Bai giang Toan cao cdp A3

Chuong 0. KIEN THU'C CHUAN BI

1. Mit bac hai
Cho ham hai bién z=f(x,y). Db thi caa n6 chinh 1a mot mat cong trong khong

gian R® xac dinh bai G(f):{(x,y,f(x,y))eR3/(x,y)e Df}.

VD1: 6 thi ham z =1-x -y la mit phang qua ba diém
(1,0,0),(0,1,0),(0,0,1)

VD2: Khao sat dd thi ham z = x? +y?

Nhan xét:

. (xy)eR?z>0
ii. Do thi ddi xang qua hai mat x=0,y=0 va cit z
hai mat nay theo céc parabol z=y*,z=x".

iii. DO thi cat mat phang z=h>0 theo cac duong

tron x> +y*=h

Nhu vay, khi h thay doi tir 0 dén +oo cac duong tron

trén vé& nén d6 thi, duoc goi la mit paraboloit eliptic. y

Ngoai ra ching ta con khao sat mot sé6 mat bac hai c¢6 phuong trinh tong quét la
Ax? + By? + Cz% + 2Dxy + 2Eyz + 2Fxz + Gx + Hy + 12+ K =0 trong d6 c6 it nhat mot hé sd
bac hai khac khong.

Céc truong hop suy bién

x?+1=0: tap tréng.
X2 +y?+2% =0: mot diém gébc toa do (0,0,0).
x=0,y=0,z=0:Cac mat Oyx,Oxz,Oxy .

> w e

x? +y? =0: Puong thang la giao caa hai mat x =0,y =0.

2. Cac mit bac hai chinh tic
| Tén | Phwong trinh | 6 thi
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Elipxoit 2 2 2
P %+§+(Z:_2:1
Paraboloit eliptic X2 y?
Z= a—z + F
Paraboloit hyperbolic X2y’
oy
Hyperboloit mottang | x2 y? 22
2tz 2=1
a® b” ¢
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Hyperboloit hai tang | x> y* 22 . z
2 e ‘ 7
0 X
>
Mat try eliptic 22
attruelip :_2 N % _1
Mat tru hyperbolic ><_2_y_2 _1
a2 b2
Mat tru parabolic y? = 2px ‘
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Mat non bac hai 2 2 22
: : x_ery__z_=0

a b2 2

o

Chuong 1. TICH PHAN BOI

Bai 1. TICH PHAN HAI LOP

1.1. Bai todn m& dau — thé tich hinh tru cong ‘
Tinh thé tich hinh tru giéi han boéi: day la mién

D =[a,b]x[c,d]= R*, mit xung quanh song song truc Oz, phia trén

gidi han béi mat S co phuong trinh z = f(x,y)

Di
Dé tinh thé tich V cta khdi try, ta chia day D thanh n " 55
phan nho khong dim Ién nhau: D,,D,,...,D, ¢6 dién tich lan lugt =t
255500 Sy - It
Trong mdi D, ta lay diém M. (x,,y,) tuy y. Khi d6, khdi tru
dugc chia thanh n khéi tru nho, goi tén va thé tich lan luot 1a AV, v
c6 day D, va chiéucaola f(M,) . E

Suy ra thé tich V cua khoi try xap xi bang
DAV =Y f(M)S, =V,
i=1 i=1

Goi d, la dwong kinh cia D, va dat d =maxd, 1a dwong kinh
cia phép chia. Néu ta chia mién D cang min, nghia 13 khi n—
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sao cho d —0 thi V, cang gan véi V . Vay ta co

V=IlimV = L'LT(}; f(M,)S,

N—-+o0

1.2. Pinh nghia va cac tinh chit ciia tich phan hai 16p
1.2.1. Pinh nghia
Cho ham sé f(x,y) xac dinh trén mién D déng va bi chan trong mat phang Oxy .
Ta chia mién D (con goi la phan hogch mién D) mét cach tiy y thanh n phan khéng
dam Ién nhau: D,,D,,...,D, ¢6 dién tich lan luot 1a S;,S, ,...,S, - Trong mdi D; ta chon
diem tly ¥ M, (x,,y;) va goi 1, =) f(M,)S, la tong tich phan cua ham s6 f(x,y) trén
i=1

mién D ung véi phan hoach mién D va cach chon diém M, nhu trén.
Goi d, 1a duong kinh ctia D, va dit d = maxd,. Néu khi n — o sao cho maxd, — 0

ma gioi han 1 =lim>" f(M,)S, ton tai hitu han, khéng phu thudc vao cach chia mién D
Yo '

va cach chon diém M, thi sé thuc | duoc goi la tich phan hai I6p (hay tich phan kép,
tich phan boi hai) cua ham sé f(x,y) trén mién D, ki hiéu

| :”f(x,y)dS

Trong d6: f(x,y) dugc goi 1a ham duwéi ddu tich phan, D 1a mién ldy tich phan,
dS l1a yéu té dién tich.

> Chay:

i.  Xét phan hoach mién D béi cac duong thang song song voi Ox,0y ta duoc

AXx—0 .
X= — dS =dxdy . Vay ta co

AS = AxAy . Khi n — +oo thi AS 50=
Ay -0

| = j j f (x, y)dxdy

ii.  Néu ton tai tich phan j j f (x,y)dxdy thi ta néi ham f(x,y) khd tich trén mién D
D

1.2.2. Puong cong tron va dinh Iy ton tai tich phan hai l6p
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a. Pwong cong tron

Trong mit phing Oxy, xét duong cong C c6 phuong trinh tham sd

{x =X(t)
y=y(t)

deQcR

Néu x'(t),y'(t) lién tuc va [X®OPF +[y(®)] >0,vteQ thi ta néi C l1a duwong cong

tron.
Néu khong ton tai x'(t,),y'(t,) hoic x'(t,) = y'(t,) =0 thi ta noi diém M (x(t,), y(t,))
la diém ky dj ciia dudng cong C Didmky d
) AN
Néu duong cong C la hgp hitu han doan \ﬂ
cong tron thi ta néi C la dwong cong tron tung
khdc (hay tron ting doan). Buong cong trom Budng cong tron ting khuc

b. Pinh Iy ton tai tich phan hai lép

Néu ham sé f(x,y) lién tuc trén mién D = R? déng, bi chin va c6 bién 1a dudng cong
tron tirng Khuc thi f (x,y) kha tich trén D.

1.2.3. Tinh chat ciaa tich phan hai lép

Cho f va g la cac ham kha tich trén mién dong, bi chin D va « e R. Khi d6

i) j j af (x,y)dxdy = & j j f (x, y)dxdy

D D

i) [JIfecy)+g0cy)dxdy = ] f (x, y)dxdy + [ g (x, y)dxdy

D D
iii)  Néu D duoc chia thanh hai mién D,,D, khong dam Ién nhau thi

j j f (x, y)dxdy = j j f (x, y)dxdy + j j f (x, y)dxdy

Iv) Néu V(x,y) € D, f(x,y) <g(x,y) thi ” f(x, y)dxdygﬂg(x, y)dxdy
D D
v)  Gia st M,m tuong tng la gia tri 1on nhat va gia tri nho nhat cua
f(x,y) trén D.Khi d6 mS, < j j f (x, y)dxdy <M.S,
D

vi)  (Pinh Iy vé gia tri trung binh) Ton tai diém M eD sao cho
JI £ (< y)dxdy = £ (M)S,
D
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1.3. Cach tinh tich phan hai l6p .
1.3.1. Pinh ly Fubini: Pwa tich phan hai lép veé tich
phén lap

Gia st D 1 mién dong, bi chin, c6 bién tron ting
khic va c6 biéu dién dudi dang mot “’hinh thang cong’”
theo y: D={(x,y)la<x<b,y,(X) <y<y,(x)} hodc viét gon

. {aSXSb S
la D:
Y1) <y <y,(x)
Khi d6, néu ham f (x,y) kha tich trén D thi
b [ Y2(X) b Y, (X)
J[ fexypaxdy = [| [ £ y)dy fdx =[x [ (xy)dy
D a\ »(x a Y1 (X)
Tuong t, néu D ¢6 biéu dién 1a “’hinh thang cong’’ theo x:
N y
D={(xy)c<y<d,x(y) <x<x,(y)} thi d
d (%0 4 %W X (y
[ o y)ixdy = [ [ fxy) dedy: [dy [0, y)dx %, (v)
D c\ %) c % () [
0
» Cac trwong hop dac biét
/ <x<
i)  Néu D Ia hinh chit nhat D {a— x<b o
c<y<d

] £ 0, yydxdy = [ dx[ £ y)dy = [dy]  (x, y)x

.. . as< R L s , NI
i) Hon ntra, néu D:{ va f(x,y) la ham tach bién doi véi

c<y<d

X,y nghiala f(x,y)=g(x)h(y) thi
[ 6, y)dxay =( [a) de( | h(y)dy]

» Mt s6 luu y khi tinh tich phan hai l6p
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Can tich phan a<x<b hoic c<y<d duoc goi la cdn cu thé (can doc lap), can
X (Y) <X <x,(y) hodic y,(x)<y<y,(x) duoc goi la cdn khdng cu thé (can phu thugc).
Trong tich phan lap, tich phan c6 can khong cu thé duoc dit ¢ gitta (hodc phia sau) dé vu
tién tinh trude, sau d6 dén tich phan véi can cu thé.
X (¥) . i
Khi tinh tich phén j f(x,y)dx ta xem y la hang so, con tinh tich phén
%)
¥2(X) . ,
[ f(xy)dy thi taxem x la hing sb.
Y1 (%)
Truong hop mién D da duoc biéu dién nhu trong dinh ly thi ta viét thanh tich
phan lap va tinh.

Trudng hop mién D chua duoc biéu dién, ta thuc hién nhu sau:
e Budc 1: Dua vao phuong trinh cua bién D, ta v& va xac dinh mién D trén
mat phang Oxy .
e Budc 2: Chiéu mién D 1én truc Ox hodc Oy sao cho bién cua D duoc chia
thanh hai dudng cong tron.
e Budc 3: Biéu dién mién D theo nguyén tic * tir trai sang phdi doi véi x,
tir dudi 1én trén doi véi y *°, viét tich phan lap roi tinh.
Trong truong hop tong quét, néu mién D khdng c6 dang nhu trong dinh ly thi ta
tim cach chia D thanh cac mién nho c6 dang nay rdi tinh.

1.3.2. Mot s6 vi du

VD1: Tinh tich phan I:H4y‘°’sin2xdxdy trong d6 D la hinh cht nhat
D

T

)

0

o'—.l\)‘h}

2
Taco | = H4y3 sin 2xdxdy =| |sin2xdx U4y3dy} = —%cos 2%
D 1

Banh Thi Hong — Lai Vin Phit 8


hinh cn

 

 


Bai giang Toan cao cdp A3

VD2: Tinh tich phan | = [[xydxdy trong d6 D la mién v
D

]

phang giGi han bai y=2-x%y=x

—2<x<1 =

TacéD:{ o .Khido 1 ’
X<y<2-X ‘

-2 X

3 i Xy 2 [ _11‘ 2\2 3
I_”xydxdy Idxj xydy = I[ 7 de—ij.[x(z-x ) -X }dx:
X -2

oo | ©

)

VD3: Tinh tich phan 1 :”(x+ 2y)dxdy véi D 1a mién
D

phang kin gi¢i han boi duong thang y=-x va parabol

o
y=2-x

Mién D c6 thé biéu dién ¢ hai dang khac nhau néu ta >
chiéu Ién Ox hoic Oy .

- - £ ~ ~ _1S XSZ . ,
i. Chiéulén Ox thi D: - Khi d6
—X<y<2-X

I(x+2y)dxdy J‘dxz__.‘X x+2y)dy=i{(xy+y2)

-1

2-x2
i }dx

g
_i

(x —x3-4x? +2x+4)dx—117
i, Chiéuléen oythi D=D,UD, véi D, - )" A b, J1Y=2
ii. ieu lén i D=D,uD, Véi D,: va D,:
y | 2 1 _y<x< '_2—y 20 '_—ySXS '_2—y
. Khi do
J2-y 2 2y

| = I (x+2y )dxdy = Idyj x+2y)dx+jdy I (x+2y)dx

-2 -y 1 2y
1
J'[ —+2xy
2
1
J
-2

2 2 2y
dy+ I X, 2 Xy dy
2
1 —J2-y

1 127 56 117
ar 3y’ —y+2+4y.j2- )dy+4fy«/ ydy = 50 —5

15 20
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Qua vi du trén ta thay, viéc chon hudng chiéu phu hop s& 1am cho viéc tinh tich
phéan don gian hon.

1.4. })(;)qi thir ty 1dy tich phin o . ) .

O VD3 ta c6 hai cach biéu dién mién D, tly theo viéc chiéu mién D Ién truc toa
d6 nao. Viéc thay d6i cach biéu dién mién D dan dén viéc thay doi thar tu dy tich phan
lap duoc goi 1a doi thir tir Iy tich phan. Ciing trong VD3, viéc chiéu mién D Ién Oy tinh
tich phan phuc tap hon. Tuy nhién, do dic diém cua ham duédi dau tich phan va mién ldy
tich phan, doi khi viéc doi thir ty 1a bat bugc. Ta thuc hién cac budc sau:

Buwéc 1: Tir tich phan cho trudc, ta biéu dién va vé mién D
Buéc 2: Tir hinh v, ta biéu dién lai mién D theo huéng chiéu khéc.

Buéc 3: Viét lai tich phan lap.

1 1
VD4: Tinh tich phan 1 = [ dy[e”dx
0 y

1
Ta thay tich phan jexzdx khong tinh dugc (qua cac ham so cap). y
y

Ta thyc hién doi th ty 1ay tich phan.

0<y<1

Taco D:
y<x<l1 0 1

L ua 0
Chiéu Ién Ox, ta duoc D:{O

1 1
VD5: Tinh tich phan 1 = [dy [ sin(-1)dx
> &
N S
Tuong tw cau a), tich phan [sin(x*~Z)dx khong tinh
g

duoc (qua cac ham so cap). Ta thuc hién doi tht tu lay tich
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phan.
) 0<y<1 o . 0<x<1 _
Taco D: . Chiéu Ién truc Ox,taco D: , - Khi do
y<x<1 0<y<x
1 1 1 X
I :J'dyj'sin(x3—1)dx:jdxjsin(xg—l)dy
0oy 0 0
i X2 1 cos(1)-1
= (| ysin(x*~1)| ldx=[x*sin(x*-1)dx = —~2—
J ysin(e-n) e [sin-t)ox = 2
2 r l y2+y
VD6: Déi thit tu Iy tich phan 1 =[dy [ f(x,y)x y
0 0 1
L A an , O<y<1 S
T tich phan da cho, ta co6 D:{ , (chieulén Oy)
0<x<y“+y
0
2

—1+4x+1 Vi
—2 .

Tu hinh v&, chiéu 1én Ox, ta c6 x=y2+y<:>x+%=(y+%)2 Sy=

0<x<2
y >0 nén chon y=_1+— 4+l p. 14+ 1+ 4x . Khi do
2 TP ey
2
1 yi+y 2 1
I:J.dyJ. f(x,y)dx:fdx I f(xy)dy
0 0 0 —1+fl+dx

2

1.5. Poi bién trong tich phan hai 16p
1.5.1. Poi bien tong quat

Xét tich phan Xét tich phan 1= [ f (x,y)dxdy. Trong nhiéu truong hop do dic
D

diém ctia ham f(x,y) va mién D nén tich phan trén theo hai bién x,y khong tinh dugc
hoic tinh dugc nhung rat khé khan. Khi d6 ta d6i sang hai bién mai.
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X = Xx(u, V)
y=y(uv)
O'uv thanh mién D,, trong mit phang Oxy, trong dé x,yla cac ham lién tuc cing véi

Gia str phép ddi bién { la mot song anh bién mién D, trong mat phang

X, X
Yo Yy

cac dao ham riéng caa ching trén D' va dinh thac Jacobian J = #0 khip noi trén

D'. Khi d6, dS = dxdy =|J|dudv va ta ¢ cong thie dbi bién 12

I :':[I i (x,y)dxdy:y f(x(u,v),y(u,v))J|dudv

> Chay:

u, u N . . N
J7'=|"* "’|. Thuong khi tinh tich phan, ta tinh J™ roi suy ra J

X Vy

» Nhan xét:

L. X=X, + X B
e Phép doi truc ,J =1. Chang han
Y=Y, +Y
| = ” f (% y)dxdy = ” f (Xo+ X, ¥, + Y )dXdY
(x=X0)*+(y~y)*<a® X?4Y?<1

X:aX,J =ab. Chang han

e Pheép co gidn {

| = H f (x,y)dxdy =|ab]| ” f (aX,bY )dXdY

272 2 v2
Lz+y7£l Xe+Ye<1

a“ b

-

VD7: Tinh tich phan 1= j j 3(x+y)° (x—y)?dxdy
D

v6i D la mién gisi han boi cic duong \
X+y=1Lx+y=3x-y=-1x-y=1

Nhan thdy D 1a hinh binh hanh c6 canh naim o | 3 o 3
trén hai cap duong thang song song, do d6 ta dat
.y

U=X+ u
{ y:>J_1: X y

V=X-Y Vv, v,

_‘l 1

1 <
=2=J=-=;D"
1 -1 2 1
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Khi d6 I = [[3(x+y)* (x—y)’ dxdy = % [[uPvdudv = gﬁue’dujﬁvzva =20
D D' 1 -1

VD8: Tinh tich phan 1| =[[4xydxdy véi D la mién gi6i han bsi cic dusng
D

xy=1Lxy=2,x-y=0,3x-y=0

Vi x,y %0 nén mién D gi6i han boi xy:l,xyzzl:%,i:l
y y
u=Xxy " y X 1 1<u<?
bat x =3t = V=11 X :—Zéz—Qv:>J=—~—,DH 1
V=— Ve V| | —2 y 2v —<v<1
y y |y 3
u ‘ tdv
Khi do | = || 4xydxdy =2 —dudv:Z( udu) — [=3In3
oo =2 o=2{ o) [
3

1.5.2. Pdi bién trong toa dd cuc

Gia st trong hé toa do Descartes, diém M c0 toa do y
(X,y) vatoa do cuc cuand la (r,p).

Ta da biét cong thac thé hién mdi lién hé gitta toa do

. . [x=rcos Y e M(x,y)
cuc va toa do Descartes la { rsin (p, r>00<¢p<2r L

y=rsing r/nﬁﬁ

Khi do dinh thirc Jacobian x

. x'f x%, _[cose —rsing| _
Yo Y,| [sing rcosep

Gia sir mién |y tich phan D duoc bién doi thanh D' qua phép doi bién nay. Khi d6

e H f (x, y)dxdy = H f (rcos g, rsin @)rdrd @
D D'

alp<p 7

1. Néu cyc nam ngoai mién D va D:{ i
r1(¢) S r S r2 (¢) o X

r=n(p)
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| = ” f (X, y)dxdy = _ﬂ[ d ¢rz'('_¢) f (rcos ¢, rsin @)rdr
D

a n(p)

2. Néu cuc niam trong mién D va moi ban kinh cuc chi cat
bién ciia D tai mot diém cé ban kinh r(e) thi

27 r(p) ¢

[[ o, y)dxdy = [ dg [ (rcos g, rsin p)rdr 0
D 0 0

> Cha y:
1) Péi bién trong toa d6 cuc thudng dwoc dung khi bién cia D 1a duong tron hay

mot phan cua dudng tron.
2) Mot sb két qua

Toa do Descartes Toa do cuc

x> +y?=a’ r=a

x? +y? = 2ax r=2acosg

x* +y? =2ay r =2asing

X=a a

r=——om

Cos ¢

y=b r=_b
sing

VDY: Tinh tich phan 1 = [[ (x+y)dxdy trong d6 D la mién
D

phang gidi han bai: x2+y? =1, x> +y?=4,y=0,y =x>0

X =T COS . , 0<
Dit { ? Tuhinhve tacé D'

y=rsing

-

. Khi do

-2
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i 2
I =ﬂ(x+ y)dxdy:I I rcos o+ rsmqo rdr
D 0 1
%
= j(003¢+sin¢
0
VD10: Tinh I=ﬂ«/4—x2—y2dxdy trong d6 D 1a mién y
D

phing gidi han bai: x> +y? =4,y =0,y =xv/3(y > X)

~

. 0<
Ta co tan,B=X:\/§:>ﬂ=%;a=0:D:
X

z
3. 0
0<r?2

2

w |y

Khi d6 | :”,/4—x2—yzdxdyz.[dgpj\M—rzrdr:%
D 0 0

1.6. Ung dung ciia tich phan hai lop
1.6.1. Tinh dién tich hinh phang

Dién tich ctia mién phang dong va bi chan D duoc tinh boi céng thirc

Sp :dedy
D

VD11: (Sinh vién ty vé hinh) Tinh dién tich cua hinh phang duoc gidi han bai cac
duong y=x,y=2-x°

, X=-2 .
Hoanh do giao diém cua hai duong 2-x* =x <:{ . Do d6 hinh phang da cho

1 2
xé4c dinh bai —2<x<1x<y<2-x*cédiéntichla S= jdx j dy:%
1.6.2. Dién tich mat cong

Gia sir S 1a mit cong c6 phuong trinh z=f(x,y) va hinh chiéu xuéng mat phang
Oxy la mién D . Khi dé, dién tich mit cong S duoc tinh theo cong thic
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5[l ( 2] +( 2o

VD12: Tinh dién tich phan mat paraboloit z =x?+y? nam trong mit try x> +y? =1

Goi S la phan mit cong can tinh dién tich. Hinh chiéu cua S xudng mit phang
Oxy la  mién D:x*+y*<1. Phuong trinh mi cong S la
z=xX"+y’ =1+25+2" :1+4(x2 +y2) . Vay dién tich mat cong S la

S= .L[J1+z'i+z'§dxdy= .|'D.[4/1+4(x2 +y? )dxdy=%(5x/§—1)

1.6.3. Tinh thé tich vat thé

Thé tich vat thé hinh tru cong Q c6 day D nam trong mat phang Oxy, mat xung
quanh song song Oz va gi6i han boi mat trén la mat cong c6 phuong trinh
z=f(x,y),(f(x,y) >0,v(x,y) e D), chinh la

V, = j j f (x, y)dxdy

VD13: Tinh thé tich vat thé gi6i han boi cac  mat:
x=0,x=3,y=0,y=1In6,z=0,z =3e*>"

3 In6 3 In6
o 2 1s 15
Thé tich cua vat thé 1a V =3|dx | e®*Ydy =3|e*dx | e’dy =—(e® -1
1.6.4. Tinh khdi lwong va toa dd trong thm manh phang

Gia str c6 manh phang vat chat D e Oxy c6 khéi luong riéng tai (x,y) D 1a p(x,y)
. Gia thiét rang D 1a dong, bi chan va p(x,y) la ham kha tich trén D . Khi d6, khéi lugng
cua ban phang D chinh la

mo = [[ p(x, y)dxdy

Trong tam T(x,,y,;) cua manh phang D dugc xac dinh boi
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[[xpy)axdy — [[yp(x,yyxdy

D D
X = Y, =
T A
D D

Bai 2. TICH PHAN BA LOP

2.1. Dinh nghia .
Cho ham f(X,y,2) xac dinh trong mién bi chan V caa khéng gian Oxyz .

Chia tly y mién V thanh n mién nhé khéng dim 1&n nhau c6 tén va thé tich goi
chung la Av,,Av,,...,Av,

n-

Trong mdi mién nho Av,,i =1,n liy diémtly y M. (x,,y;,z;) va lap tdng tich phan

=D, Y02y
i=1

Goi d, 1a dwong kinh ciia mién Av, .

