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NGUYEN QUOC TIEN

CHUONG 1. GIOI HAN VA TiNH LIEN TUC
1.1 Giéi han day sb

1.1.1 Day sé

Mot day sb thuc 13 mot anh xa X tir tap cac sb ty nhién N dén tap cac sb thuc R.
Xx:N—>R
n— x(n) =X,

x(n) thuong duge ky hi¢u 1a x_ goi 1a s6 hang thir n caa ddy. Mot day sé véi céc s6 hang 13 x|
thuong duoc viét gon 1a (x,).

. . 1 e
Vi du 1):(x,) voi x, =—. Khidé: x =1 x, =
n

N yous

N |-

1 1
VX == X, =—
3 n

2): (x,)voi x, =(-1)" . Khido: x =-1, x,=1 x,=-1., x, =(-1)",...

1.1.2 Gi&i han cta day sé
Day (x,) duoc goi ¢o gidi han 12 a néu:
Ve>0,3n >0:Vnxn =|x —al<e
n—oo

Khi d6 ta ciing n6i ddy (x,) hoi tu vé a. Ki hiéu lim x_ =a hoic x, - a, n— co. Néu day

(x,) khdng hoi tu thi ta ndi day (x,) phan ky.

Vidu Chodaysé (x,)Véi X, :Ll' Chimg minh limx, =1
nJ’_ n—ow

Taco

[ —4=

LU
n+1 n+1

do d6 khi mudn X, gan 1 bao nhiéu ciing duoc ta dit:

x, -1 <&, Ve>0
hay

i<3,Ve>0
n+1

<:>n>£—1
£

Chon n, > [1—1} ( phan nguyén cila - ~1 ). Khi d6 Wn>n, thi x, gan 1 bao nhiéu ciing duoc.
€ €

Hay limx, =1

n—oo
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1.1.3 Dinhli. Néu ddy (x,) hoi tu thi gi¢i han ctia n6 1a duy nhét

[a-bl

Chung minh. Gia sir x, > a va x, »b, a#b khi n— oo, chon & :T>O theo dinh nghia vé
gi¢i han cua ddy ton tai ny,n, € N sao cho:
& €
Vn2n01:>|xn—a|<5 va vn>ng, :>|xn—b|<5 :

bat n, =max(ny,n,,) . Khi do véi n>n, ta co:

a—b|<|x —a|+|x, —b <£+£:8=|a—b|
| | |n | |n |
2 2 2

[a-b|

suy ra |a—b|< .Piéunay vé li. Viy a=b.

1.1.4 Binhli.Cho baday (x), (v,), (z,). Néu x, <y <z ,¥neN va limx =limz, =a

n—oo n—oo

thi limy =a

n—o0

Chimg minh. Vi limx, =limz, =a nén 3n,e N :¥Vn>n; = (|x, —a|<%,|zn —a|<%) do dé

n—oo n—o0
Vnzno:>|yn—a|s|xn—a|+|zn—a|<%+%:g,
Vay limy, =a

Cho x, R, &-lan can ciia x, 1a khoang sb thuc ¢6 dang (x, —a, X, +a),a > 0.

1.2 Giéi han ciia ham sb

1.2.1 Pinh nghia
Cho ham s f(x) xac dinh trong mét lan cin ciia X, (cO thé trir tai X, )- S6 L duogc goi la gisi

han ctia ham s6 f (x) khi x dan dén x, néu:
Ve>0,36>0,VxeD:(0<|x—x|<5 =|f(x)-L|<e)
va duoc ki hiéu
XIerQO f(x)=L hay f(x) > Lkhi x— x,.
Giti han ctia ham s6 f(x) khi x dan dén x, con c6 thé dinh nghia thong qua gi6i han ciia ddy sb
nhu sau:

lim f(xX)=L < V(X,): %, —> %= f(x,)>L

X—>Xg
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1.2.2 Gié&i han mét phia
Cho ham s f(x) xac dinh trong khoang (a,X,] (CO thé trir tai x, ). S6 L, dugc goi 1a gidi

han trai cia ham s6 f(x) khi x dandén x, (x € (a, X,])néu:
Ve >0,36 >0,Vx e (a, %] (0<|x—%| <8 =|f(x) - L] <¢&). Ki higu Xlirxr} f(x) =L, hay
f(x) > L khi x—x, .
Cho ham s f(x) xac dinh trong khoang [x,, 8) (cO thé trir tai x, ). SO L, dwoc goi 1a giGi
han phai ciia ham s6 f(x) khi x dan dén x, (x €[x,, 3)) néu:
Ve >0,36 >0,Vxe[X), B)1(0<|x—x|<8 =|f(x)-L,|<e).
Ki hi¢u Xllnx} f(x)=L, hay f(x) > L, khi x—>x,".

1.2.3 Dinhli lim f(x)=L< lim f(x)= lim f(x)=L

X—>Xg

Vi du Chirng minh lim(2x+3) =5
Tacd Ve >0, |f(x)—5|<g<:>|2x+3—5|<g©2|x—1|<g<:>|x—1|<%

Chon 6:% khi do6 ‘v’e>0,35=%>O:|X—1|<5:|f(x)—5|<$.Véy lim(2x+3) =5

2
Vi du Chirng minh lim ax 16 =16
x>2  X—2

Taco

2 2
|4X _216—16 [ _24)—16 =|4(x+2)-16| = 4|x—2| Ve>0,4|x—2|<g<:>|x—2|<% (x#2)

X_ —

2
Vay Ve>0,35=£>0,x¢2,|x—2|<£:> 4x _16—16 <e
4 4 X—2

1.2.4 Gi¢&i han vo tan- Gi¢i han & vo cwc
Cho ham s f(x) xac dinh trong mot lan can ctia X, trirtai x,. Ham s6 f(x) c0 gi6i han la

+oo khi x dan dén x, néu véimoi M >0 Ién tly Y ton tai

§>0,0<|x=x|<8= f(x)>M .Kihiéu lim f(x) =+
X=X

Ham s f(x)co giéi han 12 —o khi x dan dén x, néu v6i moi M >0 1on tly ¥ ton tai

§>0,0<|x=x|<8= f(x)<-M . Kihigu lim f(x) = -

X—Xg

Ham sé f(x) duoc goila c6 gisi han L khi x dan dén +co néu véi moi & >0 tly Y ton tai

3
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M >0:¥x>M =|f(x)-L|<e. Kihigu lim f(x)=L.

Ham sé f(x) duoc goi la c6 gisi han L khi x dan dén —o néu véimoi & >0 tlyy ton tai

M >0:¥x<-M = |f(x)-L|<&. Kihiéu lim f(x)=L

Vidu Ching minh lim (l+£j:l

X—>to0 X

Tacéd

1+£—].‘:i<e<:>|x|>1:M
X || &

Khi X—)+OODX>£.ChQn M =1:>X>M =
& £

1+£—l‘<8
X

1+£—l‘<8
X

Khi X—)—OODX<—£.ChQn M =1>0:>x<—M =
& £

1.2.5 Binhli
Cho f(x), u(x), v(x) xac dinh trong mot lan cén cua X, cO thé trir tai X -

Néu u(x) < f(x) < v(x) v6i moix thudc 1an can d6 va lim u(x) = lim v(x) = L thi
X—Xg X—>Xg

limf(x)=L

X%,

Vidu Chirng minh lim 20X _q

X—>0 X

A /3 LA 2l , sin x s . sinx
That vay Vx:O<|x|<E ta c0 bat dang thitc cosx <——=<1, ma limcosx =1 suyra lim—==1
X X X—0 X

1.2.6 Mt sé tinh chat cta gi¢i han ham sé
i) Néu lim f(x) =L thi gii han d6 1a duy nhét
X~>X0

ii) imC=C (C: hing sd)

X*)XO
iii) Néu f (x) < g(x), ¥x thudc mot 1an can nao d6 ciia x, hodc & vo cuc thi

lim f(x) < lim g(x) (néu céc gidi han ndy ton tai).
X~>X0 X~>X0

iv) Néu f(x) <g(x)<h(x),¥x thudc mot 1an can nao d6 caa x, hoic & vo cuc va

lim f(x)=L=limh(x) thi limg(x)=L
X*)XO X*)XO X~>X0

V) Gi str cac ham s6 f(x), g(x) c6 gioi hankhi x — x, khi d6 ta c6 cic két qua sau :

lim(f(x)+g(x)) = lim f(x)+ lim g(x)
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lim kf (x) =k lim f(x)
X=X

X*)XO
lim f(x).g(x) = lim f(x).lim g(x)
X*)XO X*)XO X~>X0

lim f(x)

g Jim .
900 Tm g0 (lima00=0)

1.3 VO cung bé-vd cung lom
Gia sir ta xét cdc ham trong cling mot qué trinh, chang han khi x — x_ . (Nhiing két qua dat

duoc van dang trong mot qua trinh khac)

1.3.1 VO cung bé.
Ham a/(x) dugc goi 1a mot vo cling bé (VCB) trong qua trinh x — x, néu lim a(x)=0
X—>Xg

Vidu sinx, tgx, 1-cosx la nhimg VCB khi x — 0, con % Ia VCB khi x >
X+

1.3.2 So sanh hai VCB
Cho a(x) va B(x) lahai VCB trong mot qua trinh ndo d6 (chang han khi x — x_ ). Khi d6 téc
d6 tién v& 0 ciia chung d6i khi c6 y nghia quan trong. Cu thé ta c6 cac dinh nghia:

Néu Iim%=0 thi ta ndi e(x) la VCB bac cao hon VCB S(x) trong qua trinh d6 ((x) dan
X

toi 0 nhanh hon B(x) khi x — x,)

Néu Iim%= L =0 thi tan6i a(x) va B(x) lahai VCB ngang cap trong qua trinh d6 (o (x) va
X

B(x) dan t6i 0 ngang nhau khi X — X, .
bac biét khi L=1 tan6i a(x) va F(x) la hai VCB tuong duong, ki hiéu 1& a(x) ~ (X).
Vidu Mot sé VCB tuong duong co ban khi x — 0

sinx~ X ; tgx~X; arcsinx ~x ; arctgx ~x; 1-cosax ~

(@97
2

Ioga(1+ X) ~ﬁx ;

X

(1+x)"=1~ax ; Inl+x) ~x; a*-1~xIna; e*-1~x;

ax" +an_1Xn_1+...+apo ~ax” , (nxp,a,#0)

Sinh vién c6 thé tu kiém tra cac twong duong nay (xem nhu bai tap)
Vi du So sanh cip cua cac VCB:

a(x) =sinx—tgx; B(x)=1-cosx, khi x—>0

Ta co:
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. 1
. sinx|1-—— .
sinx—tgx . COS X . sinx
=lim =lim =lim =0
0 B(X)  x=20 1—CcOSX  x20 1-cosx x>0 COS X

Do d6, a(x) 1a VCB cép cao hon B(x)
Vi du So sénh cip cia cac VCB: a(x)=1—-cosx, B(X)=x?, x =0

- X . l1-cosx 1
Ta co: Ilma():llm —=—=%0
X—0 ﬁ(X) X—0 X 2

Do d6, a(x) va B(x) la hai VCB cling cap.

1.3.3 Quy tac ngat bé VCB cap cao
i) Néu a(x) - a,(x) va B(X) ~ B,(x) trong cling mot qué trinh thi trong qua trinh ay

29 _ i &)

lim——==1Iim

B(x) B.(X)
ii) Cho a(x) va B(x) la hai VCB trong mot qua trinh va a(x) c6 cap cao hon B(x). Khi do

a(x)+B(x) ~ B(x).
Tir hai két qua trén ta suy ra quy tic ngat bo VCB cap cao:

Gia str a(x) va B(x) 1a hai VCB trong mot qua trinh ndo dé. a(x) va B(x) déu laténg cua
nhiéu VCB . Khi d6 giéi han cua ti s % bang gidi han ciia ti s6 hai VCB cip thap nhét trong
X

a(x) va B(x).
Vidu Tim céc gidi han sau:

X +3sin® x + 4sin® x

1) lim
%0 5x +x° + x°
, . X+3sin®x+4sin*x . x 1
Taco lim P =lim—=—
x>0 5X+ X + X x>05x 5§

\/1+ -1
i Prx-1

1 1
Khi x —» 0 tacé \/1+x—1=(1+x)2—1~%x P L+ x-1=(1+x)3 —1~%x

2)

Suy ra Vi+x-1 g Viy IIm\/1+X 1 3
JYl+x-1 2 =0 31+ X 1 2
. inx
3) lim 19X+ Sin
x—0 X

Khi x>0, ta co:
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tgx+sinx  X+X
X X

tgx +sinx
X

2

—2khix—0.Dodé lim
x—0

tgx —sin x +sin® x

3

4) Tinh lim
x—0 X

Tacéd

[

2

sin x(1—cos x) X'E X
1

~lx3 khi x >0
COS X 2

tgx—sinx =

Do d6 tgx—sinx+sin3x~%x3+x3 ~gx3 khi x =0

3.3
tgx—sinx+sinx X )
Suyra g 3+ ~23 —>§ khi x>0

X X 2

. tgx—sin x+sin®x
Vay lim 9 3+ _3
X—>Xg X 2

1.3.4 V6 cung lé&n.
Ham f(x) duoc goi 1a mot vo cling 1on (VCL) trong mot qua trinh ndo d6 néu

lim f(x) =

X—>Xg

1 i cotgx la nhitng VCL khi x — 0con x°, 2x+1 la nhitng VCL khi X — oo
X

1.3.5 So sanh hai VCL
Cho f(x) va g(x)Ia hai VCL trong mot qua trinh nao d6 (chang han khi x — x_ ). Khi d6

f(x)

néu IimT:oo thi tan6i f(x) 1a VCL cap (bac) cao hon g(x) (theo nghia f(x) tién téi oo
g(x

nhanh hon g(x)). Néu Iim% =L=0 thitandi f(x) va g(x) lahai VCL ngang cép trong
g(x

qua trinh d6 (a(x) va B(x) dantdi co ngang nhau). Dic biét khi L =1 tandi a(x) va S(x) la
hai VCL tuong duong, ki hiéu 1a a(x) ~ B(X) .
Vi du
1) So sanh cép cuia cac VCL f (x) = X* +2, g(X) = vVX; X = +o0

3
Tacod lim T _ i X142 i x2\/§+i = 400
X—>-+00 g(x) X—>-+00 \/; X—>+00 \/;

Do d6 f (x) 1a mot VCL ¢6 cap cao hon g(x)

2) So sanh cp clia cac VCL: f(x) =3/x¢ +2x+1 va g(x) = 4/2x® + 4x% —2x+1 Kkhi x — +o0
7
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Taco:

f(x) | Ux®+2x+1

lim —Z=lim
oo (X)) o 4 2x8 1 Ax? —2x +1

Sl_l,_i_i_i
l x> x® 1
= lim =——
X0 4 2 1 42
2+ 6— 7t s
X X X

Do do, f(x)=3x®+2x+1va g(x)=%2x®+4x> —2x+1 1a hai VCL cing cip

1.3.6 Qui tac ngat bé VCL cap thap
Cho f(x) va g(x)Ia hai VCL trong mot qua trinh nao do, (ching han x —»w) va f(x) ~ f,(x),
g(x) ~ g,(x) . Khi d6 trong cting mot qua trinh ay

Iimm = IimM
g(x) 9,(x)

Tir d6 ta rat ra quy tic sau:

Giastr f(x) va g(x)lahai VCL trong qua trinh nao do. f(x) va g(x)déu 1 tong ciia nhidu

. e . f : C . e Aq - A H 5
VCL. Khi d6 gi¢i han cta ti so % bang gidi han cua ti so hai VCL cap cao nhat trong f(x) va
g(x
9(x).
. X' —x*+4x-1 . 3
Vi du Iim#:llm X4 =—
o0 2x* -8 S )

1.4 Ham sé lién tuc

1.4.1 Cac dinh nghia
Ham sé y = f (x) duoc goi 1a lién tuc tai x, e D néu lim f(x) = f(x,). Khi d6 x, goi la diém lién
tuc cua ham f(x).
Ham s6 y = f(x) duoc goi 1a lién tuc trén (a,b) néu f(x) lién tuc tai moi diém thudc (a,b)
Ham sé y = f(x) duoc goi 1a lién tuc bén trai (bén phai) x, e D néu

lim f(x)=f(x)( lim f(x)=f(x)).

