Chuong Il

CAC SO PAC TRUNG

Nhirng ndéi dung chinh:

 Dinh nghia ki vong toan va céc tinh chit ctua né.
« Dinh nghia phuong sai va céc tinh chit cia né.
» Cac s6 dic trung khac (md men, mod, trung vi).
» Phin phdi diéu kién va ky vong diéu kién.
Nhitng kién thie chuin bi:

o Cac kién thiic vé giai tich.

e Cac kién thiic d chuong I va chuong II.

1.  KY VONG TOAN
1.1. Dinh nghfa ki vong toan
Dinh nghia 3.1. Gia st bién ngiu nhién X c6 phdn phdi xac sudt:
X X, X e | X,
PX=x1] P | P2 | -~ | Pa
véi 3p, =1.

i=l

Né&u 3 |x|p, <+ thi goi tdng Y xp, 12 ky vong toan cla bién

1=l i=l

ngiu nhién rdi rac X va ki hidu 1a: EX) =) xp,.

i=l
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Vi du 3.1. Cho phan phéi x4c suit ctia bién ngiu nhién X la:

X 1 2 3 4 5 6
1 1 1 1 1
Xx=xd | - | = | = | ] + 1
6 6 6 6 6 6
Tinh ky vong cia X.

Giai:
L]

E(X):lxl+2xl+3xl+4xl+5 xl+6x—1—=3,5.
6 6 6 6 6 6

Vi du 3.2. Bén 3 vién dan dac lap vao mdt muc tiéu. Xac sudt bin
tring dich clia méi vién dan 12 0,5. Got X 14 s6 vién dan triing dich trong
3 vién. Tinh ki vong cta X.

Giai:

Gia tri cia X c6 thé nhan 12 0, 1, 2, 3.

Coi viéc bén 3 vién dan doc 14p nhu viéc thuc hién 3 phép thit

e . 1 o . My s ey ,
Bernoulli véi x4c sudt p= 5 Theo cng thitc xac suat nhi thite ta cé:

ARG 1
PX=k]= C’;(—] (—} =C:t= wvéi k=0,1,2 3.
2/)\2 8
Vay:
X 0 1 2 3
e | L1322
X=K 8 8 8 8

1 3 3 1
EX)=0x ~+1x=+2x 2+ 3x—=1,5.
B =0xgrlxgt2x g+ 3xg

Vi du 3.3. Gia st bién ngiu nhidn X c6 phin phdi nhi thie véi
tham sg (n, p). Tinh ky vong cta X.
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Gidi:

n n !
ECO = Y kCrp*a™™ = Yk n. ¥ _n-k
)= 2 ECp ™ =) ke spta
= np 3 (n-! k-1 n-1-(k-1)

L k-Din-1-k-1p!° 2
Patr =k —1taco:

n~1

- 1!
E(X) - npz (n 1) prqn—l—r

Zrin-1-r)!

n-1
— npz C;‘lprqn-l-r

r=0
=np(p+q)"”" =np.
Vi du 3.4. Gia st bién ngiu nhién X ¢6 phan phéi Poisson véi tham
s6 A > 0. Tinh ky vong ctia X.
Gidi:
o lke—l w© }Lk_l

E(X):ék o = e 2 D!

Datr=k-1tacé: EX)= M”*Zl—‘ =)e?et = A
k=0 I':
Vay EX) =\

Vi du 3.5. Gia s bién ngiu nhién X c¢é phan phéi hinh hoc,
nghia la:

PX=nl=q"'p; n=1,2,8,.;9q=1-p.
Tinh ky vong ctia X.

Giai:

| E() =3 nq"'p=pY ng"

n=l n=1
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n={

Vi [q| <1nén iq“ héi tu (chubi s& duong). Vay inq“‘l = (i q" J‘

n=0 n=1

(dao ham theo bién q).

® 1
Ta lai c6: q- =—
g 1-¢q
va ( 1 )’— 1 —i-
1-q) (1-q* p°

) 11
Vay EX) =px—5=—.
p° P

Pinh nghia 3.2. Gia st bién ngéu nhién X ¢6 ham mat d§1a f(x).

Néu f[x|fx)dx<+eo thi goi tich phan [xf(x)dx1a ky vong

-
+

toan ctia bién ngiu nhién X va ki hidu EX) = jxf(x)dx.

—ot;

Vi du 3.6. Gia stt bién ngAu nhién X c¢6 ham mat d6 la:

1 X

—ef viix>0,0>0
f(x) =40
0 vor x<0
Tim ky vong cta X.

Gidi:
ac + 1 _E_ ‘
EX)= |xf(x)dx= —e °dx.
X) _[x (x)dx 6fxee X

a0

Tich phén titng phén ta c6:

ERX) = %[x(-ee"a] 2+ Oj e_gdx] %[0 + 0[—9e'3]
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Vi du 3.7. Gia st bién ngu nhién X c¢6 phén phdi chuén dang tong
quat N(a, o?). Tinh ky vong cia X.

Giai:
1 (:n: ﬂ)
EX) = |x e 2 dx.
=
N X-—a dx
batt= . Tasuyradt=—.
G o

+0 _t*
Vay E(X) :“J% [(a+ot)e 7at

—aJ_tIe 2dt+f Ite_%dt.

Tich phan thd hai d v& phai bang 0 vi ham duéi dau tich phan la
ham 1&; lai 14y tich phén trén cén d6i nhau. Theo tinh chat ctaa tich
t'l
phin xac dinh, né bing 0. Con tich phan thi nhit bing 1 vi —\/—1=e 2 1a
2n

ham mat d6 chuin dang N(O; 1).
Vay E(X) = a.

1.2. Tinh chéit cua ky vong toan
a. E(c) =c (véi c 1a hang so).

b. Néu X, Y ¢6 ky vong thi X + Y cing c6 ky vong va
EX + Y)=EX) + E(Y).

Chitng minh

Ta chi chitng minh trong trudng hgp X, Y 12 hai bién ngiu
nhién rdi rac vii cic gia tri tudng @ng xy, Xy,..., Xn, .. VA V1, Yarorns Yimo-o-

DatP(X=x]nY=yD=p;i=1,2,.;5=1,2,..

127



Theo dinh nghia ky vong ta cé:

EX) = pr,,E(Y) qu,,trongdc)p. Zpu,q, by

i=l

MB
’U
~—

Do d6 EX) + E(Y) = Zx [Zpu} + Zy (

i=l

D6 1a didu phai chiing minh.

¢. Néu X, Y 1a hai bién nghu nhién déc 1ap va ¢6 ky vong EX),
E(Y) thi XY ciing c6 ky vong va: EXY) = EX).E(Y).

Chitng minh '

Ta chiing minh trong trudng hop X, Y 14 hai bién ngdu nhién roi
rac. Theo két qua clia chiing minh tinh chit b ta cé:

EX). E(Y) = (ZXD,)(EYQ ).

i=1

o o0

Do cac chudi hdi tu tuyét ddi nén: EX).E(Y) = Zinyjpiqj

i=l j=1

Vi X; Y déc lap nénp;; = p,q;.

Vay EX).E®) = ¥ Y xy,0, = EXY). D614 diéu phai ching minh.

i1 j=l
Hé qué. B(cX) = cE(X), trong d6 ¢ 12 hing s8, X ¢6 ky vong E(X).
1. NéuX>0thi EX)=0.
2. Néu X 2 Y va cé E(X), E(Y) thi EX) = E(Y).
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3. Gia st bién ngiu nhién X ¢ ham mat dd 1a f(x) va bidn ngiu

nhién Y = ¢(X) c6 k3 vong Eo(X). Khi d6 Eo(X) = [e(x)f(x)dx.

Néu X c6 phan phdirdirac PX=x]=p,i=1, 2,... thi

Eo(X) = icpo:i)pi-

Vi du 3.8. Gia st bién ngiu nhién X ¢6 phan phoi xac suit 1a:

X 0 1
1 1
2 2
Tinh E(2X + 1), EX®, E(e.
Giai:
E@2X + 1) = 2E(X) + 1.
1 1 1
Ma EX)=0x—+1x= = —,
a EX) X 5 X 5 = 3

Vay E@X + 1)=2x%+1=2.

1 1 1
EXH)=0x=+1*x==—.
& 2 2 2

1 11
E@)=e’x—+e'x===(1+e).
(e™) 7 g 2( )

Vi du 3.9. Gia st bién nglu nhién X ¢6 ham mat d¢:

f(x) = e vél x>0
0 vil x <0

Tinh E(X?).
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Giai:

EX®) = j e *dx =T(4)=3!=6.
; .

Y nghia ctia by vong:
Ki vong E(X) 1a trung binh ¢6 trong lugng. Néu lap lai doc lap n
Jin mot phép thi dé do dai lugng X. Két qua cia n phép thi dé la
X +X,+..+X ..
hd1
n
tu v& E(X) khi n » . Viy vdi n kha 16n ta c6 cbéng thic xap x1
X, +¥X,+..+X
1 + 2; + oo, E(X).

X,, Xo..., X,. Dudi mdt s8 gid thiét nhat dinh ta c6

Y nghia hinh hoc cia ky vong E(X):

y A

"""""""""""" [

X

Hinh 3.1

EX) = T (1-F(x))dx - T F(x)dx.

2. PHUONG SAI

2.1. Dinh nghia 3.3
Goi phudng sai ctia bién nglu nhién X 12 EX ~ E(X))” va ki higw:
DX = EX - EX)~

130



Vi du 3.9. Gia st bi€n ngau nhién X ¢6 phan phdi la:

X 0 1

N =
N |-

Tim phudng sai ctia X.

Gigi:
1 3 3
EX)=0x=+1x—=—,
) 4 ><4 4

Phuong sai cia X 1a:
2 2
DX: [0_3] xl+(1__3_] x§.=_97_+i:_1_2:i.
4) 4 4) 4 4 4* 4° 16
2.2, Tinh chat cia phuong sai

a. Dc = 0 (¢ 14 hing sd).
b. DX = ECX? - (EX)%.
Thuc vay:

DX = E(X - EX))? = EX?~ 2XE(X) + EXX)) = E(X? — (EX))%.

c. Néu X, Y déc lap va c6 phuong sai thi: DX + Y) = DX + DY.
Thuc vay:

DX +Y) = E[X +Y) - EX + )2
= E[X - EX)) + (Y - E(Y)))*

= E(X - E®) + E(Y ~ E(Y))? - 2E(X - EG)(Y - EY)).
ViX, Y dge 1ap nén E(X — EX)(Y - E(Y) = E[X - E].E[Y - EW)} = 0

Vay DX +Y) = D(X) + DY),
d. D(eX) = ¢?DX; ¢ 1a hang s6.
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Vi du 3.10. Trd vé vi du 3.3. Tinh phuong sai ctia bién nghu nhién
X e6 phan phdi nhi thiic véi tham s8 (n; p).

Phudng sai cta X 1a: DX = E(X?) - (EX))".
Ta biét E(X) = np. Bay gi6 tinh E(X?.

2 2ok, k nk C n! k . n-k
BX) = Y KClp —Zk(k—l)!(n—k)!p d

k=0 k=0

_ = (k—1+1)n! kon-k _
T &k -Din-k)!

{(n~-2)! k-2 n-2-(k-2}

=n{n-1)p* Zmp q

° (n-1)! k-1 n-1-(k-1)
A T ¢

Patr=k-2vas=k—-1tacd

(XZ) — n(n 1)p2zcn 2prqn -2-r +anCn lpsqn -1-8

=n(n - D)p*(p + @™ + np(p + g™
=n(n - 1)p*+ np.
Phuong sai cta X 1a:
DX = n(n - 1)p*+ np - (np)’ = np - np” = np(1 - p) = npq.

Vi dy 3.11. Trd vé vi du 3.4. Gia st bién ngiu nhién X c6 phan
phéi Poisson véi tham sé A > 0. Tinh phudng sai cua X.

Giai:
Ta biét EX = A (vi du 3.4).
Bay gid ta tinh E(X?.
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E(X”)=ik2lkeq—e"-ik A e Y (k-1+1)
k! k-D! ; (k 1)!

o - o k-1

Z(k 2" kl(k—l)!.

Datr=k-2vas=k—-1tacé:
r-[)

EX?) = e’ Z "ilzl—' =Ae et + heret = A2 4 A
g={ 5.

Vay DX = EX® - (EX)y* =»7 + A=A7 =

Vi du 3.12. Tinh phudng sai clia bién ngiu nhién X ¢6 phan phéi
hinh hoc P[X =k} = ¢**

Giai:

Ta cé: B(X) = ~. (vi du 3.5).
p

EX?) = Zk"’q" 'p= pZ(k 1+1)kg*™

k=1

= paY (k- Dka*" +p> kq*,
k=1 k=1

Téng thit nhit & v& phdi 1a dao ham hang 2 cda > q*, con tong

thit hai 13 dao ham hang nhit cda ) q*. k=1
oy
L - q
Ma q* =——
; l1-q

2 1 20q 1
Vay E(X? = pqx +px =
(1-q)° (-9 p* p

2
— DX = E(X?) — (EX)? = 2_§+l_[lj _2q+p-1_q
P’ p

p p* p’’
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Vi du 2.13. Tinh phuong sai ciia bién nglu nhién X ¢6 phéan phéai
chuan dang N(a, ¢?).

Gidi:
Ta ¢6 E(X) = a. Bay gid ta tinh E(X?).

_x- —a)*

EXY) = Ix roe 2! dx,

batt= X78 Ta suy ra dt;=EIE va
o o
EX? = —-1—+T(Gt+a)2e_%dt
Nen

tﬂ

v
2ac jte__

1 2+=ﬁ 2 'ﬁ 1
= ——¢’ |t°e *dt+—~— e 2dt',
ool A= = le

Tich phan thd hai bdng 0, vi ham s& dudi dau tich phan 1a him
16 vA can cfia tich phén d8i nhau. Tich phan thi ba bing a® vi
t2

e ?dt =1(tinh chit cia ham mat d§).

1
1%
4o [
Bay gid ta tinh: J-te 2dt 2Jte 2t .

2

bit u:%.Ta suy ra du = tdt va t=+2u,

T i 3 2 1. (1
te?dt 282 [yM2emugy = 9%2T| 2 | = 22 x=T| = | = V2n.
J J 2 *2 2 Vo

0
Vay EX% = T 221 +0+a? =¢? +a%.

Phuong sai cha X 1a DX = EX?) ~ (EX)? = ¢®+ a’— a®’ = ¢,
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Vi du 3.14. Gia st bién ngau nhién X cé6 haim mat 46 la:
le_% véix>0,0>0
fx)=18 ’ '
0 vl x<0
Tinh E(X) va DX.
Giai:
o1 X X dx
EX)= {x—e 8dx. Datt==_ Tasuyradt=-——".
X) UI 5 b= y -

Vay EX) =0 [te"dt =6I'(2)=0.1!=6.
0

Tuong tu ta cb: EX?) = j x? %e_adx =9 jtﬂe"dt =0°I(3) = 26°.
] #]

Phuong sai cha X 1a: DX = EX?®) — (EX)? = 26— 6% =02

Vi du 3.15. Gia sli bién ngau nhién X c6 phan phéi déu trén doan
[0; 1]. Tinh ky vong va phuong sai cua X.

Giai:
1 vai x €[0;1])

Ham mat d8 cia X ¢6 dang: f(x) = -
0 vl x ¢[0;1]

E(X)=:!xdx=-;:.

EX% = ]xzdx =£3-|l l

0

DX = E(X?) - (EX)z——%—(l] L
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Y nghia ctia phuong sai:

V& mit toan hoe, phudng sai cho biét d sai binh phuong trung
binh. Mit khac, phudng sai cho biét mic dd phén tan gilta cac gia tr
cua X so véi vi trf ky vong E(X).

3. MOMEN

2.1. Mb men gdc bac k

Dinh nghia 3.4. Goi E(X¥) 12 md men géc bac k cla bién ngiu
nhién X,

Néu k = 1 thi EX) 12 ky vong.

2.2, M6 men trung tam bac k

Dinh nghia 3.5. Goi EX — E(X))* 124 m6 men trung tAm bac k cia
bién ngiu nhién X.

Né&uk = 1 thi E(X - EX) =0.

N&u k = 2 thi E(X - EX)? = DX.

Néu k = 3 thi EX — EX)® st dung do d6 léch trai, phai clia db thi
ham mat do.

Ta stt dung dai lugng sau ddy dé do d6 léch trai, phdi cta dd thi
ham mat do.

= T x-EX)yf(odx  (Néu X cb ham matdg £(x)
AB = o Xenin

1 3 A » — s w0

pcy 2 (x, ~EX)"p, (Néu X ¢ phan phdi rdi rac)
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_/

0| A<D

=¥
=¥

0 A=0
Hinh 3.2 Hinh 3.3

Khi A, = 0 phan phdi 1a déi xdng (hinh 3.3).

Khi A, > 0 thi phan phdi c6 d6 1éch trai (hinh 3.4).

Khi A, < 0 thi phan phét ¢6 dd 1&ch phai (hinh 3.2).

Néu k = 4 thi E(X ~ EX)* cho biét d6 nhon ctia d8 thi ham mat dé.

YA

N

0 A>0 X
Hinh 3.4
Trong thic t& nguoi ta dang dai lugng:
%f (-BX)' (s o
oo {Néu X c¢6 ham mat do f(x)
<=
lZ(xl—EX)'P, v 3 N P
gt (Néu X ¢é phan phéi rai rac)
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4. CAC SO PAC TRUNG KHAC

4.1. Mé&t (mod)

Pinh nghia 3.6. M6t (mod) 1a gi4 tri cha bién ngdu nhién X, ki

hiéu 1& x,,,,, ma tal d6 ham mat d6 f(x) dat cyc dai.

Truong hop X 1a bién ngiu nhién ri rac, X,.. 14 gia tri, ma xac

suit dé X = X,,.q 12 16n nhat.

Vi du 3.16. Cho phén phdi xac suflt ctia bién nglu nhién X la:

1
1

6

X -1

p

Wi | o

1
B

0.

Vi du 3.17. Gid st bién ngAu nhién X ¢6 hAm mat d6 1a

X

mod

1 _(x-3)z
e 8
2Jon

Xmod = 3 Vi tai x = 3 ta cd f(x) dat cuc dai. (Hinh 3.5).

mod ~

f{x) =

Chii y. Mot c6 thé c6 mdt gia tri, hosic cd mdt khodng.

y i yi

¥

0 3 X 0 Khoang gia tri mod

Hinh 3.5 Hinh 3.6

4.2. Trung vi (Median)

Dinh nghia 3.7. Trung vi (Median) 12 gia tri cia bién nglu nhién

. Y . : - 1
X, ki hiéu xp,, ma tai d6 F(xy,) = —.
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| Chi: ¥ 1. Ngudi ta c6 thé dinh nghia trung vi nhu sau: Trung vi la

gia tri cua X, ki hiéu xy, sao cho P[X > x,] 2 —15 < PIX < xp).

| Vi du 3.18. Gia st bién ngiu nhién X ¢6 ham phan phéi la:

0 vl x<0
| Fx)=+<x vii 0<x<1
| 1 vl x>1

Hinh 3.7

GiA tri trung vi Xy, suy ti phudng trinh F(xy.) = Ta suy

b |

rax 1
Me &~ -
2

Chit ¥ 2. Cé truong hgp khdng cb gia tri trung vi, c¢é trudng hgp b
mdt trung vi, hoic c6 ca mét khoang.

Vi du 3.19. Gia st him phan phdi ciia bién ngiu nhién X 1a:
vé x<0

F(x) = vdi 0<x<l

= owl= O

viix>1

Trudng hop nay khong ¢6 gia tri trung vi.
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Vi du 3.20. Gia st ham phén phéi cia bién ngau nhién X Ja:

0 vol x <0
F(x) = % vl 0<x<1
1 vt x>1

Trutng hdp niy cé ca mét khoang (0; 1] nhiing gia tri cla X ma
1

F(x) = 3

4.3. Hé sé bién thién

Ll »* v DX . n . , Pl .
Dinh nghia 3.8. Tisopu = m dugc got 1a hé s bién thién.

. o Aty rat  a 2 . T ~ z
Y nghia. Dung hé s6 bién thién dé so sdnh d§ bién dong cua cic

dam ddng v6i nhau.

5. KY VONG VA MA TRAN TUONG QUAN

5.1. Ky vong toan
Pinh nghia 3.9. Goi ky vong cua vectd ngAu nhién n - chiéu
X,,..., X) 13 1 vecto (EX;, EX,,..., EX)) trong d6

B(X) = [xfy ()dx,i=1n.
5.2, Ma tran tudng quan
Dinh nghia 3.10. Ma tran tudng quan cua vectd ngau nhién n —

chiéu la ma tran dang:

a) &, .. 4,
D - a2l a22 . aZn
anl an2 ann
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tang do a5 = E(X‘— EXJ(X]— EX,), a; — E(Xl'— EXL)E = DX], a; diidc gOl 1a
hiép phudng sai ctia X, X| (hoac goi 1a Covariance).

Dinh nghia 3.11. (Hé s& tudng quan)

EX -EX)X. -EX) . .
! = 13 hé sd tudng quan cua X, X
1/DXiDXj

Goi ti s8

va duge ki hiéu la p(X;, X)).

Né&u mdt trong hai dai lugng X;, X; 12 hing s§ thi quy udc
pX;, X;) = 0.

Xét tinh chit cha hé sd tudng quan -1 < pX, Y¥) < 1 va

|p(X, ¥)} =1 khi va chi khi X v& Y 1 phu thugc tuyén tinh.

Chitng minh
2
X Y X Y X Y
Xét D| ——==+—ro= =Bl ——=+—-E| —+ —=
(\/DX \/DYJ [\/DX JDY [\/DX VDY N

_ E(X- E(X))* N E(Y - E(Y))* L9 E(X -EX)(Y -EY)
DX DY vDXDY

=2+ 2p(X,Y) 20 (vi phudng sai khong am).
Tu d6 suy ra pX,Y) = -1
Tuong tu ta xét

D(XFY]zE[X_Y_E(X_YHZ

JDX DY JbDxX VDY (/DX DY
=2-2XY) > 0.

T dé suyrapX,Y) < 1.

Vay-1 < pX, Y) < L

Ménh dé con lai doe gia xem nhu bai tap.
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6. PHAN PHOI DIEU KIEN VA Ki VONG TOAN DIEU KIEN
6.1. Phan phéi diéu kién
Gia st X, Y 14 hai bién ngdu nhién rdi rac nhan céc gia tri:
X: X1 Xgyeeey Xy V

Y: ¥ Y2505 Yoo
Véi phan ph6i dong thai A PX =x, Y=yl =p, 1 =1, 2,.;
i=1,9,.

Dinh nghia 3.12. a. Goi ti s0 P[X-—=xi|Y=y,-:| = _I—’[_YB_I!—] Vi1

i =1, 2,.. 12 phin phéi diéu kién cha bién ngiu nhién X véi diéu kién

Y = y; va goi PI:Y=y]'IX:xi:| - _PS[Xp—iX-—],

diéu kién ctia bién ngiu nhién Y véi diéu kién X = x,.

véij = 1, 2,..., 1a phan phéi

b. Néu X, Y ¢6 ham mat dé dong thoi 1a f(x, y) thi goi

f(x,y)
f =AY/
(XIY) fY(Y)

kign Y =y va goi f(y|x) =

14 ham mat d§ diéu kién ctia bién ngiu nhién X véi diéu

f(x,y)
fr (%)
ngau nhién Y véi diéu kién X = x.

12 ham mat dd diéu kién cna bién

Dinh nghia 3.18. a. Néu (X, Y) ¢6 phén phdi rdi rac thi goi
E(X[Y =y,) =inp[x =x,|¥ = yj] 1a ky vong toan didu kién cda bign
i=1
ngau nhién X véi didu kién Y = y;
va goi E(Y|X =X,)= ZyjP[Y = yjIX = Xi:l 14 ky vong toan diéu kién cia
j=1

bién ngiu nhién Y véi didu kién X = x,.
b. Néu (X, Y) ¢6 ham mat do déng thai 1 f(x, y) thi goi tich phan:

E(X|Y =y)= [xf(xy)dx
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la ky vong toan diéu kién cia bién ngiu nhién X véi didu kien Y =y,

-+

va goi E(YIX =X)= ny(y]x)dy 12 k¥ vong toan didu kién ciia bién ngiu

nhién Y véi diéu kién X = x.

