Bai giang Toan cao cip Al Chwong 3 - Khong gian Vecto

Chwong 3 - KHONG GIAN VECTO'

DPoi tuong ban dau cua mén Pai sb tuyén tinh 1a viéc giai va bién luan cac hé
phuong trinh tuyén tinh. Tuy vy, dé c6 thé hiéu thiu dao diéu kién dam bao cho
mot hé phuong trinh tuyén tinh c6 nghiém va cau trac nghiém cia né, ngudi ta da
dua ra khai niém khéng gian vecto va khai niém nay da tré thanh mot trong nhirng
try cOt ciia mon Dai sb tuyén tinh. Khong gian vecto sau d6 da dugc sir dung phd
bién trong rat nhiéu linh vuc cia toan hoc. O ddy ching ta chi nghién ciru mot loai
khéng gian vecto phd bién nhat 13 R™.

3.1. Khai niém khong gian vecto R"

3.1.1. Tap hop R"
a. Pinh nghia tap hop R"

Mot bo gém n sd a, s, ..., a, cO thir tw dugc ki hiéu 13 (a4, a,, ..., a,). Tap hop tat
ca cac bo n s6 c6 thtr t duoc ki hidu 1a R™. Nhu vay

R™ = {(a,,a,, ...,a,)|a; ER,i =1, ...,n}.
Vidu1: (1,-1),(0,2) € R? vaR? = {(ay,a,)|a,,a, € R}.
(1,_1, 3), (O, 2, _2) E R3 Vé. R3 - {(Cll, az, a3)|a1, az, a3 E R}

Véi hai phan tir « = (ay,ay, ..., a,), 8 = (by, by, ..., b,) € R™. Ta dinh nghia a = 8
khi va chikhi a; = b;,Vi =1, ..., n.

Vidu2: Xét R*choa = (1,x+1,2,-1),=(1,2,2,y — 1). Timx,y & a = .
Papsd:x =1,y = 0.
Bons6 0, (0,0, ...,0), dugc goi la phan tiz khdng, ki hiéu 12 6.

Cho phan tt @ = (ay, ay, ..., a,) thi phan tt (—a,, —a,, ..., —a,) duoc goi 1a phan ti
doi cua a, ki hiéu —a.

b. Hai phép toan

Xét R™ va hai phan tr & = (ay, ay, ..., a,), 8 = (by, by, ..., b,) € R™ k € R. Trong
R™ ta xac dinh hai phép toan sau:

Phép cong: a + B = (a; + by, a, + by, ...,a, + by).
Phép nhan v6 huéng: ka = (kay, ka,, ..., ka,).
Vidu3:Choa = (1,-1,3),8 = (0,2, —2) € R3.Khi d6
a+pB=01,-1,3)+(0,2,-2)=(14+0,—-1+2,3+(-2)) =(1,1,1).
2a = (2,-2,6); (—1)B = (0,—2,2).
3.1.2. Pinh nghia khong gian vecto R"

Tap hop R™ cung hai phép toan trén thoa méan 8 diéu kién dic trung sau:
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1. Phép cong c6 tinh két hop: véi moi @, B,y € R*thia+ (B +y) = (@ +B) + 7.
2. Phép cong co tinh giao hoan: véi moi a, f e R*thia+ = + a.
3. Phan tir khong, 6 cd tinh chat: véi moia € R*thia +60 =0 + a = a.
4. V&i moi @ € R™ phan tir d6i - a ¢6 tinh chat:
a+(—a) =(—a)+a=0.
5. V/6i moi k € R vamoi a, B € R™ thi k(a + B) = ka + kB.
6. V&i moi k,l € Rvamoi a € R™ thi (k + Da = ka + la.
7.V&imoi k,l € Rvamoi a € R™ thi (kD)a = k(la).
8. VGi moi a € R™ thi 1a = a.

Khi d6 R™ duoc goi la khong gian vecto trén truong R (hoac don gian 1a khong gian
vecto (KGVT)).

Cha y: i) Hai diéu kién 5 va 6 1a tinh chat phép nhan phan phdi v4i phép cong.
i) Khi R™ 1a mot KGVT thi mdi phén tor thuoc R™ duogce goi 1a mot vecto.
3.1.3. Cac tinh chit co ban
Xét khong gian vecto R™.
1. Vecto 8 1a duy nhat. V&i mdi vecto @ thi vecto ddi - a ciing 1a duy nhét.
2. Phép cong cd luat gian uéc: véi moi a, B,y E R, néua+B =a+ythig =v.
3.Vsimoi k e Rvamoia € R*"thi k@ = 6,0a =0,(—1)a = —«a.
4,.V6ik € Rvaa € R" ma ka = 6 thi k = 0 hoiac a = 6.
5. V6ia e RYa #0,k,le Rthika =la o k =1L.
6. Vi moi k € Rvamoi a € R" thi (—k)a = k(—a) = —(ka).
3.2. Poc lap tuyén tinh, phu thudc tuyén tinh
3.2.1. Pinh nghia t6 hop tuyén tinh, biéu thi tuyén tinh
Xeét khong gian vecto R™, a4, a5, ..., @, la cac vecto cia R™ (con goi 1a hé vecto).

® MGt 6 hop tuyén tinh cla céac vecto a4, ay, ..., &, 1a mot bi€u thuc c6 dang

n
Z kia; = kiay + kyo, + -+ ko, k; €ERiI=1,...,n.

=1
® Vecto B € R™ duoc goi 1a biéu thi tuyén tinh (BTTT) duoc qua hé vecto

@y, Ay, ..., &, Néu tOn tai cac sd kq, ko, ..., k,, € R sa0 cho

ﬁ = klal + kzaz + -4 knan.
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Ttrc 1a phuong trinh vecto x,a, + x,a, + -+ + x, @, = B 6 nghiém.
Vi du 4: Trong khong gian vecto R* cho cac vecto
al = (11 01 _11 1)! aZ = (01 11 01 3)) a3 = (_1; 1; 1; 2)) B = (0) 2) O) 6)

Khi d6 2a; + a, — az, 30, — 2a, + 0as, 0a; + 3a, + 0a; 14 céc t6 hop tuyén
tinh cta cac vecto ay, a5, ..., ;.

Vip =0a; + 2a, + 0as nén  BTTT dugc qua hé vecto ay, a5, ..., a, (chUy la ta
con mét biéu thi tuyén tinh khac cia B qua hé vecto ay, ..., a, 1a f = a; + a, + a3).

Cha ¥
1. Mot dang thic f = ko, + kya, + -+ kya,, dugc goi 1a mot biéu th; tuyén

tinh hay (t6 hop tuyén tinh) caa B qua cac vecto @y, @y, ..., @,. Mot vecto co thé co
nhiéu biéu thi tuyén tinh khac nhau qua mdt hé vecto.

2. Tanoi hé (ay, ay, ..., a,) biéu thi tuyén tinh dwoc qua hé (By, By, ..., Bm) néu moi
vecto @;,i = 1,...,n, biéu thi tuyén tinh duoc qua hé (B, By, .., Bm)-

Vi du 5: Trong khong gian vecto R3 cho céc vecto
a, = (1,0,1),a, = (0,1,1),a5 = (1,1,0),a, = (2,-1,1)
a) Vecto B = (—1,2,3) c6 BTTT qua hé vecto a,, a,, a3 hay khdong?.
b) Vecto B = (—1,2,3) ¢c6 BTTT qua hé vecto a4, a,, a, hay khdng?
¢) Tim diéu kién dé vecto u = (ay, a,, az) BTTT qua hé vecto a, a,, as.

d) Tim diéu kién dé vecto u = (a,, a,, as) BTTT qua hé vecto ay, a,, a,.

Bai giai
xl+X3:_1
a) Xét phuong trinh x,a; + x,0, + X305 = f & { Xy +x3=2,
x1+x2=3
1 0 1] -1 1 0 1| -1 1 0 1| -1
A=10 1 1 2—10 1 1 2—10 1 1 2
1 1 0 3 0 1 -1 4 0 0 -2 2

Do rank A = rank A nén hé phuong trinh ludn c6 nghiém. Do d6 vecto § BTTT qua
hé vecto a4, @,, a3. Hon nira ta tim dugc x; = 0,x, = 3,x3 = —1.
Do d6 f =0y + 3a, — a;.

x1 + X3 = _1
b) Xét phuong trinh x; a1 + x,0, + X304, = f & { Xp+x3=2 .
2X1 — X2 +x1 = 3

1 0 1] -1 1 0 1] -1 1 0 1] -1
A=]0 1 1 2|—10 1 1 2[— (0 1 1 2
2 -1 1 3 0 -1 -1 5 0 0 O 7
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Do rank A < rank A nén hé phuong trinh v6 nghiém. Do d6 vecto 8 khong BTTT
qua hé vecto a4, a5, as.
X1 + X3 = Qq

¢) Xét phuong trinh x;a; + x,a, + X303 = u & {xz + x3 = a,.
x1 + xZ = a3

B 1 0 1| &4 1 0 1 a, 1 0 1 a;
A=|0 1 1| a2]— |0 1 1 a, — 10 1 1 a,
1 1 0l as 0 1 —-11 az—a, 0 0 =21 a3—a; —Aa;

Do rank A = rank A nén hé phuong trinh luén cé nghiém. Do d6 vecto u luén BTTT
qua hé vecto a4, a,, as.
X1 +x3=aq
d) Xét phuong trinh x;a; + x5, + X304, = U & { X, + X3 = a,
le_xZ +x3 - a3

1 0 1] a4 1 0 1 a; 1 0 1 a,
0 1 1| a2|— 10 1 1 a, — |0 1 1 a;
2 —1 11 as 0 -1 —-1las3—2a 0 0 0l az—2a;+a,

u biéu thi tuyén tinh a4, a,, a3 khi va chi khi hé phuong trinh trén c6 nghiém, tuc l1a
rank A = rank A < a; — 2a; + a, = 0 © 2a, = a, + as.

Nhan xét: Dé xét vecto 8 ¢c6 BTTT dugc qua hé vecto ay, @, ..., @, hay khong trong
R™ thi ta 14p ma trin 4 véi cac cot 1a cac vecto ay, @y, ..., &y, COt bd sung 1a vecto B,
réi tim rank A. Néu rank A = rank A4 thi vecto 8 BTTT duoc qua hé, hon nita ta tim
dugc dang thire bidu dién (cac hé sé cla @y, ay, ..., a, trong biéu dién chinh 13 nghiém
ctia hé phuong trinh tuyén tinh).

Vi du 6: Trong khong gian vecto R* cho hé vecto
a,=(1,1,1,1),a = (2,3,-1,0),a = (-1,-1,1,1),a, = (1,2,1,—1)
a) Vecto B = (1,2,2,3) c6 BTTT qua hé vecto a4, a,, a3 hay khdng?.
b) Tim diéu kién dé vecto u = (ay, a,, as, a,) BTTT qua hé vecto ay, a,, as.

¢) Tim diéu kién dé vecto u = (a4, a,, az, a,) BTTT qua hé vecto aq, a,, as, ay.

Bai giai
1 2 -1]1 1 2 -1 1] 1 2 —-1]1
|1t 3 =11 2 0 1 01 01 o0f1
1 -1 1] 2 0 -3 2|1 0 0 2|4
1 0 113 0 -2 21 2. 0 0 214
1 2 1|1
01 O0f1
_)
0 0 2| 4
0 0 O0lO
Do d6 B biéu thi tuyén tinh @4, @,, a3 hon nita § = a; + a, + 2as.
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1 2 =1 &4 1 2 -1 a,
- |1 3 —1] a4 0 1 0] a —aq
b) A = 1 -1 1| a3 0 2| as—ay
1 0 11 a4 0 21 s —aq
1 2 -1 1 2 -1 a;
N 0 1 0 a, —a N 0 1 0 a, —aq
0 0 2| az + 3a, —4a4 0 0 2 as + 3a, — 4a,
00 2| a,+ 2a, —3a, 00 0l as—az—a; +ay

u biéu thi tuyén tinh @4, a,, a3 khi va chi khi hé¢ phuong trinh trén cé nghiém, tic 1a
rankA=rankA < a,—a;—a, +a, =0 a, + a; = a; + a,.

1 2 -1 1| a 1 2 -1 1 a
- 1 3 -1 2] a 0 1 0 1| a—-—a
C)A = — _
1 -1 1 1| a3 0 —3 2 0 as — a,
1 0 1 -1l a4 0 2 4 4
1 2 -1 1 1 2 -1 a,
o1 o1 az—a1 01 0 a, —a,
00 2 3|as+3a;—4a| 0 0 2 as +3a, — 4a,
0 0 2 0| a4+ 2a, —3a, 0 —3 a, —az —a, +a,

Do rank A = rank 4 nén hé phuong trinh luén c6 nghiém. Do dé vecto u luén BTTT

qua hé vecto a4, a,, as, a,.
Vi du 7: Trong khong gian vecto R cho hai hé vecto
a, =(1,2,1),a, =(2,-2,1),a3 = (3,2,2)
pr=01,1,1),6,=(1,10),8; =(1,0,0)
Hé (U) c6 biéu thi tuyén tinh dugc qua hé (V) hay khdng?.

)
).

Bai giai

Ta lan luot kiém tra 3 phuong trinh vecto sau c6 ngiém hay khong

X101 + X0, + x303 = B, (HE 1)
Y10y + Y, + ysaz = f, (HE 2)
Zlal +Z2a2 +23a3 = ﬁ3 (Hé 3)
Ta s& xét chung ma tran chia khi sau:
1 2 31111 1 2 31 11 1] 1
2 -2 2110 —>++-—>10 -1 -1 O|-1|-1}|.
1 1 2111010 0 0 21—11 51 4

-1 1 3

Hé 1 c6 nghiém x5 = X2 =5, X1 =3

H¢ 2 c6 nghiém y; = g,yz = _73,3/1 ==

Hé¢ 3 c6 nghiém z3 = 2,2z, = —1,z; = —3.
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Vay (U) biéu thi tuyén tinh dwoc qua hé (V). Hon nita

3 1 1 5 3 7
pr = PR +§a2 _E%lﬁz T T 5% _§a3»ﬁ3 = —3a; —a; + 2a;3.

3.2.2. Pinh nghia ddc 1ap tuyén tinh, phu thudc tuyén tinh
Cho a4, a5, ..., a,, 1a mot hé vecto cua R".
® Hé vecto aq, @y, ..., &, duge goi 13 hé vecto phu thudce tuyén tinh (PTTT) néu ton tai
cac s6 thuc ky, k, ..., k,, khong ddng thoi bang 0 sao cho
kia, + kyay, + -+ kpa, = 0.
Tuc 1a phuwong trinh vecto x;a; + x,a, + -+ + x,a, = 6 c6 nghiém khac (0,0, ...,0)

® H¢ vecto a4, ay, ..., a, dugc goi 1a hé vecto doc lap tuyén tinh (PTTT) néu nd khong
phu thudc tuyén tinh. Noi cach khac hé a4, ay, ..., @, PLTT khi va chi khi:

Néu kyaq + kyay + -+ ko, =0 véi k; €R,i =1,..,nthi a; =0 véi moi i.
Tuc 14 phuong trinh vecto x,a; + x,a, + - + x,a, = 6 cb nghiém duy nhat 1a
(0,0, ...,0).

Vi du 8: Trong khong gian vecto R* hé vecto sau 1a DLTT hay PTTT?.
a, = (1,0,1,1),a, = (0,1,2,3), a5 = (1,2,3,4).
Bai giai
Xy +x3=0

x2+2x3=0

Xét hé phuong trinh vecto x;a; + x,a, + X303 = 0 & Xy + 2, + 3%, = 0
xl+3x2+4‘X3 :0

1 1 0 1
0 1 2
O 0 2
1 3 3 0 O

Do rank A = 3 nén h¢ c6 nghiém duy nhét 13 nghiém tam thuong (0,0,0).

