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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

Chwong 1 - MA TRAN - PINH THUC
Trong phan nay ta xét cac s6 1a nhitng s6 thuc, m, n 1a cac s6 nguyén duong.
1.1. Khadi niém ma tran va cac phép toan trén ma tran
1.1.1. Pinh nghia ma tran

Mot bang s6, gdm m X n sb a;j(1<i<m,1<j<n)dugc xép thanh m dong va n
cot duoc goi 1a ma trdn cap m X n (trén trudng sé thuc R), ki hiéu

a1 Qg2 -+ Qqp a1 Qq2 -+ Qqp

Ay1 Qzp -+ Qyp - A1 dpp -+ Qyp
A= : T . : hoac A = : . :

Am1 Amz ** Amn Am1 Amz *** Amn

Taco thé vietgonla A = (aif)mxn hoic A = [aif]mxn'
86 a;; duoc goi 1a phdn tir ciia ma tran A nam trén dong i cét j (phan ti vi tri (i, ).

Tap hop tat ca cac ma tran cip m X n trén truong R duoc ki hiéu 13 M(m x n; R)
(hodc Myxn (R)).

Vi du 1: Cac ma tran sau

Ly 3 11 2
A:[ ]EM2X3(R),B: 3 7 —5|€ M ,(R),
4 5 6 SO

C=[0 2 1]€ M,5(R),D = [V2] € My,;(R)
Hai matran A = (aij)mxn vaB = (bij)mxn duoc goi 14 bang nhau néu a;; = b;; Voi
moii=1mvaj=1,n.
Vi du 2: Vi gia tri ndo cta x va y thi hai ma tran sau bang nhau?

=[4 & oB= [4 5 y+1]

Hudng dan: Tathdy A, B € M,,;(R) dodd A = B khix = 2,y = 5.
1.1.2. Mét s6 dang ma tran dic biét
a. Ma tran khéng

Ma tran ma tat ca cac phan tir caa nd déu bang 0 duoc goi 1a ma trdn khong. Ki hiéu
6 (hoic don gian 1a s6 0) cho moi ma tran khéng cdp m x n tly .

Vi du 3: Ma tran khéng cap 2 x 3 va ma tran khdng cap 3 x 3 1

0 0 O
0 0 O
6=| ]—(0)2x3,9—[0 0 o]_(())m
0 0
0 0 O

b. Ma tran vudng
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

Chomatran A = (aij)mxn’ néum = n (s6 dong bang sé cot) thi ma tran A duoc goi
la ma trgn vudng cap n (khi d6 ta c6 thé ghi A = (a;j)n)- Nhu vay A c6 dang sau

a1 Aq2 -+ Qqp
A1 QApp +++ Qpq
A= : . :
Ap1 Anz = Apn

trong d6 C4c phan tir a4, dyy, ..., Ay, duwoc goi 13 cde phdn tir nam trén dwong chéo
chinh, cac phan tir a,,,, A(n-1)1, - A1 gO1 12 cdc phan tir nam trén dwong chéo phu.

Ki hiéu tap cac ma tran vudng cip n 1a M (n; R) (hoic M, (R)).

Vi du 4: Cho c&c ma tran sau

1 2 3 1-7 2 3
A=[1 q£=-ﬂ s 71c=| -2 5 7
13 3 10 6 2 0

Khi d6 A 1a ma tran vuéng cap 2 va B, C 1a ma tran vubng cip 3. Phan ta nam trén
duong chéo chinh cia ma tran € 1a 1 — m, 5,0 duong chéo phu 14 6,5, 3. Phan tir nam
trén duong chéo chinh caa ma tran B la 1, 5, 0; dwong chéo phu la 3,5, 3.

c. Ma tran dong, ma tran cét
Cho ma tran 4 = (aif)mxn' Néu m = 1 (ma tran chi c6 mot dong) duoc goi 1a ma

trgn dong. Tuong tw, néu n = 1 (ma tran chi c6 mot cot) duoc goi 1a ma tran cét. Ma
tran dong va ma tran cot thuong dugc goi la vecto dong va vecto cét.

Vidu5:A=[-1 0 3]lamatrandong.
2

B = la ma tran cot.

-8
4
7

d. Ma tran chéo

Ma tran vudng co tat cac phan tir nam ngoai dudng chéo chinh déu bang 0 dugc goi
la ma tran chéo (ma trdn dwong cheo).

Vi du 6: Cac ma tran sau la ma tran cheo

Lo 10 0 147 0 0 32 8 8

A=[ ]Bzo 5 ol.c=| o 5 olpD=
0 1 0 o 4 O 00 2 0
00 0 —1

Nhan xét: Ma tran duong chéo thuong duoc ky hi¢u boi diag(ay, a,, ..., a,) Vvoi cac
phan tir trén duong chéo chinh 13 1an luot 12 ay, a,, ..., ay,.

e. Ma tran don vi
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Ma tran chéo cip n, c6 tit ca cac phan tir trén duong chéo chinh déu bang 1, dugc goi
la ma tran don vi, ki hiéu I,,.

Vi du 7: Cac ma tran don vi sau

1 0 0 O

1 0 O
_ ooy, o1 00
11_[1]112_[0 1],13—[% (])~ 2];14-— 0 O 1 0
0O 0 0 1

f. Ma tran chuyén vi

Chuyén cac dong (c4c cot) ciia ma tran A thanh cac cot (cac dong) vaéi tha tu twong
g ta dugc ma tran goi 1a ma trgn chuyén vi cuia ma tran A. Ki hiéu AT

Nhu vay 4 = (aij)mxn thi AT = (aji)

nxm’

Vi du 8: Cho ma tran

1 2
1 -4 -1
A=[ ]=>AT=—4O‘
2 0 3 1 3
1 2 3] 1 -2 6
B=|-2 5 7|=BT=|2 5 1
6 1 0. 3 7 0
3 —2 6 [ 3 -2 6
C=|-2 5 7|=Cc"=|-2 5 7
6 7 0. L 6 7 0

Nhan xét: 1. (AT)T = A.
2.AT =BT < A =B.

g. Ma tran doi xing

Ma tran A vudng cap n dugc goi la doi xumg néu AT = A (hay a;; = a;;, Vi, )

Trong Vi du 8 thi ma tran C 1a ma tran d6i xang.

h. Ma tran déi

Chomatran A = (a;;) . khid6matrén (—a;;)  duoc goi lama trdn doi cua
ma tran A, ki hiéu - A.

-1
3

Vidu9: Matran A = B _g ] c6 ma tran d6i la ma tran —A = [_; 3 _13]

i. Ma tran tam giac

Ma tran vudng cd tit ca cac phan tir nam vé mot phia cia dudng chéo chinh bing 0
duoc goi 14 ma tran tam giac. Nhu vay A = (aif)nxn la ma tran tam giéc khi va chi khi
a; = 0,Vi > j (hogc a;; = 0, Vi < j)
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Vi du 10: C&c ma tran sau la ma tran tam giac

1 0 -3 1 0 0 ég_i_g
A=10 5 7[B=|-2 5 o[.C=| o "~ ]
00 0 6 1 0 o0 o0 o

j. Ma tran bac thang dong

Mot dong (hay cot) cua ma tran duoc goi 1a dong khdng (cét khdng) néu tat ca phan
tir trén dong (cot) dé déu bang 0. Nguoc lai goi 1a dong khac khong (cét khac khong).

Ma trdn bdc thang dong 1 ma tran c6 hai tinh chat:
+ Céc dong khéc khdng nam phia trén dong bang khéng (néu co).

+ Phan tir khac khong dau tién ¢ dong dudi bao gio ciing ndim bén phai cot chia
phan tir khac khong dau tién & dong trén.

Vi du 11: Trong cac ma tran sau thi ma tran nao la ma tran bac thang dong?

1 0 -3 00 00 0 0 O
A=10 5 7,B=|03 -1 7|,c=|1 2 o],

0 0 O 00 58 3 2 1

00 2 0 13 2 0 3

10 0 =7 =2 100 =7 =2 0
D_0001’E_00012'

00 0 0 00 0 01

bPépan: A, E.

Chu y: Phat biéu twong ty nhu khai niém trén nhung thay dong thanh cot va cot
thanh dong ta duoc khai niém ma trdn bgc thang cét.
1.1.3. Cac phép toan trén ma tran

a. Phép cong hai ma tran (ciing cép)

Cho A= (ay) ,B=(by)  thitong cuahaimatrdnAva B, kihiéuA+B, la
matran C = (Cij)mxn voic; =a;+b;,(1<i<m1<j<n)

Vay

a4 Qqp - aln b11 b12 bln

A_I_B _ a:21 a:zz .':. a?‘)’l b?l b?Z ..:. b?n

+
Am1 Am2 *** Amn bml me bmn
a1+ by app+ by Ay + by
az1 + by Gz + by o Ay + by —C
aml + bml amZ + me amn + bmn

Vi du 12: Cho cac ma tran sau
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1 0 31 2 6 2 3 3 6 5 4
E=]12 3 -1 7,F=|-1 2 -1 2|=E+F=|(1 5 =2 9|
-2 0 5 8 0 0 5 -5 -2 0 10 3

Tinh chat: Cho cac matran 4, B, C,0 € M,,,.,,(R). Khi d6
1. A+ B=B+A.
22.(A+B)+C=A+(B+0).
3A+0=0+A=A.

Chuy: Cho A, B € M,,,,,(R) thi hiéu cua hai ma trgn A va B, ki hiéu A — B, la phép
cong gitra ma tran A va ma tran d6i cia ma tran B. Vay A — B = A + (—B)

Trong Vi du 12 thi

1 0 3 1 2 6 2 3 -1 -6 1 -2
2 3 -1 7|—-|1-1 2 -1 2|=13 1 0 5]
-2 0 5 8 0 0 5 -5 -2 0 0 13

b. Phép nhian mot s6 véi mdt ma trin

E—-F =

Cho A = (aif)mxn va sb A € R thi tich cua sé A va ma trdn A, ki hiéu 14, 1a ma tran

B =(by) . véib;=2a;(1<i<m1<j<n).

Vay
A1 Qi -+ Qin Aayy, Aagp o Aag,
14 = 1 a:21 a:22 a?n _ /16521 /16:22 /151.271 — B
Ay Ay Qn Ay Ay Ay
Trong Vi du 12 thi
1 0 31 [ 2 0 6 2
2E=21 2 3 -1 7|=| 4 6 -2 14|
-2 0 58 [—4 0 10 16
2 6 2 3] -2 —6 =2 -3
(-DF=(C-1|-1 2 -1 2|=|1 -2 1 -2}
0 0 5 -5l 0 0 -5 5

Nhan xét: Néu A = —1 thi (—=1)A chinh 1a ma tran d6i caa A (vay (—1)A = —A).
Tinh chat: Cho cac matran 4, B, 0 € M,,,,(R) va A, k € R. Khi d6

1. AkA = A(kA) = k(14).

2. A+ k)A = 1A + KA.

3.1(A+B) = AA + AB.

4.16 = 0A =6.

Vi du 13: Cho cac ma tran sau
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_ _ 0 4
T R e i R
Thuc hién cac phép tinh sau: A — 3B,A — 2CT + 2B.
Bai giai
a-ss=[3 1 -0 73 ol=[3 5 Tl

P =12—1_021 2 -1 0]_[5 —4 -3
A—20"+2B [3 1 0] 24 2 —1]+2[0 1 3 [—5 -1 8]'
C. Phép nhan hai ma tran
Diéu kién dé cd phép nhan cua hai ma tran A va B 1a s6 cot cua ma tran A bang véi
s6 dong cua ma tran B.

Cho A = (a;),.,B = (by) ., thi tich cia hai ma tran A va B, ki hiéu A. B (hoac

AB), la ma tl’én C = (Cij)mxn vo1 Cij = ailblj + aizsz + -+ aipbpj ,Vl,]
cot k cot k
1k

dongi — |@,

Vi du 14: Cho cac ma tran sau

0 —3

a=lt 2pe=[y ole=[; o=l abe=[ or=[
0 =310 4 [-9 O]

Khi d6 AB = [1 2] 3 O]= 6 1| nhung BA khong tn tai.
5 4 12 5

co=[¢ oloc=[3 _aler=[) JJwnr=[7) ¢ F=par.

Cha y: N6i chung AB # BA va AB = 6 thi khong thé két luan A = 6 hoiac B = 6.

. . . R 11 _[12 £ _
V|d1.115.Chocacmatrz;msauA—[2 _1 1] B = ] C—[ 6 ].NeuAB_C

hady tim x va y.

Bai gii
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_[2+4x+3y] _ _ _
—[ 4—4+y ]—C.Suyray—6,x— 2.

2
Taco AB = B _’i ﬂ\zl
y

Tinh chat: Cho cac matran 4, B, C va A, k € R. Gia thuyét rang cac phép tinh déu
thuc hién duoc, ta co:

1. A(BC) = (AB)C.
2.A(B+C) =AB + AC.
3.(B+ C)A = BA + CA.
4. A(AB) = (AA)B = A(AB).
5.(AB)T = BTAT.
Néu A 1a ma tran vudng cap n thi AI, = I,A = A.

Pinh nghia: Cho ma tran A € M, (R) va k € N thi /iy thira bdc k cua A, ki hiéu A*
la ma tran dugc xac dinh bang qui nap nhu sau:

* Néu k = 0 thi qui usc A° = I,
+ Néu k = 1 thi qui woc A! = A.
*Néuk = 2thi A4* = A. A ... A (k lan)

0 1 0 0 0 1 0 0 O
Vidu16:ChomatranA=]0 0 1| KhidoA4*=]|0 0 0[,43=]|0 0 0.
0O 0 O 0O 0 O 0 0 O

Tinh chat: Cho cac matran 4, B, 8 € M, (R) va k,! € N. Khi d6
1.0 = 6; 1K = [; A+ = AKAL AKL = (4L,
2.(A+B)? = A> + AB + BA + B2
3. Néu 4 = diag(ay, a,, ..., a,) thi A¥ = diag(a¥, a¥, ..., ak).