Cho n— oo sao cho maxd, — 0. Néu ton tai Iign NS khong phu thudc vao céach
chia mién V va cach chon diém M, (x,,y;,z,) caa mién nho Av, thi gisi han d6 duoc goi
|4 tich phan ba Iop cua ham f (x,y,z) lay trong mién V va duoc ki hiéu la

| :jﬂf(x,y,z)dv

Trong do

f(X,y,2) 12 ham duéi dau tich phan.
V 1a mién lay tich phan.

dV 1a phan tir thé tich.

Taco

[[foy.2av=_tim 3 f(x.y,.z)a

maxd (Av;)—0

Néu ham f(x,y,z) c6 tich phan ba I6p trong mién V thi ta n6i f(x,y,z) kha tich
trong mién V .
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s Chay

Vi gié tri cua tich phan ba I6p khong phu thudc vao cach chia mién V nén
ta c6 thé chia mién V boi cac mat phang song song voi cac mat
Oxy,Oyz,0zx. Khi d6, mbi mién nho Av, 1a hinh hop chit nhat (trir ra mot
s6 khong dang ké cac mién giao véi bién). Ta c6 dV = dxdydz. Vi vay tich
phén ba I6p thuong dugc ki hiéu dudi dang

_m f (x,y,z)dxdydz

\%

Dua vao dinh nghia cua tich phén ba 16p, khi f(X,y,z) =1 thi tich phan ba
l6p caa f trong mién Q biéu dién thé tich V caa mién Q.

2.2. Piéu kién ton tai tich phan ba 16p
Néu ham f(X,y,2) lién tuc trén mién dong va bi chan, c6 bién la mat tron tirng
khuc thi f(x,y,z) kha tich trén V.

2.3. Tinh chit ciia tich phan ba l16p
Cho f,g lacac ham kha tich trén Vv . Khi do6:

1.

N

[]J & ¢y, z)dxdydz = k [[[ £ (x,y, 2) dxdydz, k = const .
_m (f(x,y,2) £9(x,y, z))dxdydz = .m f (X,y,z)dxdydz+ jﬂ g(X,Y,z)dxdydz
Néu f(x,y,2)>0,V(x,y,z) eV thi jﬂ f(x,y,z)dxdydz > 0.

Néu f (X’ Y; Z) 2 g(X’ Y, Z)’ V(X, Y, Z) eV th‘|
JIJ £ .y, 2)dxdydz > [[[ g (x,y,2)dxdlydz .

Néu mM la hai hang s6 théa m<f(x,y,z)<M,V(x,y,z) eV thi
my Sj'jj.f(x,y,z)dxdydzg MV
\%

'ml.dxdydz =V,
\%

I J‘J' f (X,y,z)dxdydz

< U_ﬂ f (x,y,z)|dxdydz.

Néu mién V duoc chia thanh hai mién V,,V, khoéng dam Ién nhau thi
m‘ f (X,y,z)dxdydz :_m f (X,y,z)dxdydz +ﬂj f(X,y,z)dxdydz.
Vv A v,

(Dinh ly vé gia tri trung binh).
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Néu ham f(x,y,z) lién tuc trong mién V déng, bi chan va lién théng thi
A(X,,Y,,2,) €V sao cho _mf(x,y,z)dxdydz: f(Xe,Yg:20) V.
\%

Dai luong \% []] f (x.y.2)dxdydz goi Ia gia tri trung binh ctia ham f (x,y,Z) trén mién V
V

2.4. Cach tinh tich phan ba lép
2.4.1. Pinh ly Fubini

Cho mién V gigi han boéi mat phia dudi 1a mat
z=9,(x,y), phiatrén 1a z=g,(x,y) co6 hinh chiéu Ién
mat phang Oxy 1a D.

Khi d6, tich phan ba 16p c6 thé chuyén vé tich
phan lap: tich phan kép va tich phan don. 0

| = ﬂj f(x,y,z)dxdydz = J..[rzjfy) f(x,y,2) dz}dxdy z

D [ g:.(xy)

¢ Dac biét

1) Néu D={(x,y)la<x<b,y,(x)<y<y,(x)} thi

b Y2 (X) g, (xy)

I :J.J'J'f(x,y,z)dxdydz:J'dx I dy I f(x,y,2)dz

a ¥1(X) 9 (X.Y)

2) Néu V 1a hinh hop chit nhat {(x,y,z)|a3x£b,c£ysd,egzg f} thi

I :H.[ f (x,Y,z)dxdydz =j'dxidyj f(x,y,2)dz

3) Néu V la hinh hop chix nhat {(x,y,2)la<x<bc<y<d,e<z<f} va
f(x,y,2) =1,(x).f,(y).f;(2) thi

| = j j j f (x,y,Z) dxdydz =T fl(x)dxj‘ f, (y)dyj. f,(z)dz

2.4.2. Cac vi du
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VD1: Tinh |= m (xy>+2%)dxdydz, trong d6 V 13 hinh hop chit nhat
\
0<x<£10<y<20<zL2.

Taco

dy

=2
7=

1 1 2 1 1 4
| = Idxj dyj (xy’+2z%)dz = J'dxj. (xy’z+ Z—)
0 0 0 0 0 4

0

y=1

dx

1 1 1
dej(ny2+ 4)dy = j(%xy3+ 4y)
0 0 0

y=0

2 x=1

x+4)dx=(%+4x)

wlN

i

VD2: Tinh 1 :J'”xyzdxdydz, trong d6 V 1a mién gisi han boi cac mat phing
V

x=0

x=0,y=0,z=0va x+y+z=1.

Ta thay % X4c dinh boi
0<x<1,0<y<1-x,0<z<1-x-Yy nén

2 z=1-x-y

| = 'l[dxj dy _[ Xyzdz = jde (xyz—) dy
0 0 0 0 2

z=0

—jdxj lxy(l—x—y)zdy —ji(l—x)“dx L
A )24 720

2.5. DP6i bién trong tich phan ba l6p
2.5.1. Doi bien tong quat

X =X(u,Vv,w)
Gia sir ta c6 phép bién ddi {y = y(u,v,w) 1a mét song anh tir mién V' cua khong
z=1z(u,v,w)

gian uvw dén mién V cua khéng gian xyz.

Trong do
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e Cac ham x(u,v,w),y(u,v,w),z(u,v,w) kha vi lién tuc.
e Dinh thic Jacobian

OX OX OX
U voow

_Dbky2 |y & %], trong mién V'.
D(u,v,w) |0u ov ow
01 07 o1
U voow

Khi d6, ta c6 cong thirc d6i bién nhu sau

m f (x,y,z)dxdydz = _m f[x(u,v,w), y(u,v,w), z(u,v,w)]|J |dudvdw

22

CZ

VD3: Tinh thé tich cua elipsoid —+§+ <1

bat x=au,y=Dbv,z=cw. Phuong trinh elipsoid trong khong gian uvw cé dang
u® +v? +w? <1 (hinh cau).

OX OX OX

auowvoow a 0 o0
Tacs 3=|Y ¥ NY_lo p ol=anc

ou ov ow 00 c

0z 071 01

ou v ow

A

Vay

ﬂf didydz= || abe dudvciw = = rabe.

u?+v?+wl<l

—+ + sl
a2 b ¢ -
2.5.2. Poi bién trong toa dd tru
M.yt
Toa do tru cua diém M (x,y,z) trong khdng gian 1a bo '
ba (r,p,z) trong d6
AC_).@\~ N ,1"):
2 2M,(x,y,0)
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@ =(0Ox,0M,),r =OM,,z = MM,

Tt hinh V&, ta c6 cong thirc lién hé giira toa d6 Descartes va toa do tru cua diém
X =TrCOoSQ

M la<y=rsing,(r>0,0<¢<27) (lasong anh tir mién V' trong khong gian rez dén
=1

mién V trong khdng gian xyz).

X X, X| [cosg -rsing O
binh thirc Jacobian J =|y, 'y, v,|=[sing rcosp O/=r
z, 7, 1, 0 0 1

Tur cong thirc doi bién tong quat, ta co cong thie doi bién
trong toa do tru la

][ f .y.2)dxdydz = [[[ f (rcos o, rsin ,2) rdrd iz
\% v’

¢ Dic biét

1. Néu V c6 hinh chiéu xuéng mat phang Oxy la mién
D:p<@<g@,<r<r, gi6i han dudi va trén boi
cac mat z,(r, @), z,(r, @) (xem hinh) thi

? Lo ()

_mf(x,y, z) dxdydz = Jd¢jdr I f (rcos g, rsin @, z) rdz

v o n zle)

2. Hon nita, néu V c¢6 hinh chiéu D xuéng mat phang Oxy 1a hinh tron tam
O ban kinh R thi V 1la mién gi6i han  Dboi
0<r<R,0<5¢<27,2,(r,¢p) <2< 7,(r,¢) nén

_m f(X,y,z)dxdydz = Td(p_?drzz?w f (rcos g, rsin @, z) rdz
Y 0 0 z(re)

3. Dic biét, néu V lahinhtry x*+y? <R?*0<z<h thi

m f(x,y,z)dxdydz = quo_Tdr} f (rcos ¢, rsin @) rdz
v 0 0 0
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VD4: Tinh | :I.[I(X2+ y?)dxdydz trong d6 V la mién
\%

gioi han boi cac mat
X2+y2 :l,X2+y2 :4,y:0,y:X(X’yZO)’Z: O’Z: 2

V' ¢6 hinh chiéu Ién mat phang Oxy nhu hinh v&.

Chuyén sang toa do6 tru ta  duoc J
| = j j j (x%+ y?) dxdydz = j j j r2.rdpdrdz trong d6 V' xac dinh
\% A
7 ¢ 2 15
boi 0< < ,1<r<2,0<2<2.Dods | :jdgpjﬁdrjdz:Ez
0 1 0
VD5: Tinh | = m'w/x2 +y?dxdydz, trong d6 V la mién z
\%
gidi han bgi cac mat z=1,z> =x*+y°
Chuyén sang toa do tru thi V' la mién giéi han boi | & /
0<p<27,0<r<lr<z<1 Dodb ' y
2 1 1 1 P
| = Id¢jdrjr.rdz = anrz(l—r)dr ==
0 0 r 0 6
2.5.3. Poi bién trong tea d6 cau
Toa d6 cau cua mot diém trong khong gian Oxyz 13 bo ba :
(p,9,0) , trong d6
p=0M M(xdl”j)T
L —)\ o
0= (OZ,OM) P g izzpcos@
/’ : ¥y
@ = (Ox,0M),) CE T n S
s -IOMI(x,} 0)

Vé6i M, la hinh chiéu vubng géc cia M 1én mat phang
Oxy .
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T hinh v& ta cd cong thic lién hé gitra toa do Descartes va toa d6 cau la
X = pCcos¢esing
y = psingsing,(p>0,0< ¢ <27,0<0 <) lasong anh tir mién V' trong khong gian
Z=pcosd
ppl dén mién V trong khéng gian xyz.

Ta c6 dinh thuc Jacobian

oX OX OX
op op 00
j_ Dy oy v oy

D(p,p,0) |0p O¢p 06
oz 071 01
op op 00

cos@singd —psingsind  pcoseCcosé
=|singsind pcospsingd  psinpcosé|=—p’sind
cosd 0 —psing

Tur cdng thire doi bién tong quat, ta co cong thire doi bién trong toa do cau la

jﬂ f(X,y,z)dxdydz = Hj f (pcosgsin @, psin psin @, pcosd) p°sin 6.d pdpdH
\ V!

biac biét, néu V 1a hinh cau tim O ban kinh R thi V' xac dinh bai
0<p<27,0<0<7,0<p<R thi

2 Vg R
m' f (x,y,z) dxdydz = I dgoJ'dHJ‘ f (pcosgsin @, psin psin @, pcos 6) p?sin &d p
\% 0 0 0

VD6: Tinh I = [[[(*+y*)dxdydz trong d6 V la mién gioi han bsi mat cau
\%

X2+ y2+z2 =1 vamatnon z=x*+y?. z

Chuyén sang toa d0 cau bang cach dat
X = pCcos@sing
y = psingsin@ thi mién V' cua (p,¢,0) duogc xac dinh boi T

Z=pcosé
i

0Sg0£27r,0£9£4

,0<p <1, X

Trong toa d6 cau x*+y? = p?sin?6. Do d6
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I = ||| (x*+ y*)dxdydz = ||| (p*sin® 8) p’ sin® 8.d pdpd &
\% V'

_(8-5v2) SI)

=Td¢f sin edajp“d
0 0
VD7: Tinh 1 =m(x2+ y*+2°)dxdydz trong d6 V la
\%

mién giéi han boi hai nwa trén cua cac mat cau
x> +y2+2°=a% x* +y? + 22 =b*(a<b) va mat phing z=0

Chuyén toa d6 cau bang cach dat
X = pCos@sing
y = psingsing thi mién V' cia mat phang ped dugc

Z=pcosé

sang

xac dinh boi OSgoSZﬁ,OSHS%,aSpr.

Trong toa do cau thi x*+y?+z% = p?. Do d6

I :m(x2+ y®+z°) dxdydz :Ijjpz(pzsin 0)d pdpdé

O'—uN\N

2z
:Id
0

medejr‘*dr_ (b°-a°)r.

VD8: Viét tich phan | = ”J'f(x, y,z)dxdydz trong
\%

41t 42t =5t

hé toa do Descartes, tru, cau. Biét vV 1a mién gigi han boi S Y
hai nia dusi coa mat cau  va mat non .
:—«/4 x? —y z_—«/x +y R
Ta tim phan giao cua hai mit bang cach giai hé \ I
Z=—J4—x*—y?
phuong trinh y —=z7=-+2.
7=—\xX*+y?
Hinh chiéu ctia mién V 1én mat phang Oxy la hinh tron x® +y? <2
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Trong hé toa d6 Descartes

_[dy .[ f(x,y,2)dz

| = m. f(X,y,z)dxdydz = f dx
v 2 2@ ey

Trong hé toa do6 tru

-r

I=”If(x,y,z)dxdydz=2fd(pfdr I f (rcos @, rsin @, z) rdz
v 0 0 _Joi?

Trong hé toa d6 cau

2 2 2
' =m. f(x,y,z) dxdydz = f d(DJ.de f (pcosgsind, psingsing, pcos ) p? sin® 9do
v 0 0o 3z

4

2.6. l'fl}g dung cia tich phin ba 16p .
2.6.1. Ung dung hinh hoc — tinh thé tich vat thé

Thé tich cua mién Q 1a|V = mdxdydz
Q

VD9: (Sinh vién ty vé& hinh) Tim thé tich cua vat thé Q nam phia trong mat cau
x? +y? +2% =6 va nam phia trén paraboloid z = x? + y.

Ta tim phan giao cua hai mat bang cach giai hé phuong trinh

X*+y*+7°=6
z=x*+y’

z=-3

:>zz+z—6:0<:{
72=2

Vi z>0 nénchon z=2

Taco V = ||| dxdydz
i

Q ¢6 hinh chiéu xuéng mat phang Oxy la hinh tron x* +y? <2
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X=rCosg
Chuyén sang toa d6 tru bing cach dit {y=rsing thi mién Q' caa hé truc rez
L=1

duge xac dinh bdi 0<p<27,0<r<2,r’<z<6-r?

2 ﬁ\/ﬁ 2\/_
DodoV=|de|dr rdz=—=(6v6-11)x.
fofa T -2

2.6.2. Ung dung co hoc

Cho mét vat thé khong dong chat chiém mot mién Q trong khéng gian Oxyz va co
khoi luong riéng tai diém M (x,y,z) 1a & = 8(x,y,z). Khi d6 ta c6 cac cong thuc sau:

a. Khéi lrgng caa vat thé

m= ”f o(X,Y,z) dxdydz

b. Moment quan tinh cia vat thé doi

Vi cac truc Ox,0y,0z

I, = _m (y*+2%)5(X, Y, z) dxdydz

L, =_[_U(zz+ z%)5(X, Y, z) dxdydz

l, :m. 2%+ y*)S(x, Y, ) dxdydz

Vi cac mat phang toa do Oxy,Oyz, Ozx

Iy = m'zzé(x,y, z) dxdydz

l,, = J;J;J- x?5(X, Y, z) dxdydz

I, = Jy Y25 (X, Y, z) dxdydz

Véi gbc toa do O
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I, = _m (X*+y*+2%)5(X, Y, z) dxdydz

c. Trong tdm C cua vt thé co toa dd

X = %m‘ Xo (X, Y, z) dxdydz
Q

1

Yo = EJ!J' yo (X, Y, z) dxdydz

Z. = %_m 20(X,Y,z) dxdydz
Q

VD10: Tim toa do trong tdm cua nira trén hinh cau dong chat x2 +y?+22<1,z=0 ,
biét khdi luong riéng tai méi diém (x,y,z) 1a 5(x,y,z) =1.

Khdi lugng cua vat thé
m= Iﬁ dxdydz =V (Q) = 2 T
J 3

Doi cdng thuc tinh trong tam sang toa d6 cau

X = %Jy xdxdydz = %ngp deip3 cospsin®ddp =0

2

N

1 3
Yo = Ej‘g xdxdydz = o do

O ey

1
d@jp3sin psin®8dp =0
0

2z

1 3
X = EJ.Q‘ xdxdydz = o }[ do

BAI TAP CHUONG 1
TICH PHAN HAI LOP

O VY Oty Oy

1
dé?J'p3 cos@sinéd p :g
0

Bai 1. Doi thir tr 14y tich phan trong céc tich phan sau

1. Jz'dxjf(x,y)dy 3. Jz‘dx szzf(x,y)dy
2 X2 1 2-x
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2. _?fdysz(x,y)dx 4. j‘dx"j[xf x,y)d
1 0 1 0

Bai 2. Tinh céc tich phan sau

1. ”(x2+y)dxdy v6i D 1a mién gidi han boi cac dudng y=0,y=x,x=a>0.
D

N

- [J(x* +y)dxdy véi D Iamién gisi han boi cac duong y =0,y =x* x+y=2.
D

w

. ”(xz +xy)dxdy v6i D 1a mién gidi han bai cac duong thing y=x%y=+x .
D

~

. ﬁxydxdy voi D 1a mién gidi han béi cac dudng thing y=x—-4,y* = 2x.
D

ol

. ”sin(x+y)dxdy v6i D 1a mién gidi han béi cac dudng y=0,y:x,x+y:%
D

D

. [[r*drdg v6i D 1amién gisi han boi cac duong r=a,r=2a,(a>0).

\‘

. [[r*drde véi D 1a mién gisi han boi duong r =asin2¢.

co

”I‘Slnqurd(/) v6i D 1a mién gidi han béi cac dudng r=a,p==,p=r.

le)

©

. Hrsingodrdgo v6i D 1a mién xac dinh boi Oﬁq)S%,OSrSZaCOS(p.
D

10. szydxdy v6i D 1a mién giéi han boi cac dudng y =0,y =+/2ax—x? .
D

Bai 3. Dung phép d6i bién tinh céc tich phan sau

1. I(x+y)3(x—y)2dxdy v6i D 1A mién gidi han boéi cac  duong
D

X+y=1LX+y=3x-y=-1x-y=1.
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2. Izjljlarcsin\/x+ydxdy v6i D la mién gi6i han boéi cac  duong
D

X+y=0,x+y=1y=1y=-1.
3. I=”dedy v6i D la mién gi6i han bdi  cac  duong

D

Xy =1xy=2y=X,y=3x(x>0,y>0).

o

. Hex2+y2dxdy véi D lamién x> +y® <RZ.

ol

. nyzdxdy v6i D 1a mién giéi han boi cac duong x2 +(y—1)2 =1,x*+y’ -4y =0.
D

(o2}

N == dXdy _ voi D lamién xdc dinh boi X +y* <ay(a>0).

.jj1/x2+y2dxdy voi D 1a mién xac dinh boi x° +y* <R*(x,y>0).
D

\l

o

. ”In(x2 +y*)dxdy Vi D gisi han béi cac duong x* +y* =€, x> +y” =e’.
D

©

dxdy voi D 1a mién xac dinh boi x* +y* <4,(x,y=0).

_
. 'gw/1+x2 +y°
2 2
10. [[xydxdy véi D la mién xc dinh boi ;‘—2+§s1,(x,yzo).
D

2

11. [[(12-3x* ~4y*)dxdy vei D la mién gi6i han boi 2 +y* =1,
D

12. ”«/4—x2—y2dxdy véi D 1a mién xac dinh bai x®+y*-2x<0,y>0 .
D

Bai 4. Tinh dién tich cua mién phiang D duoc gidi han boi cac dudng
2 2

1.Elip X +¥ =1.
pa b2

2. (x—1)2+y2 :1,y=x,(x—2)2+y2=4,y:0_
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3. (x2 +y2)2 =2y°.

4, (x2+y2)3:a2(x4+y“).

ol

. Xy=1xy=8y* =Xy’ =8X.

6. xy=1xy=4,y* =Xy’ =4x.

7. (x—2y+3)" +(3x+4y 1)’ =100.

Bai 5. Tinh thé tich V cua vat thé dugc gidi han bai cac mat sau
1. X*+y?=2,2=0,z=4-x*-y?.

2. 2=4-X*-y*,22=2+%X"+y*.

3. xX*+y*=a’ x*+z°=a’.

4, X+y=2,2=x"+Yy°.

5. X°+y*+2° =2z, x> +y* =17°.

Bai 6. Tinh gia tri trung binh

1. Ham f(x,y)=sin(x+y) trén mién D:{ggygﬂ_x.

<X<rx

3 2+y?<1

2. Ham f(x,y)=xy trén mién D:{X Yst
X,y<0

x> +y? <R?

. Biét khéi luong riéng tai
x<0

Bai 7. Tim toa do trong tdm cua nira hinh tron {
mdi diém bang khoang cach tir diém dé téi gdc toa do.
TiCH PHAN BA LOP

Bai 1. Tinh cac tich phan sau
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L[] AXAYdZ i v/ 1a midn gisi han boi cAc Mt x+y+z=1x=0y=0,2=0.
\V 1_X_y

2. m Axdydz i v/ la mién xé4c dinh béi 0<x<12<y<52<z<4.
vi1-x-y

3. [[[x*dxdydz véi V lamién gisi han bsi cac mat z=0,y =x*y+z=1.
\

4, _mycos(x+z)dxdydz véi V12 mién giéi han bai cac mat y:\/;,y:O,z:O,x+z:%
Vv
5. m (2x +3y —z) dxdydz VGi V & mién  giGi  han Do
\Y

z=0,z=a>0,x=0,y=0,x+y=b>0.