Ham f(x) dugc goi la lién tyc trén [a,b] néu f(x) lién tuc trén (a,b) va lién tuc bén phai tai a,

bén trai tai b.
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Nhdn xét: f(x) lién tuc tai x, € D khivachi khi f(x) lién tuc bén phai va bén tréi tai X,. Néu
ham s6 so cip f(x) c6 mién xac dinh 1A D thi f(x) lién tuc trén D. Néu f(x) lién tuc trén

[a,b] thi db thi ctia n6 12 mot dudng ndi lién tir diém A(a, f (a)) dén diém B(b, f (b)).

£b)
fla] =T

1.4.2 Tinh chéat cta ham sé lién tuc
Giasu f(x), g(x)la hai ham lién tuc trén [a,b]. Khi do:

i) f(x)+g(x) va f(x)g(x) lién tuc trén [a,b], néu g(x) =0 thi % lién tuc trén [a,b].
g(x

i) | f(x)| lién tuc trén [a,b].
iii) Néu u(x) lién tuc tai x, va f(u) lién tuc tai u, =u(x,) thi ham f,u(x) lién tuc tai x,.

iv) f(x) lién tuc trén [a,b] thi dat gi4 tri 16n nhat, gi4 tri bé nhat trén doan do.

1.4.3 Diém gian doan
Néu f(x) khdng lién tuc tai x, € D thi tandi f (x) gidn doan tai X, va diém x, goi la diém gian
doan.
Ham f(x) gidn doan tai X, nhung ton tai gici han ciia f(x) tai X;, X¢ thi x,dwoc goi 1a diém
gian doan loai 1. Cac diém gian doan khac goi 1a diém gian doan loai 2.
Vidu Xéttinh lién tuc ciia ham

1, x=0
(1) f(X) =1 sin 2x §
S

=0
Tacéd

. . sin2x
limf(x)=lim——=2= f(0)=1.
X

x—0 x—0

Vay f(x) gian doan taix=0,vax =0 la diém gian doan loai 1

@) (0 1+x, x=0
X) =
-1+x, x<0
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Ham sé gian doan tai x =0va

lim f(x)=1 lim f(x)=-1
x—0" x—>0"

nén x =0 1a diém gian doan loai 1

co diém gian doan tai x, =2

3) fy =23

Tacod lim f(x)=—o Va lim f(x) =+

x—2" x—2"
Suyra x,=2 1a diém gian doan loai 2.

BAI TAP CHUONG I

Ham sb ‘ ,
Céau 1. Tim mién xac dinh ctia ham so6
1
a)y=Inv1-x?;ds (-11 b arctan ——; ds (L 4o
)Yy (-1 )y = =k ( )
¢) 2% ds (coo;4o0) d) €L ds (—o0;-o0)
X +x+1
sin X

—; ds (-3;1
C)\/—x2—2x+3 3

Cau 2. Xét tinh chin, 1¢ cua cac ham s sau:

a) y = x| b) y=+vx* +4x+4

c) y=|x+[x-2| d y= 26
ef+e*
e) y= 5

Gi6i han ham sé
Cau 1. Tinh gidi han cua cac day so sau:

a)nlimw(\/nz—n—\/ﬁ);ds% by fim YN =V

N—>+% 1+n

o lim >4 450 d) tim| 24 L4 1

n—+o 20 4 71 e 12 2.3 n.(n+1)
Cau 2. Tinh gidi han sau:

2 2 _

g tim XYL o lim— 2 gs -1

X—>+00 2X2\/_+3 x—-1 X —4x+3

4 4
\/— ! ;ds 1/6 e)IlmX—a3 ;ds ﬂa
xal X -1 X—>a X —-a 3

f) lim(x—+/x*—2x) ; ds : khdng ton tai gi¢i han

) lim(2x—+/x* —=2x) ;ds

Cau 3. Tinh gidi han sau:

10
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J— 2 —

a) lim LX) 4514 ) lim1YCOS2X - g
x=0 X sIn X tan” X x>0 SIn™ X
im—1"3X - 43 d) lim P =SNX g1
x>0 In(2x +1) x>0 X

Cau 4. Tinh gidi han sau:
a) Iing(sin X+C0sX)** ; ds e b) lim xInx ;ds0

x—0"
1

c) lim xe* ; ds0 d)Iirr;xm ;ds e

X—>—00

H) 5
. X4sin® x+tan’ x
e) lim 5 —— ,ds 1/3
x>0 3X+ X" +9x

Ham sb lién tuc
Cau 1. Tim a dé cac ham so sau lién tuc trén tap xac dinh cua chung.

a)y=1{x* (x+0) ;ds 2
a (x=0)
1—c§)sx (x % 0)

b) y= X ;dsl

%+2x2 (x=0)

xInx* (x#0)
c)y=
a (x=0)
Cau 2. Tim cac diém gian doan ciia ham sb va ching thudc loai nao
sin x

(x=0)
X

a (x=0)

a) y=

x—1 X2 —x—2 0 x<0
. — C) y= y=

b) v=
2X+5 )y X—2 1 x>0

11
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CHUONG 2. PHEP TiNH VI PHAN HAM MOT BIEN
2.1 Pao ham

2.1.1 Pao ham tai mét diém

F(x) - f(x)

X—X,

Cho ham s6 y = f(x) xéac dinh tai X, Va tai lan can X,. Khi d6 néu ti s6

c0 gioi han khi x — X, thi ta noi f (x) kha vitai x, hay f(x)co6 dao ham tai x, va gioi
han d6 duoc goi la dao ham cua f(x) tai x,. Ky hiéu la f '(x,) hay y'(x,).Vay
F00—f )

f'(x)=lim
x—>x, X=X
Néu dat
X =X, +AX
AX=X—X, =
X=Xy =>AX—0
Luc d6
. fF(x +AX) - f(x
f'(x,)=lim (X, )= ()
Ax—0 AX

Ham s6 y = f(x) duoc goi la c6 dao ham trén khoang (a,b) néu né co6 dao ham tai moi
diém x, € (a,b). Khi d6 dao ham ctia ham s6 f(x) 1a mot ham sb xac dinh trén (a,b). Cho
nén ky hiéu cia dao ham cua y = f(x) trén (a,b) la f '(x) hoac y'
f(x+Ax)— f(X)

AX

Viy y'=f'(x)=Ilim
Ax—0

Vidu Xéthamsd y= f(x)=x’
Ta c6 mién xac dinh ciia ham s6 13 R . Pao ham caa ham s6 trén tap xac dinh 1a

f(x+Ax) - f(x) _ - (X + Ax)? = x°

y'=lim I
Ax—0 AX Ax—0 AX
(X AX—=X)(X+ AX + X .
:Ilm( X ):Ilm(2x+Ax):2x
Ax—0 AX AX—0

Do d6 y'=f'(x)=(x*)"=2x

2.1.2 Pao ham trai, dao ham phai

> e : \ o f AX) - f
DPao ham tréi cua f(x)tai x, la: f'(x))= lim (%, +4%) ~ (%)
Ax—0 AX

\ [ . N . f Ax) - f
DPao ham phai cua f(x) tai x, la f(x))= lim (X, + Ax) = (%)
Ax—0' AX

Nhdn xét:

12
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Ham s6 f(x) c6 dao ham tai x, khi va chi khi f'(x)="~f'(x). Khi do
fi(x)=f'(x)=f'(x). Néu f(x) co dao ham tai x, thi f(x) lién tuc tai x,.
Vi du Xét tinh lién tuc va tinh c6 dao ham caa ham s6 f (x) = |x| tai x, =0
Xét tinh lién tuc:

lim(-x)=0= f(0)

Taco lim f(x)=lim|x|=4""
x—0 x—0 lim(x)=0= f(0)

x—0"

Suyra f(x) lién tuc bén trai va lién tuc bén phai tai x, =0. Do d6 f(x) lién tuc tai x, =0.

Xét sy ton tai f'(0):

Ta co:
AX) - f - -
im £0 A0 F(x) L TO+80)-F(0) _ . f(ax) - F(0)
Ax—0 AX Ax—0 AX Ax—0 AX
AX
lim-——=—-1=f (0"
M ©)
:llmt)A N AX
“him 2212 0
Ax—0" AX

Do d6 f(x) khong c6 dao ham tai x, =0

Vay ham sb f (x) =| x| lién tuc nhung khong c6 dao ham tai x, =0

2.1.3 Y nghia hinh hoc ctia dao ham tai mét diém

Cho dudng cong (C):y = f(x). Khi d6 h¢ s6 goc cua tiép tuyén ctia (C)tai M(X,,Y,) € (C)
bang dao ham ciia f(x) tai diém x, va phuong trinh tiép tuyén ctia dudong cong (C) tai
M (X,,Y,) 1a y-y, = f'(x,)(X-%,). Minh hoa hinh 2.1

Sau day la bang c&c dao ham co ban

C'=0 (C = const)

(X)' = ax“™, aeR:(Q/;)'z ! flz, +£2)
nn Xn—l
1
(i) =
Jz)
(log, [x|)" =
xlna
(e)' =¢*

13
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(sinx)'=cos x
(cosx)'=-sinx

(tgx)' = =1+1tg3x

cos? x

(cotgx)'=— =—(1+cot g°x)

sin? x
2.1.4 Cac quy tac tinh dao ham
Néu hai ham u(x) va v(x) c6 dao ham tai diém x thi tong, hiéu, tich, thuong cta ching
cling c6 dao ham tai diém x va:
(U+v)' =u'+v'
(ku)'=ku',Vk e R
(uv)'=u'v+uv'
u'v-uv'

u
='= > , v=0
v v

2.1.5 Pao ham cua ham hop
Xétham hogp y = y[u(x)] néu ham y = y(u) c6 dao ham déi véi u va u=u(x) c6 dao ham
d6i v6i x thi y = y[u(x)] c6 dao ham ddi véi x va y'(x) =y '(u)u'(x)
Vidu Xéthamsd y=(1+x)"
Taco
y'=101+x*)° 1+ x*)"

=10(1+ x*)°3x? = 30x° (1+ x%)°
Vi du Gia st ¢(X), w(x) c6 dao hdm voi moi xeR. Tinh dao ham cua ham

y =\o () +y*(x)

Dt u=g’(X)+y2(x) khido y=+/u

Tacéh

y(x) = y'(u)u () = %(&D(X)(o )+ 2 (O (X))

_ (¥ (x) +y (X '(X)
Vol () +y (%)

Vi du Tinh cic dao ham cta ham s6 sau: y = (1+1J
X

Taco Iny= xIn(1+£)
X

Léy dao ham hai vé ta dugc: Y. In(1+ l) —L
y X x+1

14
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Suyra y‘=(1+1jx{ln(l+l)—i}
X X

x+1

2.1.6 Pao ham cua ham ngwoc
Gia sir ham sb y= f(x) c6 ham ngugc & x=f™*(y), néu y c6 dao ham tai x, va

y'(X,) 0 thi ham nguoc x = f*(y) c6 dao ham tai vy, = f(x,) va x'(y,) :%
Y (X

Vidu Tinh dao ham cua y = f (x) = arctgx
Tacod y=arctgx = x =tgy = x'(y) =1+tg’y.

1 1

Do d6: y'(x) = = =
Y x'(y) 1+tg’y 1+%°

Tuong ty ta tinh dwgc dao ham cua cac ham s nguoc:

. 1 1
(arcsin x)' = ———: (arccos )’ = ————

\V1-x? , 1-x?

1 1
arctgx) ' = ; (arccotgx)'=—
(arctgx) 1+x2( 9x) ,

2.1.7 DPao ham cap cao
Cho ham s6 f (x) c6 dao ham f'(x). Ham s6 f'(x) duoc goi la dao ham cip mot cua f(x).
Néu f'(x)kha vi thi dao ham cua f'(x) duoc goi la dao ham cap hai ciia f(x) va ky hi¢u
la f"(x). Vay ") =[f'(x)]
Tong quat, dao ham cuia dao ham cip n—1 cia f(x) duoc goi la dao ham cép n cua f(X)
ky higu £ (x) vay fO0)=[ ()]
Vidu Timdao hdm cép n cua y = f (x) = xe*
Taco
y'=e"+xe" = ([1+x)e

y"=e"+(1+x)e" =(2+x)e"

Chirng minh bang quy nap ta di dén két qua sau y™ = (n+x)e*
2.2 Viphan
2.2.1 Dinh nghia

Cho ham s6 y = f(x) xac dinh trén (a,b) va xe(a,b), néu ham s y = f(x) kha vi tai
diém x thi s6 gia ciia ham s tai x c6 thé viét duoc dudi dang
Af (X) = f(x+AX)- f(x) = f'(X)Ax+ 0(AXx)

v6i 0(AX) 1a VCB cip cao hon Ax khi Ax — 0.
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Biéu thirc f '(x).Ax duogc goi 1a vi phan cua f(x) tai x. Ky hiéu: df (x) hodc dy(x) tac 1a
df (x) = f '(x).Ax
Xétham y=f(x)=x tacd f'(x)=1nén df (x) = dx=1.Ax=Ax tu do ta co
df (x) = f'(x).Ax = f '(x).dx. Dé ngin gon ta viét df = f '(x).dx
Gia str y = f(x),x=(t)a cic ham sb kha vi, khi d6 vi phan ham y = f [p(t)] Ia
df = (f [p(®)])'dt = £ ()x'(t)dt = f(x)dx. Vay dang vi phan cia ham y=f(x) khdng
thay d6i dU x 12 bién doc 1ap hay 12 x 12 ham kha vi theo bién t. Tinh chat nay
goi 1a tinh bt bién cua dang vi phan.

