‘ THIRD EDITION

Student Solutions Manual for

MATHEMATICAL
METHODS FOR
PHYSICS AND
ENGINEERING

K. F. RILEY
M. P. HOBSON ==

CAMBRIDGE


http://www.cambridge.org/9780521679732

This page intentionally left blank



Student Solutions Manual for Mathematical Methods for Physics
and Engineering, third edition

Mathematical Methods for Physics and Engineering, third edition, is a highly ac-
claimed undergraduate textbook that teaches all the mathematics needed for
an undergraduate course in any of the physical sciences. As well as lucid
descriptions of the topics and many worked examples, it contains over 800
exercises. New stand-alone chapters give a systematic account of the ‘special
functions’ of physical science, cover an extended range of practical applica-
tions of complex variables, and give an introduction to quantum operators.

This solutions manual accompanies the third edition of Mathematical Meth-
ods for Physics and Engineering. It contains complete worked solutions to over
400 exercises in the main textbook, the odd-numbered exercises that are pro-
vided with hints and answers. The even-numbered exercises have no hints,
answers or worked solutions and are intended for unaided homework prob-
lems; full solutions are available to instructors on a password-protected website,
www.cambridge.org/9780521679718.

KEN RILEY read mathematics at the University of Cambridge and proceeded
to a Ph.D. there in theoretical and experimental nuclear physics. He became a
research associate in elementary particle physics at Brookhaven, and then, having
taken up a lectureship at the Cavendish Laboratory, Cambridge, continued this
research at the Rutherford Laboratory and Stanford; in particular he was involved
in the experimental discovery of a number of the early baryonic resonances. As
well as having been Senior Tutor at Clare College, where he has taught physics
and mathematics for over 40 years, he has served on many committees concerned
with the teaching and examining of these subjects at all levels of tertiary and
undergraduate education. He is also one of the authors of 200 Puzzling Physics
Problems.

MicHAEL HoOBSON read natural sciences at the University of Cambridge, spe-
cialising in theoretical physics, and remained at the Cavendish Laboratory to
complete a Ph.D. in the physics of star-formation. As a research fellow at Trinity
Hall, Cambridge and subsequently an advanced fellow of the Particle Physics
and Astronomy Research Council, he developed an interest in cosmology, and
in particular in the study of fluctuations in the cosmic microwave background.
He was involved in the first detection of these fluctuations using a ground-based
interferometer. He is currently a University Reader at the Cavendish Laboratory,
his research interests include both theoretical and observational aspects of cos-
mology, and he is the principal author of General Relativity: An Introduction for
Physicists. He is also a Director of Studies in Natural Sciences at Trinity Hall and
enjoys an active role in the teaching of undergraduate physics and mathematics.






Student Solutions Manual for

Mathematical Methods
for Physics and Engineering

Third Edition

K. F. RILEY and M. P. HOBSON

=7 CAMBRIDGE
&P) UNIVERSITY PRESS




CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore, Sao Paulo

Cambridge University Press
The Edinburgh Building, Cambridge cB2 2ru, UK
Published in the United States of America by Cambridge University Press, New York

www.cambridge.org
Information on this title: www.cambridge.org/9780521679732

© K. F. Riley and M. P. Hobson 2006

This publication is in copyright. Subject to statutory exception and to the provision of
relevant collective licensing agreements, no reproduction of any part may take place
without the written permission of Cambridge University Press.

First published in print format 2006

ISBN-13  978-0-511-16804-8 eBook (EBL)
ISBN-I0  0-511-16804-7 eBook (EBL)

ISBN-13  978-0-521-67973-2 paperback
ISBN-10  0-521-67973-7 paperback

Cambridge University Press has no responsibility for the persistence or accuracy of URLs
for external or third-party internet websites referred to in this publication, and does not
guarantee that any content on such websites is, or will remain, accurate or appropriate.


http://www.cambridge.org
http://www.cambridge.org/9780521679732

Contents

Preface

1 Preliminary algebra

2 Preliminary calculus

3 Complex numbers and hyperbolic functions
4 Series and limits

5 Partial differentiation

6 Multiple integrals

7 Vector algebra

8 Matrices and vector spaces

9 Normal modes

10  Vector calculus

11 Line, surface and volume integrals

page ix

71

90

104

119

156

176



12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

CONTENTS

Fourier series

Integral transforms

First-order ODEs

Higher-order ODEs

Series solutions of ODEs

Eigenfunction methods for ODEs

Special functions

Quantum operators

PDEs: general and particular solutions

PDEs: separation of variables and other methods

Calculus of variations

Integral equations

Complex variables

Applications of complex variables

Tensors

Numerical methods

Group theory

Representation theory

vi

193

211

228

246

269

283

296

386

400

420

440

461

480



CONTENTS

30 Probability 494

31 Statistics 519

vii






Preface

The second edition of Mathematical Methods for Physics and Engineering carried
more than twice as many exercises, based on its various chapters, as did the first.
In the Preface we discussed the general question of how such exercises should
be treated but, in the end, decided to provide hints and outline answers to all
problems, as in the first edition. This decision was an uneasy one as, on the one
hand, it did not allow the exercises to be set as totally unaided homework that
could be used for assessment purposes, but, on the other, it did not give a full
explanation of how to tackle a problem when a student needed explicit guidance
or a model answer.

In order to allow both of these educationally desirable goals to be achieved, we
have, in the third edition, completely changed the way this matter is handled.
All of the exercises from the second edition, plus a number of additional ones
testing the newly added material, have been included in penultimate subsections
of the appropriate, sometimes reorganised, chapters. Hints and outline answers
are given, as previously, in the final subsections, but only to the odd-numbered
exercises. This leaves all even-numbered exercises free to be set as unaided
homework, as described below.

For the four hundred plus odd-numbered exercises, complete solutions are avail-
able, to both students and their teachers, in the form of this manual; these are in
addition to the hints and outline answers given in the main text. For each exercise,
the original question is reproduced and then followed by a fully worked solution.
For those original exercises that make internal reference to the text or to other
(even-numbered) exercises not included in this solutions manual, the questions
have been reworded, usually by including additional information, so that the
questions can stand alone. Some further minor rewording has been included to
improve the page layout.

In many cases the solution given is even fuller than one that might be expected



PREFACE

of a good student who has understood the material. This is because we have
aimed to make the solutions instructional as well as utilitarian. To this end, we
have included comments that are intended to show how the plan for the solution
is formulated and have provided the justifications for particular intermediate
steps (something not always done, even by the best of students). We have also
tried to write each individual substituted formula in the form that best indicates
how it was obtained, before simplifying it at the next or a subsequent stage.
Where several lines of algebraic manipulation or calculus are needed to obtain a
final result, they are normally included in full; this should enable the student to
determine whether an incorrect answer is due to a misunderstanding of principles
or to a technical error.

The remaining four hundred or so even-numbered exercises have no hints or
answers (outlined or detailed) available for general access. They can therefore
be used by instructors as a basis for setting unaided homework. Full solutions
to these exercises, in the same general format as those appearing in this manual
(though they may contain references to the main text or to other exercises), are
available without charge to accredited teachers as downloadable pdf files on the
password-protected website http://www.cambridge.org/9780521679718. Teachers
wishing to have access to the website should contact solutions@cambridge.org
for registration details.

As noted above, the original questions are reproduced in full, or in a suitably
modified stand-alone form, at the start of each exercise. Reference to the main
text is not needed provided that standard formulae are known (and a set of tables
is available for a few of the statistical and numerical exercises). This means that,
although it is not its prime purpose, this manual could be used as a test or quiz
book by a student who has learned, or thinks that he or she has learned, the
material covered in the main text.

In all new publications, errors and typographical mistakes are virtually unavoid-
able, and we would be grateful to any reader who brings instances to our
attention. Finally, we are extremely grateful to Dave Green for his considerable
and continuing advice concerning typesetting in IATEX.

Ken Riley, Michael Hobson,
Cambridge, 2006



Preliminary algebra

Polynomial equations

1.1 It can be shown that the polynomial
g(x) =4x> +3x> —6x—1

has turning points at x = —1 and x = ; and three real roots altogether. Continue
an investigation of its properties as follows.

(a) Make a table of values of g(x) for integer values of x between —2 and 2.
Use it and the information given above to draw a graph and so determine
the roots of g(x) = 0 as accurately as possible.

(b) Find one accurate root of g(x) = 0 by inspection and hence determine precise
values for the other two roots.

(c) Show that f(x) = 4x> + 3x> — 6x —k = 0 has only one real root unless
—5<k<.

(a) Straightforward evaluation of g(x) at integer values of x gives the following
table:
X -2 -1 0o 1 2

g(x) -9 4 —1 0 31
(b) It is apparent from the table alone that x = 1 is an exact root of g(x) = 0 and
so g(x) can be factorised as g(x) = (x— 1)h(x) = (x— 1)(byx?> + b x +by). Equating
the coefficients of x?, x?, x and the constant term gives 4 = by, by — by = 3,
by — by = —6 and —by = —1, respectively, which are consistent if by = 7. To find
the two remaining roots we set h(x) = 0:

45> +7x+1=0.

1



PRELIMINARY ALGEBRA

The roots of this quadratic equation are given by the standard formula as

—7+ 49— 16

g .
(c) When k =1 (i.e. the original equation) the values of g(x) at its turning points,
x =—1and x = ;, are 4 and —{41, respectively. Thus g(x) can have up to 4
subtracted from it or up to 141 added to it and still satisfy the condition for three
(or, at the limit, two) distinct roots of g(x) = 0. It follows that for k outside the

range —5 <k < Z, f(x) [= g(x) 4+ 1 —k] has only one real root.

12 =

1.3 Investigate the properties of the polynomial equation
fx)=x"+5x*+x*—x*+x2—2=0,

by proceeding as follows.

(a) By writing the fifth-degree polynomial appearing in the expression for f'(x)
in the form 7x° + 30x* 4+ a(x — b)> + ¢, show that there is in fact only one
positive root of f(x) = 0.

(b) By evaluating f(1), f(0) and f(—1), and by inspecting the form of f(x) for
negative values of x, determine what you can about the positions of the real
roots of f(x) = 0.

(a) We start by finding the derivative of f(x) and note that, because f contains no
linear term, f’ can be written as the product of x and a fifth-degree polynomial:

fx)=x"+5x+x* —x*+x*—2=0,
f'(x) = x(7x° + 30x* +4x*> — 3x 4+ 2)
= x[7x° +30x* +4(x — 32 —4(3)* +2]
= x[7x° +30x* +4(x — ) + 1 1.
Since, for positive x, every term in this last expression is necessarily positive, it
follows that f’(x) can have no zeros in the range 0 < x < co. Consequently, f(x)
can have no turning points in that range and f(x) = 0 can have at most one root
in the same range. However, f(+o0) = 400 and f(0) = —2 < 0 and so f(x) =0

has at least one root in 0 < x < co. Consequently it has exactly one root in the
range.