6. m(x2 +2°)dxdydz v6i V 1a mién gici han boi cac mat x*+2° =2y,y =2,
Vv
7. ”j(x2 +y*)dxdydz véi V la mién xéc dinh béi x* +y? +2° <R*2>0.
Vv
8. mdxdydz v6i V 1a mién xéac dinh boi x2+y?<1,0<z<x?+y?.
Vv
9. meXdedydz v6i V 12 mién giGi han boi cac mat y?+2° =4,y +2° =9,x=1,x=2.
Vv
10. mydxdydz v6i V 12 mién giGi han boi cac mat y=+/x*+z2,y=h>0.
Vv

11. j j j xyzdxdydz v&i V' 1a mién xéac dinh bai x? +y?+2z2 <1:x,y,z>0.
Vv

12 [[[x*+y* +2°dxdydz v6i V lamién x*+y*+2°<z.
\Y

13 ”j dxdydz

voi V 1a mién xac dinh bai 1<x®+y*<4,0<z<2.
2 2 2
v \/x +y*+(z-2)
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15. _mzzdxdydz voi V gidi han boi cdc mat x? +y° +z° =a®,z=x*+y’.
Vv
16. [[[x*y’dxdydz véi V lamién gisi han boi cac mat x* +y*=12=0,2=x"+y".
Vv
17. m‘x\/y2 +2z%dxdydz véi V 1a mién giGi han boi x=1y* +z2 =1;,x =2,y +z* =4.
\Y%
18. mxzdxdydz vGi V 1a mién gisi han boi z=0,x*+y*=1,z=2-x*-y?.
Vv
19. 1 :mzw/x2 +y?dxdydz voi Q gi6i han bai cac mat x*+y?=2x,y=0,2=0,z=a>0.
Q

Bai 2. Dung tich phan ba I6p, tinh thé tich V cua vat thé duoc gisi han bai cac mat sau:
1. X*+y*+7°=a%*z22>0.

2. 2=X*+y* x°+y*=4,2=0.

3. x2+y2+(z—%j2=%.

4, X*+y* +72° =4, x> +y* +2° =9

5. X*+y*+2°=22,x*+y*=17*,2>0.

6. (x2+y2+22)2=a3z,a>0.

7. 2=2+y* z2=4-y" x=-1x=2.

8. x°+y*=z,2=4,

9. x*+y*-2"=0,2=6-%x"-y*(220).

10. x*+y* =2ay,x’ +y* =2az,z=0.
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Bai 3. Tinh moment quan tinh ddi véi truc Oz cta mién Q g@isi han boi mat cau
x*+y*+z° =1 vamatnén x*+y*=2*(z20).

Bai 4.

2 2 2

1. Tim trong tdm cua vat thé ddng chat gidi han bai cac mat %+§ :z—z va z=4.

2. Tim toa d6 trong tdm cua nira hinh cau x° +y?+2z? <a?z>0 néu khdi lugng riéng tai
mdi diém ti 1& véi khoang cach tir diém dé dén gdc toa do.

3. Tinh moment quan tinh cua vat thé dong chat gisi han boi cac mat
X+y+z=+/2,2=0,x2+y? =1 ddi véi truc Oz.

Chuong 2. TICH PHAN PUONG

Bai 1. TICH PHAN PUONG LOAI 1
1.1. Dinh nghia
Cho ham s6 f(M) xéc dinh trén cung tron AB. Chia

cung AB thanh n phan béi cic diém A=A, A,..,A =B.

Trén mdi cung nho A, A, lay mot diém bat ki M, va lap

tong 1, =" f(M,)AS, goi la tong tich phan cua ham f (x,y)
k=0

trén cung AB Voi AS, 1a do dai cung A, A, . Cho maxAS, —0. Néu khi n— o« sao
cho maxAS, -0 ma 1, cO gigi han htru han 1= lim 1, khéng phu thudc vao cach

max AS, —0
chia cung AB va cach lay diém M, thi | duoc goi 1a tich phan duong loai 1 caa ham

f (M) trén cung AB va duoc ki hiéu

S= [ f(mdi

Trong dé
f duoc goi 1a ham dué6i dau tich phan,
AB duogc goi 1a dudng cong ly tich phan,

dl duoc goi la vi phén cung.
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¢ Néu f 1a ham hai bién thi S = j f(x,y)dl,

AB

¢ Néu f 1a ham ba bién thi szj f(x,y,2)dl.

AB
1.2. Cac tinh ché‘it cua tich phin duong loai 1
1. Dinh ly diéu kién ton tai tich phan duong loai 1
Néu ham f (M) lién tuc doc theo cung tron AB thi kha tich trén do.
2. Tich phan duong loai 1 khong phu thudc vao hudéng caa cung lay tich phan, tuc 1a
[ f(vydi= [ f(myd

AB BA

3. Néu f,g la cac ham kha tich trén AB va ab 1a cac hang sb thi
[ [af (M) +bg(M)JdI =a [ f(M)dl+b [ g(M)dI
AB AB AB

4. Néu f(M)<g(M),vM e AB thi | f(M)di< [ g(M)dl

AB AB

[ fvydi

AB

5. Néu ham |f (M)| ciing kha tich trén AB thi

< [[fm)dl

6. Dinh ly vé gia tri trung binh
Néu f(x,y,z) lién tuc trén cung tron AB c6 d6 dai L. Khi d6 ton tai diém

M, € AB sao cho [ f(M)di= f(M,)L. Khi d6 dai luong %j F(M)dl goi Ia gia tri

AB AB

trung binh caa ham f (M) trén cung AB.

1.3. Cach tinh tich phan dwong loai 1
Pé tinh tich phan I = [ f(M)dl ta dua n6 vé tich phan xdc dinh.

AB
1.3.1. P6i véi ham hai bién

X = X(t)

,a<t<b thi
y=y()

i. Néu AB duoc xac dinh bai {

[ f0o0y)di=[ £, yOWX Q) +y ') dt

AB

ii. Néu AB xac dinhbai y=y(x),a<x<b thi
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Bai giang Toan cao cdp A3

b

I f(X,Y)C“:_[ f (X, Y(X))4/1+ y'(x)*dx

AB a
z . .| X=T COoS N
ilii.  Néu AB dugc xac dinh baoi { 2 ) ¢,a3¢§,3 thi
y=r(p)sing

B
[ 1y dl=] f (i(p)cos . 1(p)sin p)r(p)? + 1 (p) dop

AB

1.3.2. P6i v6i ham ba bién

X = X(t)
Néu AB dugc xac dinh bai {y = y(t),a<t<b thi
z=1(t)

j f(x,y,z)dl = j f (x(), (8), Z(O)X(O) + y'(t)? + 2 '(t)2dlt

AB

1.3.3. Cac vi du

X =acost
VD1: Tinh I:J.zzdl V6i (C):{y=asint;a,b,ceR,0<t<3
¢ z=bt

Taco x'(t) =-asint, y'(t) =acost,z'(t) =b nén
3
| = [2%dI =[b’t*\/a® +b?dt = 9b?V/a’ + b7
C 0

VD2: Tinh 1= [ (x*~y*)dl, trong d6 AB la cung phan tu cia duong tron
AB

x? +y? =1, nam trong géc phan tu thi nhat.
y

X =cost

Phuong trinh tham s6 cua cung AB la { L
y =sint

o<t<Z
2

Taco x'(t) =—sint, y'(t) = cost nén
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T

2
(coszt—sinzt)\/(—sint)2 +(cost)*dt = I cos 2tdt =0.
0

[SY NN

2

VD3: Tinh | = j xdl, trong d6 OA la cung parabol y=X? tur y
OA
0(0,0) dén A(2,2).
2 A
X2
Taco y:? nén y'=x.Do do
0 2
2
= xJ1+ xzdx=é(5J§—1).
0
VD4: Tinh 1 =I«/x2+y2dl VGi (C):x*+y® =ax. Y
C
A A T T 2 12 a
Pua (C) ve toa do cuc rzacow,—ESgogE, r‘+r“=a m

c

2 3
Viay | =J‘ X%+ y2dl = J' ardgo:az.[coswdgo:Za2

2 2

1.4. Mot s’6 ung dung cua tich phan dwong loai 1
1.4.1. Khoi lwong va dd dai cung

Xét day cung C khoéng dong chit c6 khdi lwong riéng tai diém M 1a s(M) . Khi
d6 khéi luong ciia day cho béi cong thire

m:ja(lvl)dl

¢ Dac biét, khi (M) =1 thi m=L la d dai cua cung C.
1.4.2. Moment hinh hec va tea d trong tdm caa dwong cong trong mit phang
Cho cung C thudc mat phang Oxy cd khéi luong riéng 5(x,y).

Moment ctia C dbi véi céc truc toa dd Ox,0y dugc tinh boi
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M, =jy5(x,y)d|, M, =jx5(x, y)dl

Tir day, voi m 1a khéi lugng cua cung C, trong tam cia C s& dugc xac dinh boi

¢ Dic biét, véi L 1a d6 dai cung C, néu cung C ddng chat (5(x,y) = const ) thi

xC:%IXdI,yC =%.[ydl
C C

1.4.3. Moment hinh hec va tea d¢ trong tam cia dwong cong trong khéng gian

Cho cung C trong khéng gian véi khdi lugng riéng 5(x,y,z) . Khi 4y moment cua
cung C ddi véi cac mat phang toa do Oxy,Oxz,Oyz duoc tinh bai cac cong thic sau

M, jzé(x,y,z)dl
Cc

yo(x,y,z)dl

I\/|XZ
M,,

xo(x,y,z)dl

l
/

Vé6i m 1a khéi lwong caa cung C, trong tam cua cung C dugc tinh bai cong thirc

¢ Dac biét, voi L 1a d6 dai cung C, néu cung C dong chat (S(x,y) = const ) thi

Xc :%J‘Xdl,yC :%J'ydl,zC :%Izdl
Cc C Cc

1.4.4. Céc vi du
VD5: Tinh chu vi duong tron ban kinh R.

Khong mét tinh tong quat, gia str dudng tron c6 phuong trinh (C): x? + y? = R?
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x R X = Rcost
Phuong trinh tham s6 cua duong tron la (C) :{ Rsint ,0<t <27
y =Rsi

Goi L la chu vi duong tron, ta cé

2z 2z 2z
L={d= J‘«/x'(t)z +y'(t)? = jJstinZH R?cos’ tdt = [ Rdt =27R
C 0 0 0

VD6: Tim trong tdm cua nira trén vong tron (C) c¢6 tam O ban kinh R.

Xeét nua vong tron nhu hinh v&. Ta cé phuong trinh y
< .. |[Xx=Rcost
tham so la _,0<t<rx
y =Rsint
Do dai cua nira vong tron 1a L=~R X
0

Trong tdm cua nua vong tron la

Xc :ljxdl =incost.Rdt =chostdt =0
LZ 7Ry Ty

1 1 7 _ . RT . 2R
=—|ydl =— | Rsint.Rdt = — | sintdt = —
Ye L-C[y er-([ 7['[ T

Bai 2. TICH PHAN PUONG LOAI 2
2.1. Pinh nghia
Cho hai ham P(x,y),Q(x,y) xac dinh trén cung AB
Chia cung AB thanh n phan boi n diém chia
A=AAA,. A =B, trén mdi cung AA,, lay tly y
diém M. (X;, Y;) va lap téng
In:nz_l:[P(xi,yi)Axi+Q(xi,yi)Ayi] VG Ax, Ay, lan luot 1a

k=0

hinh chiéu cia cung A, A, 1&n Ox,Oy. 0 A,

it d =max{Ax, Ay, /i=1n}.
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Néu khi n— o sao cho d -0 ma | =1im1, hitu han, khéng phy thugc vao cach

chia cung AB va cach lay diém M. (x,,y,) thi gidtri | dwoc goi 1a tich phan duong loai 2

cua hai ham P(x,y),Q(x,y) trén cung AB. Ki hiéu

I = [ P(x,y)dx+Q(x,y)dy

AB

¢ Chly

i.  Néu ABcR?® thi

| = j P(x,y,2)dx+Q(X,y,z)dy+R(X,y,z)dz

AB

ii. Néucung AB la duong cong kin L, ta ding ki hiéu
| =P P(x,y)dx+Q(x,y)dy
L

Khi d9, tich phan doc theo L dugc quy udc:
chiéu duong 1a chiéu di doc theo L sao cho
mién D giéi ndi nam bén tay tréi, chiéu am la
chiéu di doc theo L sao cho mién D gigi noi

2.2. Cac tinh chfit\ cia tich phan duwong loai 2
1. bicu kién ton tai
Néu cung AB tron va cac ham P(x,y),Q(x,y) lién tuc trén cung AB thi ton tai tich

phan duong loai 2 [ P(x,y)dx+Q(x,y)dy .
AB

2. Khi d6i huong lay tich phan thi tich phan doi dau
[ PO y) dx+ Q(x, y) dy == [ P(x,y) dx+Q(x, y) dy

AB BA
3. Néucung AB dugc chia thanh hai cung AC va CB khong diam Ién nhau thi
[ POCY)dx+ QU y)dy = [ P(x,y)dx+Q(x,y)dy + | P(x,y)dx+Q(x,y)dy
AC

AB CB

2.3. Cach tinh tich phan dwong loai 2
2.3.1. Pua tich phan dwong loai 2 ve tich phan xac dinh
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a) Néu (C):{X:X(t),astsb thi
y=y()

[ PO, y) dx+QEx, ) dy = [ PO, y@)X Q+Q0X(t).y®)y ()]t

x = X(t)
b) Néu (C):{y=y(t),a<t<b thi
z=2(t)

_[ P(x,y,2)dx+Q(X,y,z)dy+R(x,y,z)dz

= I[F’(X(t),Y(t).Z(t))X'(t)‘fQ(X(t),y(t),Z(t))y'(t)’fR(X(t).y(t),Z(t))Z'(t)]Olt

4 Jy=yx) -
c) Neu (C).{aSXSb thi
[P0, y) dx+ Q(x, y) dy = [[P(x,y())+Q0y())Y (x)]dx
£ [ x=x(y) N
d) Neu (C)'{as y<b thi
[ PO, y) dx+Q(x, y) dy = [[P(x(y).y)X () +Q(x(y).y)]dy
x=t
VD1: Tinh | :Ixydx+ ydy — yzdz trong d6 (C):{y=t*,0<t<1
¢ z=t

Taco x'(t)=1y(t)=2t,z(t)=1 nén

1 1
1
| = | xydx+ ydy —yzdz = | (3 +t2.2t—t})dt =2 t3dt = =
(I;y ydy —y. !( ) ! >

VD2: Tinh tich phan I = [ x’dx+xydy véi 0(0,0), A(L1) theo hai duong

OA

a. Doan thang OA
b. Theo parabol y=x’
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a. Phuong trinh duong thang OA 1a y=x. Poan thang OA

duoc xac dinh bai y=
0<x<1
Ta cod y'(x)=1 nén

1 1
| = J' x2dx + xydy :J'(x2+x.x.1)dx =J.2x2dx:z
OA 0 0 3

2

y=X

b. Poan thing OA duoc xac dinh boi {
0<x<1

1 1

OA 0 0

VD3: Tinh 1 = [ (xy-1)dx+x* ydy v6i L 1a doan thing AB, voi A(L0),B(0,2)
L

Phuong trinh dudng thang AB:y=2-2x. Poan AB dugc xac dinh

. =2-2
baoi y X
0<x<1

Taco y'(x)=-2 nén

ho1

Tacd y'(x)=2x nén I:jxzdx+xydy:_[(x2+x.x2.2x)dx:J.(x2+2x4)dx:%

| = _f(xy—l) dx+x* ydy = —j[x(Z—Zx)—1+ x2(2—2x)(—2)]dx

L 0
1
=—[(4x°-6x"+2x-1)dx =1
0

VD4: Tinh | =jy2dx—x2dy v6i C 13 vong tron tm O bén kinh 1
C

s | X=cO0st
C ¢6 phuong trinh tham so la { _nt,OStSZﬂ. Vay
y=si

2z 2
| = I y2dx — x2dy = j [ sin® t(-sint) —cos’ t.cost |dt = —J' (sin?t+cos’t)dt =0
C 0 0

2.3.2. Pua tich phan dwong loai hai vé tich phan hai l6p
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Pinh ly Green: Cho D la mién déng va bi chin trong mit phang Oxy, c6 bién Ia
duong cong C kin, tron ting khic. Cac ham P(x,y),Q(x,y) c6 dao ham riéng cap mot
lién tuc trong mién ma chtra D . Khi 6, ta c6 cong thirc Green:

f Pdx + Qdy = g[aa—(j—%:] dxdy

Trong d6 tich phan duong & vé tréi 13y theo chiéu duong cta C.

VD5: Tinh | =§>2y3dx+3xy2dy V6 LixP+y?=4
L

Tathdy L 1a duong tron tim O bén kinh 2. Mién giéi han boi L 1a D:x*+y?* <4
oP , 0Q

. Cac dao ham riéng cap mot 5 =6y v 3y’. Do do, ap dung cong thic Green ta cé

| = q52y3dx +3xy’dy = ” (By*—6Yy?)dxdy = —3ﬂ y*dxdy
L D D

27 2
Chuyén sang toa do cuc ta duoc | =-3 [ do[r’sin® pdr = -127
0 0

xdy — ydx

2

VD6: Tinh 1 =¢ . y )
X +y

C

a. C la duong tron ttm O bén K \ m

, 1 < 1 2
kKinh R=1 0 5 :

b. C la duong tron tam J(2,0) ban Kj U

kinh R=1

X
2

khon
X% + g

a. Trong truong hop nay cac ham P(x,y):—x2 yy2 QX y) =
_|_
lién tuc tai O(0,0) nén khoéng thé st dung cong thic Green. Ta tinh tryc tiép

bang cach dua vé tich phan xac dinh.

, X =cost
Phuong trinh tham s0 cua C: { o ,0<t<
y =sint

27

27
I :cﬁxi)z/%zgx: ![cost.cost—sint.(—sint)]dt = ! dt =27
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b. Trudng hop ndy C khong bao géc O nén cac ham P,Q cling véi cac dao

22

ham riéng cip mot cua ching 22 =P _ Y =X
" (o)

D:(x—2)*+y* <1. Vi vay c6 thé s dung cdng thirc Green.

Tacs 1 = Yy de_ﬁ(___jd xdy =0

lién tuc trong hinh tron

Cx+y

2.3.3. Piéu kién dé tich phan dwong khong phu thude vao dwong lay tich phan

Pinh Iy bén ménh dé twong dwong: Cho hai ham P(x,y),Q(x,y) va cac dao ham
riéng cap mot cua ching lién tuc trong mién mé don lién D, c4&c ménh dé sau tuong
duong:

P _Q
oy ox

2) $P(x,y)dx+Q(x,y)dy =0 Vi L la duong cong kin tron timg khic ndm trong D.
L

1) — V(X,y)eD.

3) [ P(x,y)dx+Q(x,y)dy khdng phu thujc vao dudmg (tron timg khic trong D) ndi
AB

A va B ma chi phu thudc vao vi tri hai diém A B.
4) Ton tai ham U (x,y) sao cho dU = Pdx+Qdy .
¢ Ham U (x,y) ¢ thé duoc tim theo hai céch sau

Ux,y)= .[ P(x,y)dx +k(y) thoa %U P(X,y) dx+ k(y)] =Q(x,y)

hoac

U y) = [ Qe y)dy+h(0) thoa — [ [QEy)dy+h(x ] = P(x.y)

» Chu y: Bai toan tich phan duong loai hai sé phu thuoc vao:

1) Puong lay tich phan L kin hay ho,
9y Q_P oy QP
oy ox oy
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3) Truong hop tich phan [ P(x,y)dx+Q(x,y)dy khong phu thuoc dudng di ta

AB

B
dung ki higu | [ P(x,y)dx+Q(x,y)dy |,
A

4) Néu P,Q thoa diéu kién dinh 1y va ta tim dwoc ham U thoa

dU = Pdx+ Qdy thi j P(x, y)dx+Q(x, y) dy =U (B) —U (A)|

Khi tinh tich phan duong loai hai, ta chd y nhiing van dé trén dé chon cach tinh
phu hop nhét.

VD7: Tinh | = I y*dx +3xy?dy vé&i 0(0,0),A(2,4)

OA

oP 2 9Q

Taco P(x,y)=y’,Q(x,y) =3Xxy? nén —— =3y> == = | —_[y3dx+3xy dy
oy OX

Tatim ham U (x,y):

U(x,y) =jpdx+k(y) =jy3dx+k(y) =xy>+k(y) thoa

E;LyJ =Q(x,y) = 3xy?+k'(y) =3xy? = k'(y) =0 hay k(y) = C (hang sd).

Vay U(x,y) =xy*+C nén 1 =U(B)-U(0) =U(2,4)-U(0,0) = 2.4° +C—C =128

» Chu y: Ta van c6 thé tinh duoc tich phan bang cach tinh theo cac duong gap khic
song song Vai c4c truc toa d6 ma khéng can tim ham U (x, ).

(X1.¥1) B(X1.-y1)
[ Pax+Qdy=[+] j P(xyo>dx+jQ<xl,y>dy
(X0.Yo) AC CB X

Tich phan ¢ VD7 ¢6 thé duoc tinh nhu sau
Ax,.y,)  C&.y,)
24)

L= [ yldx+3xy’dy = j0dx+j32y2dy 6jy2dy 128 0

(0.0

» Trong khong gian Oxyz , dinh ly bén ménh dé twong duong c6 dang:
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Cho cac ham P(x,y,z),Q(x,Y,z),R(X,y,z) va cac dao ham riéng cidp mét cua ching
lién tuc trong mién ma don lién D . Khi 4y cAc ménh dé sau day twong duong:

i] ok

1) @zﬂ;fzﬁ;@=@,v(x,y,z)eD hay 9 9 £=5.
oy 0z 0L oOX Ox oy OX 0z
P Q R

2) cﬁP(x, y,z)dx+Q(X, Y, z)dy+R(X,y,z)dz=0 véi L la duong cong kin tron tirng Khuc
L

nam trong D.
3) J. P(x,y,z)dx+Q(X,Y,z)dy+R(x,y,z)dz khéng phu thudc vao duong cong tron tirng
AB

khtc trong D néi A va B ma chi phu thuc vao vj tri diém A,B.
4) Ton tai ham U (x,y,z) thoa dU = Pdx +Qdy + Rdz .