Vi du 3.21. Gia st X, Y 12 hai bién ngAu nhién rdi rac va ¢6 phin phéi

ddng thoi:
X 2 5 8
Y
0,4 0,15 0,30 0,35
08 0,05 0,12 0,03

Tim ky vong va phuong sai cia X, cda Y. Tinh ma trin tusng quan
cia X, Y. Tim hé s8 tudng quan ctia X, Y. Tinh phin phéi diéu kién
PBW:QMVQHﬂx=ﬂvé@vmgWMd@M®nE@W:Q®vé

E(Y[X = 5).
Giai:

Phan phdi xac suat clia bién ngau nhién X 1a:

X 2 5 8
PEX = x) 0,20 0,42 0,38
Phan phél chia bién ngiu nhién Y 1a:
Y 0,4 08
PIY =y] 080 | 020

Ki vong cia bién ngiu nhién X la:

EX)=2x0,2+5x0,42+ 8 x 0,38 =5,54.
Ki vong clia bién ngiu nhién Y 1a:

E(Y)=0,4x0,80+0,8x0,20 = 0,48.

EX* =0,2 x4+ 25 x0,42 + 64 x 0,38 = 35,62,
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E(Y?) = 0,16 x 0,8 + 0,64 x 0.2 =0,256.

DX = E(X? — (EX)* = 35,6 — 5,54% = 4,9084,

DY = E(Y?) - (EY)? = 2,256 — (0,48)% = 0,0256.

2y = 2y, = BXY) - (EX)(EY).
E(XY)=2x0,4x0,15+5x0,4x0,3+8x0,4x0,35 +
+2x0,8x0,05+5x0,8x0,12+8x0,8x0,03=2,592.

Vay aye = a5, = 2,592 - 5,64 x 0,48 =-0,0672.

Vay ma tran tudng quan caa X, Y la:

_[4,9084 -0,0672
~1-0,0672 0,0256

Hé s8 tudng quan cha X, Y la:

E(XY) - E(X)E(Y) ~0,0672
YY) = = =—0,1895.
P, ) JDXDY \/4,9084 x 0,0256
Phan phoi diéu kién cta X véi diéu kién Y = 0,4:
P[X=2fY:0,4]=—q£= ; P[X=5|Y = 04]——9-?3-:3;
0,80 16 80 8
P[X=8[Y =0,4]=22 =L
0,80 16
Vay:
X 5 8
I = x|Y = 04] LA I
16 8 16

Phan phdi diéu kién cla Y vdi diéu kién X = 5.
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P[Y=0,4[X:5]=—-3—=

93 .5, P[Y=0,8|X=5]=%=g.
0,42 7 0,42 7
Vay:
Y 04 0,8
2
PLY=y,[x=5] 5 >

Ky vong toan diéu kién ctia X véi didu kién Y= 0,4 1a:

EX|Y :0,4)=2x—~3—+5x§+8x—7-—:§.
16 8 4

Ky vong toan difu kién cta Y vdi didu kién X=5la:

E(Y|X =5) = 0,4x%+0,8x3=3—’76—.

Vi du 3.22. Gid st (X, Y) ¢6 haim mat dp déng thai la:

12 .
—_— vilx>0,y>0
f(x,y)={(1+x+y)
0 trong trudng hgp khac

Tim ham mat d diéu kign f(x|y), f(y|x) va ky vong toan diu kién
EX|Y), EY|X).

Gidi:
* 12 .

i ——dy vil x>0
fu(x) = [f(x,y)dy = Oj(l +x+y)

- 0 virx <0

—3—7 vili x>0
fy(x) =< (1+x)

0 viix <0
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3

- 3 Vi y >0
Twmgte £, = [feydx={Try}
e 0 viiy<0

Mat db didu kién cda Y véi X =x la:

12(1 + x)* ae
_ g 0, 0
f(yx) = ftfx(-"'))_ sTexryy oY
0 trong truong hgp khéac

Mat @6 didu kién caa X véi Y =y la:

12(1 + x)* o
£ .l A vl x>0, 0
£(x I)—f(’;’;)— BL+x+y) 7
0 trong trudng hgp khac

Ky vong todn diéu kién ctia Y véi didu kién X = x 1

EY|X =% = j (f—fru—x)?dwé(lw)-

Ky vong toan didu kién ciia X véi diu kién Y =y la:

I (R e |
EX|Y =y) ij-———m“y)sdx 3(1+y).

Tinh chat ca ky vong toan diéu kién:

E((c,Y, +¢,Y,)|X) = ¢,E(Y; [X) + ¢,E(Y, |X);
E(Y) = EEX[X));

DY = D(E(Y|X)) + ED(Y[X)).
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BAI TAP CHUONG I

Cho phan phéi xac suit clia bién ngiu nhién X 1a:

X 1 EE 4 5 6
p 1 1 1 1 1 1
6 6 6 6 6 6

a. Tinh ky vong vA phudng sai ciia X.
b. Tinh mé men bic ba cia X,

M6t 16 hang gom 100 sdn phim, trong d6 ¢6 10 san phdm x&u. Ta lay
ht hoa tit 16 hang mét miu nglu nhién (d€ kiém tra nglu nhién) gdm
5 san phim.

Tim ky vong clia bién ngiu nhién X chi s§ san ph4m x4u trong mau.
Gia st N, 1a s6 hat phéng xa trong kheang thoi gian t ¢6 phan phéi

. " - 1
Poisson vdi tham s6 A = 3"

Tim ky vong va phuong sai clia N.,.

Gieo ngiu nhién 120 hat dau tuong. Xac suit ndy mam cia méi hat
12 0,6. Got X 14 s6 hat khéng nay mén trong 120 hat.

a. Tinh ky vong va phudng sai caa X.

b. Tinh mod va median (trung vi).

Tién hanh khéng han ch& nhiing phép thit doc 1ap. Xac sudt dé su
kién A thanh cong trong méi phép thi 12 0,2. Thuc hién lién tiép cac
phép thit cho t6i khi bién ¢& A xudt hién thi ditng lai. Goi X 14 s phép
thit cin thiét dé 14n ddu tién bién c6 A xudt hién.

Tinh ky vong va phudng sai caa X.

Tim ky vong va phudng sai cla bién ngiu nhién X c¢6 phén
phdi xac suit:

X -5 2 3 4

P 0.4 03 0,1 0,2
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10.

11.

12.

13.

148

Tim phudng sai cla dai lugng nghu nhién X chi s& 14n xudt hién bién
¢t A trong 2 phép thit dde 1ap néu nhut xac suiit xudt hién bién cd A
trong mdi phép thit 13 nhu nhau va biét ring ky vong clia X1a 1,2.
Dai lugng nghu nhién rdi rac X chi nhén 2 gia tri x, va X, ma x, > x,.
Xac sudt @& X nhan gia tri x; bang 0,6. Tim phan phéi xAc suit cda X
v cAc gia tri X, X, ma X ¢ thé nhAn néu nhu ky vong va phuong sai
cua X1a EX=1,4 va DX =0,24.

Trong mét 16 hang ¢6 500 ddn vi hang hoa. Ti 18 hang kém phim chat
14 5%. L&y ngiu nhién 50 don vi hang hoa (1&y ra timg don vi va ¢
hoan lai 16 hang). Tim ky vong ctia bién nghu nhién X bing s hang
ho# kém pham chilt trong 50 don vi chon ra.

Xac suft bén tring dich ca mot khdu sing 13 p. Tiéh hanh bin lién
tiép trong didu kién khong déi cho dén khi ¢6 k phat tring dich thi
théi ban. '

Tim ky vong clia 6 14n bén can thiét.

Cho bién ngiu nhién X ¢ ham mat dg 1a:

1 .
——— véi x e (—a;a)
f(x) =< nva* -x
0 vl x ¢ (-a;a)

Tim ky vong va phuong sai caa X.
Cho bién ngiu nhién X c¢6 ham phén phéi la:
0 véi x<0 .
PO =1{ véi x> 0.

1-— vii x>0
X

Tim ky vong va phuong sai cua X.
Gia st bién ngiu nhién X ¢6 ham mat 4§ la:
0 vél x e (0;7)
fx) =11

-2-sinx vél x € (0; 1)

Tinh ky vong va phudng sai cia Y = X%



14,

16.

17.

18.

15.

Gia st T 14 thdi gian mdt cong nhan dén mot may dét bi ditt sgi dé néi

X

a2 x
c6 phan phéi dang mi: f(x) = {3 ° viix >0

0 viix <0

Tim ky vong va phuong sai cia T,

Gia st bién nghu nhién X c¢6 him mat dé 1a:
f(x) = ae M

a. Tim a.

b. Tim ham phan phéi cia X.

¢. Tim ky vong va phudng sai cua X.

Gia st bién ngau nhién X c¢6 him mat dé dang:

—_ > .
f(x) = X, x e 20 véi x,>0.

0 vilx <0
a. Tim mot etia X,

b. Tinh ky vong ctia X.

(Gia sit bién ngiu nhién X c6 phan phdi déu trén doan [a; b, tic 1a
1
ham mat df c6 dang: f(x) = <b-a
0 vl x ¢ [a;b]

vl x e{a;bj

Tim ky vong va phudng sai cua X.
Cho d8 thi cia ham mat dd cda bigh vy
ngau nhién X nhu hinh 3.8,

a. Tim biéu thic cla him mat do.

b. Viét ham phén phéi cia X.

x}’

c. Tim ky vong v phudng sai caa X. Hinh 3.8
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19.

20,

150

Gia st bién ngiu nhién X nhin cée gia tri nguyén duong 1, 2,..., k,...

3

véi xac sudt P[X =K] :( véia>0,k=1,2,.

1+a)!

Tinh EX), DX.

Chiing minh ring véi X, Y 12 hai bién ngiu nhién bat ki cé cac ky
vong E(X), E(Y) bat déng thic sau 13 ding:

BJXY| < VE(X*)JE(Y) .



LOI GIAI - HUGNG DAN - TRA LG

a. EX=3,5; DX = 2,916;

b, EX® = 73.5.
Ck x CS-k C'k xc5—k
G - e
k
3
PN, =k]= 2/ k=0,1,2,.

k!
BON) = £, DAY= -
a. EX=np=120x0,6 = 72.
DX =npq =120 x 0,6 x 0,4 = 28,8.
b. X0 = 72.

PX =k] = (0,8 x 0,2

1
B =~ =— =5
®) p 02
px= 198 _9
p- (0,2

EX) =-0,3; EX% =15,3; DX = 15,21.
Xem nhu tién hanh diy gom 2 phép thit Bernoulli véi p(A) = p.
Tacé: EX=np=2p=1,2.Suyra p=0,6, q=1-p=0,4.

DX =np(l -p)=2x 0,4 x 0,6 = 0,48.
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10.

11.

152

Ta dua dén hé hai phuong trinh (nhd cong thie tinh ky vong va

0,6x, +0,4x, =1,4

huong sai ciia X):
P g X) {O,GXf +0,4x2 =22

Giai hé nay ta duge x; = 1, x, = 2 vA phén phoi xac suit cha X 1a:

X 1 2
P 0,6 04

P[X = k] = CE,,(0,05)*(0,95)*"*, véi k=0, 1,..., 25;
E(X) = np =500 x 0,05 = 25.

PX = m] = C:ip*'q"*p=CAp"q™™", trong d6 X 1a s6 ldn bin
cAn thiét.
PX=m]=0véim<k.
= kp® k
E(X): mczlpkqu —=—
n;n 1 (-9 p
Hodc cé thé 1y luan nhu sau:
Goi X, 13 s8 vien dan cin bin @& ldn diu tién tring dich.

EX) = —

X, 12 0 vién dan cin bin dé 1in diu tién tring dich sau vién ma
. . 1 W an s vz
lAn thit nhat tring dich EXy) = —, X, ..., X 12 88 vién dan cAn ban
p
dé 14n diu tién trung dich sau k — 1 vién tring dich trudc dé,

B(X,) ==

X=X;+X,+..+ X EX)=EX)+EXp +.. +EXY=

~c|pr

2

EX) =0; DX)=—



12

13.

14.

15.

16.

17.

18.

19.

3 3
E(X)zgxo; szzxﬁ.

2 4_ 2
EY:TE 4;DY=n 167 + 80
2 4
EX)=2; DX =4,
1
aa= —;
2
L lta-" vl x<0
b. F(x) = 3 Ie’l“ldu: 2 ;
o 1—59’x véli x>0

c¢c. EX)=0; DX =2.

a. Xpod™= [—(n — D T ;

n

1 +
b.E(X) = xgl‘(l + 1], trong d4: I'(a) = Ix“"e”‘dx.
n L+

2
a+b DX = (b-a) -

EG =
(X)z’ 12

2% vl xe(G;1)

a. Him mat 45 f(x) = . ;
0 vil x ¢ (0;1)

0 vil x<0
b. F(x) =4x* vii 0<x<1;
1 vl x>1

L

9
EX) = 2: DX=—.
e EX) =3 18

E) =a; DX =2a%+a.
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chy2ng IV
LUAT SO LON VA DPINH Li GIGI HAN
TRUNG TAM

Noi dung chinh:

» Luat ¢6 16n dang Chebyshev va Khinchin.
» Dinh 1i gidi han trung tim.

Nhitng ki&n thitc chuan bi:

» Nhiing kié&n thic & chuong 1, 11, IIL.

1. LUAT SO LON

J day ching ta chi trinh bay luat s& 16n do Chebyshev va
Khipchin chitng minh,

Vi du 4.1. Gieo n 14n mét ddng tién cin d6i va dong chét. Goi m,
13 gg 14n xudt hién mat sdp trong n lan gieo do. II?—A dugde goi 1a tan
xuit xudt hign mat sip (bi€n ¢d A). Ngudi ta thdy rang néu s6 14n gieo
cing t4ng thi %}i cang gan téi é—

Vi du 4.2. Lap lai n 1an do déc 1ap dai lugng X trong cling mét diéu

kién nhu nhau, Két qua cac lan do 1a X,, X,,..., X,. Thuc nghiém cho ta
X,+ X, 4 ... + X

n

© cang gin ky vong E(X)

thay rng trung binh s& hoc
néu g6 1an do cang ting ra vo han.
» g - A A~ e - . N s m ~r
Ta c6 thé dit van dé nhu sau: V6i diéu kién nao thi n_A_ héi tu

theo xac suit téi p = p(A) khi n — «, nghia la:
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m

A
-2 ~p
n

1in1l?[

n—=«

<s}=1

Kt X+t X i tu vé B theo xdc suit khi n s,

n
Cac bai toan nay dude giai nhd cac dinh I thude loai luit s8 18n.

va

Dinh nghia 4.1, Day (X,, n 2 1) dudc goi 14 hoi tu theo xac suat
vée X khi n—w néu vdi &€ > 0 cho trudc tuy § ta c6
LmP[|X, ~X|<&]=1 vaki hitu X, —F—>X khin->co.

n—o»

Dinh nghia 4.2. Diy cic bién ngiu nhién X, X,,..., X,,... duge goi
12 tuén theo luat (y&u) s6 16n néu véi &> 0 cho trude ta cé:

X, +X, +..+X, _E(X1)+E(X2)+...+E(Xn)|<8 1

n—s

n It

linlI)[

Bat ding thic Chebyshev.
Bd' dé. Gia sit bién nghu nhién X ¢6 ky vong EX va phuong sai DX,
Kht d6 v6i € > 0 cho trude tuy ¥ ta cé:
1 ) .
P{|X-EX|z&|<—DX. 4.1
[X-EX|>e]<— (1.)
Chitng minh

1 viiwmeA

bat 1 =
At 1y (@) {0 viiog A

Vi Q=[m:|X—EX]<a]U[o):|X—EX|2:::| nén

Lo =T exper) * L)

Ta c¢6: DX = E(X - EX)?

= B{|X - X[ Ty e )+ B(X - EX/ T,

ivaXhe])'

[X-EX|<e
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B(X - EX[') 2 E(|X - EXI Iy 1) 2 6By g 2 £*P[X - EX| 2]
Tit d6 suy ra P[|X ~EX|>] <L DX,
€

B6 dé dude chiing minh.
Dinh li 4.1. (Dinh li Chebyshev).

Néu day bién ngiu nhién X,, VXZ,...', Xn doc 1ap va cé phuong sai bi
chan bdi cing mot hang 6 C, nghia la:

DX, <C,DX, < C,..,DX_<C,

thi ddy d6 tuln theo luat (yéu) s8 1dn, nghia la:

limP

n—.

[]X1 + X+ X

| n

1,
—thxi

Ze]zﬂ (4.2)

Chitng minh
Ap dung bit ding thie Chebyshev cho dai lugng ngau nhién

13 iy . . .
—ZXi, véi e > 0 cho trude tuy y ta co:

nis

(Vi Xy, Xp...., X, 12 doc lép). Theo gid thiét DX, <C, DX, <C,..., DX, <C
sz .
E

n 81’1

Zx ——ZEX

>g}<~_ [ ZXJ VDX,

nen 2

Vay PU Zx ——ZDX

i=t nj

>c}<——q— V& phai -C——>0 khin — .
e'n g'n

Theo dinh nghia luit (yéu) s6 16n thi day X,, X,,..., X, tuin theo
luat (y&u) s8 16n. Dinh 1i dude ching minh.
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Hé qud 4.1. Gia s k 1a s8 1an xudt hién bién ¢§ A trong diy n
phép thit Bernoulli va p 1 xac suit dé A xuat hién trong mdi phép thi,

Khi dé 5——f—>p khin — o.
n

Ching minh

Dat X, 12 s6 14n xuét hién bién ¢ A trong phép thit thi k, nghia 13

X, 0 1

1-p p

Tactk=X,+X,+..+X,.

Day X,, X,,..., X, doc lap; EX,=0.(1-p)+ L.p=p.
E(X})=02(1-p +Vp=p;
DX, = E(Xi)_ (EX)’=p- P’
— 1
DX,=p(l1-p) < -
4
Theo dinh li Chebyshev ta co:

SS}:limP[k

— P
n

Ss}:l.

i1 n

1imPHl§":xi ~LyEx,
n—» n =l

Vay E—f—»p khi n — .
n
Hé qua dude chitng minh.
(Hé qua 1 chinh 1a luat (v&u) s& 16n dang Bernouth).

Dinh li 4.2. (Dinh li Khinchin) Néu céc dai lugng ngau nhién
Xi, Xgery X, dde 1ap, ¢6 phén phoi nhu nhau va ki vong bing a, EX, = a,
i=1n thi

158



X+X+..+X,

n

ya khi n— .

Chitng minh

pat Yk:{xk néu [X,|<3, w7 _{0 néu [X,|<3,

0 néu |X,}>3, X, néulX,|z8,

Tact X,=Y, +2,k=1,2,..,n

Vi cac dai lugng ngau nhién X,, X,, ..., X, ddc 1ap, ¢6 phan phéi nhu
nhau va ki vong bang a, nén cac dai lugng Y,, Y, ..., Y, cing déc lap, ¢6
phan phol nhu nhau va ciing ky vong bang;

a, =EY, =EX,I, , k=1,2,.,n

1 véi [X,]<38,

trong &6 A, =[o:[X,] <8, ], I, :{o véi [X, 123
k|=*n

DY, =E(Y))-(EY,)* = E(Y})-a% < E(Y2)
=EX;1, <3,E|X,|I, <8,E[X]|=8b

trong d6 b =E|X,| < +o.

Via, > a khi n >, nén véi n di 16n ta c6 Ja, —a|<e véie >0
cho trude tuy y.

Do dé cac dai lugng nglu nhién Y, Y,,..., Y, thod min cac diéu
kién cha bat ddng thic Chebyshev. Ta eb:

HHZY -a, >s}<—_ [n;Y} ZDYk

k=1




<

L, —a +|a, -4l

1.&
H;Yk —an

=2 SP[l
1 ka1

gb—?+a] ve>0vae >0 tuyy.
2

k—a k_an

nén P{l
I y”

zs}hpﬂan —a|23]

Mat khac

P[Z, = 0]=P[|X,[25, ] =Bl .. < plXd

Sgl* |X|IFXI)5 b6+c ve>0 vag >0tuyy.
Mat khac
X 1
P[Zk iO]=P[|Xk|26n]:EI[|xk|zan] <E5_ 6_E|X |I|‘< 25,
Vi E|X |<+oo nén E!X |I tién t610 khi n » o,

[Pl8.]

a o 0 - - 1 6
Vay v6i n du Idn ta cd: S:E|Xk|l£lxk\25"] < =

n

[Zz ¢0}= Pék¢0]<n§=6.
k=1 n

Do d6 P[Z,# 0] <

.':Sio«:

T két qua trén ta suy ra:

{ Zx -a >ng<P{1;

o
i
< J—? +g, + 0.
!
Vi 8, g, 1a nho tuy y nén ta co:

k _an

> 2a}+ P[izk # 0i|
k=1
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n—v

lim P{

nya

ZX |

>25:|—0.

Binh i duge chitng minh.

Viduy 4.3. Gia st X, X,,...

va X, (k = 1, n) ¢6 phan phél xac suit:

, X, 14 day céc bién ngdu nhién doc lap

X

-1

1

p

1

3

1
3

Chiing minh ring diy d6 tuan theo lut s& 16n.

Gidi:

EX, = -1x~+0+1x2=0
3 3

DX, =E(X})-(EX, ) =

Theo dinh li Chebyshev ta c6:

1

—+—:—.
3 3

X +X,+...+

XI

Y »0khin —» .

2. DINH Li GIGI HAN TRUNG TAM

n

o) muc trén ta da xét didu kién dé —Z X, hoi tu khi n — . Trong

muc nay ta xét phén phdi gidi han cta téng cac dai lugng ngiu nhién
doc 1ap. Cac loai dinh H nay dude goi 12 dinh 1i giéi han trung tAm. Negudi
diu tién xét vAn dé niy trong trudng hgp day X, X,,...

A

0

1

1-p

p

, X,, ¢6 phan pho:

la De Moivre (nam 1730). ti¢p sau la P.8 Laplace (ndm 1783). Dinh I
g101 han trung tam tiép tuc duge md rong bdi AM Liapunov (nim 1901),

11-Sac Xuat TK

161



sau dé6 13 Lindeberg (nam 1922), v.v... Do giéi han ctia chuong trinh,
ching tai chi trinh bay dinh 1If gidi han trung tim dang lindeberg ma
khéng chiing minh. Djc gia c6 thé tham khao trong [1].

Gia st day bién ngiu nhién X, X,,..., X, 14 dde lap.

s Diéu kién Lindeberg:

G4 st véi hang s8 © > 0 bat ky thue hign diéu kién:

1‘1_1')1:,1_:8]:2—2 E (Xk - EXL )2 I[ixk*EXd)‘!B"] =0 (43)

o k=1

n 1 v wcA
t 5 B = I ()= _ ,
rong d6 B! kZ:;DXk’ NG {0 i e A
Pinh li 4.3. Néu day bién ngiu nhién X,, X,,..., X, ddc lap thoa
mén diéu kién Lindeberg (4.3) thi:

1 1
imPi —» (X, ~EX,)<x|=—=
déu véi moi x € R.

Hé qud 4.2. Gia st X, Xp,..., X, 12 diy bién ngiu nhién doc 1ap va
¢6 phin phdi nhu nhau va phudng sai hitu han. Khi dé:

3 (X, - )
limP| it — < x | = D(x)

n—r. G\/H

déu véi moi x € R,

1 % 5
trong d6 EX, = a, DX, = o", (I)(x):~\/_?_— Ie 2du.
T

kA



Chitng minh

“Ta chi cdn nghiém lai diéu kién Lindeberg (4.3).

Theo gid thiét DX,= 6>< +0, k=1, 2,.., nva B = 3" DX, = no”.
k=1

ViX,, Xj..., X, ¢6 phin phéi nhu nhaunén EX,=avéik= 1, n. Do
phudng sai clia X 1a hitu han n&u véi e > 0 cho trudc tuy ¥ ta c6 thé chon
n & 16n dé:

E(X-a) Iy .. ] Q0 bé, ching han nhé honeo®.

Ta cé:

LN 2 1 < 2 nec’
2B =) = DB o) L s

2
nc G

Cho £ -0, diéu kién Lindeberg thoa min, theo dinh )i 4.3 ta c6 két
ludn cua hé qua.

Hé qud 4.3. Goi k 12 8 1dn xuét hién bién c& A trong diy n phép
thit Bernoulli, p 13 x4c su#t d€ bién c8 A xufit hién trong méi phép thi,

0<p < 1. Khi dé: limP{-ﬂ<x}=®(x) déu véi moix e R.