Vidul7: TinhD = C?+ 2C + I; — (AB)7, véi A, B, C la cac ma tran cho boi

1 -1 1 -1 2
A= 0 2,B=[0 1 _2],C=0 1 —1|.
3 —2 1 1 -1

Bai giai
Ta cd thé tinh tirng gia tri mot hoic cd thé nhan thay
C2+2C+1;=C?>+Cl3+15C + 12 = (C + I3)?.
T 5 -3 4
_ [1 - ]

0 4 -11

D=(C+1)?— (AB)T =

2 -1 27 1 1 1
0 2 -1 —-|-2 0 -6
1 1 0 2 -3 12

1.1.4. Cac phép bién déi so cap
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Cho ma tran A = (aij)mxn(m > 2), ta goi CAC phép bién doi so cdp dong trén A la
mét trong céc dang sau (két qua sau khi thuc hién cac phép bién ddi so cip dong trén A
sé tao ra mot ma tran mai, gia sir la ma tran B):

+ Phép 1: Déi vi tri hai dong cua ma tran. Gia str d6i chd dong i va dong j, ki hiéu

di(_)dj

A——B

11211 ,..[1 213
15742

Vidu:[1213—>[1121‘.

2 3 3 4 2 3 3 4

+ Phép 2: Nhan mot dong nao d6 cua ma tran vai mot sé (thuoc R) khac khong. Gia
st nhan dong i véi s6 A € R\{0}, ki hiéu

di—Ad;

A—5B
1 1 2 1] ,.., [3 3 6 3
17°2U1
Vidu:[1213—>[1213].
2 3 3 4 2 3 3 4

* Phép 3: Cong vao mot dong nao d6 cua ma tran, mot dong khac da duoc nhan vaéi
mét s6 (thudc R). Gia sir cong vao dong i, dong j nhan véi A € R, ki hiéu

di—di+2d;
s

B.
11 2 1) gg0q, 1 1 2 1
Vidw: [t 2 1 3|———> 1 2 1 3|
2 3 3 4 0 -1 1 -2

Cha y:
i) Ta co thé thyuc hién lién tiép nhiéu phép bién doi so cip dong trén A nhung khong
duoc gay nham Ian.
ii) Pinh nghia twong tu ta c6 cac phép bién doi so cap cot trén A.

Vi du 18:

11 2 157,001 2 13 7] gogwa [ 2 137

1 2 3 3 2
A=|1 2 1 3 7|—|1 1 2 1 5|—/—|1 1 2 1 5|
2 3 3 410 2 3 3 410 01 -1 20

1 1 1 1 1 1 1 1

p=|t-"1 1-1] soua |02 0 -2

2 1-3 1| %% 701 -5 -1

3 1 3 1 T lo—2 0 =2
12021
, - . , LA A £ . N 24130
Vi du 19: Hay dung cac phép bién doi so cap dong dua ma tran A = 36231
12101

vé dang bac thang.
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Bai giai
12021 120 2 1 120 2 1 120 2 1
24130 001-1-2 001 -1-2 001-1-2
A= — — :
36231 002 -3-2 000-1 2 000-1 2
12101 001-2 0 000-1 2 000 O O
1.2. Pinh thirc

1.2.1. Pinh nghia dinh thirc
a. Ma tran con cap k

Cho ma tran A cdp m X n. Ma tran vudng cap k 1ap tir cac phan tir nam trén giao cua
k dong va k cot duoc goi 1a ma trdn con vudng cap k cia A.

b. Ma tran con trng v6i mot phan tir
Cho A = (aif)nxn la ma tran vudng cap n, ma tran con cap n — 1 lap tir A bang cach

bo di dong i va cot j duoc goi la ma tran con cia A tng voi phan tir a; j» ki hi¢u M;;.

1 -1 2
Vidul9: ChomatranA=|0 1 -1]|.
1 1 -1

Khi d6 My, = [1 :ﬂ,Mlz = [(1) :ﬂ,M23 = [1 _ﬂ

c. Pinh nghia dinh thurc

Cho A = (aif)nxn la ma tran vudng cap n. Pinh thizc cap n (hoic don gian la dinh
thirc) cia ma trgn A, ki hiéu det A hodc |A|, duoc dinh nghia bang qui nap nhu sau:

eVsiAcapl(n=1),A=[ay] khidodetd = a,,.
, a a
e VoiAcip2 (n=2),A= [a; alﬂ khi d6

detA = a,,; detM,; —a;, det M, = a,1a,, — ay,05;.
(cha 'y a,4, a;, 14 cac phan tir ndm trén dong 1)
® \/Gi A cip n = 3, khi d6
detA = a;; detM;; — a;, detM,, + --- + (—1)*"a,, det My,,.
(ch 'y ay;, a1,,a;, 13 cic phan tr nam trén dong 1)
Chuay: Goi 4;; = (=1)™ det M;; 1a phdn bu dai s6 ciia phan tir a;;. Khi d6
detA = a;1411 + a4 + -+ a1, A1

1 -1 2
Vi du 20: Tinh dinh thurc cia matran A = (0 1 —1].

1 1 -1
Bai giai
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Tacod Ay, = (1) detM,, = H j| =1.(-1) - (-1).1=0
142 0 -1
A, = (=12 det My, = —1 |1 _1| = —(0.(=1) = (=1).1) = -1

Ay = (“1)™3 det My, = |§’ }| —01-11=-1
Do d6 detA = a1411 + a;3415 + a;34,5 = 1.0+ (—1).(-1) + 2.(—1) = —1.
ChU y: Tur dinh nghia, bang chirmg minh qui nap ta ciing c6
detA = a,1411 + ay1451 + -+ an1lna-
(ch( 'y ay;, Ay, a,q 12 cac phan tir nam trén cot 1).
Nhan xét:
1) det@ = 0;detl, = 1; detdiag(ay, ay, ...,a,) = a;.a, ... a,.

i) Quy tac lay tich duong chéo chinh trir cho tich dudng chéo phu dbi voi dinh
thirc cap 2.

iii) Quy tac sau dudng chéo (Quy tdic Sarius) d6i voi dinh thirc cap 3.

* ok %k x % * * x % * % * * * %
* ok ¥ = % * 4+ % + * — % * — * — %
* ok %k * % * ok * * * ok * % * *

(ba phan tir ndm trén cac doan noi thi nhan véi nhau).

0O 0 3 -1
, , ) ., R S AT o 4 1 2 -1
Vi du 21: Tinh dinh thirc cia matran Ava A", vo1 A = 31 0 2
2 3 3 5
Bai giai
Ta Cé detA = 0A11 + 0A12 + 3A13 + (_1)1414
1 -1
Az = (—1D"3detM;; =13 1 2[=-22
2 3 5
4 1 2
Ay, = (D" detM,, =—1|3 1 0|=-17.
2 3 3

= detA = 3.(=22) + (—1).(—17) = —49 (tuong tu det AT = —49).
1.2.2. Céc tinh chét ciia dinh thirc
Cho A = (aif)nxn la ma tran vuéng cap n.

a. Tinh chat 1
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Dinh thirc khong ddi qua phép chuyén vi, tic 1a det AT = det A.
b. Tinh chit 2

Néu d6i vi tri hai dong (hay hai cot) ctia ma tran thi dinh thirc d6i dau.

1 0 -1 o 3 21 |0 3 2
Vidw: o 3 2|=-[1 o -1l=|2 -1 1]
2 -1 1 2 -1 1l 11 o -1

c. Tinh chat 3

Dinh thtrc ¢6 hai dong (hay hai c6t) gibng nhau thi bang 0.

1 0 -1
vide: |0 3 2[=0.
03 2

d. Tinh chat 4
Dinh thirc c6 mot dong khong (hay mot cot khong) thi dinh thic bang 0.

1 0 -1 2 0 1
vidu:{[o 0 of=0[-1 0 3[=0.

1 3 2 2 0 -1
égi_g 2 1 2 0 1 2 0 2 2 0 2 1
0 0 _1 2=10—1 2[=31l0 -1 2[+2l0 0 2|-(-50 0 -1
00 0 4 0 0 4 0 0 4 0 0 4 0 0 O

=1.2.(-1).4 = -8.
Hé qua: Pinh thirc ctia ma tran tam giac bang tich cac phan tir trén dudng chéo chinh
e. Tinh chat 5

Nhan tir chung cta tit ca phan tir trén mot dong (cot) co thé dem ra ngoai dinh thic.

1 0 -1 1 0 -1
Vidu: [0 1 of=2(0 1 0|
2 4 2 1 2 1

Cha y: i) Tinh chit trén c6 thé phét biéu cach khac 1a: néu nhan tit ca phan tir trén
mot dong (cot) cho s6 A # 0 thi dinh thirc tang 1én A 1an.
i) det 1A = A™. det A.

f. Tinh chit 6

Dinh thirc ¢6 hai dong (hai cot) ma cac phan tir tuong ung ti 1¢ thi bang 0.

1 0 -1
Vidu: |1 2 1|=0.
2 4 2

g. Tinh chét 7
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Néu dinh thirc c6 mot dong (mot cot) ma modi phén tor la téng cta hai sb hang thi ta c6
thé tach thanh tong hai dinh thirc. Vay

A11 a12 A1n A1 A1 =+ A a1 Aqp -+ A1
Az1 + byy Qpp + A1 - Qg + by _ |%21 Q22 " Qon N b1 Qz1 by
anl anz ses aTLTl anl anZ oo ann aTLl anz voe ann
cos?a 1 3 sinaa 1 3 1 1 3
Vidu: |sin? 2 2|+ |cos?p 2 2|=|1 2 2|
2 1 0 2 1 0 4 1 O

h. Tinh chét 8

Dinh thirc s& khong d6i néu ta cong vao mot dong (hay mot cot) vai A lan dong (cot)
khéc (1 € K).

1 0 -1 1 3 -1
Vidu:|0 1 0|d,—>d,+3d,|0 1 0.
2 4 2 1 2 1

Nhan xét: Nhu vy ta s& dung tinh chat nay dua dinh thirc ban dau vé dinh thirc cua
ma tran tam giac, hodc cang tao ra nhiéu s6 0 cang tot.

Vi du:

1 2 -1 1 1 2 -1 1 1 2 -1 1 12 -1 1

t 3-1 21_j0 1.0 1y_j0 1 0 1f_(01 0 1f__,
1 -1 1 1 |0 -3 2 o |00 23 (00 2 3 7
1 0 1 -1 0 -2 2 -2 00 20 00 0 -3

ChU y: Nhu vay ta c6 phuong phap dau tién dé tinh nhanh dinh thirc 13 4p dung linh
hoat céc tinh chat.

Vi du 22: Tinh dinh thirc sau (m € R)

m 2 2 2
12 m 2 2
A= 2 2 m 2f

2 2 2 m

Bai giai

Y tudng dau tién 13 cong cac dong vé dong 1, xuat hién nhan tir chung.

m+6 m+6 m+6 m+6 m+6 m+6 m+6 m+6

| 2 m 2 2 | | 2 m 2 2
= 2 2 m 2 |7 2 2 m 2
2 2 2 m 2 2 2 m
11 1 1 1 1 1 1
B 2m 2 2|_ 0m—2 0 0
=m+6)l, 5 =M FOl Ty T Ll o
22 2 m 0 0 0 m-—2
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

=(m+6)(m-—2)3.
1.2.3. Cong thirc khai trién dinh thirc (khai trién Laplace)
Cho 4 = (q; j)n la ma tran vuéng cip n. Ta 6 khai trién Laplace nhu sau:
e Khai trién theo dong thir i
detA = a;14;1 + apdipp + -+ aphin
= ay (D" M| + app (D™ M| + -+ 4 a;n (1) My, .
e Khai trién theo cot thir j
detA = ayjA;; + azjAz; + -+ ayjAy;
= ay; (=D |My;| + ap; (=12 My | + -+ + @ (=D |M,,.

Vi du 23: Tinh dinh thirc sau bang hai cach, khai trién theo dong 1 va theo cot 2

A=

Wk NP
cocwoo
NN RO
W NN

0 1 2 2 0 1
—1(=D™*|3 2 3|l+2(=D*|1 3 2|=3,
0 2 1 3 0 2
1 0 2
Theo cot 2: A=3(—=1)3*2[2 1 2|=3.
3 2 1

Nhén xét: Khi tinh dinh thirc, ta nén khai trién Laplace theo dong (hay cot) c6 chia
nhiéu phén tir 0 nhét.

ChU y: Nhu vay ta ¢6 hai phuong phép tinh dinh thtic 12 4p dung cac tinh chat hoic
dung khai trién Laplace. Tuy nhién ta c¢6 thé van dung linh hoat hai phuong phap nay.

1 1 1 2 1

2 -1 1 3 1
Vi du 23: Tinh dinh thttc sau: A=|1 2 -1 2 2
3 3 210
4 4 4 7 4

1 1 1 2 1

) 0 -3 -1 -1 -1 I,
Huéngdan: A=0 1 -2 0 1|=1(-D™!
0 -1 -5 -3
0 0 -1 -5 -3 0 o 1o
0 0 0 -1 0
-3 -1 -1
=-1(-D*3| 1 -2 1|=-23.
0 -1 -3
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

Pinh Ii: Cho 4, B € M, (R). Khi d6 det AB = det A . detB.