VD8: Tinh I = I yzdx + xzdy + xydz véi A(0,1,2),B(2,4,5)

AB

Cac ham P(x,y,z) = yz,Q(x, Y, 2) = xz,R(X,y,z) = xy thoa mén diéu kién dinh ly. Hon
nira, ham U(X,Y,z) = xyz thoa dU = yzdx + xzdy + xydz nén
| =U (B) - U(A) = U(2,4,5)— U(0,1,2) = 2.4.5 = 40

VD9: Tinh I = I (e*cosy+ yz) dx+ (xz—e’siny) dy+ (xy+z) dz Vi O(0,0,0),A(—l,%,Z)

OA

Ta ¢ P=e*cosy+yz,Q=xz—e*siny,R=xy+z. Cac dao ham riéng cap 1
@:z—exsiny:@,@=x=@,@= :@
OX oy oy 0z 0z OX

152

| = I (e* cosy+yz)dx+(xz—e"sin y)dy +(xy +2z)dz

(0,0,0)

y thea  dinh  ly.  Vay

2
Hon nira, ham U (x,y,z) =e* cosy+xyz+% thoa dU = Pdx +Qdy + Rdz nén

| ZU(B)—U(A)ZU(—l,%,z)—U (0,0,0)=1-7
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2.4. Ung dung ciia tich phan dwong loai hai
2.4.1. Tinh dién tich

Dién tich caa hinh phang don lién D dwgc tinh theo céng thic

S(D) :%gSXdy—ydx:cﬁxdy:—(j) ydx
C C C

Véi C labiéncua D lay theo chiéu duong.
2.4.2. Tinh céng

Cong cua trudng luc F(x,y,z)=Pi+Qj+Rk sinh ra doc theo dudng cong C la W
duoc tinh theo cng thurc

W:J.de+Qdy+Rdz
C

2 2
VD10: Tinh dién tich hinh elip %+g—231

X =acost A a b s
,0<t <27 nén dién tich hinh

Phuong trinh tham sb cua bién hinh elip 1a { )
y=asint

2z 2z
elip S :%I[acost.bsint—bsint(—asint)]dt:%abj dt = zab
0 0

BAI TAP CHUONG 2
TiCH PHAN PUONG LOAI 1

Bai 1. Tinh céc tich phan sau

L. 1= [ (x—y)dl véi OB la doan thang ndi tir O(0,0) dén B(4,3).

OB

2. I:jxydl v6i L labién cua hinh chir nhat ABCD, A(0,0),B(4,0),C(4,2),D(0,2).
L

3. 1=[(x*+y*)dl vei L labién cua hinh tam giac OAB,0(0,0),A(11),B(-L1).

L

4
4. I=_[[x +y3]dl vGi L 1a duong axtroit 3/x_2+$/y7=3/a7(a>0).
L
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2 2

5.1 :Ixydl véi L la cung duong elip ;(—2+§ =1 nam trong géc phan tu tht nhat.
L

6. 1=[lyldl v6i L la duong cacdidit r=a(l+cosp),(a>0).
L

7. I=J.ye’xdl V6i L laduong x=In(1+t*),y=2arctant—t+3,0<t <1,
L

X =acost
8. 1=ly|dl véi L la dudng xodn éc {y=asint ,0<t<27z.
- Z=Dht
x=t
9. 1=[(x+2z)dl trongdé L la dusng cong y—— 0<t<l.
1 V2
z=t°

Bai 2.

X X

1. Tim khéi lugng coa day y= Z(ea +e aj tr x=0 dén x=a biét khdi luong riéng

p(xy)==

2. Tim trong tdm cua duong dinh 6¢ dong chat ¢ khoi luong riéng p(x,y,z)=1, phuong

X =acost
trinh duong dinh ¢ 12 {y =asint,0<t<2r.
z=kt

TiCH PHAN PUONG LOAI 2

Bai 1. Tinh céc tich phan sau

1. 1=[[xydx véi L lacung parabol y* =x tir A(1,-1) dén B(L1).
L

= [(xy—1)dx+x’ydy véi L lacung ndi A(L0),B(0,2)
L
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a) Theo duong thing AB.
b) Theo cung parabol y*=4(1-x).

3. |=<J52xdx—(x+2y)dy trong d6 L la chu vi cua tam giac ABC theo chiéu nguoc
chiéu kim dong hé véi A(-1,0),B(0,2),C(2,0).

2 2
n |=<_|.> x“dy — y“dx

5. Ixzdx+y2dy véi C 1a ntra duong tron x*+y® =4,y >0, chiéu tr A(-2,0) dén B(2,0)
C

véi L 1a cung axtroit c6 phuong trinh X =Rcos’t,y =Rsin’t.

6. 1 [Xyx

Ty voi L lacung ndi tir A(-a,0) dén B(a,0),(a>0) theo dudng khong di
+

L

qua goc O.

(T)(x+2y)dx+ydy
iy (x+y)

:Sﬁ xy’dy —x?ydx trong d6 L:x*+y*=R?,
L

(j) dy y trong d6 L:x*+y*=a’
L

10, [ZEY v L 1a duong né theo chidu tir A(L,0)— B(0,1) > C(-1,0).

L X+1Y]

11. Iz@)(xy+x+1)dx+(xy+x y)dy,C: —+y 1 lay theo chiéu duong.

C bz_

12. §(x+y) dx—(x—y) dy véi L labién cia mién D gii han boi hai duong y=x va
L
2

y=X".
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13. I:I(X+y)d)2(_():_y)dy trong d6 C la duong tron x*+y® =R? theo chiéu nguoc
! X2 +y

chiéu kim ddng ho.
14, I:Ixydx+ydy—yzdz trong 46 C 1a duodng cong cho bai phuong trinh tham sb
C

X=t
y=t*,0<t<1.
z=t

(12,3)

15. 1= _[ 2xy+(x2—zz)dy—2yz

(0,0,0)

2,3,-4
16. J. xdx + y*dy — 2°dz

(LY

(211) 2

17. 1= J (2xIn y—yz)dx+(x——xzjdy—xydz
(121) y

Bai 2. Hay chang té biéu thic trong dau tich phan duong sau la biéu thic vi phan toan
phan cua ham u(x,y) nao d6. Tim ham u(Xx,y) d6 va tinh tich phan da cho.

(23)
1. 1= I xdy + ydx

Bai 3. Cho P(x,y)= 2y Q(x,y)=- 2~Y_ Biéu thirc Pdx+Qdy c6 Ia vi phan toan

X2+y2’ X2+y2'

phan cua ham u(x,y) hay khong.

Tinh I, = | Pdx+Qdy,I,= [ Pdx+Qdy véi A(10),B(-10),C(0,1),D(0,-1).

ACB ADB
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(x—y)dx+(x:]ry)
(x2+y2)

Bai 4. Xac dinh m dé Y 1 vi phan toan phin ctia mot ham u(x,y)

nao do. Tim u(Xx,y).

Bai 5. Tinh cac tich phan sau

1. |=J’(x2+y2)dx+(x2—y2)dy v6i L la chu vi tam gidc OAB ldy theo chiéu nguoc
chiéu 1;im dong hd véi 0(0,0),A(10),B(0,1).

2. Iz(ﬁ(l—xz)ydx+x(1+y2)dy Vi Lix?+y?=R2.

L

3. I:szydx+x2dy trong 46 C 1a chu tuyén duong cua mién gisi han boi cac duong
C

yo=x,X’ =Y.

4. 1=[(6y+x)dx+(y+2x)dy trong d6 C la duong tron (x-2)°+(y—3) =4 ldy theo

C

chiéu duong.

2 2
5. I=I(xy+x+y)dx+(xy+x—y)dy trong d6 C la duong elip ;(—2+§:1 lay theo chiéu
C

nguoc chiéu kim dong ho.

Bai 6. Dung tich phan duong dé tinh dién tich hinh phang D duoc giéi han bai duong
axtréit x =acos’t,y=asin’t,0<t<2r.

Chuong 3. PHUONG TRINH VI PHAN

Bai 1. KHAI NIEM MO PAU
1.1. Bai toan din dén phwong trinh vi phéin

Phuong trinh vi phan phét sinh tir nhiéu bai toan trong cac nganh khoa hoc khac
nhau ¢ mé hinh toan hoc chung 1a tim mot ham s tir mét quan hé chira cac dao ham caa
no.
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Vi du, néu sb luong (nguoi, Vat, vi khuan,...) phét trién vei tée do y'= 2 (t 1a

dt
thoi gian) bang véi s6 lwgng y(t) hién tai thi md hinh sé luong y'=y chinh 1a mot
phuong trinh vi phan.
1.2. Cac dinh nghia va khai niém co ban )
Phuong trinh vi phan 1a phuong trinh lién hé gitra bién doc 1ap, ham phai tim va
cac dao ham cua no: F(x,y,y,y"...)=0.

Cap cta phuong trinh vi phan 1a cip cao nhat cia dao ham ¢ mit trong phuong
trinh do.
Nghiém cta phuong trinh vi phan 1a ham sé ma khi thay vao théa phuong trinh.
Db thi cua nghiém dugc goi 1a dudng cong tich phan.
Néu ham phai tim 12 ham mét bién thi ta c6 phuong trinh vi phan thuong. Néu
ham phai tim & ham nhiéu bién thi ta ¢6 phuong trinh dao ham riéng.
1.3. Mot s6 vi du ,
1. ysinx+y'cosx=0 la phuong trinh vi phan thudng cap mot.
2. y"-2y=e*—x la phuong trinh vi phan thuong cip hai.
0’z 0°z

3. erW =0 1a phuong trinh dao ham riéng cap hai.
e bin dy d’y
» Chaykihi¢u y'=—=,y"=—,...
y Y=Y o

Bai 2. PHUONG TRINH VI PHAN CAP MQT
2.1. Pinh nghia )

Phuong trinh vi phan cap mot 1a phuong trinh vi phan c¢6 dang F(x,y,y)=0 hay
y'= f(x,y). Trong 6 x la bién doc 1ap, y 1a ham phai tim.

VD1: y'=cos(x—y-1)

2.2. Bai toan Cauchy
y'=f(xy)

duoc goi la bai toan
y(X) =Y,

Bai todn tim nghiém ctia phuong trinh vi phan {

Cauchy.
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» Chu y: Bai toan Cauchy chinh 1a bai toan tim dudng cong tich phan cua phuong trinh
vi phan y'= f(x,y) di qua diém (x,,y,).

y'=2X

VD2: Xét bai toan Cauchy {
y(0)=0

T y'=2x,taco y=x*+C.Véi x, =0,y,=0 tadugc 0=0°+C hay C=0
Vay nghiém cua bai toan la y = x

2.3. Pinh 1y Peano — Cauchy — Picard vé sw ton tai va duy nhit nghiém ciia bai toan
Cauchy

Néu ham sé f(x,y) lién tuc trong mién m& D < R? thi véi moi diém (x,,y,)e D,
bai toan Cauchy c6 nghiém xac dinh trong mot 1an can caa x,. Ngoai ra, néu f '(x,y) lién
tuc trong mién D thi nghiém d6 1a duy nhat.
2.4. Nghiém cia phwong trinh vi phin cAp mot ’

Nghiém tong quat ctia phuong trinh vi phan la ham s6 ¢ =¢(x,C) thoéa phuwong
trinh vi phan véi moi C . Néu nghiém tong quat viét dudi dang ham an o(x,y,C) =0 duoc
goi la tich phan tong quat.

Nghiém riéng ciia phuong trinh vi phan 1a nghiém bt ki nhan duoc tir nghiém
téng quét khi cho hang sé6 C mot gia tri cu thé. Nghiém riéng viét dudi dang ham an
duoc goi 1a tich phan riéng. Nghiém ctiia moi bai toan Cauchy déu la nghiém riéng.

Nghiém Ki di 1a nghiém khdng thé nhan duoc tir nghiém téng quét cho du C lay
bat ki gia tri nao.
VD3: X¢ét phwong trinh vi phan y'=,/1-y?

dy

Tur phuong trinh da co, ta duoc o 1-y°

V6i y=1v y=-1 thoa phuong trinh nén 1a nghi¢ém (riéng).

Vé6i y=+1, chia hai vé phuong trinh cho 1-y? va bién doi ta duogc
dy
1-y?

=dx=arcsiny =x+C =y =sin(x+C)
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Vay y=sin(x+C) la nghiém tong quat, y=+1 ciing 1a hai nghiém cta phuong
trinh nhung chiing khong nhan duoc tir nghiém téng quat nén 1a cac nghiém ki di.
2.5. Phuong trinh vi phan cia hg duwdng cong )

Cho truéc mét ho cac duong cong phu thudc tham s6 C, hay tim phuong trinh vi

phéan sao cho cac duong cong cua ho da cho la duong cong tich phén cua phuong trinh vi
phan do.

VD4: Tim phuong trinh vi phan cua ho dudng cong y =Cx®
L4y dao ham y'=3Cx*. Ma C :X—y3 nén y'=3(x—y3)x2 hay xy'-3y=0

2.6. Phwong trinh vi phin ciAp mét cé bién phan ly (phwong trinh vi phan tach bién)
2.6.1. Dinh nghia

La phuong trinh vi phan c6 dang ‘M (x)dx+ N(y)dy = O‘

2.6.2. Céach giai
LAy tich phan hai vé j M (X) dX + j N(y)dy =C va chl y tim nghiém ki di (néu c6).

2.6.3. Cac vi du

VD5: Tim nghiém tong quét ciia phuong trinh X ~dx + y ~dy=0
1+ X 1+y

L4y tich phan ta duoc

-[1+Xx2 dX+-[1+yy2 dy=C,

<:>%In(1+x2)+%ln(1+ y*)=C,

@%In[(l+x2)(l+ yz)}zcl ::%Inc

@(1+x2)(1+ yz):C

Vay nghiém tong quét cta phuong trinh 1 (1+x)(1+y*)=C.
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VD6: Giai phuong trinh vi phan xy/1— y?dx+ yv1-x*dy =0
V6i x =41,y =+1 théa phuong trinh nén 1a nghiém (riéng).
Vi x#+1,y = +1, chia hai vé phuong trinh cho v1—x2./1-y? ta duoc

X

J1-x2
v __c,

xdx
:>'[\/l—X2 +J-\/1_y2

dx + — dy=0
Ji-y?

=2 fax ) A fay) ooy -

= —1-x —\[1-y? =C,
=1-x +41-y? =-C, =C

Vay nghiém tdng quét cua phuong trinh 1a v1-x2 +\/l— y>=C.

» Phuong trinh y'=f(ax+by+c) cd thé dwa vé bién phan ly bing cich dat

Z=ax+by+c.
VD7: Giai phuong trinh y'=cos(x—y-1)

Pit z=x-y-1. Lay dao ham hai vé theo bién x ta duoc z'=1-y' hay y'=1-z".
Thay vao phuong trinh da cho ta duoc 1-z'=cosz = z'=1-cosz hay dz =(1-cosz)dx

Vil-cosz=0<z=k2r,keZ nén z=k2z,k e Z la nghiém.
Néu z =k2r,k e Z, chia hai vé phuong trinh cho 1—cosz ta dugc

z
(3)
L:dxj—z

1-cosz A

=dx:>—cotan£:x—C: z:2arccot(C—x)+n7z,n eZ
sin 5 2

Nén x—y-1=arccot(C—x)+nz,neZ=y=x-1-arccot(C—x)+nz,neZ.

Vay, nghiém phuong trinh la
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y=Xx-1+2kz,keZ
y=x-1-arccot(C-x)+nz,neZ
2.7. Phwong trinh vi phan dang cip ciap mot
2.7.1. Ham dang cap bac k
Ham F(x,y) dwoc goi la dang cap bac k néu véi moi A>0, ta cd
F(Ax,Ay)=2"f (x,y).
2 2

VD8: Céac ham f(x,y):X x_yy (% y)=3x°+y>,h(x,y)=x*-2xy la cac ham

dang cap bac 0,1,2 vi

(X -y Z(C-y) ooy’

f(AX,Ay)=
(2x.2y) AXAY A%Xy Xy

=2f(x,y)

g(Ax,Ay)=3 (/lx)3 +(/1y)3 =3 +y = 2'g(x,y)
h(Ax,4y)= (ﬂpx)2 —2AyAx = A? (x2 - 2xy) =2%h(x,y)
2.7.2. Phwong trinh vi phan dang cap cap mét

La phuong trinh vi phan c6 dang y'= f (x,y) trong 6 f(x,y) 1a ham sb ding cip
bac 0.

» Phuong trinh dang P(x,y)dx+Q(x,y)dy =0 1a phuong trinh ding cap néu cac ham sb
P(x,y),Q(x y) la dang cap cung bac.

» Néu f(xy) la dang cip bac 0 thi f(x,y) la ham sé ctia mot bién sb % nghia 1a
f(x,y) 0 thé viét dudi dang f (x, y):(p(X)

X
2.7.3. Céach giai

bat u =% dua phuong trinh dang cap vé phuong trinh c6 bién phan ly.
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That vay, dat u =%:> y =ux . LAy dao ham hai vé theo bién x ta duoc y'=u'x+u

thay  vao  phuong trinh ding cip  y'=f(xy)=¢(u) ta  duoc
u'x+u=gp(u)=u'x=p(u)-u. Véi @(u)-u=0 phuong trinh c6 thé dua vé dang

_% Pay 1a phuong trinh c6 bién phan ly.
X

2.7.4. Céac vi du

2Xy
2 2

X =Yy

VD9: Gidi phuong trinh y'=

D& kiém tra duoc day la phuong trinh dang cap. Chia tir va miu vé phai cua

2V
X

-

bat u =% hay y=ux. Ldy dao ham hai vé theo bién x ta dugc y'=xu'+u thay

phuong trinh cho x* ta dugc y'=

xdu _u(l+u2)

vao phuong trinh ta dugC xu'+u = 0 PV

V6i u=0= y =0 thoa phuong trinh nén 1a nghi¢m.

V6i u=0, phuong trinh trd thanh

<1_)dd_:,(z 2u jdu o
u(1+u2) X

u 1+u’

y2
1402 x(1+2)
:>In|L|2:In|C1x|:>M—i:=C:>—X=C

1+u u C, y
X

Vay, nghiém tong quat ctia phuong trinh 1a x* +y? =Cy
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» Phuong trinh dang y'= f [MJ c6 thé dua vé phuong trinh dang cap theo hai

ax+b,y+c,
cach sau:
, Xx+by+c =0 . X=U+X
1. Néu hé ax+hy+e c6 nghiém (x,, Y, ), ta dat 0
ax+b,y+c,=0 y=V+Yy,
, Xx+by+c =0 ]
2. Neu h¢ ax+hy+e vO nghiém, ta dat a1x+b1y:u:a2x+b2y:1u
ax+b,y+c,=0 A

VOi ,1:1:2
b2

VD10: Giai phuong trinh (2x—4y+6)dx+(x+y—-3)dy=0

T phuong trinh da cho, suyra y'= _2x-4y+6
X+y—3
2x—4y=-6 ) X. =
H¢ phuong trinh X c6 nghiém < °
X+y=3 yo =2

Xx=1+u dx =du _
bat = thay vao phuong trinh ta dugc v'=- 2u—4v la phuong
y=2+vV dy =dv u+v

trinh dang cap voi bién doc 1ap 1a u ham phai tim 1a v. Chia tir va mau vé phai

v
=
cua phuong trinh cho u ta dugc v' :—Vu. bat t=% hay v=tu, liy dao ham

1+—
u
hai vé theo bién u ta duwoc v'=ut+t thay vao phuong trinh ta dugc

2-a_at (-1(-2)

1+t du t+1

ut'+t=

Voi t=1vt=2=>v=uvv=2u=y=x+1lvy=2x thoa phuong trinh nén la
nghiém.

Véi t#1t#2, chia 2 vé phuong trinh cho (t-1)(t-2) va bién d6i ta dwoc

3
(t+1)dt du:( 3 2 Jdt+d—u=0=>u(t_22) _c
u (t-1)

t-2 t-1

(t-1)(t-2) u
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Véi u= x—1,t=%=3)'(—_i thay vao ta c6 nghiém tong quat cua phuong trinh 1a

2

(y—2x)3 =C(y-x-1

Luu ¥, nghiém y=2x cd thé nhan dugc tir nghiém tong quat khi cho C=0 nén
khong phai 1a nghiém ki di.

VD11: Giai phwong trinh (x+y+2)dx+(2x+2y—-1)dy=0

X+Yy+2

Tu phuong trinh da chosuyra y'=————
P 8 uyray 2X+2y-1

2=0 .
H¢ {x+y+ vO nghiém.

T 2x+2y-1=0

2X+2y =2t

thay vao phuong trinh ta duoc
dy=di—dx > vaOoPuong '

Dat x+y=t:>{

dt t+2 dt t-3
_—-——— = —
dx 2t—-1 dx 2t-1
V6i t=3= x+y =3 théa phuong trinh nén l1a nghi¢m.
Véi t =3, chia hai vé phuong trinh cho t—3 va bién d6i, ta duoc

Véi t=x+y, thay vao ta cd nghiém téng quét cia phuong trinh 1a
X+2y+5In|x+y-3=C

2.8. Phuong trinh vi phan toan phan va thira s6 tich phan
2.8.1. Binh nghia

Phuong trinh vi phan dang P(x,y)dx+Q(x,y)dy =0 duoc goi 1a phuong trinh vi
phan toan phan néu ton tai ham u(x,y) sao cho du(x,y)=P(x,y)dx+Q(x,y)dy.

» Chuy:
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Theo dinh 1y bén ménh dé twong dwong thi diéu kién can va du dé mot phuong
trinh dang P(x,y)dx+Q(x,y)dy=0 1a phuong trinh vi phan toan phin Ia

0Q oP
— = V(X
ox oy (X y)

2.8.2. Cach giai
Néu biét ham u(x,y) thi nghiém cua phuong trinh 1a u(x,y)=C.

Ta tim ham u(x,y) theo cac céach sau:

.. 0
1. u(x y):IP(x, y)dx+k(y) théa 5“P(X y)dx+ k(y)}:Q(x, y).
2. u(x y):jQ(x y)dy+h(x) thoa E[J.Q(X y)dy+h(x)}:P(x,y).
’ ’ OX
X y
3. u(xy)=[P(ty,)dt+[Q(xt)dt, VSi (x,Y,) chon phi hop sao cho P,Q xic
Xo Yo
dinh, kha vi, kha tich.
X y
4. u(xy)=[P(ty)dt+ [Q(x,t)dt, Vi (x,Y,) chon phi hgp sao cho P,Q xac
X Yo
dinh, kha vi, kha tich.
VD12: Gidi phuong trinh (x*+y)dx+(x—y)dy=0

Ta ¢ P(xy)=x+y,Q(x,y)=x-y= 2—Q :1:%. Vay phuong trinh da cho Ia
X
phuong trinh vi phan toan phan.

u(x, y):IP(x,y)dx+k(y):j(x3+y)dx+k(y):%x“+xy+k(y)

%:Q(x,y): x+k'(y)=X—y:>k'(Y)=—y:>k(y)=_%y2+Cl

Vay u(x,y)= % x* +xy —% y? +C, nén nghiém tong quét ciia phuong trinh 13

1 1 1 1
Zx“+xy—5y2+Cl=C2 :>Zx“+xy—§y2 =C,-C,=C
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X2 +y°

VD13: Giai phuong trinh [x+ y jdx+(y— X 2joly=o
X +Yy

22
Ta co P=x+—2 :@=i

x2+y2’Q=y_

X

X2 +y?

> =— nén phuong trinh da
X (x+y?) Oy
cho 13 phuong trinh vi phan toan phan.

Chon (x,,¥,)=(11). Taco

u(x, y)=I(t+1+1t2jdt+Jj(t— X jdt

t? + x?
2

=—+arctant
2

t=x 2 t=y

t
+——arctan—
- 2 X

+C,

t=1

= E(xz +y* -2 —%)+ arctan x +arctan 1 arctan =

N C,
X X
= 1(x2 +y?)+arctan xjtarctanl—arctanz+c2 (CZ =C, —2—3)
2 X X 2
Do d6 nghiém tong quét cia phuong trinh 1a
1 2 2 1 y
(x +y )+ arctan x +arctan ——arctan =+C, =C,
2 X X
1i2, .2 1 y :
:>—(x +y )+arctan X+arctan——arctan==C,-C, =C
2 X X
2.8.3. Thira s6 tich phan

Khi phuong trinh vi phan P(x,y)dx+Q(x,y)dy =0 khong la phuong trinh vi phan
toan phan, c6 thé ton tai mot ham sé u(x,y) sao cho khi nhan vao phuong trinh trén ta

duoc phuong trinh z(x,y)P(x, y)dx+z(x,y)Q(x,y)dy =0 la phuong trinh vi phan toan
phan.