(b) f(1) =5, f(0) = =2 and f(—1) = 5, and so there is at least one root in each
of the ranges 0 < x <1 and —1 < x < 0.

There is no simple systematic way to examine the form of a general polynomial
function for the purpose of determining where its zeros lie, but it is sometimes

2



PRELIMINARY ALGEBRA

helpful to group terms in the polynomial and determine how the sign of each
group depends upon the range in which x lies. Here grouping successive pairs of
terms yields some information as follows:

x’ + 5x% is positive for x > —3,

x* — x% is positive forx > 1 and x <0,

x? — 2 is positive for x > /2 and x < —/2.

Thus, all three terms are positive in the range(s) common to these, namely
—S<x< —\/2 and x > 1. It follows that f(x) is positive definite in these ranges
and there can be no roots of f(x) = 0 within them. However, since f(x) is negative
for large negative x, there must be at least one root o with o < —S5.

1.5 Construct the quadratic equations that have the following pairs of roots:
(a) —6,—3; (b) 0,4; (c) 2,2; (d) 3+ 2i,3 — 2i, where i* = —1.

Starting in each case from the ‘product of factors’ form of the quadratic equation,
(x —oq)(x —an) = 0, we obtain:

(a) (x+6)(x+3)=x>+9x+18=0;

(b) (x —0)(x —4) = x> —4x = 0;

(c) (x—2)(x—2)=x>—4x+4=0;
)

(d) (x —3—=2i)(x —342i) = x> + x(—3 —2i — 3+ 2i)
+ (9 — 6i + 6i — 4i%)

=x>—6x+13=0.

Trigonometric identities

1.7 Prove that
T \/3 +1

Cos 12 2\/2

by considering

(a) the sum of the sines of ©/3 and 1 /6,
(b) the sine of the sum of n/3 and 1 /4.

sinA + sin B = 2sin <A;B> cos (A;B),

(a) Using
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we have
sinn+sinn—2sinncosn
3 6 12°
\/3 1_ 1 T
) +2—2\/2c0512,
cosn —\/3+1
12 22

(b) Using, successively, the identities
sin(A + B) = sin A cos B + cos A sin B,
sin(zr — 0) = sin 0

and cos(;n —0) =sinb,

we obtain
sin(n+n)=sinncosn+cosnsinn
3 4 3 4 3 4’
o Tn Y31 11
sin = + ,
12 2 \/2 2\/2
.St J3+1
sin 1= 2\/2 ,
cos = \/3+1.
12 22

1.9 Find the real solutions of

(a) 3sinf —4cos =2,
(b) 4sin0 + 3cos 0 = 6,
(c) 12sinf — Scos = —6.

We use the result that if
asinf +bcosO =k

then

where

K*=a*>+b> and ¢ =tan! Z
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Recalling that the inverse sine yields two values and that the individual signs of
a and b have to be taken into account, we have

(a)k=2,K =./32+42 =5, ¢ = tan~'(—4/3) and so
0=sin"'2—tan' 7' =1.339 or —2.626.

b)k=6K = \/42 + 32 = 5. Since k > K there is no solution for a real angle 0.
(c) k=—6,K = /122 +52 =13, ¢ = tan~!(—5/12) and so

0=sin"' 7 —tan™! 7 = —0.0849 or —2.267.

1.11 Find all the solutions of
sin 0 + sin 46 = sin 20 + sin 30

that lie in the range —n < 0 < n. What is the multiplicity of the solution 6 = 0?

Using

sin(A + B) = sin A cos B 4+ cos A sin B,

A+ B A—B
and cosA—cosB=—2sin< -12— )sin( ) ),

and recalling that cos(—¢) = cos(¢), the equation can be written successively as
2sin >0 cos —30 = 2sin >0 cos —0
2 2 ) 2 2)’
50 30

—2sin >0 sin 0 sin
2
The first factor gives solutions for 6 of —4n/5, —2n/5, 0, 2n/5 and 4n/5. The
second factor gives rise to solutions 0 and n, whilst the only value making the
third factor zero is 8 = 0. The solution 6 = 0 appears in each of the above sets
and so has multiplicity 3.
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Coordinate geometry

1.13 Determine the forms of the conic sections described by the following equa-
tions:

(a) x> +y>+6x+8y=0;

(b) 9x? —4y? — 54x — 16y + 29 = 0;
(€) 2x* +2y°>+5xy —4x+y—6=0;
(d) x>+ y? +2xy — 8x + 8y =0.

(a) x> + y> 4+ 6x + 8y = 0. The coefficients of x> and y? are equal and there is
no xy term; it follows that this must represent a circle. Rewriting the equation in
standard circle form by ‘completing the squares’ in the terms that involve x and
y, each variable treated separately, we obtain

(x+3)7+(+4)7 -3 +4)=0.
The equation is therefore that of a circle of radius /32 +42 = 5 centred on
(b) 9x> — 4y? — 54x — 16y + 29 = 0. This equation contains no xy term and so

the centre of the curve will be at (54/(2 x 9),16/[2 x (—4)]) = (3,—2), and in
standardised form the equation is

9(x—3)2 —4(y+2>+29—-814+16=0,

or

(x—=37% (y+27 _

4 9

The minus sign between the terms on the LHS implies that this conic section is a

hyperbola with asymptotes (the form for large x and y and obtained by ignoring

the constant on the RHS) given by 3(x — 3) = +2(y + 2), i.c. lines of slope ‘_"%
passing through its ‘centre’ at (3, —2).

1.

(c) 2x* +2y?> + 5xy —4x+ y — 6 = 0. As an xy term is present the equation
cannot represent an ellipse or hyperbola in standard form. Whether it represents
two straight lines can be most easily investigated by taking the lines in the form
aix+b;y+1 =0, (i = 1,2) and comparing the product (a;x+b1y+1)(azx+bry+1)
with —;)(2x2 +2y% 4+ 5xy — 4x + y — 6). The comparison produces five equations
which the four constants a;, b;, (i = 1,2) must satisfy:

2 —4 1
mm = _, biby=_, aita;=_ btbh=_
and
5
a1b2 + blaz = —6
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Combining the first and third equations gives 3a7 —2a; — 1 = 0 leading to a; and
ay having the values 1 and —é, in either order. Similarly, combining the second
and fourth equations gives 6b7 +b; —2 = 0 leading to by and b, having the values
é and —%, again in either order.

Either of the two combinations (a; = —é, b = —%, a=1,b = %) and (a1 = 1,
b = ;, a, = —é, b, = —%) also satisfies the fifth equation [note that the two
alternative pairings do not do so]. That a consistent set can be found shows that
the equation does indeed represent a pair of straight lines, x + 2y — 3 = 0 and
2x+y+2=0.

(d) x*> + y? 4+ 2xy — 8x + 8y = 0. We note that the first three terms can be written
as a perfect square and so the equation can be rewritten as

(x+ 1) =8(x—).

The two lines given by x +y = 0 and x — y = 0 are orthogonal and so the
equation is of the form u? = 4av, which, for Cartesian coordinates u,v, represents
a parabola passing through the origin, symmetric about the v-axis (u = 0) and
defined for v > 0. Thus the original equation is that of a parabola, symmetric
about the line x 4+ y = 0, passing through the origin and defined in the region
x>y

Partial fractions

1.15 Resolve
2x +1 4

x2+3x—10’ (b)

into partial fractions using each of the following three methods:

(a)

x2 —3x

(i) Expressing the supposed expansion in a form in which all terms have the
same denominator and then equating coefficients of the various powers of x.
(i1) Substituting specific numerical values for x and solving the resulting simul-
taneous equations.
(ii1) Evaluation of the fraction at each of the roots of its denominator, imagining
a factored denominator with the factor corresponding to the root omitted —
often known as the ‘cover-up’ method.

Verify that the decomposition obtained is independent of the method used.

(a) As the denominator factorises as (x + 5)(x — 2), the partial fraction expansion

must have the form
2x+1 A B

23 —10  x45 T x—2
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(1)
A B x(A+B)+ (5B —24)

x+5+x—2_ (x +5)(x—2)

Solving A + B =2 and —2A+SB=1givesA=3andB=§.

(i1) Setting x equal to 0 and 1, say, gives the pair of equations

1_A+B_ 3_A+B
10 5 =22 -6 6 -1

—1=24—5B; —3=A—6B,

with solution 4 = 2 and B = 3
(1ii)
_2=5)+1 9. B— 22)+1 5

A = _.
—5-2 7’ 2+5 7

All three methods give the same decomposition.

(b) Here the factorisation of the denominator is simply x(x—3) or, more formally,
(x —0)(x — 3), and the expansion takes the form

4 _4a, B
x2—3x x x-—3
(1)
A, B _x(4+B)-34
x x—3 (x—0)(x—3)°

Solving A + B =0 and —34 = 4 gives A = — and B = ;.

(ii) Setting x equal to 1 and 2, say, gives the pair of equations

4 A B 4 _A+ B
271" =2 =272 -
—4=24—B; —4=A4-2B,

with solution 4 = —% and B = 3.

(iif)

Again, all three methods give the same decomposition.

8
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1.17 Rearrange the following functions in partial fraction form:

x—6 x*+3x2+x+19
@ 5 , ® P
x3—x2+4x—4 x*+10x*+9
(a) For the function
x—6 _g(x)

flx)= B—x24+4x—4 h(x)

the first task is to factorise the denominator. By inspection, h(1) = 0 and so x — 1
is a factor of the denominator.

Write
xP—x? +4x —4 = (x — 1)(x* + bix + by).

Equating coefficients: —1 = b; — 1, 4 = —by + by and —4 = —b,, giving by = 0
and by = 4. Thus,

x—6
(x = 1)(x2+4)

The factor x?> + 4 cannot be factorised further without using complex numbers
and so we include a term with this factor as the denominator, but ‘at the price
of” having a linear term, and not just a number, in the numerator.