1 1 -1 2 1 4 ,
Vidu24:ChomatranA=1|2 0 31,B=12 x 3|.TimxbiétdetAB = 1.
1 2 -3 1 2 1

Huéng dan: 1 = det AB = detA.detB = —1(—2x +5) = 2x — 5. Do d6 x = 3.
Cha y: Ma tran vudng A duoc goi 13 khdng suy bién néu det A # 0.
1.3. Hang ctiia ma tran
1.3.1. Pinh nghia

a. Pinh thic con cap k

Cho ma tran A cip m x n. Binh thiac cia ma tran con vudng cap k cua A duoc goi la
dinh thizc con cdp k cua A.

Nhan xét: Néu ma tran A ¢ tat ca cdc dinh thizc con cap k déu bang 0 thi cac dinh
thirc con cép cao hon ciing bang 0.

b. Hang ctia ma tran

Cho ma tran A cip m x n. Hang cia ma trdn A, ki hiéu rank 4 hoac r(4), 1a sé
nguyén r khéng am thoa man cac diéu kién sau:

*NéuA=60thir=0.

+ Néu A # 6 thi r 1a s6 nguyén duong 16n nhat sao cho A c6 dinh thiic con cap r
khac khong.

Vi du 25: Tinh hang cua cdc ma trin sau:

1 2 3 1 2 1 -3 1 -2 01
A=14 5 6[,B=|-1 1 1 0],C=|0 0 1 2]
7 8 9 1 5 3 -6 0 0 0 3

Bai giai
Ta thiy A 1a ma tran vudng cap 3 nén A chi c6 mot dinh thirc con cap 3 1a det 4, ta
tinh duoc det A = 0. Tinh thtr cac dinh thirc con cap 2, ta thay |41L §| = —3. Nén theo
dinh nghia ta dugc r(4) = 2.
Ma tran B khong phai 1a ma tran vudéng. Dinh thirc con cap 16n nhat 14 cép 3, ¢6 C3

dinh thtc con cdp 3. Tinh thtr ta thdy

1 2 1 1 2 -3 1 1 -3 2 1 -3
-1 1 1{=|-1 1 O0|=(f-1 1 o0|=f1 1 o0]=0.
1 5 3 1 5 -6 1 3 -6 5 3 -6
Kiém tra thir cac dinh thirc con cép 2, ta thay |_i i| = 3. Nén theo dinh nghia ta

duoc r(B) = 2.
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

1 0 1
MatranCcor(C) =3vi|l0 1 2|=3.
0 0 3

Nhan xét: i) r(A) < min{m, n}.

i) Néu A 1a ma tran vudng cdp n thi r(4) = n < det4 # 0.
i) 7(4) = r(4").

Vidu 26: Tim m € R dé ma tran sau c¢6 hang 1a 3.

m -1 =2
A=10 3 21.
2 m 1
Bai giai

TacodetA = —2m? +3m—8<0,vm € R. Do doé r(4) = 3vési vm € R.

1.3.2. Cach tim hang ciia ma trian

bé tim hang béng ma tran, néu ta 1an luogt xét cac dinh thirc con doi khi rat kho khin

Do d6 ta can c6 mot phuong phap khac dé tinh hang ciia ma tran. Co s& ciia phuong
phéap nay dya trén hai dinh 1i sau:

Pinh li 1: Cac phép bién ddi so cAp dong khong lam thay d6i hang ctia ma tran
Pinh li 1: Hang ctia ma tran bac thang dong bang véi s6 dong khac khong ciia n6
Nhu vay dé tim hang ciia mot ma trdn ta s& dung cac phép bién doi so cap trén dong
dua ma tran vé dang bac thang. S6 dong khac khong ctia ma trin bac thang d6 sé 1a
hang ctia ma tran can tim.
Trong Vi du 25 ta tim hang cta B bang cac phép bién d6i so cap.
1 2 1 -3 1 2 1 1 2 1 -3
-1 11 0f—]|0 3 2 032—3
1 5 3 -6 0 3 2 0 0 O
Do d6 r(B) = 2.

Nhan xét: Ta c6 thé tim hang ctia ma tran bac bang cac phép bién ddi so cap trén cot

Vi du 27: Bién luan theo m € R hang cia ma tran A = 2 m+2 0f

2m 1 3

m+1 1 3]

Bai giai
m+1 1 3 3 1 m+1
2 m+2 0]l—|0 m+2 2
2m 1 3 3 1 2m

— |0 m+2 2
0 0 m—1

[3 1 m+1

Véim = 1thir(4) = 2.
Véim = =2 thi
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

A—

31 -1 3 1 -1
0 0 2(—|0 0 2|=r()=2
0 0 -3 0 0 O
Véim=1vam = —2thir(4) = 3.
1.4. Ma tran nghich dao
1.4.1. Pinh nghia, diéu kién ton tai va cong thirc tinh
a. Pinh nghia

Cho ma tran vudng A cip n, néu tdn tai ma tran vudng B cap n sao cho AB = BA =
1, thi ta ndi A kha dao va goi B 1a ma trgn nghich dao ciia ma tran A, ki hiéu A2,

Vay AA™ 1 = A"1A =1,
b. Piéu kién ton tai
Ta thira nhan dinh li sau

Pinh li: Ma tran vubng A ¢6 ma tran nghich dao (kha dao) khi va chi khi A khéng
suy bién (det A # 0).

c. Tinh chit ciia ma tran nghich dio

Cho A, B 1a cac ma tran vudng cap n, khong suy bién. Khi do
1 (A )1 = 4; (kA)! = %A-l.
2.(AB)"' =B714"1
3.4 1=@U1T,

d. Cong thirc tim ma tran nghich dao

Cho A = (aif)n la ma tran vudng khéng suy bién cap n. Tinh cic phan bu dai sb

Aij = (_1)l+] detMl'j, khi d6
A11 A12 Aln r A11 A21 Anl
-1 _ 1 Ay Ayp v Agy — 1 Ay Ay v Ay
detAd] : oo detA] : S
Anl Anz Ann Aln AZn Ann

Vi du 28: Tim ma tran nghich dédo (néu c6) ctia cdc ma trén sau

1 2 1 1 2 1 2(1)11
A=[1 1 2[,B=f0o 1 1f,c=
3 5 4 1 2 3 1101
1110
Bai giai

* Ta cO det A = 0 nén A khong c¢6 ma tran nghich dao.

* Taco det B = 2 nén B kha nghich. Ta tinh cic phan bu dai s6
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

— (_13\1+1 _ __1+201_ __1+301__
By = (-1) =18 = (-D"?|] S|=1Bs=CD|] |=-1

— (—_1)2+1 — — (_ 2+21 1_ — (_ 2+31 2_
By = (1) = —4,Bp, = (-1*?|| | = 2B = (-1??|] 5| =0

B3 = (=1)**"*

RPN NN N R
bR W R Wk

1 1 1 2
= 1,B3; = (=1)*? |0 1| = —1,B33 = (-1)**? |0 1 =1

) Byy By1 Bsi . 1 -4 1 1/2 -2 1/2
VayB'=——I\B;; By Byp|=-l1 2 -1|=| 1/2 1 -1/2
Biz B3 Bss -1 0 1 —-1/2 0 1/2

* det C = —3. Viéc tim ma tran nghich dao cua C xin gianh cho cac ban doc gia.
1.4.2. Tim ma tran nghich ddo bing cac phép bién ddi so cip dong

Cho A la ma tran vubng cap n, khdng suy bién. Pé tim A~! ta c6 thé sir dung céc
phép bién do6i so cap dong. Cu thé ta c6 quy tac thyc hang nhu sau:

Quy tic thwe hanh

Lap ma trdn ghép [A|L,] (c6 cip n x 2n)

A11 Qg2 =+ A1 0 -+ O
Azq1 Az - Az1]10 1 - 0

Apy Ap2 > Aun|0 0 = 1

[Alln] =

Sau d6 dung cac phép bién ddi so cap trén dong dwa ma tran [A|l,] vé dang [I,|B].
Khi d6 B chinh la ma tran nghich dao cua 4, A™! = B.

.Taco

a

Xét Vi du 28 ta tim ma tran nghich dao cua ma tran

01 1 1|1 0 0 O 33 3 3|11 11
/10 1 1101 0 O 101 1101 0 O
[C|I4] = —
11 0 110 0 1 O 11 0 1100 1 O
11 1 0100 0 1 11 1 000 0 1
(1 1 1 1|1/3 1/3 1/3 1/3 1 1 1 11 1/3 1/3 1/3  1/3
10 1 110 1 0 0 0 —1 0 ol -1/3 2/3 -1/3 -1/3
— —
11 0 110 0 1 O O 0 -1 ol -3 -13  2/3 -13
(11 1 0ol0 O 0 1 0O 0 0 —1|-13 -1/3 -1/3 2/3
(1 0 0 O] -2/3 1/3 1/3 1/3] -2/3  1/3 1/3 1/3
_ 01 0 0| 1/3 -2/ 1/3 1/3 — -1 = 1/3  -2/3 1/3  1/3 .
00 1 0] /3 13 -2/3 1/3 1/3  1/3 -2/3 1/3
0 0 0 1 w3 1/3 13 -2/3] 13 1/3  1/3  -2/3

Ung dung ciia ma tran nghich ddo giai phwong trinh ma trin

Xét phuong trinh ma tran AX = B hoic (XA = B). Néu A kha nghich thi
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

X =A"'B(X = BA™Y).

1 -2
Vidu 29: Tim ma tran X thoa AX — B = 0 trong d6 A = [:411 Z] ,BT =13 5].
8 —6

Bai giai
o [ 1 3 8] ,.4_[-2 7 v a1p _ [-16 29 -58
TacsB=|_, : _|a=|T] ,pedsx=ar5={"0 O 7]

BAI TAP TRAC NGHIEM CHU'O'NG 1
Chon ciu tra 10i diing nhat cho cac cAu hoi duéi day.

Dang toan: Ma tran va cac phép toan

1. Cho hai matranA=[§ S %],B=[(2) _ﬂ.Khéngdinhnaodﬁng?
111 12 0
A.A+B_[5 L B.A+B_[3 S
C.A+B=[é (2) g D. A + B khong ton tai
o 1 2 1 0 =1 =17 vrs ey o
2. Cho hai matre,mA:[_1 0 2],B=[2 1 3].Khangdmhnaodung?
A.A+B:H 1 g B.A+B:i i g
C.A+B:[§ g g D. A + B khong tdn tai
1 2 1 o1 -
3. Cho hai matrénA=[3 ; 2],B= —1 2|. Khing dinh nao KHONG ding?
2 1
1T 1 3 0 6
A.A+B_[4 ) 3 B.AB_[4 :
C. A — B khéng ton tai D. A + B khong ton tai
1 2 1 o 1
4.Chohaimatran A =[3 2 7],B"=|-1 2| Khing dinh nio ding
2 1
113 [0 6
A.A+B_[4 , 3] B.4B = |, 5]
C. A — B khong ton tai D. A + B khong ton tai
- 0o 11
5. Cho hai matrénA=[0 0],B= 0 2| Khing dinh nao sau day 14 dung
0 3
A.AB = BA B. AB xac dinh nhung BA khong x4c dinh

Banh Thi Hong - Bui Hung Vwong 18



Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

0 O
Cc.BA=|0 o] 0.4 =[] ]
0 0

1 0 1 11 .
6. Cho hai matran A = [ ] ,B =12 1]. Khang dinh nao ding

0 1 2

0 1

A. AB va BA déu khéng xac dinh B. AB xac dinh nhung BA khong xac dinh
C. BA xéc dinh nhung AB khong xac dinh  D. AB va BA déu xac dinh

1 0 1 11 .
7.Cho hai matran A = [ ],BT =2 1[. Khang dinh nao ding

0 1 2

0 1
A. AB va BA déu khong xac dinh B. AB xac dinh nhung BA khong x4c dinh
C. BA xéc dinh nhung AB khong xac dinh  D. AB va BA déu xéc dinh
1 2 1 1 1 0 7

8. Cho hai matran A = | |.B=|2 3 -1 Khingdinhnao la ding

-2 0 1

0 2 O
_[5 9 _[5 9 -2
A 4B =|_> o] B.4B =|_) . ‘]
_[5 9 =2 L . L

C.AB = 2 0 0 ] D. BA xac dinh nhung AB khong xac dinh

9.Chomatran A = (1) (1)] vamatran B = H _(1)] Két qua cua phép tinh A. BT 1a

1 0 1 1 -1 0 1 -1
A [1 —1] B. [0 —1] c. [ 1 1 b. [1 0]
1 2 1 11 0 ,
10. Cho hai matran A = ],B =12 3 —1]|. Keétquacuaphéptinh A+
-2 0 1
0 2 0
A.BT la
4 9 5 4 9 5
A [—4 -5 2 5. [—4 -5 1]
4 9 5 np 1A —_
C. [_4 5 0 D. Mot két qua khac
1 -2 3 ’
11.Chohaimatran A= |1 0 1[. Khi d6 ma tran A? 1a két qua nao sau day
1 -1 1
[2 =5 4] [2 =5 4]
Al2 -3 4 B.[2 -3 4
1 -3 1l 1 -3 2l
2 =5 4] [2 =5 4]
C.l2 -3 4 D.12 -3 4
1 -3 3l 1 -3 4]
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

12. Chomatran A = [(1) ﬂ Matran B = A3 la

_[1 6 _ 3 _[3 6 Ao 1 Ae n L1s
A.B = [0 1 B.B = [0 1 C.B = [0 3 D. Mot két qua khac
2 0 0
13.ChomatranA =0 -1 0| MatranB = A3 la
0 0 3
8 0 0] 8 0 0
AB=[0 -1 0 B.B=1]0 1 0
L0 0 271 0 0 27
8 0 0 ,
C.B=|0 3 0 D. Mot két qua khac
0 0 27
14. Cho ma tran A € M,,g(R). Biéu thiic nao sau day c6 nghia?
A Al B. Iy A C.lI . Al D. I A. I
1 -2 3 0 -2 0
15. Chohaimatrain A = |1 0 1|,B=|1 -1 1|.TinhAB la
1 -1 1 1 -1 1
1 -3 1] 1 —3 1]
Al -3 1 B.11 -3 1
0 -2 0. 1 -2 0.
1 -3 1] [1 —3 1]
C.lt -3 1 D.|11 -3 1
12 =2 0l 3 =2 0
Dang toan: Pinh thirc ctia ma tran
16. Cho matran A = H _32,] binh thtrc cua ma tran A 1a
A.5 B. -5 C.1 D. -1