—_
(e}

Il

_ O M
N = O
N
N = O
NN =

Ma tran hé so A

w
(@]

w

Vay hé vecto trén DLTT.
Vi du 9: Trong khong gian vecto R3. H¢ vecto sau 1a DLTT
a; = (1,0,0), a, = (0,1,0), a3 = (0,0,1).
Tong quat: Trong khong gian vecto R™. Hé vecto sau 1a doc lap tuyén tinh
a, = (1,0,..,0),a, = (0,1, ...,0), ..., &, = (0,0, ...,1)

Nhan xét: Bé xét hé m vecto ay, ay, ..., a,,, PLTT hay PTTT trong R™ ta lap ma tran
A v6i cac cot 1a cac vecto ay, @y, ..., &,y rOI tim rank A. Néu rank A = m (s6 vecto) thi
hé BPLTT, néu rank A < m thi hé PTTT.
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Néu A4 1a ma tran vudng thi hé vecto PLTT khi va chi khi A khong suy bién.
3.2.3. CAc tinh chit co ban
1. Hé chtra vecto 6 lubn PTTT.

2. Hé gém 1 vecto PTTT khi va chi khi d6 1a vecto 6, hé gébm 2 vecto PTTT khi va
chi khi 2 vecto do ti 1€.

3. Néu mot hé DLTT thi hé con cia nd ciing BLTT.
4. Mot hé chtra hé con PTTT thi PTTT.

5. H¢ vecto ay, ay, ..., a, PTTT khi va chi khi c6 mdt vecto c6 mot vecto trong hé¢
biéu thi tuyén tinh qua céc vecto con lai cia hé.

6. Néu hé vecto ay, @y, ..., a, DLTT thi hé vecto aq,a,, ..., a,, f DLTT khi va chi
khi 8 khong biéu thi tuyén tinh duoc qua hé ay, ay, ..., ay,.

3.2.4. Hang cia mot hé vecto
a. Hé vecto twong duwong

Trong khong gian vecto R™, cho hai hé vecto (@) ay, ay, ..., a, Va (B) B, B2 ) Bn-
Ta noi hé (@) fwong dwong véi hé (B), ki hidu (a)~(B), néu (@) BTTT dugc qua hé
(B) va nguoc lai.

Vi du 10: Trong khong gian vecto R3, xét hai hé vecto
a, = (1,0,0),a, = (0,1,0), a3 = (0,0,1) ()
pr=(1,1,1),8,=(1,10),p5 =(1,0,0) (B

Khi @6 (a)~(B).

b. Hé con ddc 1ap tuyén tinh toi dai ciia mdt hé vecto

Trong khéng gian vecto R", cho h¢ vecto (@) a;, @, ..., a,. Hé con a; , a;, ..., @;
ctia hé (a) dugc goi 1a hé con dbc Idp tuyén tinh téi dai ctia hé (@) néu q; iy e, @
DLTT va moi vecto a; ciia hé (@) déu BTTT duoc qua hé Qi Uiy oees A

Nhan xét:

i) M6t hé vecto ¢ thé c6 nhiéu hé con doc 1ap tuyén tinh tdi dai.

ii) Hé con doc 1ap tuyén tinh tdi dai twong duwong véi hé vecto do.

c. Hang ctia mot h¢ vecto

Bo @& (bd dé co ban vé sy doc 1ap tuyén tinh): Trong khong gian vecto R™, cho hai
hé vecto (a) aq, s, ...,y VA (B) By, Bz, ) Bm. Néu hé (a) DLTT va BTTT duogc
qua hé (B) thin < m.

Tir bo dé trén suy ra ngay hai hé vecto DLTT tuong dwong thi c6 sd vecto bang nhau.
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Hé () c6 thé c6 nhiéu hé con doc lap tuyén tinh tdi dai khac nhau. Tuy nhién tit ca
cac hé con ddc lap tuyén tinh t8i dai déu tuong duong voi nhau. Do do tat ca cac hé
con ddc lap tuyén tinh tbi dai déu c6 sd vecto béng nhau. S d6 duoc goi la hang cua
hé vecto a,, @y, ..., &, ki hiéu rank {a,, a5, ..., @, }. Nhu vay ta co

rank {a;, &, ..., @, } = S6 vecto cuia hé con DLTT tbi dai cta hé ay, ay, ..., &y,
d. Cach tim hang, hé con déc 1ap tuyén tinh tdi dai cia mot hé vecto trong R"
Trong R™ cho hé vecto a, = (all, A1, ey aln)

a, = (az1,azz, s Azp)

Ay, = (A1, Qs oo s Q) -
bé tim hang va h¢ con ddc 1ap tuyén tinh t61 dai cia h¢ a4, a, ..., a,, ta lam nhu sau:
® Liap matran A 1a ma tran dong cia céac vecto a4, ay, ..., Oy

i ot Qqp
A= ) :

Am1 " Omn
® Bing cé4c phép bién doi so cap trén dong, dua ma tran A vé dang bac thang. Khi d6
rank {a,, a,, ..., a,} = rank A.

H¢ con doc 1ap tuyén tinh té1 dai cta h¢ a4, ay, ..., @, gdm cac vecto ung vl cac
dong khac khong cia ma tran bac thang.

Vi du 11: Trong khong gian vecto R® cho hé vecto
a, =(3,2,0,1),a, =(4,1,0,2),a5 = (3,1,—-1,0),a, = (1,0, 1, 2).

Tim mdt hé con doc doc lap tuyén tinh t6i dai va hang cua h¢ vecto trén.

Bai giai
32 0 11() 10 1214 10 1 214
a-l41 02(@_f41 02{@_ |01-4-6{Q)
3 1-1 0[®) 31-10{®) 0 1-4-6{0Q)
10 12l@ 32 0 1l 0 2 -3 =511

10 1 214 10 1 214

|01 -4-6[(2_ [01-4-6[()

00 0 0|® 00 5 7|

00 5 7/ 00 0 0l

Vay rank {a,, a,, as, a,} = rank A = 3.
Hé con PLTT tdi dai ctia ay, @y, as, ay 1a {ay, a,, a,} (c6 thé ra két qua {ay, as, a,}).

3.3. Khong gian vecto’ con, co’ sé& va so chiéu
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3.3.1. Pinh nghia va cac vi du
a. Pinh nghia

Tap con L (khac ¢) ctia R™ duoc goi 1a khdng gian vecto con cua R™ néu thoa hai
diéu kién sau:

1. Véimoix,ye L tacox+y€EL.
2. V6imoi k € Rvamoi x € Lthi kx € L.
Chuy:
i) Diéu kién 1 duoc goi la dong kin dbi v6i phép cong, diéu kién 2 duoc goi 1a dong
kin doi véi phép nhan vo hudng.
i) Hai diéu kién trén twong duong véi diéu kién sau:
Voimoi k,l € Rvamoix,y € Uthikx +ly € U.
b. Cac vi du

1. {6} va R™ la cac khong gian vecto con cua R™. Pugc goi 1a khong gian vecto con
tam thuwong ciia R™.

2. Tap hop tat ca cic nghiém cua mot hé phuong trinh tuyén tinh thuan nhat (n
phuong trinh n an) 1a khong gian vecto con cta R™.

3. Tap A ={(ay,a;, ...,ay)|a; + ay + -+ a,, = 0} € R™ la khong gian vecto con
cia R™. Tap B = {(a,ay, ...,ay)|a; + a, + -+ a, = 0} € R™ khong la khdng gian
vecto con cua R™.

3.3.1. Co sd, so chiéu ciia khong gian vecto con
Cho L la khong gian vecto con cia R™ va hé vecto a4, ay, ..., @, Cua L.

® Hé vecto ay, @y, ..., &y, duoc goi 1a mot hé sinh cua L néu moi vecto cua L déu
BTTT duoc qua hé a4, ay, ..., ay,.

® Hé vecto ay, @y, ..., &y, duoc goi 1a mot co sé ctia L néu no 1a hé sinh cua L va 1a hé
bLTT.

e Tir dinh nghia thi hai co s& bat ki cua L déu twong duong va DLTT, do d6 ching c6
sb vecto bang nhau. S6 d6 dugc goi 12 sé chiéu cua L, ki hiéu 1a dim L. Nhu vay
dim L = S6 vecto ctia mot co so bat ki cua L.
Néu L = {8} ta quy uéc dim L = 0. Néu dim L = m ta c6 thé goi L 1a khdng gian
vecto con m chiéu.
Vi du 12: Hé vecto a; = (1,0,0), a, = (0,1,0), a3 = (0,0,1) 1a mot co s& cua R3.

Do d6 dim R® = 3. Ban doc thtr kiém tra hé sau cling 13 mét co s cua R3

ﬁl = (11011)! ﬁZ = (111!0)1 ﬁS = (0!1!1)
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Tong quat: Xét khong gian vecto R™. Hé vecto
al = (1101 "'IO); az = (0;1; '";0); ey an = (0;0; --';1)
12 mot co s ciia R™, goi 12 co s chinh tdc ciia R™, ki hiéu E, vatacd dim R™ = n.

Pinh ly (dic trung ctia co s6): Mot hé vecto 1a co sd cua khong gian vecto con L Khi
va chi khi moi vecto ctia L déu BTTT duy nhét qua hé nay.

Pinh ly: Néu L 1a khong gian vecto con cia R" thi dimL < dimR" va dimL =
dim R™ khi va chi khi L = R™.
3.3.2. Tinh chit co bin ciia khong gian vecto hiru han chiéu

Cho L 1a mét khong gian vecto con hitu han chiéu, dim L = m. Khi do:

1. Moi hé vecto c6 nhiéu hon m vecto déu PTTT.

2. Moi h¢ c6 m vecto DLTT déu 14 co s¢ cia L.

3. Moi hé c6 m vecto 13 hé sinh cua L déu 1a co so cua L.

4. Moi hé DLTT c¢6 k vecto déu c6 thé bo sung thém m — k vecto dé tro thanh co so.

Cha y: T tinh chat 2 va 3 néu biét dim L = m thi dé chitng minh mot hé m vecto 1a
co s& cua L ta chi can chtiing minh h¢ do6 1a hé¢ PLTT hodc hé sinh.

3.3.3. Mot s6 khong gian con dic biét
a. Khong gian giao va khong gian tong
Dung tiéu chuin khong gian vecto con, ta dé dang kiém tra duoc cac két qua sau:

® Néu 4, B 1a cac khong gian vecto con ciia R™ thi A N B ciing 1a khong gian vecto con
ciia R™. Tong quat, giao ciia mot ho tuy ¥ cac khong gian vecto con cia R™ 1a mot
khong gian vecto con cua R™.

® Cho A, B 1a cac khong gian vecto con cua R™, ta dinh nghia tap hop:
A+B={a+bla€eAbeB}SR"
(xeA+B<x=a+bvéia€AbeEB)

Khi d6 A + B 1a mot khong gian vecto con cua R™, dugc goi 1a khong gian téng cua
cac khéng gian con A va B.

Lién quan dén s6 chiéu cta khong gian giao va khong gian tong ta cé dinh 1y sau.
Pinh ly: Néu 4, B 1a cac khong gian vecto con cia R™ thi
dim(4 + B) = dimA + dim B — dim(4 N B).
b. Khdng gian con sinh béi mgt hé vecto
Cho a4, ay, ..., a,, 1a mot hé vecto ciia R™. Ta dinh nghia

(a1, Az, oo, ) = {x = kyay + kyay + -+ kpaglk; € R i =1,..,m} € R™
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Dung tiéu chudn khdng gian vecto con, ta thiy ngay (a,, &y, ..., @) 12 khdng gian
vecto con cua R™. Khéng gian nay goi la khGng gian con cta R" sinh bdi hé vecto
ay, dy, ..., &y (hay con goi 1a bao tuyén tinh ctia hé vecto ay, dy, ..., &)

Nhan xét:

i) Tur dinh nghia, ta c6 a4, @y, ..., &, chinh la mdt hé sinh cta khdng gian vecto con
(@1, ay, ..., Ay). BOi vy, moi hé con doc 1ap tuyén tinh t6i dai cua hé ay, ay, ..., ap,
déu 1a hé sinh, do d6 14 co sé cua khéng gian vecto con {ay, &y, ..., ).

”) NéU A= (al, a,, ...,am), B = <ﬁ1’ 32, ""ﬁk> th‘l A + B = <a1, vy Ay Bl’ ""ﬁk>'

Cha y: Ta chimg minh duoc {ay, @y, .., @,,,) 12 khéng gian con bé nhét (theo quan hé
bao ham) chtra h¢ a4, ay, ..., .

Vi du 13: Trong khong gian vecto R* cho céc vecto
a, =(1,2,1,1),a, =(3,6,5,7),a5; = (4,8,6,8),a, = (8,16,12,16)
B =01,2,2,3),8,=(2,55,6),5; =(3,7,7,9), B, = (6,14,14,18)
bat U = (ay, az, az, as), W = (B1, B2, B3, Ba)-

Xéc dinh co so va sé chiéu caa cac khong gian vecto con U, W, U + W.

Bai giai
12 1 1] 1211]
36 5 7 0024
A= —
4 8 6 8 0000
8 16 12 16} 0000.
12 2 3] 1223]
25 5 6 0110
B = —
37 7 9 0000
6 14 14 18 0 00O0.

Vay U =((1,2,1,1),(0,0,2,4)), W = ((1,2,2,3),(0,1,1,0)).
dimU = 2 vamdt co so 1a (1,2,1,1), (0,0, 2, 4).
dimW = 2 vamét co sé 1a (1,2,2,3), (0,1, 1, 0).

Nhuvay U + W = ((1,2,1,1),(0,0,2,4),(1,2,2,3),(0,1,1,0))

1211 1211
0024 0110
C = —
1223 0012
0110 0000
Vay dim(U + W) = 3vamétcosdla(1,2,1,1),(0,1,1,0),(0,0,1, 2).

c. Khong gian con cac nghi¢m ciia h¢ phwong trinh tuyén tinh thuin nhat

Cho hé phuong trinh tuyén tinh thuan nhat gdm m phuong trinh va n an
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a11X1 + A%, + -+ agx, =0
a21x1 + azzxz + -+ aann = 0

(D
Am1X1 T QpaXy + o+ QX = 0
M&i nghiém cta hé (I) c¢6 thé xem nhu 13 mot vecto trong khéng gian R™. Dung tiéu
chuin khong gian vecto con ta c6 thé dé dang ching minh duoc S, tap tit ca cac
nghiém cua hé (1), l1a khong gian vecto con cua R™. Khong gian vecto con nay dugc
goi 1a khong gian con cdc nghiém cta hé ().

Ki hiéu r = rank A thi dimS = n — r. Co s6 cua khéng gian nghiém S cta hé (1)
chinh Ia 1a hé nghiém co ban ctia hé (I).