Ham s6 u(x,y)nhu trén dugc goi la thira s6 tich phan ctia phuong trinh vi phan
P(x,y)dx+Q(x,y)dy=0. O day ta chi xét truong hop x 12 ham mét bién = () hoic
p=pu(y).
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» Néu é(%—%) =f(x) thi u=pu(x) va ﬂ(x)zeff<X)dx
> Neu %[%—%}:9()/) thi u=u(y) va u(y)=e*""

VD14: Chirng minh ring phuong trinh (x+ yz)dx+xydy:0 c6 thira sé tich phan
chi phu thudéc x . Tim thira s6 tich phan d6 va giai phuong trinh vi phan.

P(X,Y)=X+y2,Q(X,y):xy:E:Zy,%=y. Khi do

Ta co
%(%—%}:i(w—y)zl nén thtra s6 tich phan chi phu thudc vao mot bién x va
Xy X

Lo
p(x)= el e _cx. Chon C =1 ta duoC x(x)=x, nhan vao phuong trinh d cho ta

duoc (x2 +xy? ) dx+ x?ydy =0 1a phuong trinh vi phan toan phan. Nén

3
u(x, y):j(x2 +xy2)dx+k(y)=%+ x2y +k(y) théa

u =x’y = x*y+k'(y)=x’y=k'(y)=0=k(y)=C,.

X X’y 2
+C, nén nghiém tong quat cta phuong trinh 1a

Vay u(x,y):§+

3 2,2 3 2,,2
X XY ye=c, =X +XY _¢, c=cC
3

—+
3 2

VD15: Giai phwong trinh y(x+y)dx+(xy+1)dy =0

Taco P(x,y)=xy+y*Q(x, y):xy+1:>%:x+2y,z—(3:y
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Khi a6 S[P_R)\_X*Y 15 ham  hai  bién  nhung
Qloy ox) xy+1
i[@—@j:— X+Y __1 nen thira sé tich phan chi phu thudc vao mot bién y va
Pl ox oy y(x+y) y
- ld InS
u(y)=e jyy:e y :E.Chon C =1, ta duoc ,u(y)zi.
y

y

Vai y =0 théa phuong trinh nén 1a nghiém.
Véi  y#0, nhan u(y)= 1 o phuong trinh da cho ta duoc
y
(x+y)dx+ ( X+ lj dy=0 1a phuong trinh vi phan toan phan.
y

2

Taco u(x, y):j(x+ y)dx+k(y):x?+xy+k(y) thoa

ou 1 1 1
—=Xx+—=>Xx+k'(y)=x+==k'(y) === k(y)=In|Cy|.
Yokt s k-2 ok -y

2

Vay u(x,y) :X?+xy+ In|C.y| nén nghiém tong quat ctia phuong trinh 1a

X2 x? x?
>t xy+|n|C1y|:—In|C2|:>?+xy+In|Clczy|=0:>?+xy+ln|Cy|:0

2.9. Phuwong trinh vi phéan tuyén tinh cip mot
2.9.1. Dinh nghia

Phuong trinh vi phan tuyén tinh cdp mot 1a phuong trinh c6 dang
y+p(x)y=0q(x), trong @6 p(x),q(x) 1a cac ham sb lién tuc.

¢ Néu q(x)=0 thi phuong trinh dwoc goi 1a phuong trinh tuyén tinh thuan nht.

¢ Néu q(x)=0 thi phuong trinh dwoc goi 1a phuong trinh tuyén tinh khdng thuan
nhat.

2.9.2. Cong thwrc nghiém
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Nghiém tong quat ciia phuong trinh vi phan tuyén tinh cip mot 1a

y—e Jr0e ( [ q(x)e! ”(X)"de+cj

s y'+ly=3x
VD16: Giai bai todn Cauchy X
y(1)=1
Ta co p(x)=%,q(x)=3x. Nghiém tong quat

y=e P00 (jq(x)ef"(x)”xdxw) el [J'3xejidxdx+0) =%(x3 +C),y(1)=1=C+1=1=C=0
Vay, nghiém (riéng) cua bai toan Cauchy da cho la y=x°.
VD17: Giai phuong trinh y'(x+y*)=y
Phuong trinh trén khong 1a tuyén tinh cap mot doi vai y.

V6i y =0 thoa phuong trinh nén 1a nghi¢m.

Véi y=0, chiy y'(x):ﬁ phuong trinh ¢6 thé dua vé dang x'—%x: y la

tuyén tinh cdp mot d6i véi x . Nghiém tong quéat
14 NEP
x=eIy y(_[ye Iy ydy+C]= y’ +Cy

2.10. Phuwong trinh Bernoulli
2.10.1. Dinh nghia

Phuong trinh Bernoulli 18 phwong trinh c¢6 dang y'+p(x)y=q(x)y“ trong do
aeR, p(x),q(x) lacac ham lién tuc.

2.10.2. Céch giai

» Néu o =0va=1 thi phuong trinh Bernoulli chinh 1a phwong trinh tuyén tinh
cap mot.
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> Néu a=0,1

Véi y =0 théa man phuong trinh nén 1a nghiém.

Véi y#0, chia hai vé phuong trinh cho y* ta dugc y'y ™+ p(x)y** =q(x), dat
z=y“=17'=(1-a)y“y' thay vao phuong trinh ta duoc ﬁz# p(x)z=q(x) hay
2'+(1-a) p(x)z=(1-@)q(x) 1& phuong trinh tuyén tinh cdp mot véi x 1a bién doc lap,
z la ham phai tim.

VD18: Gidi phuong trinh y'+§ y =Xy

V6i y =0 thoa phuong trinh nén 1a nghiém.

Véi y =0, chia hai vé ciia phuong trinh cho y? ta dugc y'y™ +§y‘l =X

. . 1 .
bit z=y " = z'=-y7y' thay vao phuong trinh ta dugC —z'+=z=x=2z'-=z=-X
X X

1a phuong trinh vi phan tuyén tinh cip mét.

1 1

Nghiém tong quat z = eh U(—x)ejxdxdx+cj = X(-x+C)=-x"+Cx

Maz:lzyzlz 21
y z —Xx"+Cx

Bai 3. PHUONG TRINH VI PHAN CAP HAI

3.1. Dinh nghia
Phuong trinh vi phan cp hai tong quat 1a phuong trinh ¢6 dang F(x,y,y'y")=0

hay y"=f(xy,y').
VD1: y"=2x+1 la mot phuong trinh vi phan cap hai.
Lay nguyén ham Ian tha nhat ta dugc y'=x?+x+C,. Tiép tuc lay nguyén ham lan

3 2
thr hai ta duogc y = % - X?+ C,x+C, la nghiém tong quat cia phuong trinh da cho.
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Ta thay nghiém tong quét cia phwong trinh vi phan cap hai phu thuoc hai tham sé,
do vay dé tim nghiém riéng, ta can hai diéu kién nao do.

3.2. Bai toan Cauchy
y'=ft(xy.y')
Bai todn tim nghiém cua phuong trinh vi phan <y(x,)=Y, duoc goi la bai
y|(Xo) =Yy 'o
toan Cauchy. Vi x,,Y,,y', 1a nhitng s cho trugc.

3.3. Pinh Iy ton tai va duy nhit nghiém ciia bai toan Cauchy

Néu ham sé f(x,y,y') va cac dao ham riéng %,%, lién tuc trong mién mo

D cR® thi véi moi diém (x,, Y, Y's) € D, ton tai duy nhat mét nghiém cua phuong trinh
y'=f(xyy')
Y(Xo) =Yo
y'(xo) =Y

3.4. Nghiém ciia phwong trinh vi phin cép hai

Nghiém tong quat cta phuong trinh 1a ham s6 ¢(x,C,,C,) ma khi thay vao thoa
min phuong trinh v&i moi C,,C,. Néu nghiém téng quat duoc viét dudi dang ham an
duogc goi la tich phan téng quat.

Nghiém riéng cua phuong trinh 1a nghiém nhan duoc tir nghiém téng quéat bang
cach cho céc hang s6 C,,C, nhitng gia tri cu thé. Nghiém riéng viét dudi dang ham an
duoc goi 1a tich phan riéng. Moi nghiém ciia bai toan Cauchy déu la nghiém riéng.

Nghiém ki di 1a nghiém khéng thé nhan duoc tir nghiém téng quét cho du C,,C,
nhan bat ki gié tri nao.

3.5. Cac phwong trinh vi phén cép hai ¢é thé giam cip duoc

3.5.1. Phwong trinh khong chira y,y'

La nhitng phuong trinh c6 dang y"= f (x). Dé tim nghiém ta lay nguyén ham hai

\
A

lan.
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y"=sinx
VD2: Giai bai toan Cauchy {y(0)=1
y'(0)=0
Tur y"=sinx. LAy nguyén ham lan thi nhat, ta duoc y'=—-cosx+C,. Tiép tuc lay
nguyén ham lan thir hai, ta duoc y =—sinx+C,x+C,
o g:A ‘n y(0)=1 C,=1 A ‘n A , . \
Tu dicu Kién O:> c -1’ Vay nghiém (riéng) cua phuong trinh la
l =
y=-sinx+x+1.
3.5.2. Phwong trinh khong chwa y
La nhitng phuong trinh ¢6 dang y"= f(x,y'). D¢ gidi loai nay ta dat z=y' d¢
giam cap.
VD3: Giai phuong trinh y"= x—y;

bat z=y'= z'=y" thay vao phuong trinh ta dugc z'=x—lz:>z'+£z=x la
X X

phuong trinh vi phan tuyén tinh cap mot. Nghiém tong quat

“[Lax Lo 3 2
z:ejxd jxejxddx+C 1 X—+C1 :X—+&
3 3

X X

5 x> C x®
Maz=y'=>y=—+—2 =—+C,In|x|+C
y'=y ==y =G,
3.5.3. Phwong trinh khong chwra x
La nhitng phuong trinh c¢6 dang y"= f(y,y'). Dé gidi phuong trinh nay ta dat
dz _dz dy  .dz

z=y' vaxem z la ham theo bién y . Khi do y"=d—_OI o d—:y"zz:—z thay vao
X dy ox y y

phuong trinh ta dugc z% = f(y,z) 1a phuong trinh vi phan cap mot véi y 1a bién doc
y

lap, z la ham phai tim.
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VD4: Giai phuong trinh 2yy"+y? =0
< . N ¢ . . dz
bat z=y'=y"= zd— thay vao phuong trinh ta dugc 2yzd—+ 2°=0
y Yy
V6i z=0= y=C thda phuong trinh nén la nghi¢m.

Vi z#0, chia hai vé phuong trinh cho 2yg—z+z =0=>— dz :—lﬂ: z\/_ C,
y z

Maz_—nen y\/— C:\/_dy Cdx=— y\/_ C,x+C,

3.6. Phwong trinh vi phan tuyén tinh cip hai hé s6 bién
3.6.1. Dinh nghia

Phuong trinh vi phan tuyén tinh cap hai tong quat co6 dang
y"+p(x)y+q(x)y=f(x),a<x<b trong d6 cac ham p(x),q(x), f(x) xac dinh trén

(a,b).

Néu f(x)=0 thi phuong trinh dwoc goi la thuan nhat.

Néu f(x)=0 thi phuong trinh dwoc goi la khdng thuan nhat.

VD5: (x*+1)y"-2xy'+2y=x(x*+1) 1a phuong trinh vi phan tuyén tinh cip hai
khéng thuan nhét.

VD6: (x*+1)y"—2xy'+2y=0 la phuong trinh vi phan tuyén tinh cap hai thuan
nhat.

3.6.2. Phuong trinh vi phan tuyén tinh cap hai thuan nhat
a. Pinh nghia
La phuong trinh c¢6 dang y"+ p(x)y'+q(x)y =

b. Ham déc lap tuyén tinh
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Hai ham y,,y, duoc goi la doc lap tuyén tinh trén [a,b] néu ti s6 ciia ching trén
doan d6 khong phai 1a mot hang sb, nghia 1a Y const. Nguoc lai, néu Y _ const thi hai
Y, Y,
ham y,,y, dugc goi la phu thudc tuyén tinh.

2X

VD7: Hai ham e?* va e™* 1a doc lap tuyén tinh vi 2 — &% % const.
VD8: Hai ham 2e* va e* 1a phu thugc tuyén tinh vi 2eex =2.

c. Pinh ly

Néu y,,y, 1a hai nghiém riéng doc lap tuyén tinh ciia phuong trinh vi phan cap hai
thuan nhit y"+p(x)y+q(x)y=0 thi nghiém téng quat cia phuong trinh s& Ia
y=C,y,+C,y, trong d6 C,,C, la cac hang sb.

d. Phwong phap ciu phuong

Néu biét mot nghiém riéng y, ciia phuong trinh thuan nhat y*+ p(x)y'+q(x)y=0
thi ta c6 thé tim mot nghiém riéng y, ciia no doc 1ap tuyén tinh véi y, bang cong thuc
sau

j e—Ip(x)dx
¥, (X) =y, (x)| ———dx
(n(x)

VD9: Tim nghiém tong quat cia phuong trinh (X*+1)y"—2xy+2y=0, biét
Y (X)=x.

2X 2
Phuong trinh da cho twong duong y"- '+ =0
g gduong y'-—7y+—7Y
. 2X 2 R
Tacod p(x)=———.q(x)= nen
P() 1+x° a(x) 1+x?
_2X
g 1+ %2 1 1 )
yz(x):xj v dx:xf 2 dx=xj‘(?+1jdx:x(—;+xj:x -1
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(Cha ¥, vi y,(x) Ia nghiém riéng nén ta khéng can cong thém hang sé khi lay
nguyén ham).

Vay, ta c6 nghiém tong quat cua phuong trinh di cho 1a y =Cx+C, (x2 —1)
3.6.3. Phuong trinh vi phan tuyén tinh cip hai khdng thuin nhat

a. Dinh nghia

La phuong trinh c6 dang y"+ p(x)y+q(x)y = f(x), f (x)=0. Phuong trinh thuan
nhat twong teng 1a y"+ p(x)y'+q(x)y =0.

b. Dinh ly

Nghiém téng quat ciia phuong trinh khéng thuan nhat bang tong cua nghiém tong
quat y cua phuong trinh thuan nhat twong ung va mot nghiém riéng Y nao d6 cua
phuong trinh khéng thuan nhat.

y=§+Y

c. Phwong phap bién thién hing sé Lagrange

Xét phuong trinh tuyén tinh khong thuan nhat y"+ p(x)y'+q(x)y = f (x).

Gia st y=C,y,+C,y, la nghiém téng quat cia phwong trinh thuin nhat tuong
ung.

Khi d6, mot nghiém riéng cta phuong trinh khéng thuan nhit cé dang

Cllyl"'czlyz =0
C'y,+C,'y,'= f(X)

Y =C,(x)y, +C,(X)y, Véi C,(x),C,(x) thoa diéu kien

VD10: Tim nghiém tong quét cua phuong trinh (X* +1)y "= 2xy'+ 2y = x(X* +1)

] 2X
Phuong trinh da cho twong duong vol y"— '+
& & & y 1+ x? y 1+ X

T VD9, ta ¢6 nghiém tong quat cia phuwong trinh thudn nhit twong Gng

2X 2 . =
—1+X2y+1+xzy:0 la y:Clx+C2(x2—1)

yll
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Ta tim nghiém riéng Y cua phuong trinh khong thuan nhat bang céch tim hai ham
C,(x) va C,(x) théa man hé phuong trinh

, 2X
{Cl'x+C2'(x2—1)=O G Z_X+1+X2:> cl=—’§+|n(1+x2)

N
C, '+ 2xC," =X coq L
2 1+X

5 C, = x—arctan x

(Cha y, vi Y la nghiém riéng nén khi Iy nguyén ham tim C,,C, ta khéng can
cong thém hang sb).
Viay nghiém riéng cia phuong trinh  khong thuan nhat 1

3
Y =xIn (x2 +1)—(x2 —1)arctan X— x+X? nén nghiém tong quat cua phwong trinh da cho 1a

3

y=y+Y :C1x+C2(x2 —1)+x|n(x2 +1)—(x2 —1)arctan x—x+X?

3.7. Phwong trinh vi phian tuy,én tinh cap hai hé s6 hing
3.7.1. Phwong trinh thuan nhat

a. Dinh nghia

Phuong trinh vi phan tuyén tinh cap hai hé s6 hang thuan nhét 1a phwong trinh c6
dang y"+py+ay=0(p.qeR).

Phuong trinh bac hai k*+ pk+q=0 dugc goi la phuong trinh dic trung.

Gia str phuong trinh dic trung ¢é hai nghiém k,,k,. Ta tim nghiém tong quat cua
phuong trinh thuan nhat theo cac truong hop sau:

b. k,,k, 1a hai so thuc khac nhau

kix ko x

Nghiém tong quét cia phuong trinh thuan nhét 1a |y =Ce* +C,e*| C,,C, la cac
hang sd.
c. k =k, =k

(C,+C,x)e%|, C,,C, la cac

Nghiém tong quéat ciia phwong trinh thuan nhat 1a |y

hang sb.
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d. k;,k, 1a hai nghiém phic lién hop k =a+ ik, =a - fi

Nghiém tong quat cua phuong trinh thuan nhat 1a |y =e*[C, cos Bx+C,sin x|

C,.C, la cac hang sd.
VD11: Tim nghiém tong quat caa cic phuong trinh sau

lLy"+y'-2y=0
2.y"-4y'+4y =0
3.y"+2y'+5y=0

k=1 i : .
1. Phuong trinh dac trung k2+k—2=0c{k . Vay nghiém téng quat cua

phuong trinh 1a y=Ce* +C,e ™

2. Phuong trinh dic trung k*-4k+4=0<k=2. Vay nghiém tong quéat cua
phuong trinh 12 y =(C, +C,x)e*".

k=-1+2i

. Vay nghiém téng quat cua
1o+ YAy nghiém téng g

3. Phuong trinh dac trung k®+2k+5=0 <:{
phuong trinh 13 y =e™(C, cos2x+C, sin 2x)..
3.7.2. Phwong trinh khong thuan nhat

a. Dinh nghia

Phuong trinh khong thuan nhat 1a phuong trinh ¢6 dang y"+ py'+qy = f (x), trong

d6 p,q lacac hang so.

Nghiém tong quat cua phuong trinh khong thuan nhat y*+ py'+qy = f (x) ¢6 dang
y=y+Y . Trong d6, y la nghiém tong quéat ciia phuong trinh thuan nhat twong ung, Y
la mot nghiém riéng cua phuong trinh khong thuan nhat y"+py'+qy=f(x). Ta tim
nghiém riéng Y ctia phuong trinh khdng thuan nhat y"+ py'+qy = f (x) theo cac truong

hop sau day ctua f (x):

b. f(x)=e”P,(x) (P,(x) 1a da thirc bic n, « 1a hing s6)
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Taso sanh a voéi cac nghiém k,k, cua phuong trinh dic trung k*+ pk+q=0

i. «a khdng la nghiém cua phuong trinh dac trung
Nghiém riéng Y c¢6 dang

Y =e”Q, (X)
ii. « langhiém don cta phuong trinh déc trung
Nghiém riéng Y c6 dang

Y =xe”Q, (x)
lii. «a langhiém kép cta phuong trinh dac trung
Nghiém riéng Y c¢6 dang

Y =xeQ, (x)

Trong d6, Q,(x) 1 da thic cing bac véi P,(x) c6 n+1 hé s6 ma ta can
phéi x4c dinh bang phuong phap hé sé bat dinh (xem vi du).

VD12: Giai cac phuong trinh sau

1.y"—4y'+3y=10e*
2.y"-Ty'+6y=(x—2)e"

k=1 : : .
1. Phuong trinh dic trung k*—4k +3:0<:{k . Vay nghiém tong quat cua

phuong trinh thuan nhat tuong ang 13 y = C.e* +C,e*.

Taco P,(x)=10 la da thirc bac 0, o =-2 khong la nghiém cua phuong trinh dac
trung nén Y c6 dang Y =Ae?®. Cic dao ham cip mot va cap hai
Y'=-2Ae?Y"=4Ae®. Thay Y,Y'Y" vao phuong trinh y"-4y'+3y=10e ta dugc

15Ae > =10e ™ :>A=§. Vay Y =§ezx nén nghiém tong quat cua phuong trinh la

y=y+Y =Ce* +C,e* + 2

k=1 i : .
2. Phuong trinh dac trung k*-7k+6=0< . Vay nghiém tong quéat cua
g g _

phuong trinh thuan nhét tuong Gng 13 y =Ce* +C,e®*.
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Taco P,(x)=x-2 la da thic bac nhit, =1 1a nghiém don cta phuong trinh dic
trung nén Y cO dang
Y =xe* (Ax+B)=e" (A +Bx) =Y '=e"[ A +(2A+B)x+B .Y "=e*[ Ax* +(4A+B)x+2A+28B |
thay vao phuong trinh y"-7y'+6y =(x—2)e* ta duoc

1
A=-—

~10A=1
(~10Ax+ 2A-5B)e" = (x—2)e* = | e B
2A-58=-2" | _9
25

Vay Y =¢* (—%xz +%xj nén nghiém tong quat cia phuong trinh 1a

— 1 9
=y+Y =Ce*+C,e™ +e*| ——x"+—x
y=y 1 2 ( 10 5 J

c. f(x)=e”[P,(x)cosBx+Q,(x)sinBx|(B=0) (a,B la hing sb; P,(x),Q,(x)
la cac da thic bac m,n)

Ta tim nghiém riéng Y cua phuong trinh khong thuan nhit theo cac trudong hop
sau:

1) «a+ Bi khong la nghiém phuong trinh déc trung

Nghiém riéng Y c6 dang

Y =e™[U, (x)cos Bx+V, (x)sin Bx |

2) «a= pi langhiém phuong trinh dac trung
Nghiémriéng Y c6 dang
Y =xe™[ U, (x)cos Bx+V, (x)sin Bx |

Trong d6, r =max{m,n}, U, (x),V,(x) la cic da thirc bac r.
VD13: Giai cac phuong trinh sau

1.y"—y=3e*cosx
2.yY"+4y =cos2x
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=1 . : ,
X Vay nghiém tong quat cia phuong

k

1. Phuong trinh déc trung k*-1=0< L(
trinh thuan nhét trong Gng 13 y=C,e™ +C,e*.

Tacod R, (x)=3Q,(x)=0 la cic da thirc bac 0, o+ gi=2+i khong la nghiém cua
phuong trinh dac trung nén Y ¢0 dang

_ Y'=e?[(2A+B)cosx+(2B - A)sinx]

Y =e*[Acosx+Bsinx]= _
Y "=e?[(3A+4B)cosx+(3B—4A)sinx

thay vao phuong trinh y"—y=3e* cosx ta dugc

3
2A+4B = 10

[(2A+4B)cosx+(28—4A)sin x]er:Se2X COS X = " 3<:> 10
2B—4A=0 3
5

Vay Y = gezx (cosx+6sin x) nén nghi¢m tong quét ctia phuong trinh 1a

y=y+Y = Ce +Cue” +%e2X (cosx+6sinx).