17. Cho matran A = [1 ‘g] Pinh thitc ciia ma tran (4 + 1) 1

A6 B. —10 C.10 D. —6
12

18. Cho matran A = [3 4

A.8 B. -8 C.—4 D. 4

]. binh thirc cia ma tran 24 la

. o I O ) . A .
19. Chomatran A = [1 3],3 = [1 0]. binh thirc cua ma tran AB la

A.5 B. -5 C.3 D.-3
1 20 -1 2
20. Chomatran A = [0 _1 1] ,B=1| 1 2|.binh thttc cha matran AB la

0 1
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

A.5 B. -5 C.—7 D. Khong ton tai
0 2 -1
21.Chomatran A =0 1 3|. Binh thirc cua ma tran A la
1 3 2
A. -7 B.7 C.0 D.1
m 2 -1
22.ChomatranA=|0 1 3|. Binh thirc cua ma tran A la
1 3 2
A. =7 B.7m—-7 C.7—7m D.7
12 -1 0 2 -1
23.Chohaidinhthac A;=[0 1 0f,A,=[0 0 2|.Kétquad,+A4,la
1 3 2 1 1 2
1 4 -2
Alo 1 2 B. 16 C.0 D.7
2 4 4
12 -1 0 2 -1
24.Chohaidinhthac A;=[0 1  0f,A,=([0 0 2|.KétquaAd, —A,la
1 3 2 1 1 2
1 0 0
Al0o 1 -2 B. -2 C. -1 D.0
0 2 0
12 -1 0 2 -1
25.Chohai dinhthirc A,=[0 1  0[,A,=]0 0 2| KétquaA,.A,la
1 3 2 1 1 2
-1 1 1
Al 0 0 2 B.12 C.4 D.3
2 4 9
1 2 -1 0 2 -1
26.ChohaimatranA=1|0 1 0|,B=|0 0 2| Khido det(A+ B)la
1 3 2 1 1 2
1 4 -2
A0 1 2 B. 16 C.0 D.7
2 4 4
100 12 -1
27.ChohaimatranA=1|0 1 0|,B=|(0 2 2| Kétquadet(4A—B)la
1 3 2 0 1 2
0 -2 1
A0 -1 -2 B. -5 C.5 D.0
1 2 0
12 -1
28.ChomatranA =0 2 2|. Két qua det(—2B) la
0 1 2
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

A. -8 B.2 C.—-16 D.8
1 0 O )
29.Chomatran A =10 1 0] Kétquadet(43®)la
1 3 2
A0 B.2 C. 4 D.8
1 0 1 1 2 -1 )
30.ChohaimatranA=[0 1 O0|,B=|0 2 2| Kétquadet(ABT) la
1 3 2 1 1 2
Al B.8 C.-8 D.1/8
2 0 0 O
A 11t 3 2 0] 4 .. \
31.Chomatran A = 5> -1 0 1l Két qua det A la
3 0 2 4
A. 0 B.2 C.4 D.8
1 1 0 0
, . . .11 0 2 0
32. Tinh dinh thirc A= 5 1 1 1
1 0 2 4
A. 20 B. 22 C.18 D.0
1 2 3 4 1 2 3 4
o e . 1t 1 2 3 1111 2 . . A
33. Cho hai dinh thirc A;= 111 2 A= 111 2l Khang dinh nao sau day
1111 11 2 3
la dang.
A. A1: Az B. Alz _Az C. Alz ZAZ D. A1: _ZAZ
1 2 3 4 1 2 3 4
o e . 1t 1 2 3 _{r 1 2 3 2 . \ A
34. Cho hai dinh thirc A;= 111 2 A= 111 2l Khang dinh nao sau day
1111 2 2 2 2
la dang.
A A= =24, B. A,= 164, C.A,=2A, D. A,= 164,
1 2 3 4 1 —4 3 4
o . 111 2 3 {1t -2 2 3 2 . \
35. Cho hai dinh thuc A; = 111 2 A= 1 -2 1 2| Khang dinh nao sau
1111 1 -2 1 1
day la dung.
A. A2= _ZAl B A1= 16A2 C A2= 2A1 D A2= 16A1

36. Cho dinh thite A= | _1 2| Ve gié tri néo ciam thi A= 0

Am=-=2 B.m=#-2 C.mtuyy D. Khéng cé gid trim
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

37. Cho dinh thirc A= | _} |- Vi gia tri ndo cia m thi A= 0
Am=0 B.m=+0 C.mtuyy D. Khong c6 giadtrim
38. Cho dinh thirc A= | :1| V6 gid tri nao ciia m thi A= 0

A.m = —-2hoacm = 2 Bm=-2vam=2

C.mtuyy D. Khéng cé gidtrim

39. Cho dinh thirc A= |;l mi |- véi gia tri nao ciia m thi A< 0

Am<1 B.m>1 C.mtuyy D. Khdng c6 gid tri m
1 -1 2
40. Cho dinh thec A= |1 -2 3 |. Vi gid tri nao caa m thi A= 0
1 m -1
A m=-1 B.m#-1 Cm=2 Dm=#2
1 -1 2
41. Cho dinh thirc A= |0 2 2 |. Vaigiatrinao ciam thi A+ 0
2 -1 m+6
A-m+ -1 Bm=+#1 C.mtuyy D. Khéng cé gidtrim
1 0 1
42. Cho dinh thic A= (1 m 0. V&i gid tri nao caa m thi A= 0
0 1 m
Am=-1 Bm=1 C.mtuyy D. Khdng c6 gid tri m
1 0 1
43. Cho dinh thiec A= |1 m 0. Vi gia tri nao caa m thi A= 0
2 m 1
Am=-1 Bm=1 C.mtuyy D. Khodng c6 gid tri m
-1 m m-1
44. ChomatranA=| 1 -1 1 —m|. Vd&igiatrinaocaamthidetA =0
1 2 m-—3
Am=1 B.m=-2 Cm=1vm=-2 Dm=1vm=2
1 m+1 2
45.Chomatran A =10 1 m|. Vi gia tri nao cua m thi detA # 0
m -1 m
Am=-1Am=0 Bm#+-1vm=+0
Cm=-1vm=20 Dm#-1Am=##0
1 1 -1

46. Chomatran A = |0 1 1

0 m+1 2m+1

. Véi gid tri nao caa m thi detA = 0

Banh Thi Hong - Bui Hung Vwong 23



Bai giang Toan cao cip Al

Chwong 1 - Ma tran - Dinh thirc

A m=0 Bm=+#0

S oro

47.Chomatran A =

H ocorr

I~

A m=2

48. Chomatran A =

o
3
§ PRPORr § RrROR

B comRm o

o
3

A m=0

1
1
1

49. Nghiém cta phuong trinh

A.x+1 B.x #4

X
50. Nghiém cua phuong trinh |2
2

B.x #4

x—3 2
2 x—6
4 2

B. [x—Z

Dang toan: Hang ctia ma tran

A.x#0

51. Phuong trinh

A[x—7

52. Tim hang r(A) ctamatran A =

A.r(A) =0 B.r(4) =1

53. Tim hang r(A) chama tran A =

Ar(4)=0 B.r(4) =1

54. Tim hang r(A) ctamatran A =

A.7(A) =0 B.r(4) =1

55. Tim hang r(A) ctamatran A =

Ar=0 B.r=1

|
S o3k

C.mtuyy D. Khdng c6 gia tri m
2
;l . Véi gid tri nao caa m thi detA = 0
2
C.m=+V2 D.m=#2
2
; - \V6i gia tri ndo ciia m thi det A # 0
2
Cm=4 Dm=0
1 3 7
-2 0 | = 01a khang dinh nao sau day
0 x+1
C.x=4 D.x=1
-2 =2 7
x —2| = 014 khang dinh nao sau day
2 X
C.x =123 D.x=0
—4
—2 | = 0 c6 nghiém la
3—x
x =42 X =—
C'[x—7 D[x—+7
[1 -1
1 1
C.r(4) =2 D.7(4) =3
[ 1 3
4 3 -1
C.r(4) = D.r(4) =3
1 2 3
1 1 1
1 3 5
C.r(4) =2 D.7(4) =3
1 0 -1 1
1 1 1 1
2 1 1 2
Cr=2 D.r=3
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

1 0 -1
. \ R 1 1 1
56. Tim hang r(A) ctamatran A = 5 1 1
31 0
Ar=1 B.r=2 C.r=3 D.r=4
1 2 1 -3
57.Timhang r(4) chamatranA=|-1 1 1 0
1 5 3 -6
A.r(4) =0 B.r(4) =1 C.r(4) =2 D.r(4) =3
1 01 -1
. 7 . 1t 13 o0
58. Tim hang r(A) ctamatran A = 5 1 5 —1
1 1 4 0
Ar=1 B.r=2 C.r= D.r=4
1 1 1 2
. q -1 0 -1 -1
59. Tim hang r(A) ctia matran A = 5 9 a4 &
-1 -1 1 1
Ar=1 B.r=2 C.r= D.r=4
7 1 1 2
60. Timgidtrictam dé matran A =| 1 1 m+2|cohangla?2
-2 =2 —4
Am=0 Bom#0 Cm=-2 Dm=+-2
7 -1 1 0
60. Timgidtrictamdé matranA=| 1 -1 m | coéhangla?2
2 -1 m+1
Am=0 Bom#0 Cm=-2 Dm=+-2
i 3 1 m+1
61. Timgiatrickamdé matran A = (0 m+ 2 2 c6 hang la 2
3 1 2m
A m=0 Bm=1 Cm=-2 Dm=1vm=-2
i 3 1 m+1 .
62. Timgiatrickamdé matrain A = [0 m + 2 2 | co hang bang 3
3 1 2m
A.m#* =2 B.m#1lvam+# —2 C.m=-2 Dm=1vm=-2

Dang toan: Ma tran nghich dao
63. Chomatran A = [(1) (1)] Ma tran nghich dao cia ma tran A la:

A Al = (1) (1) B. Al = [_2 _(1)]
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

cat=[ 7 e

64. Ma tran nao sau day kha nghich

1 1 2 1 2 0
AA=|2 2 4 B.B=|-3 0 0
1 2 0 i 0 2
11 =2 -2 1 2
C.C=|-2 0 2 D.D=| 4 3 -1
| 3 0 -3 L 2 4 1
65. Ma tran nao sau day kha nghich
1 0 0 _
Ad=|2 2 o] B.B = _i ‘;
1 2 0 '
1 0 -2 -2 1 2
C.C=|-2 0 2 D.D=| 4 1 -1
L0 0 -3 L 2 4 1
66. Ma tran ndo sau ddy KHONG kha nghich
1 0 0 0 1 1]
AA=|2 2 0 B.B=[1 1 0
1 2 1 1 2 1l
1 0 -2 0 1 1]
C.C=|-2 3 2 D.D=|1 1 0
. 0 0 -3 1 0 1.

67. Cho ma trin = [‘i 1:1] . Gi4 tri ciia m dé ma tran A kha nghich 13
A m=0 Bm=+#0 Cm=-1 D.m=#= -1
68. Choma tran = [ _1 2] . Gia tri ciam dé matran 4 KHONG kha nghich la
Am=#2 B.m=-2 Cm=2 D.m=# -2
A -m 1 T X A , . \
69. Cho ma tran = [ ) m] . Gia tri cia m dé ma tran A kha nghich la
Am=2 B.m=-2 C.mtuyy D. Khdng c6 gid tri m

70. Cho ma tran = | ™ ;l] . Gi4 tri ciia m dé ma tran A kha nghich 14

Am=2 B.m=-2 C.mtuyy D. Khong co gidtrim
1 1 3 q

71. Chomatran = [1 -2 0 |.Giatri caam dé ma tran A kha nghich la
1 3 m+1

A m=12 B.m= 12 Cm=#4 Dm=4
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

1 m+1 3
72. Cho ma tran = \1 -2 0
1 3 m+1

. Gi4 tri cha m dé ma tran A kha nghich 1a

Am=2vm=-6 Bm#2Am+*—6
Cm=#=2 D.m=-6
1 1 1 7 )
73.Chomatran=|m 0 1. Giétrictam dé matran A KHONG kha nghich la
1 2 m
Am#+*1 B.m+* -1 Cm=1 Dm=-1
1 1 1 7 )
74.Chomatran = [m -1 1. Giadtrictaa m d¢ A KHONG kha nghich la
1 2 m
Am+0Am=+*1 Bm#0Am=# -1
Cm=0vm=-1 Dm=0vm=1
1 1 m 7 i
75.Chomatran = [m -1 1. Giadtricuaam dé A KHONG kha nghich la
1 -1 m
Am+lam+*-—-1 B.m=#2
Cm=1vm=-1 Dm=2

. A [ 2 3 _[2 6 . , o
76.Choha|matranA—[_1 _],B—[z 0].MatranXthoaXA—Bla

ax=[2% % Bx=[137° cx=[15 % DKnongtontaix

110 0 1 1
77.Chohaimatran A = |1 0 1,B=[ ].MatranXthéaXAzBla
2 3 1
0 1 1
1 2 1 -1
AX=|-1 o] Bx=[1 of cx=[} 0% bx=[_1 ;7
0 1 2 1
4y 1 =2
78.Chohaimatr£1nA:[_1 2],BT= 3 5|.Matran X théaAX — B =0 la
8 —6
1 2 1 -1
AX=[-1 0 B.x=[1 o0
0 1 2 1
1 -1 0 _[-16 29 -58
C'X_[z 0 1] D'X_.—9 17 —32]