Vi du 14: Tim co s& va sb chiéu cia khdng gian nghiém S cta hé phuong trinh
Xy +2x; +2x4, +x5=0
2X1+4x2 +X3 +3x4 == O

3x; +6x; +2x3+3x4 +x5 =0
x1+2x2+x3+x5 =0

1

0

0

0

12021 20 120 2 1 120 2 1

24130 01 1—2 001-1-2 001 -1-2
A= — —

36231 02 -3 -2 000 -1 2 000-1 2

12101 01-2 0 000 -1 2 000 0 O

Ta théy rank A = 3, hé c6 vo sd nghiém phu thudc hai tham sb X5, Xs. H¢ trén tuong
duong vai hé sau

x; + 2%, + 2%, + x5 =0 X1 = 2% = 5%
— X3 = 4x;s
X3—x,—2x; =0 &
—x4 +2x5 =0 X4 = 2Xs
4 > X, Xs € R

* Chox, =1,xs =0,tacdx; = —2,x3 = 0,x, = 0, ta dugc nghiém
a, =(—2,1,0,0,0)
* Cho x, = 0,xs = 1taco x; = —5,x3 = 4,x, = 2 ta dugc nghiém
a, =(-5,0,4,2,1)
Vay dimS = 2 vamétcosdlaa, =(—2,1,0,0,0),a, = (-5,0,4,2,1).
Nhan xét: Néu A 1a khong gian nghiém cua hé phuong trinh
A1X1 + ayxp + o+ agx, =0
Ay1X1 + AypXy + -+ Aypx, =0
AmiX1 + QpaXy + -+ Qnxy, = 0

va B la khong gian nghiém ctia hé phuong trinh
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b11x1 + blzxz + e + blnxn == 0

b21x1 + bzzxz + -+ bann = 0

bk1x1 + bkzxz R bknxn =0
Khi d6 A N B chinh 1a khong gian nghiém cua hé phuong trinh
( Q11X + A%y + o+ aypXy, =0

Am1X1 + ApaXy + -+ QX = 0
b11x1 + b12x2 + -+ blnxn == 0 )

A

\ bk1x1 + bkzxz + -+ bknxn - 0

Cha y: Trong khéng gian R™, néu A 1a khdng gian nghiém cua hé phuong trinh tuyén
tinh thuan nhat thi sau khi tim dugc co so cua 4, ta s& chuyén A vé dang khéng gian
con sinh bai mot hé vecto. Nguoc lai, néu A = (ay, ..., a,,), thi vecto x = (x4, ..., X,)
thuoc A khi va chi khi phuong trinh vecto k;aq + kya, + -+ + kja,,, = f ¢6 nghiém.
Tim diéu kién cua xy, ..., x, dé phuong trinh c6 nghiém (giong BTTT qua hé vecto),
tap hop cac diéu kién nay 1a mot hé phuong trinh tuyén tinh thuan nhat. Khi d6 A l1a
khong gian nghiém ciia hé phuong trinh tuyén tinh thuan nhét nay.

Vi du 15: Trong khong gian vecto R* cho cac vecto
a; =(1,-1,0,1),a, = (1,1,1,0), a5 = (2,0,1,1)
Pit A = (a,, a,, a3). Hay chuyén A vé dang khong gian nghiém.
Bai giai
Gia st x = (xq, x5, X3,X,) € A. Xét phuong trinh k a; + kya, + ksa; = x

k1+k2+2.X3:xl

—k1+k2=x2
k2+k3:x3
k1+k3=X4

112] % 112 X1
A= -1 101X 022 X1+ %,
= —

011] %3 000 2x3 =X — X,

1011 X4 000] —xX1+x3+x4

2X3—x1—X2=O

A 3 A 14 A ¢ A — _@ .
Hé phuong trinh trén c6 nghiém, tirc la rank A = rank A {—X1 s+, =0
Do d6 diéu kién can va dit dé x = (xy, x5, x X)EA|3{2x3_x1_x2:O

o do diéu Kién can va du dé x = (xq, x, X3, Xy —x; x5+ %, =0

Vay A chinh 1a khong gian nghiém cia h¢ phuong trinh

{X1+x2—2x3=0
—X1+x3+x4=0'
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3.4. Toa dd cua vecto trong co’ s&

3.4.1. Pinh nghia va cac vi du
a. Dinh nghia

Cho KGVT n chiéu R, (a) ay, ay, ..., @, 1d mot co so cia R™. Voi x € R™, khi d6 x
duogc viét duy nhit du6i dang

X =a,01 +aa, +--+a,a,,a, €ERiI=1,..,n

Bo s (ay, ay, ..., ) duoc goi 1a toa dé cua x trong co s (a) (a; duoc goi 1a toa do
thi i), ki hidu ¥/ ) = (a1,az, .., @), hofe

a,
a

V=7
a

n

b. Ma tran déi co sé

Trong KGVT R", cho hai co s6 (@) aq,ay,...,a, va (B) By, Lo, .., By. Khi d0 céac
vecto By, By, ..., By, duoc viét duy nhat duéi dang

P1= a0y + ajpa; + -+ agpan
B2 = az104 + az0; + -+ azpay,
ﬂn = Ap1Q1 + App 0y + -+ Appay

Ma tran cac hé sb chuyén vi, ki hiéu Typ, dugce goi la ma tran doi co so tir (a) sang
(). Nhu vay

a1 A1 = Apg
T = Q12 Qz2 =+ Qp2
aff — : : . :
Ain A2n " Ann

Tu dinh nghia T, 1a ma trdn kha nghich va Tg, = a_ﬁl.
c. Cong thirc d6i toa dd

Cho khong gian vecto R™, x € R™ va cac co sd (@) aq, @y, ..., @y, (B) Bi, Bz oovr Br-
Gia st x/(a) = (ay, a,, ...,an),x/(ﬁ) = (by, by, ..., by).

Khi d6 ta co [x]/(a) = Tup [x]/('[;), viét du6i dang ma tran:
a, a,
a, a,
B I
an an
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Cdng thirc trén cho phép tinh toa do cua x trong co sé (a) theo toa d6 cua x trong co

s6 (B).
Vi du 16: Trong khong gian vecto R® cho hai co s¢
a, =(1,1,1),a, =(-1,2,1),a5 = (1,3,2) (a)
B =(,0,1),6,=(1,10),5=(0,11) (B).
a) Tim ma trin ddi co so tir (@) sang (B).

b) Viét cong thirc tinh toa d6 cua vecto x € R3 trong co sé (a) theo toa do cua x
trong co so (B).

Hudng dan
a) Gia st
B1 = a1a1 + bya, + czaz (HE 1)
Bz = biay + x;a; + x305 (HE 2)
Bz = craq + ca; + cza3 (HE 3).

Ma tran cac hé s6 mé rong:

1 -1 1]111]0 1 -1 1] 1] 1]0

1 2 3|0|1{1{—--—1]0 1 11—-1| 1]0]

1 1 2011001 0 0 -—-11 21-=-3I1
H¢ 1 c6 nghiém a; = —2,a, = 1,a; = 4.

H¢ 2 c6 nghiém b; = 3,b, = —2,b; = —4.
Hé 3 co nghiém ¢; = —1,¢c, = 1,¢; = 2.

Viy ma doi co so tir (@) sang (B) 1a

4 —4 2
Tp=|1 -2 1
—2 3 -1

b) Gia su x/(a) = (x1»x2'x3)'x/(’3) = (Y1, Y2, ¥3)-

Cdng thue tinh toa do cta x trong co s& () theo toa do cua x trong co sé (B) la

X1 4 —4 211 X, =4y, — 4y, + 2y;3
Xl=| 1 -2 1||Yz2|hayy x; =y1 — 2y, +y; .
X3 -2 3 —11lys3 X3 =—2Y; + 3y, — y3

BAI TAP TRAC NGHIEM CHU'O'NG 3
Dang toan: Piéu kién t6 hop tuyén tinh.
1. Véi gia tri nao cia m thi @ = (1, m) 1a mot td hop tuyén tinh cia cac vecto

a, =(1,2),a, =(-1,1)
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Am=2 Bm=#=1 C.mtuyy D. Khong c6 gidtrim

2. Vi gi tri ndo cua m thi @ = (1, m) 1a mét t6 hop tuyén tinh cua cac vecto
a,=(1,2),a, =(-1,-2)

A.m=2 B.m=-1 C.mtuyy D. Khéng cé gia tri m

3. Véi gia tri ndo caa m thi @ = (3, m) 1a mot t6 hop tuyén tinh cta cac vecto
a,=(1,-1),a, =(-2,2)

Am=3 B.m= -3 C.mtuyy D. Khong c6 gidtrim

4. Vi gié tri ndo cua m thi a = (2,m) KHONG 1a mdt t6 hop tuyén tinh cua céc
vecto ay = (1,-2),a, = (—2,4)

A m=—-4 B.m# —4 C.mtuyy D. Khéng c6 gidtrim

5. Vi gia tri nao cua m thi a = (2,m) KHONG la mét t6 hop tuyén tinh cia cac
vecto a; = (1,—-2),a, = (0,1)

A m=—4 B.m=+ —4 C.mtuyy D. Khéng cé gidtrim

6. V&i gia tri ndo cia m thi @ = (2,1, m) 1a mot t6 hop tuyén tinh cia cic vecto a; =
(11 21 3); aZ = (OI 1l 2)

A m=20 Bm=6 C.m=12 D.m=-12

7. Voi gia tri ndo cua m thi @ = (1,m,—1) 13 mot to hop tuyén tinh cta cic vecto
al = (1; _11 2)! aZ = (1; _2; 3)

A.m=-1 B.m+* -1 Cm=2 D.m#2

8. Vi gié tri ndo cua m thi a = (1,0,m + 1) KHONG 13 mét t6 hop tuyén tinh cua
cacvecto a; = (1,1,3),a, = (1,-2,0)

Am=1 Bm=#1 Cm=3 D.m=+3

9. Vi gia tri ndo cia m thi @ = (1,2, m + 5) 1a mot t6 hop tuyén tinh cia cac vecto
a,=(1,1,2),a, = (2,3,5),a; = (-1,2,1)

Am=2 B.m= -2 C.mtuyy D. Khdng c6 gid tri m

10. Véi gia tri ndo cia m thi @ = (2,—1,m + 6) 1a mot t6 hop tuyén tinh cua cac
vecto a; = (1,-1,2),a, =(0,2,2),a; = (1,-2,1)

Am=-1 Bm=1 C.mtuyy D. Khdng c6 gid tri m

11. V6i gia tri nao cua m thi a = (1,2, m) 13 mét t6 hop tuyén tinh cua cc vecto a; =
(1; 1; _1); aZ = (21 3; _1)! a?, = (1' 1' 0)

Am=0 B.m=-1 C.mtuyy D. Khéng cé gid trim
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12. Véi gia tri ndo cia m thi @ = (0,m + 1,m + 1) 1a mot to hop tuyén tinh cia cac
vecto a; = (1,1,—1),a, = (0,1,1), a3 = (1,3,2)

Am=0 B.m=-1 C.mtuyy D. Khéng cé gidtrim

13. Vi gia tri ndo cia m thi @ = (1,2, m — 3) 1a mot to hop tuyén tinh cua cac vecto
a,=(-1mm-1),a,=(1,-1,1—m)

Am=1 B.m=-2 Cm=1vm=-2 D m=1vm=2

14. Véi gia tri nao cua m thi @ = (1,0, m + 4) KHONG 1a mét t6 hop tuyén tinh cua
cacvecto a; = (1,—-1,2),a, = (0,1,1), a3 = (—1,3,0)

A m=-1 B.m+* -1 Cm=1 Dm=#1

15. Vi gia tri nao cia m thi a = (1,m, 4) KHONG 1a mot t6 hop tuyén tinh cia céac
vecto a; = (1,1,3),a, = (1,0, 3)

Am=0 Bm=1 C.mtuyy D. Khdng c6 gid tri m

16. Vi gia tri ndo cia m thi @ = (2,m + 4,3m + 13) KHONG 14 mét to hop tuyén
tinh cua cac vecto a; = (1,2,3),a, = (1,1,1), a3 = (1,3,5)

A m=0 Bm=+#0 C.m=-7 D.m=-7

17. Vi diéu kién nao ciia x4, x, thi vecto u = (x4, x,) 1a mot t6 hop tuyén tinh ciia cac
vectoa; = (1,— 1), a, = (=2,2)

A. X1 - xZ B x1 - —x2 C x1 - —2x2 D x2 - —2x1

18. V6i diéu kién nao cia x4, x, thi vecto u = (xy, x,) 1a mot t6 hop tuyén tinh cia cac
vecto a; = (1,— 2),a, = (1,2)

A. X1, Xy tl\,ly)'/ B. X1 = —Xy C X1 = _2x2 D. Xy = _le

19. V6i diéu kién nao cia x4, x, thi vecto u = (x;, x,) 1a mot t6 hop tuyén tinh cta cac
vecto a; = (3,— 2),a, = (1,2)

A. X1, X2 tl:lyy B. X1 = —Xo C X1 = —2X2 D. Xy = _2x1

20. V6i diéu kién nao ciia x4, x, thi vecto u = (x5, x,) KHONG 1a mét t6 hop tuyén
tinh cua cac vecto a; = (1,2),a, = (—1,-2)

A. x1 - 2x2 B xz - 2x1 C x1 * 2x2 D xz F* le

21. V6i diéu kién nao cia x4, x, thi vecto u = (x4, x,) KHONG 12 mét t6 hop tuyén
tinh cua cic vecto a; = (1,2),a, = (—1,2)

A. xl, xZ tl]y y B Khéng Cé glé tI‘l xl, xZ C xz = —x1 D xZ 7‘: —x1

22. V&i diéu kién ndo cia x4, x,, x5 thi vecto u = (x4, x5, x3) 1a mot to hop tuyén tinh
cta cac vecto a; = (1,0,1),a, = (0,1,1),a; = (1,1,0)

A. X3 =x1+x2 B.X1 =X2 :x3 C xz == 3x1 D xl,xZ,x3 tl‘lyy
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23. V6i diéu kién ndo ctia x4, x,, X5 thi vecto u = (x4, x5, x3) 12 mot to hop tuyén tinh
cua cac vecto a; = (1,0,1),a, = (0,1,1), a5 = (2,—-1,1)

A x; =x1 + X, B.x; = x, = x3 C.2x; =x, + x3 D. xy,x,, x5 tUy y

24. V&i diéu kién ndo ciia x4, x,, X5 thi vecto u = (x4, x5, x3) 12 mot to hop tuyén tinh
cuacacvecto a; = (1,2,—-1),a, = (2,5,—1), a3 = (—3,—4,5)

A.x2=3xl+x2 B.x3¢x2—2x1
C. Khong ¢6 gia tri x4, x5, X3 D. xy,x,, x5 tUy y

25. Vi diéu kién nao cua x;, x,, x5 thi vecto u = (xy, X, x3) KHONG 1a mot t6 hop
tuyén tinh cta cac vecto a; = (1,2,1),a, = (0,—1,-1), a5 = (1,3,2)

A.X2=X1+x3 B.x2¢x1+x3
C. Khdng c0 gia tri x4, x5, x5 D. xy,x,, x5 tUy y

26. Vi diéu kién nao cua x;, x,, x5 thi vecto u = (xy, x, x3) KHONG 1a mot to hop
tuyén tinh cta cac vecto a; = (1,1,1),a, = (0,1,1), a5 = (5,6,7)

A x;=x,—x; B.x3 #x, —x;
C. Khong c6 gia tri x4, X5, X3 D. xy,x,, x5 tUy y

27. Vi diéu kién nao cta x;, x,, X5 thi vecto u = (xy, X, x3) KHONG 1a mot to hop
tuyén tinh cta cac vecto a; = (1,1,1),a, = (0,1,1), a3 = (5,6,6)

A. x, = x3 B. x, # x3
C.x3 =5x; +x, D. x3 # 5x; + x,
Dang toan: Piéu kién doc 1ap tuyén tinh, phu thudc tuyén tinh.
28. Vi gia tri nao cua m thi hé vecto sau day phu thudc tuyén tinh

a; = (1,2),a, = (-1,m)
Am=-=2 B.m=#=-2 C.mtuyy D. Khéng c6 gidtrim
29. V6i gid tri nao cia m thi hé vecto sau ddy phu thudc tuyén tinh

a, =(—1,3),a, = (1,m)
A.m=-3 B.m=# -3 C.mtuyy D. Khdng co6 gia tri m
30. V6i gid tri nao cia m thi hé vecto sau day doc lap tuyén tinh

a,=(1,2),a, =(mym+1)