_ A4, Bx+C
Cox—1 " x244
_ Ax?+44+Bx*+Cx—Bx—C

(x—=1)(x*+4)
Comparing the coefficients of the various powers of x in this numerator with
those in the numerator of the original expression gives A+B =0, C—B =1 and
44 — C = —6, which in turn yield A = —1, B =1 and C = 2. Thus,

1 x+2

== 1t ety

fx)=

f(x)

(b) By inspection, the denominator of

X3 4+3x*+x+19
x4+ 10x2 49

factorises simply into (x> + 9)(x*> + 1), but neither factor can be broken down
further. Thus, as in (a), we write
) = Ax+B Cx+D

X249 x2+1

(A4 O)x* 4+ (B+D)x? +(4+9C)x + (B +9D)

- (x2+9)(x2+1) '

9
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Equating coefficients gives

A+C =1,
B+D =3,
A+9C =1,
B +9D = 19.

From the first and third equations, 4 = 1 and C = 0. The second and fourth
yield B =1 and D = 2. Thus

x+1 2

J=aioT iy

Binomial expansion

1.19 Evaluate those of the following that are defined: (a) °Cs, (b) 3Cs, (c) —>Cs,
(d) 3Cs.

(a) °C3 = 3!5!2! = 10.
(b) 3Cs. This is not defined as 5 > 3 > 0.

For (c) and (d) we will need to use the identity
ymm+1)---(m+k—1)

—ka — (_1) 0 — (—l)k m+k_1Ck.
(c) °C3 = (1) 310y = -]}, = =35.
(d) 3Cs = (—1)° 371Cs = — ]}, = —21L.

Proof by induction and contradiction

1.21 Prove by induction that

Zr— n(n+1)  and Zr n(n+1)%

To prove that

= Jn(n+1),

10
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assume that the result is valid for n = N and consider

N+1 N

Dr=>r+(N+1)
r=1 r=1

= éN(N + 1)+ (N + 1), using the assumption,
=(N+1)(N+1)
= (N +1)(N +2).

This is the same form as in the assumption except that N has been replaced by

N + 1; this shows that the result is valid for n = N + 1 if it is valid for n = N.
But the assumed result is trivially valid for n = 1 and is therefore valid for all n.

To prove that

n
Zr3 = inz(n + 1)2,
r=1
assume that the result is valid for n = N and consider

N+1 N

=Y r+N+1y
r=1 r=1

= }‘NZ(N +1)> 4+ (N +1)’, using the assumption,
= J(N+ 1)’ [N? +4(N + 1)]
= J(N + 1*(N +2)%
This is the same form as in the assumption except that N has been replaced by

N + 1 and shows that the result is valid for n = N 4+ 1 if it is valid for n = N.
But the assumed result is trivially valid for n = 1 and is therefore valid for all n.

1.23 Prove that 3*" + 7, where n is a non-negative integer, is divisible by 8.

As usual, we assume that the result is valid for n = N and consider the expression
with N replaced by N + 1:

32(N+1) + 7 = 32N+2 + 7 + 32N _ 32N

=N +7)+3N9-1).
By the assumption, the first term on the RHS is divisible by 8; the second is
clearly so. Thus 3*N+1) 4 7 is divisible by 8. This shows that the result is valid

for n = N + 1 if it is valid for n = N. But the assumed result is trivially valid for
n =0 and is therefore valid for all n.

11
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1.25 Prove by induction that

"1 0 1 0
Z o tan o | = o cot o —cotd. (*)
r=1

Assume that the result is valid for n = N and consider

1 0 1 0 1 0
Z o tan o = N cot N —cotf + N1 tan N+t ) -
r=1

Using the half-angle formula

2r

tan ¢ = {2

where r = tan ;qﬁ,

to write cot(0/2N) in terms of ¢ = tan(0/2N*!), we have that the RHS is

1 [1—¢ 1 1 [1—241¢
2N( 5 >—cot0+2N+1t=2N+l< ; )—cot@

1 0
= N1 cot N1 —cot 0.

This is the same form as in the assumption except that N has been replaced by
N + 1 and shows that the result is valid for n = N + 1 if it is valid for n = N.

But, for n =1, the LHS of (*) is é tan(6/2). The RHS can be written in terms of
s =tan(6/2):

1 0 1 1—s> s
2cot <2) —cotl = T 2g o

1.e. the same as the LHS. Thus the result is valid for n = 1 and hence for all n.

1.27 Establish the values of k for which the binomial coefficient ¥ Cy, is divisible by
p when p is a prime number. Use your result and the method of induction to prove
that n? — n is divisible by p for all integers n and all prime numbers p. Deduce
that n’> — n is divisible by 30 for any integer n.

Since

p!
klWp—Fk)
its numerator will always contain a factor p. Therefore, the fraction will be
divisible by p unless the denominator happens to contain a (cancelling) factor of
p. Since p is prime, this latter factor cannot arise from the product of two or
more terms in the denominator; nor can p have any factor that cancels with a

PCy

12
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term in the denominator. Thus, for cancellation to occur, either k! or (p — k)!
must contain a term p; this can only happen for k = p or k = 0; for all other
values of k, PC; will be divisible by p.

Assume that n” — n is divisible by prime number p for n = N. Clearly this is true
for N =1 and any p. Now, using the binomial expansion of (N + 1)?, consider
P
(N+1P = (N+1)=> "GN —(N+1)
k=0
p—1
=14+ PGN*+N' —N—1.

k=1
But, as shown above, ?Cy is divisible by p for all k in the range 1 <k <p—1,
and N? — N is divisible by p, by assumption. Thus (N 4 1)’ — (N + 1) is divisible
by p if it is true that N? — N is divisible by p. Taking N = 1, for which, as noted
above, the assumption is valid by inspection for any p, the result follows for all
positive integers n and all primes p.

Now consider f(n) = n’ — n. By the result just proved f(n) is divisible by (prime
number) 5. Further, f(n) = n(n* — 1) = n(n®> — 1)(n®> + 1) = n(n — 1)(n + 1)(n> + 1).
Thus the factorisation of f(n) contains three consecutive integers; one of them
must be divisible by 3 and at least one must be even and hence divisible by 2.
Thus, f(n) has the prime numbers 2, 3 and 5 as its divisors and must therefore
be divisible by 30.

1.29 Prove, by the method of contradiction, that the equation
X" ap X" T ax+ag =0,

in which all the coefficients a; are integers, cannot have a rational root, unless that
root is an integer. Deduce that any integral root must be a divisor of ay and hence
find all rational roots of

(@) x* +6x°+4x>+5x+4=0,
(b) x* 4 5x3 +2x* —10x + 6 = 0.

Suppose that the equation has a rational root x = p/q, where integers p and ¢
have no common factor and ¢ is neither O nor 1. Then substituting the root and
multiplying the resulting equation by ¢"~! gives

n
pq +a1p" "+ apg" T+ agq" =0

But the first term of this equation is not an integer (since p and ¢ have no factor

13
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in common) whilst each of the remaining terms is a product of integers and is
therefore an integer. Thus we have an integer equal to (minus) a non-integer.
This is a contradiction and shows that it was wrong to suppose that the original
equation has a rational non-integer root.

From the general properties of polynomial equations we have that the product of
the roots of the equation Y ., bix' = 0 is (—1)"bo/b,. For our original equation,
b, = 1 and by = ay. Consequently, the product of its roots is equal to the integral
value (—1)"ayp. Since there are no non-integral rational roots it follows that any
integral root must be a divisor of ay.

(a) x*4+6x> +4x%+5x+4 = 0. This equation has integer coefficients and a leading
coeflicient equal to unity. We can thus apply the above result, which shows that
its only possible rational roots are the six integers +1, +2 and +4. Of these, all
positive values are impossible (since then every term would be positive) and trial
and error will show that none of the negative values is a root either.

(b) x* 4+ 5x% +2x> — 10x 4+ 6 = 0. In the same way as above, we deduce that for

this equation the only possible rational roots are the eight values +1, +2, +3 and
+6. Substituting each in turn shows that only x = —3 satisfies the equation.

Necessary and sufficient conditions

1.31 For the real variable x, show that a sufficient, but not necessary, condition
for f(x) = x(x+ 1)(2x + 1) to be divisible by 6 is that x is an integer.

First suppose that x is an integer and consider f(x) expressed as
fX)=x(x+1D2x+1)=x(x+ D(x+2)+ x(x+ 1)(x —1).

Each term on the RHS consists of the product of three consecutive integers. In
such a product one of the integers must divide by 3 and at least one of the other
integers must be even. Thus each product separately divides by both 3 and 2, and
hence by 6, and therefore so does their sum f(x). Thus x being an integer is a
sufficient condition for f(x) to be divisible by 6.

That it is not a necessary condition can be shown by considering an equation of
the form

f(x) = x(x + 1)(2x + 1) = 2x* + 3x* + x = 6m,

where m is an integer. As a specific counter-example consider the case m = 4. We
note that f(1) = 6 whilst f(2) = 30. Thus there must be a root of the equation
that lies strictly between the values 1 and 2, i.e a non-integer value of x that
makes f(x) equal to 24 and hence divisible by 6. This establishes the result that
x being an integer is not a necessary condition for f(x) to be divisible by 6.

14
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1.33 The coefficients a; in the polynomial Q(x) = asx* + a;x* + arx? + ayx are
all integers. Show that Q(n) is divisible by 24 for all integers n > 0 if and only if
all of the following conditions are satisfied:

(1) 2a4 + aj is divisible by 4;
(i1) a4 + ay is divisible by 12;
(i) a4 + as + ay + ay is divisible by 24.

This problem involves both proof by induction and proof of the ‘if and only if’
variety. Firstly, assume that the three conditions are satisfied:
2(14 + a3 = 406,
as +ax = 12f,
as +az + ax + a; = 24y,
where «, f and y are integers. We now have to prove that Q(n) = ayn* + azn® +
an® + apn is divisible by 24 for all integers n > 0. It is clearly true for n = 0, and
we assume that it is true for n = N and that Q(N) = 24m for some integer m.
Now consider Q(N + 1):
QN +1) = as(N + 1)* + a3(N + 1)’ + ao(N + 1)* + a1 (N + 1)
= 614]\]4 + a3N3 + (lzNz +aN + 4614]\]3 + (6a4 + 3(,13)N2
+(4a4 + 3az + 2a2)N + (a4 + a3 + ar + ay)
= 24m + 4ayN* + 3(4a)N?
+[4as + (120 — 6a4) + (24 — 2a4)]N + 24y
=24m+7y+ PN)+ 12aN(N + 1) + 4as(N — 1)N(N + 1).
Now N(N + 1) is the product of two consecutive integers and so one must be
even and contain a factor of 2; likewise (N — 1)N(N + 1), being the product of
three consecutive integers, must contain both 2 and 3 as factors. Thus every term
in the expression for Q(N + 1) divides by 24 and so, therefore, does Q(N + 1).