2. Phuong trinh dic trung k?+4=0< k =+2i. Vay nghiém téng quat cua phuong
trinh 14 y =C, cos 2x+C, sin 2x..

Ta c6 P, (x)=1Q,(x)=0 1a cic da thuc bac 0, a+pi=+2i la nghiém cua
phuong trinh dac trung nén Y ¢6 dang

. _ Y '=(A+2Bx)cos 2x+(B—2Ax)sin 2x
Y = xe* (Acos2x+ Bsin 2x) = _
Y "=(4B—4Ax)cos2x—(4A+4Bx)sin 2x

thay vao phuong trinh y"+4y =cos2x ta dugc

) 4B =1
4B cos2X—4ASIn2X =C0S2X = =
—4A=0

O M|k

B:
A=
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Vay Y =%xsin 2x nén nghiém tong quat cia phuong trinh 13

y=y+Y =C,cos2x+C,sin 2x+%xsin 2X.
» Chl y: Trong VD12 va VD13, ta van c6 thé tim nghiém tong quat caa bai toan bang
phuong phap bién thién hing s Lagrange. Chang han VD13.1. ta c6 thé giai nhu sau:
Nghiém tong quét ctia phwong trinh thuan nhét 1a y=Ce™ +C,e*.

Ta tim mot nghiém riéng caa phuong trinh khong thuan nhat bang cach tim hai
ham C,(x),C,(x) thoa mén hé phuong trinh

=

" 3 3x _ 3 3X (o
{Cl'eX+C2'eX:O C, ==& cosX Cl——z—oe (sinx+3cosx)
Cz':gexcosx CZ=%ex(sinx+cosx)

~C,'e*+C,"e" =3e* cos x

Vay, Y = %e“ (cosx+65sin x) nén nghiém tong quét ctia phuong trinh 1a

y=y+Y =CeCe" +%e“ (cosx+6sinx).

d. Nguyén ly chdng nghiém
Cho cac phuong trinh vi phan tuyén tinh cap hai khdng thuan nhat
y"+p(x)y+a(x)y = f,(x) (2)
y"+p(x)y+a(x)y="f,(x) (2)
y+p(x)y+q(x)y="f(x)+f,(x) (3)
Néu Y, Y, lan luot Ia nghiém riéng cua (1)va (2) thi Y =Y, +Y, la nghiém riéng
cua (3).

VD14: Giai phuong trinh y"+y=xe*+2e™

Phuong trinh dic trung k?+1=0 c6 hai nghiém phiac k=i nén nghiém tong
quat ciia phurong trinh thuan nhat tvong wng 1a y=C, cosx+C, sinx.
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Nghiémriéng Y cua phuong trinh c6 dang Y =Y, +Y,, trong d6 Y, la nghiém riéng

cta phuong trinh y"+y=xe*, Y, langhiém riéng cua phuong trinh y"+y=2e™

X

Bang phuong phap hé sb bat dinh, ta tim duoc VY, = %ex (x-1);Y,=e
Vay, nghiém riéng cia  phuong  trinh y"+y=xe"+2e” la
Y=Y, +Y, = %ex (x-1)+e™ nén nghiém tong quat caa phuong trinh 14
H 1 X -X
y =C, cosx+C,sin x+>e (x—1)+e

BAI TAP CHUONG 3 '
PHUONG TRINH VI PHAN CAP 1

Bai 1. Giai cac phuong trinh tach bién

1. xydx+(x+1)dy=0

N

. {Y? +1dx = xydy
3

3. y'=(1+x2)_E 4. xy'+y:y2,y(1)=%

5. y'=cos(y—x) 6. y'=4x+2y-1
7. y'sinx=y|ny,y(gj:1 8. y'+sin(x+y)=sin(x-y)

Bai 2. Giai cac phuong trinh ding cap

1. y':X y 2. Xy'=y+4/X2+y?

_ X+y 2 2 _ _
3. xy —y+(X+y)InT 4. (x*-3y”)dx +2xydy =0,y(2) =0
3. xy‘:yln%y(l):l 6. Xx—y—-1+(y-x+2)y'=0

Bai 3. Giai cac phuong trinh tuyén tinh sau

1. y+2xy=xe ™ 2. (1+x2)y'—2xy:(1+x2)2
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3. y=x(y'-xcosx) 4. y'(xcosy+2sinycosy)=1
2
5. y'V1-x? +y=arcsinx,y(0)=0 6. y'—XI{]X=xInx,y(e)=%

Bai 4. Bang cach ddi bién hay lay dao ham, hiy dua cic phuwong trinh sau vé phuong
trinh tuyén tinh va giai ching

1. y‘+tany=L 2. (x+1)(yy-1)=y?

cosy
3. x(e'-y')=2 4. (x*-1)y'siny+2xcosy = 2x - 2x°
5. y'+2xy = 2x°y* 6. xdx =(x*—2y+1)dy

7. y(x)=|y(t)dt+x+1 8.

O T X
O ey X

(x—t)y(t)dt= 2x+jy(t)dt

. cosxsiny+tan®x
sinXxcosy

> 9
10. y'+y=e2\/§,y(0)=z

Bai 5. Giai cac phuong trinh vi phéan toan phan sau

ydx — xdy 0

2

1. (2x3—xy2)dx=(xzy—2y3)dy 2. xdx +ydy + Xty

3. xdy :(Xzy 2—1]dx 4, 2x(1+«/x2—y)dx=w/x2—ydy

x> +y° +y

Xdx + ydy _ ydx — xdy
JX2+y? X’

Bai 6. Tim thtra s6 tich phan phd hop va giai cac phuong trinh sau

5. 6. yx'dx+x’ Inxdy =0

1. y(1+xy)dx =xdy 2. y(x+y)dx+(xy+1)dy =0
3. (x*+y)dx =xdy 4. (xcosy—ysiny)dy+(xsiny+ycosy)dx =0

PHUONG TRINH VI PHAN CAP 2
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Bai 1. Bing cach dbi bién thich hop, dua cac phuong trinh vi phan sau vé phwong trinh vi
phan cap mot va giai chung

1. 2xy'y"=y?-1 2. y"(e*+1)+y'=0
3. xy"=y'|n£ 4, y'+y?=2e"

X
5. 1+y? =2yy" 6. y"=2(y"-1)cotx

Bai 2. Tim nghiém tong quat cta cac phuong trinh sau

1. (1-x*)y"=2xy'+2y =0 biét mot nghiém riéng y, = x

2. (2x—x2)y"+(x2 —2)y'+ 2(1-x)y=0,y(1)=0,y"'(1)=1 biét mt nghiém riéng y, =e*

3. (2x+1)y"+(4x—2)y'—8y:269‘(2x+1)3 biét hai nghiém riéng caa phuong trinh thuan

nhat tuong tng la y, =e ™.y, = %(4x2 +1)

4. (3x*+x)y"+2y'-6xy=4-12x* biét hai nghiém riéng cia phuong trinh di cho la
Y, =2X%,Y, =(x +1)2

5. (2x+1)y"+(2x-1)y'=2y =x*+x biét mot nghiém riéng cta phuong trinh thuan nhat
trong ung la mot da thic.

Bai 3. Giai cac phuong trinh sau

1. y"-2y'+y=06xe" 2. y"+y=4xe*
3. y"—y'=2sinx—4cosx 4. y"-2y'+2y=e€"+Xcosx
5. y"—Y'=2_3XeX 6. Y"—Y=4\/;+—1

X XA/ X

7. y"+2y+2y=xe*,y(0)=0,y'(0)=0 8. x’y"-2xy'+2y=0

Bai 4. Giai cac phuong trinh vi phan sau
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1. y'sinx:ylnzy,y(%J:e 2. y'=sin(y—-x-1)

3. xy"=y'+x%" 4. (y-x)dx+(y+x)dy=0
5. Xyy'+x*—2y*=0 6. (1+x2)y'—2xy:(1+x2)2
7. y'-y'=x%" 8. y"+4y=Xx+C0s* X

BAI TAP TRAC NGHIEM

TICH PHAN HAI LOP
1y
Caul. Tinhtich phan I = [dy|[3y’e”dx
0 0
a)l=2-e b)1=0 c)l=e-2
1 2x
Cau 2. Tinhtich phan 1 :J.dxj.3(x+ y)dy
0 0
a)l=3 b)I1=-3 c)l=-4
Cau3. Tinhtich phan 1 = [dx|3x.sin ydy
0 0

2

a) l=r"-4 b) I=77-2 c) I=3%+6

1 y
Cau4. Tinhtich phan 1 =2[dy e dx
0 0

a) I =e*+e b) 1=e*+e-2 c) I =e’-e
l2 y

Céaub5. Tinhtichphan I = I dyjsin(x+ y)dx
0

0

a)l=0 b)1=2 o)l=1

dl=e+2
dlI=4
d) 1 =7%+2

d) 1=e"-2e+1

d) 1 =1/2
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Cau6. Tinh tich phan kép: 1= j j (sinx+2cosy)dxdy trong d6 D 1a hinh chit nhat
D

a) l=r b) | =—x c) 1=2x d) I=-2r
Cau7. Tinh tich phan kép: |= jj xy’dxdy trong d6 D 1a hinh chit nhat
0<x<L0<y<? i
a)1=0 b)1=2 c)l1=4 d)I1=8
Cau8. Tinh tich phan: |I= ” x*(y>+Ddxdytrong d6 D 1a hinh chit nhat
b

—m<x<m;0<y<1,mlahang sé thuc duong.
a)l=0 b) I =2m c) | =2m? d) I =3m?

Cau9. Tinhtich phan: I = j j xydxdy trong d6 D 14 hinh chit nhat 0<x<L0<y<2
>
a)l=1 b)1=2 c)1=1/2 d) I =1/4
Cau 10. Tinh tich phan: I = 'giln ydxdy trong d6 D 1a hinh chit nhat 0<x<2;1<y<e
a) 1 =1/2 b)l1=1 c)1=1/4 d1=2

Cau 11. Tinhtich phan: I = [[ dxdy trong d6 D 1a mién dinh boi D:0<x<a,0<y<x
D

a) 1 =3 b) |=§Ja_3 0) |=§Ja_3 d) 1 =&
Cau 12. Tinh tich phan: 1 = ”dedytrongdw1amiéndinh boi D:2<x<4,x<y<2x
X
D

a)1=1/9 b)I=3 c)1=12 d)y1=9
Cau13. Tinh tich phan: 1= j j e’dxdytrong d6 D 1a mién dinh boi
D

D:1<y<2,0<x<lIny
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a) 1=1/2 b)l1=1 c)l=e-1 d) 1 =¢?
Caul4. Tinh tich phan: 1= j j sinydxdytrong d6 D 1a mién dinh  bdi
D:ir<x<3m,r<y<X ’
a) l=2rx b) | =27 c) 1=0 d I=1
Cau 15. Tinh tich phan: |I= I(X+y)dxdytr0ng d6 D 1a mién dinh boi
D

a)l=1 b) 1=2 c) 1=3/2 d) =%

Cau 16. Tinh tich phan: Iz.[_[szdedytrong do D la tam giac vGi cac dinh
>

0(0,0),A(1,0),B(L1).

a)l=1 b)1=2 c)1=1/5 d) I =

Cau l17. Tinh tich phan: 1= jj (3x+2)dxdytrong d6 D 1a tam gidc OAB Vi
b

0(0,0),A(1,0),B(L1).

a)1=0 b)l1=1 c)1=2 d)1=3

Cau 18. Tinh tich phan: 1= jj 2(x+y)dxdy trong d6 D 1a tam gidc OAB Vi
b

0(0,0),A(1,0),B(L1).

a)1=0 b)l1=1 c)1=1/3 d)1=2/3

Cau 19. Tinh tich phan: I = j j cos(x+ y)dxdytrong d6 D la mién gidi han boi cac duong

x=0,y=m,y=X i

a)l=2 b)l1=1 c)l=-1 d)I=-2

Cau 20. Tinh tich phan: | =[[e’”dxdy trong d6 D la tam gidc gi6i han boi cac dwong

b

x=Ly=0,y=x
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a) |=‘37‘1 b) ':eTH ¢) 1=0 d) 1 khong ton tai

Cau21. Tinh tich phan: I =[[2xydxdy trong d6 D 1a mién gi6i han bsi duong thang
D
y =x vaparabol y=+/x.

1 1 7
| = — | == | = — -
a) o b) 5 c) o d 1=0

Cau 22. Tinh tich phan: | =” ydxdy trong d6 D 1a mién gisi han boi dudng thing
D
y =x vaparabol y=x>.

1 8 1
I=1b)1=2 | =— l=—
? =3 9l % V=%

Cau 23. Xac dinh can cua tich phan: | = ” f (x, y)dxdy trong d6 D 1a mién giéi han boi
D

cac duong: y=3x,y=x%

a) | :j:dx]f f(x,y)dy b) 1 =.9[dx3.|‘X f(x,y)dy
9 Wy 3y
C) I:J.dy'f f(x,y)dx d) I:J.dy'f f(x,y)dx.

Cau 24. Xéac dinh can cua tich phan: | = ” f (x, y)dxdy trong d6 D 1a mién gigi han boi
D

cac duong: y=2vx,y=x.

a) | =idxj f(x,y)dy b) I =idx2ff(x, y)dy
0 2Jx 0 X
4 2% 4 y
C)Izjdxjf(x,y)dy d)I:IdyIf(x,y)dx
0 X 0 xﬁ
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Cau 25. Xac dinh can cua tich phan: 1= j j f (x, y)dxdy trong d6 D 1a mién giéi han boi
D

cac duong: y=x*y=x".

a) | =.1[dxif f(x,y)dy b) 1 =.1[de f(x,y)dy
c) I = Jl.dx]‘2 f(x,y)dy d) I= Jl.dx]f f(x,y)dy
&

1 X
Cau 26. Déi tha tu tinh tich phan 1 = j dx j f (x, y)dy. Két qua nao sau day ding?
0 X

a) | = j.dyi f(x, y)dx. b) 1 =1/Jg dy}l f(x, y)dx.
c) I =.l[dyjy' f(x, y)dx d) I =1j‘4dyi|' f(x, y)dx.

2 2
Cau 27. DG thir ty tinh tich phan 1= | dx | f (x, y)dy
-z

XZ

2y 2 0
a) | =.[dyf f(x, y)dx. b) I :Idyj f(x, y)dx.
0 0 0 —Jy
2 0y 2y
c) I=_|.dy.|' f(x, y)dx. d) I:J.dyJ. f (x, y)dx.
0 -y 0 1
) 2 4-x
Cau 28. Déi the tu tinh tich phan 1 = j dx j f (x, y)dy.
1 2
2 4-y 3 4-y
a) I:jdyj f(x, y)dx. b) I:jdyj f(x, y)dx.
1 2 2 1
3 1 3 1
¢) I=[dy [ f(xy)dx d) 1=[dy [ f(xy)dx
2 Ay 1 4y
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Cau 29. Chuyén tich phan sang hé toa do cuc | = H f (X2 + y?)dxdy , trong d6 D 1 nira
D

hinh tron x*+y* <1,y >0ta co:

72

a) |=Td¢jrf(r)dr b) I = j d(pjrf(r)dr

0

72 1

1
c) Izﬂjrf(r)dr d) I:Idgojf(r)dr
0 0 0
Cau 30. Tinh tich phan: I = j j (x? + y?)dxdy trong d6 D 1a hinh tron x* + y* <1.
D

a) l=x/2 b) 1=27/3 c) 1=2x/4 d) 1=27/8

Cau 31. Tinh tich phan; 1 = j j (x? + y?)2dxdy trong d6 D 1a hinh tron x® + y? <1.
D

a) l=-x/3 b) 1=27/3 c) 1=2x/5 d) I=x/3

Cau 32. Tinhtich phan: I = ] dZXdy _ trong d6 D la hinh tron x* +y? <9.
D +Vy

ooy
a) 1 =3 b) I =6x c) 1 =97 d) 1 =187

Cau33. Tinh tich phan kép: 1=[[\x*+y?dxdy trong do D la hinh vanh khan

o

1<x*+y*<4.
a) l=x/2 b) I=x c) =2« d) 1=14r/3

Cau 34. Chuyén tich phan sau sang toa do cuc: | = J' j f (x, y)dxdy , trong d6 D 14 hinh

D

tron x? +y? <4y.Dang thirc nao sau day dung?

2z 4 72 4cosg
a) I = jdwjf(r005¢,rsin¢)dr b) I = J do I rf (r cos g, rsin g)dr
0 0 0 0
V4 4sing V4 2
C) Iz_[d(pj rf (rcos e, rsin g)dr d) |=Id¢jrf(rc05¢,rsin¢)dr
0 0 0 0
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Cau35. Tinh tich phan boi hai: 1 =] JX +y?dxdy trong d6 D 1a phan hinh tron
D
x? +y? <4 thudc goc phan tu thir nhat.
a) 1=4r/3 b) 1=22/3 c) 1=87/3 d) 1=37/4

Cau 36. Tinh tich phan; 1 = ﬂ x2ydxdy trong d6 D 1a nira hinh tron x>0, x? + y? <1.
D

a) 1=0 b) I=x c) l=x/2 d) I=x/4

Cau 37. Tinh tich phan: 1 =] JX%+y2dxdy trong d6 D 1a hinh tron D:x* +y® <a’.
D

a) |1 =2ra’ b) 1 =2za’ c) 1=27a°/3 d) 1 =27a*/3
Cau 38. Tinh tich phan: | :”(x2+yz)dxdy trong d6 D 1a nua hinh tron
D:x*+y><4,y>0. i

a) | =2r b) | =4r c) 1=8x d Il=x
Cau39. Tinh tich phan: 1= j j xydxdy trong d6 D 1& mién dinh bdi
D:x*+y*<R?*x>0,y>0. i

a) 1=0 b) 1=R*/4 c) 1=R*/16 d) 1=R*/8
Cau 40. Tinh tich phan: 1| =[[e” " dxdy, trong d6 D Ia % hinh vanh khan giia hai

D

duong tron tam O (gbc toa do) c6 ban kinh lan Iuot 1a 1 va 2, thudc goc phan tu thi nhat
ctia mat phang Oxy.
r(e* —€?) z(e* —e?) re(e® -1)
i S T C) | :T

_ re(e® 1)

a) | = b) I = d) |

Cau 41. Goi S la dién tich mién gisi han bai cac duong y=x va y=+/x. Chon khéng
dinh dung?

1 WX 1 x 1oy 1y
a) S:jdxjdy:jdxjdy. b) Szjdyjdx:jdyfdx.
0 X [N 0 y2 0 y
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1 1 1 1
¢) S=dx[dy=]dy[dx d) Céc khéng dinh trén déu sai.
0 0 0 0

Cau 42. Tinh dién tich S cia mién gisi han bai cac duong: y=3x2+x+L7x—y+1=0
a)S=1 b)S=8 c)S=4 d)S=1/2

Cau 43. Tinh dién tich S cua mién gigi han boi cac duong: y=x>+2x+Lx—y+1=0
a) S=1/3 b) S=3 c)S=1/6 d)S=6

Cau 44. Goi S la dién tich cua mién giGi han boi cac duong: x =2y;x=y?/3. Ta co:

a)S=3 b)S=6 c)S=12 d)S =24

CAu 45. Tinh thé tich mién V gigi han boi: x> +y?>=1,z=4,2=0.

a) « b) 4r c) 3z d) 20~
Cau 46. Tinh thé tich mién V gigi han bai: x*+y?=2x,z=3, z=0.

a) « b) 4x c) 3x d) 20z
Cau 47. Tinh thé tich mién V gigi han bai: x*+y?=2y,z=3,z2=0.

a) « b) 4x c) 3x d) 20z
Cau 48. Tinh thé tich mién V gigi han bai: x> +y? =4y,z=5,2=0.

a) « b) 4x c) 3z d) 20z
TICH PHAN BA LOP

Cau 49. Xet tich phan bdi ba trén hinh hop chir nhat Q:a <x<a,;b <y<b,;c, <z<c,.
Cong thtrc nao sau day dang?

3

a) j j j f(x,y,z)dxdydz = j f (x)dxbf f (y)dyT f (2)dz
Q by G

3
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3

b, G
b) J[] f(x)a(yh(z)dxdydz = [ £ (x)dx [ g(y)dy [ h(z)dz
Q by Q

&

C) _m(x+ y +z)dxdydz = T xdx+ljf ydy+T zdz
Q a by G

Cc, b,
d) _[ ﬂ xydxdydz = J: xdx!l ydy

Cau 50. Xéac dinh can cua tich phan j j j f (x, y, z)dxdydz trong d6 Q14 mién gi6i han boi
Q

cacmat x=1,y=2,z=1,z=2,x=0,y=0.

a) | :j.dxj.dy.z[ f(x,y,2)dz b) I :j.dxj.dy.z[ f(x,y,2)dz
0 1 1 0 0 1
2 2—-X 2 2 2 1-x-2y

c) | =Idxj dyjf(x, y,z)dz d) I =J'dx.[dy J' f(x,y,2)dz
0 0 1 1 0 1

Cau 51. Xét tich phan boi ba jﬂf(x, y, z)dxdydz trong d6 Q2 1a mién trong khéng gian
Q

duoc gidi han boi cdc mat x=0,y =0,x+y =2,z =0,z = 2. Pang thirc nao sau day ding?

a) | :jdxidyif(x, y, z)dz b) 1 =J2.dx2rdyif(x, y,z)dz
0 0 0 0 0 0
2 2—-X 2-X-y 2 2-x X+y

C) I:J.dxjdy j f(x,y,2)dz d) I:J.de.dyI f(x,y,2)dz
0 0 0 0 0 0

Cau52. Tinh tich phan mzwdxdydz, trong d6 Q 1a mién dinh boi

Q:0<x<1,0<y<1,0<z<2. ’

a)1=1/2 b)l1=1 c)1=1/4 d1=2

Caus3. Tinh tich phan [[[3z%dxdydz, trong d6 < la hinh lap phuong
5

Q:0<x<£1,0<y<10<z<1.
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a)l=3 b)I=1 0)1=9 d)1=6

Cau54. Tinh tich phan boi ba: m xyeldxdydz, trong d6 Q 1a mién
Q

0<x<2,-2<y<2,/In2<z<In4.

a)l=2 b) I = 4 c)1=8 d)1=0
Cau55. Cho Q lamién x®+y*<4,0<z<2.Tinh m dxdydz

«’X +y
a) | =4r b) 1 =8x c) l=r d) =27

Cau’56. Cho Q lamién x*+y* <z*0<z<3. Tinh mCOSJX + " dxdydz

\/X +y

a) 1=0 b) | =4r c) | =4r? d) 1=97
Cau57. Tinh tich phan 1= j j j yldxdydz, trong d6 Q 1a hinh hop
-1<x<0,-1<y<0,-1<z<0 ’

a)l=- b) | =-1/4 c)l=0 d)1=%
Cau58. Tinh tich phan 1I=|[[xcosydxdydz, trong d6 @ la hinh hop
0<x<2,0<y<x/2,0<z<3 "

a)l=2 b)1=3 c)1=6 d) =12
Cau59. Tinh tich phan 1=|[[xycoszdxdydz, trong d6 @ 1a hinh hop
0<x<10<y<20<z<7/2 ’

a)1=0 b)l1=1 c)1=1/2 d1=2
Cau60. Tinh  tich  phan 1 =m x(y’+Dtanz dxdydz, ©Q 1a  mién
-1<x<1,0<y<2,0<z<xl4 ’

a)l=0 b) I =1In2 c) 1 =2In2 d) I =4In2
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Cau 61. Cho mién Q giéi han boi cac mit: z=4-x>-y?,z=0.
Pit | = j ” f (x, y, z)dxdydz . Chuyén sang toa do tru va xac dinh can tich phan, ta c6:
Q

4-r?