Am=1 B.m=#1 C.mtuyy D. Khéng c6 gidtrim
31. Véi gia tri ndo cua m thi hé vecto sau day doc lap tuyén tinh

a, =(1,0),a, = (—1,m)
Am=0 B.m=%0 C.mtuyy D. Khong c6 gia tri m
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32. Véi gia tri nao cua m thi hé vecto sau day phu thudc tuyén tinh
a;=(1,2),a;, =(-1,1,a3 =(1,m)
Am=2 B.m=+2 C.mtuyy D. Khéng ¢6 gia tri m
33. Véi gia tri nao cia m thi hé vecto sau day phu thudc tuyén tinh
a, =(1,2),a, = (—1,-2),a; = (—1,m)
Am=2 B.m=-2 C.mtuyy D. Khong c6 gidtrim
34. Véi gia tri ndo cua m thi hé vecto sau day doc lap tuyén tinh
a, =(1,-1),a, =(—2,3),a; = (3,m)
A m=3 B.m=-3 C.mtuyy D. Khong c6 gia tri m
35. Vi gia tri nao caa m thi hé vecto sau day doc lap tuyén tinh
a, =(1,-2),a, =(—2,4),a; = (2,m)
A m=—-4 B.m+#—4 C.mtuyy D. Khong c6 gia tri m
36. VV6i gid tri ndo ctia m thi hé vecto sau day phu thudc tuyén tinh
a, =(1,2,3),a, =(0,1,2), a3 = (2,1,m)
Am=0 Bm=6 Cm=12 D.m=-12
37. Véi gia tri nao cia m thi hé vecto sau day phu thudc tuyén tinh
a, =(1,-1,2),a, = (1,-2,3),a3 = (1,m,—1)
Am=-1 B.m=+ -1 Cm=2 D.m=+2
38. Véi gia tri nao cua m thi hé vecto sau day phu thudc tuyén tinh
a,=(1,-1,2),a, =(0,2,2),a; = (2,—-1,m+ 6)
Am=-1 Bm=1 C.mtuyy D. Khdng c6 gid tri m
39. Véi gia tri nao cua m thi hé vecto sau day phu thudc tuyén tinh
a,; =(1,0,1),a, = (1,m,0),a; = (0,1, m)
Am=-1 Bm=1 C.mtuyy D. Khong co gidtrim
40. Vi gié tri ndo caa m thi hé vecto sau day phu thudc tuyén tinh
a, =(1,0,1),a, = (1,m,0),a; = (2,m,1)
Am=-1 Bm=1 C.mtuyy D. Khong co gidtrim
41. Vi gié tri ndo caa m thi hé vecto sau day phu thudc tuyén tinh
a,=(CF1mm-1),a,=01,-1,1-m),a; = (1,2,m — 3)

Am=1 B.m=-2 Cm=1vm=-2 D.m=1vm=2
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42. Véi gié tri ndo caa m thi hé vecto sau day phu thudc tuyén tinh
a,=010A,mm+1),a,=(m,—-1,1—-m),az=(m+1,0,m+ 1)
Am=-1Am=1 Bm=-1vm=1
Cm=-1Am=0Am=1 Dm=-1vm=0vm=1
43. Vi gié tri ndo caa m thi hé vecto sau day doc lap tuyén tinh
a, =(1,1,3),a, =(1,-2,0),a5 = (1,00m + 1)
Am=1 Bm=#1 Cm=3 D.m=#3
44, Véi gié tri ndo caa m thi hé vecto sau day doc lap tuyén tinh
a, =(1,1,2),a, =(2,3,5), a3 = (1,2,m+5)
Am=-=-2 B.m# =2 C.mtuyy D. Khéng c6 gidtrim
45, Vi gid tri ndo caa m thi hé vecto sau day doc lap tuyén tinh
a,=01,1,-1),a, =(2,3,-1),a; = (1,2,m)
A m=0 B.m=#2 Cm=#0 Dm=2
46. Véi gia tri ndo cua m thi hé vecto sau day doc lap tuyén tinh
a, =1,m,—-1),a, =(0,1,m),az=1A,m+1,m-—1)

Am=0 B.m=-1 C.mtuyy D. Khdng c6 gid tri m
47. Vi gié tri ndo caa m thi hé vecto sau day doc lap tuyén tinh

a,=(m,—1,-1),a, =(1,m+1,1),a3=2m+1,-1,2)
Am=0 B.m=-1 C.mtuyy D. Khéng cé gidtrim
48. Vi gié tri ndo caa m thi hé vecto sau day doc lap tuyén tinh

a,=010,m+1,2),a, =(0,1,m),a; = (m,—1,m)
Am=0 Bm#-1Am=+0
Cm=-1vm=0 Dm=#=0
49. Vi gié tri ndo caa m thi hé vecto sau day doc lap tuyén tinh
a,=(m,1,1),a, =(1,m,1),a3 = (1,1,m)
Am=-2vm=1 Bm#-2Am=1
C.mtuyy D. Khong co giadtrim
50. Vi gia tri ndo cua m thi hé vecto sau day doc lap tuyén tinh
a, =(1,1,-1),a, =(0,1,1),a5 = (1,3,2),a, = (0,m+1,2m + 1)

Am=0 Bm=-1 C.mtuyy D. Khong cé gia tri m
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51. Vi gia tri nao cua m thi hé vecto sau day phu thudc tuyén tinh
a, =(1,-1,2),a, =(0,1,1),a3 = (—1,3,0),a, = (1,0,m + 4)

Am=0 Bm=-1 C.mtuyy D. Khong cé gia tri m
52. Vi gia tri nao cia m thi hé vecto sau day phu thudc tuyén tinh

a, = (1,-1,0,0), @, = (0,1,1,—1), a5 = (—1,0,0,0), a, = (1,0,m, 2)
Am=2 B.m= -2 C.mtuyy D. Khdng c6 gid tri m
53. Vi gia tri nao cua m thi hé vecto sau day phu thudc tuyén tinh

a, =(1,1,0,2),a, =(0,1,-1,1),a5 = (—1,0,0,m),a, = (1,0,m, 2)
Am=2 B.m # +V2 C.m=+V2 D.m # 2
54. Vi gia tri nao cua m thi hé vecto sau day doc lap tuyén tinh

a, =(-1,0,1,2),a, =(0,1,—m,1),a; = (1,0,0,2), a, = (1,0,m, 2)
Am=0 B.m+4 Cm=4 Dm=+0

55. Hé vecto nao sau ddy phu thudc tuyén tinh

A.(1,-1,2),(0,1,1),(1,0,3) B.(1,-1,2),(0,1,1),(0,0,1)
C.(1,-1,2),(0,1,1),(0,2,3) D.(1,-1,2),(0,1,1),(3,2,3)
56. Hé vecto nao sau day doc 1ap tuyén tinh

A.(1,3,1),(-1,2,1),(0,5,2) B.(1,3,1),(—-1,2,1),(1,0,3)
C.(1,3,1),(—-1,2,1),(2,1,0) D.(1,3,1),(-1,2,1),(1,8,3)

Dang toan: Hang ciia hé vecto.
57. Tim hang, ki hiéu r, cta hé vecto a; = (1,—1),a, = (1,1)
Ar=20 B.r=1 C.r=2 D.r=3
58. Tim hang, ki hiéu r, cta hé vecto a; = (1,2,3),a, = (1,1,1),a3 = (1,3,5)
Ar=0 B.r=1 Cr=2 D.r=3
59. Tim hang, ki hiéu r, cia hé vecto a; = (1,0,—-1),a, = (1,1,1),a; = (2,1,1)
Ar=0 B.r=1 Cr=2 D.r=3
60. Tim hang, ki hiéu r, cua hé vecto
a, =(1,0,-1),a, = (1,1,1),a; = (2,1,1),a, = (3,1,0)
Ar=1 B.r=2 C.r=3 D.r=4
61. Tim hang, ki hiéu r, cua hé vecto

a; = (11 O; 11 _1)1 a, = (1; 1; 3;0); az = (2; 1; 5; _1); a, = (1; 1; 410)
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Ar=1 B.r=2 C.r=3 D.r=4
62. Tim hang, ki hiéu r, cua hé vecto
a,=(1,1,1,2),a, =(—1,0,-1,-1), a3 = (2,2,4,5),a, = (—1,—-1,1,1)

Ar=1 B.r=2 C.r=3 D.r=4
63. Tim gia tri cia m dé hé vecto sau c6 hang la 2

a,=(01,1,2),a, = (1,1, m+2),a; = (—2,-2,—4)
Am=0 B.m=#0 Cm=-2 D.m=# -2
64. Tim gié tri cia m dé hé vecto sau c6 hang 1a 2

a, =(1,1,2),a, =(2,2—-m,3),a3=(1,m+1,3)
Am=0 B.m=#=0 C.mtuyy D. Khong cé gidtrim
65. Tim gia tri cia m dé hé vecto sau c6 hang 13 3

a,=(-1,1,0),a, =(1,-1,m),a; = (2,-1,m+ 1)
Am=0 Bom=0 Cm=-2 D.m=# -2
Dang todn: Co sé ciia khong gian vecto.

66. Hé vecto nio sau day 1a mot co sé cua R?

A.(1,-1),(0,1) B.(1,-1),(-1,1)
C.(1,-1),(3,-3) D.(1,-1),(-3,3)

67. Hé vecto nao sau diy KHONG 1a mot co so cua R?

A.(1,3),(3,1) B.(1,3),(1,1)

C.(1,3),(-1,1) D. (1,3),(-2,-6)

68. Hé vecto nao sau day la mot co s& ciia R3

A.(1,-1,1),(0,1,0),(1,0,1) B.(1,-1,1),(0,1,0),(1,0,3)
C.(1,-1,1),(0,1,0),(1,1,1) D.(1,-1,1),(0,1,0),(2,-3,2)
69. Hé vecto nao sau diy KHONG 1a mot co s& cua R3

A (1,-1,-1),(-1,2,1),(0,2,3) B.(1,-1,-1),(-1,2,1),(3,2,3)
c.(1,-1,-1),(-1,2,1),(0,1,0) D.(1,-1,-1),(-1,2,1),(1,2,3)

70. Tim gia tri cia m dé hé vecto sau 13 mot co so ciia R?
a; = (_11 1)1 a, = (11 m)
A m=0 Bm=+*0 Cm=-1 D.m=+# -1

71. Tim gi4 tri cia m dé hé vecto sau 1a mot co so ciia R?
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a; =(m,1),a, = (2,m)
Am=2 B.m=-2 C.mtuyy D. Khdng c6 gid tri m
72. Tim gia tri cia m dé hé vecto sau 13 mot co so cia R3
a, =(1,1,3),a, =(1,-2,0),a3 = (1,3, m+ 1)
A m=12 B.m=+ 12 Cm#4 Dm=4
73. Tim gi4 tri cia m dé hé vecto sau 1a mot co so cia R3
a,=01,m+1,3),a,=(01,-2,0),a; =(1,3,m+ 1)
Am=2vm=-6 Bm+2Am+* -6
Cm=#2 D.m=-6
74. Tim gia tri cia m dé hé vecto sau 13 mot co so cia R3
a, =(-1,2,1),a, = (m,—2,1),a; = (1,0, m)
Am#+-1Am=+2 Bm#1lAm=+ -2
Cm=-1vm=2 Dm=1vm=-2
75. Tim gia tri cia m dé hé vecto sau 13 mét co so cia R3
a, =(1,2m,1),a, = (m,—2,1), a3 = (1,0,m)
Am=1 B.m=+ -1 Cm=#1 Dm=-1
76. Tim gia tri cia m dé hé vecto sau 1a mot co so cia R3
a, =(1,3,m),a, = (m,0,1),a; = (—1,2,m)
Am=2 B.m=-2 C.mtuyy D. Khong c6 gia tri m
77. Tim gia tri cia m dé hé vecto sau 13 mét co so cia R3
a, =(0,3,m),a, =(m,2,m+1),a; = (m,—1,1)
Am=2 B.m=-2 C.mtuyy D. Khong co giatrim
78. Tim gid tri cia m dé hé vecto sau KHONG 1a mot co so ctia R?
a; =(1,2),a, = (=1,m)
Am+ -2 B.m=-2 Cm=2 D.m+ -2
79. Tim gié tri cia m dé hé vecto sau KHONG 1a mot co so ciia R?
a, =(m,2),a, =(2,m)
Am#+2Am=#-2 B.m+4
Cm=2vm=-2 Dm=4

80. Tim gia tri cua m dé hé vecto sau KHONG 1a mot co sé cua R3
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a, =(1,1,1),a, =(m,0,1), a3 = (1,2,m)

Am=+1 B.m+ -1 Cm=1 Dm=-1
81. Tim gia tri cua m dé hé vecto sau KHONG 1a mot co sé cua R3

a,=01,1,1),a, =(m,—1,1),a; = (1,2,m)
Am#+0Am=+1 Bm+0Am=+-1
Cm=0vm=-1 Dm=0vm=1
82. Tim gié tri cua m dé hé vecto sau KHONG 13 mét co sé cua R3

a,=(m,1,1),a, = (m,—1,1),a3 = (1,2, m)
Am+1Am=+-1 Bm=#=1
Cm=1vm=-1 Dm=1
83. Tim gia tri cua m dé hé vecto sau KHONG 1a mot co sé cua R3

a, =(1,1,m),a, = (m,—1,1),a; = (1,2,m)
Am+1Am=+*-1 Bm=#=1
Cm=1vm=-1 Dm=1
84. Tim gié tri cua m dé hé vecto sau KHONG 13 mét co s cua R3

a,=(1,1,m),a, =(m,—1,1),a; = (1,—-1,m)
Am+1Am=-1 B.m=#2
Cm=1vm=-1 Dm=2
Dang toan: Co sé va so chiéu ciia khdng gian vecto con sinh béi mdt hé vecto.
85. Cho W 1a khong gian vecto con cua R? sinh bdi céc vecto

a, =2,1),a, = (—4,-2)
Khi d6 sb chiéu caa W, ki hiéu n = dim W, 1a khang dinh nao sau day:
An=0 B.n=1 Cn=2 D.n=3
86. Cho W 1a khong gian vecto con cua R? sinh bédi céc vecto
a,=01,2),a, =(—1,1),a; =(2,4)
Khi d6 s chiéu caa W, ki hiéu n = dim W, 13 khang dinh nao sau day:
An=20 Bn=1 Cn=2 D.n=3
87. Cho W la khong gian vecto con ciia R® sinh béi céac vecto
a, =(1,2,1),a, =(0,—-1,4),a; = (0,0,-2)

Khi d6 s chiéu caa W, ki hiéu n = dim W, 13 khang dinh nao sau day:
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An=0 Bn=1 Cn=2 D.n=3
88. Cho W 1a khong gian vecto con ctiia R3 sinh béi cac vecto
a,=(1,2,1),a, =(-1,-1,-1),a3 = (2,4,4)
Khi d6 s chiéu caa W, ki hiéu n = dim W, 12 khang dinh nao sau day:
An=0 Bn=1 Cn=2 D.n=3
89. Cho W 1a khong gian vecto con ctiia R3 sinh béi cac vecto
a, =(1,0,-1),a, =(1,2,0), a5 =(2,2,-1)
Khi d6 s chiéu caa W, ki hiéu n = dim W, 13 khang dinh nao sau day:
An=0 Bn=1 Cn=2 D.n=3
90. Cho W 1a khong gian vecto con cua R* sinh béi céc vecto
a, =(1,7,-3),a, = (1,9, —4), a3 = (0,4,-2)

Khi d6 s chiéu caa W, ki hiéu n = dim W, 13 khang dinh nao sau day:
An=0 Bn=1 Cn=2 D.n=3
91. Cho W la khong gian vecto con ciia R3 sinh béi cac vecto

a, =(1,2,-2),a, =(2,5,-2),a; = (1,3,2),a, = (2,4,—4)
Khi d6 sb chiéu caa W, ki hiéu n = dim W, 1a khang dinh nao sau day:
An=1 B.n=2 C.n=3 D.n=4
92. Cho W 1a khong gian vecto con cua R? sinh bédi céc vecto

a, =(1,2,-1),a, =(-2,-3,4),a; =(1,3,1),a, = (—1,—-1,3)
Khi d6 sb chiéu caa W, ki hiéu n = dim W, 1a khang dinh nao sau day:
An=1 B.n=2 C.n=3 D.n=4
93. Cho W 1a khong gian vecto con cua R* sinh béi céc vecto
a, =(1,0,1,2),a, = (4,1,0,2),a5 = (3,1,—1,0),a, = (3,2,0, 1,).
Khi d6 s chiéu caa W, ki hiéu n = dim W, 13 khang dinh nao sau day:
An=1 B.n=2 C.n=3 D.n=4
94. Cho W 1a khong gian vecto con ciia R? sinh béi céac vecto
a,=(1,2),a, = (—1,-2)