BAI TAP TU LUAN CHUO'NG 1
1. Cho f(x) = 2x? — 5x + 9 hdy tinh £(4), f(B) biét
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Chwong 1 - Ma tran - Dinh thirc

Bai giang Toan cao cip Al

I A
A=13 -1 4|,B=
0 5 & 110 1
1110
, A 2 1 -1 -2 1 01 +
2.Chocacmatran A = [0 1 _4],B = [_3 5 2]. Tinh
3A+ 2B;4A — 3B; AAT; ATA
2 1 1
3.ChocacmatranA=|(3 1 0| Tinh 4%, 471, A2
0 1 2
4. Thyc hién cac phép tinh sau
- - 7
-3 2|1 4 5 50 2 3 3
a.|3 -4 1|0 2 7 b.|4 1 5 3 5
2 -5 3|3 21 31 -1 2
_ 1
(_) 0 -1 -2 2 3-i 1|1 2 2i+1
i 1 2 13 .
C. _ 2 2i {} d.|i-3 1 010 1 2
2 21 3| . 7 . .
1 1 2 i-1(3 1 i+l
3 3 4
5. Tinh A" (n € N) véi
111
2 -1 1l a a b
a. A= b. A= C. A= d A=11 11
3 2 01 0 a
111
111 a 0 o0 1 10
e.A=10 1 1 f.A=|0 b 0 g. A=|0 1 1
0 01 0 c 0 01
6. Tinh cac dinh thirc sau
2 3 2 1 -1 3 241 3+1 4+i 241 3—-1 4+i
a.l0 3 9 b.2 4 5 C.5+i 6+i 7+if d. |0 3 1+i
-3 17 0 3 7 8+1 9+1 1+i 1 2-i O
2 1 1 X 11 1 1 a 1 -1 1 1100
1 2 1y 1 2 3 4 1 a 1 - 1110
e. f. g. h.
11 2 z 1 3 5 7 1 -1 a 1 0111
1 1 1t 1 4 10 20 1 1 -1 a 0 011
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Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

1 2 3 4 1110
i 2 3 41 .11 0 1
1341 2 i 011
4 1 2 3 0111
2 3
1 x x 1 x x° X
ce \ 1 2 4
7. Giai cac phuong trinh sau (x 1 x/=0, =0.
1 3 9 27
x x 1
1 4 16 64
8. Tim hang cua cac ma tran sau
1 -2 1 (1 -3 4 2
aA=|2 -3 1 b.B=(2 -5 1 4
3 4 5 3 -8 5 6
T e
c.C=|2 -1 1 1 d.D =
1 7 -4 11 > 1 -17
7 7 9 1
2 0 3 -1 1 -1 5 -1
|11 -2 2 -3 11 -2 3
CE=13 25 4 tF=13 1 g 1
5 -2 8 -5 1 3 -9 7
1 32 5 13 2 3
12 -13 2 |25 4 5
0G=13 54 H=135 6 9
1 17 4 21 25 4 6
1 -11 2 4 135 7 9
|2 2357 y=[24 6 9 10
T3 -4 5 2 10 J- 357 9 11
5 -6 7 6 18 4 6 8 10 12
9. Vi gi4 tri ndo cua A € R thi hang cac ma trin sau bang 1
-1 2 1 1 2 3 1 3 5
al2 A =2 b./3 6-1 9 c.|4 12 A+5
3 -6 -3 4 8-4 12 5 15 A4+10
1 2 -2 7 30
10. Gidi phuong trinh ma transau |3 2 -4 |X=-2./6 8 4
2 -1 0 1 0 5

11. Tim ma tran nghich d4o cua cac ma tran sau

Banh Thi Hong - Bui Hung Vwong 29



Bai giang Toan cao cip Al Chwong 1 - Ma tran - Dinh thirc

- 1 0 3 1 3 2 1 0 2
3 5
a. 5 3} b.l2 1 1 c.|3 2 1 d|2 -1 3
- 3 2 2 2 1 3 4 1 8
1 -2 2 2 5 7 (5 3 -2 il
B - 1 -1 1 1
e.|2 -3 6 f.l6 3 4 g.1-1 2
1 1 -1 1
1 1 7 5 -2 -3 7 2 6
- - - 1 1 1 -1
0 01 1 0 1 1 1 0 01 1 1 1 1 1
i 0 3 1 4 ./-1 0 1 1 K 0 3 1 4 | 1 1 -1 -1
12 7 6 1 J'—1—101'276—1 11 -1 0 O
1 2 2 -1 _—1 -1 -1 0 _1 2 2 -1 0O 0 1 1
12. Tim diéu kién cua tham sb dé cac ma tran sau kha nghich
(m + 1 1 3 [‘m — 2 —4 -3
a A= 2 m+2 0 b.A = 4 m+6 3
| 2m 1 3 | —3 -3 m-—1
[2 m 4 [ 1 2 m
cA=Im 0 O dA=12 m+2 0
1 1 m [2m 1 3
2 5 m+1 2 m+2 4
eeA=1|1 2 m f.A=|m m 0
3 7 m+2 1 2 m
‘m + 5 5 3 2 4 8
gA=|m—-1 m—-1 0 hhA=|3 9 27
1 1 1 m m? md
13. Tim ma tran nghich dao cta c4c ma tran vuéng cap n sau
111 - 1 1+a 1 1 1
o11 --- 1 1 1+a 1 1
alo 0 1 - 1 b. 1 1 1+a - 1
o 00 .- 1 l 1 1 1 1+aJ
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Bai giang Toan cao cip Al Chwong 2 - Hé phwong trinh tuyén tinh

Chwong 2 - HE PHUONG TRINH TUYEN TiNH
2.1. Khai niém chung vé hé phwong trinh tuyén tinh
2.1.1. Cac khai niém co ban
a. Dinh nghia
H¢ phuong trinh dang
11X, + A%y + -+ A1 X = by
Ay1X1 + AppXy + -+ AypX, = by )
Am1X1 + QaXy + o+ QpXn = by
trong d6 xy, X5, ..., X, 13 cac an , a;j,b; ER(1<i<m,1<j<n)lacac hang sé, goi
|a hé phuwong trinh tuyén tinh (m phuong trinh, n 4n sb).
Néu x; = ky,x, = ky, ..., X, = k,, 12 mOt nghiém ctia hé phuong trinh (1) thi ta ghi
gon 1a mot bo s6 (ky, ks, ..., kyy).

Ma tran
A1 A2 - QA
Am1 Amz *** Qmn
0i 1a ma trdn cdc hé s6 cua hé (I).
Ma tran
i1 Qi - QAip| by
Ie a:21 a:22 a:21 b.z
Am1 Am2 = Omn bm

g0i 14 ma trdn cac hé sé mé réng ciia hé (I). Mot hé phuong trinh tuyén tinh hoan toan
xéc dinh khi ta biét ma tran cac hé sé mé rong cua né.

Ma tran

by

B ="

b

goi 1a ma trdn tu do (cot tw do) ciua hé (I).

Ma tran

X1

X = |2

X
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Bai giang Toan cao cip Al Chwong 2 - Hé phwong trinh tuyén tinh

goi 1a ma trdn an cia hé ().
Khi d6 hé phwong trinh (I) 6 thé cho dudi dang ma tran: AX = B.
Hai hé phuong trinh c¢6 cung sb 4n goi 13 fwong dwong néu chung c6 cung tap nghiém
Vi du 1: Cho hé phuong trinh tuyén tinh

X1+ 2x; +2x, +x5=1
2xy +4x, + x3 +3x, = 4
3%y +6x, + 2x3 +3x, + x5 = =1
X1+ 2%, +x3+x5=5
2
3
3

12021 1 12021 1
o Jza130|, |4l 24130 4
Khido A=15 o5 3 1['B=|_1|"47 |36 2 3 1| —1|
12101 5 12101l 5

b. Mgt vai hé phwong trinh tuyén tinh dic biét

® H¢ phuong trinh tuyén tinh (I) goi 12 hé Cramer néu m = n (tuc 1a s6 phuong trinh
bang sb an) va ma tran hé so A 1a khong suy bién (det 4 # 0).

® Hé phuong trinh tuyén tinh (I) goi 1a hé phwong trinh tuyén tinh thuan nhat (hé
thuan nhat) néu cot tu do ctia hé bang 0 (tc la by, = b, = --- = b,, = 0).
2.1.2. Piéu Kkién ton tai nghiém

Mot van dé quan tdm trude tién khi giai hé phuong trinh 13 v6i diéu kién nao thi hé
phuong trinh d6 c6 nghiém. Pinh 1i Kronecker — Capelli s& cho chiing ta tiéu chuan dé
kiém tra hé phuong trinh tuyén tinh c6 nghiém hay khong.

Trudc tién ta goi cic phép bién doi so cdp trén hé phirong trinh tuyén tinh 14 cac
phép bién doi sau day:

+ Phép 1: Doi vi tri hai phuong trinh cua hé.
+ Phép 2: Nhan mot phuong trinh nao dé cia hé véi mot sé khac khong.

* Phép 3: Cong vao mot phuong trinh nao dé ctia hé, mot phuong trinh khac da
duoc nhan véi mot sd.

Ta thiy rang cac phép bién doi so cip dua hé phuong trinh tuyén tinh thanh mot hé
moi twong duwong. Viée thue hién cac phép bién ddi so cip ndy twong tmg véi viée thuc
hién cac phép bién d6i so cip dong cho ma tran hé sé mo rong A. Do d6 dé giai hé (1)
ta s& bién doi trén ma tran mé rong A.

Téng quat dé giai mot hé phuong trinh tuyén tinh thi ta s& dung cac phép bién ddi so
cap dua hé di cho thanh mot hé méi don gian hon, thong qua bién doi A. Nhu viy ta s&
dua A vé dang bac thang (twong tmg hé phuong trinh d6 duoc goi 13 hé bdc thang), sau
d6 thé tir dudi 1én dé tim nghiém. Do d6 ta ¢ dinh li sau vé diéu kién ton tai nghiém va
s6 nghiém ctia hé phuong trinh tuyén tinh.
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Bai giang Toan cao cip Al Chwong 2 - Hé phwong trinh tuyén tinh

Pinh li (Kronecker — Capelli)

Cho hé phuong trinh tuyén tinh gdm m phuong trinh va n an, ¢6 ma tran hé s6 12 4,
ma tran hé s6 bo sung 13 A . Khi d6

i) Hé phuong trinh vo nghiém khi va chi khi rank A < rank 4.
ii) Hé phuong trinh c6 nghiém khi va chi khi rank A = rank A = r. Hon nita
a) Néu r = n thi hé c6 nghiém duy nhat.
b) Néu r < n thi hé ¢d vo sé nghiém, phu thudéc vao n — r an fi do (tham sd).
Nhin xét: Hé phuong trinh tuyén tinh thuan nhat ludn c6 it nhat mot nghiém (la
nghiém (0,0, ...,0)).
2.2. Cac phwong phap giai hé phwong trinh tuyén tinh
2.2.1. H¢ Cramer
a. Phuwong phap ma tran nghich dao

Cho h¢ Cramer dudi dang ma tran AX = B (A 1a ma tran vudng va det A # 0). Do
ma tran A kha nghich nén bang cach nhan bén trai hai vé ciia phurong trinh trén véi ma
tran A~* ta dugc X = A~'B. Nhu vay hé ludn c6 nghiém duy nhat.

Vi du 3: Gidi h¢

y+3z=3

{2x+y—z=1
2x+y+z=-1

Bai giai
2 1 -1 1 x
A = 0 1 3 ;B = 3 !X = [y]'
2 1 1 -1 z

Do detA = 4 # 0 ta tim duoc

Do d6

(-2 -2 4] 1] [-3
X=A"B=7| 6 4 —6|'| 3|=| 6
-2 0 2l l-1l 11

Hé phuong trinh cé nghiém duy nhat x = —3,y = 6,z = —1 (hoic (—3,6,—1))
b. Phwong phap dinh thirc
No6i dung cua phuong phap nay cling chinh 1a ndi dung cua dinh 1i sau:

Pinh li (Quy tic Cramer)
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Bai giang Toan cao cip Al Chwong 2 - Hé phwong trinh tuyén tinh

Cho hé Cramer
a11x1 + a12x2 + se + alnxn = bl
a21x1 + azzxz + e + aann == bz
Ap1X1 + ApaXy + o+ ApnXy = by
Hé Cramer lubn c6 nghiém duy nhat duge cho boi cong thirc

x'zdetAl- i<n

, odetd’T T T ‘
trong d6 A 1a ma tran hé so0, A; la ma tran thu dwoc tir ma tran A bang cach thay cot i
cua A bﬁng cot tu do.

Vi du 4: Giai h¢ phuong trinh

2%y + x5 — 4x; = —1,

{ X1 — 2x, +x3 = 2
3X1—4x2—x3=0

Bai giai
1 -2 1
A=12 1 —4|,detA=-8=#0.
3 -4 -1
Do d6 hé da cho 1a hé Cramer. Ta tinh cac dinh thirc phu
2 =2 1 1 2 1
detd; = |-1 1 —4|,=-28,detd, =2 -1 —4|=—-16,
0 —4 -1 3 0 -1
1 -2 2
detA; = |2 1 —-1| =-20.
3 —4 0

Theo cong thirc Cramer hé c6 nghiém duy nhét (2, 2, g).

