoa man diéu kién:

. o (7.34)

z e

{ylz...:ysz

q+1:"':ZV:Z

That vay, cac diéu kién (7.31) két hop voi (7.32) xac dinh mot hé n—g+p<n
phuong trinh tuyén tinh thudn nhat 7 an x;, x,, ..., x, . Vi s6 phuong trinh it hon s6 an
nén ton tai nghiém xl0 y e x2 khong dong thoi bang 0.

n
Xét vécto v, =inoei #0.
=

Mat khac tir (7.33) va (7.34) = z;=...=z,=z2,,,=...=2,=0.
= V= Zzie"i =0 , mau thuan. Vay p=gq. N
i=1

Pinh nghia 7.4: S6 cdc hé s6 dicong dwoc goi la chi sé qudn tinh dwong va sé cdc hé

s6 dm dwoc goi la chi s6 qudn tinh dm ciia dang todan phwong.
Gia str (p,q) 1a cdp chi s6 quan tinh duong va 4m cua dang toan phuong O

trong khong gian n chiéu ¥ khi d6 p+q =r (hang cta Q).
= Truwong hop r=n: Q dwoc goi la khéng suy bién;

» Truong hop p=n.: Q dwoc goi la xac dinh duwong;
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» Truong hop q=n.: Q duoc goi la xac dinh am.
RO rang
+ (O xac dinh duong khi va chi khi Q(v) >0, véimoi v+ 0;
+ (O xac dinh am khi va chi khi Q(v) <0, v6imoi v#0.
Néu 1 13 dang cuc cua dang toan phuong O thi:

+ (O xac dinh duong khi va chi khi n xac dinh duong;
+ (O xac dinh am khi va chi khi 1 xac dinh am;
4 O khong suy bién khi va chi khi n x4c dinh.

Vi du 7.11: Dang toan phuong O & Vi du 7.8, 7.10 c6 chi s6 quan tinh duong 1a 2 va

chi s6 quan tinh 4m 1a 1. O khong suy bién.
Dinh ly 7.2 (Sylvester): Gia st dang toan phuong Q c6 ma tran la 4 trong mdt co so
nao do cua V. Khi do:

(1) Q xac dinh duong khi va chi khi cic dinh thirc con goc trai cua A4 ludn
duong.

(ii) O xac dinh 4m khi va chi khi cac dinh thirc con goc trai cAp chin 13 duong va
cap 1¢ 13 am.
Chirng minh: (1) Gia st 4= [aij] la ma tran cua dang toan phuong Q trong co s¢
B = {el,...,en}. Xét V), = span{el,...,ek} va dang toan phuong thu hep vao khong gian
véc to con ¥, Q‘Vk: Vi, >R c6 ma trén trong co s6 %, ={e,,...,¢; } 1 ma trdn con 4,
cap k nam & goc trai cia ma trdn 4. Néu O xéac dinh dwong thi Q‘ y, cing xac dinh
duong. Mit khac theo ludt quan tinh ta suy ra rang cac gia tri trén dudng chéo cia ma
tran dang chinh tic cta dang toan phuong xac dinh duong 1a luén luén duong nén dinh
thirc cia n6 cling duong. Vay det 4, >0, véimoi k=1,...,n.

Nguoc lai, gid st D, =det4, >0, v61 moi k=1,..,n. Theo phuong phap

Jacobi (Muc 2.5) ton tai co s& #B'={f,....f,} sao cho biéu thirc toa do ciia O trong
cosd AB' co dang chinh tic:

| D D,
VEpfi bt v fy = 00) = Hyf +D—1y22 +.-.+D—1yn2-
1 2

n

Vay Q xéc dinh duong.

Truong hop (ii) dugc ching minh tuong tu. O
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7.3 TICH VO HUONG, KHONG GIAN VEC TO EUCLIDE

7.3.1 Pinh nghia tich v huéng va tinh chét

Pinh nghia 7.5: Mot dang song tuyén tinh doi xitng xdc dinh dwong dwoc goi la tich

Vo huong.
Mot khong gian véc to voi mot tich vo huong <,> dwoc goi la khong gian véc
to Euclide.

Vi du 7.12: Xét khong gian véc to R"= {(xl,...,xn)|xi eR;i= 1,...,11}
Voi X = (X150 X)), V=15 ¥,) €ER", ta dinh nghia:

<x,y> =Xy +..+Xx,), (7.35)
C6 thé kiém tra dugc cong thirc (7.35) xac dinh mot dang song tuyén tinh dbi ximg
xac dinh duong. Vay ( R”,< , >) la mgt khong gian véc to Euclide.
Vi du 7.13: Tich vé huéng c6 trong sé ciia khéng gian véc to R" iing véi cdc hang sé
duong c,,...,c, dwoc dinh nghia
<x,y> =) +...+c,Xx, Y,
Voi x = (X150 X)), ¥=V15s¥,) ER".
Chang han
<M,V> =2uv; +Suyvy, u=(up,uy), v=_(v,v,)
La mot tich v hudng co trong s6 cia R
Céc hang sb ¢; >0 1a céc trong s6, trong sd ¢; 16n thi s6 hang thtr i trong tich
v6 huéng ciing 16n theo. Tich vo hudng c6 trong dic biét quan trong trong thong ké va

xur ly dir li€u, khi ta muoén nhan manh mdt thanh phan nao dé so voéi cac thanh phan
khac.

Vi du 7.14: Xét khong gian véc to C[(L,b] cua cac ham lién tuc trén doan [a;b]. Tich

phan
b
(f.8)=[ fOg)dt (7.36)

Xac dinh mdt tich vo hudng cua khong gian véc to C[(zl b]

Pinh nghia 7.6: Gia su ( V,< , >) la mot khong gian véc to Euclide.
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Voi moi véc to veV ta dinh nghia va ky hiéu chuan hay modun cua véc to v
qua biéu thirc

V] =/ (v.v). (7.37)

Néu ||v|| =1 thi v duoc goi la véc to don vi.

Tinh chit 7.3: Bit ding thirc Cauchy-Schwarz

Voimoi u,velV ,ludn cod
(e <ol (7.38)

Déng thirc xay ra khi va chi khi u,v phu thudc tuyén tinh.

Chirng minh: Néu mot trong hai véc to bang 0 thi ca hai vé ctia bat dang thuc trén
déu bang 0, do d6 bét dang thic nghiém dang.

Giast v#0,voimoi t eR taco: <u+tv,u+tv> >0.
Mait khac F(¢) = <u +tv,u + tv> =1 ||v||2 + 2t<v,u> + ||u||2 la mot tam thirc bac hai

d6i voi ¢ va luon luon khong am. Vi vay Ay =|(v,u)|” v Julf <0. Tir d6 suy ra bét

dang thirc Cauchy-Schwarz.
Khi u,v phu thudc thi u = kv (hodc v=rku):

) =[G, o) = i = ] = - ]
Nguoc lai néu Ku,v}‘ =||u||||v|| thi A'F =0.
Do d6 ton tai ¢, R sao cho <u +tyv,u+ t0v> =0=u=—tyv. O

Ap dung bét ding thirc Cauchy-Schwarz vao khong gian R” voi tich vo hudng
(7.35) ta c6 bat ddng thirc Bunnhiacopsky:

(xly1 +.otx,p, )2 < (x12 +..+ an )(yl2 +..+ ynz) (7.39)
Pang thirc xay ra khi va chikhi x, =ty,, ..., x, =1y, .
7.3.2 Tryec giao - triee chuin hoa Gram-Shmidt

Pinh nghia 7.7: Hai véc to u,veV goi la truc giao nhau, ky hiéu u 1 v, néu
<u,v>=0.

Heé cac véec to S = {vl,...,vn} cua V dwoc goi la hé truc giao néu hai véc to bat

ky ciia hé S déu truc giao nhau.
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Heé truc giao cdc véc to don vi dwoc goi la hé truc chuan.

Dinh Iy 7.4: Moi hé truc chudn la hé doc ldp tuyén tinh.
Chirng minh: Gid st h¢ S ={v,,...,v,} truc chuan, khi d6 néu x, +...+x,v, =0 thi

X; =<x1v1 +..+xV v> 0 vé6imoi i=1,...,n. Dodd S doc lap tuyén tinh. ad

n"n>’i
Pinh Iy 7.5: Gia s S = {ul,...,un} la mot hé cac véc to doc lap tuyén tinh cua khong
gian Euclide V. Khi do ta co thé tim dwoc hé truc chuan S'= {vl,...,vn} sao cho
span{vl,...,vk} = span{ul,...,uk}; voi moi k=1,...n

Chitng minh: Ta xay dung hé truc chuan S' theo cic budc quy nap sau diy ma duoc
0i 1a qua trinh true chuin hoa Gram-Shmidt.

¢) k=1:Vih¢ S doclapnén u, 0. Dit v, =L

Jea]

) k=21 Xét v, =—(up, v )V, +u,, tacd v, #0 (vinéu v, =0 thi u, = kv, diéu

\ fr g o A 1A A 1A < v A 2 \
nay trai voi gid thiét hé S doc lap). bat v, = ‘—2, hé {vl,vz} truc chuan va
v

span {v;, v, } = span {u;,u,} .
#) Gia sur dd xdy dung dugc dén k—1. Nghia 1a ton tai {v,.., v} truc chuén

sao cho span{v,,...,v,_; } =span{u,...,u;_, } . Tuong ty trén ta xét
k-1
vk = Z<uk,vi>vi +uy (7.40)

ta cling coO E #0 (vinéu E =0 thi u, 1at6 hop tuyén tinh caa v,,...,v,_;,do do 1a to
hop tuyén tinh ctia u,,...,u,_;, diéu niy mau thuan véi gia thiét hé S doc lap). Dat

v, =k (7.41)
R
thi v, Lv;;i=1..,k—1.Vayhé {v,..,v} truc chuan va
span{vl,...,vk} = span{vl,...,vk_l,g} = span{ul,...,uk_l,uk} : [

Vi du 7.15: Trong R xét hé 3 véc to doc lap: u; =(LL1), u, =(-LLI), uy =(1,2,1).

Hay tryc chuan hod hé S = {u,u,,u;}
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Bue 1: =5 = = ”—(T 3%)

)
'3

W

3

3
1 42
Budc 2: vz——<u2,v1>v1+u2——T( T,—}( LL1)= (55
2

——( 2,1,1) jvz—(—T %,% .