Khi d6 céc vecto nao sau day la mot co so cua W,
A a; B. a;, a, C.o D.a,,0

95. Cho W la khong gian vecto con ciia R? sinh bédi céac vecto
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a, =(1,0),a, =(—1,1),a; =(1,1)
Khi d6 céac vecto nao sau day la mot co so cua W,
A o, B.a,a, C.aj,ay 05 D.ay,a,0
96. Cho W 1a khong gian vecto con cua R3 sinh béi céc vecto

a,=(1,-1,2),a, = (2,-2,4), a3 = (—1,1,-2)
Khi d6 cac vecto nao sau day la mot co s¢ cua W.
A a; B.aj,a, C.aj,ay 05 D.o
97. Cho W 1a khong gian vecto con cua R3 sinh béi céc vecto
a, =(1,2,3),a, =(1,1,1),a3 = (1,3,5)
Khi do6 cac vecto nao sau day 1a mot co s¢ cua W.
A a, B.aj,a, C.a,ay 05 D. a;
98. Cho W 1a khong gian vecto con cuia R3 sinh béi céc vecto
a, =(1,-1,1),a, =(1,0,3), a5 = (2,-2,2)
Khi d6 céac vecto nao sau day la mot co s¢ cua W,
A a, B.aj,a, C.aj,ay 05 D. a;
99. Cho W 1a khong gian vecto con cua R sinh béi cic vecto
a, =(1,0,-1),a, = (2,1,-2),a3 = (1,0,—2)
Khi dé céac vecto nao sau day la mot co s¢ cua W,
A. o, B.a;,a, C.ay,ay 05 D. a;
100. Cho W 1a khong gian vecto con ctiia R3? sinh bdi cac vecto
a, =(1,3,-1),a, =(1,5-1), a3 =(2,6,1)
Khi d6 cac vecto nao sau day la mot co s¢ cua W.
A. aq B.aj,a, C.ay,ay 05 D. a;
101. Cho W 1a khong gian vecto con ctua R3 sinh béi cac vecto
a, =(1,1,2),a, = (2,3,4),6 = (0,0,0)
Khi d6 cac vecto nao sau day 1a mot co s¢ cua W.
A. aq B.aj,a, C.aj,a, 0 D. a;
102. Cho W 1a khong gian vecto con ctua R3 sinh béi cac vecto
a; =(1,0,-1),a, = (1,1,0),a3 =(2,1,1),6 = (0,0,0)

Khi d6 cac vecto nao sau day 1a mot co s¢ cua W.

Banh Thi Hong - Bui Hung Vwong 78



Bai giang Toan cao cip Al Chwong 3 - Khong gian Vecto

A a; B.a,a, C.ay,ay 05 D.ay,ay 05,0
103. Cho W 1a khong gian vecto con cua R3 sinh béi cac vecto
a, =(1,0,-1),a, =(1,1,0),a5 = (2,1,-1),a, = (2,0,—2)
Khi d6 céac vecto nao sau day la mot co s¢ cua W,
A a; B.aj,a, C.aj,ay 05 D.aj,a, 05,04
104. Cho W 1a khong gian vecto con cua R3 sinh béi cac vecto
a,=(1,2,-1),a, = (—2,-3,4),a5 = (1,3,2),a, = (—1,—-1,3)
Khi d6 céac vecto nao sau day la mot co s¢ cua W.
A. o, B.a;,a, C.ay,a;y 05 D.aj,ay a5 04
105. Cho W 1a khong gian vecto con ciia R* sinh bdi céac vecto
a, =(1,0,-1),a, = (2,2,-1),a3 =(1,0,1),a, = (3,2,—2)
Khi dé céac vecto nao sau day la mot co s¢ cua W,
A. o, B.aj,a, C.ay,a;y 05 D.aj,ay a5 04
106. Cho W 1a khong gian vecto con cia R* sinh bdi céac vecto
a; =(1,0,1,0),a, = (1,1,1,1), a5 = (2,0,4,1),a, = (2,0,2,0)
Khi d6 céac vecto nao sau day la mot co so cua W,
A. aq B.a;,a, C.ay,ay 05 D.aj,ay a5 04
107. Cho W 1a khong gian vecto con ciia R* sinh bdi céac vecto
a, =(1,-1,0,1),a, =(0,1,2,1),a5 = (1,0,2,2),a, = (2,—2,0,2)
Khi d6 céac vecto nao sau day la mot co so cua W,
A a, B.aj,a, C.aj,ay 05 D.ay,a, a5,
108. Cho W 1a khong gian vecto con ciia R* sinh bai céac vecto
a, =(1,-1,0,1),a, =(0,1,2,1), a5 = (2,-2,1,2),a, = (—1,2,2,1)
Khi d6 céc vecto nao sau day la mot co so cua W,
A a, B.aj,a, C.aj,ay 05 D. ay,ay, a3, a,
Dang toan: Toa d§ cua vecto.
109. V¢i gia tri nao cua m thi vecto a; = (3, m, m) thuoc W véi
W ={a; =(,1,0),a, =(2,0,1)}
Am=-1 Bm=1 Cm=-7 Dm=7
110. Véi gia tri ndo cta m thi vecto a; = (1,1, m) KHONG thudc W véi

Banh Thi Hong - Bui Hung Vwong 79



Bai giang Toan cao cip Al Chwong 3 - Khong gian Vecto

W={a; =(1,1,0),a, =(2,0,1),a; = (1,—1,1)}
A m=+0 Bm#1 Cm=#2 D.m=#3
111. Tim toa dd x4, x, cta vecto u = (0, —2) theo co s6 a; = (1,2),a, = (2,6)
Ax,=2x,=1 B.x; =2,x,=-1
Cx;=-1x,=2 D.x;=1,x,=2
112. Tim toa dd x4, x, cta vecto u = (2,3) theo cos6 a; = (1,3),a, = (—1,0)
Axy=1x,=-1 B.x;=1Lx,=1
C.xy;=3x,=1 D.x; =2,x,=0
113. Tim toa dd x4, x5, x3 cha vecto u = (0, 3, 2) theo co s&

a,=(1,2,1), a, =(0,2,0), a3 = (—1,-1,1)

Axi=1x,=-1,x3=1 B.x;=—-1,x,=1,x3=1
Cxy=1Lx,=1,x3=1 D.x, =1,x,=2,x3=2
114. Tim toa do x4, x,, x5 Cha vecto u = (6,9, —11) theo co so

a, =(1,1,-2),a, = (2,3,—4), a3 = (3,5,-5)
Ax;=1x,=-1x;=1 B.x;=—1,x,=1,x3=1
Cxy=1Lx,=1,x3=1 D.x, =1,x,=2,x3=2
115. Tim toa do x4, x5, x3 cua vecto u = (0, 1, 0) theo co s&

a,=(1,1,1), a, =(—-1,-2,-2), a3 =(1,2,1)
Ax;=0x,=1x3=1 B.x;=1x,=1,x3=0
Cxy=1Lx,=1,x3=1 D.x; =—-1,x,=0,x3=1
116. Tim toa do x4, x,, x5 Cha vecto u = (—1, 4, 3) theo co so

a, =(1,-1,2), a, =(-2,3,-3), a3 = (-1,3,2)
Axy=2,x,=1x3=1 B.x;=1x,=1,x3=0
Cxg=Lx,=1,x3=1 D.x; =0,x, =1,x3=-1
117. Tim toa dd x4, x5, x5 cua vecto u = (1, 6, 3) theo co s&

a,=01,2,1), a, = (-3,-4,—-1),a; = (1,3,1)
Axg=2,x,=1,x3=1 B.x;=2,x,=1,x3=2
Cx;==-1x,=1x3;=-1 D.x; =0,x, =—1,x3 = -2
118. Tim toa dd x4, x,, x5 Cha vecto u = (1, —2, —1) theo co s&

a, =(1,3,2), a, =(—2,-7,-5), a3 = (1,1,1)
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Axg=2,x,=1,x3=1 B.x;=2,x,=1,x3=2
Cxy=1Lx,=1,x3=2 D.x;=3,x,=1,x3=0
119. Tim toa d0 x4, x,, x5 Cha vecto u = (10, 13, 20) theo co s&

a, =(1,1,2), a, =(7,9,16), ag = (—3,—4,—4)
Axg=2,x,=1,x3=1 B.x;=1Lx,=1x;3=1
C.x;=3x,=1,x3=0 D.x; =0,x, =1,x3 =-1
120. Tim toa dd x4, x,, x5 Cha vecto u = (2, —3, —2) theo co s&

a, =(2,-2,2), a, =(1,1,5), a3 = (—1,4,7)
Ax;=1,x,=0,x3=0 B.x;=1x,=1x;3=1
C.x;=0,x,=2,x3=0 D.x; =0,x, =1,x3=-1
121. Tim toa dd x4, x, cta vecto u = (—1, —1, —2) theo hai vecto

a, =(1,2,3),a, =(—3,-5,-8)
Axy=2,x,=1 B.x;=2,x,=-1
C.x;=2,x,=-1 D.x; =0,x, =0
122. Tim toa do x4, x, cia vecto u = (—1, 3, 1) theo hai vecto
a,=(1,1,3),a, =(—1,1,—-1)
Axg=2,x,=1 B.x;=2,x,=-1
C.xi=-1,x,=-1 D.x; =1,x,=2
Dang toan: Khong gian nghiém ciia hé phwong trinh tuyén tinh thuin nhit.

123. Vecto nao sau day thudc khong gian nghiém cua h¢ phuong trinh

{x —y=0
x+y=0
A. (1,1) B. (2,2) C. (0,0) D. (3,-3)

124. Vecto nao sau day thudc khong gian nghiém cua hé phuong trinh

{x1+x2_2.X3:0
_x1+x3:0

A.(1,-1,0) B.(1,1,1) C.(3,—-3,6) D. (2,0,—6)
125. Vecto nao sau day thudc khong gian nghiém cua hé phuong trinh

2x+4y—z=0

{x—y+2=0
x+5y—-2z=0

A.(1,-1,-3) B.(—1,1,-2) C.(3,-3,6) D. (3,—3,—6)
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126. Vecto nao sau ddy KHONG thudc khong gian nghiém cua hé phuong trinh

x+2y—z=0
{ —2x+z=0
—x+2y=0
A (2,1,4) B.(—2,—-1,—-4) C.(0,0,0) D.(1,0,1)
127. Vecto nao sau day la co s¢ khong gian nghiém cua hé phuong trinh
{ x+y=0
—2x—2y =0
A (—1,1) B.(1,1) C.(0,0) D.(2,1)
128. Vecto nao sau day la co sé khong gian nghiém cua h¢ phuong trinh
{—Zx +2y=0
2x—2y =0
A (—-1,1) B.(1,1) C.(0,0) D.(2,1)
129. Vecto nao sau day la co sé khong gian nghiém cua h¢ phuong trinh
{—Zx +4y =0
2x—4y =0
A (—-1,1) B.(1,1) C.(0,0) D.(2,1)
130. H¢ vecto nao sau day la co s¢ khong gian nghiém cua hé¢ phuong trinh
{—x +z=0
x—z=0
A.(0,1,0),(1,0,1) B.(1,1,0),(1,0,1)
C.(0,1,1),(1,0,1) D. (0,1,0)
131. H¢ vecto nao sau day la co s& khong gian nghiém cua h¢ phuong trinh
—x+y=0
{x —2y+z=0
y—z=0
A.(1,1,1),(0,0,0) B.(1,1,1)
C.(0,1,1),(1,0,1) D. (0,1,0)

132. H¢ vecto nao sau day la co s& khong gian nghiém cta hé phuong trinh

—x+y+z=0
{ x—2y=0
x—2z=0
A.(2,1,1),(0,0,0) B.(1,1,1)
C.(2,1,1) D. (2,0,0),(0,1,1)

133. H¢ vecto nao sau day la co s¢ khong gian nghiém cua hé phuong trinh
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x+3y—4z=0

{x+2y—32=0
2x+5y—7z=0

A. (2,2,1),(0,0,0) B.(1,1,1)
C.(2,2,1) D.(1,1,1),(0,0,0)
134. H¢ vecto nao sau day la co s¢ khong gian nghiém cua hé phuong trinh
x—y—3z=0
{ x—z=0
2x—y—4z=0
A.(1,-2,1) B.(1,2,1)
C.(4,2,1) D.(7,2,1)

135. H¢ vecto nao sau day la co s¢ khong gian nghiém cua hé phuong trinh

X1 +2x, +x3=0
2x; +5x, +3x3=0
3% +7x, +4x3 =0
X, —2x, —3x3 =0

A (-3,1,1) B.(1,1,1)
C.(3,-1,-1) D.(1,—-1,1)
136. H¢ vecto nao sau day la co s& khong gian nghiém cua hé phuong trinh
x1—2x2+x3—x4 == 0
xl_xZ+3.X3_X4 == 0
_le + 5x2 + 2x4 = 0
A.(-5,-2,1,0) B. (1,0,0,1)
C.(4,21,1) D. (-5,-2,1,0),(1,0,0,1)
137. H¢ vecto nao sau day la co s¢ khong gian nghiém cua h¢ phuong trinh
x1+2X2+2X4=0
2x1+4x2 +x3 +3x4 = 0
3x1 + 6x2 + 2x3 + 3x4 = 0
X1 + 2x2 + X3 == 0
A.(-3,1,1,1) B. (0,1,—1,0)
C.(-2,1,0,0) D.(2,1,0,0)

Dang toan: Bai tip tong hop

138. Trong khong gian R3 cho cac vecto a; = (1,1,0),a, = (2,0,1), a5 = (2,4,-3)
Khang dinh nao sau day la ding?

A. a;, ay, as doc lap tuyén tinh B. a4, a,, a3 phu thudc tuyén tinh

C. a4, @y, a3 tao thanh mot co s cia R3 D. Hé vecto @y, @5, a3 c6 hang bang 3
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139. Trong khong gian R3 cho cac vecto phu thudc vao tham sé m
a,=01,m2),a, =2 m+1,1),a; =(1,3,m—3)

Khang dinh nao sau day la dang?

A. ay, a,, as doc lap tuyén tinh khi va chi khi m # 4

B. ay, a,, a5 phu thudc tuyén tinh khi va chi khim = —1

C. ay, &y, a3 tao thanh mot co s& ciia R3 khivachikhim = —1vam # 4

D. Hé vecto @y, @y, a3 ludn c6 hang bang 3

140. Trong khong gian R3 cho cac vecto phu thudc vao tham sé m

a,=(m+1,3,-2),a, =(m,0,1),a3 =(-1,3,m—1)

Khang dinh nao sau day la ding?

A. a;, a,, a3 ludn doc lap tuyén tinh

B. a;, a,, a5 phu thudc tuyén tinh khi va chi khim = —1

C. a;, &y, @3 tao thanh mot co s ctia R3 khi va chi khim # —1

D. Hé vecto @y, a5, a3 ludn c6 hang bang 2
BAI TAP TU LUAN CHU'O'NG 3

Dang toan: Piéu kién to hop tuyén tinh.
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Chwong 4 - CHEO HOA MA TRAN - DANG TOAN
PHUONG
4.1. Tri riéng, vecto riéng
4.1.1. Pinh nghia tri riéng, vecto riéng ciia ma tran

Véi vecto x = (x4, X3, ..., X,) € R™. Ki hiéu [x] 12 ma trdn sau

]

Cho ma tran 4 € M,,(R). S6 thuc A duoc goi la tri riéng cta ma tran A néu ton tai
vecto x = (xq, Xy, ..., x,) € R™, khac 0, sao cho A[x] = A[x]. Khi do6 vecto x duoc goi
la vecto riéng ctia A tng Vi tri riéng A.