" [ Vnp(l-p)

Chitng minh

Dit X, 1a s6 14n xudt hién bién ¢§ A & phép thi thi k. Ta ¢6 phan
phéi xdc sudt cta X, (k= 1, n) la:

X, 0 1

1-p p

Do gia thiét, n phép thit Bernoulli 1a dgc 14p nén X,, X,,..., X, ciing
dée lap;

k=X, +X,+...+X.
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EX,=0.(1-p)+1lp=p.

EX2=1% p+ 01 —-p)=p.
- 2 1
DXy=p-p :P(I—P)Sz-

Theo hé qua 4.2 ta cé:

S'(X, -p)
HmP| S < x | = 0(x)

déu véimoix € R.

Vik= ZX nén ta cé: hmP{—u—Iﬁ—ﬂ<x]=(D(x).

i nse | np(l-p)

Hé qua dugc chiing minh.
T hé qua 4.3 ta suy ra: véi k;, k, 12 hai hdng s8 @3 cho (k, < k,) thi

P
llmP[k <k <k, =—1—f 2 du
n—x0 2Tck

Day chinh 14 dinh li Moivre — Laplace.

Hé qud 4.4. (Pinh li Liapunov). Néu diy bién ngéu nhién X,,...,
X, doc lap va @61 v6i s > 0 sao cho:
2+8

lim —o ZE|X ~EX,

n-—»x

(4.49)
thi limP[ (X, ~EX )<x]-¢(x)

n—poo
nkl

déu véi moi x € R.
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Chitng minh

Ta chi viéc ki€ém tra lai diéu kién Lindeberg.

Ta cé:

Epﬂx ~EX,['1

n=1

SW;Ep{k -EX,

T

(1% EX, >+, |

{[Xy-EX,|>1B, ]— 5B3+s

2+5

Gia thiét (4.4) thod min thi din dén difu kién Lindeberg (4.3)
thoa man. Tit 6 suy ra két qua clia hé qua 4.4 nhd dinh If 4.3,

a. Uo’c lwgng gan diing xde sudt P{ < 8].

<s]— [—a\/:< —np<8\/:} gq=1-p.

Theo hé qua 4.3, véin 4 16n ta cé:

Pl:k <a}:®{a\f£]—¢[—e\/£}. (4.5)
Pq pq

—=P
n

Vi ham phéan ph6i chufin ®(x) cé tinh chit d8i xing, nghia la:
P(—=x) =1 — Ox).

<8:]z2(1{8\/z]—1. (4.6)
Pq

Vidu 4.4. Choe=1/100, p=1/2 va P{

UGC LUQNG XAC SUAT

—~P

"

—~P

Ta cb Pl:

k
—-Pp

Do d6 P[
n

k
—-Pp
n

<Ej| =0,95. Tim n.
Giai:

Theo (4.6} ta cé6 2®(x) —1 = 0,95. Tt d6 suy ra ®x) = 0,975. Tra
bang gia tri clia him phan phéi chuin N(0; 1) ta tim duge x = 1,96.
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Tt d6 suy ra Jn = Qé, n = 9604.

b. Cho by, ky (k< ky); wdc lizong xdc sudt P[k, < k < k.
Tt hé qua 4.3 véi ky, k, di cho ta ¢6 cOng thite xap xi:

Pk, < k <ky] =
=P ki‘npsk<k2"np}zc‘o(k2'np]-(b[kl"np} (4.7)
\Jnpgq Jnpq Jnpq npq

Vidu 4.5. Mot hop chita 10000 qua cAu dd va den. Xac suft béc
duge 1 qua cdu dd 13 0,4. M6t hoe sinh béc hi hoa 14n lugt titng qua ciu
(sau méi 14n 14y ciu xong lai hoan tra hép cii). Hay udc lugng xac suit
dé trong 1000 cu l4y ra cé s8 cAu d6 niim trong khoang tit 100 dén 200.

Gidi:

Goik 14 s8 cAu d6 trong 1000 cdu 18y ra. _

Chon ngiu nhién 1000 ciu duge xem nhu thyc hién 1000 phép thu
Bernoulli véi xac sufit chon 1 cdu 4612 p =0,4.

Theo cong thiic (4.7) ta cé:

P[100 <k < 200] z(D[ 200-1000x0,4 J_(D[ 100 - 1000 x0,4 J

1000% 0,4 x0,6 J1000x 0,4 x0,6
~ B(-13) - O(-19).

O(-13) = 1 - B(18); B(-10) =1 — D(19).

Tra bang gia tri cia hAim phan phéi chufin ta cé ®(13) =~ d(19) ~1.
Vay P[100 < k<200]~1-1=0.
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BAI TAP CHUONG IV

Ding bit ding thic Chebyshev dé udc lugng xéc suit cia bisn c&
[[X - EX]<0,2] néu DX = 0,004,

Ti€n hanh 10 phép thi ddc 1ap. Bign 8 A xuét hién trong khoang
thdi gian (0, T) bing 0,05. Nhd bt ddng thitc Chebyshev dé wdc
Iudng xéc sudt sao cho gia tri tuyét 461 clia hidu gifta s& 14n xuAt
hién bi&n c§ A va ki vong cua né:

a. Nho hon 2.

b. Khéng nho hon 2.

Chiing minh ring néu bién ngiu nhién duong X c6 tén tai ky vong
aX

Ee** (a > 012 hing s6) thi: P[X 2¢]s Ee

eaa

Céac diy bién nglu nhién ddc 14p sau day cé tudn theo luat s6 lén
khoéng, n€u phan phél xic sudt tudng tling la:

a. PX, =+2=05k=1, 2., 0.

b. P[X, =24 = 2°% PX,=0]=1-2% k=1,2,..,n.

Gia st ring day cac bign ngiu nhién dde lap X,, X,,..., X, ¢6 phan
phéil nhu nhau véi ham mat dg 1a:

X

Za® 4
£(x) = 9e vii x>0, 6>0

0 vt x<0

X, +X,+..+X, »
n

Chiing minh ring >6 khin — .

X4c suit sinh con trai bdng 0,51. Tinh gin diing xac suit sao cho
trong 1000 14n sinh (méi 14n sinh 1 con), 53 con trai it hon s6 con gai.
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168

Gieo mét con xic xdc cin d6i va déng chdt 12000 1dn. Tinh gin
diing x4c suit dé 8 14n xudt hidn mit trén cla con xtc xde ¢6 1
chim nim trong khoang (1900, 2150).

Cho bién ngiu nhién X cé ham phén phéi:

0 vé1x<0
F(x)=<x v8i0<xg1
1 véix>1

Uéc lugng x4c sudt sao cho trong 100 1in 1ip lai déc lap phép do
dai Iugng X c6 t6i da 70 14n nhan gia tri trong khoang (0,2; 0,7).



L3I GIAl - HUONG DAN ~ TRA LOI

1. P[|X—EX!<0,2]20,9.
2. a. P[X-0,5/<2}>0,88;
b. P[[X - 0,51>2]20,12.
3.  Hudng din: Chiing minh tuong ty nhu chiing minh b&t ding thiic
Chebyshev. (Thay phuong sai bing Ee®).
4, a. Khong tuin theo luit sé 1dn.
b. Tuin theo luat 6 16n.
5. Huéng din: Ap dung bt déng thitc Chebyshev.
EX, = 0, DX, = 6% (bi chin béi 0.
Do d6 X, X,,..., X, tudn theo luat (yéu) s6 1én.

500 -510
J1000x0,49x0,51

6. P[X<500]MD{ }z0,2643.

7. P[1900 < X < 2150] ~ 2150-12000/6 —0 1900 -12000/6

\/12000x 5.1 \/12000 (21
66 6”6

3V3
2P| — | - D(=~/6) ~ (.99,
[\@J (—/6) ~ 0,

8. P[0.2< X < 0,7]=F0,7) -TF(0,2) = %
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Xem 100 14n do nhu 12 tién hanh 100 phép thit Bernoulli véi xac
sudt p = —;:, ta ¢b

71-100x = o1
Plk < 70] = Pk < T1]= ® 2 z@(—)z0,999968.
1 1 5
100 x —x—
22

uﬂ

—\/:lz=]‘e 2du.
T o

Trong d6 O(x) =
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Chuong V

1.1.

MOT SO VAN PE VE THONG KE
TOAN HOC

Noi dung chinh:
e Ham phan phdl miu va cac s§ dic trung miu.
o Udc lugng di€m va khodng udc lugng ctia tham s& 6.

« Kiém dinh gia thiét v& trung binh, x4c suat p, so sanh 2 trung
binh, so sanh 2 x4c sudt.

e Tidu chufn 3’ kidm dinh vé phan phéi di cho, kim dinh nhiing
tinh d6c 1ap va tinh thuin nhit.

e Héi quy va tudng quan tuyén tinh.
Nhiing ki&n thite chuin bi:
e Khai niém xAac su#t, phan phdi xic suit, cac s6 dic trung.

e Luat s8'16n va dinh 1f gidi han trung tam.

MAU NGAU NHIEN,
HAM PHAN PHOI MAU VA CAC SO PAC TRUNG MAU

M3u ngau nhién

1.1.1. Khéi niém vé mau ngiu nhién

Gia sd ta ciAn nghién cu mét dic tinh ndo d6 cla cac phén ti cla

mét tap hdp cac déi tugng cung loai (theo.nghia cic phin ti c6 mdt dau
hiéu nao d6 vé& mit dinh tinh hay dinh lugng chung). Trén thue té, do s6
phin ti ciia tap hop d6 rat nhidu, ta khéng thé nghién citu t&t ca cac
phén tl clia tap hop d6, nhung ta lai mudn ¢6 mét két luan da chinh xac
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vé mot diic tinh nao d6 cho tat ca nhiing phin t cia tap hop da cho. D&
giai quyét van dé trén ta phai chon ra mét bo phan gém cic phin ti dai
dién cua tap hgp dé. Tap hgp cic phin tl dai dién dé dude goi 1a tap miu.

Dinh nghia 5.1. Tap h¢p méu, hay goi tit 14 miu, 1a tap hop
nhitng dai tugng dude chon theo mét phin phéi xac suit nao dé.

Né&u tap hgp miu gbm n phén ti thi n duge goi 1a kich thude miu.
Ngudi ta thutng ki hidu miu nglu nhién duéi dang (X,, X,,..., X,). Cac X,
12 phén tit clta miu, doi khi con goi 1a “quan sat” X;.. V& mit toan hoc X,
12 bién ngau nhién; vé mit thye nghiém cac X, 12 két qua dinh lugng cia
phép thit (thi nghiém). Cac gia tri cia miu duge ki hiéu bing chit
thudng (x,, x,..., X,).

Tap téng quat 12 tip nhing d8i tugng ma tit d6 ta chon ra miu.

Bing ngdn ngit todn hoc ngudi ta dinh nghia miu ngiu nhién
nhu sau:

Pinh nghia 5.2, Miu ngiu nhién 12 mét diy n bifn ngdu nhién
(X,, Xs,--., X) c6 phian phéi xac xuit F(x,, x,,..., X,)

n dude goi 1a kich thude miu.

Vé mat hinh hoe mét miu (X;, X,,..., X) dude xem nhu mét diém
ciia khéng gian n chiéu R* - Khéng gian R" nay duge goi 12 khong
glan miu.

Cha y. Thong thudng ngudi ta hay xét miu ngiu nhién 1a day n
bi€n ngiu nhién X,, X,,..., X, déc 1ap va ¢6 phan phéi F(x) nhu nhau.
1.1.2. Mét sé phuong phdp chon mau

Tuy theo phuong phap thiét lap khac nhau mi ta duge cac loai

méu khac nhau. Ta c6 thé dua ra 5 loai mAu théng dung sau diy; con
che phudng phap khac khi cdn thidt doc gia c6 thé tim tai liéu viét ritng
vé céc phudng phép db.

a. Mdu ngdu nhién hoan lai:

T tap hop tong quat gdm N phén ti ta chon ngdu nhién 1 phén ti
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khao sat va ghi lai k&t qua 1a X, — (Gia st cAc phén ti cé kha niing chon
nhu nhau; nghia 14 cic xac suit chon mdt phin tt 12 1/N). Tra phin d6
vao tAp tong quat va ta chon ngiu nhién phin t& thi hai ti tap téng
quat khao sat va ghi két qua 1a X,. Xac suéit chon duge phén tit nay vin
bang 1/N. Ta lai trd phin tlt niy vio tap tong quat. Tigp tuc lip lai qua
trinh nay d&n n lin ta duge mdt miu (X,, X,,..., X,). Mu nay dude goi 1a
mau ngiu nhién hoan lai.
b. Mdu ngdu nhién khéng hoan lai:

Tt tap hop téng quat gdm N phén tit ta chon ngAu nhién mot phin
ttt khdo sat va ghi lai két qua 1a X,. Bo phin tit ra ngoai, ta lai chon
ngiu nhién phin ti thit hai tit tap téng quat khao sat va ghi lai két qua X,.
Ta lai bé phan tii @6 ra ngoai. Tiép tuc qua trinh dén l14n thi n ta nhan
duge mot miu X, X,,..., X). Mau nay dude goi 12 mAu ngiu nhién
khéng hoan lai.

Hai mAu ngAu nhién hoan lai vA miu ngiu nhién khéng hoan lai
dude goi tén chung 12 mAu ngiu nhién don gian.

¢. Mdu dude chon theo phuong phdp co hoc:

Trudng hdp tip téng quat c¢6 v6 han phin ti, lam theo hudng
phuong phap a), b) rat khé, ta phai tién hanh bing phudng phap sau
day: Ding may dé phan tich ngdu nhién tap téng quat thanh cac tap
nhd, rdi ti nhitng tip nhd d6 ta chon mét s& phéin ti dai dién, réi hgp
nhat lai ta duge mét miu chung.

Ngoai phuong phap dé, ta c6 thé ding bang s nghu nhién dé
chon, nghia 1 ta danh s8 thi tu tidt cd phén tit cha tap téng quat
(thudng cAc s8 niy di c6 tU trudc). Ta chon ngiu nhién mét s8 trong
bang s6 ngAu nhién sau dé chon nhiing phin ti clla tap téng quat c6 sd
thi tu tring véi nhiing s6 ta vita 14y ra &€ khao sat.

Phudng phap chon miu nay dude goi 13 phudng phap cd hoc.
d. Mdu "dién hinh" (ddc trung):

MAu dién hinh 12 mAu ma phin tt cha né khéng chon tit toan bd
tap tdng quat ma ti bd phan "dién hinh" cia né. T4t nhién ti bd phan
"dién hinh" ta chon miu theo cich a) hoie cach b).
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e. Phuong phdp phdn ddy (series):

Ta chia tap téng quat thanh nhiéu diy. Sau d6 tit méi day ta chon
ra mét miu con theo cach a) ho4c cach b). Hgp nhét cAc miu con lai ta
duge mau chung.

1.1.3. Sdp xép s liéu thue nghiém
T maiu ngiu nhién X,, X,,..., X,) ta thuong cé hai cach sip x&p
tién 1¢i cho viée 4p dung céc tidu chuéin théng ké.
a. Sdp xép theo cdc gid tri khdc nhau.
Gia st miu (X, X,,..., X,) ¢6 k quan sat khac nhau 1a X, X,,...,
Xo,k<nwva
X, c6 tin s8 (s6 1an xudt hién) 1a n,;
X, c6 tin s6 14 ny;
X, 6 tin s6 1a ny
n=n,+n,+.....+n,.

Ta ¢6 thé vist dusi dang:

X X, X, X,
Tén s8 n, n | .. Ny

Vi dy 5.1. Kiém tra ngdu nhién 50 hoc sinh bing 1 bai thi viét. Két
qua dude cho dudi bang sau:

X 2 4 5 6 7 8 9 10
n 4 6 20 10 5 2 2 1

b. Sdp xép dudi dang khodng.

Néu nglu nhién X, X,...., X,) ¢é nhiéu quan sat khac nhau,
khoang cach gitia céic quan sat khéng bing nhau va dé khac nhau rit it,
khéng thé sip x&p nhu & phin a), ta s& sdp x6p dudi dang khoang thi
viée xtt Ij & thuin tién hon. Ta tién hanh nhu sau:

Khoang (%, X...,) cha toan bd cic quan sat X, X,,..., X,.. Ta chia
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khodng (Xmin» Xmax) thanh nhiéu khodng nhd, d6 dai cac khoang 36 khong
ph#t thiét phai bang nhau. Song dé tién tinh tosn ngudi ta thudng chia
thanh cac khoang ¢6 d9 dai bing nhau. Ngudi ta chiing minh dude ring,
s0 khodng dudc chon t81 wu theo edng thiic (do Sturgen tim ra):

S6 khoang = 1 + 3,3221gn va db dai khoang 1a:

X - X

mnx min

T1+3.3221gn

- - P L ke n - ¥ h el
Thudng chon mit trdi cta khodng ddu tién bing x.., ) =a, mut

kia a; =a,+h, a;=a, +h, ag=a, + h,... tiép tuc lam cho téi hic miit
d4u chia khoang < x_..

Vidu 5.2. Cho miu ngiu nhién duéi dang (bang 5.1)

Bang 5.1
N £ n.
Khodng Tans8n, t
h
1-5 10 25
5-9 20 5
2-13 50 125
13-17 12 3
17-21 8 2

1.2. Ham phan phdi miu, da giac d6 va td chic do

1.2.1. Ham phan ph6i mau

Gia st (X;, X,,..., X)) 13 miu nglu nhién d6c lap tit phin
phoi F(x).

Dinh nghia 5.3. Goi hAm phin phéi miu (hay ham phin phéi
thuc nghiém) 1a ti s6 F,(x) = %, x € R, trong d6 n 1a kich thuée mau,

m A 86 cAc quan sat X, < x.



Vi du 5.3. Kiém tra ngdu nhién 20 hoc sinh trong mét lép. K&t qua
ghi bing diém nhu saw:

X 2 3 4 5
n 1 2 pd 6 7
yl\
1 ~—
L R
24—
x, 0 X3 X, X
Hinh 51
Ham phan phéi mau la:
(0 vii x<2
i vl 2<x<3
20
3 is<x<d
20
F(x)=—-nl= S viid<x<b
n 20
WU dis<x<6
20
18 .
— vii6<x <8
20 :
1 vil x> 8

Tinh chit cia ham phén phél mau F (x):
0<F(x)<1vi0<m<n
F.(x) 1a ham don diéu ting.

F.(x) 12 ham lién tuc bén trat.
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Fu(x) = 0 v6i x < min (X,, X,,...., X).
F.(x) = 1 v8i x> max (X, Xpyerey X).
Ngudi ta chiing minh duge ring:

Fi(x) = F(x) khi n - o theo nghia x4c sust (ci theo nghia hiu
chéc chédn).

Hinh 4nh théng k& clia ham phéan phéi miu nhu hinh 5.1.
1.2.2, Da gidc va té chuc dé

Muyc nay chi yéu danh cho viée ding d8 thi va biu d3 d€ minh hoa
mat db phan bd clia cic hién tugng ngiu nhién dua trén cd sd miu nglu
nhién (X, X,,..., X,) d4 cho.

a. Da gide dé
Gia st X, duge 1$p lain, 4n,
X, dude lap lai n, 14n,

X duge lap lai n, 14n,
n=n +n, +...+n.

Dinh nghia 5.4. Da gidc tidn s6 1a dudng ndi cac diém
(XI’ nl): (XZ’ n2);“--: (Xk: nk)'

Dinh nghia 5.5. Da giac tin suit 13 dudng néi cac diém:
n, n, .
(Xh ;'1'_)’ (X21 H"))----s (}(ks n )

N6 mb ta dé thi ham mat d8 thuc nghiém.

Vi du 5.4. Kiém tra nglu nhién 20 hoc sinh bing 1 bai thi mén
toan. K&t qua dudc cho & bang sau:

X 1 3 5 6 8
n 2 4 8 5 1

V& da gic tin s§ (h.5.2) va da gidc tdn suft (h.5.3).
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Ta cé:

=

=
[y

0.1

B |8

04 0.25 0,05

O == MW RN 0 WD
1

0.45 -
0.4
0.35 1
0.3 -

- 0.25 A
0.2 -
0.15 4
0.1 4
0.05 1

b. Té chite dé

—_

Hinh 5.3

Dang biéu db nay cling mé ta mat d6 phan b ctia dai lugng ngéu
nhién X trén c¢ sd mau quan sat cho dudi dang khoang. T4 chiic dé tin
sudt 1a modt hinh bac thang gém nhiéu hinh chit nhat ¢é day tring véi
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truc hoanh, dé dai canh diy hinh chil nhat thi ila d6 dai cha khoang

thit i, con chiéu réng vudng gée véi truc hodnh 6 dd 16n 1a %, trong dé

Dy h=1%,
n

h 14 d6 dai khoang. Dién tich hinh chit nhat thitila ~
Dién tich hinh bac thang la:
LT Do o
hxnh +hnh+"°+hnh 1.

Vi du 5.5. Cho miu quan sat ctia dai higng nglu nhién X dudi dang
bang 5.2.

STT Kho:ing y Tan sdn, s
h =4 nh
1 1-5 40 0,02
2 5-¢ 80 0,04
3 9-13 200 0,1
4 13-17 120 006
5 17-21 50 0,02
0.12
01 ]
0.08 -
006
0.04
0.02
0 T )

Hinh 5.4

1.3. Cac s6 dic trung mau
1.3.1. Trung binh mau
Gia st (X, X,,..., X,) 12 miu nghu nhién tit phan phéi F(x).

X, +X;+..+X
n

Pinh nghia 5.6. Goi X = © 14 trung binh miu.
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Néu mau ngiu nhién cho duéi dang: -

X X X, X,
M n, ()3 e Ny

thi trung binh miu cé dang

n, X, +n,X, +...+n, X,
n, +Ny+..+n,

X =

Néu miu ngiu nhién cho dudi dang khoing thi trung binh
X +X +...+X X, +X,,
n

*

n. trong db X; =

mau vigt duéi dang X =
X; 14 miit trai cua khodng thi 1, X;,, 14 mit phai ctia khoang d6.

1.3.2. Phuong sai mau
Cé hai coéng thiic wéc higng ciia phudng sai DX:

> X,)?

1& 5w 1< <
S2(X ==y X -X)== Zx?—u-l—.
n( ) nl:l( 1 ) n n_l 1 n

n _ k _ "
Va SEX)=—L 3 - X (= ——3'n,(X; - ), néu mAu c6 k
n-1:o n-143
gia tri khac nhau X,,..., Xy).

- Vi'du 5.6. Cho mAu quan sat cta dai luong ngu nhién X la:

X, 1 2 3
n 20 15 10

Tinh X, Sﬁ(X), S;z(X).

Gidi:

20><1+2x15+10x3+5><4_100=
20+15+10+5 50

X=

2;
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1 X_g _20x1" +15x2* +10x32 +5x4? 250

:3

50

SE(X) =+ ZXz—(X) =5-27=1;

i=t

s‘2 X =—_32 x)=29,,.50
(X) (X) 49 19

1.3.3. Hé sé tuong quan miu

50

Cho miu quan sat d6i véi cip bién ngiu nhitn (X, V) 1 X,, Yo
Xe, Yoy Ky Yo). Hé 58 tuong quan miu etia (X, Y) dude xac dinh theo

cong thic:

nz X.Y, - (ixi)(i&:)

r=

\/[anIX? - QXY Y - (T Y

Vidu 5.7. Cho miu nglu nhién 481 véi cip bifn ngiu nhién

XY la:
X 2 3 4 5 6 7 8 9
Y 3 7 8 9 13 15 16 17

Tinh hé s8 tudng quan miu r.
Giai:
Tix s8 lidu trén ta tinh duge:

DX =2+3+4+5+6+7+8+9=44;
DY, =3+7T+8+9+13+15+ 16+ 17 = 88;
2XI=4+9+16+25+ 36 +49 + 64 + 81 = 284;

> Y =1142;
2. XY, =568,n=8.
8x568 — 44 x 88

- [[8x284-447|[8x1142-887]
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Vi di 5.8. Cho miu quan sat ddi véi cip bién ngiu nhién (X, Y) 1a:

X
v 1 2 3
2 10 2
1
2 7

Tinh hé s§ tuong quan mau cua (X, Y).
Giai:
DE tinh r trude hét ta lap bAng céng phu &€ tinh téng Yy X, > Y,

SXE YL Y XY

X n nX; nin
1 1 1 11
2 12 24 48
3 7 21
30=n | 56=)X 122=3 X

Y, m nY, niYiz

2 12 1 1

3 9 24 48

4 7 21 93
0=n | 87=2Y, 273=) Y}

X Y, n XY,
2

1 2 10 3

1 3 1 g

2 2 2 8

2 3 8 16

2 4 2

3 ) 7 179= T XY
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_ 30x179 ~56 x 87
\j[so x122-56 | {30x273-87"

=~ (,87.