Budec 3: Zz —<u3,v1>v1 —<u3,v2>v2 + 15

(2 a0l )
N WAV v o o AL i
— 1 1 1
v, =—(0,1,-1) = v,=|0,—,—|.
=300 = n {0
{V,v5,v3} 12 h¢ véc to tryc chuan hod ctia hé {u,u,,us}.

Vi du 7.16: Trong khong gian véc to P, cac da thirc bac <2 vdi tich vo hudng xéac
dinh theo cong thic (7.37),

1
(p.q) = [ p(Oa()dt
0

co s& chinh tic 1,2, khong phai 1a mot co so truc chuan. Thuc vay,
1 1

<1,t>=‘j;tdt=%, <1,t2>=jt2dt:%, <t,t2>=jt3dt:%

0 0
Truc chuin hoa Gram-Shmidt co s& nay ta dugc hé truc chuan

w()=1,  u,()=~BQt-1), uy(t)=~5(6:>—6t+1).

7.3.3 Co s6 trwe chuin

Pinh nghia 7.8: Mot co so cua khong gian véc to V déng thoi la hé true chudn duoc

goi la mot co so truc chuan.

Vi du 7.17: Co s chinh tic cua khong gian R” 13 co sé tryc chuan.

Pinh 1i 7.6: Moi hé truc chudan cia V. déu cé thé bo sung thém dé tré thanh co sé truc
chudn.
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Chirng minh: H¢ gém k véc to truc chuan S 1a hé doc lap tuyén tinh nén ta co thé bd
sung thém dé duoc mot co sd cua V. Truc chuin hoda Gram-Shmidt co s nay dé duoc
mdt co s& truc chuan caa V. Trong qua trinh tryc chuin hod k véc to ciia hé S khong
thay ddi vi vay thuc chét ta da bd sung vao h¢ S dé c6 co so truc chuén caa V. a

Heé qua 7.7: Moi khong gian véc to Euclide déu ton tai co sé truc chudn.

Dinh ly 7.8: Gia sir {e,,...,e,} 1a mdt co s6 truc chuan cua V', v6i moi u,veV taco

1) v=<v,el>el+...+<v,en>en. (7.42)
11) <u,v>=<u,el><v,e1>+...+<u,en><v,en>. (7.43)
1i1) ||v||2 = <v,el>2 +.+ <v, e, >2 (7.44)

Chirng minh: Céc dang thuc trén dugc suy ra tur cac khang dinh sau:
Néu v=xe +..+x,e,, u=ye+..+y,e,
thi <v,ei> = <xle1 +..+txe e.> =Xx; voimoii=1,..,n

n-n’>-i

Vé <V,u> = <x1€1 +...+xn€n,y1€1 +...+yn€n> = xlyl +...+)Cnyn . D

7.3.4 Khong gian con truc giao, phén bu truc giao

Dinh nghia 7.9: Véc to v eV truc giao voi tap con SV, ky hiéu v L S néu v truc

giao vdi moi véc to cua S
viSe(vu)=0ues (7.45)

Tap con S| truc giao voi tap con S,, ky hiéu S; L S,, néu moi véc to cua S; déu

triee giao voi moi véc to cua S, .

SLS, ovlu;VveS,Vuels, (7.46)
Dinh 1y 7.9:
1) vlS<vlilspanS. (7.47)

2) Gid str {el,...,ek} la mot co s¢ cua W, khi do:

viW osvle; Vi=1,..,k. (7.48)
3) V&imoi tap con S < V. Ky hi¢u

Slz{veV|vJ_u,VueS}. (7.49)

Ta co:
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Tap S L 1a khong gian véc to con cua V' (7.50)
st =(spanS)" (7.51)
V =(spanS)® S+ (7.52)
1L
(SL) — span S (7.53)

4) Vi moi khong gian con W cia V. Ta co:

=L 1\
V=Wwew", (W ) w (7.54)
Hai khéng gian con W, W+ dwoc goi la phan bil truc giao ciia nhau.
5) Néu hé véc to {e;,...,¢;} 1a mdt co s& tryc chuan clia W va {e,,;,....e,,,} 1a
mot co s& truc chudn ctia W thi {e;,...,€;, €, sens €y | 1 €O SO true chudn cua V.

6) Trong khong gian véc to Euclide R” vdi tich vo huong (7.35) xét hé véc to :

Up = (A pseees 1) s oees Uy = (Appsees Q) -

bat S = {ul,...,um}, khi do:
S 1a khong gian nghiém ctia hé: < ..o, (7.55)

Chitng minh: 1) Vo1 moi u espan S, u = xjuy +...+ Xy, uy,....u;, €8S
:><v,u>:<v,xlu1 +...+xkuk>:x1 <v,u1>+...+xk<v,uk>=0.
2) Hién nhién tir 1).
3) 0eSt= St =T, Véi moi Vi, Vs eSt, o,fpeR, ues:
<0LV1 +Bv2,u>: 0c<v1,u>+[3<v2,u>:0 = av, +Pv, e ST,
Vay S+ 1a khong gian véc to con cua V.
)= S+ :(spanS)L.
Gid st {e;,....e; } 12 mdt co s6 tryc chuan cua spanS.

VvelV,dat u= <v,el>e1 +...+<v,ek>ek espans.
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Taco: (v—u,e)=0,Vi=1,..k= v—ue(spanS)L =5t.
Vay 7 =(spanS)+S".
Ngoadira Vue(spanS)nS* thi (u,u)=0=>u=0,dodd V' =(spanS)®S".

A , X 1 . L L L L
Theo cong thuc (7.49) ta dé dang c6 S (S ) = spanS (S ) .

i
Nguogc lai véi moi ve(Sl) cV,(1.52) = v=u;+u,, uy espan§, u, est
= O=<v,u2>:<u1+u2,u2>=<u1,u2>+<u2,u2>=<u2,u2>
=>u,=0=>v=u, espanS = (SL)L cspans. Vay (SL)L =spans'.

4) Cong thirc (7.54) suy ra tir (7.51), (7.52) va W =spanW néu W 1a khong gian véc

to con. ]

1
Vi du 7.18: Ky hiéu # ={(0,0,2)|z eR} thi W ={(x,,0)|x,y eR} va RP=w @W".

Nhin xét 7.2: Goi W la khong gian nghiém cua phuong trinh thuin nhét duéi dang

tong quat
al lxl + alz.xz + ce + alnxn = O
6121)61 + a22x2 + cee + azn.xn = O
A, X + a,,x, + - + a,x, = 0

hodc viét dudi dang ma trin AX =0.

Trong chuong 6, theo cong thirc (6.27) ta c¢6 thé xem W 1a nhan cia anh xa
tuyén tinh c6 ma tran trong co s& chinh tic 1a 4. Mit khac theo cong thuc (7.55) ta
cling c6 thé xem W 1a tip tit ca cac véc to truc giao véi moi véc to hang cua A4, do d6
W 14 phan bu truc giao ciia khong gian véc to sinh boi cac véc to hang ciia 4. Theo
(7.52), (7.55) ta c6 dimW = n—r(A4). Két qua ndy cho mot cach ching minh khéc cta
dinh ly 5.4 chuong 5 va cong thurc (6.13) chuong 6.

7.4 MA TRAN TRUC GIAO VA ANH XA TUYEN TiNH TRUC GIAO
7.4.1 Ma tran truc giao

Dinh nghia 7.10: Ma tran vuéng A dwoc goi la ma tran truc giao néu A'A=1.

Nhu vay ma trén truc giao A 1a kha nghich va co A =4".
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Ma tran A = [aij] 1a ma tran tryc giao khi

Z”: 5 1 néu j=k (7. 56)
a..d.. = g = ; R
ST 0 neu Kk

0 . 1a ky hi¢u Kronecker.

Vay ma tran A4 truc giao khi va chi khi cac véc to cot tao thanh hé truc chuén.
Mit khac vi A" = 4" = 44" =1, do d6 céc véc to hang ciia 4 ciing tao thanh hé truc

chuan.

det(A’A) —det/=1=detA=+1. (7.57)

1/\B -2/J6 0
Vidu 7.19: Matrin 4= 1/ \/5 1/ \/E 1/ J2 | ¢6 cac ot 12 hé truc chuan (vi du

/N3 N6 —1/\2
7.11), do d6 A 1a ma trén tryc giao.

Vi du 7.20: Moi ma trdn vudng cdp 2 trie giao déu cé dang

cos sin cosS sin
A:{ >® (p} hodic A:{_ ? "’} (7.58)
—sin@ cos@ sin@ —cosQ

That vay, ta dé dang kiém chimg hai ma trin A & trén thod man A'4=1.

X a b| la clla b 1 0
Nguoc lainéu 4 = va A A=1 thi =
c d b dilc d 0 1

a’+c* =1 1)
Dodd <ab+cd=0 (2)

b*+d* =1 3)
Mit khéac tir (7.57) va (2) & (3) suy ra b,d 1a nghiém duy nhét cia hé phuong

+cy=0
trinh Cramer Ty = b=- ¢ ,d= 4 .
bx+dy=1 det 4 det 4
. b i
¢)Néu det A =1 thi A:{ ¢ } vaal+b =1=4 :{ cos® qu’}.
-b a —sin@ cosQ

b
} vaal+b’=1 :>A:{

cos® sin@
_a )

. a
¢)Ncu det4=—-1 thiA:{ )
b sin@ —cosQ
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Dinh Iy 7.10: Ma trdn cua mot co so truc chudn viéet trong co so truc chuan la mot
ma tran truc giao. Nhw vdy moi ma trdn chuyén tw co so truc chudn sang co so truc
chuan la ma trdn tryc giao.

Chirng minh: Goi A= [aij] 1a ma tran cla co s& tryc chuan {v,...,v,} viét trong co
s& truc chuan & = {e,..e,}.

n n
Theo cong thure (7.42) tacd v, = Zal.jei = Z<el-,vj>el.

i1 i1

Tir (7.43) va gia thiét {VIseesvy } 12 cO 80 truc chuén ta co

n
Z“ij“ik = <V1’Vk> =8
i=1

Vay A la ma tran truc giao. O

7.4.2 Anh xa tuyén tinh truc giao

Pinh nghia 7.11: Gia su (V,< , >V) va (V',< , >V) la hai khong gian véc to Euclide.

Anh xa tuyén tinh [V > V' dwoc goi la anh xa truc giao néu véi moi u,vev :
(f@), fO),. =(u,v), (7.59)
Néu f(u)=0 thi 0=(f(u).[(w)),. =(uu), =u=0,do d6 moi 4nh xa tuyén

tinh truc giao déu don ciu. Vi vay moi ty dong cau tuyén tinh truc giao 1a dang cau.