2r 4
a) | =.[d(p _[ dr_[f(r.COSgo,r.sin(p, z)dz
0 0

0

4-r?

2z 2
b) I :J.d(pjlrdr J' f(r.coso,r.sing,z)dz
0 0

0

4-r2

2z 4 —r
c) I= J‘Sin(pd(p.[l’zdr J. f(r.cose,r.sing,z)dz
0 0 0

4-r?

2 4
d) I :J.d(pjlrdr J' f(r.cose,r.sing,z)dz.
0 0

0
Cau 62. Chuyén tich phan sau sang toa do tru: | = H cos+/x? + y2dxdydz , trong d6 Q a
Q

mién gi6i han boi cac mat: z=1-x2—y? va z=-8.

27 3 1-r? 27 3 -8

a) |l = J’dgoJ'dr j r.cosrdz b) I = .[dgoj'dr I r.cosrdz
0 0o -8 0 0 1-r?
2z 1 -8 2 3 1

c) I= jdgojdrj'r.cosrdz d) I :Id¢jdrjr.cosrdz
0 0 1 0 0 -8

Cau 63. Chuyén tich phan sau sang toa do tru: | = mln(«/xz +y? +1)dxdydz, trong d6 Q
Q

A mién giGi han bai cac mat: x2+y?<4,z=0va z=3.
la mién gidi han boi cac mat; x2+y?<4,z=0va z=3

a) | :Td¢'|%dr'?|iln(r+1)dz b) I :ngojdrjirln(wl)dz
0 0 r2 0 0 0
2 2 3 2 2 3

¢) I=[dp[dr [ rin(r+1)dz d) 1= [de[dr [ r.in(r+1)dz
0 0 r2-4 0 0 r?-4
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Cau 64. Chuyén tich phan sau sang toa d6 tru va xac dinh can tich phan:
I:J'H«/x%yzdxdydz, trong d6 Q 1a mién gidi han boi cac mat: x*+y?=9,z=1 va
Q

z2=2.
2z 3 2 2z 3 2
a) I = IdgpjrzdrIdZ b) 1= I d¢jrdrjdz
0 0 1 0 0 1
7l2 9 2 7l2 9 1
c) I= I dgoJ‘I’Zer‘dZ d) 1= I dgpjrdrjdz
0 0 1 0 0 2
Cau 65. Tinh tich phan: 1 = [[[xy*z°dxdydz, trong d6 © 1a phan chung cua hai hinh
Q
cau: x> +y2+2z2<R?va x*+y2+(z—R)? <RZ.
a) 1=0 b) I =zR\/3 ) 1 =7R3/2 d) | =27R\3

Cau 66. Cho Q la phan hinh ndn z2 > x? + y?(z = 0) nam trong hinh cau x*+y?+z2<4.

it | = j j j f (x? +y? +z2)dxdydz Chuyén sang toa do cau va xac dinh can tich phan, ta co:
Q

a) I:ngoﬂfsiné?.dé?"z‘pzf(pz)dp b) I:]T‘dgoﬁ'/fzsiné?.dﬁjpzf(pz)dp
0 0 0 0 0 0
Vid wl4 2 2 nl4 2

c) |=jd¢jsin9.dejp2f(p2)dp d) |:jd¢j d@jpzf(pz)dp
0 0 0 0 0 0

Cau 67. Chuyén tich phan sau sang toa d6 cau va xac dinh cén tich phan:
' =III(X2+YZ+Zz)dXdydz, trong 46 Q lamién: 1<x®+y2+z2<4
Q

a) I:ngojr“drquine.d@ b) I:ngojrzdrquine.d@
0 1 0 0 1 0
2z 2 72 2z 4 72

¢) I = [do[rdr [ do d) 1= [de[r'dr [ sino.do
0 1 0 0 1 0
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Cau 68. Chuyén tich phan sau sang toa d0 cau va xac dinh can tich phan:
| =Ijjmdxdydz,trong d6 Q lamién: x*+y?+22<4,2>0
Q

a) I=Td¢jr3drjsin9.d0 b) Iz_ngoJ%rzdr]Esine.dH
0 0 0 0 0 0

zl2 zl2

Vg 2 27 2
c) | =_|'d(p_|'r2dr_|'sin<9.d9 d) I = Id¢jr3drjsin0.d0
0 0 0 0 0 0
Cau 69. Chuyén tich phan sau sang toa d6 cau va xac dinh can tich phan:
| = [[[ f(x 2)dxdydz, trong d6 © 1a 1/8 hinh chu: x* +y* +2° <R thudc tam di¢n toa do
Q

tha nhat.
712 7l2 R

a) I = I dgojsina.dejpzf(psinecosw,pcose)dp
0 0 0

72 7l2 R

b) I= I d(pI sinH.dHJ‘ f (psin@cos g, pcosH)d p
0 0 0

72 Vi R

c) I= j d(pj'sinﬁ.dej'pzf(psinﬁcosqp,pcos@)dp
0 0 0
V4 7l2 R

d) 1 =J.d(pJ. sin@.d@jpzf(psin @cos g, pcosd)d p
0 0 0

Cau 70. Chuyén tich phan sau sang toa do cau va xac dinh can tich phan:
I :Jﬂ f (x> +y?,2)dxdydz , trong d6 Q 12 1/2 hinh cau: x2+y?+z?<R%,z>0
Q

2 7l2 R

a) = jdgoj sine.dejpzf(pzsinze,pcose)dp
0 0 0

7l2 n R
b) 1= [ dp[sina.dof p*f(p*sin*6, pcosd)dp

—zl2 0 0

V.4 T R
¢) I =[de[sin6.d6[ p*f (p’sin* 6, pcos)d p
0 0 0
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zl2 V3

R
d) 1= | dp[sinade[ p*f(p’sin® 6, pcosf)dp
-R

—rl2 0

Cau 71. Goi V la thé tich hinh ciu ban kinh R, khing dinh nao sau day dung?
2z 72

a) Vv =Td(o]£sin9.dl9j.p2dp:%7rR3 b) V = 2jd¢aj SIHHdHIpde—§ER3
0 0 0

7l2 7l2

c) V=8 I dgoj sin HdQJ‘ pdp= 2 4R d) Cac khang dinh trén déu dung.

Cau 72. Goi V la thé tich mién Q phan nam trong mat nén z =./x? + y? duogc gidi han

boi mat cau x2 + y? +z2 =a?, khang dinh ndo sau day dung?

a) V= Td(pﬂfsmﬁdé’jpzdp b) V= fdgoTSlné?dGIpzdp
2z rl4 V4 zl2

c) V= J.dgo J. SIanHIpzdp d V= Id(pj SIanQIpzdp
—rl4 rl4

Cau 73. Goi V la thé tich mién Q duoc gisi han boi cac mat x? +y? +z2 =a?,

x> +y*+22=b?’(0<a<bh), z=x*+y? , khang dinh nio sau day ding?

a) V= Td(pﬂJ/.ASIHQdHJ.pde b) V= fdgoﬂjl.zsmé?dﬁj.pzdp
zl4
2z 72 V3 7l4
c) V= J.d¢IS|n0d0Ip2dp d) V= J.d(pJ.SInQdGJ.p

b
Cau 74. Tinhthétich V cia vatthé: Q:0<x<1,0<y<2x,0<z<y

a)V=2/3 byV=1 )V =1/2 d) V=16
Cau 75. Tinhthé tich V cua vatthé: Q:0<x<1,0<y<1-x,0<z<1-2y
V=1 b) V =1/2 c)V=1/3 d) V=16

Cau 76. Tinhthé tich V cua vat thé: Q:0<x<1,0<y<10<z<1-x’
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a)V=2/3 b) V =23/2 c)V=2 dV=%

TiCH PHAN PUONG LOAI 1

Cau 77. Tinh tich phan duong | :j(x+ y)dl, trong d6 C c6 phuong trinh
X+y=10<x<1. )

a) 1 =2 b) I=1 c) 1=1/2 d) 1=2

Cau 78. Tinh tich phan duong I:I(x+yfdl, trong d6 C c6 phuong trinh
X+y=a,0<x<a. )

a) 1=a’ b) I =2a? c) 1=a%2 d) 1=a%/2
Cau 79. Tinh tich phan duong Izj&—yml,tnmg d6 C c6 phuong trinh

c

X+y=10<x<1.

Q) 1=1 b) 1=—2 c) 1=0 d) 1=+2
Cau 80. Tinh tich phan I = j (x—y)dI, trong d6 C l1a doan thang ni cac diém O(0,0) va
c
A(2,2).
a) 1=—2 b) 1=+2 c) 1=2 d) 1=0

Cau 8l. Tinh tich phan duong I=Ism5ydl, trong d6 C c6 phuong trinh
C

y=X,0<x<2r.
a) 1=42 b) 1=0 ) 1=—/2 d) 1=+2/6
CAu82. Tinh tich phan duong | = [0, trong d6 K Id doan thing néi céc diém
K X+Yy

A(3,0) va B(0,3).

Q) 1=242 b) I =—/2 ) 1=42 d) 1=+2/3
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Céu 83. Tinh tich phan duong | = i, Vé6i K 1a doan thing c6 phuong trinh
Y X+Y

X+y=a0<x<a.

Q) 1=42 b) 1=+a c) I=—a d) 1=—/2
CAu 84. Tinh tich phan duong | = _K[ % Véi K la doan thang néi cac diém A(2,0)
va B(0,-2).

a) 1=+2/2 b) 1=—/2/2 ) 1=2 d) 1 =—2

Cau 85. Tinh tich phan duong I =[xydl, Vi C la phan duong thing x+y-1=0 bj
C
chén gitta hai truc toa do.
Q) 1=2/6 b) 1 =5J2/6 ) 1=42 d) 1=—/21/6

Cau 86. Tinh tich phan duong | = _[ ydl, trong d6 C c6 phuong trinh x+y=1,0<x<1.
C

Q) 1=2 b) 1 =+/2/2 ) 1=3J2/2 d) 1=1/2
Céau 87. Tinh tich phan duong I:I(6x+6y+2)dl , C c¢6 phuong trinh
3y+4x=0,0<x<1. C
a)l=5 b)1=15 c)1=5/3 dyl=1
CAau 88. Tinh tich phan duong | = j (2x+3y?)dl, véi C 1a doan thang ndi 2 diém
¢

A(0,0) va B(11).

a) 1=2 b) 1=42 c) I =+2 d) 1 =242

Cau 89. Tinh tich phan duong | = J-(26x+8y)dl , trong d6 C 1a doan thang c6 phuong
C
trinh 3x+4y+1=0ndi A(O,—%) va B(1,-1).

a)l= -10 b)I=8 c) I =10 d)l=-8
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Cau 90. Tinh tich phan duong | = j (x+y)dl, trong d6 C la doan thang ndi A(0,1) va
C

B(12).

Q) 1=2 b) 1=-2 c) 1 =—22 d) 1 =242
CAau 91. Tinh tich phan duong | = j (x+y)?dl, trong d6 C 1a doan thang ndi A(2,0) va
B(0,2). C

a) 1=4 b) 1=8 c) I =442 d) 1=82
Cau 92. Tinh tich phan duong | = j (x+2y)*dl, trong d6 C 1a doan thang néi 0(0,0)
va B(2,2). C

a) 1=24 b) | =48 c) 1 =242 d) 1 =482
Cau93. Tinh tich phan duong | = i \/%dl ,trong d6 C: y=»x* ndi diém A(0,0) va
B(11).

a) 1=22 b) 1=-2{2 ) 1=4 d) 1=0

Cau 94. Tinh tich phan duong | = j xydl , trong d6 C la duong bién caa hinh vudng
0<x<20<y<2. )
a)l=8 b) I =16 c)l=24 d) =36
Cau 95. Tinh tich phan duong | =I(x+ y)dl, trong d6 C la duong bién cua hinh vudng
0<x<20<y<2. C
a)l=8 b) I =16 c)l=24 d)1=36
Céu 96. Tinh tich phan duong | = j (x+y)dl, trong d6 C la duong bién cua tam giac vai
c

cac dinh 0(0,0), A(1,0),B(0,1).

Banh Thi Hong — Lai Vin Phit 96



Bai giang Toan cao cdp A3

a) 1=3J2 b) 1=42 c) 1=1++2 d) 1=2
Cau 97. Tinh tich phan dudng 1= [xydl, trong d6 L 1a dwong bién cua hinh chit nhat
1
véi cac dinh 0(0,0),A(2,0),B(2,1),C(0,1).
a) 1=3 b) 1=6 ) 1=42 d) 1 =6v2

Cau 98. Tinh tich phan duong | = I(Xz +y?)dl, trong d6 C 1a duong tron x* +y® =R?
C

a) 1 =27R° b) 1=22R%/3 c) I=zR*"/3 d) 1 =27R?

Cau99. Tinh tich phan dudng I|=[x’+y’dl, trong 46 C la 1/2 dudng tron

C

X*+y>=4,x>0
a) | =4r b) 1 =8r c) | =16x d) 1=32x
Cau 100. Tinh tich phan 1= I (*+y3dl, vsi C 1la 1/4 dudong tron

C

X +y?=16,x>0,y>0.

a) l=x b) 1=8r c) | =16x d) 1=327
Céu 101. Tinh tich phan duong | = [xydl, véi C lacung tron x*+y* =R* & goc phan tu
c
thir nhat.
a)1=0 b) I=R3 c) I = R¥2 d) I =R*/2

Céu 102. Tinh tich phan dudng | = [x’dl, trong d6 C Ia duong tron X +y* =4
C

a) | =2r b) I =4r c) I =16x d) 1=8x
CAu 103. Tinh tich phan dudng | =[x’ +y’dl, trong dé C la cung tron x*+y® = R?
C
nam & goc phan tu thir nhat,

a) 1 =xR?*/2 b) 1 =22R? c) | =zR? d) 1=2R%/4.
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Cau 104. Tim d6 dai cung tron x2 + y> =1nam ¢ phan tu thir nhat
Q) l=x/2 b) 1=7/3 c) l=x/6 d) 1=7/12
Cau 105. Tim d6 dai cung tron x? + y? =9nam & phan tu tht nhét
a) |=47/3 b) 1=37/2 c) l=x/6 d) 1=7/12
Cau 106. Tim d6 dai cung tron x?+y? =4 thoa diéu kién y > x
a) 1=2x b) 1=47/3 c) =4z d) 1=67
Cau 107. Tim d6 dai cung tron x*+y? =4 thoa diéu kién y=>x,y>—x
a) l=rx b) =27 c) l=4z d) I1=6x
TiCH PHAN PUONG LOAI 2
Cau108. Cho  diem  A(0\) va  B(L1), tinh  tich  phén
| = j (2xy +4x° +1)dx — (2xy +4y> —1)dy
A
L4y theo duong y =1 di tir diém A dén B.
a)l=0 b) 1 =-4 c)l=3 d)y1=-3
Cau 109. Tinh tich phan duong | = j (2xy +4x° +1)dx— (2xy +4y® —1)dy ldy theo dudng
A

x=2 di tir diém A(2,1) dén B(2,0).

a)l=2 b)I=-2 c)l=3 d)yl1=-3
Cau 110. Cho diém A(0,1) va B(L0), tinh tich phan duong |=j(y+2x+nw«4y—ndy
lay theo duong y=—x+1 di tir diém A dén B. :

a)l=4 b)I=3 c)l=1 dy1=2
Cau 111. Cho diém A(-L11), tinh tich phan duong | = j 2xydx +x2dy ldy theo dudng
x+y=0 tirgdc toa ddo O dén A. )

a)l1=0 b) =1 c) =2 d)i=3
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Cau 112. Tinh tich phan dudng | = j (xy? —1)dx + (yx> +3)dy lay theo dudng y=2x? tir
o
gdc toa do O dén A(L2).
a)l=7 b)1=9 c)1=6 d)I=0
Cau 113. Tinh 1= j 3xydx—(3x? —2y)dy ldy theo doan thing néi ttr 0(0,0) dén
o
A(-1-1).
a)l=-1 b)I=1 c)1=-2 dy1=2
Cau 114. Tinh 1= j (x—y)?dx+(x+y)?dy liy theo doan thang néi tr 0(0,0) dén
o
A(3,0).
a)l=9 b)1=8 c) 1=27 d)1=18
Cau 115. Tinh tich phan duong loai 2: | = I 2xydx +x°dy & day AB 1a cung parabol
Ao
y=x*tr A(-11) dén B(11).
a)1=0 b) 1=2 c) 1=3/4 d) 1 =-3/4

Céau 116. Tinh tich phan duong loai 2: | = I X(4y +1)dx —2(x* +1)dy & day OA 1a cung
OA

X2

parabol y =7 ti 0(0,0) dén A(2.1).
a)1=0 byI=1 c)l=-2 d)1=2
Cau 117. Tinh 1= j (y? —2xy)dx+(2xy —x*)dy lay theo doan thang ndi tr O(0,0) dén
o
A(L2).
a)1=0 byI=1 c)l1=2 dy1=3
Cau 118. Tinh 1= j 4x(x? - y)dx—2(x* —y)dy ldy theo doan thang néi tr O(0,0) dén
o

A(2,1).
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a)l=0 b)I1=3 0)1=6 d)1=9

Céau 119. Tinh tich phan duong loai 2: | = I x(4y +1)dx +2(x* +1)dy & day OA 1a cung
OA
2

parabol y=X? tir 0(0,0) dén A(2,1).
a)l=0 byl=4 c)l=8 d) =12
Céu 120. Tinh tich phan duong loai 2: 1 = [ ydx+(y° +x)dy & ddy OA 1a cung y* =2x
o
tr 0(0,0) dén A(2,2).
a)l=-4 byl=4 c)l=8 d)y1=0
Céu 121. Tinh tich phan duong | = j 2xydx + (x? +2y)dy liy theo duong y = 2.sin%x+l
A
tr A(0,1) dén B(2,3).
a) =10 b) 1=20 c)l=5 dyl=1

Cau 122. Tinh tich phan duong |= I ydx+xdy ldy theo duong y=2x*+1 tur A(0,1)

AB

dén B(L3).
a)l=3 b) 1=4 c)l=1 d)1=2
Cau 123. Cho diem A(2,2), tinh tich phén duong

| = I(2xy2+3x+2)dx+(2yx2+y—2)dy
OA

2

L4y theo dudng y = X? tir goc toa do O dén A.
a)l=0 b)1=8 c)1=16 d) 1 =24
CAu 124. Tinh tich phan duong 1= j ydx+xdy. AB liy theo duong x+y*=1nim &

AB
phan tu thir nhat theo chiéu duong .
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a)l=0 byl=4 c)l=1 dy1=2
CAu 125. Tinh tich phan duong |= j ydx—xdy . AB ldy theo duong x?+y?=1nim &

AB
phan tu thir hai theo chiéu duong .

a) |=—% b) I=x ) 1=7x d)1=7x/2

2
Cau 126. Tinh tich phan duong | = j xdy + ydx. AB ldy theo duong XI+ y?=1niam &
AB
phan tu thir nhat theo chiéu duong .

a)1=0 b) I =4 c)l=1 d)l=2

2
CAu 127. Tinh tich phan duong 1= j xdy — ydx. AB lay theo duong XI+ y?=1 nam &
AB

phan tu thir hai theo chiéu duong.

a) |:-% b) l=x c) l=2x d) I=x/2

C&u 128. Tinh tich phan duong | = j 2xdx+dy . AB ldy theo duong x*+y? =1 nam &
AB
phan tu thir nhat theo chiéu duong.
a)l=3/2 b)1=0 c)l=1 dyl1=2

Cau 129. Cho C la bién cua hinh vudng D =[-1,1]x[0,2] . Tinh 1 =<.f>ysin xdx — cos xdy
c

a)l=0 b)1=2 c)l=4 dl=1

Céu 130. Cho C la bién cua hinh chir nhat D =[0,1]x[0,2]. Tinh I :gﬁxyzdx+3x2ydy
C

a)1=0 b) I =2 c)l=4 di=1

Caul13l.Cho C la duong tron tm O ban kinh 1.  Tinh
I :Sf)(x+ y? —3)dx + (2xy +3x + 2)dy
C

a) 1=2r b) 1=3x c)l=2 d)1=3
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Céu 132. Cho C la duong tron tam O ban kinh R. Pat: | = <j> (x+y+3)dx+(x—3y+5)dy

C
Khing dinh nao sau day dung?

a) 1=0 b) 1=4

c) I =_U(2x—2y+5)dxdy d) | =.U(—4y+2)dxdy.