Thus the proposal is true for n = N 4 1 if it is true for n = N, and this, together
with our observation for n = 0, completes the ‘if” part of the proof.

Now suppose that Q(n) = agn* 4 azn® +an® +ayn is divisible by 24 for all integers
n > 0. Setting n equal to 1, 2 and 3 in turn, we have

as +az +ax +a; = 24p,
16(14 + 8(13 + 4(12 + 2(11 = 24(],
8lay + 27a5 + 9ar + 3a; = 24r,

for some integers p, ¢ and r. The first of these equations is condition (iii). The

15



PRELIMINARY ALGEBRA

other conditions are established by combining the above equations as follows:

14a4 + 6as + 2a; = 24(q — 2p),
78a4 + 24a3 + 6a, = 24(r — 3p),
36a4 + 6a3 = 24(r — 3p — 3q + 6p),
22a4 — 2a, = 24(r — 3p — 49 + 8p).
The two final equations show that 6a4 + a3 is divisible by 4 and that 1laq — ay
is divisible by 12. But, if 6a4 + a; is divisible by 4 then so is (6 — 4)ay + as, i.e.
2a4 + az. Similarly, 11a4 — a; being divisible by 12 implies that 12a4 — (11a4 — a3),
i.e. ag + ay, is also divisible by 12. Thus, conditions (i) and (ii) are established and
the ‘only if” part of the proof is complete.

16



2

Preliminary calculus

2.1 Obtain the following derivatives from first principles:

(a) the first derivative of 3x + 4;
(b) the first, second and third derivatives of x> + x;
(c) the first derivative of sin x.

(a) From the definition of the derivative as a limit, we have

F(x) = lim B(x+Ax)+4] —(3x+4) lim 3Ax

Ax—0 Ax Ax—0 Ax

(b) These are calculated similarly, but using each calculated derivative as the

input function for finding the next higher derivative.

(2
£x) = [(x + Ax)* + (x + Ax)] — (x? + x)

HO Ax
. I+ 2xAx 4 (AX)?) + (x + AX)] — (x? + x)
= lim
Ax—0 Ax
[(2xAx + (Ax)?) + Ax]
lim
Ax—0 Ax
=2x+1;
v g R+ AX)+1]—(2x + 1) . 2Ax
fix) = Al,y—l}o Ax AI\IBO Ax 2;

2-2
"(x) = I = 0.
F(x) = lim

(c) We use the expansion formula for sin(4 4+ B) and then the series definitions
of the sine and cosine functions to write cos Ax and sin Ax as series involving

17
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increasing powers of Ax.

von  pe Sin(x + Ax) —sinx
S = fim,

Ax
— lim (sinx cos Ax + cosx sin Ax) — sin x
o Ax—0 Ax
— lim sinx (1 — (AZX!)Z +---)4cosx(Ax — (A;!)S +..-)—sinx
Ax—0 Ax

= lim —;Axsinx—i-cosx— é(Ax)zcosx+-~-
Ax—0

= COS X.

2.3 Find the first derivatives of

(a) x*expx, (b) 2sinx cosx, (c) sin2x, (d) x sin ax,
(e) (e™)(sinax)tan—!ax, (f) In(x* + x™%),
(g) In(@a*+a™™), (h) x*.

(a) x?exp x is the product of two functions, both of which can be differentiated
simply. We therefore apply the product rule and obtain:

2
fl(x) =x2 d(ezl(f X) + expxdizC ) = x%expx + (2x)exp x = (x> 4 2x) exp x.
(b) Again, the product rule is appropriate:
f'(x) = 2sin xd(cos X) + 2cos xd(sm X)
dx dx

= 2 sin x(— sin x) + 2 cos x(cos x)
= 2(—sin® x 4 cos® x) = 2 cos 2x.

(c) Rewriting the function as f(x) = sinu, where u(x) = 2x, and using the chain
rule:

v cosu X 2 = 2cos(2x).
dx

We note that this is the same result as in part (b); this is not surprising as the
two functions to be differentiated are identical, i.e. 2 sin x cos x = sin 2x.

f'(x) = cosu x

(d) Once again, the product rule can be applied:

d(sin ax . d(x . .
fl(x)=x ( ) + sinax (x) = xacosax + sinax x 1 = sinax 4+ ax cos ax.

dx dx

18
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(e) This requires the product rule for three factors:

-1 d(sin ax)

ax) + (e™)(tan"! ax) i

d(eax)
dx

) + (¢™)(tan™" ax)(a cos ax)

706 = (@ sinax) 0

+(sin ax)(tan"! ax)

P a
= (")(sin ax) (1 4

+(sin ax)(tan~! ax)(ae™)

sin ax
= ae™
1

T a2x2 + (tan~" ax)(cos ax + sin ax)| .

(f) Rewriting the function as f(x) = Inu, where u(x) = x* + x™, and using the
chain rule:

1 du 1 _ —amty _ A(x*—x7)
/ _ — a—1 __ a—1 —

f(x)= y X d = x84 5t X (ax ax ) M + x—4)°

(g) Using logarithmic differentiation and the chain rule as in (f):
vy 1 . —x, _ Ina(a* —a™)
f(x)—ax+a7xx(1naa Inaa™) = P
(h) In order to remove the independent variable x from the exponent in y = x¥,
we first take logarithms and then differentiate implicitly:
y=x7,

Iny=xlnx,

1d .
v di =Inx+ i, using the product rule,
dy x
= (1 + Inx)x".
dx

2.5 Use the result that d[v(x)™']/dx = —v~2dv/dx to find the first derivatives of
(a) 2x +3)73, (b) sec? x, (c) cosech®3x, (d) 1/Inx, (e) 1/[sin"!(x/a)].

(a) Writing (2x + 3)* as v(x) and using the chain rule, we have

1 dv 1 6

"(x) = — =— 32x+3)*(2)] =— ,
P == e = T x4 3y B A== L3y
(b) Writing cos” x as v(x), we have
, o 1 dl} - 1 . . 2
f(x)= Py = costx [2cos x(—sinx)] = 2sec” x tan x.
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(c) Writing sinh® 3x as v(x), we have
. 1 dv 1 )
fl(x)= T2dx = ~ sinh® 3x [ 3 sinh” 3x(cosh 3x)(3)]
= —9cosech®3x coth 3x.

(d) Writing In x as v(x), we have
, 1 dv 1 1 1
f (X) - _172 dX o _(lnx)2 X o _xlnzx.
(e) Writing sin~'(x/a) as v(x), we have
, 1 dv 1 1
T == g = [sin™'(x/a)]? JJa? — x>

2.7 Find dy/dx if x =(t—2)/(t +2) and y = 2t/(t + 1) for —o0 < t < co0. Show
that it is always non-negative, and make use of this result in sketching the curve
of y as a function of x.

We calculate dy/dx as dy/dt + dx/dt:

dy (+12-2(1) 2
. (t+1)? o+ 1)

dx _ (t+2)()—(@—2)01) 4

dt (t +2)? (42
dy 2 4 (t +2)?

= =

dx  (t+ 127 (t+22 2+ 1)

which is clearly positive for all ¢.

By evaluating x and y for a range of values of ¢ and recalling that its slope is
always positive, the curve can be plotted as in figure 2.1. Alternatively, we may
eliminate t using
2x +2
t= X+ and t= y ,
1—x 2—y
to obtain the equation of the curve in x-y coordinates as

Ax+1)(2=y) =y(1 =x),
xy —4x+3y —4 =0,
x+3)(y—4)=4—-12=-8.
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Y= 1in

. 104

5
,,,,,,,,,,,,,,,,,,, ’,,,,,,:7,,,,,,,,,,,,,,,,,,,,,,,,,,,
(—3,4)! //

e ‘1‘:11”:1X—Z§

—10 _5 ! T 5 10

54

—10+

Figure 2.1 The solution to exercise 2.7.

This shows that the curve is a rectangular hyperbola in the second and fourth
quadrants with asymptotes, parallel to the x- and y-axes, passing through (—3,4).

2.9 Find the second derivative of y(x) = cos[(n/2)—ax]. Now set a = 1 and verify
that the result is the same as that obtained by first setting a = 1 and simplifying
y(x) before differentiating.

We use the chain rule at each stage and, either finally or initially, the equality of

cos(;n —0) and sin0:

y(x) = cos (Z — ax) ,
y'(x) = asin (g — ax) ,
y"(x) = —a® cos (; — ax) .

Fora=1, y"(x)=—cos (727: — x) = —sinx.

Setting a = 1 initially, gives y = cos(;n — x) = sinx. Hence y' = cosx and

y" = —sin x, yielding the same result as before.
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2.11 Show by differentiation and substitution that the differential equation

4x2 4xd§ +(@x2+3)y=0

2 T d

has a solution of the form y(x) = x"sinx, and find the value of n.

The solution plan is to calculate the derivatives as functions of n and x and then,
after substitution, require that the equation is identically satisfied for all x. This
will impose conditions on n.
We have, by successive differentiation or by the use of Leibnitz’ theorem, that
y(x) = x"sin x,
y'(x) = nx""!sinx + x" cos x,

y"(x) = n(n — 1)x" 2 sin x 4+ 2nx""! cos x — x" sin x.
Substituting these into

d?y d

4 —4xdi} + (4 +3)y =0

gives
(4n* —4n — 4n + 3)x"sin x + (—4 + 4)x" sin x + (8n — 4)x" " cosx = 0.

For this to be true for all x, both 4n> —8n+3 = (2n — 3)(2n — 1) = 0 and
8n —4 = 0 have to be satisfied. If n = é, they are both satisfied, thus establishing
y(x) = x!/%sin x as a solution of the given equation.

2.13 Show that the lowest value taken by the function 3x*+4x> —12x>+6 is —26.

We need to calculate the first and second derivatives of the function in order to
establish the positions and natures of its turning points:
y(x) =3x* +4x7 — 12x? + 6,
y'(x) = 12x% + 12x% — 24x,
y'(x) = 36x% 4 24x — 24.

Setting y'(x) = 0 gives x(x + 2)(x — 1) = 0 with roots 0, 1 and —2. The corre-
sponding values of y”(x) are —24, 36 and 72.

Since y(d+o0) = oo, the lowest value of y is that corresponding to the lowest
minimum, which can only be at x = 1 or x = —2, as y” must be positive at a
minimum. The values of y(x) at these two points are y(1) = 1 and y(—2) = —26,
and so the lowest value taken is —26.
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2.15 Show that y(x) = xa** exp x> has no stationary points other than x = 0, if

exp(—\/2) <a< exp(\/2).