Dinh ly sau chi ra rang, néu di€u kién (7.59) thoa man doi véi moi véc to ciia mot
co s6 truc chuan nao do thi f cling 1a anh xa tuyén tinh.

Pinh Iy 7.11: Gia st f 1a tu déng cdu tuyén tinh cia khong gian véc to Euclide V.
P = {el,...,en} 12 mot co so truc chuan cua V. Khi do f truc giao khi va chi khi

{f(€),.... f(e,)} 1amdt co s& truc chuan cua V. Néi cach khac:

{(f @, )y =), [(fe)re), ={ae), (7.60)

Yu,velV Vi,j=1,...,n
Chirng minh: (=>): Hién nhién vi ¢,,¢; €V .
(<): Gid sir { f(€)),..., f(e,)} 1a co s& truc chuan thi véi moi u,veV :
v=xe to.txe, u=ye+..+ye,.

n-n?>

<f(v)’f(u)>:<x1f(el)+"'+xnf(en)aylf(el)+"'+ynf(en)> =N +"'+xnyn :<V9u>‘
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7.4.3 Ma tran cia tw dzzmg ciu trye giao

Gidsu A= [alj} 12 ma tran cia ty dang cau f trong khong gian Euclide V' voi
co 8O truc chuan & = {e),....e,}. Theo dinh Iy 7.10 va dinh 1y 7.11 thi tyr dang cau f
1a tryc giao khi va chi khi 4 1a mdt ma tran truc giao.

Vay ma tran cua tu diang cau truc giao trong mét co sé truc chuan la mot ma
tran truc giao. Nguoc lai, néu A 1a ma tran truc giao va f 1a ty dong cau tuyén tinh cé

ma tran trong co s¢ truc chuan 1a 4 thi f la é4nh xa truc giao.
Vi du 7.21: Phép quay xung quanh truc z mdt gbc quay 0:
7 :R*>R? x4c dinh boi
f(x,y,z)=(xcosO—ysin0O, xsinO+ ycos0, z)
C6 ma tran trong co so chinh tic

cos® -—-sin® O
A=|sin® cosO® O
0 0 1

A 1a ma tran truc giao do dé f 1a anh xa truc giao.
Dinh ly 7.12: Moi ma tran truc giao chi c6 cac gia tri riéng la —1 hay 1.

Chirng minh: Gia st f 13 ty dang cdu tryc giao c6 ma tran trong mot co s truc

chuan ndo d6 1a 4.
Gia sir v 0 1a mot véc to riéng gia trj riéng A . Khi d6
(fO), £ () =(Mv, ) =27 (v,v).
Mitkhic (f(v), f())=(v,v) = L (v,v)=(v,v)

Vi(v,v)=0 = A% =1.Vay A =1. m

7.5 CHEO HOA TRUC GIAO MA TRAN — TU PONG CAU POI XUNG
7.5.1 Bai toan chéo hoa truc giao

Cho ma tran A tim ma tran truc giao 7' sao cho 7' AT 1a ma tran chéo.

Pinh ly 7.13( diéu kién cﬁn): Néu A4 chéo hoa truc giao dugc thi 4 1a ma tran doi
xung.
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Chirng minh: Néu T' AT 13 ma tran chéo thi (TfAT) '=T'AT . Do d6 T'A'T =T'AT .

Mit khéc vi 7' kha nghichnén A’ = 4. m
Nguoc lai, ta s€ chung minh néu A dbi xung thi chéo hoa truc giao duogc.

7.5.2 Tw dong cau doi xirng

Pinh nghia 7.12: T déng cau V=V duoc goi la doi xung néu véi moi u,v eV :

(f@),vy=(u, f(v)) (7.61)

Pinh Iy 7.14: Gia st B ={e,.....e,} 1a mdt co s6 cuia V', khi d6 ty dong cau f 1a déi
xtng khi va chi khi véi moi i, j =1,...,n,

(£(e)e;)=(ef(e)) (7.62)
Chitng minh: Néu f thoa mén (7.61) thi dwong nhién thoa man (7.62).
Ngugc lai, gia st f* thoa man (7.62): Vv=xe +..+X,e,, U=y +..+V,e,:

n-n’

<f(v)>u>:<x1f(el)+"'+xnf(en)aylel +"'+ynen>

= iixiy]' <f(ei)aej> :iixiyj <ei9f(€j)> =<V,f(u)> u

i=1 j=I i=1 j=1
Nhu vay dé chimg minh mot tuy dong cdu 1a d6i xing thi thay vi ching minh
cong thirc (7.61) ding voi moi v,u €V ta chi can chimg minh cong thirc (7.62) diing
vO1 mot co s nao do.
7.5.3 Ma tran ciia mot tu dong cAu ddi xing trong mdt co’ sé trire chuan

Gia su A4 =[alj} ]a ma trin cua tu déng cdu f trong modt co so truc chuan
& ={e,,....e,}. Theo cong thirc (7.42) ta co:
n n
fe)=Ya5e =Y (/(e)ele (7.63)
i=1 i=1
Vay véimoi i, j =1,...n: a; =(f(e))e,) .
Tur dinh 1y 7.14 va cong thire (7.63) ta co két qua sau.

Dinh Iy 7.15: f ddi xtmg khi va chi khi ma trdn 4 cia f trong mot co s truc chuan

nao do la ma tran doi xung.
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Vidu 7.22: Anh xa f ‘R*>R> xéc dinh béi

fx,y,z2)=(x—y+2z,—x+2y+z,2x+y+4z)

1 -1 2
Ma tran trong co sO chinh tic: 4=|-1 2 1
2 1 4

1a ma tran d6i xtmg nén £ 1a mot tw dong cau d6i xung.
Ta ciing c6 thé kiém tra lai diéu kién (7.62) nhu sau:
fle)=01,-12), f(ey) =(=1,2,1), f(e;)=(2,1,4);
(F@)er)=—1={en f(e): (flees) =2 = (e, £le): (Flenhes)=1={ens f(er))-
Dinh 1y 7.16: Cac gia tri riéng clia mot ma tran ddi xing 1a cac s thuc. Noi cach khéc,
da thirc dic trung ciia ma tran d6i xtimg vudng cip n ¢6 n nghiém thuec.

Chirng minh: Gia st f 1a tu dong cau ddi ximg c6 ma tran trong mot co sd truc
chuan nao d6 12 ma tran ddi ximg A cip n. Gia st A =a+ib 13 nghiém cua da thic
ddc trung # (L) =|A—AI|. Khi d6 theo Dinh 1y 6.15 ton tai hai véc to doc 1ap tuyén

f(v)=av—bu

tinh u,v eV sao cho
f(u)=bv+au

Do do6 <f(v),u>:a<v,u>—b<u,u>, <v,f(u)>:a<v,u>+b<v,v>.

Vi f ddi xtng suy ra —b<u,u> = b<v,v> >0 = b=0.
Vay moi nghiém cua da thirc déc trung 1a nghiém thuyc. O

Pinh 1y 7.17: Hai véc to riéng (mg voi hai gia trj riéng khac nhau ciia mot ty dong cu
dbi xtmg 1a truc giao nhau.

Chirng minh: Gid st f(v)) =LAy, f(v)) =0y Vi,V #0; A £ 4,
thi 2, <V1a"2> = <f(V1),V2> = <V15f(V2)> =1, <V1a"2>

= (kl—k2)<v1,v2>20 = <v1,v2>:0. O
Pinh Iy 7.18: V6i moi tu ddng cdu dbi ximg f trong V' déu ton tai mot co s truc

chuan ciia ' gdm cac véc to riéng cua f . Noi cach khac moi ty dong cau doi xing

déu chéo hoa truc giao duoc.
Chirng minh: Theo Dinh Iy 7.16 f c6 véc to riéng u; Umg véi gia tri riéng A, eR,
HuIH =1.Dbat W, = {Mtl |X ER} =span {u, } .
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L L
VveW, <f(v),u1> = <v,f(u1)> = <v,k1u1> =0 = f(v)eW, .
Vay W, bat bién ddi véi f va ¥ =W, ®W," nén ta co thé xét:
fi=flye W > W, dimW =dimp -1,
1
Quy nap theo s6 chiéu cua khong gian thi ¢6 co so truc chuan {uz,...,un} cua
W,- gdm cac véc to riéng ctia f;. Do d6 {uy,uy,...,u, } 14 co so truc chuan ctia V' gém
cac véc to riéng cua f . O
Heé qua 7.19: Moi ma tran doi xung déu chéo hoa truc giao duogc.
Chirng minh: Gia si f 1a ty dong ciu ddi ximg c6 ma trdn 4 trong co so truc chuan

% ={e,,....e,} . Theo Pinh ly 7.18 tdn tai co 8O truc chuan 4 '={e',...e",} gom cac

véc to riéng cua f . Goi T 1a ma tran chuyén tir co s6 & sang ' thi T truc giao

va
A
T'AT = O (7.64)
O .,
trong d6 A,...,A, 1a cac gia tri riéng cia 4. O

7.5.4 Thuat toan chéo hoa truc giao

Pé chéo hoa truc giao mgt ma tran dbi xung A, nghia la tim ma tran tryc giao T'
sao cho T'AT c6 dang chéo, ta thuc hién cic budc sau:

Budc 1: Tim céc gid tri riéng cia 4 (nghiém cua da thirc dac trung).

Budc 2: Vi moi gid tri riéng tim duge & budce 1, tim mot co s¢ cuia khong gian
riéng tuong ung va tryc chuan hod Gram-Shmidt co s¢ nay.

Buéce 3: GOp céac co sé da dugce truc chuan hod ¢ bude 2 ta c6 mot co s¢ truc
chuan ctia V' gom cac véc to riéng cia 4. Ma tran cac véc to ciia co sd nay la ma tran
truc giao T can tim.

0 2 2
Vi du 7.23: Chéo hod truc giao ma trdn ddi ximg 4=2 3 -1
2 -1 3

Pa thtrc dac trung
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A2 2] J-a 2 2] |d-n 2 2

|[A-Al|=|2 3-A —1|=}4-1 3-2 -1|=| 0 1-1 -3
2 -1 3-i J-1 -1 3-2 0 -3 1-2
(4-1) 4 2| |4-n) 4 2
=l 0 2-A 3|=| 0 2-% =3|=—(4-1)*(A+2).
0 —2-2 1-2 | 0 0 4-2

¢ Véc to riéng v=(x,y,z) #0 Ung vbi gia tri riéng A, =—2 1a nghiém khac

khong ctua hé phuong trinh:

2 2 2 ||x 0

2 5 -1||y|=|0

2 -1 5|z 0
2 2 2 1 1 1 1 1 1 1 2 0
taco|2 5 -1|<|(0 3 3|01 1|0 1T -1
2 -1 5 0 -3 3 0 0 O 0 0 O

H¢ phuong trinh trén twong duwong vi hé

x+2y =0
y—z=0

N {x =-2y
c6 nghi¢ém
y=z
Dodo vel, <v=(-2y,y,y)=y(=211) chon v, =(-2,L1).
Truc chuan hod duge u; = (—2/\/6,1/\/6,1/\/6) .