1.3.4. M6 men miu

a) M6 men géc miu bac k ciia bién ngiu nhién X dude xéc
dinh nhu sauw:

1S o
m, =— Y X..
k n ; 1
b) M6 men trung tAm miu bac k dude xac dinh bdi ddng thiic:

a, =%Z(Xi —R—)k.

1.3.5. Trung vi mau

Né&u miu ngu nhién cho dudi dang (X, X,,..., X,) thi ta sdp x&p
che quan sat X, 1= 1, 2,..., n theo thit tu ting din:

XV XP e | <X@<XeWa <X

Né&u n 1a s8 chdn, nghia la n = 2q thi trung vi bing:

X4 X(q+1)
XMe = "
2
N&u n 14 818, nghia 1a n=2q— 1 thi s8 trung vi bing:
Xy, = X9,
Vi du 5.9. Cho miu quan sat d6i véi dai lugng ngiu nhién X 1a:
X 1 2 3 4 5 6
n 4 6§ | 2 | 1 | 3 | 16
X (50)+ X (51)

Ta thiy n = 100 1a s8 chdn. Vay X, =

2

Nhin vao mAiu trén ta thiy 6 48 gia tri X; nho hon hoic bing 4 va
84 gia tri X, £ 5. Vay tit quan sat thi 49 tro cI1 dén 84 c6 gia tri bang 5.
Do dé X =X =5,
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5
Vay X,, =232 5,
2
» Néu miu quan sat duge cho duéi dang khoang thi s& trung vi
duge tinh theo c¢éng thiic:

trong dé: Ay, 14 dAu muit trai ctia khodng trung vi; ny, 12 s6 1in xuit
hién khoang trung vi; my, 12 s6 14n xuét hién cac khoang trudc khodng
trung vi.

Vidu 5.10. Cho mAu quan sit duéi dang khoang (Bang 5.2)

Nang sust hang nam tinh ra % & 56 luang Tén sust nin

dang khoang céng nhan n, '
80-90 8 8117
90 - 100 15 15117
100-110 46 a6/117
110-120 29 29117
120 -130 13 13117
130 - 140 3 g
140 - 150 3 Iy

Ta ¢6 h = 10; Ay, = 100; n,,, = 46; my, = 23; n = 117.

H7 93

VayX,, =100 +10x ‘2"5““ =107,8.

1.3.6. M6t mau (mod)

Céng thic tinh mét (mod) miu trong trudng hdp miu cho duédi
dang khoang la:

n -1
~1
Xmod = Amn +h X 9 - -
n —n

my my-1 _nmod
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trong d6 A, 1a mut trai cla khodng mét; n, la s&lan xuit hién khoang
¢

rn{)'t;nmo_1 s0 lan xuit hién cta khoang trude. Khodng mét; n, ,la s6

1in xu4t hién clia khoang sau khoang mét.

T s6 liéu 6 bang 5.2 ta cé:
n, =46; N1 =150, =29 h=10.

A . =100.

m,

46 -15

Vay X, =100 +10x
2 x 46-15-29

=106,2.

e S8 lidu cho duéi dang khac thi glA tri Xp.q chinh 14 gia tri cha
¥; ma tin sufit xudt hién gia tri d6 1én nhat.

Vidu 5.11. Cho miu

>

wlrn [

o |

[ =
= QY

Ta thiy x4 = 2.

2.  UGC LUGNG THAM SO

2.1, Udc lugng didm

2.1.1, Cdc khdi niém vé udc lugng

Gia st (X,, X,,..., X,) 12 miu ngiu nhién tit phan phéi f(x, 6),
0 ¢ U (0 1a tham s3).

Trén co s6 miu (X,, X,,..., X,) d4 cho ta cdn wée lugng tham s& 0
(hosic ham s6 elia tham s8 0).

Dinh nghia 5.7. Udc lugng diém etta tham s8 6 (hodic ham sé
tham s8 1(0)) 1a dai lugng ngiu nhién T, = @(x,, X,..., X,) chi phu
thudc cc quan sat x,,..., x, va khéng phu thudc tham s§ 6.
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Vi du 5.12. Gia st (X;, Xg,..., X,) 12 miu nglu nhién doc 13p tix
phén phéi chuin dang téng quat N(a; o?).

= + et X . R 9 N
X = X+ Xy + 4, 1a ude lugng diém cua ky vong a.

n

S:(X)= %il(Xi -—i)2 14 uéc lugng diém cta phuong sai o2

872 (X) = —— (X, - X)’ ciing 12 ée lugng diém cia o2
! n-14

Trong céc loai udc lugng diém ta thudng quan tAm dén hai loai uéc
lugng sau day: ude lugng khong chéch va udce lugng viing.

DPinh nghia 5.8. Udc lugng T, cia tham s8 6 (ham tham s& 1(6))
duge goi 1a ude lugng khong chéch néu

ET.=6 (ET.=1(0)).

Trong vi du 5.12, X 1a uée lugng khéng chéch ctia a vi
D
n )2 Sy

_I.Z( ) 14 uéc lugng khéng léch cua o
=]

mi EX%) =c*+a’
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5, (X) = li(xi - X)z khéng 1a udc luong khéng léch cua o,

nig

That vay:

E(Sﬁ(X)):E[ Z(x X)j (s (X))= = lczicz.

nis

Pinh nghia 5.9. Udc lugng T, duge goi 1A wée lugng khéng chéch
v6i phudng sai bé nhi't cia ham tham s8 7() néu:

1) E(T) = = (O);

2) Dy(T,) < Dy(V.), trong dé V, la ude lugng khéng chéch bat ky
cua 7(6).

DeX 14 ky hiéu phudng sai ciia X khi 6 dé che.

Dinh nghia 5.10. Uéc lugng ¢,(X,,..., X,) ciia tham s6 0 dude goi 1a
udc lugng vitng néu véi € > 0 cho trude tiy ¥ ta cd:
hmP[I(p —9|<s] 1.

Trong vi du 5.12, X 1a wéc lugng viing clia ky vong a.

Vi diy X,, Xo..., X. doc 1ap cé phuong sai DXk = o® (bi chin & o)
theo dinh li Chebyshev ta cé:

X, +X,+...+X,

n

y akhin o> ®

Ngoai ra 8,2(X), S, 2(X) ciing 1 udc ludng vitng cia o™,
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2.1.2. Phuong phdp hop Iy cuc dai

Gia st (X, X,,..., X)) 12 mAu ngdu nhién déc 1ap ti phan phdi
f(x, 6); 06 € U.

Dinh nghia 5.11. Ham hgp 1§ 14 ham c6 dang:

(X’ e) = f(xl’ e)f(XZa 9)"‘ f(Xm e)'
Dinh nghia 5.12. § = 6 (X,, X,,..., X,) dudc goi 12 wéc ludng hap 1y

cyce dai cila tham s§ 6 néu
LX; 0) = L(X; 0), ve e U.
T dinh nghia trén ta rit ra phudng phap tim uéc lugng nhu sau:
Tim gia tri 9 sao cho ham L{X, 0) dat cuc dai tai 8 = 8. Ta c6 thd
st dung dao ham nhu sau:
1) Trudng hop 81a mot s6

oL(X; 6)

- -0 (5.1)

Giai phudng trinh (5.1) ta tim dudc 6. Sau d6 ta xét dfu ola
dao ham hang nhat hoéc dac ham hang hai cla L theo 8 d& tim cuc
dai ctia L. (C6 thé khéng phai lam diéu nay vi ngudi ta chitng minh dude
rdng v6i mot s6 gia thigt nhat dinh, nghiém clia phucng trinh (5.1) lam
cye dai ham hgp 1§).

Néu {(x, 8) > 0 thi L{X; 8) > 0. Vay (5.1) tudng duong véi phudng trinh

1 &L élnL
— =0 =

—= 0.
L o 0

Vi LG 6) = YInf(X,0) nén (5.1) tuong duong véi
=1

2, dlnf (X,,6)

;T =0, (5.2)

Vi du 5.13. Gia st (X,, X,,..., X,) 12 mAu ngdu nhién doéc lap ti
phéin phéi xac suit véi ham mét d6 dang
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1 -2
f(X, 6): ae B, X>0, 6>0

0 x <0
Tim ude lugng hop Iy cuc dai ctia 6.
Giai:

Ta 6 thé tryc ti&p 4p dung phudng trinh (5.2). Trude hét ta tinh

mf(xi,e)=1n(le'ﬂ=_§i_-me;
0 0

6lnf(X;E))_Xi 1

0 02 9

Thay biéu thitc nay vao phudng trinh (5.2) ta ¢é

$(%-1a

) 6

T d6 suy ra: Z(Xi -0)=0=> n():ZXi — §=.1_ X.
i=1 i1 nyy

it

Ta c6 thé xét d&u dao ham hang hai ctia Inl, theo 6;

o?Inl "[ X. 1}
+

7, M

Thay 6 = li X, ta duge
n

i=l

nB

= —— <0,

n = n 2
Sy
i=1

Vay InL dat cyc dai tai © = X, Do d6 L(X; 0) ciing dat cuc dai tai
6=X titc 6 = X 13 wde lugng hop 1§ cue dai cta 6.

& InL
0
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2) Trwé’ng hQ’p 0= (01, 92,..., 0,.)

Lam hoan toan tudng tu nhu truong hgp 1.

Ta nhén dude hé phuong trinh

6,91
L o
|29,

Gii hé phuong trinh (5.3) ta duge 6 = (84, B4, 6,).

Né&u f(x, 8) > 0 thi L(X; 6) > 0.

LAm tudng tu nhu trudng hgp 1 ta nhin dude hé phudng trinh

n alnf(X-,B)
___.”]—:0
Z 0,

i=1

(5.3)

(5.4)

Vi du 5.14. Gia sit (X,, Xz X.) 12 mAu ngu nhién déc 1ap ti

phén phdi chudn dang téng quat N(a; o).
Tim uée lugng hop Iy cuc dai cia (a, 6%).

Gidi:

Trude khi 4p dung hé phuong trinh (5.4) ta cin tinh:

(e
o 2a®

InfX;; a; 6% =1n
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onf(X;a,0°) (X, -a)
da s>

olnf _(X;-a)" 1

8(c*) 2(02)‘2 26%

Thay cic biéu thic nay vao hé phuong trinh (5.4) ta 6

(n (X-,-a)_ . _
%o a=13x X
i1
ﬁ n (X _a)?' 1 A 1 n ___2-
L~ _|=0 52 ==Y (X, -X
L§ 2(52)2 20" ° n;( )

Dé 14 ude lugng phai tim.
2.2. Udc luong khoang

Gia su (X, X,,..., X,) 12 mAu ngiu nhién tit phin phéi f(x, 8), 6 € U.
Ngoai viée tim udc lugng diém clla 0, ta con phudng phap tim uéc lugng
ctia 6 bang cach x4c dinh mot khoidng ma chiia tham s 6.

Pinh nghia 5.13. Khoang (6,(X), 0,(X)), (8, < 6,) duge goi 1a
khoang uéc lugng ctia tham s8 6 véi dé tin cay 1 — o néu

P[0,<8<8,]=1-a

Duta vao dinh nghia nay va dinh Ii gidi han trung tim ta c6 thé tim
dude khodng ude lugng ctia cic tham sé trong mot s6 phan phdi thong
dung.

2.2.1. Khodng udc lugng cta xdc suét p trong phan phdi nhj thic

Dua vao dinh nghia khoang uéc lugng va dinh li Moivre-Lapcace
ta tim duge khoang uwéc lugng cha xac suit p véido tincay 1 —-a la:

p-x, fj(l_ﬁ)<p<ﬁ+xa"——f’(l_i§) (5.5)
n n
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trong dé X, tra & badng phan phéi chuin N(0; 1) sao cho F(xy) = 1 — —(21,
p= k , k 14 56 14n xuAt hién bién ¢ A trong n phép thi.
n

Vi du 5.15. Gieo 400 hat giéng d4u tudng thdy cé 5 hat khéng niy
méam. Hiy tim khoang uéc higng clia x4c suit khéng nay mam p ctia mdi
hat vdi dé tin cay 0,999.

Gidi:

Tacé1—o=0,999. Suy ra o = 0,001. Vay F(xs) =1 — % = 0,9995.

Tra bang phin phéi chuén ta ¢6 x, = 3,3.
n = 400, k = 5 thay vio céng thiic clia khoang uéc lugng ta dude

5 {
4—00_?6 400 400 400 20 400 "ﬁ

Rit gon ta c¢6: -0,0058 < p < 0,0308.
Vi x4c suit khong 4m nén: 0 < p < 0,0308.

2.2.2. Khodng udc lugng ctia ky vong a trong phan phéi chudn

Gia sit (X, X,,..., X) 13 miu ngidu nhién d6c lap ti phin phéi
chuéin N(a; &?).

Dua vao dinh nghia khoang udc lugng va dinh lf gidi han trung
tAm ta tim ra khoang udc lugng cua a véi dd tinedy 1 — o la:

1. oda biét:

X <a<X+x (5.6)

“f “J_

X, tra § bang phén phéi chufn N(0; 1) sao cho: F(x,) =1 -%.

2. ochua biél:
$.X) __ . 5.X 65.7)
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trong d6: S (X)= -I—I{—lz(xi - i)z.

Néu n > 30 thi t, tra & bing phan ph#i chuin N(0; 1) sao cho
a
Fx_ )=1-—.
(x,) 5

Néu n < 30 thi t, tra & bing phan phéi Student véi n — 1 bc tu do
va mic § nghia o (Bang tiéu chudn 2 phia).

Vi du 5.16. Tim khodng wéc clla ky vong a véi db tin cay 0,95 trong
miu tit phan phéi chudn N(a; 0?9, ¢* = 25. Cho X = 14, n.= 25.

Gidi:

O day 1 —a = 0,95, ta suy ra o = 0,05.

Tra bang gia tri cta ham phan phdi chuin N(O; 1) ta duge
Xe = 1,96. Khodng udc ludng cla a véi 4§ tin cay 0,95 la:
5.

5
14 -1,96.— <a <14 +1,96.
V25 Va2bo

< 12,04 < a < 15,96.
Vi du 5.17. Tién hanh kiém tra nghu nhién 10 hoc sinh. Két qua la:
X: 5435 6176 2 8 5

Gid sU cAc quan sat nay c¢6 phan phéi chuidn dang téng
quit N(a; o?).

Tinh khodng uéc lugng clia a véi @b tin ciy 0,95.
Gidi:

Ta suy ra tit s lidu trén cac két qua saw:

X =5,1;

8, = 3[3(5 -5,1) +(4-5,1) +(3-5,1)" +(2-5,1)°

+(2(6-5,1) +(7-5,1)" +(8—5,1)2)] ~ 3,21,
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Tra bang phan phdi Student ta tim dude t(6%; 9) = 2,26.
Khoeang uéc lugng clia a véi d6 tin cay 0,95 1a

5,1-2,26.22L <a<5,1+2,26. /221
10 10

< 3,71<a<9,39.

2.2.3. Khodng udc lugng cua phuong sai o trong mau tirphén phéi chudn
Khoang wéc lugng clia phuong saio® véi do tinciy 1 —a la

(n-1)sP(X) , _(»-1)S7(X)

D 5.8
t, t, (5.8)
* n 1 . " ]
trong @6 S (X) :_}_1_ (Xi -—X) , t,, t; tra ti bang phan phé khibinh
n-=1ig
phudng véin—1béc ty dosaocho Plx*>t)] = 1-% va Pl2>t)= %_

Véi s6 liéu trong vi du 5.17, khoang udc lugng cia phudng sai véi
a6 tin cay 0,90 1a: £,(95%; 9) = 3,325, t,(5%, 9) = 16,919

9x3,12 5, 9x3.21
<ot < ——
16,919 3,325

«>15<0°<8,6.

3. KIEM DINH GIA THIET
3.1. Thiét 1ap bai toan
a. Gid thiét thdng ké
Gia st bién ngAu nhién X ¢6 phan phéi F(x) (hoic F(x, 6}, 8 eU).
Nhitng gia thist v& phan phéi F(x) duge goi 1a gia thiét théng ké va
k§ hidu 1z H,
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- Nhilng gia thiét cing v& phan phéi F(x) nhung khac véi gia thist

H, duge goi Ia déi thiét va ky hidu Ia K.

Khi phén phéi F(x, 6) phu thuée vio tham s8 thi nhitng gia thist
vé phén phéi F(x, 8) dude chuyén sang gia thist v& tham s& 6.

Vi du 5.18. Gia slt bi€n ngiu nhién X ¢6 phan phéi chuan dang
N(a; 0, 01) — truong hdp nay gia thiét v& phan phéi chuin duge chuyén
sang gia thiét vé tham s& a.

a)Hy a=5v8iK:a#5;

b)Hya=5hoiica=10v8iK: 5 <a< 10;

c)Hpra<5véiK a>5.

Néu tap gia thiét H, c6 mot phan ti thi H, duge goi 1a gia thist
don, néu tap gia thigt Hy c6 16n hon ho#c bing 2 phin ti thi H, dude goi
12 gia thiét hgp. Tuong tu nhu vay d8i véi d6i thidt K n&u tap K ¢6 mét
phén tit thi K dude goi 14 461 thiét don. Néu tap K c6 16n hon ho#ic bing
2 phin ti thi k dude goi 13 d&i thist hp.

b. Kiém dinh gid thiét théng ké

Kiém dinh gia thiét théng ké 1a viéc chon mét trong hai quyét
dinh: ch&p nhan gia thiét H, hodc bac bd gia thist H,.

c. Tiéu chudn kiém dinh gid thiét

Dé ¢6 duge quyét dinh ch4p nhin ho#ic bac bd gid thist H, ta phai
dya trén mot tidéu chufin nao d6. Tiéu chuin kiém dinh gia thiét duge
hiéu nhu sau:

Tiéu chuin kiém dinh gid thiét 13 dai lugng nglu nhién Z phu
thuée vao cic quan sat (X,, X,,..., X), nghia 1a Z x4c dinh trén khong
gian mAu R", nhd né ta c6 thé kiém dinh duge gia thiét.

Vi Z xAc dinh trén khéng gian miu R" nén c6 mét bd phan cta
khéng gian miu ma khi (X,, X,,..., X} roi viio mién d6 thi ta bac bé gia
thiét H,. B phan nay dude goi 1a mién tidu chudn, ki hiéu 1a W. Néi
chch khAc, mién tiéu chuén 1a mién bac bd gia thiét.
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Dit X = (X,,..., X.). Tiéu chufin kiém dinh gia thiét thé hién ¢ mot
trong ba dang:

X € W] < [Z(X) > C, ] bac bd gia thiét Hy;

X e W] < [ZX) < C, ] bac bd gia thiét H;

(C,, C, dudc goi 12 diém tidu chuin).

[X € W] <[ Z(X) > C, ] hoic [Z(X) < C, ] bac bd gia thiét H,.

Hai tiéu chuin dau dude goi 1a tiéu chuin mét phia. Tiéu chudn
thit 3 dudc goi 1 tidu chudn hai phia. (Tiéu chudn thd 3 tdng quat hon
hai tiéu chuéin dau).

Mudhn tim tiéu chuin Z(X) hodc mién tiéu chuian W ta dua trén haij
loai sai 14m sau:

Sai ldm loai I: Gia thiét H, 1a gia thiét ding ma bac bd thi mic
sailim. Sai 1dm d6 dude goi 12 sai 1Am loai I. X4c suit méc sailam loai I
1a P{W/H, 1& dung].

Sai ldm logi II: Gia thiét H, 14 gia thiét sai ma ch&p nhén gia thiét
thi cling méc sai 1Am. Sai ldm nay duge goi 1a sai 1adm loai I1. Xac suflt
méc sai 14m loai IT 12 P[R™-W/H, la sai}.

D& tim tidu chudn kiém dinh gia thiét ta phai dong thoi han ché&
t61 mitc t8i thibu kha ning méc sai 14m loai I va sai ldm loai II. Song
viée lam nay r&t khé khin. Trén thyc t&€ ngudi ta thudng cho phép duge
mic sai ldm loai I 8 mitc x4c sudt a ndo d6 (thy theo tim quan trong cua
sai lam loai I) sau d6 cuc tidu héa xéc suit mic sai 1dm loat IL

Duéi ddy ta s6 xét mot sd bai toan kiém dinh gid thiét ma c6 thé
{ing dung nhiéu trong céc linh vyc sinh vit, néng nghiép, gido duc, v.v..,

3.2. Kiém dinh xéc suat p trong phan phéi nhj thirc (tf 18 phan tram)

Bai todn: Gid sl trong diy n phép thi Bernoulli bién ¢ A xuit
hién X 1in. Goi p = p(A) 1a xac suit dé A xudt hién trong méi phép thit.

Kiém dinh gia thift Hy: p = p, vdi K : p # py & miic a.
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Tiéu chuén kiém dinh gia thigt nay la:

Gia thiét H, bi bac bd & miic o néu:

——— . 59
e opy 59

Con |Z| < x, thi chdp nhan gia thiét Hy; trong d6 x, tra 8 bing gia

tri cia ham phéan phéi chuén sao cho F(x,) = 1 -2

Vi du 5.19. Gieo 300 hat ci phé gidng. K& qua 13 261 hat nay
méim. Ngudi ta néi ring t 16 ndy mim clia ca phé 14 0,90. Diéu nhan
dinh d6 c6 ding khéng? Tai sao? Cho mc kiém dinh a = 5%.

Giai:

Ta xem viéc gieo 300 hat cd phé nhu tién hanh 300 phép
thit Bernoulli. p 13 x4c suit ndy mim cla mdi hat ci phé. Ta kiém
dinh giA thist: |

Hy:p=0,90 v8i K: p=0,90 (¢ diy X = 261, p, = 0,90).

' 261 -300x0,90
Theo (5.9) ta cé: lZ| = \|/300 x0.90%x0 1(1)

~1,73.

Theo gid thist a = 0,05. Ta c6 F(x,) = 1 -% = 0,975. Tra bang phin
phéi chuén N(0; 1) ta tim dude x, = 1,96. |

Ta nhén thay |Z| = 1,73 < 1,96.
Vay ta chip nhan gia thiét H,, nghia 12 t1 18 ndy mAm cta ca phé 13 0,90.

Tiéu chudn mét phia:
~r X ~ 2 -~ -] . .y .
e Néu — > p, thi ta chuyén vé kiém dinh gia thiét:
n

Hy:p=pyv3i K: p>p, d miic a.
Tiéu chudn ki€m dinh gia thiét nay la:
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X -np, > x

Jnp,(-py) ¢

(Néu Z < x, thi chdp nhan gia thiét H,), trong d6 x, tra & bang phin
phdi chudn N(0; 1) sao cho F(x,)=1~o.

Gia thist H, bi bac bd 8 mic a néu: Z =

» Néu X <p, thi ta chuyén vé kiém dinh gia thiét:
n

Hy: p=p, vi Kip<p,8milca.

Tiéu chuin kiém dinh gia thiét nay la:

np, - X

—_—1— > X,
\fnpo(l = po)

(néu Z < x, thi chip nhan gia thiét Hy), trong d6 x, tra 3 bang phan phéi
chuéin N(0; 1) sao cho F(x4) =1 —a.

Vi du 5.20. Trong mét 16 sdn ph&m ngudi ta cho biét ti 16 ph&
phdm 13 0,02. Ta chon ngiu nhién c6 hoan lai 480 sin pham thay c6 42
ph& phim. Xét xem ti 16 ph& phim dugc ngudi ta théng bao c6 ding
khéng? Cho mitc kiém dinh a = 5%.

Giai:

Gia thiét H, bi bac bd 6 miic a néu: Z =

3 day n =480, X = 42, §=£=O,875 > 0,02 =p,.
n 480

Vay ta di dén kiém dinh gia thiét:
Hy p=0,02 véi K: p>0,02.
F(x,)=1—a=095.