Vi du 1: Xét ma tran I thi A = 1 1a mot tri riéng, vi c6 vecto x = (2, 2,2) sao cho

53 ok

Khi @6 x = (2, 2,2) 1a mét vecto riéng cua I3 &ng vai tri riéng 1 = 1.

Cha y: i) Néu ma tran A c6 vecto riéng x tng Vvéi tri riéng A thi kx (k € R\{0})
cling 1a vecto riéng cua A tng Vvai tri riéng A.

i) Néu A 1a tri riéng ctia ma tran A thi A% 13 tri riéng ctua A*. Néu thém gia
thuyét det A # 0 thi 7% 1a tri riéng cia A~%. (k € N).

iii) Tap hop tat ca c4c vecto riéng cua A (g voi tri riéng A va vecto 6 s& tao
thanh mdt khong gian vecto con cua R"™, goi la khdng gian riéng cua A
ung voi A, ki hi¢u V.
4.1.2. Cach tim tri riéng, vecto riéng ciia ma tran

Gia st ma tran A € M, (R) va A la tri riéng cua A, vecto x = (x4, X5, ..., X,) la vecto
riéng cua A (rng vai tri riéng A. Khi do A[x] = A[x] khi va chi khi

a11 a12 coe aln x1 xl all a12 aln_ xl 1 O cee O xl
a21 a22 e a21 xz xZ a21 a’ZZ oes a21 xZ 0 1 - 0 xz
: . : Sl=A1 e : . : Sl =AL "o :
anl anz e ann xn xn anl anz cee ] x‘)’l 0 0 N 1 xn

ayr QAqp - X1

ay1 Ay +-- X2
= : s | =

Ap1 Apz Xn
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aj; — A Qi - Gy X1
a a - A se az]_ xZ

= -21 22: . : =6
© Qpp A Xn

an1 QAn2

Diy 1a hé phuong trinh tuyén tinh thuan nhét, tri riéng dong vai trd nhu tham sd,
vecto riéng 1a nghiém khac 0 cua hé. Nhu vay, diéu kién dé c6 tri riéng 1a hé phuong
trinh c6 nghiém khong tam thuong, tuong dwong det(4 — Al,) = 0. Giai diéu kién nay
ta tim duoc tri riéng A, tap hop tat ca cac nghiém khéac 6 cua hé chinh 1 tat ca vecto
riéng ung vai tri riéng A hay khéng gian riéng cia A tng vai A chinh 1a khéng gian
nghiém cua h¢. Nhu vay ta c6 dinh nghia va thuat toan tim tri riéng, vecto ri€éng sau.

Pinh nghia: Ta goi ma trdn dac trung cta A 1a ma tran A — Al,,. Pa thirc ddac trung
cua A la dinh thic cua ma tran dic trung (1a mot da thirc caa A), ki hiéu P, (), tirc 1a
P,(1) = det(A — Al,). Phuong trinh P,(1) = 0 duogc goi 1a phwong trinh ddc trung.

Phwong phap tim tri riéng, vecto riéng ctia ma tran:

* Giai phuong trinh dac trung P,(1) = det(4 — AI,) = 0 tim nghiém cta phuong
trinh nay. D6 chinh 1a cac tri riéng cta ma tran A.

* Gia str A, 1a mot tri riéng, dé tim vecto riéng ng véi tri riéng A, ta giai hé phuong
trinh tuyén tinh thudn nhat (A — A,1,,)[x] = 6. Nghiém khong tam thuong cta hé nay
chinh 13 vecto riéng can tim.

0 1 1
Vidu 2: Tim tri riéng, vecto riéng ctamatran A =1 0 1].
1 1 0

Bai giai

Phuong trinh dac trung P,(1) = det(A — Al;) =0

-2 1 1
1 -1 1|=0-2B+31+2=0=QA+12Q2-1)=0
1 1 -2

Vay Acohaitririénglad = —-1val = 2.
* Vecto riéng cua ma tran A ung véi tririéng A = —1.

Xét hé phuong trinh sau (4 + I3)[x] = 6

1 1 110
1 1 1|0[l—1[1 1 1]0]
1 1 1lo

Hé ¢6 vo s6 nghiém phu thudc hai 4n ty do (x,, x3). Nghiém tong quat ctia hé 13

Xy =—a—b>b
{Xz =ax =P N

Vay vecto riéng cua ma tran A &ng vai tri riéng A = —1 c6 dang
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(—a—b,a,b)(a,b € R,a? + b? # 0)
(Khéng gianriéng V_; = (—a — b,a,b)(a, b € R))
* Vecto riéng cua ma tran A tng Vvai tri riéng A = 2.

Xét hé phuong trinh sau (A — 215)[x] = 6

-2 1 1| 0 1 1 =210 1 1 -2]0
[1 -2 10—>[1 -2 10‘—>[0 -3 30]
1 1 =210 -2 1 110 0 3 =310

1 1 =210

—>\0 -3 3 0]

0 0 010

Hé c6 vo sd nghiém phu thudc mot an tur do (x3). Nghiém tong quat cua hé 1a
X, =a
{xz =a(a €eR)
X3 =a
Vay vecto riéng ctia ma tran A ing vai tri riéng A = 2 ¢0 dang
(a,a,a)(a € R\{0})
(Khong gian riéng V, = (a, a,a)(a € R))
4.2. Chéo hdoa ma trian
4.2.1. Mot s6 dinh nghia

Cho ma tran 4, B € M,,(R). Ta ndi A dong dang vai B, ki hiéu A~B néu ton tai ma
tran vuéng P cip n khdng suy bién sao cho B = P~1AP.

Chua y: Néu A~B thi detA = detB,rank A = rank B, P,(1) = P5(1) (do d6 gia tri
riéng cua A va B 1a nhu nhau.

Ma tran vudng A cip n duoc goi la chéo héa dwoc néu A dong dang véi mot ma tran
chéo. Nhu vay ma tran A chéo hoa duoc néu ton tai ma tran vubng P cap n khong suy
bién sao cho P~'AP 1a ma tran chéo. Ma tran P goi 13 ma trdn lam chéo.

Chéo héa ma trgn A tic 1a tim ma tran vudng P cip n khong suy bién sao cho
P~1AP 1a ma tran chéo.

4.2.2. Thuat toan chéo h6éa ma tran
a. Diéu kién cin va di dé ma trin chéo hoa dwoe
Ma tran vudng A cap n chéo hoa dugc khi va chi khi A ¢6 du n vecto riéng DLTT.

Gia str A c6 tit ca cac gia tri riéng 13 A5, A5, ..., A, khi d6 A chéo héa dugc khi va chi
khi dimV, +dimV,, +---+dimV; =n.

Nhan xét: i) Néu 4 khong co tri riéng (P, (1) = 0) thi A khdng chéo héa dugc.

i) Néu A c6 n tri riéng phan biét thi 4 chéo hoa dugc.
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b. Thuit toan chéo hoa ma tran

Cho tran vuéng A cap n. Bé chéo hda ma tran A ta lam nhu sau:

* Budc 1: Tim cac gié tri riéng cua A. Néu A khong ¢ tri riéng thi A khdng chéo hoa
dugc. Néu A c6 tri riéng thi chuyén sang budc 2.

* Budc 2: Gia st A c6 tit ca cac gia tri riéng 1a A5, A5, ..., 4. Tim co s& cua cac
khong gian nghiém V,,Vy,, ..., Vy,. Néu dimVy, +dimVy, + -+ dimV;, # n thi 4
khong chéo hoa dugc. Nguoc lai thi A chéo hdéa dugce. Khi d6 ma tran P dugc tao thanh
boi cac coso cua Vy ,Vy, ..., V), sap thanh cot (sip co so V; , trudce, theo thtr ty cua hé
nghiém co ban, twong ty cho V; , ..., V3, ). Ma tran P~1AP 1a ma trn chéo véi dudng
chéo chinh 1a cac tri riéng sap theo thi tu A;, A,, ..., A, trong d6 mdi A;duogc viét lap lai
s6 1an bang s vecto co sé cua Vi

Trong Vidu2thimatran Acé haitririénglad = —-1vai = 2.

Khéng gianriéng V_, = (—a — b,a,b)(a,b € R) c6cosé1a (—1,1,0); (—1,0,1).

Khong gian riéng V, = (a,a,a)(a € R) co cosdla (1,1, 1).

Do d6 A chéo hoa duoc. Ma tran lam chéo la

-1 -1 1 -1 0 O

P=1]1 0 1|vaPlAP=| 0 -1 o0f

0 1 1 0 0 2

Vi du 3: Tim trj riéng, vecto riéng va chéo hoa (néu duoc) ctia ma tran
1000
_10 0 00
A= 0000
1001
Bai giai

Phuong trinh dac trung P,(1) = det(A — Al,) =0

1-42 0 O 0
0 -1 0 0
0 0 -4 0
1 0 0 1-1

Vay AcOhaitririénglad=0vad = 1.

=02 (1-1)%=0

* Vecto riéng ctia ma tran A ung vai tri riéng A = 0.

Xét hé phuong trinh sau (4 + 01,)[x] = 6

1 000]0

0000O0O0 [1000|0]
ﬁ

0 000O0]O 0 00110

100110
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Hé c6 v s6 nghiém phu thudc hai an ty do (x,, x3). Nghiém tong quat cta hé 13

{x’:l:a’fj:zob (a,b € R)
Vay vecto riéng cua ma tran A ang vai tri riéng A = —1 ¢6 dang
(0,a,b,0)(a,b € R,a? + b%? + 0)
Khong gian riéng V, c6 co s¢'1a (0,1,0,0); (0,0,1,0)
* Vecto riéng cua ma tran A ang vai tri riéng A = 1.

Xét hé phuong trinh sau (A — I,)[x] = 6

0 0 00O 100 0]j0
0 -1 000 01000
—_

0 0 -10]0 00100
1 0 000 0 0O00O0NO

Hé c6 v s6 nghiém phu thudc mot an tw do (x,). Nghiém tong quat cua hé 1a

X, =%, =x3 =0
{ Xy = C (c eR)

Vay vecto riéng cia ma tran A ng vaoi tri riéng 4 = 1 ¢6 dang
(0,0,0,c)(c € R\{0})
Khong gian riéng V; c6 co sd 1a (0, 0,0, 1).
4.3. Dang toan phwong
4.3.1. Khai niém dang toan phwong
a. Dang toan phuwong

Dang toan phwong cua n bién x1, x,, ..., x, (hay dang toan phirong trong R™) 1a ham
Q tir R™ dén R cho bai biéu thirc (dudi dang ma tran)

Q(x) = [x]TA[x], v6i x = (xq, %5, ..., X;).
Véi A = (a;;), 1a ma tran d6i xtng (a;; = a;;).
Ma tran A va hang cta né dugc goi la ma tran va hang cia dang toan phuong Q.
Thuc hién phép nhan ma tran trong biéu thic trén thi Q(x) c6 dang
Q(x) = Xl Xioq agjxix;, voi a;; = ajj.
Chu y: Hé s6 cua x;x; (i # j) laa;; + a;; = 2a,;.

Vi du 4: Cho dang toan phuong ctia hai bién

0w =l [ 2 T[]

Khi d6 Q(x) = 2x? — 2x;,x, + x2.
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Vi du 5: Cho dang toan phuong cta ba bién Q(x) = 2x? 4+ x2 — x% — 2x,%, + X, X5.
Hay tim ma tran cta dang toan phuong Q va viét Q (x) dudi dang ma tran.

Bai giai
Goi A 1a ma tran cua dang toan phuong.
Céc hé s6 cua x2, x2, x2 1a cac phan tir nam trén duong chéo chinh cua A.
Céc hé so cua tich x;x; (i # j) gip d6i gid tri a;; cua A. Do d6
A1 = 2,02 = 1,a33 = =1;2a1, = =2 = a;; = —1(a; = az1)

2a13 = O e a13 - 0(6113 - a31); 2a23 - 1 - a23 == 1/2 (a23 = a32)

2 -1 0 2
VéyA = (-1 1 1/2“ Va Q(x) = [x11x2!x3] [ 1 1/2] [ “
0 1/2 -1 0 1/2 -1

b. Dang chinh tic ciia dang toan phuwong

Dang chinh tdc 1a dang toan phuong trong R™ ma ma tran cua dang toan phuong 1a
ma tran chéo (hay dang toan phuong chi chira binh phuong cu cac bién).

Vi du 6: Cho dang toan phuong cta bon bién Q(x) = 2x? + x% — x% + 0xZ.
4.3.2. Pua dang toan phwong vé dang chinh tic

Vi du 7: Cho dang toan phuong trong R3, Q(x) = 2x2 + x7 — x2 — 2x,x,. Khi d6
X1 =W X1 =W
Q(x) = x% + (x; — x,)? — x%. Nhu vay dat {x1 — Xz = Y2 hay {xz = Y1 — Y2 thi dang
X3 = Y3 X3 = Y3
toan phuong trén c6 dang chinh tic Q(y) = y? + y2 — y2.

Chu y la con nhiéu cach dit khac dé dua vé dang chinh tac.
Phwong phap chung: Doi bién x = (x4, ...,x,) € R™ bang y = (y5, ..., y,) € R®
cho béi [x] = P[y] (P = (p; j)n la ma tran vudng cap n khong suy bién), khi d6
X1 = P11Y1 t P12Y2 + -+ D1inn
X2 = P21Y1 + D22Y2 + -+ Dandn
Xn = Pn1Y1 + Pn2YV2 T "t Pundn
(trong thuc té c6 thé ta s& dit yy, ..., y, theo xy, ..., x,,, khi d6 [y] = P~1[x])
Sao cho ma tran B = PT AP ¢6 dang chéo. Luc do
Q(x) = [x]"Alx] = (P[yD"A(PIy]D) = [y]"PTAP[y] = [y]"Bly]
Nhu vay dang toan phuong Q ¢6 dang chinh tic d6i voi bién y.

Chu y: Ma tran P duoc goi 1a ma trdn ciia phép bién doi.
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1 0 0
Trong Vidu 7thimatran P = (1 -1 0.

0 0 1
Phwong phap Lagrange

Cho dang toan phuong trong R™

n

Qx) = Z ajjXiXj = z agxi + 2 Z a;xix; (i = a;;, Vi, j)

n n
i=1 j=1 i=1 1<i<jsn
No6i dung cua phuong phap nhu sau
+ Truong hop 1: Néu c6 hé sé a;; # 0, khong mat tinh tong quat, ta gia sir 13 a,,

Budc 1: Phéan tich Q (x) nhu sau

n
Q(x) = (a;1x2 + 2a;,x,x) +  + 24,1 %) + Z a;x? + 2 Z a;;X;X;

i=2 2<i<jsn

Pua Q(x) vé dang

1
Q(X) == a (Cl11X1 + a12x2 + -+ alnxn)z + Ql(xz, ...,xn)
11

(cht ¥ khi d6i bién thi y; = ay1x; + aq0%; + -+ + a1%,)
Trong d6 Q, (x5, ..., x,,) 1a dang toan phuong trong R™ 1.
Budc 2: Tiép tuc phan tich Q, (x,, ..., x,,). Ciing xay ra hai truong hop.
* Truong hop 2: Néu tit ca hé s6 a; = 0 voi moi i, ton tai a;j # 0, khong mat tinh
tong quat, ta gia su la a,,. Ta dat

X1=Y1+tY2
Xo=Y1— Y2
Xi=y,3<i<n

Khi d6 Q(y) = 2a,,¥? — 2a,,¥% + -+ 1a dang toan phuong c6 hé sb y? # 0. Tré vé
truong hop 1. Phép d6i bién cudi cing 1a hop cac phép doi bién lai.