¢ Véc to riéng v=(x,y,z)#0 Ung vo1 gid tri riéng A, =4 (nghiém kép) la

nghiém khac khong ctua h¢ phuong trinh:

4 2 27[x] [o
2 -1 -1||y|=|0
2 -1 -1||z]| |0

-4 2 2 2 -1 -1
taco |2 -1 -1|{<|0 0 O
2 -1 -1 0 0 O

H¢ phuong trinh trén twong duong v61 phuong trinh 2x—y—z =0
Dodo veV, @ v=(x,y,2)=(y/2+2/2,y,2z)= y(1/2,1,0)+2(1/2,0,1).

Chon v, =(1/2,1,0), v; =(1/2,0,1).
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Truc chuan hod hai véc to nay ta cé

uy = (1/35,2/5,0), uy = (2//30,-1/4/30,5//30).

-2/N6 V5 2/\30 =
vay T=| /N6 2/J5 -1/30| va T'4T =
/N6 0 5/30

S O
B~ O O

0
0

7.5.5 DPua biéu thirc toa dd ciia dang toan phwong vé dang chinh tic biang chéo
hoa truc giao
Gia st O 1a dang toan phuong trong khong gian Euclide ¥ véi co sé truc chuin

P = {el,...,en} comatran A= [ai]} (ma tran doi xtng). Theo HE qua (7.19) ta co thé

hoa chéo tryc giao ma tran A4 = [aij], nghia 1a ta tim dugc ma tran truc giao 7' dé

T'AT 13 ma tran chéo. T 1a ma tran chuyén tir co sd & sang co s tryc chudn %'
gdém cac véc to riéng ciia 4. Vi vy biéu thire (7.11) trong co s6 ' c6 dang chinh
tic (7.15).

Vi du 7.24: Cho dang toan phuong O: R® — R xac dinh nhu sau:

V&imoi v=(x;,%,X;) €R>: O(v) = 3x,% + 30,7 +4xyx, + 4x,x3 — 22,X5 .

0 2 2
Ma tran ciia Q co s chinh tic cia R® 1a: 4=|2 3 -1
2 -1 3

Theo Vi du 7.23 tdn tai co s AB'= {e',e'y,e'}:
e, =(=2/6,1/6,1/6), e\, = (1/+/5.,2//5.,0), e’ = (2/~/30,-1//30,5/~/30).
V=(X,%,x;)=x" e\ +x"ye,+x5e'y; O(v)= —2x'12+ 4x'22+ 4x'32.
Nhan xét 7.2: Khi st dung phuong phap Lagrange va phuong phéap Jacobi thi ma tran
T nhan dugc noéi chung khong phai 1a ma tran truc giao, cac co so {e’l ,e'n ,e'3} cua
vidu 7.7, 7.9 khong phai la co s& truc chun.
7.6 PUONG BAC 2 TRONG MAT PHANG VA MAT BAC 2 TRONG KHONG GIAN
7.6.1 H¢ toa @6 true chuin trong mit phang
7.6.1.1 Toa dj ciia mdt véc to, toa dd ciia mot diém trong miit phing

Trong mit phing ta xét hai truc vudng géc x'Ox va 'Oy cit nhau tai O theo
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chiéu duong, tao nén mot hé truc Oxy goi la hé truc toa do vudng goc Descartes (Dé
cac) trong mat phéng. Trén Ox, Oy ta chon hai véc to don vi lan luot la i va 7 . H¢

{ i, J } la mét co so truc chuan.

Cap (vx,vy) duoc goi 1a toa d§ cua véc to v néu ViV, la hinh chiéu cia v
xuong hai truc Ox,Oy .

Theo cac phép toan cong véc to, phép nhan mdt s6 voi mot véc to va tinh vo
hudng cua hai véc to uv = ‘u‘ M cos(u,v) thi

v=vxi+vyj=<v,i>z+<v,j>j.

Néu OM = xi+yj thi (x,y) dwoc goi 1 toa d6 cua diém M , ky hiéu M(x, ).
Noi cach khac toa do cua véc to OM 1a toa do cia diém M . Hai diém A4,B c6 toa do

1an luot 13 (x ., ,);(xg, v,) thivéc to AB cotoadd (xz—x,,v5—v,).

<
<

Q
-1y

}S

=

Q .}

7.6.1.2 Ciac dwong bic 2 trong mit phang

Trong mit phang, ta xét 3 dudng béc 2 sau:
a) Puwong Ellipse (Elip)

Cho F|,F, c6 dinh. DPudng ellipse nhan tiéu diém F,F, véi do dai truc 16n a 1a
tap hop:

(E)={M|MF, + MF, =2a}; a>c véi FF,=2c.
Néu Fj(—c,0), F,(c,0) thi phuong trinh cua ellipse (E) c6 dang:
22

—+
a

=1 v6i da*=b>+c". (7.65)

AN
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a 1a @6 dai truc 16n, b 1a d6 dai truc bé.
Khi a=b = ¢=0:ellipse (£) trd thanh duong tron tdim O ban kinh a .
b) Hyperbol
Puong hyperbol nhan tiéu diém F, F, v6i d6 dai truc 16n a 1a tap hop:
(H)={M| |MF, - MF,|=2a}, a<c véi FF,=2c.
Néu Fj(—c,0), F,(c,0) thi phuong trinh cta hyperbol (H) c6 dang:

2 2

=1 v6i b*=c*-d? (7.66)

e

X
2
a
¢) Parabol:

Cho dudng thang (A) va diém F . Parabol co tiéu diém F, dudng chuan (A) 1a

tap hop:
(P)={M|MF =d(M,A)}

trong 46 d(M,A) 1a khoang cach tir M dén dudng thang (A).
Néu F(p/2,0), (A):x=—p/2 thi (P) c6 phuong trinh:
y* =2px (1.67)

(7.65), (7.66), (7.67) 13 phuong trinh chinh tic cta 3 dudng co nic

o G

TN
NP

|
|
N | ~q

Ellipse Hyperbol Parabol

7.6.1.3 Phan loai dwong bic 2 trong mit phiang

Trong mit phing cho hé toa do Descartes vudng goc Oxy . Mot dudng cong bac

2 ¢4 phuong trinh tong quat:

a 1x2 +2a,,xy + a22y2 +2a;x+2a,y+a,=0 (7.68)
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trong d6 a,, a,,, a,, khong dong thoi bang khong.

Ta tim mot h¢ truc toa do Descartes vuong goc méi dé trong h¢ toa do nay duong
cong (7.68) c6 dang chinh tic.

. A gA: 4 a2
Xét ma tran do1 xing A4 = , Ay =dy.

ay; Ay

Ma tran 4 doi xing nén chéo hoa truc giao dugc, nghia la ton tai ma tran truc
giao T sao cho:

Y
detT =1va T'AT =| ! .
0 A,

Theo vi du 7.17 va Hé qua (7.19) ta c¢6 thé chon T = {

x| [cosp —sing (| x'
y - sing cosQ || y'

Nhu vay h¢ toa d6 mdoi Ox'y' c6 duogc béng cach quay hé truc Oxy quanh géc

cos® —sin@
sing  cosQ |

Pit

O mot goc .

Phuong trinh duong bac 2 ¢6 cong thirc (7.68) trong hé toa dd Ox'y' la:
Ax A,y 4 2a' X'+ 2a'y y'+ay, =0 (7.69)
(Truong hop a;, =0 thi khong can budc nay).
Dua vio cac hé s6 Aj,A,,a'j,a'y,a, ta cd cac duong bac 2 sau:
1) Néu AA, # 0 phuong trinh (7.69) viét dugc thanh

2 2
K{x%%} +k2{y'+%J +a'y=0

1 2
Tinh tién hé toa d6 Ox'y' dén hé toa 46 QXY :
X=x+21y =y'+a—2, ta duoc:
}“1 2
MXE A,V 4ay =0. (7.70)
a)a'y =0, A, >0, La'y <0: (7.70) l1a phuong trinh mot Ellipse;

b) a'y#0, AMA, >0, Aa'y >0: (7.70) 1a phuong trinh mét Ellipse do;
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¢)a'y#=0, A, <0: (7.70) 1a phuong trinh mgt Hyperbol;

d) a'y =0, A%, <0: Phuong trinh (7.70) c6 dang [%,|X* —|1,|¥* =0 la phuong
trinh cip duong thing cit nhau.

e) a'y=0, A, >0: Phuong trinh (7.70) c¢6 dang [A|X*+[A,|Y* =0 la
phuong trinh mot diém.
2) Co6 mot trong hai gi tri A;,A, bang O:

a) A, =0, A, 20, a', #0: Phuong trinh (7.68) c6 thé viét lai:

2
x{w%j +2a'(x+a"y)=0 (7.71)
2
Dit X =x'+a"y, Y= p'+ 22 tacod: Y2=—2L X,
7\'2 7\‘2

Vay (7.71) 1a mot Parabol nhan truc QX 1am truc ddi xtng.

b) A, =0, A, #0, a', # 0: Duong cong (7.68) la mot Parabol nhin truc QY lam
tryc doi xtng.

¢) =0, A, #0, a',=0 hay A, #20, A, =0, a', =0: Duong cong (7.68) la
mot diém.
Vi du 7.25: Cho dudng bic 2 c6 phuong trinh (G): 5x* —4xy +8y” =36.

Xét dang toan phuong: Q(x,y) = 5x% — 4xy+8 y2 .

. 5 2
Ma tran trong co sé¢ chinh tic 4 :{ 5 g } cé gia tri rieng A, =4,A, =9 chéo

hoa truc giao ta dugc:

o 2i s w2y Ly
NN BN NG
~ 1- 2 - 1 2

I EE TR

phuong trinh cua (G) trong h¢ toa d§ méi:

!

2 2
4X%2+9Y* =36 = X?+YT:1.