Tra bang phan phéi chuin N(0; 1) ta tim dude x, = 1,65.
X-np, _ 42-480x0,02 324

= = =10,588.
Jnp,(1-p,) 480x0,02x0,98 3,06

TinhZ: Z=

Ta suy ra Z > x, = 1,65. Vay gia thiét H, bi bac bé va ta chép
nhan 461 thist
K: p> 0,02, titc ti }é ph& phAm ma dude théng bao 1a khéng ding.
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3.3. Kiém dinh vé ki vong (trung binh) trong miu ddc 1ap tir phan
phdi chuidn

Gia st (X;, Xj..., X;) 12 miu ngiu nhién déc lap tit phan phéi
chuén N(a; o).
Kiém dinh gid thiét Hy: a=a,v61 K:a # a, 6 miic o.
Tiéu chuin ki€m dinh gia thist nay 1a:
a. Truong hop o da cho:
K-afin

=l >x_. (5.10)
o

(N&u |Z| <x, thi chdp nhin Hy) trong dé x, tra § bing phan phsi chuén

Gia thigt H, bi bic bo & mitc o néu: |2

N(0: 1) sao cho F(xq) = 1 —%.

b. Truong hop ochua biét:

o)

—— > tu.
S.(X)

(Néu |Z| <t, thi ch&p nhan Hy) trong d6 t, tra nhu saw:

Gia thiét Hy bi bac bé 8 mitc o néu: |Z]= (5.11)

e N&un > 30 thi t, tra d bang phan phéi chuin N(0; 1) sao cho:
a
Ft)=1-—.
(to) )

e Néu n < 30 thi t, tra & bang phan ph&i Student véin — 1 bae tu
do va mitc ¥ nghia o (bang tiéu chudn 2 phia).

Vi du 5.21. GiA st miu ngiu nhién X,, X,,.., X,) tit phan phd
chudn N(a; 4) va X =15; n = 100. Hay kiém dinh gia thiét Hy a = 16,5
v61 K: a # 16,5 d mitc a. = 5%.

Gidi:

a = 0,05; F(x.) = 1—% =0,975. Tra bang phén phdi chuin ta
co X, = 1,96.
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Tinh: |Z| = =17,5.

[X—a,|Vn _|15-16,5/y100
o - 2

Ta thay |Z| = 7,5 > %= 1,96. Vay gid thiét H, bi bac bé & mitc a,
nghia 1A a #16,5.

Vi du 5.22. Sau mdt dot hudn luyén ngudi ta ki€ém tra ngiu nhisén
15 hoc sinh véi két qua saw:

X2 3 7|16 9|7 6 | 6112 718 6|5 6

Gia st X tudn theo phan phdi chuén dang N(a; o). Hay kiém dinh
gia thigt: H: a=6 vdi K:# 6 8 mic o = 5%.

Gidi:

Trudng hop nay, o chua biét, n =15 < 30.

t, tra ¢ bang phin phéi Student véi 14 bac tu do ta cé
£(5%; 14) = 2,14

X= §L= 5,4.
15

'Z(X)_ (2(2 5,4) +(3-5,4)* +3(7-5,4)* +5(6 - 5,4)* +

+9-5,4)" +(5-5,4)* +(1-5,4)° +(8-5,4)2)

_77,2
14

= 8" (X) = /5,5 ~2,35.

(5,4 - 6)Y15
2.35

=5,9.

Tinh: |2 = ~ 0,087,

Vay |Z| < 0,987. Ta chdp nhin gia thiét H,, nghiala a = 6.
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Tiéu chuin mot phia:

e N&u X > a,thi dua vé kiém dinh gia thiét:
Hy:a=a,v6iK:a >a,8 mica

Tiéu chufin kiém dinh gia thiét nay la:

a. Truong hop oda biét:

(44 thiét Hy bi béc b & e @ néu: Z = E = 2R

>X,, (eon Z < X4
o3

thi chdp nhan H).
Trong d6, X, tra é bang phan phéi chudn sao cho: F(x,)=1-o.
b. Trudng hop o chua biét:

Giéa thiét H, bi bac bd 8 mitec o néu: 2 = (X-2,)Vyn a,)yn

" >t, (conZ <ty
S.(X)

thi chdp nhan Hy).
Trong dé: S.*(X) = Lli(xi _%P
n-.1%7

Né&u n > 30 thi t, tra § bang phan phéi chuin nhu & a).

Néun < 30 thi t, tra é bang phan phéi Student véin — 1 bic tu do
va véi mite a. (Bang tidu chuin mét phia).

Né&u X <a, ta dua v& bai toan kiém dinh gia thiét:
H,:a=a,vé1K:a <a,d mica.

Tiéu chuin kiém dinh gia thiét nay la:

a. Truong hop o dd biét:

. . . . - X)Wn
Gia thiét H, bl bac bd ¢ mic o néuw Z =(a—°—)~—>x
o

a?t

{con Z < x4 thi chdp nhan Hy).

Trong d6 x, tra & bang phin phdi chufn N(0; 1) sac cho:
Flxa) = 1-a.
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b. Trudng hop ochua biét:

(2, - }_()\/H

Gia thiét H, bi bac bd 6 miic o néu: Z = X

>t, (eonZ < t,

thi ch&p nhan Hy).

Néu n > 30 thi t, tra & bang phan phéi chufn sao cho:
Fxo)=1-a.

Né&un < 30 thit, tra 6 bang phin phdi Student véi n ~ 1 bac tu do
va véi mitc a. (Bang tidu chudn mét phia).
3.4. So sanh hai trung binh ctia hai mau déc 13p ¢6 phan phéi chuan

dang tdng quat

Gia stt (X,,..., X.) 13 mAu nglu nhién ddc l4p tit phan phéi chudn
N(a,; o,%).

Vi (Y,,..., Y,) 12 miu nglu nhidn d¢c 1ap ti phan phdi chuin
N(a;; o.7).

Hiy kiém dinh gia thiét:
Hy:a,=a,véiK:a,#a,d mica
Tiéu chuin kiém dinh gia thiét nay la:
a. Trudong hop oy oy dd biét:

Gia thiét H, bi bac bd ¢ mic o néu:

£-¥

2| = -—=—=>x, (5.12)
o L %
n m

(néu [Z] <x_ thi ch&p nhan Hy), trong d6 x, tra 6 bang phan phéi chuin
N(©; 1) sao cho F(x,) =1 _%_

b. Trudng hop oy o, chua biét:

Ta phai gia thiét o, = o,
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gy
Gia thi€t Ho bi bac bd 6 mite o néu |7]= L —L
S—+L

n m

>4, (5.13)

(néu |Z| <t, thichip nhan Hy).

Néu n + m > 60 thi t, duge tra & bang phin phéi chuin nhu x,
nhu d a.

Néu n + m < 60 thi t, duge tra & bang phin ph&i Student véi
n+m— 2 bac tu do vd mitc § nghia o. (Bang tiéu chuiin 2 phia).

Vi du 5.23. Gia su (X,,..., X)) 14 miu ngiu nhién doc lap tit phin
phéi chudn N(a,; 80) va (Y,,..., Y.) 12 miu nghu nhién ddc lap tit phan
phdi chudn N(a, 100). Gia sit X=130; Y =140. Hay kiém dinh gid
thiét: Hy: a,=a, véi K: a, # a, 8 mic a =0,01.

Gidi:

Fx,)=1- %= 0,995. Ta nhan dude x,= 2,58. Tinh gié tri cta |Z]:

R-Y  jo-149)

)= \/“ o 80 100

50

Ta thdy |Z| = 5 > x,= 2,58. Vay bac bd gia thiét H,, nghia la trung
binh clia hai mau khac nhau.

Tiéu chuin mét phia:
¢ Néu X > Y thitachonK:a,> a, va ta dua d&n bai toan:

Kiém dinh gia thiét Hy: a, = a, v6i K : a,> a, & miic a.
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a. Truong hop oy; o, da biét:

Gia thi&t H, bi bac bé & mitc o néu:

< s
z-2-Y oy (5.14)
2 2
5, %
n m

(nfu Z <x, thi chdp nhan Hy), trong d6 X, tra & bang phéin phéi chuin
N(@©; 1) saocho F(x,) = 1-a.

b. Truong hop o,; oy chua biét:

Ta phai gia thiét 0,2 = o,

Il
v
-

Gia thidt H, bi bac bé & miic a néu Z (5.15)

(néu Z <t_ thi chdp nhén Hy).
t, duge tra nhu sau:

N&u n + m > 60 thi t, dudc tra & bing phin phéi chuin sao cho:
Fit,)=1- a.

Néu n + m < 60 thi t, dude tra ¢ bang phan phéi Student véi
n + m — 2 béic tu do va mfic § nghia a. (Bang tiéu chuin 1 phia).

e Néu X < Y thitachonK:a, <a,vata dua dén bai toan:

Kiém dinh gia thiét Hy: a, = a, véi K : a, <a, d mic a.

a. Truong hop oy; o, dd biét:

Gia thist H, bi bac bd & miic a néu:

7 - Y—X2 >x, (5.16)

2
o] o]
o472

n m

(néu Z <x, thi chip nhin Hy), trong d6 x, tra d bang phan phéi chuin
N(0; 1) saocho F(x,) =1-a.
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b. Truong hop o} o, chua biét:
Ta phai gia thiét o,*= o’
Gid thiét H, bi bac bé 8 mic « néu Z=—22 5t (5.17)
(n&u Z <t, thichép nhan H).
t, duge tra nhu trudng hop X> Y.
Chi: ¥. Khi nhan dude két qua thi nghiém hai mau X,, X,,..., XJ)
va (Y}, Yo..., Y,) tit phan phéi chufn nhung khéng biét gi vé phuong sai
DX, DY. D& so sanh duge su bing nhau ciia hai trung binh EX va EY
bing tiéu chufn trén, ta phai giai bai toan kiém dinh gia thiét vé su
bing nhau cla hai phudng sai DX va DY. N&u kiém tra thdy DX = DY
thi ta méi ap dung tidu chuin trén.

Bay gid ta kiém dinh gia thiét:

H,: DX =DY véi DX # DY 6 miic «
Tiéu chudn kiém dinh gia thiét nay la:
Gia thiét H, bi bac bd ¢ mic a néu:

SE(X) a
Z = ( bang [

Sgas B bl — n—-1,m-1 5.18)
S,f(Y)> 5 1 m ] (

Néu Z < {;,, thi chidp nhan gia thiét H,.

Trong dé fbfmg[%; n-1 m —1) tra ¢ bang phan phédi F véin - 1,
m — 1 bac tu do va mc a.

Vi du 5.24. Dé danh gia chat ludng san phdm do 2 nha may san
xuit, ngudi ta kiém tra ngiu nhién 10 san phim cta nha may I va 12
san phdm ctia nha may II. K&t qua do kich thude ctia cic san pham la:

3 nha may I:

X 34 5 37 39
n 2 3 4 1
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O nha may II:
Y, 32 3.4 35
M, 2 2 8

Gia thiét cic quan sat X, Y; déc 1ap va cé phin phdi chudn cb
EX = a,; EY = a,. Hiy ki€ém dinh gia thist Hy:a, = a, véi K: a, # a, &
mic o = 0,02.

Gidi:

T gia thist trén ta tinh duge X v Y nhu sau:
2%x3,4+3x3,56+4x3,7+3,9 _3g

>l
I

10
vi To 3,2x2+3,4x2+3,6x8 _35.
12
Phucng sai madu: S %(X)=0,0267; S.*(Y)=0,0255.
Tinh Z:

2
_SHX) 00267, o
SZ(Y) 0,0255

Tra bang phin phéi F ta tim duge £,;,,(0,01; 9; 11) = 4,63.
Ta thly Z = 1,05 < fu., = 4,63. VAy gid thiét H, : DX = DY dudc

ch4p nhan.
Bay gia.trc”j v& bai toan so sanh hai trung binh EX, EY. Tinh:

X-Y

Z=
S }4+_.1_
n m
B 'X—?‘ >(\jnm(n+m—2)
Jn=DS2X) + (m-DSH(Y) n+m
. 3,6-3,5 X\P0x12(10+1?.l—2) 145
J9x0,0267 +11x0,0255 10+12
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Tra béhg phéin phai Student ta tim dude t,= 2,53.
Vi: |Z]=1,45<t, =2,53nén gid thiét H, v8 syt biing nhau clia hai
trung binh dude chidp nhan.

3.5. So sanh hai xac suit trong phan phdi nhj thitc

Bai todn: Xét hai ddy phép thit Bernoulli. Day I gom n phép thu, X
12 58 14n xu4t hién bién ¢d A trong day I; p, = p(A) la xac suit &6 A xuft
hién trong méi phép thi trong day I. Day I gdm m phép thit, Y 1a s8 14n
xudt hién A trong diy II; p, = p(A) 1a xac sudt dé A xut hién trong mdi
phép thi trong day II. Hay so sinh hai xac sudt p, va p; d mic a.

Dé tra 15i cau hdi nay, ta dua vé bai toan kiém dinh gia thist:

Hy:py=p,v6iK:p, # p, 6 mic a.

Tiéu chuéin kiém dinh gia thiét nay 1a:

Gia thigt H, bi bac bd ¢ mic o néu:

X_ Y
|Z|= n_m > X,. (5.19)
(l+_1_ X+Y) 1_X+Y)
n m/\n+m n+m

Né&u [Z{<x, thi chdp nhan gid thist H, trong d6 x. tra & bing

phan phéi chudn sao cho F(x,) = 1~ % .
Tiéu chuin mot phia:

e Néu X < Y thi ta dua vé bai toan: Kiém dinh gia thiét:
n m

Hy: py=p, v8iKip, <p,d milca
Tiéu chuin kiém dinh gid thist H, nay 1a:

Gia thiét Hy bi bac bd & mic a néu:
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Yy X
= m__n > X, (5.20)
l+lJ(X+Y](1__X+Y] ;
n m n+m n+m

Néu Z < x, thichdp nhan gia thidt Hy, trong dé x,, tra d bang phan
ph#i chuéin sao cho F(x.) = 1 —a.
e Néu 2 > 2 thi ta dua vé bai toan: Kiém dinh gia thiét:
n m ‘
Hy p;=p, véiK: p, > p, 6 mica
Tiéu chuin kiém dinh gia thiét H, nay la:

Gia thidt H, bi bac bd & mitc @ néu:

X_ Y
- n_m >X, (5.21)
}_Jr}_ X+Y 1_X+Y]
n m n-+m n+m

Néu Z < x, thi ch4p nhan gia thiét H,, trong d6 x, tra 6 bang phan

phéi chudn sao cho F(x,) =1 -c.
Vi du 5.25. C6 2 phudng phap gieo hat. Theo phudng phép I, gieo

100 hat th&y c6 80 hat ndy mim. Theo phudng phéap II, gieo 125 hat
thay e6 90 hat ndy mim. Hiy so sdnh hiéu qua cia hai phudng phap

trén ¢ miic a = 5%.

Gidi:

O day thdy n = 100, X = 80, m 90, @ = 0,05

= 125, Y =

F(x,)=1- % =0,975.

Tra & bang phan phéi chuin N(0; 1) ta tim dude x, = 1,96.
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Ta cb:

12| 100 125 _ 1387,
1, 80+90 (,_ 80+90
100 125 100+125 )\ 100+125

Ta nhan thdy |Z| < x,. Vay chdp nhan gia thiét H,, nghia 1a hiu
qua cua hai phuong phap tudng duong.

Vi du 5.26. Dé danh gia chit lugng san phdm do 2 nha may sin
xu#t ngudi ta kiém tra ngiu nhién 100 s3n phdm clia nha may I thay ¢6
20 ph& phdm va 150 san phdm clia nha may II thdy cé 15 ph& phim.
Hay so sinh chit lugng san phdm ctia hai nha may & mic a = 0,05.

Giai:

O day ta thdy n =100, X =20, m = 150, Y = 15.

TNt d6 suy ra 2{-:39:0,2 'XBE:O,I.

n 100 'm 150

Ta thay XY Tirds & dén kiém dinh gia thiét:
n m

Hy: p,=p;v6i K: p,> p, d miic o = 0,05.
SuyraF(x,)=1- a=1-0,05=0,95.

Tra bang phéan phéi chuin ta ¢6 x, = 1,65.
Tinh:

X Y

Z= n m

=)
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) 0,2-0,1
1, 1) 204156 )(, 20+15
100 * 150 )\ 100+150 )" 100 +150
~2,232.

Vi Z > x,= 1,65 nén gia thiét Hy: p, = p; bi bac bd, nghia 1a ti 18
ph& pham ctia nha may I cao hon ti 18 phé& phim clia nha may II.

3.6. Tiéu chuin Mann — Whitney (1947) Kiém dinh tinh thuan nhat cla
hai mau ddc 1ap

Tiéu chuin nay kiém dinh tinh thuin nhdt cGa hai miu déc lap
X, Xgpo., X ) va (Y, Yy, Y, V61 gia thiélt X, Y doc l4p va c6 phan phéi
lién tuc. Tidu chuén nay thudng duge st dung trong linh vuc nghién ctiu
tAm li, x4 hdi dé so sanh tinh trang cia mdt tinh chét clia cic thanh
vién clia hai miu hoic trong linh vye khoa hge gido duc ching han,
nghién citu mic d6 phan ng cua hoc sinh sau khi duge hoc thém mét
don vi kifn thdc hodc chiu tdc déng mét phuong phap day hoc
nao do.

Bai todn dét ra nhu sau: Gia st X c¢6 ham phan phé: Fy(x), Y cé
ham phan phéi Fy(x) va déu 1a phan phéi lién tuc.

Hay kiém dinh gia th¥st:

H, : F,(x) = Fy(x) vdi K : Fy(x) # Fu(x) & miic c.

C6 nhidu nha toan hoc da gidi bl todn nay. O day, ching ti chi
néu 15i gidi eda Mann — Whitney (1947) trong trudng hgp mau c¢6 kich
thuéen> 4, m>4van+m>20.

D& kiém dinh gia thi&t H, véi d5i thiét K, ta tién hanh theo cac
bude sau day:

Buée 1: Dén 2 miu vio mdt miu chung va sip x&p cic quan st X
va Y, theo thit tu ting din.

Gid s n < m (nfu n > m thi d6i vai trd cta X; cho Y). Goi W 1a
t8ng cac chi s6 thit tu ctia cie quan sat X; trong mau I (néu n > m thi
xem mau (Y,, Yo,..., Y.} 12 mau T, con X,, X,..., X) 12 mau II).
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Ngudi ta tinh dude E(W) = n—(nf;LD . DW = %‘TQE*_U

Dit U=nm+ n(n2+1)—Wta c6 EU:E;DU:m‘T_Q‘“—*D.

Bude 2: Gia thiét H, bi bac bd & mitc o néu:

u-=21
2

> X, (5.22)
‘jnm(n +m +1)
12

'nm

2] =

trong d6 x, tra & bang phan phéi chudn N(©; 1) sao cho
Fxy=1-<.
(xo) 5

Chit y. N&u trong miu cé mét s8 gia tri miu tring nhau, dé d‘ém
bao 4 chinh x4c, ngudi ta higu chinh lai phuong sai DU (hosic DW) biing

» Y ] ZK 13—1
cach trit di 1 lugng —=— ;K =
n+m-1 12

ciing mot doan; » Kla téng s& trong cac doan khac nhau. Cu thé trong

, 114 s6 cac gia tri triing nhau

biéu thite ctia [Z] biéu thite cin bac hai trit di mot hugng %

Nhiing gi4d tri tring nhau dude gan cting mét hang (s§ thi tu)
bang s8 trung binh cac hang (s8 thi ty) clia ching.

Vi du 5.27. D& danh gia hidu qua ciia vide cAi tién phuong phap
giang day ngudi ta tién hanh day thi diém trén 2 16p A va B. Lép A dudc
day theo phudng phip méi, 1ép B dude day theo phuong phép cii. Sau
khi day hé&t mét phdn chudng trinh ngudi ta kiém tra ngéu nhién 18 em
616p A vA 20 em & 16p B biing mét bai thi. K&t qua thu dude nhut sau:

Lép A: 14, 13, 11, 10, 12, 9, 15, 14, 16, 18, 17, 14, 12, 13, 16, 15, 17, 13.
Lép B: 7, 8,10, 11, 13, 6, 8, 7, 15, 16, 6, 11, 12, 17, 13, 15, 12, 14, 11, 10.
Hiy so sanh hai phuong phip ¢ mfic a = 0,01.
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Giai:
Ta dén 2 miu thanh mét mau chung va sdp xé&p theo thi tu
tang dan:

M@]16 | @& |6 6|0
6 |6 |7 |7 |8 ]8]3

—
o0
~—

© |0 | a1 ] 02§ 13) | (4
010 |10 1| 11 |n

—
[a]

(15) | (16) | (A7) [ (18) ¢ (19) | (20) | (@1) | (22) | (23) | (24) | (25) | (26) | (27)
2| 12 | 121213 | B[ [ 13|11 14]1]n

28 | @9 | G0 ] 6N @] 6] ] e ee] an e
B | 15| 15 | 15 | 18 | 16 | 16 | 12 | 17 | 17 | 18

Ta thay:

6 ¢6 hang 1,5; 7 ¢6 hang 3—;:}- = 3,5; 8 ¢6 hang ?;—6 =5"5;9 ¢o
hang 7; 10 c6 hang §+—93+—19=9; 11 ¢6 hang 11+12:13+14:12,5;
12 ¢6 hang 15+16117+18 =16,5;13 ¢6 hang 19+20+251+22+23 =21;
14 ¢6 hang 24+25126+27 - 95,5 15 c6 hang 28 +29+30+31 - 29,5,
16 c6 hang @i—s—&l=33; 17 ¢6 hang W:%; 18 ¢6b

hang 38.
TacsW=7+9+125+16,5+16,5+21 + 21 + 21 + 25,5 + 25,5 +
25,5+ 29,5+ 9295+ 33+33+36+36+38=436;n=18; m=20(n<m).

18x19

U=18x20+ -436 =-57.5;
3 _ 33_3
k1=k2=k3=2 2=0,5;k4=k10=k11=—"""‘:2;
12
3 _ 53_
k5=k6=k8:kg=4 425;]{7:—-'_51:10;

12
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11

>k =1,5+6+20+10= 37,5

i=1

12 n+m-1

\/nm(n+m+1)_ 2K \j18x20(18+20+1)_37,5

12 37
= 34,19;
‘U - r_nég 237,5
\Z| = =00 £ 6,946;
\/nm(n+m+1) ~ Zk 34,19
12 n+m+1l

a=0,01; F(xg) =1~ % =1 - 0,005 = 0,995.

Tra bang phan phéi chudn N(0, 1) ta tim dude x, ~ 2,33,

V1 |2|=6,946 > x, =2,33nén gid thist H, bi bac b, nghia 1 trinh
d% hoc luc ctia hai 16p 13 khéng tudng duong. Ldp A c6 nhidu diém troi
hon diém cta 16p B nén trinh d chung clia hoc sinh 16p A tét hon trinh
dd chung cua hoc sinh 16p B.

3.7. Tiéu chuin Wilcoxon kiém dinh tinh thuin nhat cla hai miu
phu thudc ‘
Gia stt (X,, Xp,..., X,) 12 miAu nghu nhién doc 1ap t phén phéi Fy(x)
va (Yy, Yy,..., Y,) 12 miu nglu nhién ddc lap tit phan phéi Fy(x).

Gia sit X, Y 12 phu thudc va ¢6 phén phdi lién tuc va phin phéi cua
né c6 tinh chit d61 xting, nghia 1a:

PX< c—x]=PX 2 c+x].

Vi du. Bién ngiu nhién X dic trung cho tinh trang cta tinh chat
nao diy cia mét tip cac déi tugng trong 1dn do thit nhat, Y 14 dic trung
cling tinh trang cta tinh chat d6 & tip niy trong 1dn do thi 2.
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Dat D, = Y;~ X.. Cac cip X, Y) ma X; = Y, thi khéng dudc ké téi.

Goi m 1a s cip (X;, Y) ma X;# Y; (m < n). Ta sip x&p cac |D;|, i=1,m
theo thit tu ting din theo d8 I6n. |D;|nhd nhét duge gan hang 1, hang 2
cho s8 sau d5,... va s6 cudi ciing 1a hang m. Néu ¢6 mét s8 |D,| lién tiép
bing nhau thi nhiing s§ d6 dude gan ciing mdt hang 1a s6 trung binh céc
hang ciia ching. -

Sau d6 mbi hang dude mang diu “+” néu né ting véi D; > 0 va dau
néu né ing véi D; < 0.

Kiém dinh gid thiét:

H, : P[D,> 0] = P{D; <0} (tiic 12 s§ trung vi bing 0) & miic a.

K : P[D,> 0] = P[D,<0]. .