Vidu Tim vi ph&ncia ham y=Inx

Ap dung dinh nghia dang vi phan ta dugc dy =d(Inx) = o
X

2.2.2 ng dung cua vi phan dé tinh gan ding

Cho ham y = f(x) kha vi tai x,. Theo dinh nghia vi phan ta c6 s gia ctia ham tai x, la:
Af = f(x, +AX)- f(X,) = T '(X,)Ax+0( X)
Do d6 khi Ax kha bé ta c6 cong thirc gan dung.
f (X, +AX) = f'(X,)Ax+ f(X,)

Vi du Tinh gin dang 122
Ta thay 122 = 121+1
Xétham y = f (x) =/
Ap dung cong thiic gan diing f (X, + AX) = f '(x,)Ax+ f(X,) suyra

1
X, +AX = AX+ /X, . Chon X, =121, AXx =1 ta duogc
0 2\/X_0 0 4 0

V122 = 1 1++/121=0,0454+11=11,0454

2v121

Vi du Tinh gin dung sin 29°

T T

Ta thiy sin 29° =sin(6 80} . Xétham y = f (x) =sinx

Ta 6 sin(x, + Ax) =~ C0S X,.AX +sin x,, ap dung cho x, =%, AX = & ta dugc

sin29° =sin| Z— " |=sinZ4cos X - =£—£.i=0,484
6 180 6 6\ 180) 2 2 180
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2.2.3 Vi phan cép cao

Néu ham y= f(x)kha vi trén (a,b) thi df = f'(x)dx duoc goi 1a vi phan cip mot
cta f(x), n6 la mot ham sb cua x trén (a,b) trong d6 dx khong d6i. Vi phan ciia vi phan
cap mot goi 12 vi phan cdp hai cia ham f(x) trén (a,b) ky higu: d*f tuc 1a:

d2f =d(df) = d[ f ‘(x)dx]=[f '(x)dx]'dx = f "(x)(dx)?

Mot cach tong quat, vi phin cta vi phan cdp (n-1) caa ham y = f(x) duoc goi 1a vi phan
cap n cia f(x). Kyhigu d"f tiacla: d"f = f @ (x)(dx)"

Chay : Cong thirc d"f = f™(x)(dx)" chi dang cho x 1 bién doc lap.
Vidu4. Xétham f(x)=x*+2x+1
Taco

df =(3x* +2)dx;d*f =6x(dx)*;d*>f =6(dx)*;d*f =0
2.3 Ung dung dao ham

2.3.1 Pinh li (Quy tac L’Hospital).

Cho f(x), g(x) =0 la hai ham lién tuc va kha vi tai 1an can x, (x, hitu han hodc «).
Giastr lim f(x)=limg(x)=0 vag'(x) 0 v&i moi x thudc lan can x,. Khi d6 néu

. f ... f
lim (X):L thi Ilmﬂ:L
X=X, g'(X) X=X, g(X)
. L oat=x? 0
Vidu Tinh lim (dang—)
a2 X—a 0
, . (@*=x*)" . a‘lna-ax**’
Ta co: Ilm( ) =lim =a%lna-a°.
X—a (X_a)‘ Xx—a 1
oat=x?
Vay lim =a%lna-a°
x—>a X—a

2.3.2 Dinhlli.
Cho f(x), g(x)=0 la hai ham lién tuc va kha vi tai lan canx,. Gia su

lim f(x)=lim g(x) = vag'(x)#0, véimoi x thudc lan cén X, . Khi do:
X—>Xo X=X

Néu tim | thi im0
T R TeY

L

Vidu Tinh lim 2 (dangf)
o0

X—>+%0 ex

oo X .1 A
Taco: lim = lim —=0. Vay lim > =0

Xy X X
X—>+00 (e ) X—>+0 @ X—+0 @

17



NGUYEN QUOC TIEN

- . XA Lo N . 2 X £ B
Chay: Khi x tién tdi mot qua trinh nao do (chang han x tién téi x,), néu lim EX;
X=Xy g' X

khong ton tai thi khong két luan duoc cho lim % . Néu ap dung quy tic L’Hospital ma gigi
X=Xy g X

XA A g 0 < 00 o2, 2N . Al 1A o~
han van con dang v6 dinh ; hodc = thi co thé ap dung quy tac L’Hospital mot lan nira va

tiép tuc cho dén hét dang v6 dinh.

. p 1
Vidu Tinh Ilm—jcomx

o1 X" —2x+1
Ap dung lién tiép hai lan quy tac L’Hospital ta duoc
. —msingx —m .. sinmx -m,. mcosmx nm’
lim————=—Iim = =
o1 2x—2 2 ot x=1 2 ot 1 2

. . l+coszx 7x’
Viy lim————="—
ol x°-2x+1 2

3

Vidu Tinh lim .
x>0 X —sin X

Ap dung lién tiép quy tic L’Hospital ta co:

3 2

. X . 3X . bx . 6
lim - = lim =lim——=Iim =6
=0 X —Sin X x>0]—-COoSX *>0SiNX x>0 COS X
3
Vay lim — =6
x=0 X —sin X

Déi véi cac dang vo dinh o0 —oo, 0.00, 0%, ® va 1” ta phai dua cic dang vo dinh do vé
mot trong hai dang % hodc % saudo lai 4p dung quy tac L’Hospital.
o0

Vidu Tinh lim x.Inx ( dang 0. o)

x—0"

X 2. 22 X 0
Ta bién doi dé dua gidi han vé dang —

o0
1
i Inx .y i
lim xIn x = lim — = lim—%— = —limx=0
x—0" x—0' x—0" x—0'
X NG

Vi dl} Tinh Iim(l— 1 j (dang oo-oo)
o\ x e*-1

Ta bién doi gioi han ¢é dua vé dang % sau d6 ap dung lién tiép quy tac L’Hospital

- . e’ - . e” 1
lim| —— - =lim - =lim— - =lim - —-=—
oo\ x e =1) =0x(e'-1) =0e'-1+xe" 02" +xe" 2
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Vidy Tinh lim (x-In°x) (dang oo-o0)

X—>+00

ndx

, | .
Taco:x—In®x=x(1- ) va
X
1
3In?x.= )
. In®x . . In®x . 6Ihx . 1
lim = lim X~ lim3 = lim =lim6==0
X0 Y X—>+0 1 X—>+0 X X+ Y X+ Y

X—>+00 X—>+00 X

L s . In®x
Vay: lim (x—=In°x)="lim x| 1- = +00.1= 400

Vidu Tinh limx"™  (dang 0%

x—0'

. sin X .
Tacé XS|nX:e|nX :eS'nXIHX.Dod()
. . lim sin xIn x
lim xSIN X Z [im SN xInx _ X0’
x—0" x—0"

Bay gio ta di tinh limsinxInx (dang 0.0)
x—0"

1
. . Inx . M . —Xsin®x
limsinxInx=lim = lim —X =lim————=0
x>0 x>0t 1 x>0 COSX  x-0' X COS X
sin x sin? x
: lim sin xIn x
Vay lim x> X = g0’ =e’ =1
x—0"
Vidu Tinh lim@+x)"* (dang 1%)
x—0"
lim (+x-1)Inx lim xInx
, . + +
Taco: lim(L+x)NX =0 = x>0
x—0"
ma limxInx=0 (daxét). Vay lim@+x)" =e’ =1
x—0" x—0"
2
Vidu Tinh lim x* (dang «°)
X—>+0
1
2 im 2inx 2 fim ™ 2 jim X
Tacod lim x* =eX+eX  —g X0 X _g xowol _ g0

X—>+00

2.3.3 Sw bién thién ctia ham sé

Cho ham sé y = f(x) lién tuc trén [a,b] va c6 dao ham hitu han trén (a,b), khi d6 ta c6 cac
két qua sau :
Néu f(x) ludn tang (giam) trén [a,b] thi f'(x)>0,vx e (a,b) (f'(x)<0,vxe(a,b))
Néu f'(x)>0,vxe(a,b) (f'(x)<0,vxe(a,b)) thitrén [a,b] ham f(x) don diéu ting (giam)
Viéc chirmg minh hai két qua trén dya vao dinh nghia ham s6 tiang (giam), dinh nghia dao ham va
dinh li Lagrange. Sinh vién ty ching minh nhu bai tap.
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Tir hai két qua trén ta c6 nhan xét : Néu ham f (x) c6 dao ham dong nhét bang 0 trén [a,b] thi
f(x) 12 ham hang trén [a,b].

2.3.4 Giéatri I&én nhat va nhé nhat caa ham sé.

Cho ham s6 y = f(x) lién tuc trén [a,b] theo tinh chat ciia ham s6 lién tuc thi f (x) dat gi4
tri 1on nhat va nho nhat trén [a,b]. Néu gia tri 16n nhat va nho nhat dat duoc tai mot diém
X, € (a,b) thi tai x, ham s& co cuc tri. Tir d6 ta c6 phuong phap tim gid tri 16n nhat va nho nhat
cia mot ham sé y = f(x) lién tuc trén [a,b] nhu sau :

Tim céc cuc tri ctia f (x) trén doan [a,b] va tinh cac gia tri cuc tri. So sanh cac gia tri cuc tri voi
f(a), f (b). S6 16n nhat trong cac gi4 tri trén 14 gié tri 1on nhat cua f(x) trén doan [a,b], s6 bé
nhat 12 gia tri bé nhit cua f (x) trén doan [a,b]

Nhu vay dé tim gia tri 16n nhét va gia tri bé nhit cua f () trén doan [a,b] trudc tién ta phai
tim cac cuc tri cia ham. Pinh li Ferma cho phép ta gi¢i han viéc tim cyc tri tai nhiing diém X,
ma f'(x,) =0 hoac khong ton tai dao ham, cac diém X, nhu vdy goi la cac diém toi han caa

f(x).

Két qua sau cho ta diéu kién di ¢é mot diém téi han 14 cyc tri cia ham s6

2.3.5 Dinhlli.
Gia st f(x) lién tuc trén mot lan can cua x, c6 dao ham trong lan can dé (co thé trur X,) Va
X, 1a diém t&i han caa f(x). Khi do :
i) Néu f'(x) d6idau tir am sang duong khi

. 2
x diqua x, thi f(x) dat cyc tiéu tai X, ¥ |-co 0 3 +o
i) Néu f'(x) d6i dau tir dwong sang 4m khi 3 + - 0 +

x diqua x, thi f(x) dat cuc dai tai x
0 0 ﬁym“\ . f'_'_’_gv

iii) Néu f'(x) khong déi ddu khi x diqua x, ° |-
thi f(x) khong dat cuc tri tai X,

Vi du Tim cuc tri ciia ham sé y = f (x) = (x—1)3/x2
Mién xac dinh ciia ham sé 1a R

, rr 1A N . 5SX T ST N 2
Bang xét dau cua dao ham : y'=——=, vdicacdiémtdihanla :x =0, x=—
3Yx 5

2 A A . \ <R . 2

Ta c6 ham s6 dat cuc dai x =0 va dat cuc ti€u tai X = T

2.3.6 Pinhli.
Cho ham sé y = f(x) lién tuc trén [a,b] va kha vi lién tuc dén cap hai trén (a,b), khi do:
i) Néu tai x, € (a,b), f'(x,) =0 va f"(x,) <0 thi f(x) datcuc dai tai X,
ii) Néu tai x, € (a,b), f '(x,) =0 va f"(x,)>0 thi f(x) datcuc tiéu tai x,
Vi du Tim gia tri 16n nhat, gia tri nho nhat ciia ham sé y = f (x) = 3/x(1—x)? trén [-1,1]

Taco f ‘(x):i 1-3x

27 3/x?(1—x)

| f'(x)=o@x=%, £ (%) khong xdc dinh tai x=0, x =1
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3
Nhu vay trén [-1,1] f(X) c6 ba diém t&i han f (%) = %, f(0)=0, f()=0, f(-1= ~¥4 50

3
. f , ey 1y Lo N4 1 e 1. 1k .
sanh cac gid trita co f(x) dat gia tri 1on nhat 1a 5 tai X = 3 dat gia tri nho nhat —3/4 tai

x=-1

2.3.7 Tinh 16i, 16m va diém udn cua dwéng cong

Gia str ham f(x) kha vi trén khoang (a,b) va c6 db thi trén (a,b) 13
, ‘ ¥l (©)
la cung duong cong (C)

Cung duong cong (C) duogc goi 12 16i trén (a,b) néu moi diém cua
cung nay déu nim bén duéi tiép tuyén bat ki cia cung.
(Hinh 2.2) , q
Cung duong cong (C) duoc goila lém trén (a,b) néu moi diém
cta cung nay déu nam bén trén tiép tuyén bat ki ciia cung. Hinh 2.3 Hinh 2.2

Diém phan chia giira cung 16i va cung 16m ké nhau ciia mot dudng cong duge goi la diém ubn
cua duong cong d6

Dé xét tinh 161, 16m cta dudng cong ta co dinh i sau: ¥ @) !
2.3.8 Dinhlli. : Mo,
Gia st ham f(x) kha vi dén cap hai trén khoang (a,b). Khi d6 o[ & b

i) Néu f"(x)>0,Vxe(a,b) thi cung duong cong f(x) 18m trén khoang Hinh 2.3

do
i) Néu f"(x)<0,Vxe(a,b) thi cung dudng cong f(x) 16i trén khoang d6
Tur dinh li 2.3 ta suy ra hé qua sau day :
Giasu f(x) liéntyc tai x, kha vi dén cap hai tai mot lan cin cua X, (cO thé trur tai X,) Va
f "(x) d6i ddu khi x di qua X, thi diém (x,, f (x,)) 1a diém uén ciia dudong cong f (x)

Vidu Xéttinh 16i 16m va diém udn ciia dudong cong y =e™*

Taco
v -)(2 . n__ 2 l —X2
y'==-2xe" ; y"=4(x —2)e {2 E
T | —m 2 o +o
y'=0x= iﬁ ;
.2 Y ‘ + 0 - 0 +
Bang xét dau cua y"
Nhu vay: dudng cong 16i trén khoang (—g g) Idm trén céc khoang (—oo, —£) va
(ﬁ +00) . Cac diém udn 14 : (—£ £) (£ £)
e
g Y (©)

2.3.9 Tiém can cua ham so i

D6 thi cia ham s6 f(x) goi 1a ¢6 nhanh vd cuc néu M
lim f (x) = o0 . Trong truong hop d6 duong thang d dugc goi 1a
duong tiém can cia duong cong (C) ciia ham f(x) néu khoang a / =

céch tir diém M (X, y) € (C) dén d dan dén 0 khi M chay ra vo \
Hinh 2.4
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tan trén (C). Hinh 2.4
Néu lim f (x) = (lim f(x) =o0); lim f(x) = o) thi duong thang

X =a latiém can ding cua (C)
Néu lim f (x) =b thi duong thing y=b 1a tiém can ngang cua (C)

Néu Iim[ f(x)—(ax+ b)] =0 thi y=ax+b Iatiém cén xién cua (C), trong truong hgp ndy

“mf(x) b=lim[ f (x)—ax]

X—00 X—00
Vi du

€O tiém can ding x = —1, tiém can ngang y =2

1) Buong cong y = f(x)= 2x-3
X+1

3

2) Puong cong y = TXD: D = (—,0) U (2,+0)

Taco:
3
lim =+ : duong cong cé tiém can ding x =2
x—>2" | X —
3
. X
lim = +oo : duong cong khong co tiém can ngang
X—>to0 X—

= Iim = lim = lim / =1
X—>+0 X—>+0 X—>+00

X ol tim x(Vx—x-2) lim X(X —X+2) ~
X—2 S iy B A 2(Jx +/x=2)

Vay y=x+11a mot tiém céan xién cua duong cong khi X — +oo

b, = lim [f(x) ax]=lim

X—>+00

2
X—>—00 X—>—0 X—>+00

b, = Ilm[f(x) ax]_XIerlc[,/X)i2+x}=—l

Vay y=-x-1la tiém cén xién tha hai cia duong cong khi X — —o0

3
Vi du Khio sat sy bién thién va vé d6 thi cia ham sb y = X er4
X
Taco: TXD =R\{0}
x> +4
Iirrg =oo : dudng cong co tiém can ding w | —oo 0 2 40
X—> X
x=0 ¥ + = 0 +
[ X' +4 due khong co tié i | e to
im = oo : duong cong khong c6 tiém
" ¥ | T y =3
cin ngang e
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3
a = lim+ ) jj X4