Viy (G) 1a mot ellipse c6 ban kinh truc 16n bang 3 va ban kinh tryc nhé bang 2.
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7.6.2 Hé toa dd truc chuin trong khong gian
7.6.2.1 Toa @) ciia mdt véc to va toa dd ciia mot diém trong khong gian

Trong khong gian ta xét ba truc vudng goc chung gbc O: x'Ox, y'Oy, z'Oz;
Tao thanh mot hé truc goi 1a hé truc toa dd vudng goc Descartes trong khong gian, viét
tat Oxyz . Trén ba truc toa do nay ta chon céac véc to don vi lan luot 1a 7, 7 , k. Ta
chi xét hé truc Oxyz 13 hé thuan, nghia 1a néu dung theo chiéu véc to k tasé thay i

quay sang 7 theo ngugc chiéu kim dong hd.
V61 moi véc to Vv ta co thé viét
v=vi+v,j+y, k= <$,?>7 + <$,7>7 +<Tz,?>?

trong d6 v,,v,,v, 1an lugt 1a hinh chiéu cua v xudng cac truc Ox,0y,0z .

(vx,vy,vz) duoc goi la toa do cua véc to v, ky hiéu v = (vx,vy,vz) .

Toa do cua véc to OM = (x,y,z) duogc goi la toa do cua diém M, ky hiéu
M(x,y,z).

7.6.2.2 Mot s6 miit bic 2 thwong giip trong khong gian
a) Ellipsoid (Elipx6it) 1a mit (£) bac 2 c6 phuong trinh dang chinh tic:

2 )
1

+ +—2— .
c

%)

X
2
a

*) Néu 2 trong 3 s6 a,b,c bang nhau thi ta c6 mat ellipsoid tron xoay. Chang han

néu a=>~ thi ta c6 mat tron xoay quanh truc z'Oz. Néu a=b=c=R thi ta coO mat
cau tim O ban kinh R;
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*) Goc O 1a tam dbi xtmg, cac mit phang toa do 1a mat phang d6i xtng;

*) Giao tuyén v&i cac mat phang song song voi cac midt phang toa do 1a cac
ellipse.
b) Hyperboloid mot tang (Hypécbolpit) 1a mat (H,) bac 2 c6 phuong trinh dang

chinh tic:

[\
[\S]
[\

X Y
_+_
a’ b’

*) Goc O 1a tam ddi ximg;

*) Cac truc toa do 1a truc doi xung;

*) Cac mat phang toa do 1a mat phang dbi xtmg;

*) Giao cua (/) vo1 mat phang vudng goc voi truc z'Oz 1a mét ellipse;
*) Giao cua (/) vo1 mat phang chtra truc z'Oz 13 mot Hyperbol.

Tuong ty ¢6 cac Hyperboloid mot ting:

2 2

[\

2 2 2

z X Z
+—2:1, ——2+ +—2:1.

QN| =
<[
o

<[

a

o

¢) Hyperboloid hai tang 12 mit (H ») bac 2 c6 phuong trinh dang chinh tac:

2 2

4
+oo—Z =1,
C

=

*) Mit phang vudng goc voi truc z'Oz c¢b phuong trinh z =4 sao cho |h| > ¢ cat

(H,) theo mot elippse;

*) Giao cua (H,) vO1 mat phang chtra z'Oz 1a mot Hyperbol.

Ellisoid

Hyperboloid mot ting Hyperboloid hai ting
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d) Paraboloid elliptic (Parabdloit éliptic) theo truc Oz 1a mat (£) béac 2 c6 phuong

trinh dang chinh téc:

+ 2 =2z,

2
b2

*) Giao tuyén cla (B) vo1 mat phang vudng goc truc z'Oz nam phia trén mit

phang Oxy 1a mot ellipse;

*) Giao tuyén ctia (B)) v6i mit phang chira truc z'Oz 14 Parabol.

e) Paraboloid hyperbolic (mdt yén ngua) theo truc Oz cé phuong trinh

p): =-L =27,

2 2
b2

N

*) Giao ctia (P,) v6i mit phang vudng goc véi truc z'Oz 1a mot Hyperbol;
*) Giao ctia (P,) v6i mit phang vudng goc véi truc x'Ox 1a mot Parabol;

*) Giao ctia (P,) v6i mit phang vudng goc véi truc y'Oyla mot Parabol.

<\

y
Paraboloid elliptic Paraboloid hyperbolic

Tuong tu c6 cac mat paraboloid, hyperboloid theo truc Ox, Oy .
g) Cac mat tru bac 2

Céac mit tru bac 2 d6i xtmg qua mit phang xOy

2 2
L X7y
*) Tru elliptic: ~—+—=1.
a’ b
22
*) Tru Hyperbolic:  — _Jb}_z =1.
a

*) Tru Parabolic: x> =2 py .
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N

A
\

T

<V

—_—————

.........
--------
0 o

. o
. o
------------

—_———

Tru elliptic Tru Hyperbolic Tru Parabolic

h) Cac mat non
Céc mit non dbi xtmg qua mit phang xOy c¢6 phuong trinh
x2 y2 Z2
St 27270
a~ b” ¢
*) Giao v6i mit phang vudng goc vai truc z'Oz 1a mét ellipse;

*) Giao v6i mat phang chua tryc z'Oz cip dudng thang.

\<V

Tuong tu c6 cac mit try, mat non doi ximg qua mat phang xOz, yOz .

7.6.2.3 Phan loai cac mat bac 2
Trong h¢ toa do Descartes vuong goc Oxyz xét mat (Q) bac 2 cd phuong trinh:

a 1x2 + a22y2 + a3322 +2a1,xy +2a;3x2 + 2a5,yz + 20 x + 2b,y + 2D,z +c =0 (7.72)
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Xét dang toan phuong
Ox,y,2)=q 1x2 + a22y2 + a3322 +2a1,xy +2a;3x2 + 2a,5,yz .

Ma tran chinh tac 4 = [aij] — VOl a;=a i la ma tran do1 ximg nén ton tai ma

i,j=1,3 Y
A, 000
tran truc giao T sao cho T'AT =| 0 Ay 01].C6 thé chon 7 thoa man det7 =1
0 0 24

(dé hé tryc toa do mai tao thanh tam dién thuan).

Tuong Umg véi ma tran chuyén co s& T 1a chon hé truc toa d0 moi béng cach
quay quanh géc toa do.

X X

Cong thirc dditoaddo |y |=T] y'

z z'

Mait bac 2 (Q) c6 phuong trinh trong hé truc toa d0 mai:
X+ y T+ Az P+ 2b" X'+ 2b" '+ 2b" 2 e =0 (7.73)
Tuy theo céac gid tri cuia A}, A,, A5, b'|, b',, b'5, ¢ mit (Q) co6 cac dang sau:

a) Cdc gia tri riéng A, Ay, Ay khdac 0 (MA,hy #0)
Bang cach tinh tién hé truc toa do ta co thé dua phuong trinh (7.73) vé dang:
MXZ AV 40,22 =C. (7.74)
*)Néu C'#0
® A;,Ay,A5,C' clng dau: (Q) 1a Ellipsoid;
o A, Ay, A; cling ddu, C' trai ddu: (Q) 1a Ellipsoid ao;
® ANy, Ay chicé hai s6 cung dau: (Q)1a Hyperboloid mot tang hodc hai tang.
*)Néu C'=0
® A;,Ay,A; chico hai s6 cung ddu: (Q)1a nén bac 2.
o A,Ay,A;y clng dau: (Q)1a nén ao (mot diém).

Cac trudng hop con lai sau day ta chi xét mdi truong hop mot loai dai dién, cac
loai khac co két qua tuong ty.
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b) Co dung mot gia tri trong ba gid tri Aj,hy, s bang 0.
Chang han A; =0, Ak, #0
*) b'y # 0: Tinh tién hé toa d6 ta duge: A, X* +A,Y>+2b's Z=0.

Pay 1a phuong trinh Paraboloid elliptic néu Ak, >0 va Paraboloid hyperbolic

néu Ak, <0.
*) b'y =0: Tinh tién toa do ta duoc: k1X2 —i—sz2 =C".

e Néu C'#0: Pay 1a phuong trinh cac mit try.

e Néu C'=0: Pay 1a phuong trinh cac cip mit phang cit nhau hodc truc
Z'Z.
¢) Co dung hai gia tri trong ba gid tri A, ,, Ay bang 0.
Chang han A; =0, A, =0, A, 0.
*) b',,b'; khong dong thoi bang 0.

Béng cach quay h¢ truc toa do

ro_n
X=X
' n ' n
X'y = b'sx", n b'y x"y
\/bv22+bv32 \/b122+bv32
' n ' n
Xy =— b'y x", b'sx"s
v 2 1 2 y 2 v 2
b2+ by b

Phuong trinh trén trd thanh
12

2
}\41 (x"l-i-%j +2'\'b‘22+b'32x"3+c—b7\‘_1:0.

1 1
Thire hién tinh tién truc toa do ta dugcphuong trinh dang:

MX2+b", Y =0: (Q) la mit try Parabolic.

*) b', =b'y=0: Tinh tién hé toa do ta co: lez =C"'. Do d6 (7.72) 1a phuong

trinh cap mat phang song song néu C'# 0 va tring nhau néu C'=0.

Vi du 7.26: Trong khong gian véi hé toa d0 Oxyz cho mat bac 2 ¢6 phuong trinh

(0):7x* +7y* +102° + 2xp + dxz + 4yz —12x + 12y + 72z = 24
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2
Ma tran cua dang toan phuong tuong ing A = 2

N =
NS TR I

10
Pa thire dic trung: [4—Al|=(6-1)*(12-1).

Tim co s¢ cua cac khong gian riéng va truc chuan hod Gram-Shmidt ta c6 ma
tran truc giao

~1/\2 -1/\3 1/e

6 0 0
T=| 12 -1/\3 1/J6 | codetT=1vaT 4T =|0 6 0
0 1/\/5 2/\/6 0 0 12

X x'

Pbditoadd | y |=T| y'| thi phwong trinh ciia mit (Q) trong toa do méi:

1

z z

6x'+ 6y'2+1zz'2—12(—ix'—i 1 j

+—=z
NERNC RN
1 1 1 1 2
+12| —=x'— 2" [+ 72| =y ——z'|=24
(ﬁ B e j (ﬁy J6 J
= 6(x‘2+2x/§X')+6(y‘2+4\/§y‘)+12(z'2+2\/g)=24
Tinh tién toa do: X:x'+\/§, Y:y'+2\/§, Z:z‘+\/g. Suy ra:

X y* 7z
Pt —+—=1.
© 30 30 15

Vay (Q) la moét Ellipsoid tron xoay theo truc Z'QZ .
Q cotoadd (—ﬁ,—Z\/g,—\/g).