Goi R, 1a hang cua D; va dat T = Z R, (T 1a téng cia cac hang
cua D, > 0). Di>0

[T

Ta cé thé vist bai toan duéi dang sau:
Kiém dinh gia thiét:
H, : s8 trung vi cua D; = 0;
K:sétrung vicia D; # 06 mica
a. Truong hop m < 20
Titu chudn kiém dinh gia thiét nhu sau:
Gia thidt H, bi bac bd & mic o néw:
T < W, hodc T > WI_E (5.23)
2 4

ot

trong do W W , dudc tra tit bang tidu chuin Wilcoxon.
2 2
— N&u X c6 xu thé trdi hon Y, thi déi thigt K duge chon nhu sau:
K: s6 trung vicua D; <0,
GiA thist H, bi bac bd & mite a néu T < W, (5.24)
—~ N&u Y, ¢6 xu thé tréi hon X; thi @61 thigt K dude chon nhu sau:
K : s8 trung vi cua D; > 0,

Cia thiét H, bi bac bd 8 mitc a néu T > W, . (5.25)
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b. Truong hop m > 20
Bang gi4 tri gidi han clia théng ké tiéu chudn ctia Wilcoxon dua

trén phén phél nhi thiic. Vi th& véi m a4 16n ta cé théd thay x4p xi bang
phan phéi chudn.

* Tiéu chuin 2 phia:
Kiém dinh gia thiét:

Ho : 88 trung vi clia D, = 0; K : s§ trung vi ctia D, #0.

Ta chon W, = m(Lz”_)” \/m(m“)(zm”) (5.26)

24

&
2

+ 1 A >
va W, _-= __m(_mz__) —-W,_, trong 46 x_ tra & bang phan phéi chuin N(; 1)
2

sao cho: F(x_ )=1 _x
2
Gia thiét H, bi bac bd & miic o néu T < W, hoiic T > W,
e Tiéu chudn 1 phia:

Kiém dinh gia thiét: H, : s§ trung vi cla D, < 0; K : 56 trung vi
cua D, > 0.

Tiéu chufn kiém dinh gia thiét nay la:

Gia thiét H, bi bac bd & mitc o néu: T> W, (5.27)
Né&u X; ¢6 xu th& trdi hon Y,

Bai toan kiém dinh gia thiét:

H,: s8 trung vi cia D, > 0; K: s8 trung vi ctta D, < 0.

Tiéu chuin kiém dinh gia thiét nay 1a: .

Gia thi&t H, bi bac bé & mitc a néu T < W,. (5.28)

Vi du 5.28. Dé danh gia vide tuyén truyén van déng sinh dé c6 ké
hoach, ngudi ta phéng van ngldu nhién 12 ngudi bing 1 cdu hoi. Sau d6
md mét dgt hudn luyén va ngudi ta lai kiém tra 14n 2 ciing trén 12 ngudi
d6. K&t qua cho theo thang diém bac 10 nhy sau:
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STT 1 12] 3 516 |7 gl 1|12
Diémkiémtradat! | 3 |8 5 2| 1 |6 1] 3 2
pidmkiémtradotlh | 4 |8 6 6| 3 |6 10]6]10 8
Higu s6 diém 1o 1| -2 (a4l 2ol 3 |5]7]3]6
Hang R 15 15 | 35 | 7|35 55 (8|10 |55/ 9

Gia thist H, : “dot tuyén truyén khéng 1am thay d6i nhan thic clia
con ngudi vé k& hoach héa gia dinh”.

Tac6: T=15+15+7+35+55+8+ 10+ 55+ 9 =515
m = 10; o. = 0,05.

Tra bang Wilcoxon ta tim duge W, = 44, W,=11.

ViT > W, nén gia thiét Hy bi bac bd ¢ miic a = 0,05, nghia 14 viée
tuyén truyén cé § nghia 1am thay d6i nhan thitc v& k& hoach hoa gia dinh.

Vi du 5.29. Vao dAu nam, gido vién kiém tra trinh d6 ngit phap clia
hoc sinh bing mét bai Chinh ta, sau d6 gido vién luyén tap cho hoc sinh
mét thai gian. HEt dgt luyén tap, gido vién t6 chiic kiém tra 14n IL

K&t qua 2 1dn kiém tra nhu sau:

—
STT  |1(2i3]|4|5,6|7| 8 [9{10|11]|12]|13|14|15|16{17|18|19|20|21|22|23|24|25|26|27

S416i14n 1[7(8]614/2|513|108| 716 |10|3 11518 |7|6|4(10{9)0]5|718]315

SE18i 1An10(2|2(5!4(3{114 |51 214 |5(3[4(1|0|4]4|5]6(7(3j6]2]|214|9

Trén co sd s lidu trén, viée luyén tap cho hoe sinh cia gido vién cé
hidu qua khéng? Cho mitc kiém dinh a = 0,05.

Gidi:

STT 112] 3 [4|5]6 |7 |8 10| 11 |12 {13
s6itin | | 7 {8 | 6 |42 10 7 10 |3
ss@ian | 02| 2 |s5|4f3 |14 5 5
Hidu s6 716! 4 [1]2i2l-21=%] 3]5|-2(-5l0
Hang R 2523 | -165 [25]7.5|-75|-7.5|-231 125 | 20| -7,5 | -20
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STT 4| 15 |16 17 | 18 119 20 | 21 | 22 (23|24 | 25|26 27
S616i1an 1 1 5 8 7 6 4] 10 | 9|0 [577 8|35

S6Gildnll | 4 | 1 | 0| 4 | 4|56 |7 {3|6/2]2]4
Hieu s6 3| 4 |8 3 |21 4 |=2|3|1]-5|s6]1]4
Hang R 12,5|-16,5 |26\ 125 |-75(25|-165 | -7.5|12.5]2,5|-20|-23]25! 165

Kiém dinh gia thist Hy;
S8 trung viD; 2 0; K: S¢ trung vi D, < 0.

Ta céb:

T=25+75+ 125+ 25 + 12,5 + 25 + 2,5 + 16,5 = 59;
m=27-1=26,a=0,05Fx)=1-a=1~005=0,.95.

Tra bang phan phéi chuén ta tim duge x,= 1,64.

W

_ 26(26+1)
4

1 64J26(26 +1)(52+1)
24

=110,93.

Vay T < W,. Gia thiét H, bi bac bd, nghia 12 sy luyén tap cua gido
vién cé hidu qua tét.

3.8. Tiéu chuan y?(khi binh phuong) kiém djnh vé phan phéi da cho

Trong muc 5.3.2, ta 43 nghién ctu bai toan kiém dinh vé& xac suflt
trong phan phéi nhi thitc. Bay gid ta x6t vin dé téng quat hon 1a kiém
dinh v& phan phéi p;, i = 1,..., s, md cac phan phdi xac suit p; 1a nhiing
con s8 hoiic chiing phu thude vao cac tham s§ 6 (vi du nhu phén phéi
chuin N(a, 6%, phan phéi Poisson, phan phéi da thic,...).

Gia sit (X;, X,,..., X.) 12 mAu ngiu nhién tit phin phdi f(x) (hodc
f(x, 0)). Xét khodng (a; b) trén truc s sao cho tdt ca cac quan sit X,
Xy,..., X, d6u thudc khodng (a; b). Chia khoang (a; b) thanh s khoang
khéng nhat thiét phai bing nhaw: 1, L,..., 1. Gia sit ring quan sat X; rdi

vao khoang 1, k = 1, 2,..., s v8i xac suit p,.

Goi n, 14 0 cdc quan sat X, rdi vao khoang I.
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Hay kiém dinh gia thiét:

Hy:p,=p’,..., p. = P, d miico; K: py # D} ooy Ps # DL

Trong dé p?, ps,....p. cb thé 1a céc con s6 ho#c nhitng phéin phéi
d4 cho, chdng han phan ph6i nhi thiic, phin ph6i chudn,....

Dé kiém dinh gia thiét H, & trén ta xét 2 trudng hop:

a. Truong hop cdc p, { = 1,.., s la.nhitng con s6"

Tiéu chuén kifm dinh gia thiét nay la:

Cia thist H, bi bac b3 3 miic o néu Z = ZI% >C.  (5.29)
(N&u Z < C, thi chip nhan gid thist Hy).

Trong d6 C, tra d bang phin phéi x* véi s — 1 bac tu do va mitc a.

b. Trubmg hop cic p; = p{@, i = 1, 2., s, phu thuic tham s 0 vdi
0=(6, &, §:

Bugc 1

Tim udc Iugng tham s§0 = (@,, 6,,...,6,) 14 0 = (5,,62,..., Gr). (Cé thé dung
phuong phap hop Iy cuc dai hodc phudng phap mé men,...).

Tinh 5/ = p{(0).

Budge 2

. . N , a7, -, ~ — - (n —nﬁo)z ]
Gia thiét Hybi bacbo d mic anéuw: Z -—z —A—2—>C (5.30)
: i=1 np

(Néu Z < C’ thichap nhan Hy).

Trong d6 C’; tra 6 bang ph'?m. phéi ¢* véi s — 1 — r bac tu do vA miic
¥ nghia a.

Vi du 5.30. Gieo mét con xic xfic 6000 14n. S6 14n xuét hién cac
mit 1, 2, 3, 4, 5, 6 dudc cho d bang sau diy:

S8 cham 1 2 3 4 5 6
56 14n gieo 1045 942 1016 1064 988 945
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Cé thé coi con xtc xAc d6 1a xiic xéc that khong? (Nghia 13 x4c suit
& méi mit xudt hién bing -é) Cho o = 0,05.

Gidi:

Dé gidi bai toan nay ta gid sit gia thiét Hy1a “con xtic xic d6 14 con
xic xic that”. 7

Con xic xAc that, nghia 12 cdn d81 va déng chit, nén m3i mit xuét

hién c6 kha niing nhu nhau véi x4c suit déu bing 1 .
Vay ta kiém dinh gia thiét H:

1 1
Pi==yP2==-s P —

; Kip=
6™ 6 P

véii=1, 2,..., 6.

o —
| -

Ta c6: N = 6000; n, = 1045; n,= 942; n, = 1016; n,= 1064; n; = 988,
ng = 945;

X 1, ' 1o
-~ hl —6000x =
Zzi(n‘ “np®)? (1045 ~ 6000 x 6) +(942 36) .
- 0 1 1
6000 x = ‘ 6000 x =
6 6

(1016 - 6000 x %)2 (1064 - 6000 }é)ﬂ

+ +
6000 x}é 6000 x L

6

(988 — 6000 x é.)z (945 — 6000 x 1)?

N —6 s - 6. _1901.
6000 x - 6000 x
6 6

Tra bang phin phéi khi binh phtong ta tim duge C(5%; 5) = 11,07.

WViZ > C,. nén gid thist Hy bi bac bd & mitc o = 0,05, nghia 14 con xtic
xhe d6 1a gid.
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Vi du 5.31. Ngudi ta diéu tra ngiu nhién 1600 gia dinh cé 4 con. Kat
qua diéu tra cho & bang sau day:

S8 con frai rong mét gia dinh 0 1 2 3 4
S6 giadinh 111 367 | 576 | 428 18

Hay ki€m dinh su ding dn ciia tAp hop hai gid thidt sau diy & mic
o =0,05.

H, = “Kac suit d& mot tré em 14 con trai bing 0,5"
H”,= “Giéi tinh cac tré em trong cing mét gia dinh c6 tinh doc ap”.

Néu ta quyét dinh loai bd tap hgp hai gia thist ', H”, thi hiy kiém
dinh sut ding ddn clia gia thist H”) & mic o = 0,05.

Giai:

a) Ta hiy kiém dinh sit ding d4n cta hai gia thiét H’,, H”,. Goi P,
i=0,1, 2, 3, 4) 14 xac suit dé mot gia dinh ¢6 4 con thi c6 i con trai. Ta
nhan thiy H, va H?, tusng dudng véi gia thi€t 1a bén 14n sinh doe lap
(mb&i 14n sinh 1 con) va trong mbi 14n sinh xac sudt sinh con trai 1 0,5,
Viy ta cé thé xem viéc sinh 4 con nhu tién hanh diy 4 phép thy
Bernoulli véi xac suit p = 0,5. Theo eéng thile xac suit nhi thiic, ta cé:

4-k
1.(1 1
pa=cidr(3] -

Vay gia thiét H’, va H”, tudng dudng véi gia thiét Hy nhu sau:

H,: —1 —lpzﬁp:l = 1
0t Po 16:131 4: 2 8: 3 4,P4 16.

Ap dung céng thite (5.29), ta cé:

_ (111-100)° A (367 - 400)* . (576 - 600)* .\
~ 100 400 600

Z

A (428 - 400)* .\ (118 - 100)?
400 100

= 10,09
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Tra bang phan phéi khi binh phudng ta tim duge C(5%; 4) = 9,49.
Vi Z > Cynén gia thiét H, bi bac bd, nghia 1a tap hdp hai gia thiét
I, v H”, bi bac b.

b) Kiém dinh sy ddng din clia gia thiét H”,. Trudc hét, ta gia st
x4c sudt sinh con trai 13 8. Duéi gia thiét H”, thi x4c suit dé trong gia
dinh 4 con ¢6 k con trai bang p, = C¥6*(1-0)'™, k=0, 1, 2, 3, 4.

Ta hiy kiém dinh gia thiét H”: p, = C¥0*(1-0)"*, k=0, 1, 2, 3, 4.
D& kiém dinh gia thigt niy ta hiy udc lugng 6.
Ta cé thé tinh § nhu sau:

Tinh ti s& gilta s6 con trai va téng s con trong 1600 gia dinh:

6_“l><367+2><576+3x428+4><118
B 6400

= 0,51.

Thay 0 = 0,51 vio biéu thiic clia p, ta duge:

b, = 0,057; b, = 0,23; p,=0,37; p,=0,26; p,= 0,07.

Tinh gia tri cua Z:
4 ~ 32
Z — Z (ni - np.)
i=0 nf)i

_(111-96)° . (367 — 384)* N (576 —592)°
T 98 384 592

L (428- 416)* . (118 -112)*
416 112

~ 4,18.
Tra bang phan phéi khi binh phuong ta duge C'(5%; 3) = 7,81.

Vi Z < C’ynén gia thiét H”) dudc chip nhén, nghia 1a gidi tinh cla
cac tré em trong cling mét gia dinh c¢é tinh ddc lap.
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3.9. Tiéu chuin khi binh phudng kiém dinh tinh doc 1ap va tinh
thuan nhat

3.9.1. Kiém dinh tinh déc lap

Ta xét n phép thi dgc 1ap. Trong méi phép thit c6 mot va chi mat
trong céc bién cé A,, A,,..., A, vd mit trong cac bién ¢6 B, B,,... B,
xay ra. '

bit P(AB) = p;;.

Ta lap bang xac suit ctia cic bién c8 A; By

B| B B, B, | Téng
A
A, P11 P Prw P
Ay Pzt Pz Paw P20
A Pu1 Pva Puw P
Téng Pt Pz P ow 1

Trong dé: P(A) = p = D p;, P(BY =py = )by
. e in
Hay kiém dinh gia thiét:
Ho: pyj= Pio- Pojy K& y; # Puopy; 6 mitie o
Goi X; 12 56 1an xudt hién bign ¢& tich A;B; trong n phép thi. Ta cé
bang quan sat sau:

B
B B B, | Tén
A 1 2 g
Ay Xy | Xq X | Xy
A Xa Xz X 2w X
A, X Xy X Xw
Téng X 0 X 02 X Dw n

Tiéu chuén kiém dinh gid thist nay la :
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Gia thi&t H; bi bac bd & mitc o néu

Z=nxYyy 2 —>C, (5.31)

Trong d6 C, tra trong bang phan phéi khi binh phuong véi
(v - 1}(w — 1) béc tu do va miic ¥ nghia a. (Con Z < C, thi chap nhan gia
thigt Hy).

Vi du 5.32. D& nghién citu sy phu thudc gita viéc phan chia nhém
hoc sinh dé gidng day véi tinh trang kién thitc clia hoc sinh vé b moén
thé due, ngudi ta chia 30 hoc sinh thanh 3 nhém. M&i nhém 10 em:
nhém thit nhdt gdm nhitng em c6 ning khisu dic bist; nhém thi hai
gbm nhitng em kha; nhém thit 3 gdm nhing em trung binh. K&t qua
kiém tré sau mdt dgt hudn luyén nhu sau:

Trung binh | Kha Gidi Téng
Nhom | 3 3 4 10
Nhém Il 4 2 10
Nhém 2 B 10
Téng 9 15 6 N=30

Hay kiém dinh gia thiét:
H,: “Sut phén nhém dé€ day ddc lap véi tinh trang kidn thiic ctia hoc
sinh” & mic o = 0,05.
.Gidi:
Tra bang phén phéi khi binh phuong ta tim duge C(5%; 4) = 9,49.
Tinh gia tri cua Z:

Z=nx

3i
=1 )=1

]
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{3_10x9)2 (3_10x15j‘ (4H10x6T
30 0 J 30 0 _J .

+
10x9 10x15 10x6

2 2 2 -
4_10><9 [4_10x15 2_10><6
30 30 30
+ + +

10x9 10x15 10x6
2 2 2
2m10><9 8_10x15 O__IOXG
30 30 30
+ + + ~T,4.
10x9 10x15 10x6

Ta thay Z = 7,4 < Gy = 9,49. Ta chdp nhin gia thiét H,, nghia 1
viée phan chia nhém d& day khéng dnh hudng gi dén tinh trang kién
thiic clia hoe sinh v& mén thé duc.

e Xét trudng hgpv=w=2:

Ta c¢é bang gia tri quan sat:

B
A B B,
A, a
A, c d
Khi dé:
. n x(ad - be)”
fu 7= ) 5.32
N 2= e+ Da+o)brd) (5.32)

thi bac bd gid thiét; Néu Z < C, thi chap nhén gia thiét H,. Trong dé
C. tra & bang phén phdi khi binh phuong 1 bac ty do va véi mdc ¥

nghia «a.
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Chit y. Cac tidu chudn (5.31), (5.32) 4p dung t&t trong trudng hdp
mAu e6 kich thude 16n, vi phan phéi clia Z ¢6 phan phéi tiém can 1a phan
ph&1 khi binh phuong.

“ ~ > XiOXO' LRy T
Ta con yéu cdiu ——— phai 16n hdn hoic bing 5.
n
Trong trudng hdp bang vudng 2x2 thi sé quan sat phai vust qua 10.

Vi du 5.32, Xét dam &c sén ring. Pic tinh A v& miu cta v cb 2

bién dang: vang (A,) va héng (A,).

Dic tinh B 1a s6 vach trén vo ¢6 tit 0 d6n 5. Quan sat 169 con &c
sén ta ghi duge két qua nhu sau:

$6 vach 0 1 2 3 4 5
Va

Mau ang 35 6 13 32 4 25

Héng 14 2 12 16 0 10

C6 thé ch&p nhan 1A trong dam 8¢ sén d6 thi mau vé va s vach
trén vo déc 1ap véi nhau khéng? Cho miic kiém dinh o = 0,05.

Gidi:

S8 vo 8c sén c6 1 hay 4 vach qua it dé c6 thé sl dung tiéu chudn

X X, . . ve
khi binh phudng vi 2% {t nhat ciing phai bing 5. Vi vay ta phai gbp
n

s6 6c c6 1 vach va 2 vach vao nhau, 3 vach va 4 vach vio nhau. Ta cé
bang s6 liéu méi:

S&vach 0 thay2 | Jhay4 5 Téng
Va 115
Mau ng 35 19 36 25
Héng 14 14 16 10 54
Téng 49 33 52 35 169

3 day v =2, w=4. S6bac tudo (v— 1)(w — 1) = 3.
Tra bang phan phdi * ta tim duge C(5%; 3) = 7,81.

Tinh gia tricaa Z:
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2 2
(35_1115;949] (19__115x33)

7 =169 x 169

115x49 115x33

2 2 2
g 115%52 [25_115x35 14 49 x84
169 169 169

+ +
115%x52 115x 35 49 x54

2 2 2
14__33x54] 16 52x54 10 35x54
169 169 169
+ + +

33x54 52 xH4 35xH4

= 2,13.

Taco Z<C(5%;3).

Vay ch&p nhan gia thiét trén, nghia 13 mau trén voé &c sén va s§
cac vach trén vé clia né la ddc tinh déc lap véi nhau.
3.9.2. Kiém dinh tinh thuén nhét

Xét mot dam dong Q cac ca thé c6 cac bign dang A, A,,..., A,.

Gia sit dam dong Q dude chia thanh cic ddm dong nho By, B,,... B,.

w dam déng nhé B,, By,..., B, cia dam déng Q dudc goi 13 thudn
nhat 381 véi dic tinh A, nao d6 néu viée khao sat dic tinh dé khéng cho
phép ta phan bidt dude & cac dam dong nhé, nghia 12 xac sudt dé ca thé
¢6 dic tinh A, & cAc dam déng By, B,,..., B, la nhu nhau.

Vay bai toan kiém dinh tinh thudn nhit duge viét dudi dang:

Py =P == P
Hy: Pz = Pog =+ T Pay
pvl = pv2 = pvw
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Lai giai ctia bai todn nay gidng nhat 13i gidi clia bai toin kidm dinh
tinh déc 1ap. Do d6, tidu chudn (5.31), (5.32) cling diing d€ kiém dinh gid
thigt H,,.

Vi dy 5.33. C6 hai phuong phap déu ty dude tién hanh trén hai
nhém bénh nhan I va I1. Mét s§ bénh nhén thi bénh ning thém, con mét
0 bénh nhan thi thuyén gidm va khéi. Két qua diéu tri dudec cho & bang
nhu sau:

Tinh trang bénh Nang thém Nhe di
! 27 220
Nhém 0
I 120 210

So sanh higu qua ctia hai phudng phép didu tri § mc o = 0,05.

Giai:

Gia fhié’t H, “Hiéu qua cta hai phudng phap d6 1a nhu nhau”

O day v=w = 2 ta 4p dung cbng thitc (5.32).

Tra & bang phéin phai khi binh phuong C(5%; 1) = 3,84.

Tinh Z: 7 = 820(270x210 - 120 x 220)°

490 x 330 x390x430

ViZ > C.nén giz’i thiét H, bi bac bo, nghia 13 hai phuong phéap diéu

tri d6 ¢6 hiéu qua khac nhau.

=27,76.

Ngoai ra ti 1& khdi bénh (thue nghiém) & nhém I cao hon & nhém 1.
Ta két luan hi¢u qua clia hai phuong phap didu tri 8 nhém I t5t hon &
nhém I,

4. HOI QUY VA TUGNG QUAN

4.1, Hai quy mét bign
4.1.1. H6i quy tuyén tinh mét bién

Binh nghia 5.14. Goi ky vong toan difu kién E(Y/X) 14 ham héi
quy cta bién ngiu nhién Y theo bién ngiu nhién X.
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Tudng ty, goi ky vong toan diéu kién E(X/Y) la ham héi quy ctia
bién ngiu nhién X theo bién ngiu nhién Y.

Pinh nghia 5.15. Ham héi quy cia bién ngiu nhién Y theo bién
ngiu nhién X dude goi 14 tuyén tinh néu:
E(Y/X) = aX + b véia, b 12 hing s6.
Ham héi quy cta bign nglu nhién X theo bién ngdu nhién Y dude
goi 12 tuyén tinh néu:

EX/Y) = cY + d véic, d 14 hing s8.
Phuong phap tim héi quy
Trude hét ta chitng minh ménh dé saw:
Ménh dé. E(Y - (0)* dat cye tiu khi ¢(X) = E(Y/X).
Chitng minh

E(Y — ¢(X))? = E[Y — E(Y/X) = (p(X) — EQ/R)*

= E(Y - E(Y/X))* + E(p(X) - EQY/X))’
— 2 E(Y - EVX))(pX) — E(Y/X)).

V1 E(Y - E(Y/X)(eX) - E(Y/X)) = EY/X) - E(Y/X)=0

nén E(Y - ¢(X))* = E(Y - E(Y/X))* + E(@X) — E(Y/X)"

V& phai 1a téng ctia hai s8 hang duwdng. Né nhd nhit khi mét s&
phai triét tidu. Ta chon ¢(X) = E(Y/X) thi v& phai 58 nhé nhét nghia 1a v&
trai cling bé nhit. D6 14 diu phai chiing minh.

Phudng phap tim ham ¢(X) sao cho E(Y — ¢(X))* dat cuc tiéu duge
goi 1a phudng phéap binh phuong bé nhit.

Ap dung phudng phap binh phuong bé nhat dé tim ham héi quy
tuyén tinh.

Ta phai tim hing s a, b sao cho E(Y — aX — b)*~» min.