Cau 133. Cho C la dudng tron tam O ban kinh R. Tinh | :95(3x+ y2)dx + 2x(y +1)dy

C
a) | =xzR? b) 1 =27R* c)1=0 d) 1=2zR

Céau 134. Cho C:x*+y®=16. Tinh tich phan duong | = 95 (y +3sin x)dx + (2x + cos y)dy
C

a) l=-rx b) I1=x c) | =-16x d) I =167

Céu 135. Cho C la duong tron x + y? = 9. Tinh tich phan duong loai 2 I = ydx+xdy
c

a) | =6r b) 1 =37 c) =97 d)1=0
Céau 136. Cho C la elip §+ y?>=1. Tinh tich phan 1| =?:5(3y—4cos X)dx + (4x +5cos y)dy

a) 1=0 b) I=x c) | =4z d) | =4z
Céau 137. Cho C: (x - 1)* + (y - 2)? = 4. Tinh tich phan I =¢e’dx+x(2+e”)dy

c

a) 1=4r b) 1 =87 c) | =—4r d)1=0
Caul138.Cho C la  duong  tron xX*+y>=4. Tinh  tich  phan
I =<f>(5y—4cos X)dx + (4y +5cos y)dy

c

a) 1=0 b) 1 =—4r c) 1=10x d) 1=-20r

Cau 139. Cho C la bién cua hinh chir nhat 1<x<3,0<y<3. Tinh tich phan duong loai 2

I =<]5(x+2y)dx+(x—2y)dy

a)l=-5 b) I = -6 ) 1=6 d)I=5
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2 2

Cau140. Cho C la elip XIN’E:L Tinh tich phan dwong loai 2:

| = (2x+y)dx+(3x—2y)dy
C
a) | =-24r b) 1 =-127 c) =12 d) 1 =24~

2 2
Cau 141. Cho C laelip %%’—2 =1(a,b>0). Tinh tich phan I = (2x-+y)dx+(2x - y)dy
C

a) | =zab b) I =2zab c) I=ab d)1=0

2 2
Céu 142. Cho C laelip XIJF% =1. Tinh tich phan | =<35y(sin X +1)dx + (x —cos x)dy
C

a) | =6r b) 1 =36x c) 1=0 dI=r

Cau 143. Cho C la ntra duong tron tdm O bén kinh 2 niam phia trén truc hoanh Ox tir
A(-2,0) dén B(2,0). Tinh tich phan duong | = [x*dx+y’dy
C

a) 1=13/3 b) 1=16/3 c) | =—4z d)1=0

(2,3)
Céu 144. Tinh tich phan duong | = | ydx+xdy

(-12)

a)l=2 b) I =4 c)1=6 d)I=8
(3,-4)

Céu 145. Tinh tich phan duong I = | xdx-+ydy

(ChY

a)l=12 b) I =-12 c)l=-8 d)1=8

w
Cau 146. Tinh tich phan 1 = j (x— y)(dx —dy)

@
a)l=2 b)l1=-2 c)l=-4 d1=4
Cau 147. Cho biét ham U = x® + y® +2xy +4x+1 c0 vi phan toan phan la

dU = (3x* + 2y + 4)dx + (3y” + 2x)dy
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@9)
Tinh 1= j (3%% + 2y + 4)dx + (3y? + 2x)dy
01
a)l=-3 b)1=3 c)l=-4 di=4
Cau 148. Cho biét ham U=xe'—-ye*+2x+1 ¢6 vi phan toan phan Ia
@)
dU = (e’ — ye* +2)dx +(xe’ —e*)dy, Tinh | = I (¥ —ye* +2)dx + (xe¥ —e*)dy
@

a) | =-1 b)I=1 c) I =-2 d)yl=2

Cau 149. Tich phan nao sau day khong phu thudc vao cac duong tron tirng khic ni hai
diém A va B?

a) | = j (4xy® +2x)dx + (y* + 2y —x)dy
AB

b) I = I (4xy® +2x)dx — (y* + 2y — x)dy

AB

c) I= I (4xy® +2x—1)dx + (y* +6x°y* —1)dy
AB

d 1= I (4xy® +2x—1)dx — (y* +6x°y* —1)dy
AB

Cau 150. Tich phan nao sau day khong phu thudc vao cac dudng tron tirng khic ndi hai
diém A va B?

a) | = I x(x*dx — y?)dy b) I = j x2dx + y*dy
AB

AB

c) I= _[ x?dy —y?dx d) I = _[ x2dy + y%dx
AB AB

Cau 151. Tich phan nao sau ddy khong phu thudc vao cac dudng tron ting khdc ndi hai
diém A va B?

a) | = [ (tay—y’tg’x—y*)dx+(x—xtg®y —2ytgx)dy
AB

b) 1= I (tgy — y*tg®x + y?)dx + (X + xtg®y — 2ytgx)dy

AB
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c) I= I (tgy — y*tg®x — y*)dx + (X + xtg?y + 2ytgx)dy
AB

d) 1= [ (tgy - y’tg®x—y*)dx+ (x+xtg”y — 2ytgx)dy
AB

PHUONG TRINH VI PHAN CAP 1

Cau 152. Tim nghiém téng quat ciia phuong trinh vi phan y'+L1 -0
X+
a) (x+)y=C b) (x+1)+y=C
c) C,(x+1)+C,y=0 d) (x+1)*+y*=C
A . A L2 Y . . 1A dx dy
Céu 153. Tim nghiém tong quat cua phuong trinh vi phan ——+——=0
siny cosx
a) sinx+cosy=C b) sinx—cosy=C
c) C,sinx+C,cosy=0 d) C,cosx+C,siny=0
A N ‘n 2 ST \ . A dx dy
Céu 154. Tim nghiém tong quat cua phuong trinh vi phan T + = =0
+ X 1_y
a) arcsinx+arctany =C b) arcsinx—arctany =C
C) arctan x+arcsiny =C d) arctanx+In|y+41-y? |=C

Cau 155. Tim nghiém tong quét ciia phuong trinh vi phan  2xydx +dy =0
a) X’y+y=C b) xy’+y=C
C) 2xy+1=C d) ¥*+In|y|=C.

Cau 156. Tim nghiém tong quat cia phuong trinh vi phan 1+ y?)dx+xIn xdy =0
a) (1+y*)x+xInx=C b) In|Inx|+arcsiny=C

c) InjInx|+y1+y*=C d) InjInx|+arctany=C
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Cau 157. Tim nghiém tong quat ctiia phuong trinh vi phan

J@-y?)dx+xInxdy =0

a) Xy/1+y? +xylnx=C b) In|Inx|+arcsiny=C
c) InjInx|+y1-y*=C d) In|Inx|+arctany=C

Cau 158. Tim nghiém tong quat ciia phuong trinh vi phan

-y
dx++1+x°dy=0

y
a) arctan x—1—-y* =C b) arctanx—In|1-y*|=C
C) In|x++/1+x2 |—\1-y? =C d) In|x+v1+x2|-In(l-y?)=C

Cau 159. Tim nghiém tong quat ciia phuong trinh vi phan

J1+ y?dx+xyInxdy =0

a) x1/1+y2+xylnx=C b) In|Inx|+arcsiny=C
) InjInx|+y1+y*=C d) In|Inx|+arctany =C

Cau 160. Tim nghiém tong quat ciia phuong trinh vi phan
x(y? +21)dx+ y(x* +1)dy =0

a) arctan(x” +1) +arctan(y*+1) =0 b) arctan(x+y)=C
Cc) arctan x+arctany =C d) In(x*+1)+In(y*+1)=C
Cau 161. Tim nghiém tong quét ciia phuong trinh vi phan  xdy —2yIn xdx =0

a) y=In*x+C b) y:InTX+C

c) In|yl=x@+Inx)+C d) Injyl=In*x+C.

Cau 162. Tim nghiém tong quét ciia phurong trinh vi phan
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X(y> =Ddx+ y(x* —=Ddy =0
a) arctan(x® —1) +arctan(y*-1)=C b) arccot(x* —1) +arccot(y* -1) =C
c) In|x*-1|+In|y*-1]=C d) arctanx+arctany =C

Cau 163. Tim nghiém tong quat cia phuong trinh vi phan

Xy y? +1dx + yx/x? +1dy =0

a) \/%:C b) In(x++/x*+1)—In(y +4/y*+1)=C

C) In(x+v/x2+1)+In(y+4y*+1)=C d) +/x2 +1+\/y2 +1=C

Cau 164. Phuong trinh vi phan nao sau day 1a phuong trinh dang cap?

dy _2x+3y+5 dy _ x*+y°

a)
dx X+5 dx Xx+y
dy x*+y? dy  x?y+y3x
) D "y
dx Xy dx Xx°+y
2
Cau 165. Tim nghiém tong quét cia phuong trinh vi phan  y' :%—%
—X X
Q) y=—— b) y=———
)Y C+In|x| )Y C+In|x|
X —X
C = d = .
) Y= T ) Y= S

Cau 166. Tim nghiém tong quét ciia phuong trinh vi phdn  xy'=y+x
a) y=x(C+In|x]) b) y=x(C-In|x])
c) y=x/(C+In|x]) d) y=x/(C—In]|x]).
Cau 167. Phuong trinh vi phan nao sau day 1a phuong trinh vi phan toan phan?

a) (ye*—xe*)dx+(e*—y?siny)dy=0
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b) (ye* +xe*)dx+(e* +x*siny)dy =0
c) (ye*+xe’)dx+(e*+y’siny)dy=0
d) (ye* —xe’)dx+(e* —y*siny)dy=0
Cau 168. Phuong trinh vi phan nao sau ddy la phuong trinh vi phan toan phan?
a) (ysinx—cos y)dx+ (cosx—xsiny)dy =0
b) (ysinx—cosy)dx—(cosx—xsiny)dy=0.
C) (ysinx+cosy)dx+(cosx+xsiny)dy =0.
d) (ysinx-+cosy)dx—(cosx—xsiny)dy =0.
Cau 169. Tim nghiém tong quat ciia phuong trinh vi phan ydx + xdy =0
a) xy=C b) y=Cx c) x+y=C d) x-y=C.

Cau 170. Tim nghiém tong quat ciia phuong trinh vi phan:  (y+e*)dx+ xdy =0

a) xy—e*=C b) xy+e*=C C) x+y+e*=C d) x—-y+e*=C.

Cau 171. Tim nghiém tong quat ciia phuong trinh vi phéan:
(¥ +1)dx+(xe’ +1)dy =0

a) xy—xe’ =C b) xy+xe¥=C C) X+y+xe’=C d)x—y+xe’=C.

Cau 172. Tim nghiém tong quat ciia phuong trinh vi phéan:
(A+cosy)dx—(1+xsiny)dy =0

a) xy—xcosy=C b) xy+xcosy=C.
C) y—x+xcosy=C d) x—y+xcosy=C
Cau 173. Tim nghiém tong quét ctia phuong trinh vi phan

(x—fjdw(y—m y)dx =0
y

a) xIny+xy=C b) xIny—-xy=C.
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c) ylnx+xy=_C. d) ylInx—xy=C.

Cau 174. Tim nghiém tong quét ciia phuong trinh:
(cosy—2ysin2x)dx —(xsin y —cos2x)dy =0

a) xcosy—ycos2x=C. b) xcosy+ycos2x=C

C) xsiny—ysin2x=C d) xsiny+ysin2x=C.

Cau 175. Tim nghiém tong quéat cia phuong trinh vi phan y'+ 2% =0

)y ) y=25. ) y--= B y=-=,
Cau 176. Tim nghiém tong quat cia phuong trinh vi phan (1+x?)arctan x.y'—y =0

Q) y(x+x3/3)-y*/2=C b) y=C.elre

c) y=C.arctanx d) y=C/arctanx.
Cau 177. Tim nghiém tong quét ciia phuong trinh vi phan y'cos® x+y =0

a) y=Ce ™ b) y=_Ce™™ C) y=C+e™™ d) y=e“"",
Cau 178. Tim nghiém tong quét ctia phuong trinh vi phan y'-3y =0

a) y=Ce™ b) y=C-e* c) y=Ce* d) y=C+e*.
CAu 179. Phuong trinh y'—ycosx=0 ¢ nghiém téng quat Ia:

a) y=_Cxe ™ b) y=Cx+e™™ c) y=C+e ™ d) y=Ce™™.
Cau 180. Tim nghiém tong quat cia phuong trinh vi phan (1+sinx)y'—ycosx =0

a) y(x+cosx)—sinx.y*/2=C b) y=CIn{l+sinx)

c) y=C.(+sinx) d) y=C/(@+sinx).

Cau 181. Tim nghiém tong quét ctia phuong trinh vi phan
y'(l+tan x) —(L+tan®x)y =0
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a) y(x—In|cosx|)—(tanx)x.y*/2=C b) y=C(l+tanx)

c) y=C/(l+tanx) d) y=CIn(l+tanx)
Cau 182. Tim nghiém tong quat cia phuong trinh vi phan y'sin x = 4y cos x

a) y=C.cotx b) y=C+4tanx c) y=C.sin*x d) y=C+sin*x
Cau 183. Tim nghiém tong quat cia phuong trinh vi phan (1+sinx)y'+ycosx =0
a) y(x+cosx)—sinxy’/2=C b) y=CIn(+sinx)

c) y=C.(1+sinx) d) y=C/(@Q+sinx).
Cau 184. Tim nghiém tong quat cia phuong trinh vi phan y'(x? +x+1) = y(2x +1)
a) y=C+(xX*+x+1)bh) y=C/(x* +x+1)

c) y=C.(xX*+x+1) ¢) y=C.(2x+1)

Cau 185. Tim nghiém tong quat cia phuong trinh vi phan y'(l—e*)—e*y =0

a) y(x—e")-e*y*/2=C b) y=ClIn(1-¢")

c) y=C@-¢") d) y=C/(1-¢)

Cau 186. Tim nghiém téng quét ciia phuong trinh vi phan y'V4+x2 +y=0

a) y:C(x+x/m)b) yarctan(x/2)=C

c) yarcsin(x/2)=C d) y(x++/4+x?)=C.

Cau 187. Tim nghiém tong quat ciia phuong trinh vi phan xy'—y = 3x*

a) y=x*+C/x b) y=x*+Cx c) y=x*+C d) y=9x*+C
Cau 188. Tim nghiém tong quét ciia phurong trinh vi phan xy'— 2y = 2x°

a) y=x"+C/x b) y=x*+Cx c) y=2x*+Cx* d) y=-2x*+Cx’
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Cau 189. Tim nghiém tong quét ciia phurong trinh vi phan xy'+ 2y = 3x

a) y=x+C/x? b) y=x+Cx? c) y=x"+Cx? d) y=x*+C/x?
Cau 190. Tim nghiém tong quat cia phuong trinh vi phan xy'+2y =5x°

a) y=x+C/x? b) y=x+Cx? c) y=x"+Cx? d) y=x*+C/x?
Cau 191. Tim nghiém tong quét ctia phwong trinh vi phan y'—2y =e*

a) y=(-x+C)e™ bh) y=(x+C)e* c) y=(-x+C)e* d) y=(x+C)e*

PHUONG TRINH VI PHAN CAP 2

Cau 192. Tim nghiém tong quét ciia phuong trinh vi phan y"+3y"/x=0
a) y=Cx*+C, b) y=C,/x*+C,
c) y=C,/x*+C, d) y=C,In|x|+C,

Cau 193. Tim nghiém tong quat cia phuong trinh vi phan y"+y/x=0
a) y=Cx+C, b) y=C,/x+C,
c) y=C,/x*+C, d) y=C,In|x|+C,

Cau 194. Tim nghiém tong quat ciia phuong trinh vi phan y"+4y7x=0
a) y=C,/x*+C, b) y=Cx*+C,
c) y=Cx*+C, d) y=C,/x*+C,

Cau 195. Tim nghiém tong quét ciia phuong trinh vi phan y"-2y'/x=0
a) y=Cx b) y=Cx’+C,
c) y=Cx*+C, d) y=Cx*+C,/x.

Cau 196. Tim nghiém tong quét ciia phuong trinh vi phan y"=6x
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a) y=xX*+Cx+C, b) y=x*+Cx+C,
c) y=x"+Cx d) y=x*+Cx
Cau 197. Tim nghiém tong quat cia phuong trinh vi phan y" = cos
a) y=sinx+Cx b) y=cosx+C
C) y=-sinx+Cx+C, d) y=-cosx+Cx+C,
Cau 198. Tim nghiém tong quét ciia phuong trinh vi phan y" =e
a) y=2"2+C b) y=—4e*+Cx+C,
c) y=2e"*+Cx+C, d) y=4e*+Cx+C,
Cau 199. Tim nghiém tong quat cia phuong trinh vi phan y"cos? x—1=0
a) y=—In|sinx|+Cx+C, c) y=In|sinx|+Cx+C,
c) y=-In|cosx|+Cx+C, d) y=In|cosx|+Cx+C,
Cau 200. Tim nghiém tong quat ciia phuong trinh vi phan e*y"—4=0
a) y=2e+Cx+C, b) y=2e*+Cx+C,
c) y=e>+Cx+C, d) y=e"*+Cx+C,

4x
=0
(4+x%)?

Cau 201. Tim nghiém tong quat ciia phuong trinh vi phan y"-

a) y=-arctg(x/2)+Cx+C, b) y=In(x*+4)+Cx+C,

1 X—2
c) y= +C.x+C d y=In—+Cx+C
)Y 1 e Tex+G )Y o, TOx+G,

Cau 202. Tim nghiém tong quét cia phuong trinh vi phan y"+ =0

cos’ X

a) y=In|cosx|+Cx+C, b) y=-In|cosx|+Cx+C,
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tg°x .
C) y:T+Clx+C2d) y=In|sinx|+Cx+C,

Cau 203. Tim nghiém tong quat cia phuong trinh vi phan y"—2y'+5y =0
a) y=e"(C,cosx+C,sinx) b) y=e*(C,cos2x+C,sin2x)
c) y=C,cos2x+C,sin2x d) y=Ce*+C,e*

Cau 204. Tim nghiém tong quat cia phuong trinh vi phan y"+4y =0
a) y=e"(C,cosx+C,sinx) b) y=e*(C,cos2x+C,sin2x)
c) y=C,cos2x+C,sin2x d) y=Ce*+C,e™

Cau 205. Tim nghiém tong quat ciia phwong trinh vi phan y"—3y'+2y =0
a) y=C,cos2x+C,sin2x b) y=¢e*(C,cos2x+C,sin2x)
c) y=¢e*(Ce*+C,e™) d) y=Ce*+C,e*

Cau 206. Tim nghiém tong quat cia phuong trinh vi phan y'—y =0
a) y=Ce"+Cye™™ b) y=(Cx+C,)e*

c) y=C,+C,e" d) y=C,+C,sinx

Cau 207. Tim nghiém tong quat cia phuong trinh vi phan y"—8y'+41y =0
a) y=Ce*+Ce™ b) y=Ce™+C,e™
c) y=e"(C,cos5x+C,sin5x) d) y=e"(C,cos4x+C,sin4x)

Cau 208. Tim nghiém tong quat cia phuong trinh vi phan y"—6y'+9y =0
a) y=e*(xC,+C,) b) y=e>(xC,+C,)

c) y=Ce*(C,cosx+C,sinx) d) y=(C,+C,)e*

Cau 209. Tim nghiém tong quét ciia phuong trinh vi phian 4y"-16y =0
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a) y=Ce*+Ce™ b) y=Ce*+C,e*
c) y=e"(C,cos2x+C,sin2x) d) y=e?*(C,cos2x+C,sin2x)
Cau 210. Tim nghiém tong quat cia phuong trinh vi phan y"—22y'+121y =0
a) y=e"(xC,+C,) b) y=e™(xC,+C,)
c) y=Ce™(C,cosx+C,sinx) d) y=(C,+C,)e™
Cau 211. Tim nghiém tong quat ciia phuong trinh vi phan y"+4y'+3y =0
a) y=Ce*+Ce™ b) y=Ce*+Ce™
c) y=Ce*+Ce¥ d) y=Ce*+C,e*
Cau 212. Tim nghiém tong quat ciia phwong trinh vi phan y"—2y'+10y =0
a) y=e*(C,cos3x+C,sin3x) b) y=e¥(C,cosx+C,sinx)
c) y=e*(C,cos3x—C,sin3x) d) y=e7(C,cos3x+C,sin3x)
Cau 213. Tim nghiém tong quat ciia phwong trinh vi phan y"—3y'+2y =0
a) y=Ce"+C.e* b) y=Ce ™ +xC,e™
C) y=e"(C,cos2x+C,sin2x) d) y=e*(C,cosx+C,sinx)
Cau 214. Tim nghiém tong quat ctia phuong trinh y"—2y'+ 2y = 2¢*
a) y=e"(C,cosx+C,sinx)+ 2e” b) y=e*(C,cosx+C,sinx)+e"
c) y=e*(C,cosx+C,sinx)+2e* d) y=e*(C,cosx+C,sinx)—2e’

Cau 215. Tim nghiém tong quét ctia phuong trinh y"+y' = 2sin x+3¢0s X

a) y= %(sin x—5c0sx)—-Ce ™ +C,
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b) y= %(sin x+5c0sx)-Ce™+C,

C) y= %(sin x—5cosx)—-Ce* +C,

d) y= %(sin x+5c0sx)—-Ce* +C,

Cau 216. Phuong trinh y"-4y'+4y =e*(x’-4x+2) ¢d mot nghiém riéng dang:

a) y=xe”(Ax®+Bx*+Cx+D)
b) y=x*(Ax® +Bx*+Cx+ D)
c) y=e*(Ax’+Bx*+Cx+ D)
d) y=Ax*+Bx*+Cx+D
Céau 217. Phuong trinh y"+4y'=2e” ¢ mot nghiém riéng dang:
a) y=(x+A)e*> b) y=Ax+B C) y=Ae* d) y=Ax
Céau 218. Phuong trinh y"-8y'+12y =e*(x*—1) ¢6 mot nghiém riéng dang:
a) y=x"(Ax* +Bx+C)e* b) y=x(Ax*+Bx+C)e*
c) y=(Ax*+Bx+C)e* d) y=(AxX*+B)e*
Cau 219. Phuong trinh y"+3y'+2y =¢*x* ¢ mot nghiém riéng dang:
a) y=(e*+e?)(Ax* +Bx+C) b) y=e(Ax*+Bx+C)
c) y=¢e"(Ax*+Bx+C) d) y=xe*(Ax*+Bx+C)
Céau 220. Phuong trinh y"+3y'+2y =e*x* c6 mdt nghiém riéng dang
a) y=(e"*+e?)(AX* +Bx+C) b) y=xe®+Ax*+Bx+C

c) y=xe(Ax*+Bx+C) d) y=e*(Ax’+Bx+C)
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Cau 221. Phuong trinh y"+4y'+4y=cosx ¢ mot nghiém riéng dang
a) y=Asinx b) y=e*(Asinx+Bcosx)
c) y=e*(Asinx+Bcosx) d) y=Asinx+Bcosx

Cau 222. Phuong trinh y"-4y'+3y =e>sinx ¢ mot nghiém riéng dang:
a) y=Asinx+Bcosx+C b) y=e¥(Asinx+BcosXx)
c) y=xe*(Asinx+Bcosx) d) y=x(Asinx+ BcosXx)

Cau 223. Phuong trinh y"+6y'+8y =2xsin x+cosx c0 mdt nghiém riéng dang:
a) y=-2x((Ax+ B)sin x—4x(Cx+ D)cos x)
b) y=e-2x(Ax+B)sinx
C) y=(Ax+B)sinx+ (Cx+ D)cos x
d) y=e"*(Ax+B)cosx

Cau 224. Phuong trinh y"-6y'+10y = xe*sinx ¢6 mot nghiém riéng dang:
a) y=xe*(Ax+B)sinx
b) y=e¥[(Ax+B)sinx+(Cx+ D)cosX)]
c) y = xe*[(Ax+ B)sin x+(Cx+ D)cos X)]
d) y=xe¥(Asinx+BcosXx)

Cau 225. Phuong trinh y"-6y'+8y =e*sin4x c6 mot nghiém riéng dang:
a) y=e*(Asin4x+ Bcos4x) b) y = xe™(Asin4x+ Bcos4x)

C) y=x’e*(Asin4x+ Bcos4x) d) y=Asin4x+Bcos4x+C .
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PAP AN

1C
16C
31D
46C
61B
76A
91D
106 A
121B
136C
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166A
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2D
17C
32B
47C
62A
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92C
107A
122D
137B
152A
167A
182C
197D
212A

3C
18B
33D
48D
63B
78D
93C
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123D
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153B
168B
183D
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4D
19D
34C
49B
64A
79C
94A
109A
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20A
35A
50B
65A
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95B
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125A
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155D
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21A
36A
51B
66A
81B
96C
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201A
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22D
37C
52B
67A
82C
97A
112A
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23D
38B
53B
68D
83A
98A
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24C
39D
54C
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84C
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40C
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70A
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132A
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13A
28B
43C
58C
73D
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103A
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29C
44C
59B
T4A
89C
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164C
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30A
45B
60A
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90D
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120C
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180C
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210A
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