Vi du 7.27: Trong khong gian véi hé toa d§ Oxyz cho mét bac 2 c6 phuong trinh

(Q):2xy+2xz+2yz—6x—-6y+62z=0.

0 1 1
Ma tran cua dang toan phuong tuonging A=|1 0 1.
1 1 0

DPa thire dac trung: [4—Al|= (A +1)*(2-1).
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Tim co s& cua cac khong gian riéng va tryc chuan hod Gram-Shmidt ta c6 ma
tran tryc giao

~1/N2 =16 1B 1 0 0
T=| 12 -1/N6 1/\B|codetT=1vaT'AT=| 0 -1 0
0o 26 13 0 0 2

X X

Poitoadd | y |=T| y'| ta dugc phuong trinh cia mat (Q) trong toa do méi:

1

z z

_va_yv2+2212_6(_va_Lyv+szj

NN RN
Lo b ~+sz + 2 '+LZ' =
e A S S e S R
= —x'2—(y'2—4\/gy')+2(2'2—\/52')=0

Tinh tién toa d6: X = x', Y:y‘—2\/€, Z:z'—\/§/2. Suy ra

2X7 2v7 477 _
45 45 45

(Q): 1.

Vay (0) 1a mot Hyperboloid mot tang.
BAI TAP CHUONG VII

7.1) Xét anh xa m:. M, x. M  —R xic dinh bdi n(4,B)=Tr(B'4). Trong d6

mxn mxn

A . 1a khong gian cac ma trdn ¢& mxn va TrAd 1a vét ciia ma trdn vuéng 4. Ching

mxn

minh 1 1a moét tich vo hudng.
7.2) Trong khong gian R? xét dang song tuyén tinh xac dinh boi:
n((xp)ﬁ), (xzayz)) = XXy = 2%, =2)1% + 5V ),
a) Chirng minh (IR2 ,n) la khong gian véc to Euclide.
b) Truc chuin hod Gram-Schmidt co s¢ {(1,0),(0,1)} cia R>.
7.3) Gia st u = (x;,1,), v=(x,,¥,) 12 hai véc to thuoc R?.

a) Chirmg minh ring dang song tuyén tinh sau 1a mot tich vo hudng trén R?:
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i (V) = X%, =230, =201 + Ty p, -
b) Tim céc gia tri k dé dang song tuyén tinh sau 1a mét tich vo hudng trén R?:
Mo (#,v) = 1125 =339, =331, + hkyyy; -
¢) Vi cac gia tri ndo cua a,b,c,d €R thi dang song tuyén tinh sau 1a mot tich vo
huéng trén R?:
N3 (V) = axix, +bx,y, +cyyx; +dyy, -
7.4) Ching minh rang:
(i) Tong cua hai tich vo hudng 1a mét tich vo hudng.
(ii) Tich cua mot sd duong voi mot tich vo hudng 1a mét tich vo hudng.
7.5) Trong khong gian véc to Euclide V,<,> .

a) Chimg minh bét dang thirc hinh binh hanh [u + v|+ |u — v|| = 2[ju]| + 2||v]-

b) Cong thirc dang cyc {(u,v) = inu ff _%”u P

c) ||u|| = ||v|| khi va chi khi <u+v,u—v> 0.

d) lu+ v =[ul* + |V khi va chi khi (u,v)=0.
7.6) Trong khong gian véc to Euclide V,(,). Ching minh ring: véi moi u,v,weV,
=1 <2{Ju =l + o[-
7.7) Hai hé véc to {uy,....u, §, (..., v, | clia khong gian véc to Euclide V,(,) dugc goi

. x 2z 0 néui=#j o
1a tuong ho néu <ui,vj>:8ij: ’ ; Lj=1..,n.
I néui=j

Chung minh: a) Néu {ul ,...,un} doc lap tuyén tinh thi moi hé {vl yeues vn} tuong ho cua
né ciing doc lap tuyén tinh.

b) V&i moi co s {e;,...,e, } déu ton tai duy nhat mot co s& {v,...,v, } tuong hd

n n n
cua nd. Khi déo néu u = le.el. , V= Zyiei thi x; = <u,vi> va <u,v> = inyl. .
i=1 i=1

i=1
7.8) Cho W la khong gian véc to con cua khong gian véc to Euclide V,<,>. Ching

minh rang: v6i moi veV , tn tai duy nhat véc to uy €W sao cho ||u0 — v||2 < ||u — v||2

v6imoi u € W. ugp dugc goi 1a hinh chiéu cua v xuong W' .
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7.9) W, W, la hai khong gian con cua khong gian véc to Euclide V,<,>. Gia su
dim ¥, < dimW, . Chiing minh ton tai véc to khac 0 ctia W, truc giao véi moi véc to

cua W,.
7.10) Xét anh xa n:-Ab x Ay, — R xac dinh boi n(A4,B)=Tr(4'MB), trong d6

1 2 , .
M = {3 5} , A, 12 khong gian cac ma tran vudng cap 2.

Chung minh rang 1 1a mot dang song tuyén tinh.

. o o111 0110 1{(0 0|0 O
Tim ma trdn cua n trong co so , , , .
0O 0|0 O||1 O]0 1

7.11) Gia st 1 1a mot dang song tuyén tinh trén R? x4c dinh béi:
T]((xpxz)a(h:)’z)) =200 =30, + X205
a) Timma tran 4 cua 1 trong co s& {u; = (1,0), u, = (L,1)}.
b) Tim ma trn B cia 1 trong co s6 {v =(2,1), v, = (1,-D)}.
c¢) Tim ma tran P chuyén tir co s¢ {u;} sang {v,}, va nghiém lai ring B = P'4P.

7.12) Tim ma tran truc giao P sao cho P’ AP c¢6 dang chéo:

7 -2 2 0 2 2
a)|-2 5 0 b2 3 -1
2 0 5 2 -1 3
5 -1 2 2 -1 -1
ol-1 5 2 d|-1 2 -1
2 2 2 -1 -1 2

7.13%) A= {Z“ le} 12 ma tran doi xtmg bac 2 c6 hai gia tri riéng 1a o,p. Tim gia
21 9p

tri 16n nhat va gia tri bé nhét c6 thé c6 cla a;, .

7.14) Gia st Q la mot dang toan phuong trén khong gian véc to V' voi dang cuc

tuong tng 13 1. Nghiém lai rang n(u,v) = %(Q(u +1)—0w)—0W)), u,veV.

7.15) Gia str | 12 mot dang song tuyén tinh trén khong gian véc to ¥ . Vi moi tap con

SV, ky hicu:
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St={veVmu,v)=0,YueS}; ST ={veV m,u)=0,YueS}.
a) Chtrng minh rang:
i) S+, ST 1ahai khong gian véc to con cia V.
i) S,c8,thisycsivas, cs/.
iy {0} ={0}" =V.
b) Gia sit U, W 1a hai khong gian véc to con ciia V. Chimg minh rang
) U+w)yr=Utnwe.
iy Unw)y-=ur+wt,
7.16) Tim mot co s& cua khong gian véc to con W cua R* truc giao v&i hai véc to
u; =(1,-2,3,4) va u, =(3,-5,7,8)
7.17) Gia st W la khong gian véc to con cua R> sinh b&i u= (1,2,3,-1,2) va
v=(2,4,7,2,—1). Hay tim mt co s& cta phin bu truc giao W cua W .
7.18) Trong khong gian véc to P, cac da thuc bac <2, xét tuong ing

1

(p.a)=[ pt)g()dr

0
a) Chtrng minh rang <,> 1a mot tich vo hudng.
b) Tim mdt co s cuia khdng gian con W truc giao véi g(t) =2¢+1.
c) Truc chuin hoa Gram-Schmidt co s& chinh tic {1,t,t2 } .

7.19) Khong gian véc to -4/, cic ma tran vudng cap 2 véi tich vo huéng

N(4,B) =Tr(B'4).

) s I 0[{O0O 1][0 O]|0 O o . .
a) Ching minh rang , , , la mét co so truc chuan.
0O 0[O0 Off1 Of]|0 1

b) Tim mot co s& cua phan bu truc giao cua:
(1) Cac ma tran duong chéo.
(ii) Cac ma tran ddi xung.
7.20) Viét ma tran ctia dang toan phuong O trong co s& chinh tic. Tim co s¢ dé biéu

thire toa do cuia Q trong co sé ndy ¢ dang chinh tic:
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2 2 2
a) Q(xl,xZ,X3) = xl + 5x2 - 4X3 + 2X1X2 - 4XIX3
2 2 2
b) Q(xl ,X2, X3) = 4x1 + xZ + X3 - 4xl.X2 + 4x1)C3 - 3XZX3
) O(x,Xy,X3) = XX + X X3 + XpX3
) O(x;, %5, X3) =3x7 +2x," —x37 —2x," +2x1x —4x,x3 +2x,Xy
2 2 2
=3x.2 = 25,7 + 2x3% + 4x;x, —3x;%3 —
) O(x1,x,5,x3) =3x Xy T 2X3 +aX;Xy —IXX3 — XpX3.
7.21) Tim phép bién doi tryc giao dé dua cac dang toan phuong sau vé dang chinh tic:
2 2 2
b =% + X, +5x,° —6 2 2
) O(x;, %5, X3) =X + X" +5x37 —6x1x5 —2x1x3 + 2x,x3.
2 2 2
d) O(x )=17x" +14x,> +14x;,> — 4x;x, — 4x,x; — 8
1>X2,X3) = 1/X X X3 XX X1 X3 = O0XpX3.
2 2 2
e) O(x;,Xy,X3) =X, =5x," +x37 +4xx, +2x;x53 +4x,%5.
7.22) Tim A dé cac dang toan phuong sau xac dinh duong:
) O( )= 5% + 3,7 +Axg% + 4xx, — 2x,x; — 2
a X1, Xy,X3) =57 + X, Xy X)Xy = 2XX3 — 2X, 5.
b) O(x;,x,,x )=2x% +X,° +3x37 4 2Ax,%, + 2x,x
12X2,X3) = 2X; 2 3 1%2 1%3 -
2 2 2

7.23) Hay dua cac dudng bac hai c6 phuong trinh sau vé dang chinh tic va viét tén
ching:

a) 3x% +8xy—3y? +180=0

b) 17x* +12xy+8y* =80 =0

) 7x* +6xy—y> +28x+12y+28 =0
d) 19x% +6xy+11y> +38x+6y—18=0
e) 4x2+9xy+12y2—4x+6y+1:O

7.24) Hay dua cic mit bac hai c6 phuong trinh sau vé dang chinh tic va viét tén
chung:
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a) 7x? +7y? +10z2 —2xy —4xz +4yz —12x +12y + 60z = 24 ;

b) 2xy—6x+10y+2z=31;

¢) 332 +3z2 +4xy+4xz—2yz +8x+8y +82=0;

d) 2x? +2y* +3z° = 2xz—2yz =16;

e) 2xy+2xz+2yz—6x—-6y—-12z=0;

f) x2 =5y? + 22 +4xy+2xz+4yz +18x+18y +45=0.
7.25) Cho f tu ddng cdu tuyén tinh ctia khong gian véc to Euclide (V,<,>). Chung
minh 3 ménh dé sau twong duong:

(i) Véimoi veV , (f(v),v)=0;

(ii) Voimoi vu eV, ( f(v),u)=—(f(u),v);

(iii) Ma tran ctia f trong co s truc chuan 1a phan d6i xtmg.
7.26) a) A,B 1a hai ma tran vudng cip n. Chimg minh:

Véimoi X,Y eR"”, XAY' = XBY' => A=B.
b) 4,B 1a hai ma tran d6i xing cap n. Chtimng minh:
Véimoi X eR”, X4X' = XBX' = A=B.