Since the logarithm of a variable varies monotonically with the variable, the
stationary points of the logarithm of a function of x occur at the same values of
x as the stationary points of the function. As x appears as an exponent in the
given function, we take logarithms before differentiating and obtain:

Iny =Inx+2xIna+ x2,
ldy 1

= +42Ina+ 2x.
ydx x

For a stationary point dy/dx = 0. Except at x = 0 (where y is also 0), this
equation reduces to

2x2 4+ 2xlna+1=0.

This quadratic equation has no real roots for x if 4(Ina)> < 4 x 2 x 1, ie.
[Inal < \/2; a result that can also be written as exp(—\/2) <a< exp(\/2).

2.17 The parametric equations for the motion of a charged particle released from
rest in electric and magnetic fields at right angles to each other take the forms

x = a(f —sin0), y = a(l —cos0).

Show that the tangent to the curve has slope cot(0/2). Use this result at a few
calculated values of x and y to sketch the form of the particle’s trajectory.

With the given parameterisation,

dx
20 =a—acos0,
dy .
0 = asin0,
dy dy do sin 0 2sin )0 cos )0 .
= dx dO dx 1—cosf 2sin2;0 o

Clearly, y = 0 whenever 6 = 2nz with n an integer; dy/dx becomes infinite at the
same points. The slope is zero whenever 6 = (2n + 1)r and the value of y is then
2a. These results are plotted in figure 2.2.
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2a +

na 2na

Figure 2.2 The solution to exercise 2.17.

2.19 The curve whose equation is x*/3+y*3 = a?/3 for positive x and y and which
is completed by its symmetric reflections in both axes is known as an astroid. Sketch
it and show that its radius of curvature in the first quadrant is 3(axy)'/3.

For the asteroid curve (see figure 2.3) and its first derivative in the first quadrant,
where all fractional roots are positive, we have

X3 23 = 23,
2 2 dy
3x13 7 3yl3dx 7
dy (y) 1/3
= = — .
dx X
Differentiating again,

e ()7

X

—x(¥)!/3 —y]

x2
(x~23y~113 4 =43 173

y’1/3x’4/3(x2/3 + y2/3)

W = W = W =

— BN,

Hence, the radius of curvature is

dy 2 2/3 3/2
1+ ( ) Y

dx 1 . {1 + (x)

a2y - éy*1/3x*4/3a2/3

dx?

— 3(x23 4 pIPRIBYI 23— 3131313,

24



PRELIMINARY CALCULUS

Figure 2.3 The astroid discussed in exercise 2.19.

as stated in the question.

2.21 Use Leibnitz’ theorem to find

(a) the second derivative of cos x sin 2x,
(b) the third derivative of sin xIn x,
(c) the fourth derivative of (2x> + 3x> + x + 2)e*.

Leibnitz’ theorem states that if y(x) = u(x)v(x) and the rth derivative of a
function f(x) is denoted by ) then

n

=37 G u® ),

k=0
So,
2 in 2 . .
(a) d (cosdzc;m x) = (—cos x)(sin 2x) + 2(— sin x)(2 cos 2x)
~+ (cos x)(—4sin 2x)
= —5cos xsin 2x — 4 sin x cos 2x
= 2sinx[—5cos?x —2(2cos’ x — 1)]
= 2sin x(2 — 9 cos’ x).
3(i 1
by XX nx) + 3(—sinx)(x)

dx3
+3(cos x)(—x2) + (sin x)(2x )

=(2x =3xYsinx — (3x72 + Inx)cos x.
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(c) We note that the nth derivative of ¥ is 2"¢* and that the 4th derivative of
a cubic polynomial is zero. And so,

d*L (2% +3x2 + x + 2)e¥]
dx*
= (0)(e®) + 4(12)(2e>) + 6(12x + 6)(4e>)
+ 4(6x7 + 6x + 1)(8e*) + (2x7 + 3x% + x + 2)(16¢*)
= 16(2x* 4 15x> + 31x + 19)e™.

2.23 Use the properties of functions at their turning points to do the following.

(a) By considering its properties near x = 1, show that f(x) = 5x* — 11x* +
26x* — 44x + 24 takes negative values for some range of x.

(b) Show that f(x) = tan x — x cannot be negative for 0 < x < n/2, and deduce
that g(x) = x~'sin x decreases monotonically in the same range.

(a) We begin by evaluating f(1) and find that f(1) =5— 11426 —44 424 = 0.
This suggests that f(x) will be positive on one side of x = 1 and negative on the
other. However, to be sure of this we need to establish that x = 1 is not a turning
point of f(x). To do this we calculate its derivative there:

f(x) = 5X4 — 11x3 + 26x2 — 44x + 24,
f'(x) = 20x> — 33x% + 52x — 44,
f'(1)=20—33+52—44=—50.

So, f'(1) is negative and f is decreasing at this point, where its value is 0. Therefore
f(x) must be negative in the range 1 < x < o for some o > 1.

(b) The function f(x) = tan x — x is differentiable in the range 0 < x < /2, and
f'(x) = sec’ x — 1 = tan®> x which is > 0 for all x in the range; taken together
with f(0) = 0O, this establishes the result.

For g(x) = (sin x)/x, the rule for differentiating quotients gives

X COS X — sin x cos x(tan x — x)

/ _ —
g (X) - X2 - xz

The term in parenthesis cannot be negative in the range 0 < x < n/2, and in the
same range cos x > 0. Thus g’(x) is never positive in the range and g(x) decreases
monotonically [from its value of g(0) =1].
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2.25 By applying Rolle’s theorem to x"sinnx, where n is an arbitrary positive
integer, show that tannx + x = 0 has a solution oy with 0 < oy < m/n. Apply the
theorem a second time to obtain the nonsensical result that there is a real oy in
0 < oy < m/m, such that cos*(nay) = —n. Explain why this incorrect result arises.

Clearly, the function f(x) = x" sin nx has zeroes at x = 0 and x = n/n. Therefore,
by Rolle’s theorem, its derivative,

f'(x) = nx""!sin nx + nx" cos nx,

must have a zero in the range 0 < x < n/n. But, since x # 0 and n # 0, this is
equivalent to a root o; of tannx + x = 0 in the same range. To obtain this result
we have divided f'(x) = 0 through by cosnx; this is allowed, since x = n/(2n),
the value that makes cosnx = 0, is not a solution of f’(x) = 0.

We now note that g(x) = tannx + x has zeroes at x = 0 and x = oy. Applying
Rolle’s theorem again (blindly) then shows that g’(x) = nsec’ nx + 1 has a zero
s in the range 0 < oy < oy < 7/n, with cos?(nos) = —n.

The false result arises because tannx is not differentiable at x = n/(2n), which
lies in the range 0 < x < m/n, and so the conditions for applying Rolle’s theorem
are not satisfied.

2.27 For the function y(x) = x>exp(—x) obtain a simple relationship between y
and dy/dx and then, by applying Leibnitz’ theorem, prove that

xy™ 4+ (n+ x —2)y™ + ny™=V = 0.

The required function and its first derivative are

y(x) = x%e,
y'(x) = 2xe ™" — x%e™*
=2xe " —y.

Multiplying through by a factor x will enable us to express the first term on the
RHS in terms of y and obtain

xy' =2y — xy.

Now we apply Leibnitz’ theorem to obtain the nth derivatives of both sides of this
last equation, noting that the only non-zero derivative of x is the first derivative.
We obtain

Xy n(D)y™ =2y — [xy™ 4+ n(1)y" V],
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which can be rearranged as
D (4 x — 2)y 4y — g,

thus completing the proof.

2.29 Show that the curve x> + y3 — 12x — 8y — 16 = 0 touches the x-axis.

We first find an expression for the slope of the curve as a function of x and y.
From

X4+ —12x—8y—16=0
we obtain, by implicit differentiation, that

32437 —12—-8)/=0 = y/=3xz_12.
8 — 3y2
Clearly yy =0 at x = £2. At x =2,

8+)°—24—8y—16=0 = y+0.
However, at x = —2,

—8+3°+24—-8y—16=0, with one solution y = 0.

Thus the point (—2,0) lies on the curve and y’ = 0 there. It follows that the curve
touches the x-axis at that point.

2.31 Find the indefinite integrals J of the following ratios of polynomials:

a) (x+3)/(x*+x—2);

b) (3 + 5%% + 8x + 12)/(2x2 + 10x + 12);
(c) (3x? +20x + 28)/(x> + 6x +9);

(d) x3/(a® + xP).

(
(

(a) We first need to express the ratio in partial fractions:

x+3 x+3 ! n B
X2+x—2 (x+2)x—-1 x+2 x—1

Using any of the methods employed in exercise 1.15, we obtain the unknown
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coefficients as A = —é and B = g. Thus,

x+3 —1 4
/x2+x—2dx_/3(x+2)dx+/3(x—1)dx

=—;ln(x+2)+gln(x—1)+c

1 (x—1)*
—3ln 42 +c.

(b) As the numerator is of higher degree than the denominator, we need to divide
the numerator by the denominator and express the remainder in partial fractions
before starting any integration:

X3+ 5x% 4+ 8x 4+ 12 = (1x + ap)(2x? + 10x + 12) + (b1x + bo)
= x> + (2ap + 5)x> 4+ (10ag + 6 + by)x
+ (12a0 + by),

yielding ag = 0, by = 2 and by = 12. Now, expressed as partial fractions,

412 xd+6 43
2x24+10x+12 (x+2)(x+3) x+2 x+3

where, again, we have used one of the three methods available for determining
coefficients in partial fraction expansions. Thus,

/x3+5x2+8x—|—12dx_/ Lo 4 23 Y i
2x2 4 10x + 12 N 27 x+2 x+3
= ,x*+4In(x +2) —3In(x +3) +c.
(c) By inspection,
3x2 4+ 20x + 28 = 3(x? 4+ 6x +9) + 2x + 1.

Expressing the remainder after dividing through by x*>+6x+9 in partial fractions,
and noting that the denominator has a double factor, we obtain

2x+1 A n B
X24+6x+9  (x+3)2  x+3

where B(x 4+ 3) + A = 2x + 1. This requires that B =2 and A = —5. Thus,

3x2 4 20x + 28 2 5
/ X2+ 6x+9 dx_/[3+x+3_(x+3)2 dx

=3x+21n(x+3)+xj_3+c.
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(d) Noting the form of the numerator, we set x* = u with 4x* dx = du. Then,

x3 1
dx = d
/ ad 4+ x8 X / 4(a® + u?) “

_ ! tan"' " 4= ! tan~! xt +ec
T 4q4 a* T 4q4 '

2.33 Find the integral J of (ax*> 4+ bx + ¢)~', with a # 0, distinguishing between
the cases (i) b> > 4ac, (ii) b> < 4ac and (iii) b*> = 4ac.