X—>00 X X—00 X

=1

3
b=|im[f(x)—ax]=|im{x 14—x}=o
X—00 X—00 X

duong cong c6 ti€ém can xién y = X

y =1—%, y'=0x=2
X

y"=2—f'> 0: duong cong ludn 16m. y
X , B |
Ta c0 bang bién thién 4
Ham s dat cuc tiéu tai x=2 va y_ =3 / 0 2 *
Giao diém cta db thi vé6i truc hoanh (-¥/4,0)
V& do thi

BAI TAP CHUONG II
Pao ham

Cau 1. Tinh dao ham cua cac ham sé sau:
a) y=sin’x

b) y = cos(x* +3x)

c) y=In(x*+3x)

d)y=vx*+x+1tai x=2 ;ds 57

14
e) y:e—slnX f) y:XX g) y:XS|nX
Cau 2.
2 x>
a)cho f()=1" "1 Tinh @) =2:ds2
2x-1,x<1

x?,x <1 . fa x .
. Tim m dé ham s6 c6 dao ham tai x=1; ds -2

b) Cho f(x)={

Cau 3: Tinh dao ham cdp n cua cac ham sb sau

X2 +4x+m,x>1

a) y=sinax b) y= !
ax+b
)y =sin®x d) y=xInx

Ung dung dao ham

Cau 1. Khao sat su bién thién cia cac ham sb sau
2
X
a)y=|nx—? b) y=1+arctan x

. 1
C)y=xe d)yzz—
X" —2X
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e) y=+x*—4x+3 ﬂyzem

Céau 2. Tim cuec tri cua cac bém sb sau

a) y =xInx; dsy dat cuc tiéu tai x=1/e

b) y = 3x—2sin®x; ds y khong ¢ cuc tri

Cau 3. Tinh c4c gi6i han sau bang quy tic L hospital

. ef—e*=2x . In(cos2x
a) lim———— b) I|m¥
x>0 X —sin X x>0 sin X
. 1 1 . 1 X
) lim| ——-— d) lim| —-—
-0 xsinx X -1\ Inx Inx
. | . H
e) lim(1+x)" f) lim x*"*
x—0" x—0"

24
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CHUONG 3. PHEP TiNH TiCH PHAN HAM MOT BIEN
3.1 Tich phan xac dinh

3.1.1 DPinh nghia.

Cho ham s f(x) xac dinh trén [a,b]. Chia [a,b] thanh n phan bat ky béi cac
diéma=X <X, <,...<X, =b, mi phép chia nhu viy goi 1a mot phan hoach trén [a,b].Trén méi
doan [, X, |lay diém M; tyy. Khi d¢6 tong

n-1

S, =Y, F(M)AX V6i A, =X, —X,i=1n-1

i=1

duoc goi 12 tong tich phan ciia ham f(x) tmg v4i phan hoach trén. Cho sé diém chia nting lén
v han sao cho maxAx, —0 néu S dan dén gigi han S khong phu thudc vao cach chia doan
[a,b] va cach lay diém M, thi gi¢ihan S goi la tich phan xé4c dinh cia f(X) trén [a,b] va ky

b
hi¢u J. f (x)dx . Vay theo dinh nghia :

b
j fydx= lim S
max Ax; —0
a (n—w)
Khidé f(x) duoc goilaham kha tich trén [a,b] va [a,b] goi la khodng lay tich phéan; ala can
dudi; b la can trén; f(x) 1a ham dudi ddu tich phan; x 1a bién tich phan. Trong trudng hop
b <a ta dinh nghia :

j. f(x)dx = —ja. f (x)dx

néu b=a tadinh nghia J. f(x)dx =0

Bay gio ta xét hinh thang cong gidi han baoi truc Ox,

cac

duong thing x =a,x=b va duong cong f(x)>0 va lién

tyc trén [a,b]. Chia [a,b]thanh n phan bat ky béi cac

Hinh 3.1

diéma=x, <X, <,...,< X, =b, mi phép chia nhu viy goi la
mot phan hoach trén [a,b]. Trén mdi doan [X;, ., |ldy diém M; tly ¥, dung cac hinh chir nhat

c6 cac kich thugc Ax =X, —X, i=1,n-1va f(M,). Khi d6 tong dién tich cac hinh chir nhat

n-1
nay la Sn:Z:f(Mi)AXi ta thiy rang néu phan hoach doan [a,b] sao cho n kha Ion,

i=1
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AX, = %,,, — X, kha bé thi dién tich S_ xAp xi bang dién tich hinh thang cong. Tir d6 ta di dén dinh
nghia dién tich hinh thang cong nhu sau:

Néu S, dan dén giéi han S khi n — oo thi S duoc goi 1a dién tich hinh thang cong. Nhu vay dién
b

tich hinh thang cong néi trén chinh la J. f (x)dx . Pay cling chinh 1& y nghia hinh hoc cua tich

phén xac dinh. Hinh 3.1

3.1.2 DPinh li . (biéu kién t6n tai tich phan xac dinh)
Néu ham f(x) lién tuc trén [a,b] thi nd kha tich trén doan d6

b
Vidu Tinh j cdx voi c 1a hang sb

Ham f(x)=c lién tuc trén [a,b] nén kha tich. Ta thanh lap tong tich phan cia f(x) =c Vi mot

phan hoach bét ki:

S, =2 F(M)AX, =cd Ax =c(b-a).
i=1 i=1
b
Khi do jcdx:limsnzc(b—a).

1
Vidu Tinh Ixzdx
0
Ta c6 ham sb tinh tich phan lién tuc trén doan [0,1] nén kha tich trén doan d6. Ta phan hoach
5 _ s 1 1
doan [0,1] thanh ndoan nho bang nhau va bang —, chon M, =X, =ix— thi
n

n

+2

AX, =X, - X, =£, i=0,n-1va (Mf)z'—z.Suyra
n n

i i+1 " N
n
3
n" i

—lim (@ 4. n2) = lim MOFDEN Y 1
n—wo N n—ow 6n 3

1 n n o ;2
[xd=1im > (M?)Ax, = lim> (L) =lim
0 n—o0 |:1 n—o0 |:1 n n n—oo

3.1.3 Céc tinh chat cua tich phan xac dinh

Gia s f(x),g(x)la cac ham kha tich trén [a,b] khi do:

i) [k (x)dx =k [ £ (x)dx (k = const)
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i) ["LF 00+ g(0ldx = || f (x)dx+ [ g(x)ax
i) £ (x) > g(x), xe[a.b] = [ f(x)dx> [ g(x)ax
iv) [ £ (9dx = [ f(0dx +[ (x)dx, Ve e[a,b]

j' f (x)dx

a

V)| f ()| kha tich trén [a,b] va

b
< || f(x)|dx

3.1.4 Nguyén ham
Ham F(x) duoc goi 1a mot nguyén ham caa f (x) trén (a,b) néu

F'(x) = f(x),vxe(a,b).

Vi du tg(x) 1a mot nguyén ham cta 1+tg®x trén R\{(2n+1 ZL sinx+100 la mot nguyén ham
u 19 guyt g 5

cua COSX...
C6 thé chirng minh duoc: néu F(x) 12 mot nguyén ham caa f(x) trén (a,b) thi moi nguyén
ham cua f(x)trén khoang d6 déu co dang F(x)+Cvéi C la mot hang s6. Ho vo s6

cac nguyén ham d6 duoc goi 1a tich phan bat dinh cia ham f (x) ky hiéu I f(x)dx. Vay
j f(x)dx = F(x)+C

trong d6 dau I duogc goi 1a diu tich phan, f(x) 1 ham duéi dau tich phan, f(x)dx la biéu thirc
dudi dau tich phan va x 14 bién sé tich phan.

T dinh nghia ta c6 thé rt ra mot sb tinh chét cua tich phan bét dinh:

)| [ 100ax | = (%)

ii)jc.f(x)dx=c.jf(x)dx , C 12 hing sb

iii)j[f(x)+g(x)]dx=j f(x)dx+Ig(x)dx

Viéc chirng minh céc tinh chit trén xem nhu bai tap.
3.1.5 DPinh li (Cong thirc Newton-Leibnitz)

Cho ham s6 f (x) lién tuc trén [a,b]va F(X) la mot nguyén ham cua f(x) trén doan do. Khi
do

[ fdx= F(x)|: — F(b)-F(a)

thn xét: T’heo cong thirc Newton-Leibnitz tich phan xac dinh khong phu thudc vao ky hiéu cua
bién dudi dau tich phéan, nghia 1a

[[teodx=] fuydu=..
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Cong thire Newton-Leibnitz chi ra mdi quan h¢ gitra nguyén ham va tich phan xac dinh cuia mot
ham so. Ap dung cong thirc nay ta co6 the tinh tich phén xac dinh ma khong phai dya vao viée
phéan hoach khoang lay tich phan.
1
Vidu Tinh Ixzdx
0

3
X s A e A , _
Taco 3 la mot nguyén ham cia f (x) = x* theo cong thic Newton-Leibnitz

1 3
J'xzdx=x— 1
0 31, 3

4
Vidu Tinh J'tgxdx
0

, A T \ e N A A N \ a
Ta c6 trén doan [O'Z] ham s6 —In(cosx) la mot nguyén ham cua tgx nén

NG

tgxdx = —In(cos x)|: =— In(TZ) +In(1) =In+/2

O e [N

Nhu vay dé tinh tich phan xac dinh bﬁng’céch st dung cong thirc Newton-Leibnitz ta phai
tim dugc mot nguyén ham cua ham dudi dau tich phan, sau day la cac phuong phap dé tim
nguyén ham ctia ham s6 da cho.

Tich phan bat dinh ciia mot s ham sé co ban c6 dugc liét ké nhu sau:

_[kdx=kx+C
Xa+1

jx“dx= +C, (a#-1)
a+l

dx -1

e R— ] #1

[ (BTG (B=1)

j%=|n|x|+c

X

» a’

jadx= +C, (a>0, a=l
Ina

ux eaX

je dx=—+C, (a#0)
a

jcos(ax +h)dx = isin(ax +b)+C, (a=0)

[sin(ax+b)ax = —%cos(ax+b) +C, (az0)

Icods); = I(1+tgzx)dx —tgx+C
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Isig)z(x = I(1+cot g%x)dx =—cot gx+C

dx = arcsin x+ C,

j 1

dx = arcsm—+C (a>0)

[

J.l > dx = arctgx+C
+X

1 1 X
I ——dx=—arctg—+C, (a=0)
a”+x a a

I ! dx=1Inja+x/+C
a+x

I ! ax=Ln[X=2 i, (a=0)
X+a

x? —a? 2a

1
j—dx=|n x+\/xzia‘+C
Vx?+a ‘
2

X a X
j a’—x*dx==+a’ - x* +—arcsin—+C

2 2 a

X+\/X2ia

I\/xzia dx:gxlxzia + %In +C
_de=lntg§+c
sin x 2
de=ln tg(5+£)+c
COS X 2 4

1 1
[————dx="tg(ax+b)+C,(a»0)
cos”(ax+Db) a

1 1
Imdx=—gcotg(ax+b)+c,(a¢0)

[ L_gx=Linjax+b|+C, (a=0)
ax+b a

1
J' e+ ax+b+C (a=0)
a

Trong nhiéu trudng hop ham dudi dau tich phan khong don gian, khong ¢6 dang nhu nhiing
ham co ban néu trén, ta phai bien d6i ham dudi dau tich phan sao cho ¢6 the dp dung duge cac
tich phan co ban. C6 hai phuong phap dé bién doi tich phan trong trudng hop nay.
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3.1.6 Phwong phap d6i bién sé6
Phuong phap d6i bién trong tich phan bat dinh c6 thé chia 1am hai dang
Dang 1: Dit x = @(t), trong d6 $(t) 1a ham kha vi va don diéu dbi v6i bién t. Ta co:
[ £ 00dx=[ Flpt)}p )t

|n\/_
e X

Pit x =t%, x kha vi va don diéu v&i moi t, suy ra dx = x'(t)dt = 3tdt

Vidu Tinh I

= 3I3|ntdt =-3cost+C = —3cos\/§+C

J-sm\/_ J-3t tsmt

Vidu Tinh J.\/l—XZdX

bat x =sint,(—%stng:>t=arcsin X, (1< x<1). Taco dx=x'(t)dt = costdt

J1-x2 =\1-sin?t =+/cos’t = |cost|

=cost (cost>0 do _thgﬁ)
2 2
Suyra [v1-x"dx=|cos’tdt _I%t—%JriSInZHC

thay t = arcsin x = J'\/l— x?dx =%arcsin x+%x\/1— x* +C
Dang 2: Bat u=u(x) trong d6 u(x) la ham kha vi. Ta c6
[ £00dx = [ FluC)lu()dx = [ f (u)du

5XdX

Vidu Tinh j 1
e +

bat u=e* = du=u'(x)dx=e*dx. Suyra

e>*dx u*du
J.ezx +1 J.u +1

1
= (u®-1+ du
I( u’ +1)

3x
u®
=?—u+arctgu = 63 —e*+arctg (e”)+C

sin 2xdx

VlduThJ. ;
COSX

Piat U=c0s’ X = du =u'(x)dx =—2sin xcos xdx . Suy ra
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Isiandx =_.[ du =—£Inu_2 e
cos*x—4 u>—4 4 |u+2
2 —
__1 coszx 2+C
4 |cOS” X+2
) ) (2x* +1)x
Vidu Tinh I, =———adx
X +1

Pat u = x2 = du = 2xdx, khi do:

_J. 2u+1 3 J-Zudu 1
u?+1 u-+1 2 u?+1

1
= —In u?+1)+=arctgu+C
5 (u”+1) 5 arcty
=Eln(x +1)+Earctg(x )+C

Ap dung phuong phap trén khi tinh tich phan xac dinh ta c6 thé thuc hién nhu sau:
D6i v6i dang 1:
Dit x=¢(t) Véi @(t) co dao ham lién tuc trén [a, f] va [ p(a) =a, ¢(B) =b khi thién thién
trong [, 8] thi x bién thién trong [a,b]. Khi do jb f (x)dx = j ” f ((t))p '(t)dt

1
Vidu Tinh | =Ix2\/l—x2dx
0
bat x =sint, (Osts%):dx=costdt

Tacdé x=0=t=0, x=1=t=2

Do d6:

/2 /2

1
I X V1-x%dx = Ism tv1—sin?t.costdt = Ism tcos® tdt
0

”/2 ir/2 .
= = I sin’ 2tdt == J. (L—cos4t)dt = ( sm4tj
8 4

0

Déi véi dang 2:

bat u=u(x) voi u(x) don diéu, kha vi lién tuc trén [a,b] va f(x)dx tré thanh g(u)du thoa
u(b)

g(u) lién tuc trén [u(a),u(b)]. Khi d6 J':f(x)dx= j g(u)du
u(a)

ﬂ'

Vidu Tinh I_ COS X

\/smx
4
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2 e 21 i
Taco I:J-COS Xcosxdx:J.1 S lxcosxdx
> A/sin x N3
n 5 (sinx)
bat u =sin x = du = cos xdx va u(%)zg,u(%)zl. Khi do

5

—ug)du

-t
3

I:jﬂdu:j(u
2 2
2 2

3.1.7 Phwong phap tich phan tirng phan
Néu u =u(x),v=v(x) la hai ham kha vi lién tuc trén mot khoang nao do, khi do:
Iudv = uv—Ivdu
cong thirc ndy goi la cong thuc tich phan timg phan, thay vi tinh tich phan biéu thic udv ta
di tinh tich phan biéu thirc vdu c6 thé don gian hon.
Dé tinh I f (x)dx bang phuong phap tich phin timg phan ta can phan tich f(x)=g(x)h(x) sau
do dat

u=9g(x)
dv = h(x)dx

Viéc chon u va dv & trén, can thuc hién sao cho u' don gian va v = I h(x)dx dé tinh.