¢) A 1a ma tran vudng cdp n. Ching minh A4 phan dbi xang khi va chi khi Véi
moi X eR”, XAX' =0.
7.27) Gid st A= [aij} la hai ma trin tryc giao cap n. Ching minh rang

Z%‘

1<i, j<n

< n. Khi nao thi c6 ding thuc.

7.28%) Gia st % 13 mot co s truc chudn cia khong gian véc to Euclide n chiéu V.
{vl,...,vn} la mot hé véc to cua V' :

9

a) Chimg minh |det 3 {v....,v, }f < ]i[||v,.
i=1

b) Xét trudng hop dang thic.
7.29%) a) Chung minh réng vO1 moi hé véc to {vl,...,vn} cua khong gian Euclide V' ta

[udn co:
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o) vs) e (Ve
b) Néu {el yerrs ek} doc lap tuyén tinh thi:

0 b .. b

<v,v>2— Vol b, =<v,ei> .

(eire;)
Nguoc lai, voi moi b,..., b, cho trudc, ton tai duy nhét v sao cho b, = <v,ei> va
bat dang thire trén tro thanh dang thiec.
¢) Ching minh rang néu 4 1a ma tran cia mot dang toan phuong xéac dinh duong
0 x .. x

n

Xy

thi O(xy,...,x,) = xac dinh am.

X

n

7.30%) Cho 1, 14 hai tich vo hudng trén khong gian véc to n chiéu V' sao cho véi

moi u,veV :nu,v)=0= @(u,v)=0.Ching minh ton tai k €R: ¢(u,v)=kn(u,v).

7.31%¥) Cho O la mot dang toan phuong trén khong gian véc to n chiéu ¥ c6 chi sb

quan tinh (p,q). W la khong gian véc to con cua V' . Ching minh:
a) Néu Q‘W xac dinh duong thi dim(W)< p.
b) Néu Q|,, xac dinh am thi dim(#)<gq.

¢) Néu dim(#) > max(p,q) thi Q‘thf)ng xac dinh, nghia 13 ton tai mot véc to
veW,v#0 saocho Q(v)=0.

221



PHU LUC 1
SO PHUC

Ta biét rang binh phuong ctia mot s6 thuc 1a khong am, vi vy trong trudng s thuc
phuong trinh x> +1=0v6 nghiém. Tuy nhién néu ta dua vao sb 4o i sao cho i 2o
thi phuong trinh trén tré thanh X2 i’ = (x—=1)(x+17)=0. Do d6 phuong trinh c6 hai
nghiém x = +i. Tong quat hon ta c6 thé mé rong trudng sd thyuc 1én mot truong s6 rong
hon d€ moi phuong trinh bac hai déu c6 nghi¢m.

1 CAC DANG CUA SO PHUC
1.1 Dang dai s6 ciia s6 phirc

z=a+ib,trong d6 a,beR , i?=-1.

a duogc goi la phén thuc, ky hi¢u a =Rez

b goi 1a phan 4o cta z, ky hiéu b=Imz.

Hai s6 phic z; = a; +iby, zy = ay +ib, bang nhau duogc dinh nghia nhu sau:

Z =2, & {bl b, . 8.1)

Tap hop cac sd phuc ky hiéu 1a C.
1.2 Cac phép toan trén s6 phirc
Cho hai sb phic z; = ay +iby, zy =ay +ib,, ta dinh nghia:
Z1+zp =(ay+ay)+i(b +by) 38.2)
z1zp = (ayapy —biby) +i(a1by + arby). 8.3)
Ta c6 thé chimg minh dugc (R,+,)) 12 mot truong con cia (C.+,).
S phirc z=a—ib dugc goi 12 s6 phirc lién hop voi sé phic z=a +ib.
a—ib

a’ +b?

a—ib
a’ +b?

S6 phuc c6 tinh chat ( j(a +ib) =1 nén dugc goi 1a s6 phirc nghich

dao cua s6 phitc z =a+ib, ky hidu z~' hay 1 . Vay
z
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-1 1 a—ib z

= — = = . 8.4

T Tl z 4
Tadinhnghia: zj—zp =z +(=zp)=(a1—ap) +i(by —Dy);
z 1 a,a, +bb,)+i(ab, —ab zZ,

_1.221_:( 172 12)2 (221 12): 1_2. (8.5)
Z, Z, a,” +b, Zy 2,

1.3 Biéu dién hinh hoc ciia s6 phic

Trong mit phing v6i hé toa dd vudng goc Oxy. Mbi diém M trong mit phang
hoan toan xac dinh boi toa d6 (a,b) cua nd. Mit khac mdi sé phic z = a +ib ciing duoc
xac dinh boi phan thyc ¢ va phin 4o b. Vi vy ta c6 thé dong nhit sé phic z = a +ib
v6i diém M (a,b). Do @6 cac sb phuc dugce dong nhit véi cac diém cta mit phang ma ta

goi la mat phang phirc. Phép cong clia sd phirc: zq + 25 = (ay +ay) +i(by +by) tuong

Ging v6i phép cong hai vecto OM| + OM 5 ; My(ay,by),M4(ay,by). Hai s6 phtc lién

hop v6i nhau dbi xtmg nhau qua truc Ox .

‘O—M‘ = \/a2 + b2 dugc goi 1a modun cia sb phic z=a+ib va ta ky hiéu la
‘z‘ =Va® +b°.

S6 do ¢ cua goc (Ox, OW) xéac dinh sai khac boi s6 cia 27 dugc goi 1a argument
ctia s6 phire z, ky hiéu Argz .

Néu —7 <@ <7 thi ¢ duoc goi la argument chinh, ky hiéu argz.

(

Tuong Ung gitra toa d0 Pécac va toa do cuc

,arg z) la toa d0 cuc ciia M véi truc cuc Ox.

Z

{ a=rcosQ 8.6)

b=rsing

Nguoc lai

|z|=\/a2+b2, cosq):%, sin(p:L. 8.7

a’+b a’+b°
Sb phuc z = a +ib duoc viét lai dang lwong gidc

z= |z|(cosgo+ isin @) 8.8)
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z=a+1ib

v

Tinh chét:

P o Aa|_a .
1) Zl+22221+22 5 Zl‘ZZZZl‘ZZ 5 — | ==,

N

z —

2) Rez:%, Imz = ; zeR < Z:EZRGZ;

i
3) Gia st p(z)=ay +a;z+..+a,z", aj,..,a, €R 1a da thiuc véi hé s6 thuc (xem
Phu luc 2) thi p(Z)=ay + @z +...+a,z" = p(z) . Vi viy néu z¢ 1a nghiém cua phuong

trinh p(z) =0 thi g cling l1a nghiém.

p(2),q(2) 12 hai da thirc voi hé s thuc thi @ = (@j .
q(z) \q(2)

4) VzeC ,

Z|ZO; |z|:0<:>Z:0;

5) |Zl +Zz| < |Zl| +|22

lez|:|Z1||Zz ; Zl|—|22”£|zl—22;

b

Z|2=ZE; |Z|=1 = le;
z

|Zl|

9

|Zz

7) Arg(z,z,) = Argz, + Argz,; Arg(iJ = Argz, — Argz,;
2

K

6)

8) ‘E‘:|z ; ArgE:—Argz.

Cong thuc Euler
e'® = cos@+ising (8.9)

Cong thire (6.1) duoc viét lai z = |z| ¢ goi 1a dang mii ciia sé phire.
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1.4 Luy thira ciia s6 phirc - Cong thirc Moivre

Cho sb phirc z =|z|ei‘p. Tich n lan z-....-z duogc goi 1a luy thira bac n cua z, ky
%/_/

nlan
hiéu z". ap dung phuwong phap quy nap va céc tinh chat 4), 6) & trén ta cd
Z" = |z|" (cosn +isinng).

Khi |z| =1 ta c6 cong thirc Moivre:

(cos@+isin@)” = (cosne +isinne) (8.10)
Vi du 8.1: Tim céc s6 thuc x, y sao cho:
Bilx+iy)+(1+2)(x+2y)=2+i

Khai trién va dong nhat phan thuc phan 4o ta duoc:

xX—-y=2 x=1

=
Sx+4y=1 y=-1
2z+iw=3

Vi du 8.2: Giai hé phuong trinh voi an s phuc z,w:
3z+w=1-2i

Nhan i vao hai vé cia phuong trinh thtr nhat xong cong vao phuong trinh thit hai ta

1+i 5 i -2 29,
duoc z= =4 S w=—=_ZZi.
3+2i 13 13 13 13

Vi du 8.3: a) Quy tich céac diém z sao cho |z — 2i| =3 la duong tron tam 2i ban kinh 3.

b) Quy tich cac diém z sao cho ‘Z - 21" = ‘Z — 3‘ 1a duong trung truc cua doan thang
ndi hai diém 3 va 2i.
¢) Quy tich cac diém z sao cho ‘Z + 3‘ +‘Z —3‘ =10 1a duong ellipse co tiéu diém

F1(=3,0), F,(3,0) d6 dai truc 16n 2a =10.
Vi du 8.4: Theo (6.3): (cos@+ising)’ = (cos3p+isin3¢). Mat khac
(cos@+isin)’ = cos® @ —isin’ ¢+ 3icos” @sinp—3cospsin’ @

. {cos?:(p = cos’ ([)—3COS(pSi1’12 0= 4cos’ @—3cosQ
Vay

sin3¢ = 3cos” @sin @ —sin® ¢ = 3sinp—4sin’ @
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10
Vi du 8.5: Tinh (—1+J§i)
10 2 22\ 20 20
(—1+\/§i) :{2(cos%+isin7ﬂﬂ =210(cosTﬂ+isinTﬂj

=20 (cosz—ﬁﬂ'sinz—ﬂj =210 —l+i£ =2’ (—1+\/§i)-
3 3 22

1.5 Cin bac n cua so phirc

Can bac n ctia sO phitc z 1a s0 phic w sao cho w" =z. Ky hiéu w=4z hay
1

w=z",
Cho z =|z|(cos@+ising) =|z|e"
*) Néuz=0thi w=4z=0 Vn=12,..