In each case, we first ‘complete the square’ in the denominator, i.e. write it in
such a form that x appears only in a term that is the square of a linear function
of x. We then examine the overall sign of the terms that do not contain x; this
determines the form of the integral. In case (iii) there is no such term. We write
b2 — dac as A> > 0, or 4ac — b? as A’* > 0, as needed.

(i) For A?> = b?> — dac > 0,
dx

Jf/d@+;f—u;—9}

_ 1/ dx
a (x+2ba)2 .

T 4
b A
R Y
ClA x+2a+2a
1 n2ax+b—A
A 2ax+b+A

(ii) For —A”? = b? — 4ac < 0,

+k.

dx
J= 2 b2 ¢
/a[(x+2ba) _(4a2_a):|

1 dx

_a/u+gf+§

12a x+ 2
=LA tan~! ( A,2”> +k

2a

2 i 2ax+b
=A/tan < A >+k.
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(iii) For b*> —4ac =0,
J / dx
= .
ax? + bx + i

_ 1/ dx
4 (X+ Zba)2

2.35 Find the derivative of f(x) = (1 + sinx)/cosx and hence determine the
indefinite integral J of sec x.

2 and

We differentiate f(x) as a quotient, i.e. using d(u/v)/dx = (vu' — uv')/v
obtain
_ 1 +sinx

COS X
cos x(cos x) — (1 + sin x)(— sin x)
X) =
cos? x
_ 1 +sinx
~ cos?x

_ 1)

~ cosx’
Thus, since sec x = f’(x)/f(x), it follows that

1+sinx
COS X

/secxdx =In[f(x)]+c= ln( > + ¢ = In(sec x 4 tan x) + c.

2.37 By making the substitution x = acos>0 + bsin’ 0, evaluate the definite
integrals J between limits a and b (> a) of the following functions:

(@) [(x—a)(b—x)]""%
(b) [(x —a)b—x)]"?;
() [(x—a)/(b—x)1">

Wherever the substitution x = a cos? @ +bsin® 0 is made, the terms in parentheses
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take the following forms:

x—a— acos’0 +bsin>0 —a = —asin® 0 + bsin’ 0 = (b — a)sin® 0,
b—x—b—acos’0 —bsin’ 0 = —acos* 0 + bcos’ 0 = (b — a) cos> 0,

and dx will be given by
dx = [2acos (—sin ) + 2b sin O(cos 0)] d0 = 2(b — a) cos 0 sin 0 d6.

The limits a and b will be replaced by 0 and /2, respectively. We also note that
the average value of the square of a sinusoid over any whole number of quarter
cycles of its argument is one-half.

b dx
@  Je= / [(x — a)(b— )]

_/”/2 2(b —a)cos0sin 0
~Jo [(b—a)sin®0 (b — a)cos? 0]1/2

n/2
=/ 2d0 = .
0

b
® = / [(x — a)(b— x)]'? dx

/2
_ / 2(b — a)’ cos* 0'sin” 0 d0
0

1 n/2
= _(b—a) / sin® 20 d6
2 0

,1n  n(b—a)

1
b—a =g

©) J = / \/x —a

/ \/(b_“mo x 2(b — a) cos 0 sin 0 d0

—a)cos? 0

/ 2(b — a)sin® 6 d6
0

_n(b—a)
="
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2.39 Use integration by parts to evaluate the following :

y y
(a)/ x? sin x dx; (b)/ xIn x dx;
0 1

(c) /0 ' sin"! xdx;  (d) /1 yln(a2+x2)/x2dx.

If u and v are functions of x, the general formula for integration by parts is

b b
/uv’dx=[uv]2—/ u'vdx.

Any given integrand w(x) has to be written as w(x) = u(x)v'(x) with v/(x) chosen
so that (i) it can be integrated explicitly, and (ii) it results in a u that has u’ no
more complicated than u itself. There are usually several possible choices but the
one that makes both u and v as simple as possible is normally the best.

(a) Here the obvious choice at the first stage is u(x) = x> and v'(x) = sinx. For
the second stage, u = x and v’ = cosx are equally clear assignments.

y ‘ y
/ x*sinxdx = [x*(—cosx) ] ) — / 2x(— cos x) dx
0 0

v
= —y?cosy + [2xsinx]} —/ 2sin x dx
0

= —y?cosy +2ysiny + [2cosx]}

=(2—y*)cosy+2ysiny —2.

(b) This integration is most straightforwardly carried out by taking v'(x) = x and
u(x) = Inx as follows:

2 4],

12 1 2
= 1 1—y?).

5V ny+4( yo)

However, if you know that the integral of In x is x In x — x, then the given integral
can also be found by taking v' = Inx and u = x:

y ¥
/ xlnxdx=[x(x1nx—x)]“¥—/ 1 x (xInx—x)dx
1 1

y 217
:yzlny—yz—O—i-l—/ xlnxdx-l—{z] .
1 1
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After the limits have been substituted, the equation can be rearranged as

y yZ 1
2/ xInxdx =y*Iny —y> +14+"_ — _,
1 2 2

1
(1—y%).

v
/1 xlnxdx = ;yzlny—|—4

(c) Here we do not know the integral of sin~! x (that is the problem!) but we
do know its derivative. Therefore consider the integrand as 1 x sin~!x, with

v'(x) =1 and u(x) = sin”! x.

y y
/ sin~! xdx =/ 1 sin™! xdx
0 0

I I O
= [xsin x}o—/o \/l—xZde
=ysin'y+ [\/l—xz};

—ysinly+/1—y2—1.

(d) When the logarithm of a function of x appears as part of an integrand, it
is normally helpful to remove its explicit appearance by making it the u(x) part
of an integration-by-parts formula. The reciprocal of the function, without any
explicit logarithm, then appears in the resulting integral; this is usually easier to
deal with. In this case we take In(a® + x?) as u(x).

/y 1n(a2+x2)dx= _ln(a2+x2) y_/y 2x 1 dx
1 x2 X S @ +x2 0 x

_ _ln(a2y+y2) +in(d + 1)+i [tanfl (Zﬂ

24,2
= _ln(a y+y ) +1In(a® + 1)

+i [tan_l (Z) —tan~! (iﬂ .

y
1
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241 The gamma function I'(n) is defined for all n > —1 by
0
I'n+1)= / x"e " dx.
0
Find a recurrence relation connecting I'(n+ 1) and I'(n).

(a) Deduce (i) the value of T'(n + 1) when n is a non-negative integer, and (ii)
the value of T (}), given that T (%) =/
(b) Now, taking factorial m for any m to be defined by m! = I'(m + 1), evaluate

(=%

Integrating the defining equation by parts,
I'n+1)= / x"e N dx = [—x”e_x} 80 + / nx""le™ dx
0 0
=04 nl'(n), forn>0,
ire. '(n+1) = nl'(n).
(a)() Clearly I'(n+ 1) =n(n—1)(n—2)--- 21I'(1). But
ra = / e tdx = 1.
0

Hence I'(n+ 1) =nl.

(a)(ii) Applying the recurrence relation derived above,
1
r()=32ir(y) = bvm
(b) With this general definition of a factorial, we have

(H1=r (D= AT () - —2ym

2.43 By integrating by parts twice, prove that I, as defined in the first equality
below for positive integers n has the value given in the second equality:
/2 & 2
I, = / sinnf cos 0 dO = " s;n(nn/ ).
0 n?—1

Taking sinn0 as u and cos0 as v and noting that with this choice v’ = —nu
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and v” = —v, we expect that after two integrations by parts we will recover (a

multiple of) I,.

n/2
Inz/ sinnf cos 0 dO
0
/2
= [Sinl’l@Sil’l@]g/z—/ ncosnl sin 0 d0
0
. nm /2 /2 .
= sin , M [—cosnfcosO], —/ (—nsinnb)(— cos ) do
0

— sin ”2” —n[—(—=1)—nl,].

Rearranging this gives
I,(1 —n?) =sin n2n —n,

and hence the stated result.

245 If J, is the integral
00
/ x" exp(—x?) dx,
0

show that

(@) Jorp1 = (r1)/2,
(b) Jor =27"(2r — 1)(2r —3)---(5)(3)(1) Jo.

(a) We first derive a recurrence relationship for J,,.1. Since we cannot integrate
exp(—x?) explicitly but can integrate —2xexp(—x?), we extract the factor —2x
from the rest of the integrand and treat what is left (—;xzr in this case) as u(x).
This is the operation that has been carried out in the second line of what follows.

o0
J o1 = / x¥*lexp(—x?) dx
0
0 x2r
= / —7 (—2x)exp(—x?) dx
0 2
2r—1

X% 5 17 ©2r 2
= [— exp(—x )] +/ exp(—x~)dx
2 o 0 2
=0+4+7rJ 1.
Applying the relationship r times gives
J2r+1 =V(V—1) 1.]1.
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But

Ji :/ xexp(—x?)dx = [— eXp(—x2)] = .
0 2 o 2

and so J 41 = Lrl.
(b) Using the same method as in part (a) it can be shown that

_2r—1

J 2r o)

Joroa.

Hence,
_ 2r—12r—3 1

Jr— .. J’
2 2 2 270

in agreement with the stated relationship.

2.47 By noting that for 0 <n < 1, n'/> > y*/* >, prove that

2 1 ‘s 2\3/4 T
3Sas/z/o(a —x7) de4.

We use the result that, if g(x) < f(x) < h(x) for all x in the range a < x < b,
then [g(x)dx < [ f(x)dx < [ h(x)dx, where all integrals are between the limits
a and b.

Set n = 1 — (x/a)? in the stated inequalities and integrate the result from 0 to a,

giving
a 2\ 1/2 a 2y 3/4 a 2
/ (1—"2) dxz/ (1—"2) dxz/ <1—x2>dx.
0 a 0 a 0 a

Substituting x = asinf and dx = acos 0 df in the first term and carrying out the
elementary integration in the third term yields

n/2 1 a x3 a
/ acos®0do > 3/2/(a2—x2)3/4dx2 [x— 2} ,
0 a 0 3(1 0

a
= a4y s @Y
0

2= pn 3’
n 1 ‘O, 2\3/4 2
= 42a5/2/0(a —Xx°) dx23.
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2.49 By noting that sinh x < ;ex < coshx, and that 1+ z*> < (1 +z)* for z > 0,
show that, for x > 0, the length L of the curve y = ;e" measured from the origin
satisfies the inequalities sinh x < L < x + sinh x.