Céc dang tich phan sau dy duoc tinh bang phuong phap tich phan tirng phan véi cach dat twong
ung:

j P (x)sinaxdx, j P (x)cosaxdx, j P (x)e™dx: dat u="P (x)
I P, (x) In xdx, I P, (x)arctgxdx, I P, (x)arccot gxdx,j P, (x) arcsin xdx, I P, (x) arccos xdx, ... dat
dv =P, (x)dx voi P, (x) 1a da thirc bac n theo x

Vidy Tinh I = [ (2x+3)e*dx

£)Vtu=2x+3 du = 2dx
a = 1
dv = e¥dx v==—ge*
2
2X+3 2X+3 1
I :X_+ezx _IerdX:X_"‘er —=e”+C=(x+1e* +C

Ap dung vao tich phan x4c dinh ta tién hanh nhu sau:

Néu u(x), v(x) 1a hai ham kha vi lién tuc trén [a,b]. Khi d6
b b b
Iudv =uv|, —Ivdu

Céch dat u va dv twong ty nhu trong tich phan bét dinh.
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Vi du Tinh cac tich phan sau:

i)Izj.Inxdx
1
dx .
_ |u=Inx du=— L, e
Dit = x . Khido: 1=xInx| —Idx=e|ne—(e—1)=1
dv = dx bl
V=X
2
i) J =J'eX Cos xdx
0
u=e" du = e*dx L
bat ¢ = -e .Khid():J:exsinx|2—J.exsinxdx.
dv = cos xdx V =sin X o .

T

2
bat J, = Iex sin xdx, ta tiép tuc tich phan tirng phan J,
0

_ lu=e* du =e*dx
bat _ =
dv = sin xdx V = —CO0S X

3

T 2 T
J, =—e"cos x|§ +Iex cos xdx =—e” cos x|§ +J
0
. /2 . /2 /2 "
J =e"sin x|0 —J, =e"sin x|0 +e”cos x|0 -J . Vay ta dugc

1 . /2 1 /2
J ==¢"sin x‘ +—excosx‘
0 2 0

=J=£eﬂ/2—£:l(eﬂ/2—l)

2 2 2

Nhu vay ta da xay dyng khai ni¢m va chi ra cach tinh tich phan trong truong hop céc can lay
tich phén Ia hiru han va ham lay tich phan lién tuc . Duéi day chiing ta s€ mo rong khai niém tich
phén véi truong hop can lay tich phan 1a vO han va truong hgp ham duédi dau tich phan khong xac

dinh, ta goi chung 1a tich phén suy rong.
3.2 Tich phén suy rong

3.2.1 Tich phén suy réng loai mét

Xét ham s6 f(x) xéac dinh trén [a,+o), kha tich trén moi doan [a,b], vb>a. Ta dinh nghia

+00

b
tich phan suy rong ctia f (x) trén [a,+0) Ia lim j f (x)dx va ky hiéu: j f (x)dx .

a

+0 b
Vay j f(x)dx:blimjf(x)dx
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Néu gi6i han trén 13 hitu han ta néi j f(x)dx hoi tu, néu giéi han

a

vO han hoic khong ton tai ta bao tich phan phén ki.

Vé phuong dién hinh hoc tich phan suy rong J. f(x)dx biéu thi

dién tich hinh thang cong v6 han nhu hinh 3.2

Vi du
T dx % dx 1 _ 1 1
J.—2—|Im —=lim| =" |=lim| ——+>|=1
1 X bﬁ+oc1 X b—>+o0 X [1 b—>+o0 b 1
+% X +0 X
Va — hoituva | ==1
!. Xt Jl. X
Vi du
Tdx o . hdx
J.—z lim|—
1 X b—+o0 X
. b .
= lim [ In|x||" |= lim (Inb—In1) = +o0
b—-+0 1 b—>-+o0

Vay j d—: phan ky
1

Vi du J.d—i((aeR)
X

1

NGUYEN QUOC TIEN

Hinh 3.2

Néu a <1

+0 b 1a P l-a +o0

J'ﬁz lim | x “dx = lim = lim b ! =+o00 Suyra J.% phan Ky.
1 X% ba+ool b>+0] — ) bo+o| 11— ] X%

Néu o =1 thi j% phan ky
X
1

Néu o >1

+00 dX b 1-a b
j-: lim [x“dx = lim

1 X% ba+oo1 b+ ] — ¢x A

. (b 1
= lim e
b\ l-a 1-a

. 1 1 1
= lim - — | = .
b+l @ =1 (a—1)b a-1

Suyra J.d—i( hoi tu
X
1

34



NGUYEN QUOC TIEN

Tuong ty ta ciing dinh nghia tich phan suy rong voi khoang lay

tich phan la (—o0,b] va (-0, +0) y
Tich phén suy rong cua f(x) trén (—o,b] la f3x)
b b
JLr_rlc{f(x)dx, (a<b) vaky hicu _J;f(x)dx. W bx
b b
vayj f(x)dx = lim j f (x)dx, Hinh 3.3
. b b
néu gidi han ndy la htru han ta noi J. f (x)dx hoi ty, ngugc lai ta bao tich phan J. f (x)dx phén

b
ki, vé phuong dién hinh hoc tich phan suy rong J. f(x)dx biéu thi dién tich hinh thang cong vo

han nhu hinh 3.3

b
Tich phén suy rong cua f(x) trén (—oo,+0) la lim J' f(x)dx va dugc ki higu:
b—>+0 @

+00

J. f(x)dx . Véi gia thiét f(x) kha tich trén moi khoang [a,b], nhu vy ta c thé viét

—00

+00 ~+00

j f(x)dx = j f(x)dx+j f (x)dx, Vc.

—00 —00 C

Tich phan j f(x)dx hoitu < j f (x)dx va j f (x)dx cling héi tu.

a—>—w a——ow

0 0 0
Vi du jede= lim je*dx: lim(1-e*) =1. Vay jede hoi tu.

VI’dl.lJ. 12dx=I 12dx+ %dx,Vc
1+x 1+x < 1+X

—00 —00

= lim (arctgc —arctga) + lim (arctgb —arctgc)
a——o b—>-+o0
=arctgc — L arctgc =
2) 2
+00 1 »
Suyra J. ——dx hoi tu.
214X

3.2.2 Pinh li (Tiéu chuén héi tu thir nhat)

Cho f(x),g(x) la hai ham khéng am trén [a,+x), kha tich trén moi khoang [a,b] va
f(x) <g(x).Khido

i) Néu j g(x)dx hoi ty thi j f (x)dx hoi tu
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i) Néu j f (x)dx phan ky thi j g(x)dx phan ky

Vidu Xeét J. ! dx
X2 + X

e 1 1 \ +o0 1 A i A

Tathay: ———<—,Vxe[l,+o] maI —dx hoi tu suy ra J. >——dx hoi tu
X“+X X 1oX T XT+X
Vidu Xét T;dx
o Yx+1-1

; 1 1 L1 1 A LA

Taco > , ma dx phéan ki nén dx phéan ki.
Yx+1-1 Yx+1 I{‘/x+1 J.\/x+1—1

3.2.3 Dinh li (Tiéu chuan so sanh thi hai)

Cho f(x),g(x) la hai ham khdng &m trén [a,+o0), kha tich trén moi khoang [a,b]. Khi do
i) Néu lim EX; k, 0<k <+oo thi cac tich phan j f(x)dx va j g(x)dx s& cling hoi tu hodc
X—>+00 g X A A

cung phén ky.

i) Néu lim —22 109 _ o thi jg(x)dx hoi tu suy ra j f (x)dx hoi tu

X—>+00 g( ) A
f(x) T A L ¢ A Lo
iii) Néu lim T_OO thi J. g(x)dx phan ky suyraJ. f (x)dx phan ky
X—>+00 g . .
Vidu Xét sy hoi tu cia cac tich phan sau
L F dx
| _
Jl. X +2x-1
bat f(x):%, chon g(x)_ .Taco I|mM 1>0 ma J.d—i( hoi tu
X*+2x-1 x>+ g(X) 1 X
Suy ra tich phéan TL hoi tu.
X +2x-1 7
L F 5
i) | ———=dx
Jl. U +2x-1
bat f(x)=L chon g(x)_E Taco lim—= 00 =5, ma J.— phén Kki. Suy ra tich

e rox-1 X x>+ g(X)

+00 5 .
han | ——dx phan ki
P Jl. I +2x-1 P
[X3

x> +x+1

|||)I
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ma dx phén ki nén tich phan d& cho phén ki Truong hop

21 x+1 "X

Tacod lim {
X—>+00

i.llzm

»—\'—.g
x|~

f(x) c6 dau tiyy ta c6 két qua sau

3.2.4 Dinh li (Sw hdi tu tuyét déi va ban hoi tu)

Néu [ |f(fdx hoitu thi | f(x)dx hoi tu.
Khi d6 ta néi j f (x)dx hoi tu tuyét dbi con néu j | f (x)[dx phan ky nhung j f (x)dx hoi tu thi

ta noi j f (x)dx bén hoi tu.

+00

. ) N COS X
Vi du Xét sy hoi tu cua J.Z—dx
1 X7 +1
COS X 1 1 . "Flcosx N . f COSX N NV
Taco |- <——<— nén J. ——{dx hoi tu, vay J.Z—dx hoi tu tuyét doi
X+l x°+1 X 1 IXT+1 L X+l

b +00
Cha y. Céc tich phan j f (x)dx, j f (x)dx ciing ¢6 nhitng dinh Iy tuong tu.

3.2.5 Tich phan suy réng loai hai
Xét ham s6 f(x) kha tich trén [a,c],Vc:a<c<b va lim f(x)=co. Khi d¢, ta dinh nghia
X—b~

tich phéan suy rong cua f(x) trén [a,b) la Iirpj': f (x)dx ky hi¢u

la [ £ (x)dx

Néu lim [ £ ()dx hiru han thi tansi [ f (x)dx hoi tu, nguore lai

ta noi tich phan phan ky. Vé phuong dién hinh hoc tich phéan suy
b

rong J. f (x)dx biéu thi dién tich hinh thang cong v han nhu hinh 0

Vvé 34

Hinh 3.4
1
Vidu Xeét J. ! dx (ham gian doan tai x=1)
0 1—X2
| % . e . . T 1
Ta co : J. dx = IlmJ. dx = Im](arcsm x|0)= limarcsinc=—. Suy ra J. dx
o 1_X2 ¢l 5 1_X2 c—ol c—ol 2 0 1_X2
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Tuong ty nhu trén ta xét tich phan véi f(x) kha tich trén [c,b],Vc:a<c<b va

lim f (x) =co. Khi do, ta dinh nghia tich phan suy rong cua f(x) tén (a,b] la lim J.Cb f (x)dx, ky

x—a*

hicu 1 [ f (x)dx

Néu lim [* f (x)dx hiru han thi ta n6i [ (x)dx hoi tu, nguoe laita 1y

c—a

b
néi phan ky. Vé phuong dién hinh hoc tich phan suy rong J. f (x)dx 17

a

biéu thi dién tich hinh thang cong v6 han nhu hinh 3.5

1 N
Viduy Xét J.%(gién doan tai x=0) Hinh 3.5
S X

1 1
Taco J'd—):( = lim o _ lim [In|x|

c—>0" . X c—0* c—0"

1 1
j: lim(=Inc)=+o. Suy ra I% phan ky.
c ° X
Bay gio ta xét ham sé f(x) xéac dinh trén [a,b]\c, (c € (a,b)) va lim f (x) = o, dinh nghia
tich phan suy rong ctia f(x) trén [a,b] 1a tong ctia hai tich phan suy rong nhu sau:

b c b
L f (x)dx = j f (x)dx + j f (x)dx,c e (a,b)
va [ f(x)dx duoe goi 2 hoi tw néu

b
L f(x)dx va j:’ f (x)dx clng hoi tu. V& phuong dién hinh hoc tich phan suy rong j f (x)dx biéu

thi dién tich hinh thang cong v han nhu hinh 3.6

Vidu Xét sy hoity cia cac tich phan suy rong

1
dx
| —
I
1 0 1
Tacéh J-d_>2<: d—)2(+J.d—)2(
-1 —1X OX

1 1 0
Suy rajd—)z( phan ky, vay J.d—)z( phan ky
X X
° N Hinh 3.6
2
dx
2
)ixslx—l

2 1 2
Tacé J- dx :J- dx +J- dx
< 3Yx-1 3¥x-1 ¥Y¥x-1
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1 c 2
I o =lim o =lim=|(c-1)°%-1 =—E
0 Ix—1 oot 0 Ix—1 cot | ] 2
2 2 0 2
[ o = lim [ AT P
13)(_1 cal*c3x_1 ¢l 2_ ] 2
2 2
Véyj dx hoi tu va I dx ——§+§=O
s Ix—1 s Adx-1 2 2

Dudi day 1a c4c tiéu chuan so sanh cho tich phan suy rong ciia ham f (x) trén khoang [a,b) .
Cac truong hgp tich phan suy rong cua f(x) voi f(x) gian doan tai ahoac c, (a<c<b) ta
ciing ¢6 nhitng tiéu chuan tuong ty.

3.2.6 Dinh li (Tiéu chuén so sanh thir nhat)
Cho f(x),g(x) la hai ham khéng am, f(x)<g(x) trén [a,c],(a<c<b), va kha tich trén

moi khoang [a,c]. Khi d6

b b
i) Néu j g(x)dx héi ty thi j f (x) dx hoi tu
i b b
i) Néu j f (x)dx phan ky thi j g(x)dx phan ky.

3.2.7 Binh li (Tiéu chuan so sanh th hai)

Cho f(x),g(x) ld hai ham khdéng &m trén [a,+w), kha tich trén moi khoang
[a,c],(a<c<Db).Khido
o fX) L .7
i) Néu |ITT= k, 0 <k <+o0 thi cac tich phan suy rong J.f(x) dx va Ig(x) dx s€ cung hoi
X—>b~ g X s s
tu hoac cung phan ky.

b

b
i) Néu |imﬂ=o thi J.g(x)dx hoi ty suy ra j f (x)dx hoi tu
x—b g(x) " "

b b
iii) Néu lim T thijg(x) dx phan ky suyraj f (x)dx phan ky
X—>+00 g(x) " "
Trong trudng hop f(x), g(x) c6 ddu tly y ta c6

3.2.8 Dinh li (Sw héi tu tuyét déi)

b b
Néu j | F(x)ldx hoi tu thi j f (x) dx hoi tu.
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b b b
Khi d6 ta noi j f (x)dx hoi tu tuyét ddi, con néu j | f(x)|dx phan ky nhung j f (x)dx hoi ty thi ta

a

b
noi j f (x)dx ban hoi tu.