Chu y: Noi dung cia quy tic Cramer trén co so phan tich nhu phuong phap ma tran
nghich dao, tinh todn cho dén két qua sau ciing. Ngoai ra ta cling c6 thé giai hé Cramer
bang cach xem n6 nhu mot hé phwong trinh tuyén tinh tong quét trinh bay dudi day.
2.2.2. H¢ phwong trinh tuyén tinh tong quat

Phwong phap Gauss (phwong phap sir dung cic phép bién doi so cip)

Noi dung ctia phuong phap trén co so dinh 1i s6 nghiém cta hé phwong trinh tuyén
tinh. DUNng céc phép bién ddi so cp trén dong dwa ma tran A vé dang bic thang, twong
mg bién d6i hé phuong trinh tuyén tinh vé hé bac thang. Cac 4n dau tién cua ting
dong duoc giit lai (dn chinh), tinh qua cac an khac (dn tir do) tir dong cubi cliing trudc
sau d6 1an luot thé tir dudi 1én dé tim nghiém.

Vi du 5: Giai cac hé phuong trinh sau:
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Bai giang Toan cao cip Al Chwong 2 - Hé phwong trinh tuyén tinh

2x1 — X, +4x3 =5 Db)yx; +4x,+3x3=2 )y x4 +2x,+x3+3x,=7

{ X1 — %X, +x3=1 {x1+3x2+x3=1 { X1+ Xy +2x3+x4,=5
a)
—2x1+3x, +x3 =2 —X; — 2x, +x3 =3 2x1 + 3x, + 3x3 +4x, = 12

Bai giai
1 -1 151 1 -1 1)1 1 -1 1)1
)A=| 2 -1 4| 5|—F=—>[0 1 2[3]—===>]0 1 2|3
-2 3 1l 2 0 1 34 0o 0 11

H¢ da cho tuong duong véi hé sau

X1 — %X, +x3=1 X1 =1+x, — x5 x,=1

{ x2+2x3=3<=>{ X, =3 —2x3 c){x2=1.

x3=1 x;3=1 x3=1
1 3 111 1 3 1] 1 1 3 1] 1
b)A=]| 1 432%[0121‘%0121‘
-1 -2 113 0 1 21 4 0 0 o0l 3

Vi rank A = 2 < rank A = 3 (phuong trinh cubi 13 0x; + Ox, + Ox; = 3 (vO ly))
nén hé phuong trinh v6 nghiém.

[t 1 2 1] 5 1 1 2 1|5 1 1 2 115
c)A=|1 2 1 3] 7(—|f0 1 -1 2[{2[—f0 1 -1 22
2 3 3 4112 01 -1 212 0 0 0 0O

H¢ da cho tuong duong véi hé sau

{xl+x2+2x3+X4=5 {x1=5—x2—2x3—x4
xZ_X3+2.X4,:2 xZ:2+X3_2x4

Pit x; = a, x, = b, cong thirc nghiém tong quat 1a

x;=3—-3a+b

2=2+a-2b o per
X;=a
X4=b

Hay nghiém tong quat cia hé 1a (3 —3a + b,2 + a — 2b,a,b), (a,b € R).

Vi du 6: Giai va bién luan hé phuong trinh sau theo tham sé m € R

x+my+z=1

{mx+y+Z:1
x+y+mz=1

Hudng dan
m 1 1
detA=(1 m 1|=m?-3m+2=(m-1)2(m+2)
1 1 m

* Néum # 1vam # —2 thi det A # 0 do d6 hé trén 12 hé Cramer, nén hé phuong
trinh c6 nghiém duy nhét. Ta c6
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Bai giang Toan cao cip Al Chwong 2 - Hé phwong trinh tuyén tinh

1 1 1 m 1 1 m 1 1
detd; =11 m =detd, =|1 1 =detd; =|1 1 =(m-1)=2
1 1 m 1 1 m 1 1 m
Vay nghiémduy nhatcuiahélax =y =z = /(m +2)
* Néum = 1 thay vao hé tadugc x + y + z = 1.
Hé ¢6 vo sb nghi¢m phu thudc hai tham $6.
x=1—a-—0»>
y=a (a,b € R)
z=5»>
—2x+y+z=1
*Néum=—Zthayvéohétaduqché{x—2y+z=1
x+y—2z=1
o[22 1 1 1)ge [ 1 1 21 1 1 =21
A= 1 =2 11— 1 -2 1l 1]—™ 1|0 -3 3]0
1 1 =211 -2 1 111 0 3 =313

1
0
3

Tém lai: V&i m = —2 thi hé vo nghiém.

1 1 =2
— (0 -3 3
o 0 O
Vay hé phuong trinh v6 nghiém.

Véim = 1 hé c¢6 vo s6 nghiém. Nghiém tong quat 1a (a,b,1 —a — b)(a, b € R)

Véim # 1 vam # —2 thi hé phuong trinh c6 nghiém duy nhat ( (I SN )
m+2° " m+2° m+2

Vi du 7: Giai va bién luan hé phuong trinh sau theo tham s6 m € R.

X1+ 2x, +2x, +x5=1
2x1 +4x, + x5+ 3x4, = 3
3x; +6x, +2x3+3x, + x5 =m
X1+ 2%, + X3+ x5 =2m—8

Bai Giai
12021 1 120 2 1 1
,4:24130 3 _)lOOl—l -2 1
36231 m 002 -3 -2 m-3
1210 12m-8 001-2 0I2m-9
120 2 1 120 2 1 1
L0001 -1 -2 ‘ IOOll -2 1
000 -1 2 000 -1 2lm-=5{
000 -1 2 2m—10 000 O Olm-=5

* Néum # 5 thi hé phuong trinh v nghiém.
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X1+ 2x; +2x, +x5=1
* Néum = 5 thi hé da cho tuong dwong véi hé sau{ x5 —x, — 2x5 = 1
—X4 +2x5 =0

Vay hé c6 vo $6 nghiém phu thudc hai tham $6. Nghiém téng quat cua hé 1a
X, =—-2a—5b+1
X4 =2b
X, =a,Xs=Db

(a,b € R)

Tém lai: Vi m # 5 thi hé vo nghiém.
Véi m = 5 thi hé ¢6 vo sd nghiém. Nghiém tong quat 1a
(-=2a—-5b+1,a,1+4b,2b,b)(a,b € R)
Vi du 8: Cho hé phuong trinh sau (véi tham sé6 m € R)

X1 +x, —x3+2x, =1
X1+ 2xy — 3x3 +4x, = 2
X1 — X, +4x3—x, =m
4x, + 3x, — x3 + mx, = m? —6m+ 4

Tim gia tri ctia tham s dé hé phuong trinh c6 nghiém.

Bai giai
1 1 -1 2 1 1 1 -1 2 1
- 11 2 -3 4 2 0o 1 =2 2 1
A= —
1 -1 4 -1 m 0 -2 5 -3 m-—1
4 3 -1 mlm?—-6m+4 0 -1 3 m-8lm?—-6m
1 1 -1 2 1 1 1 -1 2 1
01 -2 2 1 01 -2 2 1
— —
0 0 1 1 m+1 0 0 1 1 m+1
00 1 m—6lm?—-6m+1 00 0 m—7lm?>—7m
+ Néu m = 7 thi hé d3 cho twong duong véi hé c6 ma tran hé s6 bo sung

11 -1 2 1
01 -2 2 1
0 0 1 1m+1
0 0 0 1I m

Tathay rank A = rank A = 4, nén hé c6 nghiém duy nhét.
+* Néum = 7 thi rank A = rank 4 = 3 nén hé c6 VSN phu thudc mot tham sb (x,).
Vay hé c6 nghiém vadi moi m € R.
2.2.3. Hé nghiém co ban ciia h¢ phwong trinh tuyén tinh thuin nhat

Xét hé phuong trinh tuyén tinh thuan nhat gdm m phuong trinh va n an
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a11X1 + A%, + -+ ax, =0
a21x1 + azzxz + -4+ aann = 0

(1n
Am1X1 + QpaXy + -+ AQpx, =0
Céch giai hé phuong trinh tuyén tinh thuan nhit 13 dung quy tic Cramer hodc phuong
phap Gauss. Chu ¥ 1 hé ludn c6 nghiém, it nhat 1a nghiém 0 (nghiém (0,0, ...,0)), duoc
goi 14 nghiém tim thudng. Do d6 van dé dit ra 1a khi ndo hé c6 nghiém khéng tim
thudng. Tir cac phuong phap trén, ta thay hé (II) c6 nghiém khong tam thudng khi va
chi khi c6 it nhat mot an tu do. Ta xét ba kha ning xay ra:
+ Néu m = n thi hé c6 nghiém khong tim thudong khi det 4 = 0.
+ Néu m < n hé ludn c6 nghiém khong tim thuong.
+ Néu m > n thi dung cac phép bién d6i so so cap dua vé bac thang. Liuc d6 hé moi
chi xay ra mdt trong hai truong hop trén.
Khi hé (II) ¢6 nghiém khong tim thuong, ta quan tim t6i mot hé nghiém sau.
Ki hiéu r = rank 4, < n. Khi d6 hé c6 nghiém phu thuéc n — r an tu do. Gia sir
cac an tu do 14 Xis Xigs weer X
* Chox;, = 1,x;, =0,..,x;, = 0tinh cac x; con lai theo cong thirc nghi¢m tong
quat, ta s&€ tim dugc mot nghiém cua hé (I11), datla a;.

*Chox; =0,x;, =1,..,x; = 0 twong tuw nhu trén, ta tim duoc mot nghiém a,.
n-r

* Chox;, = 0,x;, =0,..,x; = 1 tatim dugc mot nghiém a,,_,.

Khi d6 a,, ay, ..., @, _, dugc goi la hé nghiém co ban cua hé (I1).
Vidu 9: Tim hé nghiém co ban ctia hé phuong trinh

X1+ 2%, +x3+x, =0
2x; +5x, +3x3 +2x, =0
3x; +7x, +4x3 +3x, =0
X1 — 2%y —3x3+x, =0

2x—y+4z=0 b)

x+y—z=0
a){
x—2y+5z=0

Bai giai

1 1 -1 1 1 -1 1 1 -1
2 -1 4|—1|0 -3 6| —|0 -3 6
1 -2 5 0 -3 6 0 0 0

Tathay rank A = 2, hé c6 v s6 nghiém phu thuéc mét an tu do (chon z).

a) A=

H¢ trén tuong duong voi hé sau

x+y—z=0 x=-a

Z=a
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Choa =1,taduocx = —1,y = 2,z =1. Vay nghiém coban la (— 1,2, 1).
1 2 11 1 2 11 1211
{2 5 3 2 0 1 10 0110
A= — —
3 7 43 0 1 10 00O00O
1-2-31 0—-4-4 0 00O00O
H¢ trén twong duong voi hé sau
Xy =a-—b»b
X1+ 2x, +x3+x4, =0 X, = —a
{ X, +x3 =0 A X3 =a (a,b € R).
x4=b

*Choa=1b=0,tadugcx; =1, x, =-1,x3=1,x, =0
*Choa=0,b=1,tadugcx; =—-1,x, =0,x3=0,x, = 1

Vay hé nghiém co ban 1a (1,-1,1,0), (—1,0,0, 1).
BAI TAP TRAC NGHIEM CHU'ONG 2

Chon céu tri 10i ding nhat cho cac cau héi duéi day.
Dang toan: Giai hé phwong trinh tuyén tinh

1. H¢ phuong trinh nao sau day 1a h¢ Crammer

2x+y—-—z=1 _
Al x+y+3z=1 B.{Szxxjg +ZZ__OO
3x 42y + 2z =2 yrz=
2x+y—z=1 2x+y—z=0
C{x+y+3z=1 D.{x+y+3z=0
x+2y+10z=4 2x+y+z=0

2. Hé phuong trinh nao sau ddy KHONG 14 hé Crammer

2x+y—z=1 2x+y—z=0
Ajx+y+3z=1 B{x+y+2z=0
x+2y+2z=2 5x+3y+z=0
2x+y—z=1 2x+y—z=0
C{x+y+3z:1 Dix+y+3z=0
x+2y+10z=4 2x+y+z=0

3. Hé phuong trinh nao sau day 1a hé thuan nhét

2x+y—-—z=1 _

Al x+y+3z=1 .{Szxx:?,y +Z__00

3x 42y + 2z =2 yrz=

xty=1 2x + =

B y—z=1

C.{y+z-1 D'{5x+3y+z=2
x+z=4
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4. Hé phuong trinh ndo sau ddy KHONG giai dugc bang phuong phap Crammer

2x+y—z=0 2x+y—z=1

Aix+y+3z=0 Bix+y+3z=1

2x+y+z=0 2x+y+z=1
2x+y—z=1

C{x+y+3z=1 D. A va B déu dung.
3x+2y+2z=1

a o a . i, (x+2y—z=1

5. Nghiém cua hé phuong trinh tuyén tinh {x +4y4+z=5 la

Ax=3a—-3;y=2—-a,z=a(@a€R) B.x=—-a—-3;y=2+a;z=a(a € R)
C.x=3a+3;y=2-a;z=a(a €R) D.H¢ vdnghiém

xX+z=2

2x+y+52=5|a

6. Nghiém ctia hé phuong trinh tuyén tinh {

Ax=2-ay=1+4+3a;z=a(a€R) B.x=2—-a;y=1-3a;z=a(a € R)
C.x=2+ay=1-3a;z=a(a € R) D. H¢ vd nghiém

x+3y—z=1

2x—6y+3z=2"

7. Nghiém ctia hé phuong trinh tuyén tinh {
Ax=-114+ay=4z=a(a€R) B.x=5+4+3a;y=a;z=4(a €R)

C.x=5-3ay=a,z=4(a €R) D. H¢ v6 nghiém

8. Nghiém cua h¢ phuong trinh {32 I Z t ;iz z 3 la

A.(2,3,0) B. (a,3 + 2a,a)(a € R)
C.(2+a,3—2a,a)(a €R) D. (2,3 + 2a,a)(a € R)