Withy =y = 2e and the element of curve length ds given by ds = (1 +yH)12 dx,
the total length of the curve measured from the origin is

/ ds = / + 1¢%) 2 ix.

But, since all quantities are positive for x > 0,

sinh x < ée’\’ < coshx,
= sinh’x < i < cosh’ x,

cosh’x =1+sinh’x < 1+ }e®™ < 1+cosh’x < (1+ coshx)’,
= coshx < (14 2‘)1/ < 1+ coshx.
It then follows, from integrating each term in the double inequality, that
/' coshxdx < L < /’(1 + cosh x) dx,
0 0
= sinhx < L < x + sinh x,

as stated in the question.
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3

Complex numbers and
hyperbolic functions

3.1 Two complex numbers z and w are given by z =3 +4i and w =2 —i. On an
Argand diagram, plot

(a) z+w, (b) w—1z, (c) wz, (d) z/w,
(e) zw+wz, (f) w2, (g) Inz, (h) (1 +z +w)"/2

With z = 3 +4i, w = 2 — i and, where needed, i = —1:
(a)z+w=3+4i+2—i=543i;
(b)w—z=2—i—3—4i=—1—5i
(c) wz = (2 — i)(3 + 4i) = 6 — 3i + 8i — 4> = 10 + 5i;
(d)z 3—|—4z=3+4.i2+z:=6+8i.+3i.+4.i2=2—|—11i;
2—i 2—i 240  4-—2i+2i—1i2 5
@ zrwrwrz=0C—4)2—i)+Q+)3+4i)=Q2—11i)+ 2+ 11i) = 4;
O w=Q2—)R2—i)=4—4i+i>=3—4i;
(g) Inz =In|z|+iargz

=In(3* +4%)"? +itan""' (%)

=In5+i[tan' (3) + 2nn] ;

(h)y(1+z+w)? =6+ 31')1/2

.590 (c0s0.2318 4 isin 0.2318)

= +(45)"*exp [i} tan_1 ()]
=12
— +(2.521 + 0.595).
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Imz
Mox x = (g), multivalued
,: . (C)
L @
1 O 1 Re z

e N O

IS
(b) . —: X

Figure 3.1 The solutions to exercise 3.1.

These results are plotted in figure 3.1. The answer to part (g) is multivalued and
only five of the infinite number of possibilities are shown.

3.3 By writing n/12 = (n/3) — (n/4) and considering ™12, evaluate cot(rn/12).

As we are expressing 7/12 as the difference between two (familiar) angles, for
which we know explicit formulae for their sines and cosines, namely

sinn—\/3 cosn—1 sinn—cos _ !
3 27 302 4 X

&~ 3

we will need the formulae for cos(4 — B) and sin(4 — B). They are given by

cos(4 — B) = cos Acos B + sin A sin B
and sin(4 — B) =sinAcos B — cos A sin B.
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Applying these with A = /3 and B = n/4,
(i) =ow 1= 7))
cos1n2+isin —cos(g )—i—isin(g—Z)
7; +sm n7I

3 4

i mT . T
+i <sm 3 cos4 —Cos 3 sin 4)

(2\/2 sz)“(f\}z_;\}z)'

n _ cos(n/12) 1+\/3 .
€ T Sin/12) — Y31 T V3

= COS

Thus

3.5 Evaluate

(a) Re (exp2iz), (b) Im (cosh®z), (c) (—1 + /30)"/?,
(d) [exp(i'/?)], (e) exp(i®), (f) Im (2"73), (g) 7, (h) In[(y/3 +i)*].

All of these evaluations rely directly on the definitions of the various functions
involved as applied to complex numbers; these should be known to the reader.
There are too many to give every one individually at each step and, if the
justification for any particular step is unclear, reference should be made to a
textbook.

(a) Re (exp2iz) = Re [exp(2ix — 2y)] = exp(—2y) cos 2x.

(b) Im (cosh?z) = Im [}(cosh2z + 1)]
= ; Im [cosh(2x + 2iy)]
= ] Im (cosh2xcosh2iy + sinh 2x sinh 2iy)
= ; Im (cosh2xcos2y + isinh2xsin2y)

= ; sinh 2x sin 2y.

(@) (—1+v30)" = [(=1 + (V3] exp [i}(tan~1 () + 20m)
= 2exp [i}(3n + 2nm)]

=2exp (¥) or 2exp ().
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(e) exp (i*) = exp (eS('g’) = exp(cos *F +isin )

= exp(0 — i) = cos(—1) + isin(—1) = 0.540 — 0.841 .
(f) Im (2%) = Im (8x2") = 8 Im (2') = 8 Im (¢""?) = 8 sin(In2) = 5.11.

(g)i' = [expi(in +2nn)]i = [expi*(}n +2nm)| = exp[—(2n+1)n].

(h) In [(¢3+i)3] = 3In(/3 + i)
=3<1n2—|—itan’1 %)
= In8 + 3i(§ + 2nn)

=In8 +i(6n + ))m.

3.7 Show that the locus of all points z = x + iy in the complex plane that satisfy
|z —ia| = Az +ia|, 4>0,

is a circle of radius [2al/(1 — J*)| centred on the point z = ia[(1 + 12)/(1 — A?)].
Sketch the circles for a few typical values of 4, including A <1, 2 > 1 and A = 1.

As we wish to find the locus in the x-y plane, we first express |z + ia| explicitly
in terms of x and y, remembering that a can be complex:
| x 4+ iy —ia]* = (x + iy —ia)(x — iy + ia")
=x*+y’ +al’ —ia(x —iy) +ia"(x + iy).
| X + iy +ia)® = (x + iy + ia)(x — iy — ia”)
= x4y +|al* +ia(x —iy) —ia"(x + iy).
Substituting in

| x +iy —ial> = 22| x + iy + ia|?
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ia
A—0 @ a

\\\®—ia

Ao

Figure 3.2 The solution to exercise 3.7.

gives, on dividing through by 1 — 22,

1+ 42 1+ 42
2 . . 2
X" — 1_iz(za—za x4y — [— 2
which can be rearranged as

1422 2 1422 ? R
(x—i— 1_)vQIma> +(y+ 1_/12R6:¢1> +la|

(a+a)y+lal>=0,

2\ 2
- (i sz) [(Im a)? + (Re a)*] = 0.

This is of the form

1+2\° 472
_ 2 _ 2: _1 2: 2
(x=af +(—p) (1_22) 1|a| (1 gl
where
. 1+ 22 . 1+2,
a+iff = 1_iz(—Ima—l—zRea)= 1_)v2za.

Thus it is the equation of a circle of radius |21/(1 — 2?)|a centred on the point
o+ iff as given above. See figure 3.2; note that a lies on the straight line (circle
of infinite radius) corresponding to A = 1. The circles centred on ia and —ia have
vanishingly small radii.
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3.9 For the real constant a find the loci of all points z = x + iy in the complex
plane that satisfy

(a) Re{ln(jlii)}zc, ¢ >0,

(b) Im{ln(z_m)}zk, 0<k<mn/2

z +ia
Identify the two families of curves and verify that in case (b) all curves pass
through the two points ~+ia.

(a) Recalling that

Inz=In|z|+iargz
we have
z—lia

Re <1nz—1.a> =In )
z+1ia z+1a

|z —ia| = €|z +ia|, € > 1.

=c¢, ¢>0,

As in exercise 3.7, this is a circle of radius |2ae/(1 —e*‘)| = |a| cosech ¢ centred on
the point z = ia(1 4 €*)/(1 — e*) = iacothc. As ¢ varies this generates a family
of circles whose centres lie on the y-axis above the point z = ia (or below the
point z = ia if a is negative) and whose radii decrease as their centres approach
that point. The curve corresponding to ¢ = 0 is the x-axis.
(b) Using the principal value for the argument of a logarithm, we obtain

Im lnz_l_a =argZ_l_a =k 0<k< n.

z +ia z +ia 2

z—ia _ (z—ia)(z" —ia) zz' —ia(z +z") — d?
z4ia  (z+ia)z +ia)* |z + ial?

4 —a(z +z%)
z|2 —a? ’
a(z +z°) = (a®> — |z|*) tank,
2ax = a’ tank — (x> + y*) tank,
(x + acotk)® 4+ y* = a*(1 + cot* k).

Hence, k = tan

This is a circle with centre (—acotk,0) and radius acosec k. As k varies the
curves generate a family of circles whose centres lie on the negative x-axis (for
a > 0) and whose radii decrease to a as their centres approach the origin. The
curve corresponding to k = 0 is the y-axis.

44



COMPLEX NUMBERS AND HYPERBOLIC FUNCTIONS

The two points z = tia = (0, +a) lie on the curve if
(0 + acotk)® + a* = a*(1 + cot’ k).

This is identically satisfied, verifying that all members of the family pass through
the two points z = +ia.

3.11 Sketch the parts of the Argand diagram in which

(a) Rez? <0, |z1/? <2;
(b) O <arg z* < m/2;
(c) |expz?| — 0 as |z| — .

What is the area of the region in which all three sets of conditions are satisfied?

Since we will need to study the signs of the real parts of certain powers of z, it
will be convenient to consider z as r e’ with 0 < 0 < 2x.

Condition (a) contains two specifications. Firstly, for the real part of z> to be
negative, its argument must be greater than 7 /2 but less than 37 /2. The argument
of z itself, which is half that of z> (mod 2=), must therefore lie in one of the
two ranges n/4 < argz < 3n/4 and 5n/4 < argz < Tn/4. Secondly, since the
modulus of any complex number is real and positive, |z!/?| < 2 is equivalent to
|z| < 4.

Since argz* = —argz, condition (b) requires arg z to lie in the range 37/2 <0 <
2w, i.e z to lie in the fourth quadrant.
Condition (c) will only be satisfied if the real part of z3 is negative. This requires
i T
(4n+1)2<30<(4n+3)2, n=0,1,2.
The allowed regions for 6 are thus alternate wedges of angular size n/3 with
an allowed region starting at § = n/6. The allowed region overlapping those

specified by conditions (a) and (b) is the wedge 37/2 < 0 < 11n/6.

All three conditions are satisfied in the region 3n/2 < 0 < Tn/4, |z| < 4; see
figure 3.3. This wedge has an area given by

1, 1 Tn  3m
2r0—216<4 — 2)—271.
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y
- n/4
6l .
41 - n/6
21
— — i BY
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_47 \\\\\\\ \\\\ 117'[/6
—6+
“ T /4

Figure 3.3 The defined region of the Argand diagram in exercise 3.11. Re-
gions in which only one condition is satisfied are lightly shaded; those that
satisfy two conditions are more heavily shaded; and the region satisfying all
three conditions is most heavily shaded and outlined.