Thong thudong dbi véi tich phan suy rong dang niy , ngudi ta thudng so sanh véi cac tich
phan sau:
b

dx
I (x—a)*

a

b
X ., . \ dX X ., . X +0 ., .
néu gian doan tai a va J.—(b — Néu gian doantai b. Néu J. f (x)dx gian doan tai
— a
a

X)
athi [7f(x)dx= jb f(x)dx+ [ f(x)dx, tich phan ban dau hdi tu néu hai tich phan sau dong

thoi hoi tu.

2
Vidu Xét sy hoitu jld—x
nx

Taco f(x)=|i>0 , g(x)=i>0, vx>1
nx x-1

Suyra lim 0 i & Ly (quy tac L hospital)
x—-1" g(x) x-1" |n X x—-1" E

X

ma jidx phan ky (& =1) do d6 j"‘:—xx ohan ky

1
Vidu Xétsyhoity | f_’x

eV -1

0

. 1 1 1
Taco f(x):e& 1zo.Chon g(x):ﬁ:—l' (0<x<)
- (x-0)?
1 1

lim ) _ jim f& —1 ma [ hity (=5 <1). Dods [—2— oty
x—0' g()() x=0" @ X_l 0\/; 2 . e x_l

3.3 Ung dung tich phan

3.3.1 Tinh dién tich hinh phang
Cho ham sé f(x) liéntuc va f(x) >0 trén [a,b]. Khi d6 dién tich hinh thang cong gi6i han
boi duong cong f(X) va hai duong thing x =a,x=b vatruc Ox la

b
S= j f (x)dx
Ham sé f(x) lién tuc [a,b] thi dién tich hinh thang cong gi6i han bai dudng cong f(x) va

b
hai dudng thing x=a,x=Db vatruc Ox 1a S =I| f(x) | dx
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Dién tich hinh phang giéi han bdi cac dudng cong f (x) va g(x) lién tuc trén [a,b] va hai

b
duong thing x =a,x=b cho bai cong thirc sau S = I| f(x)—g(x)]|dx

= x(t)
=y(t)
tuc trén [t,,t,]. Khi d6 dién tich phang gi6i han boi dudng cong va cac duong thang X =a,x =b
va truc Ox cho bai cong thic :

S =T| y(O)x'(t) |dt voi a=x(t), b=x(t,)

. .| x
Néu duong cong cho bdi phuwong trinh tham so6 { vai x(t), y(t), x'(t) la cac ham lién
y

Y

Trong qua trinh tinh dién tich hinh phang ta nén chii y dén tinh chat d6i xtmg cua hinh

phing d¢é viéc tinh dién tich don gian hon.

}-‘ F
Vi du Tinh dién tich hinh phang gidi han bai cac duon I =
A G : vie g T
y=x,y=?va y =2X. :
Dé tinh dién tich nay ta chia né lam hai phan, phan thir nhat ing T [ :
VGi 4 5
x €[0, 2] phan thi hai tmg véi x e[2,4] i -
2 2 32 ' i
X X 4 s 3
S, =[(-)dx=2- == 0 2 4
s j (== =3
Dién tich hinh phing d cho 1a S =S, +S, =4. Hinh 3.7 Hinh 3.7

2 2

Vi du tinh dién tich hinh elip X—2+g—2 -1
a

Puong elip chinh tic déi xtmg qua céc truc toa d6 nén dién tich 1a :

S= 43' f (x)dx =4ja.b1 /1—:—2 dx

J' / w2 dx 4b 71'3. rab

Vay S _nab . Hinh 3.8
Vi du Cho phuong trinh tham s ciia dwong cycloid:
x=a(t-sint
( ) (Hinh 3.9)
y =a(l-cost)
Vi 0 <t <27 . Tinh dién tich hinh phang gidi han bai duong Y

cycloid véi truc hoanh trén 0<t <2z 2a
27

= J' a(l—cost)a(l—cost)dt X

0

Hinh 3.8

2z ( 27
=a’ J' (1-2cost +cos *t)dt
Hinh 3.9
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2
_ a?[(t—2sint) 7 +J‘%t]
0

=a’[2x +%(t—%sin 2t) "] =a’[2n+rx]=3ra’.

3.3.2 Tinh thé tich vat thé
i Cho mat vat thé gidi han boi mot mit congrvé hai mat
phing x =a,x=b (a<b). Gia su dién tich thiét di€n cua vat
thé cat boi mat phang vudng goc vi Ox tai x 1a S(x), S(x)
la mot

ham lién tuc trén doan [a,b]. Khi d6 thé tich vat thé dugc tinh : b’

b
nhu bing cong thic V = j S(x)dx .( Hinh 3.10)
i a Hinh 3.10
Vi du Tinh thé tich vat thé gidi han boi elipsoid
XZ y2 ZZ
? + ? + C_Z =1
Cit vat thé boi mit phang vudng goc voi Ox tai diém c6 hoanh do 1a x thiét dién nhan

dugc 1a mot elip ¢6 phuong trinh
2 2 2 2 2

y +Z—=1—X—2<:> y + z =1

? 2 2 2
e (bJ Xy (c\/l—xz)z
a

a

2
Dién tich ctia elip ndy 1a : S(x) = ﬁbc(l—%) .

Thé tich cua vat thé 1a

2 G 27be
V= _LS(x)dx =nbc_ja (1-—7)dx = ?l(az — x2)dx
3 2 3 <
_ 2rbc (aZX—X—) _ 2rhc (@ _a_) _ 4rrabe Hinh3.11 Hinh 3.11
a’ 37, 2 3

Trudng hop vat thé tron xoay ta co :

Cho hinh thang cong gié¢i han boi dudng cong f (x) lién
tuc trén doan [a,b], truc Ox va hai duong théng X=a,x=b
xoay quanh truc Ox . Khi do ta thu dwoc mot vat thé tron
xoay. Cac thiet dién vudng goc voi truc Ox tai diém x deu la
cé&c hinh tron c6 tdm nam trén Ox véi ban kinh 1a f (x), dién
tich cuia cac thiét dién nay 1a S(x) = 7 f 2(x). Vay thé tich vat

b
thé tron xoay 1a : V = nI f?(x)dx . Hinh 3.12 Hinh 3.12

2 2

Vi du Tinh thé tich vat thé tron xoay tao bi elip X—2+§ =1 khi n6 quay quanh truc Ox
a
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2

4 o£2 _ 2_b 2 2 A . . X
Taco f°(x)=y _?(a —X“). Theo cong thuc ta co v fx) B

b ab2 E

2 2 2 f

V=n£f (x)dx=7r:|;?(a — x2)dx !

A !
2a 2 3 |2 0| B b x
=27rb—2J'(a2—xz)dx=2nb—2(a2x—x—) =£7rab2
a’q a 37, 3 Hinh 3.13

3.3.3 Tinh d6 dai cung
Cho cung duong cong AB co phuong trinh y = f(x), f(X) c6 dao ham lién tuc trén [a,b].
b

Khi d6 d6 dai cung AB duogc tinh theo cong thic : | =J. 1+[f'(x)]?dx. Hinh 3.13
Truong hop cung duong cong AB cho béi phuong trinh tham s6 :

{X =o(1)

y=y(t), t,<t<t,
Trong d6 o(t), w(t) la cac ham sé co dao ham lién tuc Vte[t,t,]. P dai cung AB duogc tinh

1]
theo cong thirc : | = J'./x"2 +y2dt
4

2
Vi du Tinh d6 dai cung yzx?, 0<x<1
Taco

I =j. 1+[ f'(x)])*dx =Jl.\/1+ X?

=%[x\/1+ X2 +In(x+v1+x2)] =%(J§+ In/2)
0 0 2

Vi du Tinh d6 dai cung cia duong cycloid: (Hinh 3.14) Hinh 3.14
x=a(t-sint)
y =a(l—-cost)’

0<t<2x .Theo cdng thuc ta co

t 2 27
| = J',/x't2 +yldt= J' \/az(l—cost)z +a’sin’tdt = 2aJ. sin%dt =8a
t 0 0

3.3.4 Dién tich mat tron xoay
Xeét mat tron xoay sinh ra do cung AB 14 biéu dién ciia ham
f(x) >0 c6 dao ham lién tyuc trén doan [a,b] quay xung quanh
truc Ox . Hinh 3.15. Dién tich mat tron xoay nay tinh theo cong
thuec :

S= anb.| f Q1+ f2(x)dx

Truong hop cung AB & trén cho boi phwong trinh tham s
X =X(t), y = y(t),a<t<b thi dién tich mat tron xoay dugc tinh

Hinh 3.15
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s =27 [lyIX OF +[y ©Fdt

Vi du Tinh dién tich mat tron xoay tao bdi cung x =a(t—sint),y =a(—cost), 0<t<2x khi

quay quanh Ox . Theo cong thirc trén dién tich can tinh 14 :

27
S= 27rj' |a(1—cost)|\/a2 (1—cost)? +a’sin’t dt
0

64ra’
3

2
~8ra’ [ sin’ Zdt =
L2
BAI TAP CHUONG III
Tich phan bat dinh

Cau 1: Tinh céac tich phan sau:

sin xdx
a) | ———— ; ds —In(cos x++/cos’x +4) +C
j\/coszx+4

b)jw ;ds —cos(Inx)+C

c) I#ﬁiﬂs ;ds In|x—4|-In|x-2/+C
d) _[(2—3cot2 x)dx ; ds 3cotx+5x+C

e)Isze—dx;dsIn

@—4+c

f) Imdx ds In‘tanx+\/2+tan2x‘+c
2+tan X

x+3x
9 J.1+x +2x°

d X X
h) j% - ds In(e* ++/1+e) —C

Cau 2. Tinh céc tich phan sau
a) Ix.arctgx.dx b) Iln xdx

X :ds EIn‘1+x2+2x3‘+C
2

x.arctgx.dx
d) | x-arcigxax

V14 X2

2x+1 A B

c) _[ X €0s xdx

C

Cau 3. Cho ham s f(x) S Xac dinh A, B,Csao cho f(x)=
X +

tinh j f (x)dx .
Cau 3. Tinh cac dao ham

a) f(x)= j V1+t2dt b) f(x)= j cos(t?)dt
0 sinx
Tich phan xac dinh

Cau 1: Tinh tich phan sau:
1 e
a)I=J.2de;dsllln2 b)Izj.Inxdx;dsl
0 1

44

J’_
(x+1)°  (x+1)?

o1
X+1

1
X



NGUYEN QUOC TIEN

1 e
C)|=dex,d3£ d)|:J.L2’dS
3 2 1 X(1+In"x) 4
1
3x?
e) I =[———dx ;ds 2(+2-1)
z[\/1+x
Cau 2: Tinh tich phan sau:

T

e 2

a) | =J'xexdx ;ds e®(e-1) b) I =_|'xcosxdx
1
T 1

c) I=J.(xcosx)2 dx d) I=J.X arcsmx

1 V14 X2

Tich phén suy réng
Cau 1. Xét sy hdi tu cta cac tich phan suy rong sau:

) [ =% ds +e0 b)jZL;dsm

542X o X*+2Xx+3

odxk Elin(x+1)dx . A n
c) gl—z,dsa d) !T,dsphanky
Cau 2. Xét su hoi tu cua cac tich phﬁn suy rong sau:

1

dx xdx

a) b) ds ——

o Vi—=X J.

2 1
o [ X s phan kg ) | fdx ds hoi tu

, Inx o e =1

Ung dung tich phén

Cau 1. Tinh dién tich hinh phang giéi han boi cac dudng sau:
a) y2=2x,x2=2y;dsg b)y=x*+4,y=x+4;ds 1/6
Cau 2. Tinh thé tich cac vat thé cho bi:

a) y=2x-x*y=0 xoay quanh truc Ox ; ds %n

b) y=x?,y=1 xoay quanh truc Oy ; ds %n

Cau 3.Tim d6 dai cta duong cong
a) 9y® = 4(3—x?) nam giita cac giao diém cua noé voi truc tung.
b) 2y = x* —2 nam giita cac giao diém ciia né vdi truc hoanh.
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CHUONG IV. LY THUYET CHUOI
4.1 Chubi sb

4.1.1 Cac dinh nghia
Cho day s6 vo han a,,a,,...,a,... Ta goi tong vo han a +a, +..+a,... 1a mot chudi sd, ky
hicula > a,
n=1

a,,a,,..a_,...dugc goi 1a cac s6 hang cia chudi sd, a, dugc goi 1a s6 hang tong quat clia
chudi.

n
S, = Zai duoc goi la tong riéng thir n ctia chuoi so .
i=1

Néu ton tai hitu han limS, = Sthi ta n6i chudi Y a, hoi tu va S goi 1a tong cua chudi, ky

n—o0 n—1
hiéu S = Zan . Nguoc lai, ta néi chudi Zan phan ky.
n=1 n=1
Vi du Xét sy hoi tu clia cac chudi sau:

DY 1 =1+1+..+1+..

n=1

Tacd S, =1+1+..+1=n nén limS, =oohay chudi » 1" phan ky

n—o
n=1

2)2(—1)” =—1+1—..+(-1) +...

Tacd S,=0 v&i n chdnva S, =-1 véi n ¢ suy ra limS, khong xéac dinh do d6 chudi
(-1)" phan ky.
=1

n

3)> aq" (a=0)

n=1
a(1-q")

Pay la cap s6 nhan vo han v&i cong boila gnén S = 1
—q

Néu |q| =1 thi chudi phan ky nhur ¢ xét & trén.

Néu [gf <1 thi limS, =lima| —— -9 |= & (i limq" =0). Do d6 chudi hoi tu.
n—o0 n—w 1_q 1_q 1_q n—o0

Néu [g| >1 thi limS, = lim a[li—lq j:oo (vi limq" = ). Do d6 chudi phan ky.
n—oo n—oo _q _q n—oo

Vay chudi s6 Z.O:aqn (a=0) hoi tu khi |q <1, phan ky khi |q >1.
n=1
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4.1.2 Pinh li (Piéu kién can cta chudi sé hdi tu)

Néu chudi Za hoi tu thi lima, =0

n—>o
n=1

Tur dinh Ii ¢6 thé suy ra: néu lima, = 0 thi chudi Za phan ky.

n—o
n=1

Vi du Xét sy hoi tu ciia chudi Z 3ns1
n+

Taco lima, =lim n =£¢O nén chudi da cho phan ky.
n—o n—»3n+1

Vidu Xét su hoi tu ciia chudi Z(\/n2 +1-n +1)
n=1

Tacé
a, =vn°+1-n+1
(\/n2 Jrl—n)(\/n2 +1+n)

= +1
Jn? +1+n

:;J’_l

Vn+1+4n

+1j =1 nén chudi da cho phan ky.