Muéh vAy ta tim cac dac ham riéng cdp 1 ciia E(Y — aX — b)® theo
in a v 4n b va cho chiing biing 0, nghia la:
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o ?_
S E(Y -aX-b)"=0 {E(Y—aX—b)X=0

2Ry -aX-bp -0 (E(Y-aX-b) =0
o
., [aE(X®) + bEX = EXY

aEX +b ~EY

9 B(Y - aX -by =0
0a

O E(Y -aX-b)? =0
&b -

@{E(Y—aX—b)X:O

E(Y-aX-b) =0

- {aE(Xz) +bEX = EXY
aEX +b =EY

o  EXY) -EXEY
PN E(X%) - (EX)?
b=EY -aEX

Ham héi quy tuyén tinh tim duge 1a: y = ax + b.
Tuong tu, ta ciing cé thé tim ham hdi quy tuyén tinh cta X theo Y
vi két qua 1a:
- _B(XY)-EXEY
E(Y?)_(EY). ’
d = EX - ¢EY.
Phudng trinh dudng hdi quy tuyén tinh 12 x = ¢y + d. |
Khi cho miu quan sat (X, Y), X, Yo)..., K., Y.) d&i véi vecto
ngiu nhién (X, Y) thi ham héi quy tuyén tinh miu duge tinh nhu sau:

%ixix -XY niXiYi -(iX;)(iYi)

LIX-®F ayx (X
i1 i=1 i=1

S
Il
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~ —

b=Y-aX
va ham héi quy tuyén tinh m3u cla Y theo X lay = 4x+b. -

Tudng ty, ta cling tim duge:

nY XY, - (X)) Y)
ny ¥4 - (Y,

d=X~8&Y

¢= ,

va ham héi quy clla X theo Y1a x = &y +d.

Vi du 5.34. V6i s6 lidu trong vi du 5.7. Tim ham héi quy tuyén
tfnh méu ciia Y theo X va cia X theo Y.

Gidi:

Trong vi du 5.7 ta d3 tinh duge n = 8.
X, =44Y X2 =284 Y, =88 Y2 =114 XY, = 568.
i=1 i=1 i=1 i=1 i=1

Ta s6 tinh 4; b; &; d.

8x568-44x88_672 _a.
8x284—-44> 336

a=

b=11-2x5,5=0.
Vay ham héi quy tuyén tinh miu cia Y theo X 1A y = 2x.
Tudng tu: '

8x568 -44x88 672
8x1142-88° 1392

c=

~(0,4827,

d=55-0,4827x11.

Vay ham héi quy tuyén tinh miu cia X theo Y Ili:
% = 0,4827y + 0,19,

230



4.1.2. Héi quy khéng tuyén tinh
- Ta chi xét dang héi quy:

§=EY/X)=a,X" +a,_, X" +. . +aX+a,

Khi cho miu quan sat X,, Y), X,, Yo),..., X, Y.) déi véi vects
pgiu nhién X, Y), ta cé thé tim tryc tiép a,, a,,..., a, bang phudng phap
binh phudng bé nhit.

Tim a,..., a, sao cho:

Q=>(Y,-a,X -a,_X/'-..-aX, -a,)" dat cyc tidu. L&y dao
i=1

bam riéng cdp mét clia Q theo a,, a,,..., a, va cho ching bing 0 ta duge
hé phuong trinh.

aonﬂ—alixi +...+akiX}‘ =iYi
in1 i1 i1

.............. (5.33)

n L1

8,3 X +a, 3 XM 4. +a, 3 X = Y XHY,
=1

i=1 i=1 i=1

Gidi hé phuong trinh (5.33) ta nhan dude a,, ay,..., a, va haim héi
quy miu clla Y theo X 1a: y =ax*+a, x*'+...+ax +a,

Vi du 5.35. Cho miu quan sat d8i vdi vectd ngiu nhién (X, Y) 1a

X
v 1 2 3 4
5 1
4 6
3 3 8 6 3
2
1

Tim ham héi quy miu clia Y theo X dang y =a,+ ax + ax’.
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Gidi:

Tit hé (5.33) ta suy ra:

'aon + alixi +a2§;Xf = Zn;Yi.

,a(,_i:‘:xi +a12X? +a22X? =2XiYi

Laoixf +a1i1Xi3 +a22n1:X? :jleyi
= S5 4

Lap bang d€ tinh céc téng

X L XB XS XL 2L X XY XY

v 4 7] 3 4 n, nY | 0 XY | n XY
5 1 5 20 80
4 3 ) 15 60 192 648
3 3 8 6 20 60 147 411
2 5 3 12 24 44 96
1 2 2 2 2 2
n, 10 15 15 10 50 151 405 1237

nX 10 30 45 40 125
nX? 10 60 135 160 365
nx® 10 120 405 640 1175
nX* 10 240 1215 2560 4025

Thay két qua d bang phu vao hé phuong trinh trén ta cé:
50a,+ 125a, + 365a,= 151.
125a,+ 365a,+ 1175a, = 405.
365a,+ 1175a, + 4025a,= 1237.

Giai hé nay ta tim dugc:
4, =1,407; 4, = 0,815; 4, = -0,058.

Phudng trinh héi quy miu ciia Y theo X 1a:
Y = 1,047 + 0,815x — 0,058x%
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4.2. Hé s6 tuong quan va ti s& tudng quan

Nhu & phdn xac sudt ta &3 dinh nghia hé s tudng quan
cia X, Y la:

E(X - EX)(Y - EY)

X, Y) =
P, ) JDXDY

Khi cho miu quan sat X, Y, K,, Yo,..., X, Y.) 461 véi X, Y), hé s8
twong quan miu duge tinh theo céng thic:

1%y -%¥ nY XY, —(ixi](ix]
_hn i=1 i=1 i=1

i=l

Dinh nghia 5.16. Né&u DY > 0 thi ciin bic hai clia ti s8 ]—)—@%—@

dudc goi 14 ti s8 tuong quan ctta Y d61 véi X, ki hiéu 13 Ky(Y):

K, (Y) = ’D(E;)Y /X)).

Ngudi ta chitng minh dude ring: 0 < Ky(Y) <1.

Néu Kx(Y) = 0 thi X va Y 14 khéng tusng quan. Trong linh vuyc du
bao thi ngudi ta goi ham héi quy E(Y/X) 14 ham du bao ctia Y theo X.
D§ sai binh phuong trung binh gifia hai gi4 tri ctia Y véi gia tri du

bio, nghia 12 8 = E(Y - E(Y/X))* dudc goi 1a 44 sai du bao. Ti tinh chat
ciia ky vong diéu kién va tit ddng thic:

DY = E(Y - E(Y/X))* + DEY/X)) ‘
Ta suy ra: §=DY (1 - K (Y)). (5.34)

Néu hdm dy bao E(Y/X) 1A tuyén tinh, nghia 13 E(Y/X) = aX + b thi
p(X, Y) = Ky(Y) vanhuvay: 6= DY (1- p* (X, Y)). (5-35)
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Khi cho miu quan sat (X, Y)), Xs, Yo,-..., X, Y,) 361 v6i vectd nghu
nhién X, Y), ta c¢6 udc lugng d6 sai du bao tuyén tinh ctia Y theo X 1a:

§ = SE(Y)(1-r?) (5.36)
Trd lai vi dy 5.7 va vi du 5.34 ta tinh dd sai du bao khi ta thay Y béng
héi quy mAu: § =aX +b L

§ = S2(Y)Y(1 -r?)= 5,25(1 — 0,98%) = 0,2079.

4.3. Khoang uéc lugng cla hé sé& hdi quy va hé s& tuong quan
Ngudi ta tfnh dude khoang ude lugng ctia hé s8 héi quy a véi @6 tin
cay 1 —a la:

L 5K 1-° S (X) 1-r?

<a<a+x, X

RS T 5.0 4

(5.37)

trong d6 x, tra & bang phan phéi chudn N(O; 1) sao cho Fx,) =1 - % .

Khodng wdc lugng clia hé s6 tudng quan p(X, Y) véi dd tin ey 1 — o la:
1-r? 1-r?

r—-x, x <pX,Y)<r+x, x
N Ja

trong d6 x, tra trong bang phan phéi chuin N(O; 1) sao cho F(x,) =1 - % .

(5.38)

Vi du 5.36. Cho miu quan sat d61 véi vectd ngdu nhién (X, Y) Ia:

X 0 1 1 3 3 4
Y 3 3 4 4 5 5

Tim h& sé tuong quan méu r.
Tim ham héi quy tuyén tinh miu cla Y theo X.
Tinh d9 sai dit bo tuyén tinh cta Y theo X.

Tinh khodng uéc lugng clia hé sé héi quy va hé s¢ tuong quan véi
dé tin cay 95%.
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DX =0+1+1+3+3+4=12; )Y, =24
- i-1

ZX2—02+12+12+32+32+42—36 ZY2 = 100;

=1

DXY=0x3+1x3+1x4+3x4+3x5+4x5=54

Hé s8 tudng quan miu:

_ 6x54-12x24 36 36
J6x36-122][6x100-247] 24x72 41,57

~ (0,866,

sﬁm:%—z? p Sﬁ(Y):l—gO——zﬁ ~0,66;

a= -32—05b Y-aX=4-2x0,5=3.

72
Ham hoi quy tuyén tinh miu cta Y theo X 1a: y=0,5x + 3.
D sai dut bao: & =S3(Y)(1-r?)=0,66(1-0,866%) =0,165,
Khoang udc hugng chia hé s6 hdi quy a véi @6 tin ciy 95%:
X, = 1,96 (tra bang phin phéi chudn N(0; 1) sao cho F(x,) = 0,975).

. S(X) 1-r . S.(X) 1-r°
— u———X <a<a+xu X
S (Y) vn S.(Y) Jn
2 _ 2
0,5-1,96 \/_ L 1-0866" 0. 196 Y2 120866
J0,6 NG 0,66 J6

< 0,5-0,35 < a<05+0,35
< 0,15 < a < 0,85

Khoang uéc hugng cia hé s6 tudng quan pX, Y) véi dd tin ciy 95%.
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2

1-r
<pX,Y)<r+xX,———
P =

1-r?

r—x, 7

— 2 _ 2
0’866_1’96x}_0—’8§6_<p(ny)<0,866+1,96x1 0,866
V6 o

< 0,866—-0,200< p(X,Y) <0,866 + 0,200

< 0,666 < p(X,Y) <1,066.

236



BAI TAP CHUONG V

Tim ham phan phéi mau biét ring miu nghu nhién da cho 1

a.

X, 1 4 6
n 10 15 25
X 2 5 7 8
n 10 3 2 4
X, 4 7 8
n; 5 2 3

Ciing véi s6 liéu da cho & trén, tinh trung binh mAu va phudng sat

mau tuong 1ing.

XAy dung cac da gidc tin sudt tudng {ng véi cac miu ngiu

nhién sau:
a.
X 1 4 5 7
n 20 10 14 6
b.
X 2 3 5 6
! 10 15 5 20
c.
X 15 20 25 30 35
n, 10 15 30 20 25
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Xay dung t6 chite dé tdn sufit tudng fing d6i véi cac miu ngiy
nhién di cho sau day:

a.
STT Khoang fi Tansén,
1 2-7 5
2 7-12 10
3 12-17 25
4 17-22
5 2-27
b.
STT Khodng li Tan s n;
1 10-15 2
2 15-20 4
3 20-25 8
4 25-30 4
5 30-35 2

Gia st (X;, X,,..., X,) 12 miu nglu nhién ddc lap tit phin phsi
e

Poisson véi tham s§ A > 0, nghia 1a dP[X=x]=

i

x,=0,1,2,..

Tim uwdc lugng hgp i cue dai cta A.

Gia st (X,, X;,-.., X) 12 mAu ngdu nhién dbdc lap tit phan phdi:
fx, p)=p"A-p)™ véix =0,1.

Tim wde hugng hgp li cue dai ciia tham sé p.

Gia sit (X,, X,,..., X,) 12 mAu nghu nhién doc lap tit phan phdi véi
ham mat 46 la:

X

£(x, 0) = —69" vl x>0, 0>0
0 vl x <0

Tim ude Iugng hep i cye dai ctia 0.



10,

1.

12.

Gia st (X, Xy,..., X,) 12 miu nglu nhién doc lap tit phan phéi
chuin dang N(a, 6%, nghia la ham mat d¢ dang:

_(x-ap?

f(x, a2, 6) = —e 2o |

J2n

Tim uéc Iugng hop Ui cye dai cia a, o*

Gid st bién ngiu nhién X 14 sdn lugng dude tinh ra taha cia loai
lia da cho trong mdt mién xac dinh ¢6 phan phéi chuin va goiava
o? 1a ky vong va phuong sai ciia X. Hiy tim uéc lugng difm clla a va o2
Tim khoang udc lugng cia a, o® véi db tin cay 90%. Biét ring két
qua thu dude trén 10 manh dat la:

Manh |1 |23 |4i5|6|7|8]9]10
Sanluong | 51 | 48 | 56 | 57 | 44 | 52 | 54 | 60 | 46 | 47

D cao X ciia tré em 1a dai lugng ngiu nhién tuin theo phan phéi
chudn dang N(a; 6. Tim udc lugng diém cia a, o Tim khoing
wée lugng cua a, o* v4i do tin cay 95% néu nhu do ngiu nhién 10
em c6 k&t qua nhu sau:

1 2 3 4 5 6 7 8 9 10
151155145151 [ 1,50 1 1,52 | 1,45 | 1,60 | 1,50 | 146

Gieo ngdu nhién 60 hat dau tuong thdy cé 15 hat khong ndy mam.
Tim wdc lugng diém cla xic sudt ndy mam p va tim khoang uéc

Tugng cla p véi db tin ciy 95%.

Bén ngiu nhién lién tiép 10000 vién dan doc lap vao mét muyc tiéu
thdy c6 7000 vién tring dich. Tim udc lugng diém clia xac suit bin
tring dich p cua méi vién dan va tim khodng uée lugng cia p véi
d6 tin cdy 95%.

Trong mét dgt kiém tra sitc khod clia tré em & cac nha trd, ngudi ta
kham nglu nhién 100 chau thiy cé 20 chau cé triéu ching edi
xuong do suy dinh dudng. Goip la xic sudt dé mot tré em mic



13.

14.

15.

16.
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bénh ¢di xuong. Hay kiém dinh gia thiét:
Hy: p=0,15véi K: p# 0,15 § miic o = 5%.

Ti 16 ph& phdm trong mét 16 san phim theo ngudi ta cho bit 1a
0,02. Kiém tra ngiu nhién 480 san phdm tit 16 hang thay c6 12 ph&
pham. Hoéi ti 16 phé& phim cong bd & trén c6 ding khéng? Tai sao?
Cho a = 5%.

Ngudi ta cAn ngiu nhién 10 tré em 2 tudi. K&t qua nhu saw:

Trongluang X, | 12,3 [ 125 | 128 1 130 [ 135
Tans@n, 1 2 4 2 1

Gid st cic quan sat X; tudn theo luat chufin N(a; o%. Hay kiém
dinh gia thiét:
Hy:a=12 v6i K: a # 12 6 mitc a = 5%.

Sau mét dgt huan luyén quin sy ngudi ta kiém tra ngiu nhién 70
hoc sinh. Ké&t qua nhu sau:

x | 56|78 ]|
n | 5 |10]15|2]|12]s8

Gia st cac X, tudn theo luat phan phéi chuin N(a; o). Hiy kiém
dinh gia thiét:

Hy:a=8véiK: a# 8¢ miic a=5%.
Dé kiém tra chit lugng san phdm do 2 nha may san xuit ngudi ta
kiém tra ngiu nhién 10 san phdm do nha may I va 12 san phim
do nha may II san xuit, K&t qua nhu sau:

Kichthugc X, | 34 (353739 KichthuocY, | 3,2 | 34 | 3.6
Tin s&n, 2 |3 |4 |1 Tan s6m,

Gia st X, Y c6 phan phdi chuén dang téng quat va DX = DY. Hay
ki€m dinh gia thiét:
H,: EX=EY véi K: EX# EY d mic a = 5%.
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18.

19.

20,

21.

Ngudi ta mudn so sanh trong ludng 6¢ & nhiing ngudi trén va duéi
50 tudi ta xét cic k&t qua ghi trong bang sau:

(Cac trong ludng duge nhém thanh cac 18p cach nhau 50 gam, méi
16p dude xac dinh bdi trung diém ctia né).

Trong lugng (g}
1175 | 1225 | 1275 | 1325 | 1375 | 1425 | 1475
Tren50tudi | 6 15 { 27 | 25 | 28 | 18 | 8
Dusis0tudi | 15 | 36 | 42 | 50 | 54 | 44 | 24

Tudi

Ta ¢ thé cho 1a trong ludng trung binh clia éc ngudi trén 50 tudi
va ngudi dudi 50 tudi 14 nhu nhau khéng? Cho a = 5%.

Ngudi ta diéu tra ngiu nhién 250 ngusi & xa A thiy c6 140 nit va
160 ngudi 6 xa B thay c¢6 80 nit. Hiy so sanh ti 1& nit d 2 x4 véi mic
o= 5%.

Ngudi ta gieo dau tudng bing 2 phuong phap:

Theo phudng phap A, gieo 180 hat ¢6 150 hat nay mam.

Theo phuong phap B, gieo 256 hat c¢6 160 hat nay mam.

HAy so sanh hi¢u qua cia 2 phuong phap 6 mitc a = 0,05%.

Nguoi ta néi ring nhiing ngudi &n mét lugng 16n cam quyt cb s6
1An méc bénh cAm ciim it hon ngudi binh thudéng. Qua 5 nam thue
nghiém trén 12 ngudi, két qua ghi dude & bang saw:

5 nam an binh thudng 0712811419 12|15|10| 8 (12|14

Snamantuongldnecamquyt | 2 |3 2 |2 512 (2|2 |10410(7 |3

Theo anh (chi) diéu nhin dinh trén c¢é ding khéng? Cho mic kiém
dinh a = 1%.

D& so sanh chat ludng 16p xe, ngudi ta do s8 kildmét di duge cla
timg loai 16p. Két qua thit nghiém trén 2 loai 16p 14 nhu sau:

loaiY |41 503359 |46 |54 |584153|54|565(589
LoaiX | 38|54 |30|35|36|50|52|45|47 |46 |40
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23.

24,
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Hay kiém dinh gia thiét:
H,: “Loai 16p X ¢6 chat lugng nhu loai 16p Y7, d mic o = 5%.
Cho 2 miu doc 1ap X va Y nhu sau:

X 3 (517 [ 8|11 |5 (1920)22| 24|28
Y 4 (216 |9 10121617 21| 2627

X 31 |50 | 57 |60 | 75|79} 80 | 8 | 100} 98
Y 29 | 45 | 48 | 65 | 67 | 68 | 62 | 63 | 25 | 43 | 44 | 50

Gia st X ¢6 phan phéi F(x), Y c6 phin phéi Fy(y) va phin phéi d6
lién tue. Hay kiém dinh gia thiét:

H,: Fi(x) = Fyo(x) véi K: Fi(x) # Fo(x) 6 miic o = 5%.

P& du bao sdu bénh cla canh ddng ngd, ngudi ta kiém tra ngiu
nhién 500 héc, m&i hée ¢6 2 edy. K&t qua kiém tra nhu sau:

S6 cay bibénh | 2 cAy bibénh | 1 ¢y bi bénh | 0 cay bi bénh
S6 hée 73 185 242

Tinh hinh siu bénh clia ngé nhu th€ di cdn bao dong chua? (Cho
mtic kiém dinh a = 0,05%).

Ngudi ta chon ra 200 sian phdm clia mét may tién va kiém tra kich
thude clia cAc san pham d6 véi do chinh x4c dén 1mm. Bang sau
day cho dd léch cita cac kich thuéde do duge vdi kich thude 14y lam
chuin sau khi dd phan thanh cic khodng. Sit dung tiéu chudn ¥’
héy kiém dinh gia thiét H,: “Phén bé cia d6 1éch clia kich thuéc
céc san pham véi kich thude chudn c6 phan bé chuin N(a; o%). (Cho
mitc kiém dinh o = 5%).

STT | Kheangli | Tan sGn, STT | Khodngli | Tans6n,
1 | -20-15 7 6 5-10 41
2 | -15-10 1 7 10-15 26
3 ~-10-5 15 8 15-20 17
4 -5 0 24 9 20-25 7
5 0 5 49 10 | 25-30




25.

26.

27.

28.

Trong ki thi ¢t nhan, hai nhém thi sinh I va IT da dat dudc nhiing
két qua sau:

D5 92 119
Truct 127 108

Hiy kiém dinh gia thist:

H,: “Cac két qua thi cla thi sinh trong 2 nhém 14 tudng dusng” &
muc o = 5%.

D& khAo sat xem mau ctia mét va téc ¢6 phai 14 cac dic tinh doc
1ap hay khéng, nguoi ta di quan sat m8t miu gom 3200 ngudi va
cé dude két qua:

Mat Tée

vang | niu | denva hung
872 | 380 112
Xarhlacay, nau | 500 | 815 521

Xanh da tréi

Hiy kiém dinh gia thigt: H,: “Mau téc va mau mét 1a doc 1ap véi
nhau” ¢ mitc o = 5%.

Nghién citu tinh hinh lao déng néng nghiép ¢ mét nude X) ngudi
ta 14y 56 lidu & 2 nam 1969 va 1979 nhu sau:

Nam 1969 | 1979

S4 1ao déng néng nghiép 28300 | 7840

S8 lao déng khac 10000 | 4260

C6 thé néi gi v& s§ lao ddng néng nghiép & 2 thai didm trén, mic
kiém dinh o = 5%.

Tim ham héi quy tuyén tinh ctia Y theo X va tinh hé s6 tuong quan
mau cia X, Y. Tinh d6 sai du bao cia Y d81 véi X. Tim khoang ude
lugng cua hé s8 tudng quan va hé sd hdi quy véi d6 tin cay 95%

trén cd sd cic miu quan sat sau:
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X 2 7 6 5
Y 8 6 15 13 10
b.
\ 1 3 5
X
2 10 2
5
4 8 10

29. Tim ham héi quy bac hai miu: y = ax® + bx + ¢, cia Y theo X vi
tinh hé s6 tuong quan miu r cua X, Y dya trén mAu quan sat saw:

v X 2 3 5
25 20
45 30
110 48
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10.

11.

12.

L3I GIAl — HUGNG DAN — TRA LOI

Uéc lugng iz)_(:—l- X.
n.

Uéc Iugng caa p la: p = lZXi -0
n 1=1 n
Uée lugng cia 6 1a: = lz X..
) &
Uée Iugng cla a va o? la:

A=K =23 X; S(X) =23 (X, - K)°.
) ¢ ey n-o

Trung binh miu: X = 51,50.
Phuong sai mau: S(X)=24,55; S,(X) = 4,985;
S.2(X) = 27,611; S, (X) = 5,255.
Khoang ude hugng cna a 1a: a = 51,5 + 3,04.
Trung binh miu; X =1,508.
Phudng sai mau: SZ(X) =0,001656; S,(X) = 0,040694;
S;z(X)= 0,001840; S; (X) = 0,042895.
Khoang uéc Iugng ctia a 1A: a = 1,508 + 0,0306.

Uée lugng diém cta p la: p = % =0,75.

Khoang uéc Iugng cua p véi @ tin ciy 95%: p=0,75 + 0,11.
Uée lugng diém cha p 1a $=0,7.

Khoang udc lugng clia p véi db tin cay 95%: p = 0,7 + 0,00808.

n=100; p,=0,15; X = 20; x, = 1,96; Z = 1,40.
Chép nhin gia thiét H,.

17-Sac Xuat TK
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13.

14.

15.

16.

17.

18.
19.
20.

21.

22.

23.
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n=480; X = 12; p, = 0,02; x, = 1,96.

7 = 0,78. Ch&p nhan gia thiét H,, nghia 1a ti }& phé& phdm 0,02
1a ding.

- S13(X) =9,111111; S, (X) =0,3333; £(5%; 9) = 2,26; || =7, 00.

Bac bo gia thiét H,.

S, 2(X) = 1,9569749; S, (X) = 1,409521 t(5%; 5) = 2,57; d|Z| = 0,5446.
Chip nhén gia thiét H,.

X =3,6; Y =3,5 t(5%; 20) = 2,09; |Z|=1,45

Chap nhan gia thiét H,. ‘

Ch#p nhan gia thigt H,, nghia 1a trong lugng cta 6c ngudi trén 50
tudi va dudi 50 tudi 13 nhut nhau.

X, = 1,65; ZI =10,99. Bac bo gia thist H,, tic 1a s6 nit d xa A nhiéu
hon s8 nit & x4 B.