9. Nghiém cua hé phuong trinh {—x;l_+x5x_: _Zl_x;3==32 la

A.(3+ a—2b,a,b)(a,b €R) B. (3—2a,0,a)(a € R)
C.(1+a,—a,—a)(a €R) D.(8 —5a,5—3a,a)(a € R)

x1 - xz - 2X3 = 1
10. Nghiém cuia hé phwong trinh tuyén tinh { X1 —3x3=2 la
2x1 — Xy — 3x3 = 7

AX1:8,Xz:3,x3:2 Bx1:8,x2:_1,x3:2
C.x;y =3a;x, =a+1;x3 =a(a € R) D.Hg¢ vonghiém

x1+2X2+3X3=1
11. Nghiém ctia hé phuong trinh tuyén tinh { X1+ 3%, +5x3 =3 la
2x; + 5%, +9x3 =3

Axi=4x,=—4x3=1 B.x; = —4;x, =4;x3 =—1

Banh Thi Hong - Bui Hung Vwong 40
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C.x=3a;y=a+1;z=a(a € R) D. H¢ v6 nghi¢m

x—2y+3z=1
12. Nghiém cua hé phuong trinh tuyén tinh {—Zx +5y—-3z=-11la

x—y+7z=2
Ax=3y=1z=1 Bx=1—-a;y=1-3a;z=a(a €R)
Cx=3,y=12z=0 D. H¢ v6 nghi¢m

x—y—2z=1
13. Nghiém ctia hé phuong trinh tuyén tinh { x—3z=2 la
2x—y—3z=7

Ax=8y=3z=2 Bx=8y=-1,z=2
C.x=3a;y=a+1;z=a(a €R) D. H¢ vo nghi¢m

x—2y—3z=1
14. Nghiém cua hé phuong trinh tuyén tinh {Zx —3y—8z=31la

xX—y—5z=4
Ax=3y=1z=0 Bx=0y=1z=-1
C.x=7a+3;y=2a+1;,z=a(a €R) D. H¢ vo nghiém

x+3y—-2z=1
15. Nghiém ciia hé phuong trinh tuyén tinh {ZX +8y—3z=41Ia
xX+5y—z=4

Ax=-1Ly=1z=1 B.x=—-a;y=a;z=a(a €R)
Cx=—-a;y=1+a;z=a(a €R) D. H¢ vo nghiém

x—3y—2z=1
16. Nghiém cuia hé phwong trinh tuyén tinh { x—2y—3z=3 la
—2x+7y+3z=1

Ax=12y=3;z=1 Bx=7—-ay=2—-a;z=a(a €R)
C.x=7+5ay=2+a;z=a(a €R) D.H¢ v nghiém

x—3y—2z=1
17. Nghiém cua hé phuong trinh tuyén tinh { x—2y—3z=3 la
—2x+7y+3z=0

Ax=12y=3;z=1 Bx=7—-a,y=2-az=a(a €R)
C.x=7+5a,y=2+a;z=a(a € R) D. H¢ vd nghi¢ém

x—y+2z=1
18. Nghiém cuia hé phwong trinh tuyén tinh { x—y+4z=3 la
3x —3y+8z=5

Ax=0y=1z=1 Bx=a—-—1y=az=1(a € R)
Cx=2-2ay=1z=a(a€R) D. Hé vo nghiém
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x—y+3z=2
19. Nghiém cua hé phwong trinh tuyén tinh {Zx —y+3z=51a
x+y—-3z=4
Ax=1Ly=3z=1 B.x=3;y=1+4+3a;z=a(a €R)

C.x=14+ay=1-3a;z=a(a €R) D.H¢ vdnghiém

x—3y—2z=1
20. Nghiém cua hé phuong trinh tuyén tinh { x—2y—3z=3 la
—2x+7y+3z=0

Ax=1Ly=3z=1 Bx=7—a,y=2—-a;z=a(a €R)
C.x=7+5a,y=2+a;z=a(a €R) D. H¢ vd nghiém

x+3y—2z=1
21. Nghiém ctia hé phuong trinh tuyén tinh {336 +10y—9z=31la
2x+7y—7z=2

Ax=—-6y=3z=1 B.x=1+4+11la;y = —3a;z = a(a € R)
C.x=1-7a;y =3a;z=a(a € R) D. Hé v6 nghiém

2x+y—z=1
22. Nghiém ctia hé phuong trinh tuyén tinh { y+3z=3 1a
x+y+z=2
A. (1,-1,2) B.(1,1,2)
C.(2a+1,3—-3a,a)(a € R) D.(2a—1,3 —3a,a)(a € R)
xX—3y—z=2

23. Nghiém ctia hé phuong trinh tuyén tinh { 2x—6y =4 la
—x+3y+3z=-2

A (1,-1,2) B. (5,1,0)
C.(2a+1,3—-3a,a)(a € R) D. (24 3a,a,0)(a € R)
x+ty—z=2

2x+y—3z=1

24. Nghiém cta hé phuong trinh tuyén tinh 3x + 2y — 3z = 3 la
—2x—3y+z=-7
A.(—1,3,0) B.(2a—1,3—a,a) (a € R)
C.(1,1,0) D. H¢ v0 nghiém
x+4y+5z=1
25. Nghiém ctia hé phuong trinh tuyén tinh X+ 5y +62=3 la

x+6y+7z=5
2x+9y+ 11z =4

A (a,2+a,a)(a € R) B.(-8,1,1)
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C.(—a—7,2—a,a)(a € R) D. Hé v0 nghiém

xX+y—z=2
2x+y—3z=1

26. Nghi¢m cua h¢ phuong trinh tuyén tinh 3x + 2y — 4z = 3 la
—2x—3y+z=-7

A (1,2,1) B.(2a—1,3—-a,a) (a € R)

C.(1+2a,3—a,a)(a €R) D.(2a—1,3+a,a) (a €R)

Xy +x,+2x34+x,=5
27. Nghiém cua hé phuong trinh tuyén tinh { X1+ 2x,+x3+3x, =7 la
2x1 + 3x2 + 3x3 + 4‘X4 - 12

A (1,1,1,1) B.(2a—1,3—a,a,0) (a € R)
C.3—3a+b,24+a—-2b,a,b),(a,b € R) D.HéEvodnghiém

x1—2x2+3x3+x4= 1
28. Nghiém ctia hé phuong trinh tuyén tinh { X1 — Xy +3x3+3x, =3 la
2x; — 3x, + 6x3 + 5x, = 4

A.(5-3a,2,a,0)(a € R) B.(5—-3a,2,a,1) (a € R)
C.(2,2,1,0) D. Hé vd nghiém

x1+2xZ_X3+2x4=1
2x1+5x2+5x4=4

29. Nghiém cua hé phuong trinh tuyén tinh Xy + 3%, + 23 + 2%, = 4 la
—2x; —4x, +3x3 —4x, =5
A. (32,—18,7,6) B.(2a—1,3—-a,a,a) (a € R)
C.(2,1,1,—1) D. Hé v6 nghiém
X1 — Xy +2x3—2x, =1
30. Nghiém cua hé phuong trinh tuyén tinh X1+ 3%; = 3%, =3 la

2x1—x2+7x3 _SX4_ - 8
—2x1 + 2%y — 4x5 + 4x, = —2

A.(0,1,2,1) B.(3a—-3,a,2,a) (a € R)
C.(2a—1,3—a,b,a) (a,b € R) D. H¢ v6 nghiém
Dang toan: Giai va bi¢n luan h¢ phwong trinh tuyén tinh

x+2y—z=1
31. Vi gia tri nao cua m thi hé{ x+3y+2z=2 ¢ vosdnghiém
2x+5y+z=m+5

Am=2 B.m= -2 C.mtuyy D. Khong co giadtrim

XxX+z=2
32. Vi gia tri nao cua m thi hé{ —x + 2y — 2z = —1 ¢6 v6 s6 nghiém
2x+2y+z=m+6
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Am=-1 Bm=1 C.mtuyy D. Khong c6 gidtrim
x—2y—3z=1
33. V4i gié tri nao cua m thi hé x—y—2z=3  ¢bvosdnghiém
2x—3y—5z=m+6
Am=2 B.m= -2 C.mtuyy D. Khdng c6 gid tri m

x—2y+2z=1
34. V¢igiatrindo ciam thihé { —2x + 5y —z = —3 ¢6 vo sb nghiém
x—y+(m+6)z=0

A m=-6 B.m=-1 C.mtuyy D. Khéng cé gidtrim

xX+5y—2z=2
35. Vi gia tri nao cua m thi hé{ 2x+ 11y —6z=7 v0nghiém
x+7y+(m—6)z=9

Am=0 B.m=0 C.mtuyy D. Khdng c6 gia tri m
x—5y+z=1

36. Vai gia tri nao cua m thi hé{ x—4y—2z=2 vbnghiém
2x—9y—z=m+2

Am=1 B.m=#1 C.mtuyy D. Khéng c6 gidtrim

37. V¢i gia tri nao cua m thi hé 2x+7y—z=4  vOnghiém

{ x+3y—-z=1
x+4y+(m+1)z=4

Am=+*-1 B.m=-1 C.mtuyy D. Khdng c6 gid tri m

x+2y+2z=1
38. Véi gia tri nao ciaa m thi hé x+3y+5z=3 ¢6 vO s6 nghiém
3x+4y+(m+1)z=-1

Am=-1 Bm=1 C.mtuyy D. Khdng c6 gid tri m
x+2y+z=1
39. Vi gia tri nao cua m thi hé {x + 3y + z = 2 ¢6 nghiém duy nhat
—X—y=m
Am=0 B.m=-1 C.mtuyy D. Khdng c6 gid tri m

x+z=0
40. Vi gia tri nao cua m thi hé{ x+y+3z=m+1 cbnghiém duy nhat
—x+y+2z=m+1
Am=0 B.m=-1 C.mtuyy D. Khdng co6 gia tri m

x+5y—2z=2
41. Véi gia tri nao cua m thi hé { 2x + 11y — 6z =7  ¢6 nghiém duy nhit
x+7y+(2m—-2)z=9

Am=-2 B.m# —2 C.mtuyy D. Khong c6 gidtrim
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x—z=1
42. Vi gia tri nao cua m thi hé {—x +y + 3z = 0 v6 nghiém
2x+y=m+4

A m=-1 B.m+* -1 Cm=1 Dm=#1

x+5y—2z=2
43. Véi gia tri nao cua m thi hé{ 2x+ 11y — 6z =7 v06 nghiém
x+7y+(m—6)z=9
Am=0 Bm=0 C.mtuyy D. Khdng c6 gid tri m

xt+y+z=2
44. Vi gia tri nao cua m thi hé{ 2x+y+3z=m+4 vonghiém
3x+y+5z=3m+ 13

A m=0 Bm=#0 C.m=#*-7 Dm=-7

x—5y—z=1

45. Vi gia tri nao cua m thi hé{ x—4y+z=4 c6nghiém
2x—9y=m+5

Am=0 Bm=#=0 C.m=-7 D.m=-7

—x+2y+z=1
46. Véi gia tri nao cua m thi hé{ —Xx+y+2z =3 c6nghiém
2x—=5y+mz=1

A m=0 Bm=#0 C.m=#=-1 Dm=-1

—x+2y+z=1
47. Véi gia tri nao cua m thi hé{ —x+y+2z =3 c6nghiém
2x—=5y+mz=0

Am=0 B.m=#0 C. Khéng ton tai m D.mtiyy

x1 - 2x2 + .X3 = 1
48. V6i gia tri nao cua m thi hé { X1 —mx,; + x3 =1 vO nghiém
—-mx; +x, +x3 =3

A.m=-1 Bm=2 C.m=#2 D.m=# -1

x+2y+z=1
49. Véi gia tri nao cia m thi hé { 2x + 5y +3z =5 ¢ duy nhat mot nghiém
3x+7y+m?z=6

A m=+2 B.m=# 12 Cm=2 Dm=-2

x+y—-mz=1
50. Vi gid tri ndo ciam thihé { x —my +z =1 ¢ duy nhat mot nghiém
-mx+y+z=3

A-m+*2 Bm#*2vam=+ —1

Cm=2 D.m=2hoacm = —1
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2x + 2y +mz = 2
51. Vi gia tri nao cua m thi hé {Zx + my + 2z = —1 ¢6 duy nhit mot nghiém
mx+2y+2z=3

A m=#2 B.m+#—-4vam+ 2
Cm=2 D.m=—4hoacm =2

3x+3y+mz=3
52. Vi gia tri nao cua m thi hé {Sx + my + 3z = —1 ¢6 duy nhit mot nghiém
mx+3y+3z=3

A m=#=3 B.m#—-6vam# 3
Cm=3 D.m=-6hoaicm =3

x+3y+z=-1
53. Voigiatrindociamthihé{ —2x—6y+(m+1)z=4 ¢o6 vo sb nghiém
4x + 12y + (m?+3)z=m -3

A m=3 B.m=-1
C. Khoéng ton tai m D.m=—-1lhoicm=1

X1—2x2+x3+2x4=1
54. Vi gia tri nao cua tham sé m thi hé { X1+ X, +x3+ x4, =m vO0nghiém
X1+ 7%, — 5x3 — x, = 4m

Am=1 B.m=# —2 C. Khéng ton tai m D.mtlyy

Xy —2x, +x3+2x, =1
55. Vi gia tri nao cua tham s6 m thi hé { Xy + x; + x3 + x, =m vo nghiém
X1+ 7x, +x3 — x4, =4m

A m=-2 B.m# —2 C. Khéng ton tai m D.mtiyy

mx; +x, +x3+x, =1
56. V&i gia tri nao cua tham s6 m thi hé {xl + mx; + x3 + x4, = 1 v nghiém
X1 +x, +mxz;+x,=1

Am=1 B.m# —2 C. Khéng ton tai m D.mtiyy
57. Vi gia tri nao cua m thi h¢ phuong trinh sau ¢6 nghiém