Suyra lima, =lim

1t
now N n—so ln2+1+n
4.1.3 Céc tinh chat cta chubi sé héi tu

i) Néu chudi Zan hoi tu va co tong 1a S thi chudi ann (c: hang s6) ciing hoi tu va c6
n=1 n=1
tong la cS (nghiala > ca, =c> a,).
n=1 n=1
i) Néu chudi D a,, > b, hoitu va co tong lan lugt 1a S,,S, thi chudi D" (a, +b,) ciing hoi
n=1 n=1 n=1
tuvatongla S +S,. Tacla: Y (a, +b,) Zan an
n=1 n= n=
i) Néu Zan hoi tu thi Zamk ciing hdi tu va nguoc lai. Tic 1a tinh hoi tu ciia chudi khong
n=1 n=1
thay d6i khi ta thém vao hoidc bot ra mot s6 hitu han cac s6 hang.

n+1
Vi du Tinh tong (néu c6) ctia chudi 2—3

© AN n+1 o n © n
Ta o6 Y213 z 23V v chusi (2] hoi oo tng 1
g "16l2 2

n=0

S =t =2 vachuo1z hoi tu co tong 12 S, =~ =4.
1-5 o\4 1-2
X x P S 1 3 7
Suyrachuoidachohgituvacd tongla S=—2+—4=—.
16 16 8
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4.2 Chudi s6 dwong

Chudi zan duoc goi 1a chudi sé duong néu a, >0,vn.
n-1

Dé khao sat su hoi ty cia chudi s6 duong ta cé cac tiéu chuan sau:
4.2.1 Pinh li (Tiéu chuan so sanh 1)

Cho hai chudi duong Zan’zbn- Néu ton tai s6 nguyén duong n, sao cho
n=1 n=1

a, <b,,vnxn, thi:

i) chudi )b, hoitu suyra chudi ' a, hoi tu

n=1 n=1

ii) chudi 3" a, phan ky suy ra chudi )b, phan ky

n=1 n=1

Vi du Xét sy hoi tu cia chudi Z
)

1
n.3"

1 1 < . w1
TacO ———<—,Vn=1va » — hoitu theo dinh Iy trén chuoi hoi tu.
RS 23 Y 2T
U |
Vidu Xét sy hoi tu cia chuoi Y ——
Taco L > 1 vn>1. Do il phan Ky ( tu chirng minh) suy ra ii phan ky
% - n , o n=1 n ‘ n=1 %/ﬁ .

Vi du Xét sy hoi tu cia chudi Zm
n=1

1 1 = 1 =1
Tacd: =<—,n>2.Do » — phankysuyra » —— phan ky.
n Inn Z:;‘np Y nz;‘lnnp Y

4.2.2 Pinh li (Tiéu chuan so sanh 2)

Cho hai chudi dwong Y, 8,, Db, . Gia sir ton tai lim 1 =k . Khi dé:

n=1 n=1 *=>* D,

i) néu k =0 thi chudi an héi tu suy ra Zan hoi tu

n=1 n=1

ii) néu k = +o thi chudi )b, phanky suyra > a, phan ky
n=1 n=1

iii) néu 0 <k < +oo thi hai chudi ) a, va an ¢6 clng tinh chét .

n=1 n=1
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Vidu Xét sy hoi tu ctia chudi z |n(1+—)

n=1

Taco In(1+1) ~£, n—o0.Ma ) = phan ky nén Zln(1+£) phan ky
n" n n

n=1 n=1

1
n

. . e , x. N~ - T
Vi du Xét sy hoi tu ctia chuoi ZSIHE
n=1

— T = e AN T ..
Vi sm—~£, n—oo. — Z ho1 tunén Y sin— hoi ty.
2" 2" n12 P, 2

n=1

4.2.3 Dinh li (Tiéu chuan D’Alembert)

Cho chudi s6 duong Za Gia str ton tai lim L %1 _ D Khi d6 néu D <1 thi chudi hoi

=1 X—»00 a

tu, néu D >1 thi chudi phan ky.

Néu D=1 thi chua c6 két luan nhung néu ton tai n, >0 sao cho o] >1,vn=>n, thi chudi

an
phan ky.
. ) a , x. 10"
Vi du Xét sy hoi tu ctia chuoi Z oy
n1 N
n+1 1
Ta c6 lim 21 — lim 10 " lim— 10 =0<1. Vay chudi hoi tu.

noo g oo (n+1)110"  moen+l

~. & n!
Vidu Xét sy hoi tu ctia chuoi E —
n=1

.. a . (n+D! n" . n ) . 1
Tac6 lim 2t = ljm )1.—=I|m — | =lim ==<1
n>o g n~>oo(n+1 1Nl ool n41 N—>o0 1., e
n @+>)

n
Vay chudi hoi tu.
. , ) ~. w—e'n!
Vi du Xét sy hoi tu ctia chuoi Z -
n=1
... a e"(n+D! n" . n Yy .. e e
Tacéd lim =2 = lim ( ). =lime| — | =lim =-=1
e g N—>o0 (n +1)n+1 e'n! oo \n4+ n—oo (1+1)n e
n

n
~ ~ A 1 N ~ A - A A A A A
Hon nira day so a, = (1+— la day so tang va hdi tu veé sO e nén
n

n
e2(1+%j >0:>L >1,vn>0 hay n+1>1Vn>0 Vay chudi ¢4 cho phén ky.

1+ "

n
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4.2.4 Pinh li. (Tiéu chuan Cauchy)

Cho chudi s6 duong Za Gia sir ton tai limg/a = D. Khi ¢6 néu D <1 thi chudi hoi

n=1 n—
tu, néu D >1 thi chudi phan ky.
Néu D=1 thi chua c6 két luan nhung néu ton tai n, >0 sao cho g/a, >1,¥n>n, thi chudi
phan ky.

Vi du Xét sy hoi tu cia chudi Z(;n Jjj
n=1 n-

Taco limy/a, =limp

n—oo n—o0

n
2n+1 =lim 2n+1=E<1 Vay chudi ¢ cho hoi tu
3n-2 n—>o3n—-2 3

= (3n+1)"
Vi du Xét sy hoi tu cia chudi Z( j
~\ 2n-5

— . (2n+1j2
n— Py = =
Taco Ilmf—llmn{3n+1j =r|]im(2n+1j " lim3n=2) _9 4

n—oo n—oo 2n-5 3n-2 n—o ( 2n +1j1/n 4
3n-2

Vay chudi da cho phan ky.
4.2.5 Pinh li. (Tiéu chuén tich phan)

Cho ham s6 y = f(x) lién tuc, khong 4m va giam trén [1,+c0). Khi d6 chudisé > f(n)

va tich phan suy rong J. f (x)dx cung hoi tu hodc cung phan ky.

1

Vi du Xét sy hoi tu cia chudi Zi

chudi Riemann).
na
n=1

~+00
5 i 1 > . A Ls La X s A A s
Ta dé biet Ix—adx hdi tu khi o >1; phan ky khi « <1 va Xi“ lién tuc, khong am va giam
1

trén [1,4+00). Do do Znia hoi tu khi & >1; phan ky khi a <1.
n=1

1

Vi du Xét sy hoi tu ciia chudi Z Tnn

+00
Xeét tich phan suy rong I%dx Vo1 ——— giam va lién tuc trong [2,+). Ta cd
xInx
2

xIn x
+00 b
jidx= lim jidx_ lim (Inb—1n2) = +o0.
> XIn X b—+o0 Xl b—+o0
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Vay tich phan suy rong phan ky do d6 chudi ¢ cho phan ky.

4.3 Chui cé dau bit ky
4.3.1 Pinh li. (Chudi hdi tu tuyét doi)
Cho chudi so Y a,,a, € R. Néu chudisd Y |a,| hoi tu thi chudi D" a, da cho ciing hoi
n=1 n=1 n=1
tu.

Khi d6 chudi Za & dinh 1y trén duoc goi 12 hoi tu tuyét dbi. Néu chudi Z|a | phén ky ma
n-1

chudi Zan hoi tu thi chudi Zan goi 1 ban hoi ty.
n=1 n=1

COS n

Taco GOSNl 1 < o (theo dinh I¥ ,nhﬂh;.wco hoi
aco —2 Z hdi tu (theo dinh 1y so sanh) nén ¢ uo1z 01 tu suy ra
ne1 N n=1
iCOSH
2
1 N

Chi §: Néu chudi ) |a,| phan ky thi chudi ) a, chua chic phan ky. Tuy nhién, néu ding
n=1 n=1

tiéu chuan D’Alembert hodc Cauchy dé c6 chudi Z|an| phan ky thi chudi Zan cling phan
n=1 n=1

ky.

0 _ n
Vi du Xét sy hoi tu cia chudi Z ( 23)
=1 N

) n O |(_o\n 0 2n a . 2nﬂ_ n3 0 (_2)n
Xét chudi (-2) = =lim-——
nZi 3 nZ:;‘ n® n—o0 a e (n+1)° 2" n®

O (_ n
phan ky theo tiéu chuan D’ Alembert. Suy ra Z( 3) phan ky.
=

Chudi dan déu 1a chudi s6 c6 dang »_(-1)"a, hogc » (-1)"*a, véi a,>0,¥n>0.Ta
n=1 n=1
6 két qua sau vé su hoi tu cia chudi dan dau

4.3.2 Pinh ly (Leibnitz )

Cho chudi dan diu Z(—l)”an hodc Z(—l)””an . Néu day s6 duong a,a,,...,a,,...glam
n=1 n=1

va dan t6i 0 khi n — oo thi chudi dan ddu hoi tu. Goi S 14 tong cia chudinay thi 0< S <a,.
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© (_ 1\n+l _1\n+l
Vidu Xét s hoi tu cia chudi sd Z( ! =1—1+1—...+ (-1) +...
= N 2 3 n
Chudi d& cho la chudi dan ddu, cac s6 hang giam dan t6i 0 khi n — oo nén chudi nay hoi tu.

(_1)n+1

o0
Hon nita chudi Z
N

n=1L

4.4 Chubi ham

_ Z% phan ky. Vay chudi da cho ban hoi tu.
n=1

4.4.1 Cac dinh nghia
Cho day cac ham sé a,(x), a,(X),..., &, (X),... cing xac dinh trén mién D. Khi d6 tong

> a,(x) duge goi 1a chudi ham.

n=1

Chudi ham ) a,(X) duge goi 1a hoi tu tai X, € D néu chudi s& Y a,(X,) hoi tu. Tap

n=1 n=1

hop tat ca cac diém tai d6 chudi Zan (X) hoi tu duge goi la mién hoi tu cua chudi doé.
n=1

C6 mot sb chudi ham ma ta cé thé tim dugc mién hoi tu ciia nd bang cach st dung cac dinh Iy
0 phan trudc.

Vi du Chudi ham Zi hoi tu khi va chi khi x >1nén mién hoi tu cua chudi ham nay la
(1,+x).
Vi du Tim mién héi tu ctua chudi Z X"
n=1

Chudi nay hoi ty khi va chi khi |x| <1 nén mién hoi tu ciia chudi nay la (-1,1)

Sau day ta xét mot loai chudi ham théng dung nhét 1a chudi liy thira.

4.4.2 Chuéi luy thira

Chudi lug thira 1a chudi ham c6 dang D a,(x-%,)" (1) hoac D a,x" (2).

n=1 n=1

Bang cach dat X = x—x, chudi (1) thanh chudi (2). VAy ta chi cin khéo sat chudi (2).

4.4.3 Pinh ly (Abel)

Néu chudi luy thira Zanxn hoi tu tai X=X, =0 thi nd hgi tu tuyét ddi tai moi diém
n=1
X & (<[ %]+ [%) -
Tir dinh If trén suy ra: néu chudi luy thira »" @,x" phan ky tai X =X, # 0 thi chudi phan ky
=1

tai moi X & (—o0,—|X, ) U (|Xo|, +%0) -
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4.4.4 Ban kinh hai tu

o0
Cho chudi liy thira Zanx”. Néu ton tai sé r>0 sao cho chudi hoi tu Vx e (-r,r) va
n=1
phan ky Vx e (~oo—r)u(r,+o) thi rdugc goila ban kinh hoi tu ciia chubi.
Néu khong ton tai s6 r >0 nhu trén ta ndi ban kinh hoi ty ciia chudila r=0.

Nhu vy, dé tim mién hoi tu ctia chudi luy thira ta tim ban kinh hoi tu r, roi khao sat sy
hoi tu cia chudi tai 2 dau mat X =—r,x =r. Sau ddy la phuong phap tim ban kinh héi tu.

4.4.5 DPinhly
y . an+1 _ . s _ <y . n- , X+ 1m L1 < n
Néu rl]m a—n =D hoac r!m’”a”| =D thi ban kinh hoi tu r cua chudi luy thira ;anx
duoc xac dinh nhu sau:
i, 0<D<+w
D
r=<0, D=+
40, D=0
. - 0 n
Vi du Tim ban kinh hdi tu va mién hoi tu cia chudi ZF
n=1
Taco lim |2t =L.E=1 suyrar=1
noel @, n+11

o0
. , X _1 n A X X ’ ’ A .o A A A A
Tai x=-1 ta cé chuoi E (=D la chuoi dan dau c6 cac so hang giam va dan vé 0 nén
N

chudi hoi ty. Tai x =1 ta co chudi Zl la chudi phan ky. VAy mién hoi tu 1a D =[1,1).
=g

BAI TAP CHUONG IV

Cau 1. Tim téng cta cac chudi sau

a)1+l+l+£+...+l+...=e b)l—l+l—£+...il$...=e
r o2 3 n! o2 3 n!

c)1—£+1—£+ _31...=In2 d)I+=+=+=+.+—+..=2
2 3 4 n 2"

e)1—£+£—l+ ii— _2 ﬂl—l+£—£+ ! Fo=Z

2" 3 3 5 7 2n-1 4

1 1 1 1

9 —+ =

+ o+ +..
1.2 23 3-4 n-(n+1)
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1 1 1 1 1
h) —+—+ 4.+ +..==
1.3 3.5 5.7 (2n-1)-(2n+1) 2
L1 1 1 1 3
) —+—F— .+ ——————— .=
1.3 2.4 3.5 (n-1)-(n+1) 4
oL, L, 1 1 1z
3.5 7.9 11.13  (4n-1)-(4n+1) 2 8
Cau 2. Khao sat su hoi tu cua cac chudi sau :
a) 23‘” : ds b)Z(gj tds2
n=1
= 1
1dsl d ————:ds phan ky
9% )2 oy B
. 2"+n
e) » 2":ds phan ky ———— ;dshoit
)nZ:;‘ P Y ﬂ'§3”+3n+3 ori
= n’ = (2n2-1)
— ;dshditu h ;ds hdi tu
9) Z " oi t );[3n2+2j oi tL
4"(n))* A Lo - (=D)" .
; ds phan k I ds ban hoi t
)Z onyr dsphanky )Z;, o u
Cau 3 Ban kinh hoi tu cua cac Chuo1 sau
0 Xn o0 Xn
a) ﬁ;ds3 b) ;ds 3 C) ) —:ds2 d) ;ds 1
;2 +3 Z ;2 ; n?+1
Cau 4. Tim mién hoi tu cia cac chu01 sau
z, X" n" x"
a) > — ;ds (-11) )Z = ; ds (~e;e)
n=1 n n= 0( 1)
C) Z(_l)m-lx_; ds (_1’1] z( n+1j )Zn
n—1 n 0
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CAC PE THI MAU
PE THI GIUA Ki MON: TOAN CAO CAP Al

M& dé: 01......... Thoi gian 1am bai: 75 phat Lép/nhom: BH
Luru y: Str dung tai li¢u khi 1am bai thi O Pugc M Khong duoc