X, = 1,66; Z = 6,87. Bac bd gia thiét H,, tiic 1a phuong phap A <6
hi¢u qua cao hon phucng phap B.

Bac bd gia thiét H,, nghia 1a nhiing ngudi an s8 lugng cam quyt 1én
it bi cAm ciim hon nhiing ngudi in s§ lugng cam quyt binh thudng.

Bae bd gia thist H,, nghia 1a chit lugng 2 loai 16p (X) va (Y) 1a khac
nhau,

m=23; n=21; U:nm+n(n+1)—w=208,5;
X = 1,96; |2| = =0,775 <%, =1,96.
nm(n +_Eli.1_)
12

Chip nhan gia thist H,.

Bac bé gia thiét H,, nghia 14 bénh dang lay lan, nén cin bao ddng
dé ngin chin su phat trién clia siu bénh clia ngd.



24,

25,

26,

27,

28,

~ 1 s pA iR
A~=>'nx;;x latim diém cla khoang 1.
n ‘

nx;” -a =94,26um?; =971

C(0,95; 6) = 12,50 (s5 bc tudos — 1~ r=9~2—1=6).
Z=17,09 < C,=12,59. Chdp nhan gia thiét I,
Bacbd gia thiét Hyviv=w=2; C,=3,84; Z=4,85> C,= 3,84,

Vay két qua thi ctia 2 nhém khéc nhau, va nhém II c6 két qua tot
hon nhém 1.

C(5%; 2) =6, v=2, w= 3, Z = 463,95. Bac bd gia thiét H,, nghia 1a
mau cua téc vA mau ctia mit ¢é sy lién quan véi nhau; né mang
déc tinh di truyén.

n = 50846; C,= 3,84; Z = 378,37 > C,. Bac bo gia thiét H,, tic 1 ti
18 lao ddng ndéng nghiép & 2 thoi diém 1969 va 1979 1a khac nhau; &
nidm 1969 c¢6 cao hon nim 1979.

a. X=4,6,Y=9,9 r=0,99.

Ham héi quy tuyén tinh miu cta Y theo X la:

y =2,07x + 0,28 (4 = 2,07).

S2(Y)=13,2; S2(X)=3,44. D4 sai du bao: a = 2,07 + 0,0342.
Khoang uée lugng ctia hé s8 tuong quan p(X, Y) véi d6 tin cay 95%:
pX, ¥)=0,99 +0,0174.

b. X=2,75; Y =3,15; r = 0,78; 4 = 0,43.

Ham héi quy tuyé&n tinh miu clia Y theo X:

vy =0,43x + 1,98.

D6 sai dut bao §=0,9545.

Khoang uéc lugng ctia héd s6 hdi quy a véi db tin ciy 95% la:
a=0,43 +£0,222.
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Khodng ude lugng cua hé s8 tusng quan p véi dé tin cay 95% la:
o =0,78 0,189,

29. y=2,94x*+7,27x - 1,25.

444000 4440

Hé s6 tuong quan maur = ~ ~
€ &4 J85560x 13260000 10647

0,417.
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PHU LUC

2

X [}
Bing 1. Gié trj him ()= —— [ du
2y,

X P(x) X D(x) X <Dix) X d{x)
0,00 0,0000 0,30 01179 0,60 0,2257 0,80 0,3159
0.01 0,0040 0,31 0,1217 0,61 0,2291 0,91 0,3186
0,02 0,0080 0,32 0,1255 0,62 0,2324 0,92 0,3212
0,03 (,0120 0,33 0,1293 0,63 0,2357 0,03 0,3238
0.04 0,0160 0,4 0,1331 064 0,2388 0,54 0,3264
0,05 0,0189 0,35 0,1388 0,65 0,2422 0,95 0,3289
0,06 0,0239 0,36 0,1406 0,66 0,2454 0,96 0,3315
0,07 0,0279 0,37 0,1443 0,67 0,2486 0,97 0,3340
(.08 0,0319 0.38 0,1480 0,68 L 0,2517 0,98 0,3365
0,09 0,0359 0,39 01517 0,69 0,2549 0,99 0,3389
0,10 0,0398 0,40 0,1554 0,70 0,2580 1,00 0,3413
0,11 (,0438 0,41 0,159% 0,71 0,2611 1.01 0,3438
0,12 0,0478 0,42 0,1628 0,72 0,2642 1,02 0,3461
0,13 0,0517 0,43 0,1664 0,73 0,2673 1,03 0,3485
0,14 {0,0557 0,44 0,1700 0,74 0,2703 1,04 0,3508
0,15 0,0596 0,45 0,1736 0,75 0,2743 1,05 0,3631
0,16 0,0636 0,46 0,1772 0,76 0,2764 1,06 0,3554
017 0,0675 047 0,1808 0,77 0,2794 1,07 0,3577 .
0,18 0,0714 048 0,1844 0,78 0,2823 1,08 0,3599
0,18 0,0753 (0,49 0,1879 0,79 (,2852 1,09 0,3621
0,20 0,0783 0,50 0,1915 0,80 0,2881 1,10 0,3643
0,21 0,0832 0,51 0,1950 0,81 0,2910 1,1 ,3665
0,22 0,0871 0,52 0,1985 0,82 0,2939 1,12 00,3686
0,23 0,0910 0,53 0,2019 0,83 0,2967 1,43 ,3708
0,24 0,0948 0,54 0,2054 0,84 0,2995 1,14 0,3729
0,25 0,0087 0,55 0,2088 0,85 0,3023 1,15 0,3749
0,26 0,1026 0,56 $,2123 0,86 0,3051 1,16 0,3770
0,27 0,1064 0,57 0,2157 0,87 0,3078 1,17 0,3780
0,28 0,1103 0,58 02190 0,88 0,3106 1,18 0,3810
0,29 0,1141 0,59 (,2224 0,88 0,3133 1,19 ,3830
1,20 (,3849 1,60 0,4452 2,00 0ATT2 2,80 0,4974
1,21 0,3869 1,61 ,4463 2,02 0,4783 2,82 0,4976
1,22 (,3883 1,62 04474 2,04 0,4793 284 04977
1,23 0,3907 1,63 0,4484 2,06 0,4803 2,86 0,4979
1,24 (0,3925 1,64 0,4495 2,08 0,4812 2,88 0,4980
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Béng 1. Gia tri ham ®(x) = _\é: [e 7 du (ti&p theo)
Ty

) I
X I{x) X Dix) X Dix) X D(x)
125 | 03944 155 0,4505 2.10 0,2821 2.90 0,4981
126 | 0,3962 166 0,4515 242 0,4830 2.92 0,4982
127 | 0,3980 1,67 0,4525 2,14 0,4838 2,94 04084
128 | 0,3997 1,68 0,4535 2,18 0.4846 2,96 04985 |
129 | 04015 1,69 0,4545 2,18 04854 298 | 04986 |
130 | 0,4032 1,70 0,4554 2,20 0,4861 300 049865 |
131 | 0,4049 171 0,4564 2,722 04868 3,20 049931
132 | 04066 172 04573 2,04 04875 340 1049966 |
133 | 0,4082 173 0,4582 2,26 04881 360 0450841
134 | 0,4099 174 0,4591 2,28 04887 380 | 0499928 |
135 | 04115 175 04503 2,30 0,4893 400 0499968
136 | 04131 1,76 0,4608 232 0,4808 450 0499997
137 | 04147 177 04616 2,34 0,4504 5,00 0,499997
138 | 04162 178 0,625 2,36 0,4909 ]
139 | 04177 1,79 04633 238 04913

140 | 04192 180 0,4641 240 0,1918

141 | 04207 181 0,4649 2,42 0,4922 ]
122 | 04222 182 0,4656 2,44 04927

143 | 0,4236 1,83 0,4664 2,46 0,4931

144 | 0,4251 184 0,2671 2,48 0,4034

145 | 04265 185 04578 2,50 0,4938

146 | 04279 186 04686 2,52 0,4941

147 | 04292 187 0,4693 2 54 0,4045

148 | 04306 188 0,4699 2,56 04048

149 | 04319 189 0,4706 2,58 0,4951

150 | 0,4332 190 04713 2,60 0,4953

151 | 04345 101 04719 2,62 0,4956

152 [ 04357 192 04726 2,64 04959

153} 04370 1,93 04732 2,66 0,4961

154 | 04382 1,94 04738 2,68 0,4963

155 | 04394 185 04744 270 0,4965

156 | 04406 1,96 0,4750 2,12 0,4967

157 | 04418 1,97 04756 2,74 0,4969

158 | 04429 1,98 04762 2,76 0,4971

159 | 04441 199 04767 278 04973
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Bdng 2. Phan phéi Student P[|T|>t,] = a.

S8 bic tu do Mifc ¥ nghfa o (tiéu chudn hai phia)
k 0,10 0,05 0,02 0,01 0,002 0,001
1 5,31 12,7 31,82 63,7 318,3 637,0
2 2,92 43 6,97 992 22,33 316
3 2,33 3,18 4,54 5,84 10,22 1,29
4 2,13 2,78 3,75 4,80 117 8,61
5 2,01 2,57 3,37 4,03 5.89 6,86
6 1,64 245 3,14 3.1 5,21 5,96
7 1,89 2,36 3,00 3,50 4,79 540
8 1,86 2,3 2,90 3,36 4,50 5,04
9 1,83 2,26 2,82 3,25 430 4,79
10 1,81 . 2,23 2,76 347 4,14 4,59
11 1,80 2,20 2,12 3.1 4,03 444
12 1,78 2,18 2,68 3,05 3,93 4,32
13 1,77 2,18 2,65 3.01 3,85 422
14 1,76 2,14 262 2,98 3,79 4,14
15 1,75 2,13 2,60 2,95 373 4,07
16 1,75 2,12 2,58 2,92 3,69 4.1
17 1,71 2,11 2,57 2,90 3,65 3,96
18 1,73 2,10 2,55 288 3,61 3,92
19 1,73 2,09 2,54 2,86 3,58 3,88
20 1.73 2,09 2,53 2,85 3.55 3,85
21 1,72 2,08 2,52 2,83 3,53 3,82
22 1,72 2,07 2,51 2,82 3,51 3.79
23 1,71 2,07 2,50 281 3.43 377
24 1,1 2,06 2,49 2,80 347 3,74
25 1,71 2,06 249 2,79 3,45 3,72
26 1,71 2,06 248 2,18 344 3,7
27 1,71 2,05 247 2,77 3,42 3,69
28 1,70 2,05 2,46 2,76 3,40 3,66
29 1,70 2,05 246 2,76 340 3.66
30 1,70 2,04 246 2,75 3,39 3.65
40 1,68 2,02 242 2,79 3,31 3,55
€0 1.67 2,00 2,38 266 3,23 3,46
120 1,66 1,98 2,36 262 N7 337
) 1,64 1,98 2,33 258 3.09 3.29
0,05 0,025 0,04 0,005 0,001 {,0005

Miic § nghia a (tiéu chudn mét phia).
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Bdng 4: Phan phéi F (Fisher-Snedecor) miic § nghia a = 0,01.

s | o

10

il

12

24

30

4

70

100

400

4052
9849
34,12
21,20
16,26

1374
1225
11,26
10,56
10,04

985
933
8,86
823
8,10

782
796
73
17
701

6,90
6,76
6,70
6,64

4909

A0
308
18,00
13,27

1092
9,55
865
802
756

120
693
651
6.23
585

561
539
5,18
506
492

482
471
466
460

5403
Q7
2948
16,69
12,06

9,78
845
799
6,99
8,55

622
595
5,56
520
494

472
451
4
420
408

398
388
383
378

5621
99,25
271
1598
11,30

9,15
789
701
642
599

567
541
503
477
443

422
402
383
372
360

351
341
336
332

5764
99,30
2834
15,52
10,97

875
746
6,63
6,06
564

532
5,06
469
44
4,10

390
370
351
341
329

320
3N
306
302

99,33
2T
14,21
10,67

847
719
637
5.80
539

507
482
446
420
387

367
347
329
318
307

299
2%
285
280

5528
99,37
2767
14,98
10,45

8,26
700
6,19
562
521

483
465
428
403
n

350
3,30
312
302
291

282
273
263
264

5981
9,36
2749
1480
1027

8,10
648
6,03
547
5,06

474
450
414
389
356

336
37
299
288
M

269
260
255
251

6022
99,38
27,34
1466
10,15

798
6,71
591
5,31
495

463
439
403
3,78
345

325
3,06
288
278
287

258
250
246
24

6056
9940
27,23
14,55
10,55

15871,
6,62
582
5.26
485

454
430
3
369
337

3
298
280
2,70
259

251
24
237
232

6082
94
213
1445
996

7,79
6,54
5.74
518
478

446
422
386
361
330

309
290
273
282
251

243
2,34
2.9
224

8106
9942
2705
14,37
989

172
647
567
51
471

440
4016
380
355
323

303
284
2066
256
245

2,3
228
223
218
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Phén phoi F (Fisher-Snedecor) mic § nghia a = 0,01 (ti€p bang 4)

‘ X Wl e | 20| 4] x0]40|50|7m]100]| 20| 50 ooj
3 )
1 ] 6142 ) 6169 | 6208 | 6234 | 6258 | 6286 | 6302 | 6323 | 6334 | 6352 | 6361 | 6%
2 19943 | 9944 | 0045 | 9946 | 9947 | 9948 | 9948 | 2949 | 99490 | 9349 | 9950 | 950
3| %692 2683 | 2669 | 2660 | 650 | 2641 | 2635 | %27 | %23 | 618 | %14 | %12
4 | 1424|1445 1402 | 1393 | 1383 | 1374 | 1369 | 1361 | 1357 | 1352 | 1348 | 1346
5 | 977 | 988 | 9556 | 947 | 938 | 929 | 924 | 917 | 913 | 907 | 904 | 9
6 | 760 | T2 7301 1A | 723 | 1M | 709 | 702 | 69 | 694 | 690 | 688
7 | 635627 615 607 | 5% | 5% | 585 | 578 | 575 | 570 | 567 | 585
8§ | 555 | 548 5% 1 528 | 520 | 51 | 511 | 506 | 500t 4% | 488 | 486
G | 500 4921 480 | 473 | 484 | 45 | 451 | 445 | 4 | 4% | 43 | 431
10 | 480 | 452 | 441 | 433 | 425 | 417 1 412 | 405 | 401 | 3% | 393 | 391
111429 1421 | 410 | 402 | 394 | 3% | 380 | 374 | 370 | 3s6 | 382 | as6
12 | 4051 39 1 385 | 378 | 370 | 361 | 35 | 349 | 346 | 341 | 338 | 3%
13 | 370} 362 | 351 | 343 [ 33 | 326 | 321 | 314 | 311 | 306 | 32 | 300
16 | 345 { 337 1 325 | 318 | 301 | 301 | 2% | 280 | 285 | 280 | 277 | 275
20 | 3130305} 294 | 286 | 277 | 2689 | 263 | 256 | 253 | 247 | 244 | 242
24 | 293 | 385 | 274 | 266 | 258 1 249 | 244 | 2% | 233 | 227 | 223 | 221
W 274, 266 | 255 | 247 | 238 {220 | 224 | 216 | 243 | 207 | 203 | 201
40 | 256 | 249 | 237 | 229 | 220 ;211 | 205 | 197 | 194 | 188 | 184 | 181
50| 2460 239 | 226 | 218 1 210 | 200 | 194 | 18 | 182 | 176 | 171 | 168
70 | 23| 28| 215|207 | 198 188 | 182 | 174 | 1691 182t 15 | 153
100 | 2261 2191 206 | 193 | 189 | 179 | 173 | 184 | 189 | 151 | 146 | 143
0 | 217 | 200 | 197 | 188 | 179 | 169 | 162 | 153 | 148 | 130 | 133 | 128
400 | 212 | 204 ¢ 192 | 184 | 174 | 184 | 157 | 147 [ 142 | 132 | 124 | 119
o | 207 | 1991 187 | 179 | 169 | 159 | 152 | 141 | 136 | 125 | 115 | 109
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Bdng 5: Phan phéi F (Fisher-Snedecor) mic ¥ nghia ¢ = 0,05

K, ]
1 2 3 L4 75 6|71 8 ] 9] wlmn
X, ,
1] ® | 200 | 216 [ 2251 230 | 234 | 237 20 [ o1 | 242 | 23
2 | 185 | 1900 | 1916 | 1925 | 1930 | 1933 | 1936 | 1237 | 1938 | 1239 | 1940
311013 | 955 | 928 | 912 | 901 | 844 | 888 | 834 | 881 | 878 | 876
4 | 771 | 6% | 659 | 639 | 626 | 676 | 609 | 604 | 600 | 5% | 59
5 1 661 | 579 | 541 | 519 | 505 | 495 | 488 | 482 | 478 | 474 | am
6 | 599 | 514 | 476 | 453 | 439 | 421 | 415 | 410 | 410 | 406 | 403
7 | 550 | 474 | 435 | 412 | 397 | 379 | 373 | 383 | 363 | 383 | 380
8 | 532 | 446 | 407 | 384 | 369 | 350 | 344 | 339 | 330 | 33 | 33
9 | 512 | 426 | 38 | 383 | 348 | 320 | 323 {348 | 348 | 313 | 310
10 | 4% | 410 371 | 348 L 322 | 344 | 207 | 302 | 302 | 207 | 294
M | 484 | 398 | 359 | 336320 | 300 301|205 | 200 | 285 | 282
12 | 475 | 388 | 349 | 326 | 311 | 300 | 292 | 285 | 280 | 276 | 272
131 460 | 374 | 33 |31 | 2% | 285 | 277 | 270 | 265 | 260 | 256
16 | 449 | 383 | 324 | 301 | 285 | 274 | 266 | 250 | 254 | 249 | 245
0 1 435 | 349 | 310 | 287 | 271 | 260 | 252 | 245 | 240 | 235 | 21
24 | 42 | 340 | 301 | 278 | 262 | 251 | 243 | 23 | 230 | 226 | 222
30 | 417 | 332 | 292 | 269 | 253 | 242 | 234 | 226 | 221 | 248 | 212
4 | 408 | 323 | 284 | 261 | 245 | 234 | 225 | 218 | 212 | 207 | 204
50 | 403 | 318 | 279 | 256 | 240 | 229 | 220 | 213 | 207 | 202 | 298
70 | 398 | 313 | 274 | 250 | 235§ 223 | 294 | 207 | 201 | 197 | 193
00 1 394 | 300 | 270 | 246 | 230 0 219 | 210 | 203 | 197 | 163 | g8
200 | 389 | 304 | 285 | 241 | 226 | 24 | 205 | 198 | 192 | 187 | 183
400 | 386 | 302 | 262 | 239 | 223 % 212 ] 208 1 196 | 190 | 185 | 181
o | 384 | 299 ) 260 | 237 | 221 | 209 | 201 | 194 | 188 | 183 | 179




Bang 5: Phén phdi F (Fisher-Snedecor) miic § nghia o= 0,05 (ti&p theo)

& 12 13 16 20 0 | 40 ;0| 75| 100 20| 50| w

K

244 | 245 | 246 | 248 | B0 | 251 | B2 | B3| B3 | ™4 | A | ™4
1941 | 1942 | 1943 | 1944 | 1946 | 1947 | 1947 | 1948 | 1949 | 1949 | 1950 | 1950
874 | 871 | 866 | 866 | 862 | 860 | 858 | 857 | 859 854 | 854 | 853
591 | 587 | 684 | 580 | 574 | 571 | 570 | 568 | 566 | 585 | 564 | 583
468 | 464 | 460 | 456 | 450 | 446 | 444 | 442 | 440 | 438 | 48 | 1B

LS L B R O R

400 | 3% | 392 | 387 | 381 | 377 | 375 372 | 37 | 389 | 388 | 367
357 | 352 {349 | 344 | 3B | 33 [ 332]30 (38 |35]34123
328 | 383 1320315308 | 305|308 |300| 28| 2% | 2% | 283
307 [ 302 ) 298| 293 | 286 | 282 | 280 | 277 | 276 | 273 | 272 | 374
10 | 291 | 286 | 282 | 277 | 270 | 267 | 264 | 261 | 259 | 256 | 255 | 244

w o ~N ;D

1 279 | 274 | 270 | 265 | 257 | 253 | 250 | 247 | 245 | 242 | 241 | 240
12 | 260 | 264 260 | 24 | 246 | 242 | 240 | 2361 236 | 232 | 230 | 20
13 | 253 | 248 ) 244 | 230 | 231 | 227 [ 224 | 221 | 219 | 216 | 214 | 213
1B | 242 | 2371 233 | 228 | 220 | 216 | 213 | 2090 | 207 | 204 | 202 | 201
20 | 28| 2237218212204 | 199 196 | 192 | 1901 187 | 185 | 18

218 1 213 | 209 | 202 | 194 | 189 | 186 | 182 | 180 [ 176 | 174 | 173
200 | 204 | 199 | 193 | 184 | 179 | 176 | 172 | 169 | 166 | 164 | 182
200 | 195 | 190 | 184 | 174 | 169 | 166 | 161 | 159 | 155 | 153 | 151
195 [ 190 | 185 | 178 | 169 | 163 | 160 | 155 | 152 | 118 | 146 | 144
189 | 184 | 179 | 172 | 162 | 146 | 153 | 147 | 145 | 140 | 137 | 135

S8 &8 E8R

185 1178 | 175 168 [ 157 | 151 | 148 | 1421139 | 134 | 130 | 1.8
180 | 174 | 169 | 162 [ 152 | 1456 142 | 1B 113216 | 1.2 | 119
178 [ 1721167 | 180 [ 149 | 142 1138 | 132 | 128 1 12 1 116 | 113
175 169 | 164 | 157 | 146 | 140 ; 135 | 128 | 124 | 147 | 111 | 100

8 888
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Bdng 6: Gia tri tiéu chuin Wilcoxon véin < 20 (so sanh cip d51).

A g A s
Tiéu chuan mét phia.

n =005 o = 0,025 o =0,01 o= 0,005

W, Wia We, Wia W, W, W, | Wi
6 3 17 1 20 0 21 0 21
7 4 24 3 25 0 21 0 21
8 6 30 4 32 2 34 1 35
9 9 36 6 39 4 41 2 43
10 11 14 9 K3 ] 49 4 51
1" 14 52 1A 55 8 58 6 60
12 18 60 14 64 10 68 8 70
13 22 69 18 73 13 78 10 81
14 26 79 22 83 16 89 13 92
15 K} 8% 16 94 20 100 16 104
16 36 100 30 106 24 112 20 116
17 42 m 35 118 28 125 24 129
18 48 123 41 130 33 138 28 143
19 54 136 47 143 38 152 33 157
20 61 149 53 157 44 166 38 172

Tiéu chun hai phia:
a=0,1 a = 0,05 a=0,01
Wo. Wl o Wu. Wl a Wu. Wl a
4 P4 2 2 2 2
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Kich thudce Kich thuge
mau mau

T n, n, 000500110025 005] n n, 0,005 | 0,01 10,025 005
6 6 23 24 26 28 7 20 52 56 62 67
7 24 25 27 | 30 2 53 58 64 69
8 25 27 29 31 22 55 59 66 72
9 26 28 3 KK 23 57 61 68 74
10 27 20 32 35 24 58 63 70 76
11 28 30 34 37 25 60 64 - | 72 78
12 30 32 35 a8 8 43 45 49 51
13 31 33 37 40 45 47 51 54
14 32 M4 38 42 10 47 49 53 56
15 33 36 40 44 1 49 5 55 59
16 KV 37 42 46 12 5 53 o8 62
17 36 39 43 47 13 53 56 60 64
18 37 40 45 49 14 o4 58 62 67
19 K 41 46 51 15 56 60 65 69
20 a9 43 48 53 16 58 62 67 72
21 40 44 50 55 17 60 64 70 75
22 42 45 51 57 18 62 66 72 17
23 43 47 53 58 19 64 €8 74 80
24 44 48 54 60 20 66 70 17 83
25 45 50 56 62 21 68 72 79 85
7 32 34 56 39 22 70 74 81 B8
8 34 35 38 41 23 " 76 84 90
9 35 37 40 43 24 73 78 86 93
10 37 39 42 45 25 75 81 89 96
" 38 40 44 47 9 56 59 62 66
12 40 42 46 49 10 58 61 65 69
13 41 44 48 52 11 61 63 68 72
14 43 45 50 54 12 63 66 71 75
15 44 47 52 56 13 65 68 73 78
16 46 49 54 58 14 67 Al 76 81
17 47 50 56 61 15 69 73 79 85
18 49 52 58 63 16 72 76 82 B7

19 50 54 60 65
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