**)Néu z#0. Xét w:|w|(c0sw+isin\|/):|w|ei“’ thi

8.11)

[ =3l
w =z <&

y =R ol

Vay c6 ding n can bac n cua z Ung voi cac gia tri k£ =0,1,...,n—1. Cac can bac n
nay la cac dinh cta n giac déu ndi tiep duong tron tdm O ban kinh ,"/|z| .
Vi du 8.6: Tinh can bac n cua don vi.

Tacd 1=cos0+isin0. Vay cac can bac »n cua 1 la:

k2m
2 . k2 —=
sk:cosgﬂ'smk—n:e "5 k=0,1,..,n—1. (8.12)

n n
Vidu8.7: Tinh 3/(-2+2i)

Tacd —2+2i:2\/§(cos37”+isin37ﬁj.

Vay 3/(_2 + 21’) = \/E(COS%(:ST”-F kzﬂj +isin%[%+k2ﬁn;
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k=0: wozﬁ(coszﬂ-isinzj:lﬂ';
4 4

k=1: wlzﬁ cosll—ﬂ+isin11—ﬂ ;
12 12

k=2: W2=\/§ cos19—ﬂ+isin19—7[ =2 coss—ﬁ—isins—ﬂ :
12 12 12

v
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PHU LUC 2
DA THUC

1 Da thirc trén m{t vanh nguyén

Cho K la mot trong cac tap s6: K=Z,Q,R, C hay Zp )

V6i mdi diy (ag,dp,...dp,..) cac phan tt a,eK. Biéu thic
p(x)=ay +ax+..+a,x", a, #0 duoc goi 1a da thirc bic n cua bién (hay 4n) x. Cac

sO ag,ay,...,a, dugc goi la cac h¢ s cua da thirc.

Néu ay =a; =...=a, =0 thi ta duoc cic da thirc khong va cling ky hiéu 1a 0. Tap

hop céc da thuc bién x véi hé sb thudoe K duoc ky hi¢u la K [x]
Céc da thuc duoc ky hi€éu p(x),q(x)...
Hai da thitc p(x)=ay +ax+...+a,x", a, #0; g(x)=by +bx+...+b,x", b, #0
Hai da thire p(x),¢(x) bang nhau duoc ky hiéu va dinh nghia nhu sau:

=n

p(x) = g(x) & {’” 8.13)

a, =by,...,a, =b,
2 Vanh da thire
Trong tap K[x], gia st p(x) =ay + ax + ...+ a,x", a, #0
g(x)=by +bx+..+b,x", b, #0
Ta dinh nghia tong p(x) + g(x) va tich p(x)g(x) cua hai da thic p(x), ¢(x) nhu

sau: p(x) +q(x) = (ay +by) + (@, +b)x + (ay + by )x* +....

k
p(X)q(x)=cy+ex+..+c, X", ¢ = Zajbk_j , k=0,1,...,n+m (8.14)
=

Véiquy ude a; =0 néu j>n va b;=0 néu j>m.
Ta c6 thé chuing minh dugc (K [x] ,+,-) la mot vanh nguyén.
bac( p(x) +¢g(x)) < max (bac p(x),bacq(x)) 8.15)

bac(p(x)g(x)) < bac p(x) +bacg(x). (8.16)
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3 Phép chia da thirc - Nghiém

Pinh 1y 1: V&i hai da thic bat ky p(x), g(x); g(x)#=0 déu ton tai duy nhat hai da thirc
s(x), r(x) sao cho p(x)=g(x)s(x)+r(x) vanéu r(x)#0 thi bacr(x)<bacg(x).
Vidu8.8: 2x° +3x% = (x? +2x+5)(2x° —4x? —2x +27) — 44x—135

Pinh nghia 1: »(x) dwoc goi la dir ciia phép chia p(x) cho q(x). Néu r(x)=0 thi ta néi
p(x) chia hét cho q(x) hay q(x) la uéc ciia p(x).

Pinh nghia 2: S6 ¢ € K thod médn p(c) = ay +a,c+...+a,c" =0 duoc goi la nghiém cua
da thirc p(x)=ay+ax+...+a,x".

Dinh 1y 2: Du cua phép chia p(x) cho x—c 1a p(c).

Heé qua 3: cla nghiém cua da thuc p(x) khi va chi khi x—c 1a uéc cia p(x), nghia la
p(x)=(x=0)"s(x).

Néu p(x)=(x—c) s(x) (k nguyén, k>1) va s(c)#0 thi ¢ duoc goi ld nghiém
boi k cua da thuc p(x).

Dinh nghia 3: Da thic p(x)eK [x] dwoe goi la bdt kha quy néu bac p(x)>1 va néu

p(x) = q(x)s(x) thi mét trong hai da thire q(x), s(x) la hang s6 khac 0 cua K, nghia la
p(x) chi chia hét cho kp(x), véi k e K \{0}. Chang han: Moi da thiic bac nhat 14 bat kha
quy. Pa thirc bac > 2 bat kha quy khi va chi khi né v6 nghiém trong X .

Pinh Iy 4: Moi da thirc bac > 1trén trudng sd phirc C déu c6 nghiém.
Hé qua 5: Moi da thic p(x)=a, +a,x+...+a,x" € C[x] déu c6 thé phan tich thanh

p(x)=a,(x—x))...x—x,), trong do cac sO phtrc x; co thé trung nhau.

Hé qué 6: Moi da thirc hé sb thuc p(x) =ay + ax +...+ a,x" €R[x] c6 thé phan tich
thanh tich cac da thuc bat kha quy 13 da thirc bac nhat hay da thirc bac 2 co biét thic A

am: p(x)=a, (x* + bx + DR+ b, x + cm)km (x— xl)l1 (X=X, )IS
Vi b —dc; <0, j=loum; 2k +.4 2k, + 1+t =n.

4 Uéc chung 16n nhit, nguyén té cing nhau

Pinh nghia 4: Néu hai da thire p(x), q(x) ciing chia hét cho da thirc d(x) thi d(x)

dwoc goi la wée chung ciia p(x), q(x). Ngodi ra néu moi wéc cia p(x), q(x) déu la wéc

cua d(x) thi d(x) goi la woc chung lon nhdt cia p(x), q(x). Ky hi¢u:
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d(x) =UCLN(p(x),q(x)).
Néu d(x) la hang sé khdc khéong thi p(x), q(x) dwoc goi la nguyén té cing nhau.
Ky hieu (p(x),q(x))=1.
Chu y rang d(x)=UCLN(p(x),q(x)) xac dinh duy nhat sai khiac mot hang sé khéac
0. Nghia la

d(x) =UCLN(p(x),q(x)) < kd(x) =UCLN(p(x),q(x)), v6i k € K \{0}.
bé tim UCLN(p(x),q(x)) ta thuc hién phép chia Euclide nhu sau:
> Giasu bac p(x) > bacg(x) thi p(x) = g(x)s,(x)+r(x), bacr (x) <bacq(x).
> Néu 71(x) =0 thi g(x)=UCLN(p(x),q(x));
> Néu 71(x) # 0 lap lap qua trinh trén ddi véi g(x) va 1 (x)
q(x) =n(x)s2(x) + 1 (x);
> Néu 7y (x) # 0 thi 02 bacry(x) < bacrn(x).
> Tiéptuc... 7p_n(x)=rr_1(x)s;(x)+ 7 (x),
Te—1(x) = 1 (X)s 1 (x) + .
= UCLN(p(x),q(x))=UCLN(q(x),n(x))=...=UCLN(r;.(x),c).
= Néu ¢ =0 thi 7. (x) = UCLN(p(x),q(x)),
= Néuc#0 thi (p(x),q(x))=1.
Dinh Iy 7:
1) d(x)=UCLN(p(x),q(x)) khi va chi khi tdn tai cac da thic u(x),v(x) sao cho
p(x)u(x)+q(x)v(x) =d(x).
2) (p(x),q(x))=1 khi va chi khi t6n tai cac da thic wu(x),v(x) sao cho
p(xX)u(x)+g(x)v(x) =1.
Binh v 8:

1) Hai da thuc p(x),q(x) e (D[x] ctia truong s6 phic 13 nguyén t6 cung nhau khi va
chi khi khong c6 nghiém chung nao.

2) Hai da thuc p(x),q(x) e R[x] trén truong sb thuc nguyén té ciing nhau khi va chi
khi ching khong c6 nghi¢m thuc hay nghiém phtic chung nao.
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Hé qua 9: p(x),q(x) 14 hai da thirc trén trudong sd thuc hay sb phire thi:
(P(x).q(x))=1 < (p"(x).q"(x))= 1. v6i moi s6 nguyén duong m, n.

Cha_y: Céac da thac bat kha qui v6i hé sb ung véi bac cao nhat bang 1(vi du:
x—c;x* + px+q,p? —4q <0 ) dong vai trd nhu cac sb nguyén t6 trong vanh Z . Vi vay
ta c6 thé chuyén mot cach twong ty cic két qua trong vanh sb nguyén Z sang vanh
nguyén cac da thic K [x] Chang han dé tim d(x)=UCLN(p(x),q(x)) ta phan tich p(x)
thanh tich cac da thic bat kha qui. Khi d6 d(x) bang tich cac da thirc bat kha qui c6 mat
ddng thoi trong p(x) va g(x).

Vi du 8.9: p(x)=(x=2P (x+1) (x2 +2x + 3)3

g(x) = (=3 (x +1)°(x? + 23+ 3)

= d(x)= x+1 2(x2 +2x+3).
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