2 x?
Cau 1: Tinh giéi han sau: Iim[wj

X—>0 2X2 -1
A ¢’ B. d4p an khac c.t D.e
e
Cau2: Hams6 f(x)=x*-3|x|+2 c6 f'(x) khi x<0 Ia:
A. 2x+3 B. 2x-3 C.0 D. 3—-2x
@+x)"-1
Cau 3: Timadé ham sé f(x) = X , x#0neN lién tuc trén R
a, x=0
A. a=0 B.a=n C. dap an khac D.a:l
n
. L VAE'G
Cau 4: Tinh gidi han sau: lim
X2 X —2
A. dép an khac B. e C. 4(In2-1) D. In2-1
n_q gntl
Cau 5: Tinh gidi han sau: Iim&
n><100-2"+2-5"
A 0 B. +© C. L D. B
2 2
Cau 6: Tim didm gian doan ctia ham sé f (x) =3 va cho biét né thudc loai no
A. x=1x=-1,loai2 B. x=1x=-1, loai 1
C. x=1,x=-1, khir dugc D. x =7, diém nhay
Cau7: Hamsb f(x)=x*>-3|x|+2 c6 f'(0) la:
A f(0)=-1 B. f'(0)=3 C. f(0)=0 D. khong ton
tai
Cau 8: Ham s x=a-cos’t,y =h-sin®t,t e (0,7/2) c6 y'(x) la:
A Btant B. —Etant C. 3bsin’t D. —cos’tsint
a a
Cau 9: Tinh gi6i han sau: lim (cosh X))
A e B.0 C. % D. dép an khac

Cau 10: Ham s6 x=a-cos’t,y =b-sin*t,t € (0,7/2) c6 y'(t) la:
A. —cos’tsint B. 3bsin’t C. —3bsin®tcost D.
3bsin?tcost
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Cau 11: Tinh gi4i han sau: Iim%
A. o B. dap an khac C.0 D. %
2 —
Cau 12: Tinh gidi han sau: "mln(nlo—nJrl)
o In(n™ +n+1)
s . 1 1
A0 B. dap an khac C. 7 D. T

A N -2 -/ ) 1a A X 5 L A - s
Cau 13: Tim diém gian doan cua ham so f (x) =—— va cho biét né thudc loai nao
COS X

A. x=0, loai2 B. x=x/2+nr,loai2
C. x=xn/2+nx, khir duoc D. x=rx, diém nhay
, . arcsinx)cotx, x=0 . .
Cau 14: Tim a dé ham so6 f(x)={( ) 0 lién tuc trén (-1,1)
a, X=
A. a=0 B.a:l C.a=1 D.a=_—1
4 4

X—00

Cau 15: Tinh gié¢i han sau: lim (e“x +1j
X

A e B.In2-e C. ¢? D.e?
a N £ el/x, Xx#0 , . .
Cau 16: Ham so f(x) = co f, (0) la:
0, x=0
A. f (0)=-x B. f, (0)=1 C. f,(0)=+w D. Pép 4n khac

4 _1\4
Cau 17: Tinh gi6i han sau: lim (r21+1)2 (n2 Y 5
o (n°+1)° —(n° -1)

A. 1 B. -1 C. + D.0
5
A me e x4
Cau 18: Tinh giéi han sau: lim————
x>2 X° —X—2
A e B. 4 C.0 D. _4
3 3
Cau 19: Ham s6 x=a-cos’t,y =b-sin’t,t € (0,7/2) c6 x (t) la:
A. —3asin’tsint = 0,Vte (0,7/2) B. —cos’tsint #0,Vt e (0,7/2)
C. -3acos’t#0,Vte(0,7/2) D. —3acos’tsint #0,Vt e (0,7/2)
Cau 20: Tinh gidi han sau: Iin)400t2x.cot(7z/4— X)
A. 2 B.1 C. % D.0
Cau 21: Tim diém gian doan ctia ham s6 f(x) = in] L 1
nix—
A X=rl2+nr B. x=0,x=1,x=2 C. x=0,x=1 D. x=e

Cau 22: Tinh gi6i han sau: lim(L- tan’ x)w" @9
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Al B. =e"* C.0
, . xcot(2x), x=#0,|x /12 . )
Céu 23: Timadé ham so f(x) :{ (2%) #0l |(<) "' lign tuc trén
a, X=
(-7z12,712)R
A a=1/2 B. a:% C. dap an khac
,‘5’ p—
Cau 24: Tinh gidi han sau: Iir‘gM
X—> X
A0 B. & c. 2
80 3
Cau 25: Ham sé f(x)=x*-3|x|+2 c¢6 f (0) la:
A. 2x-3 B.3 C.0

D.

D.

Cau 26: Tim diém gian doan ctia ham s6 y =e™™ va cho biét n6 thudc loai ndo

A. x=0, khir duogc B.Xzﬂ,diémnhéy C. x=e,loail
2

n’ n®
Cau 27: Tinh gidi han sau: lim -—
ool n+l nt+1

A0 B. -1 C. 1
5

. o x’sin| = |, x#0 , .
Cau 28: Ham so f(x) = X co f (0) la:
0, x=0
A f(0)=1 B. Khong ton tai C. f(0)=w
Cau 29: Cho ham s6 y =1+ x?. Khang dinh nio sau ddy dung nhét?
A. Ham s dong bién trén (1, +00) va nghich bién (—o0,1)
B. Ham Sé co diém cyc daila (0,1)
C. Ham so co diém cyc tiéu 1a (0,1)
D. Ham s6 lu6n dong bién
Cau 30: Dao ham cép n ciia ham sin(ax) la:

A. két qua khac B. a" -sin(ax+n%) C. a" -sin(ax+%)
a”-sin(x+n%)

Cau 31: Hamsd f(x)=x*-3|x|+2 co f (0) la:

A. 2x-3 B. 0 C.3
~ N e el/x, xz0 , .. N
Cau 32: Hamso f(x)= co f (0) la:
0, x=0
A. khong ton tai B. 1 (0)=0 C. f(0)=-1
Cau 33: Pao ham cip n cia ham ™ 1 :
A. két qua khac B. a"-e® C.a"t.e*
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D.

e—1/4

a=0

-1

80

-3

x=0, loai
. dap an khac
. f(0)=0
-3

. 0)=1
a".e”
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1/x2

Cau 34: Tinh giéi han sau: Iing(cos X)

A -1 B. +o0 C.0
CAu 35: Tim tiém can cta ham sé: f (x) = ——
1+ex
1 x 1 x 1
Y=y Y7373 =373

1/x
Cau 36: Ham sb f(x)={eo X0 6 1)
X_

A. Dép én khéc B. f'(0)=-1 C. £(0)=0
Cau 37: Pao ham cdp n cuaham Inx la:
Y | , —11!
A. M B. két qué khac C. ()™ M
X X
Cau 38: Tinh gid¢i han sau: Ilrrgw
X—> X
-1
A. 0 B. = C. 10
80
Cau 39: Ham sé f(x) =x*—3|x|+2 ¢6 f'(x) khi x>0 Ia:
A. 2x-3 B.0 C. 3-2x

3 2

CAu 40: Tim i tri 16n nhét cia ham sé f (x) = %+‘%+ 2x trén [-3,0]

A0 B.-1 C.-2

PHIEU PAP AN TRAC NGHIEM

. 20

. 2X+3

1 2 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

o0 m>

]
2 2 2 3
1 6

2 2 2
4 7 8 9 1

~N w

oo w
o w

o

g_mﬁ_.-.“
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PE THI CUOI Ki MON: TOAN CAO CAP A1

Ma& dé: 02......... Thai gian 1am bai: 75 phat Lép/nhém: BH
Luru y: Str dung tai li¢u khi 1am bai thi O Pugc M Khong duogc

Cau 1: Néu f(x) laham I¢ thi

A 109dx=—[ f(x)dx B. | f(x)dx=2] f (x)dx
—a 0 -a 0
C. [ f9dx=[ f (x)dx D. [ f(x)dx=0
—a 0 -a
Cau 2: Ban kinh hoi tu ctia chudi Y ——
~'2"+e
A.r=1/e B.r=1 C.r=e D. +o©

b
Céau 3: Tich phén I f (x)dx bang vai tich phan

c b c b
A. jf(x)dx+jf(x)dx; ceR B. jf(x)dx+jf(x)dx; a<c<b
i ; b °
C. [ f()dx+ [ f(x)dx a<c<b D. jf(t)dx
c b a
Cau 4: Tinh tich phan suy rong J. ! dx
5 (X=D(Xx+2)(x+3)
A. —lln5+gln2 B.lln5+gln2 C.glnz D.glnz
4 3 4 3 3 3
Cau5: Néu f(x) la ham chin thi:
A [ F(dx=2] f (x)dx B. [ f(x)dx=— f(x)dx
_aa a ’ _; a0/2
C. [ f9dx=[ f (x)dx D. [ f()dx=2 | f(x)dx
—a 0 -a -al2
Cau 6: Tinh tich phan suy rong J. ! = dx
1 (x+1)
A. 1 ) 1 C. 1 D. «
5 64 8
7 XZ y2
Cau 7: Tinh thé tich tron xoay do —2+F =1 quay quanh Oy
a
A. 17zba2 B. g7zba2 C. i7zba2 D. zba?
3 3 3

Cau 8: Cho day vb han cac sb thuc u,,u,,...u.,.. .Phat biéu ndo sau day la ding nhét
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U, +U, +...+U_+...duoc goi 1a mot day sé

n
D" u; duoc goi la mét chudi so
i=1
U, +U, +...+U_+...duoc goi 1a mot chudi s6

u’,u,’,...u,’,.. dugc goi la mot chudi sb duong

co w >

Cau 9: Cho S =Z(§J . Chon phat biéu dung:
=1
A. S =+ B.S=2 C.5=3 D.S$=0

20087
Cau 10: Tinh tich phan I sin(2008x +sin x)dx

0

A. % B. -1 C.1 D. 0

CAu 11: Ménh dé nao sau day dung
A. (vxe[a,b]) f(x)<g(x) :j f (x)dx >Ig(x)dx

B. (Vxe[a,b]) f(x)<g(x) = j f (X)g(X)dx < jg (x)dx
C. (Vx ela, b]) f(x)<g(x)= j' f (x)dx < j'g(x)dx

D. f(X)<g(x)= j' f (x)dx < j' g(x)dx

Cau 12: Néu f(x) la ham tuan hoan véi chu ki T thi:

a+T a a+T

A [ £09dx=— f(x)dx B. [ f()dx=] f(x)dx
aiT ’ aiT Z
C. [ f(x)dx=0 D. [ f(dx =] f(x)dx
a a T
C e A v 1
Cau 13: Tinh tich phan suy r¢ ——dx
bran sty Tong ! (x+D(x—-2)
A.gln2 B.gan C. —3|n2 D. In2
3 3 3
In3 dX
Cau 14: Tinh tich phan I
o ve'+l
A. 0 n Y241 c. inY2 1 D. In_Y2+1
f 1 3 3(v2-1)
Cau 15: Tinh tich phéan suy rong J' LZ
1 (2x+3)
A. 1 B. © C.0 D. 1
5 10
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~+00 2
Cau 16: Tinh tich phan suy rong J. (x +1)3 X
5 X(x-1)
A.1+In2 B.1-In2 C.lan D.Eln6
5 5
¢ odx
Cau 17: Tinh tich phan
éxlxz +9
3 3 3
A. -2In B.0 C.In D. 2In
4++J7 4++J7 4+:7
CAu 18: Cho Z . Chon phat biéu ding:
w/4n(n -1
A phuai dan dau B. Chudi phan ky C. Chudi hoi tu D. Chudi c6
dau bat ky
Cau 19: Tinh dién tich hinh phing gi¢i han boi duong cong y =-2x+3x+6 va duong
thing y=x+2.
A.9 B.6 C.8 D.7
CAu 20: Chon phat biéu ding:
<N =1 x
la chudi phan ky B. » — lachudiphan ky
HZ;, 71 phan ky Z;, 5 phan ky
c.y_n_ - lachudi hoi D. e Ia chui hoi ty
n=1 3n + n=1
Cau 21: Tinh tich phéan suy rong
J1(4 X)V1-x?
A = B. C. +o0 D. dap 4n khac
1
].‘dx
Al B.0 C. e+E D. e+1—2
e e
¢ dx
Cau 23: Tinh tich phéan suy rong J.
1 Xvx-1
AL B.-Z cZ D. 0
4 2 2
1 (2—3&— xg)dx
Cau 24: Tinh tich phan suy rong I
A. dép an khac B. % C. il D. +x©
187 187
Cau25:Cho S=)_ . Chon phat biéu ding:
= n(n +1)
A S=zx B.khongtdntaiS  C.S=2 D. S=0
T
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Cau 26: Tinh tich phan suy rong J. —dx
x(In? x +1)
AZ B. -2 C.0 D. 2In2
2 2
Cau 27: Ban kinh hoi tu cita chudi Z;—n la:

n=1L

A. két qua khac B.r=1/5 C.r=3 D.r=5

Cau 28: Tinh tich phan suy rong I xe 2 dx
0

A -Z B L c -1 D. 0
2 4 4
V7 3
Cau 29: Tinh tich phan dx
z‘; Y1+ x?
et g -4 C.0 p. 14
20 20 20
Cau30: Cho s = —2 - Chon phét biéu diing:
n=1 -
A S=0 B.S=a/2 C.S=2a D. khéng ton
tai S
b
Cau 31: Tinh tich phan Idx
A0 B.b-a C.-b-a D.a-b
Cau 32: Tinh tich phan suy rong
[
A. 2In2 B.gan C.1-In2 D.2-2In2
Cau 33: Tinh dién tich hinh phing gidi han boi: y=2" , y=2, x=0
-In2 B.2+L C.2—i D. 2+In2
In2 In2

Cau 34: Tinh tich phan IM
1

Al B. cosl C. sinl D.0
Cau 35: Ménh dé nao sau day dang

A. (vxela,b]) f(x)zo&axoe[a,b]f(x0)>o:jf(x)dxzo
B. 3x, €[a,b]: f(x0)>03if(x)dx>0

C. (vxe[a,b]) f(x)zo&axoe[a,b]f(x0)>o:jf(x)dx>o
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D. (vxe[a,b]) f(x)=0 :>j'f(x)dx>0

Cau 36: Tinh tich phan suy rong J' In de
A. 1 B. L C. +© D 1
8 4 5
b
Cau 37: Tinh tich phan j dx
A. a-b B. -b-a C.b-a D.0
Cau 38: Tinh tich phan suy ron
yrons I (1+x)\/—
A. % B. d4p 4n khac C.r D. +o0
Cau 39: Tinh tich phan suy rong
'!.x\/x -1
AZ B. 2 C.0 D.-Z
3 4 2

Cau 40: Cho chudi so > _u, . Phat biéu nao sau dy la sai:
n=1
A. Céc sb u, c0 gia tri tang khi n tién ra +oo
B. Néu u, >0,vn ddy S, = u, la ddy ting
k=1

C. Biéu thuc cua u, duogc goi 1a s6 hang tong quat cua chudi so.

n
D. Z u, dugc goi la tong riéng thir n cia chuoi so.
k=1

PHIEU PAP AN TRAC NGHIEM

1 2 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

A [ [ 1
B
c
D
2 2 2222 2223333333333 4
1 2 3 456 7 8 9012 34567890
A ]
B
c
D H
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