Vidu 8: Pua DTP Q(x) = —xZ + 4x2% + 2x,x, + 4x, x5 vé dang chinh tic
Bai giai
Taco Q(x) = —(x5 — 2x;x,) + 4x2 + 4x,x3 = —(x; — x1)? + xF + 4x2 + 4x,x;5
= —(xy —x1)% + x + 4xyx3 + 4x2 = —(x; — x,)% + (x; + 2x3)?
Vi =%X1— X X1 =Y, — 2Y3 0 1 -2
bat =1 +2x3 @ x, =-y; +y, —2y3 =P =[-1 1 =2
Y3 = X3 X3 = Y3 0 O 1
Khi d6 Q c6 dang chinh tic theo bién y, Q = —y? + y? véi phép d6i bién [x] = P[y]
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Vi du 9: Pua dang toan phuong sau vé dang chinh tic
Q(x) = 3x% + 6x5 + 3x3 — 4x,x, + 8x,x3 + 4x,x5.
Bai gidi
Q(x) = 3x? + 6x7 + 3x% — 4x,x, + 8x,x3 + 4x,%5
= 3x2 — 4x;x, + 8x,x3 + 6x% + 3x35 + 4x,%3
= ;(9xf — 12x,x, + 24x,x3) + 6x% + 3x3 + 4x,%3
= é((Bxl — 2x, + 4x3)% — 4x5 — 16x3 + 16x,x3) + 6x7 + 3x% + 4x,x3

1 2 14 5, 7 5 28
—_ §(3x1 - 2X2 + 4X3) +?X2 _E.X3 +?x2x3

= %(Bx1 — 2x, + 4x3)* + %xzz + ?x2x3 — gxg
= §(3x1 —2x, +4x3)% + 1—:(x§ + 2x,x3) — §x32

1 14 7
= g(3x1 — 2x, + 4x3)* + ?((xz +x3)% — x5) — gx';%

= §(3x1 —2x, +4x3)% + %(x2 + x3)% — 7x3

Y1 = 3%, — 2x; + 4x3 3 -2 4
bat VY, = X, + X3 = P 1=]0 1 1
V3 = X3 0 0 1

Khi d6 Q c¢6 dang chinh tac theo bién y (v6i phép doi bién [x] = P[y])

1 . 14
Q=3yi+5y: =73

Vi du 10: Pua dang toan phuong Q(x) = 2x;x, + 2x,x3 — 6x,x5 vé dang chinh tic.

Bai giai
X1 =Yy1tY2 1 1 0
X3 = Y3 0 0 1

Q(x) = 2(}’1 + 3’2)()’1 - YZ) + 2()’1 - YZ)}’3 - 6(}’1 + YZ)Y3
=2y — 2y5 — 4y1y3 — 8y,y5 = 2(¥f — 2y,y3) — 2y5 — 8Y,Y3
=2((y; —¥3)* —¥3) — 2y5 — 8y,

=2(y1 — ¥3)* — 2y5 — 2y — 8y,y3
=2(y; — ¥3)* = 2(¥% + 4y,y3) — 2y3
= 2()’1 - Y3)2 - 2()’2 + 2)’3)2 + 63’3%-
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Z1=Y1— Y3 Vi =21 %23 1 0 1
Diti{z, =y, +2y; = {J’z =2y — 223 (P, = \0 1 —2]) thi dang toan phuong
Z3 =3 Y3 = Z3 0 0 1

trén c6 dang chinh tic
Q(z) = 2z% — 2z% + 622
Véi phép dbi bién [x] = P,[y] = P,P,[z].
Phwong phap bién ddi so' cAp ma tran ddi xing
Cho dang toan phuong Q trong R™, c6 ma tran la A. Xét ma tran [A|L,].

* Bude 1: Thuc hién cac cip phép bién d6i so cap (mdi cip 1a mot phép bién dbi so
cap dong va mot phép bién doi so cap cot cung kiéu) dua [A|I,] vé dang [B|C]. Trong
do B 1a ma tran chéo, khi d6 C = PT.

* Budc 2: Poi bién [x] = P[y] khi d6 Q[y] = [y]"PTAP[y].

Trong Vidu 8, Q(x) = —x2 + 4x2 + 2x,x, + 4x,x5. Xét ma trin

0 1 2[1 0 0], 0,0l O 2|1 1 0
1 -1 0j0 1 Of—|1 -1 0]J0 1 O
2 0 410 0 1 2 0 410 0 1
e [L 0 2] 1 0, Lol 0 2] 1 10
—|0 -1 00 1 Of—|0 -1 O 0 1 0
2 0 410 0 1 0 o oI -2 -2 1
ez [L 0 0] 1 10
—> |0 -1 O 0 1 O
0 O oI -2 -2 1
1 1 O 1 0 -2
VaymatranPT=| 0 1 0o|=P=(1 1 -2
-2 =21 0 O 1

Khi d6 Q c6 dang chinh tic theo bién y, Q = y? — y2 véi phép ddi bién [x] = P[y]

Trong Vi du 10, Q(x) = 2x;x, + 2x,x3 — 6x;X5. Xét ma tran

0 1 —3|1 0 0], ,..[1 1 —2]1 1 0
1 1 2
1 0 10 1 0f]—/—|1 O 1(0 1 O
-3 1 010 0 1 -31 010 0 1
C1—=C1+Cy 2 1 _2 1 1 0 d2—>2d2—d1,d3—>d3+d1 2 1 _2 1 1 O-
B 0O 1(0 1 O 0 -1 4(-1 1 0
-2 1 010 0 1 o 2 =211 1 1.
C2—2¢3—C1,632C3+Cy 0 0 1 10 dz—dz+2d, 2 0 0 1 1 0]
-2 4]|1-1 1 0|—|0 -2 4|-1 1 0
0 4 =211 1 1 0 0 61-1 3 1]
o2, [2 0 01 10
— -2 0(—-1 1 O]
0 0 e61-1 3 1
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1 10 1 -1 -1
-1 1 0|=P=1 1 3
-1 3 1 0 0 1
Khi d6 Q c6 dang chinh tic Q = 2y? — 2y + 6y? v&i phép doi bién [x] = P[y].

Vay ma tran PT =

4.3.3. Dang toan phwong x4c dinh diu

Pinh nghia: Cho dang toan phuong Q trong R™ v4i ma tran dang toan phuong 1a A
var(A) = n. (ta khong xét truong hop A suy bién)

Dang toan phuong Q duoc goi 12 xdc dinh dwong néu Q(x) > 0,Vx € R™\{#}.
Dang toan phuong Q duoc goi 1 xdc dinh Am néu Q(x) < 0,Vx € R™\{6}.
Dang toan phuong Q duoc goi la nita xdc dinh diong néu Q(x) = 0,Vx € R",
Dang toan phuong Q duoc goi 1a nita xdc dinh &m néu Q(x) < 0,Vx € R™

Dang toan phuong Q dugc goi la khéng xdc dinh dau néu Q(x) nhan ca gia tri duwong
va gia tri am, nghia 1a Q(x) doi dau.

Vi du 11: Xét cac dang toan phuong sau trong R?

Q(x) = x? + 4x2 — 2x,x,, R(x) = —4x? — 4x% + 8x,x,, T(x) = x? — x5 — x;%,
Q(x) 1a x4c dinh duong vi Q(x) = (x; — x,)? + 3xZ > 0 v6i Vx € R?\{6}.

R(x) la ntra x4ac dinh am vi R(x) = —4(x; — x,)? < 0 v6i Vx € R?,

T'(x) 1a khong xac dinh dau vi T(1,1) = 1 > 0 nhung T(0,1) = -1 < 0.

Q11 Q12 -+ Qn

. < A Q21 Azz -+ Qo
Pinh nghia: ChomatranA=| . :° . "
An1 Anz *** Ann

Khi @6 cac dinh thirc sau dugc goi la dinh thirc con chinh

Q11 Q12 -+ Qin
ai1 Q12 4i3
a1 Qa2 Ay, Ayo sy
D, =a41,D; = ,D; = 1|A21 Q2 Qz3(,D, =1| S .
Az, Ay
3z A3y dzz
An1 An2 *** Apn
Dinh ly Sylvester:

Cho Cho dang toan phuong Q trong R™ v&i ma tran dang toan phuong 1a A

* Néu tat ca cac dinh thuc con chinh Dy, D,, ..., D, déu duong thi dang toan phuong
Q xac dinh duong.

* Néu tat ca cac dinh thic con chinh cip chin D,, D,, ... déu duong va tit ca cac dinh
thirc con chinh cip 1é D, D5, ... déu am thi dang toan phuong Q xac dinh am.

Vi du 12: Dung dinh 1y Sylvester xét tinh xac dinh dau ctia cac dang toan phwong sau
trong R3
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Q(x) = —2x2 — 4x3 — 3x3 + 4x,x,, R(x) = 7x% + 2x% — x5 + 5x,%5.
Bai gidi

Q(x) va R(x) lan luot c6 ma tran ctia dang toan phuong 1a

—2 2 0 7 0 3
A=| 2 -4 o|,B=|0 2 o
0 0 -3 3 0 -1
Véi matran A taco
_9 ? -2 2 0
Dy=-2<0,D, =] . _4|=4>0,D3= 2 —4 0|=-12<0.
0 0 -3
Vay Q(x) xac dinh Am.
V6ima tran B ta co
70 7 0 3
D1=7>O,D2=|0 S|=14>0D,=0 2 o|=-32<0.
3 0 -1

Chua két luan duoc. Ta thdy R(1,0,0) =7 > 0,R(0,0,1) = —7 < 0, do d6 dang
toan phuong R (x) khong xac dinh dau.

BAI TAP TRAC NGHIEM CHU'ONG 4
Dang toan: Pa thirc dic trung ctia ma tréan.
1. Matran A = B ﬂ c6 da thire dic trung P, (1) 13 khing dinh nao sau day:

A.PL(A)=A+1)1-3) B.PL,(A)=(A—-1)(1+3)
C.P,(A)=2*—21+5 D.PLLA)=A+1)3-2)

2. Matrin A = [_31, (2)] c6 da thirc dic trung P, (1) 12 khing dinh nao sau day:

APAD)=AL+2)1-3) B.PLLAA)=A—-2)(1+3)
C.PL(A=2+1+6 D.P,(A)=UA+3)(2—-1)
3. Matran 4 = B _ﬂ c6 da thire dac trung P, (1) 1a khéng dinh nao sau day:
A.P,(N) =—-A2-7 B.P,(1) =A% +7
C.PLLA)=AL-3)1+3) D.P,(A)=U1+3)3—-1)
0 0 1 7
4. MatranA =10 1 0] co da thuc dac trung P, (1) 1a khang dinh nao sau day:
1 0 O
A.P,(D)=—-1-1D21+2) B.PL,AA)=1-1D2(1+2)
C.PL,()=(1+21)2*(1-2) D. P,(1) = —2%2(1 — 2)?
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1 1 0
5.MatrainA=1[1 0 1‘ c6 da thirc didc trung P, (1) 1a khang dinh nao sau day:
0 1 1
A.P,(D)=@2-2D(1+2)? B.PL(A)=1-2)(1-2?)
C.P,(AH) =2+ 1)1 +2)? D.PL(A) =2+ -2%
0 1 0 7
6. Matran A= (1 0 1] co da thic dac trung P, (A1) 1a khang dinh nao sau day:
0 1 0
C.P,(1) = A(2 — 1)? D. P,(1) = A(2 — 2?)
1 1 0 i
7.MatranA =10 1 O] c6 da thire dac trung P, (1) 1a khang dinh nao sau day:
5 3 =2
C.Py(A) = 23 — 31+ 2 D. Py(1) = —A3 + 31 — 2
2 1 1
8.MatranA=|1 1 0‘ c6 da thie dac trung P, (1) la
1 0 1
A P,(A) =1 — 1A +3) B.P,(A) = —A(1— 1)(1 +3)
C.PLLA)=21-1)(1-3) D.P,(1) = -2 —1)(1+3)
1 2 3 4
o1 23|, . \
9. Matrin A = 00 2 3| da thirc dac trung P,(4) la
000 2
A.P,(A) =1 —1)2(—2)? B.P,(A) = (1—1)2(1%2—4)
C.PL(A)) =R -1 —-2)? D.P,(A)=(*-1)(1*—4)
Dang toan: Gia tri riéng ciia ma tran.
10. Matran A = B 1] c6 cac gia tri riéng 1a khang dinh nao sau day:
Al1=11=-3 B.A=-1,1=3
CA=-1,A=3 D. Khong co gia tri riéng

11. Matran A = [_; (2)] c6 cac gia tri riéng 1a khing dinh nao sau day:

AL1=2,1=-3 B.A=-2,1=3
CAl=-2,1=-3 D. Khong c6 gié tri riéng

12. Matran A = B _ﬂ c6 cac gia tri riéng 1a khing dinh nao sau day:
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A.A=9
C.A=31=-3
0
13. Matran A = |0
1
A l1=1
C.i=01=1
1
14. Matran A = |1
0

ALl=2,1=%1
C.1=2

0
1
0

15. Matran A =

AL1=01=21=-2

C.A=0,1=2
1
16. Matran A = |0
5
Al=1,1=2
C.A=11=-2
2
17.Matran A = |1
1

Al1=11=-3

C1=01=1,1=-3

-1 0
1 0] c6 gia tri riéng 1a khang dinh nao sau day:
0 3

18. Matran A =

A1=11=3
CA=1,1=-1,1
1
A _ 10
19. Matran A = 0
0

Al=11=2

—4

SO RN

0

o

=

o

—_

—_

SO DN W

B.1=3
D. Khong c6 gia tri riéng
1

0] c6 cac gia tri riéng 13 khang dinh nao sau day:
0

B.A=-1
D.A=11=-1

0
1] O cac gi tri riéng 13 khang dinh nao sau day:
1

A=-1
D.A=—-1,1=2

0
1] c6 cac gia tri riéng 1 khang dinh nao sau day:
0

B.A=0,1=4

D.A=0,1=+vV2,1=—2

0
0] c6 cac gia tri riéng 1a khing dinh nao sau day:
-2

BA=-1,1=2
DA=-1,1=-2

1
0] c6 cac gia tri riéng 13 khing dinh ndo sau day:
1

B.A=0,1=1,41=3
D.A=0A=-1,1=-3

B.A=-1,1=3
D.A=-1,1=-3

co cac gia tri riéng 1a khang dinh nao sau day:

N W W p

BA=11=2,A=-2
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Cl=1LA=-1,1=2 DA=1,A=-1,A=2,A=-2

Dang toan: Vecto riéng ciia ma tran.