21+ Xy +x3+x, =1
X, +2x, —x3+4x, =2
X, +7x, —4x3 +11x, =m
4x, + 8xy —4x3 +16x, =m+1

Am=7 B.m=#7 C. Khéng ton tai m D.mtiyy
xl_x2+2x3_X4:1
x1+2x3+x4:2
2x; —x;+ (M +5)x;3 =5
X1+ (m+3)x; +x, =4

58. Vi gid tri nao cua m thi hé ¢6 vo s6 nghiém
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Am=-1 B.m=#=—1 C. Khéng ton tai m D.mtuyy
59. Vi gié tri nao cia m thi hé phuong trinh sau c¢6 duy nhit mot nghiém

X1 — X, +2x3—x, =1
X1+ 2x3+x, =2
2x; —x, +(Mm+5)x; =5
X, +(m+3)x3 +2x, =5

Am=-1 B.m=#—1 C. Khéng ton tai m D.mtlyy
60. Vi gia tri ndo cua m thi hé phuong trinh sau c6 nghiém

X1 +x,—x3+2x, =1
X, +2x, —3x3 +4x, = 2
X1 — Xy +4x3 —x, =M
4x, + 3x, —x3 + mx, =m? —6m+ 4

Am=0 B.m=1 C. Khéng ton tai m D.mtlyy
61. Vi gia tri nao ciia m thi hé phuong trinh sau c6 nghiém duy nhat

X1 +x, +x3+mx, =1
X1 +x, +mxz;+x,=1
X +tmx, +x3+x,=1
mx; +x, +x3+x, =1

A.m=1hoaicm = -3 B.m=+#1vam=+ -3
Cm=#1 Dm=1
62. Vi gia tri nao cua m thi hé phuong trinh sau c6 nghiém

X, +x,+x3+mx, =1
X+ x,+mxs+x,=1
X +mx, +x3+x,=1
mx; +x, +x3+x, =1

A.m =1hoicm = -3 B.m=+#1vam=+ -3
C.m=#-3 D.m=-3
Dang toan: H¢ phwong trinh tuyén tinh thuan nhat

x—2y—z=0
63. Nghiém co ban ctia hé thuan nhat {ZX —3y—2z=01a
3x—5y—3z=0

Ax=-1y=0z=1 Bx=-1Ly=1z=1

Cx=-1y=0;z=0 D.x=0;,y=0;z=0
x—y+2z=0

64. Nghiém co ban cta hé thuan nhit {2x—y+ 52=01a
x+y+4z=0
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Ax=-3y=-1z=1 Bx=0y=0,z=0
Cx=Ly=-1,z=1 Dx=1y=0;z=0

x—3y+z=0
65. Nghiém co ban cua hé thuan nhit {Zx —5y—z=0Ia
x—2y—2z=0

Ax=8y=3z=1 B.x=-10;y=-3;z=1
Cx=0y=3z=1 D.x=0y=0;z=0
xl + xz - 2x3 = 0
66. Hé nghiém co ban ctia hé thun nhit { 2x, +2x, —3x3; =0 13
—2x1 — 2%, + 6x3 =0
A.(2,1,0),(0,0,0) B.(-1,1,0),(0,0,0)
C.(1,1,1) D.(-1,1,0)

x—y—3z=0
67. Hé nghiém co ban ctia hé thuan nhét{ x—z=0 la
2x—y—4z=0

A (1,-2,1) B.(1,2,1)

C.(4,2,1) D. (7,2,1)
—x+y=0

68. Hé nghiém co ban ctia hé thuan nhat {x —2y+z=01Ia
y—z=0

A (1,1,1),(0,0,0) B.(1,1,1)

C.(0,1,1),(1,0,1) D. (0,1,0)

x—3y+z=0
69. Hé nghiém co ban cua hé thuan nhat {Zx —5y+5z=0Ia
x—2y+4z=0

Ax=-10y=-3;z=1 Bx=1y=1,z=3
Cx=4y=1z=0 Dx=1y=0,z=0

3x—2y+2z=0
70. S6 nghiém co ban ciia hé phwong trinh { 2x+7y—6z=0 la
4x + 39y — 34z =0
A. 0 nghiém B. 1 nghiém C. 2 nghiém D. 3 nghiém

x+y—z+t=0
x—2y+z+t=0

71. SO nghiém co ban cia hé phuong trinh 3x—3y+z+3t=0 la
S5x—-y—z+5t=0
A. 1 nghiém B. 2 nghi¢m C. 3 nghiém D. 4 nghiém
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X1+ 2x, +x3+x, =0
2x1 + 5%, +3x3+2x, =0 .
3%, + 7x, + 4x3 + 3%, =0 F
X, —2x, —3x3+x,=0

72. Cho hé phuong trinh tuyén tinh thudn nhét

nghiém co ban cua h¢ trén la
A. (11 _11 11 O)) (OI 0; 01 0) B. (_1; 0) 0) 1); (0; 0; O; O)
C. (1; _1; 1; 0)1 (_11 01 0! 1) D. (11 _1; 1; 0)! (1; 0; 0; 1)

ax—3y+z=0
73. V6i gia tri nao cua a thi hé { 2x+y+2z=0 c6nghiém KHONG tim thuong
3x+2y—2z=0

A.a+5 B.a=5 C.a+-5 D.a=-5

74. Véi gié tri ndo cia m thi hé phuong trinh sau c¢6 duy nhat nghiém tam thuong

x+2y+(m—-5)z=0
{ 2x—y =20
G-mx+y+(m—-5)z=0
Am=*2 B.m=#4 Cm=#5 Dm#2vam#5
75. Vi gia tri ndo cua m thi hé phuong trinh sau ¢6 nghiém KHONG tam thuong

x+my+(m+1)z=0
mx—y+(1-m)z=0
m+Dx+(m+1)z=0

Am=-1Am=1 Bm=-1vm=1

Cm=-1Am=0Am=1 Dm=—-1vm=0vm=1

76. Vi gid tri ndo ctia m thi hé phuong trinh sau ¢6 s6 nghiém co ban nhiéu nhat

x+4y+2z+t=0
2x+7y+3z+4t =0
x+5y+3z—t=0
x+2y+mz+5t=0

Am=+0 Bm=1 Cm=#1 Dm=20
77. Vi gia tri ndo ciia m thi hé phuong trinh sau c¢6 s6 nghiém co ban nhiéu nhat

xl+2xZ+X3+ZX4=0
2x1 + 5%, +x3+2x, =0
x, +4x, + mx; —2x, =0
x, +3x, + (m?—1x, =0
A m=#=0 B.m=-1 Cm=#-1 Dm=0

78. Vi gia tri NGUYEN nao ctia m thi hé phuong trinh sau ¢6 nghiém KHONG tam
thuong
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2x, + mx, +3x3 =0
mx; +2x, +3x3 =0

Am=*0 Bm=0 Cm=#2 Dm=2
BAI TAP TU’ LUAN CHUONG 2

I. Giai cic h¢ phwong trinh tuyén tinh sau

{xl +mx, + mx; =0

2X+3y—2z=5 3X—-y+2z=3 x+ay+sz=1
1. 2. 3.92x+7y-11z2=2
2X+5y—-27="7 2X+y—-22="7
3Xx+11ly-6z=0
X+4y+5z=1 X+y—-2=2 X, — X, +2X; =3
2X+7y-11z2=2 5. 92x+y-3z=1 6. IX, +2X, +3X; =2
3x+11y-6z=0 3X+2y—4x=3 X, —X, =X, =3
- X, +2X =3 X+2y+Z:1
X—y+2z=3
X, +2x +3%x,=2 8. 9. 2X+6y+3z=2
—X+2y+2=2
—X;=3 X+95y+3z=0
X-y-2=3 3x+6y+2z=11 2x+3y+3z=0
10. {2Xx—-2y—-22=6 11. <4x+9y+4z =17 12. < x-2y+z=1
5x-5y-5z=15 X+3y+z=5 3X+y+4z=1.
X+y—-2=2 X+3y—-7z2=7 X+y-2=0
13. 4 y-3z=1 14. {x+2y—-4z=3 15. y=2
y—4z=3. ~y+4z7=-3. 2X+3y—-22=2.
X+y—-2=0 3X +4X, + X, +2X, =3 2% + 17X, +3%X,+X, =6
16. <2x+4y—-2z=4 17.5 6X +8X,+2X,+5X, =7  18. 13X +5X, +2X, +2X, =4
3x+5y—-3z=4. 9%, +12x, +3x, +10x, =13 X, +4X, + X, +7X, =2
2X, +5X, —8x, =8 X +X, +2%,+X, =1 Xy + 2, x5+ 20, = 1
19 4% +3x,-9%, =9 20 3%, — X, — X, —2X, =—4 ’1 X1+ x, +2x3+x, =1
2% 43X, =5%, =7 | 2% 43X, — X, =X, =7 Xt 2%t x3tx, =1
X1+8X2_7X3212 X1+2X2+3X3—X4:—4 le+x2+x3+x4:1

II. Giai va bién luin cic hé phwong trinh tuyén tinh sau

X+y+z=0 X+2y—-22=2 4X+3y+z2=7
1 ix+2y-mz=1 2. 33X+7y—2=5 3. 92X+4y—-2z=m+7
2X+3y+2z=1. 2X+4y+mz="7. X+2y—z=4.
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A4Xx+3y+z2=7 X+2y—-22=2 2X+2y—2=3
4. <2X+4y-2z=m+7 5. 43x+7y—-z=5 6. {2X+5y—-2z2=7
X+2y—z=4. 2X+4y+mz="7. 6X+6y—3z=2m+1.
(m-7)x+12y—-6z=m 2x+3y-z=1 X+ 2% + Xy =1
7. {10x—(M+19)y +10z=-2m 8. <4x+7y+2z=2 9. 42X, +5X,+3%;=5
12x—24y—(m-13)z=0 8x+12y+(m+6)z =5. 3%, +7X, +m’x, =6
X+2y— 220 2X, + X, + X+ X, =1 2X =X, + X3 —2X, + 3%, =3

+2X, — X, +4x, =2 +X, =X =X, + X =1
10.{2x+4y—-5z=1 11. (TR TN T, 12y TRTRTATS

3x+ 6y mz=1 X, +7X, —4%X; +11X, =m 3X, 4+ X, + X, —3X, +4X, =6

4%, +8X, —4X%, +16X, =m+1 SX + 2%, —5X, + 7%, =9-m

II. Pinh gia tri ciia tham so6

1. Pinh m dé hé phuong trinh c6 nghiém duy nhit :

X+2y+(mM-5)z=2 X+my+z=m
a) 12x—y=1 b) <x+2y+2z=1
(5-m)x+y+(m-5)z=6. 2x+(M+2)y+(m?+2)z=m?+m.

2. Pinh m dé hé phuong trinh ¢6 v6 s6 nghiém:

X+2y+(7-m)z=2 2X+4y+2(7-m)z=4 X+my+z=m
a) < 2x+4y-5z=1 b) 12x+4y-5z=1 C) «X+2y+2z=1
5X+10y+(m-5)z =4. 5x+10y+(m-5)z =4. 2X+(M+2)y+(m?+2)z=2m.
3. Pinh m dé hé phuong trinh sau vo nghiém:
X+my+z=m X+my+z=m X+my+z=m
a) {X+2y+2z=1 b) s x+2y+2z=1 C) «X+2y+2z=1
2X+(M+2)y+z=m+2. 2X+(M+2)y+3z=m+2. 2X+(M+2)y+z=m+2.

4. Pinh m dé h¢ phuong trinh sau c6 nghiém:

2X+3y—-z=1 2x+3y—-z=1
a) 14x+(M+5y+(M-3)z=m+1 b) 14x+(M+5)y+(M-3)z=m+2
8x+12y+(m—-4)z=m+4. 8x+12y+(m—-4)z=m+4.

mx+y+z+t=1

. . X+my+z+t=1
5. Cho h¢ phuong trinh sau (véi tham sO meR) :
X+y+mz+t=1

X+y+z+mt=1
a) Tim gia tri cia m dé hé phuong trinh c¢6 nghiém.
b) Tim gia tri cia M dé hé phwong trinh ¢6 v6 sé nghiém.

6. Xac dinh gia tri ciia a € R dé hé sau c6 nghiém khong tam thuong
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ax—-3y+z=0
2X+y+2=0
3X+2y-2z2=0

X+y+z=m

7. Cho hé phuong trinh sau (v&i tham s6 meR)

mx+y+z=1
X+my+z=1

X+y+mz=1

Tim gia tri cia m dé hé phuong trinh c¢6 nghiém duy nhat. (BS: m=-3)

So @6 giai va bién luan hé phwong trinh tuyén tinh

detA #0

Tir diéu kién nay néu tim dwoc m thi thé
nguoc lai phuwong trinh, dung phuong
phdp Gauss dé giai. Néu khong tim
diege m thi bat buge ding r(A),r(A)

Hé c6 nghiém duy nhat. Cé thé ding
cong thirc nghiém Cramer hodc dung
phuong phap Gauss.

r(4) # r(A)

AX =B
A(m X n)

Hé vo nghiém

| AX =B #0 Tinh

A(m X n) r(4),7(4)

detA =0
S| AX=B#0 |l 111 det 4
A(n X n)

Hé co vo s6 nghiém phu thuge

r(Ad) =r(d) =r n — r tham s6. Diing phirong

phap Gauss gidi.

Hé ¢6 v6 s6 nghiém. Tir ddy tim
dwoc m. Dung pp Gauss dé giai.

Hé cé duy nhat mét
nghiém tam thwong.

detA =0
m=n
AX=B=0
9
A(m x ) detA # 0
Hé luén c6 it nht
mot nghiém la m<n
nghiém tam thuong
m#n
m>n

Héco vo so nghiém phy thuge n — r(A)
tham so. Dung pp Gauss gidi.

Dung pp Gauss, dwa vé
hé moi.
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