20. Ma tran A = [(1) (1)] cd cac vecto riéng wng Vi gia tri rieng A = —1, 1a vecto ¢co
dang nao sau day:

A. (a,—a)(a € R\{0}) B. (a,—a)(a € R)

C. (0,a)(a € R\{0}) D. (a,0)(a € R\{0})

21. Ma tran A = [1

5 1] co cac vecto riéng (ng vai gia tri riéng 1 = 3, 1a vecto co

dang nao sau day:
A. (—a,a)(a € R\{0}) B. (a,a)(a € R\{0})
C.(—a,a)(a € R) D.(a,a)(a € R)

22. Matran A = [_; S] cd cac vecto riéng tng vai gia tri riéng 1 = —3, 1a vecto €0
dang nao sau day:

A. (a,a)(a € R\{0}) B. (—a,a)(a € R)

C. (—a,a)(a € R\{0}) D. Khong cé vecto riéng

23. Ma tran A = [1

5 1] cb cac vecto riéng (rng véi gia tri riéng A = 3, 1a vecto ¢cb

dang nao sau day:

A. (—a,a)(a € R\{0}) B. (2a,a)(a € R)

C.(—a,a)(a € R) D. (2a,a)(a € R\{0})
0 0 1

24. Matran A=|0 1 0] c6 cac vecto riéng (rng Va4i gid tri riéng A = 1, 1a vecto ¢o
1 0 O

dang nao sau day:

A. (—a,0,a)(a € R\{0}) B.(—a,0,a)(a € R)

C.(b,a,b)(a,b € R) D. (b,a,b)(a,b € R\{0})
0 0 1

25.Matrain A=|0 1 0] c6 cac vecto ri€ng Ung vdi gia tri riéng A = —1, 1a vecto
1 0 O

c6 dang nao sau day:

A. (—a,0,a)(a € R\{0}) B.(—a,0,a)(a € R)

C. (b,a,b)(a,b € R\{0}) D. (b,a,b)(a,b € R)
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1 1 0

26. MatranA=1[1 0 1] co cac vecto riéng tng Vaoi gid tri riéng A = 2, 1a vecto ¢6
0 1 1

dang nao sau day:

A. (a,a,a)(a € R\{0}) B.(a,a,a)(a € R)

C. (—a,—a,a)(a € R\{0}) D. Khong cé vecto riéng
0 1 O

27.Matran A= |1 0 1] cdb cac vecto riéng irng vai gid tri riéng 1 = 0, 1a vecto ¢co
0 1 O

dang nao sau day:

A. (—a,0,a)(a € R) B. (—a,0,a)(a € R\{0})

C. (—a,a,a)(a € R\{0}) D.(—a,a,a)(a € R)
1 1 0

28. Matran A=10 1 0| c6 cac vecto riéng &ng Vi gia tri riéng A = 1, 1a vecto
5 3 =2

c6 dang nao sau day:

A. (— 3/5 a,o, a)(a ER) B. (— 3/5 a,0, a)(a € R\{0})

C. (3/5,0,a)(a € R\{0}) D. (3/50,0,0)(a € ®)
2 1 1

29. Matran A=|1 1 0] c6 cac vecto riéng (rng Vi gid tri riéng A = 3, 1a vecto ¢o
1 0 1

dang nao sau day:

A. (2a,a,a)(a € R) B. (2a,a,a)(a € R\{0})

C.(0,—a,a)(a € R\{0}) D. Khoéng cé vecto riéng
2 0 0

30. Matran A= [0 0 0] c6 cac vecto riéng (rng Vi gia tri riéng A = 2, 1a vecto co
0 0 O

dang nao sau day:

A.(0,a,b)(a,b € R\{0}) B. (a,a,a)(a € R\{0})

C. (a,a,0)(a € R\{0}) D. (a,0,0)(a € R\{0})

1 -1 0
31.Matran A =|—4 1 0] c6 cac vecto riéng &tng Véi gia tri riéng A = 3, la vecto
0 0 3

c6 dang nao sau day:

A. (a,—2a,b)(a,b € R\{0}) B. (a,— 2a,b)(a € R)

C.(a,a,0)(a € R) D. (a,a,0)(a € R\{0})
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12 3 4
~ 012 3], , A i i in .

32. Matran A = 0 0 2 3|cocac vecto riéng ung voi gia tri rieng A = 1, 1a vecto

0 00 2
c6 dang nao sau day:
A. (0,—a,—3a,a)(a € R\{0}) B. (0,—a,—3a,a)(a € R)
C. (a,0,0,0)(a € R\{0}) D. (a,0,0,0)(a € R)
33. Vecto (2, —2) 1a vecto riéng cia ma tran A = [(1) 0] ung voi gia tri riéng nao sau
day:
Al1=1 B.A=0 C.li=-1 D.A=1vai=-1

34. Vecto (—2,—2) la vecto riéng cua ma tran A = B ﬂ ung voi gia tri riéng nao
sau day:

A1=3 B.A=-1 C.1=-3 D.A=1

35. Vecto (2,—2) la vecto riéng cta ma tran A = [_é 3] ung voi gia tri riéng nao
sau day:

A 1=3 B.A=-1 C.1=-3 D.A=1

36. Vecto (2, 1) la vecto riéng ctia ma tran A = B _ﬂ ung véi gia tri riéng nao sau

day:
A.A=3 B.A=-2 C.A=-3 D.1=2
0 0 1
37. Vecto (3,—1,3) 1a vecto riéng cia ma tran A =|0 1 0| Gng vai gia tri riéng
1 0 0
nao sau day:
A 1=3 B.1=-1 C.1=-3 D.A1=1
1 1 0
38. Vecto (4,4,4) 1a vecto riéng ctlamatran A = |1 0 1| &ng véi gia tri riéng nao
0 1 1
sau day:
A 1=3 B.A=2 C.A=-3 D.A=-2
0 1 0
39. Vecto (2,0,—2) l1a vecto riéng cia matran A=|[1 0 1| Gng vdi gia tri riéng
0 1 0
nao sau day:
A 1=3 B.1=2 C.i=1 D.A=0
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1 1 0
40. Vecto (3,0,5) la vecto riéng cta ma tran A= (0 1 0] ung vGi gia tri riéng
5 3 =2
nao sau day:
A.1=3 B.A=2 C.Ai=1 D.A=0
2 1 1
41. Vecto (2,1,1) la vecto riéng cia matran A =|1 1 0] Gng véi gia tri riéng nao
1 0 1
sau day:
A A=3 B.A=2 C.i=1 D.A=0
12 34
\ A , A 012 3], e er e oA
42. Vecto (2,0,0,0) 1a vecto riéng cia ma tran A = 0 0 2 3|tmevoigia tri riéng
0 00 2
nao sau day:
A.A1=3 B.A=2 C.A=1 D.A=0

Dang toan: Chéo héa ma tran.

43. Gia sir A 1a ma tran vudng cip 3 c6 3 vecto riéng 1a (1,2,1), (1,0,1),(1,0,0) lan
1 1 1
luot rng véi cac gid tririéng A =1,1=2,A=3.PatP =12 0 0
1 1 0

. Khi d6 khang

dinh nao sau day la ding

A. A chéo hdéa dugc va P~1AP =

B. A chéo hoa dugc va P~1AP =

C. A chéo hda dugc va P~1AP =

SO W OO DN OO -
ONO OFrRPrO oNO
_, OO WOO woo

D. A, B, C déu dung.

2 1
-3 1

Al W el [l ol

45.Chomatran A = B ﬂ Ma tran P lam chéo A la ma tran nao sau day:

44, Matran P = [ ] chéoh6éamatran A = [g ﬂ thanh ma tran nao sau day:

B.p=[1 1

-1 1
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cp=["t 7]

0 3 DP:B-ﬁ]

46. Chomatran A = [_5% (2)] Ma tran P lam chéo A l1a ma tran nao sau day:

112 -1
AP=|_1 3 B.P=|,
-3 0 2 0
cp=["5 3 D.P=|0 3]
0 1 1 0 0 1
47. MatranP=|(1 0 0O|chéoh6amatranA=|0 1 0| thanh ma trdn nao sau
0O 1 -1 1 0 0
day:
-1 0 0 10 0
Al 0 1 0 B.I[0 1 0
0 0 1 0 0 1
1 0 0 [1 0 O
C.10 1 0 D.10 -1 0
0 0 -1 L0 0 1
1 1 1 1 1 0
48. Matran P = |1 0 —2|chéohdamatran A=|1 0 1| thanh ma trin nao
1 -1 1 0 1 1
sau day:
2 0 O 2 0 07
A0 1 O B.l10 1 0
0 0 1 0 0 -1
1 0 0 —1 0 0]
C.l0 2 0 D.l 0 1 0
0 0 -1 L 0 0 2
1 -1 0
49. Chomatran A = |—4 1 0]. Matran P lam chéo A la ma tran nao sau day:
0 0 3
[1 1 0] 1 1 0
AP=|0 -2 0 B.P=]|0 2 0
(2 0 1. 2 0 1
[1 1 0] 1 1 0
C.P=|2 -3 0 D.P=12 -2 0
L0 0 1 0 0 1
2 1 1
50.Chomatran A= (1 1 0]|. Matran P lam chéo A la ma tran nao sau day:
1 0 1
0 0 O 1 0 2
AP=|0 1 0 B.P=|]1 -1 1
0 0 3 1 1 1
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1 0 2
CP=|-1 -1 1
-1 1 1

1 -1 —1‘

D.P=[0 -1 1

Dang toan: Ma tran cua dang toan phwong

2 1 1

51. Cho dang toan phuong cta 2 bién, Q(x) = x? + 2x2. Khi 6 ma trin cta dang toan

phuong la
A= 3]
ca=[; )]

B.A=[g (1)]
D.A=[i ﬂ

52. Cho dang toan phuong cta 2 bién, Q(x) = x? + x2 + 4x,x,. Khi d6 ma trin cta

dang toan phuong la

B.4=

D.A=

[EE = P
NN
o o
—

4 1l

53. Cho dang toan phuong cua 2 bién, Q(x) = 2x,x,. Khi d6 ma tran cta dang toan

(1 2 0
AA=[2 1 0
0 0 O
o2
ca=[, ¢l
phuong la
[0 2 0
AA=12 0 O
0 0 O
0 2
ca=[, ¢

B.4A =

D.A=

N = =]

1 0
0 O
0 O

1
0

54. Cho dang toan phuong cua 3 bién, Q(x) = x? + x2 — 4x,x, + 2x,%5. Khi 46 ma

tran cua dang toan phuong la

[ 1 —4 0]
AA=|-4 0 2
L 0 2 1l
[ 1 -2 0]
C.A=|-2 0 1
L 0 1 1l

B.4A =

D.A=

1 —4 —4
—4 0 2]
| —4 2 1
[ 1 —4 2
—4 0 2]
| 2 2 1

55. Cho dang toan phuong cua 3 bién, Q(x) = 2x? + 3x2 + x2 — 4x,x, — 4x,%5. Khi

d6 ma tran cua dang toan phuong la

[ 2 —4 —4
A A=|-4 3 0]
[ —4 0 1
2 -2 =2
C.A=|2 3 0]
|2 0 1

B.A =

D.A=

4 3 0

2 —4 —4]

14 0 1
[ 2 =2 —2]

—2 3 0

|—2 0 1
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56. Cho dang toan phuong cta 3 bién, Q(x) = xZ + x2 + 4x,x,. Khi d6 ma tran cua
dang toan phuong la

(1 2 0 1 4 0
AA=12 1 0 BA=|4 1 0
0 0 O 0 0 O
o2 o4
c.a=|, J D.A=|, J
57. Cho dang toan phuong cua 3 bién, Q(x) = 2x,x,. Khi d6 ma tran cta dang toan
phuong la
0 2 O 0 1 O
AA=12 0 0 B.A=|1 0 O
0 0 O 0 0 O
0 2 10 1
c.a=|, d D.A=[]{ §

Dang toan: Pua dang toan phwong vé dang chinh tic

58. Cho dang toan phuong cua 2 bién, Q(x) = 2x;x,. Chon ma tran doi bién P thich
hop ([x] = P[y]) dé dua dang toan phuong trén vé dang chinh tic

AP=H é BP=H ‘ﬂ
QP:Q ﬂ DP:H ﬂ

59. Cho dang toan phuong cua 2 bién, Q(x) = xZ + 2x,x,. Chon ma tran doi bién P
thich hop ([x] = P[y]) dé dua dang toan phuong trén vé dang chinh tic

AP:H é BP:B ﬂ

1 0
-1 1

60. Cho dang toan phuong ciia 3 bién, Q(x) = x? + 2x,x, + 2x,%5. Chon ma tran doi
bién P thich hop ([x] = P[y]) dé dua dang toan phwong trén vé dang chinh tic

c.p=| DP:B ‘ﬂ

1 2 0 1 1 0
AP=12 0 2] B.P=]1 0 1]

0 2 0 0 1 0

1 -1 -1 [ 1 0 O
C.P=10 1 1] D.P=|-1 1 O]

L0 0 1 -1 1 1

61. Cho dang toan phuong cua 3 bién, Q(x) = 2x;x, + 2x,Xx3 — 6x,X3. Chon ma tran
dbi bién P thich hop ([x] = P[y]) dé dua dang toan phuong trén vé dang chinh tic

1 -1 -1 1 1 0
A.P=|1 1 3 B.P=|-1 1 0
0 0 1 -1 3 1
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0 1 -3 0 2 -6
1 0 1 2 0 2
-3 1 0 -6 2 0

62. Cho dang toan phwong cua 3 bién, Q(x) = —x% + 4x% + 2x,x, + 4x,x5. Chon
ma tran d6i bién P thich hop ([x] = P[y]) dé dua dang toan phuwong trén vé dang

C.P

o=

chinh tic
[ 1 1 0 [1 0 =2
A.P=]| 0 1 0 B.P=1|1 1 =2
-2 -2 1 0 O 1.
[0 1 2 0 2 4]
C.P=J1 -1 0 D.P=|2 -1 0
2 0 4 |4 0 4l

DPAP AN CAU HOI TRAC NGHIEM
Chwong 1 - Ma tran - Pinh thirc

1.D 2A 3A 4A 5C 6D 7A 8C 9.C 10.B 11.C 12.A
13.A 14.D 15.A 16.A 17.C 18.B 19.C 20.A 21.B 22.C 23.D 24.C
25.B 26.B 27.C 28.C 29.D 30.A 31.C 32.A 33.B 34.C 35.A 36.A
37.B 38.A 39.B 40.C 41. A 42.D 43.C 44.D 45.D 46.B 47.C 48.D
49.D 50.D 51. A 52.C 53.C 54.C 55.D 56.C 57.C 58.C 59.D 60.B
61.D 62.B 63. A 64.B 65.D 66.B 67.D 68.B 69.D 70.C 71.C 72.B
73.C 74.D 75.C 76.A 77.C 78.D

Chwong 2 - Hé phwong trinh tuyén tinh
1.D 2.C 3B 4C 5A 6B 7.C 8D 9.D 10.A 11.B 12.C
13.A 14.D 15.D 16.D 17.C 18.B 19.B 20.C 21.C 22.D 23.D 24. A
25.C 26.B 27.C 28. A 29.A 30.B 31.B 32.A 33.B 34.B 35.B 36.B
37.B 38.A 39.C 40.C 41.B 42.B 43. A 44.C 45 A 46.C 47.D 48. A
49.B 50.B 51.B 52.B 53.B 54.C 55.B 56.C 57.A 58.B 59.B 60.D
61.B 62.C 63. A 64. A 65.A 66.D 67.A 68.B 69.A 70.B 71.B 72.C
73.D 74.D 75.D 76.D 77.B 78.D

Chwong 3 - Khong gian vecto
1.C 2A 3B 4B 5D 6.A 7.C 8B 9.B 10.A 11.C 12.C
13.D 14.B 15.D 16.C 17.B 18. A 19.A 20.D 21.B 22.D 23. A 24. A
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25.
37.
49.
61.
73.

26.C 27.
38. A 30.
50. D 51.
62. D 63.
74. A T5.

28.A 29.A 30.B 31.B 32.C 33.C 34.D 35.D 36.A
40.C 41.D 42.D 43.B 44.B 45.C 46.D 47.C 48.D
52.B 53.C 54.D 55.A 56.B 57.C 58.C 59.D 60.C
64.C 65.B 66.A 67.D 68.B 69.C 70.D 71.D 72.C
76.C 77.D 78.B 79.C 80.C 81.D 82.C 83.C 84.C
85.B 86.C 87.D 88.D 89.C 90.C 91.C 92.B 93.C 94. A 95.B 96. A
97.B 98.B 99.C 100.C 101.B 102.C 103.B 104.C
105.C 106. C 107.B 108.D 109. B 110. A
111.B 112. A 113.C 114.C 115.D 116. A
117.B 118.C 119.D 120.D 121. A 122. D
123.C 124.B 125.D 126. D 127. A 128.B
129.D 130. A 131.B 132.C 133.B 134. A
135.D 136. D 137.C 138.C 139.D 140. A

o W W O W O
O OO O w O U W

Chwong 4 - Chéo hoa ma tran - Dang toan phwong
1.A 2B 3C 4A 5B 6.D 7D 8C 9 A 10.B 11.A 12.C
13.D 14.A 15.D 16.C 17.B 18.B 19. A 20.A 21.B 22.C 23.D 24.D
25.A 26.A 27.B 28.C 29.B 30.D 31.A 32.C 33.C 34.A 35.C 36.A
37.D 38.B 39.D 40.C 41. A 42.C 43. A 44.A 45.B 46. A 47.C 48.B
49.D 50.C 51.A 52.C 53.D 54.C 55.D 56.A 57.B 58.B 59.D 60.C
61. A 62.B
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