3.13 Prove that x*"t1 — a®"+1 where m is an integer > 1, can be written as

m
27r
2m+1 2m+1 2 2
X —a ——(x—a)”{x —2axc0s(2 1)+a}

r=1

For the sake of brevity, we shall denote x?"*! —a?"+! by f(x) and the (2m + 1)th
root of unity, exp[2zi/(2m + 1)], by Q.

Now consider the roots of the equation f(x) = 0. The 2m + 1 quantities of the
form x = aQ" with r =0,1,2,...,2m are all solutions of this equation and, since
it is a polynomial equation of order 2m + 1, they represent all of its roots. We
can therefore reconstruct the polynomial f(x) (which has unity as the coefficient
of its highest power) as the product of factors of the form (x — aQ"):

f(x) = (x—a)(x —aQ) - - - (x —aQ™)(x — aQ"*1) ... (x — aQ®™).
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Now combine (x — aQ)") with (x — aQ?"1-7):

f(x) = (X — a) H(X _ aQV)(x _ aQZerlfr)

r=1
m

= (x — a) H[x2 _ ax(Qr + sz+1—)‘) + a292m+1 ]
r=1

=(x—a) 1_[[362 —ax(Q + Q") +d?], since Q" =1,
r=1

:(x—a)H {xz—Zaxcos <2n21n-:1> —|—a2}

r=1

This is the form given in the question.

3.15 Solve the equation
27 —4z% + 62° — 6z* + 62 — 1222+ 82+ 4 =0,

(a) by examining the effect of setting z> equal to 2, and then
(b) by factorising and using the binomial expansion of (z + a)*.

Plot the seven roots of the equation on an Argand plot, exemplifying that complex
roots of a polynomial equation always occur in conjugate pairs if the polynomial
has real coefficients.

(a) Setting z> = 2 in f(z) so as to leave no higher powers of z than its square,
e.g. writing z7 as (z%)%z = 4z, gives

4z — 1641227 — 122 + 12— 122 + 8z + 4 =0,
which is satisfied identically. Thus z3 — 2 is a factor of f(z).
(b) Writing f(z) as
f(z) = (2> =2)az* + bz + cz> +dz+¢) =0

and equating the coefficients of the various powers of z gives a = 1, b = —4,
c=6,d—2a=—6,e—2b=06,—2c=—12, —2d = 8 and —2e = 4. These imply
(consistently) that f(z) can be written as

f(z) = (2> =2)(z* — 4z + 622 — 4z —2).
We now note that the first four terms in the second set of parentheses are the
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same as the corresponding terms in the expansion of (z — 1)*; only the constant
term needs correction. Thus, we may write the original equation as

0=f(z)=(" =2z —1*" =3,

with solutions z=23e2m/3  p—=0,1,2 or
z—1 =344 =0, 1,2, 3.

’ 2 ’ ’ '

As is to be expected, each root that has a non-zero imaginary part occurs as one
of a complex conjugate pair.

3.17 The binomial expansion of (14 x)" can be written for a positive integer n as

n

A+x)"=>_"Cx,

r=0

where "C, = n!/[r!(n —r)!].

(a) Use de Moivre’s theorem to show that the sum
Sin) ="Co—"Co+"C4— -+ (=1)" "Cam, n—1<2m<n,

has the value 2" cos(nm /4).
(b) Derive a similar result for the sum

S>(n) = "Cy—"C3+"C5s— -+ (_1)m HCQWH,L n—1<2m+1<n,

and verify it for the cases n = 6, 7 and 8.

Since we seek the sum of binomial coefficients that contain either all even or
all odd indices, we need to choose a value for x such that x" has different
characteristics depending upon whether r is even or odd. The quantity i has just
such a property, being purely real when r is even and purely imaginary when r
is odd. We therefore take x = i, write 1 +i as \/Zei”/4 and apply de Moivre’s
theorem:

(\/2€i71/4)”:(1+i)n
— nCO_i_incl_i_ichz_i_.“
=("Co— "Co+ "Cs—--)
Fi("Cy— "C3+ "Cs— ).
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Thus Si(n) = ("Co— "Co+ "Cqy— -+ (—1)" "Cyy), where n — 1 < 2m < n, has
a value equal to that of the real part of (\/Zei”/“) . This is the real part of
2"2¢imm/4 which, by de Moivre’s theorem, is 2"/% cos(nm/4).

(b) The corresponding result for S,(n) is that it is equal to the imaginary part of
212emm/4 which is 22 sin(nn /4).

We now verify this result for n = 6, 7 and 8 by direct calculation:

6
$2(6) = °Ci— 9C3+ °Cs =6 —20+6 = —8 = 23 sin I,
S7)="Ci— "C3+ "Cs— "4

=7—35+21—1=—3=z7/2sm7f,

8
S2(8) = 8C; — 8C3 + 8Cs— 8C7; =8 — 56+ 56— 8 =0 = 2*sin :

3.19 Use de Moivre’s theorem with n = 4 to prove that

cos40 = 8cos* 0 — 8cos? 0 + 1,

1/2
Cosn _ (2—}—\/2) '

8 4

and deduce that

From de Moivre’s theorem, e’ = cos40 + isin 40. But, by the binomial theorem,

we also have that
¢ = (cos 0 + isin 0)*
= cos* 0 + 4icos’ 0sin 0 — 6 cos® 0 sin® O — 4icos 0sin’ 0 + sin 0.
Equating the real parts of the two equal expressions and writing sin® 6 as 1 —cos? 0,
cos 460 = cos* 6 — 6 cos® (1 — cos® ) + (1 — cos® 0)?
=8cos*0 —8cos’ 0 + 1.

Now set 0 = /8 in this result and write cos(n/8) as c:

47
0 =cos g =8c* —8c? 4 1.
Hence, as this is a quadratic equation in ¢?,

1/2
44+ /16 — 242
3= _\/86 8 and c=c0s7§=i< _4\/> .
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Since 0 < n/8 < n/2, ¢ must be positive. Further, as n/8 < n/4 and cos(n/4) =
1/4/2, ¢ must be greater then 1/./2. It is clear that the positive square roots are
the appropriate ones in both cases.

3.21 Use de Moivre’s theorem to prove that

5 — 108 + 5¢
S5t — 102 +1°

where t = tan 0. Deduce the values of tan(nn/10) for n =1, 2, 3 and 4.

tan 50 =

Using the binomial theorem and de Moivre’s theorem to expand (e)’ in two
different ways, we have, from equating the real and imaginary parts of the two
results, that
cos 50 + isin 50 = cos’ 0 4 i5 cos* 0 sin @ — 10 cos® O sin 0
—i10cos” 0sin® 0 4+ 5cos O sin* 6 + isin’ 6,
cos 50 = cos’® 6 — 10 cos’ O(1 — cos® 0)
+5c0s0(1 — 2cos® 0 + cos* 0)
= 16c0s’ 0 — 20 cos® 0 + 5cos 0,
sin 50 = 5(1 — 2sin® 0 + sin* 0) sin 0
—10(1 — sin? 0) sin® 6 + sin’ 0
= 165sin’ 0 — 20sin’ @ + 5sin 6.
Now, writing cosf as ¢, sinf as s and tanf as t, and further recalling that
¢ 2 =141t we have

16s° — 20s® + 5s

@ans0 =5 206 1 5

B 1665 — 20t3¢=2 + 5tc™*
T 16 —20¢"2 4 5¢4

1665 — 2063 (1 + £2) + 5t(1 + 26 + t%)
16 — 20(1 + 12) + 5(1 + 222 + t4)

=108 +5¢
St — 102417

. 3 . .
When 0 is equal to " or n, tan 50 = oo, implying that

10 " 10
S+ 255 5+.20) "
P=""V""" = t=i< - > .

56— 10 +1=0
+ = 5 5
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As both angles lie in the first quadrant the overall sign must be taken as positive
in both cases, and it is clear that the positive square root in the numerator
corresponds to 0 = 37 /10.

. 2 4 . .
When 0 is equal to 17(; or 18, tan 50 = 0, implying that

12
B 108 +51=0 = £=5+25-5 = t=i<5i\/20) .

Again, as both angles lie in the first quadrant the overall sign must be taken
as positive; it is also clear that the positive square root in the parentheses
corresponds to 0 = 4n/10.

3.23 Determine the conditions under which the equation
acosh x + bsinhx = ¢, c >0,

has zero, one, or two real solutions for x. What is the solution if a*> = ¢* + b*?

We start by recalling that cosh x = ;(ex +e7¥) and sinh x = ;(ex —e™), and then
rewrite the equation as a quadratic equation in e*:

acoshx +bsinhx —c =0,
(a+b)e* —2c+ (a—b)e™™ =0,
(a+b)e* —2ce* +(a—b) = 0.

Hence,
c+ \/62 — (a? — b?)

a+b ’
For x to be real, ¢* must be real and > 0. Since ¢ > 0, this implies that a4+ b > 0
and ¢ + b*> > a?. Provided these two conditions are satisfied, there are two roots
if 2 +b> —a? < 2, ie. if b> < d?, but only one root if ¢> +b*> —a? > 2, ie. if
b? > a?.

If ¢ 4+ b*> = a? then the double root is given by

e’ =

X C

a+b’
w G d—=b a—b
(a+b?  (a+bP  a+b
X = 11na_b
2 a+b
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3.25 Express sinh* x in terms of hyperbolic cosines of multiples of x, and hence
find the real solutions of

2cosh4x — 8cosh2x +5=0.

In order to connect sinh* x to hyperbolic functions of other multiples of x, we
need to express it in terms of powers of et and then to group the terms so as to
make up those hyperbolic functions. Starting from

sinhx = %(e" —e),
we have from the binomial theorem that

sinh*x = L (e¥ —4e™ +6—de™ ™ + 7).

Terms containing related exponents nx and —nx can now be grouped together and
expressed as a linear sum of coshnx and sinh nx; here, because of the symmetry
properties of the binomial coefficients, only the cosh nx combinations appear and
yield

sinh* x = 21; cosh4x — ; cosh2x + g

Now consider the relationship between this expression and the LHS of the given
equation. They are clearly closely related; one is a multiple of the other, except in
respect of the constant term. Making compensating corrections to the constant
term allows us to rewrite the equation in terms of sinh* x as follows:

2cosh4x —8cosh2x + (6 —1) =0,

16sinh*x — 1 =0,

1
16°

sinhx = ] (real solutions only).

sinh* x =

We now use the explicit expression for the inverse hyperbolic sine, namely
If y =sinh™' z, then y = ln(\/l +z2+42),

to give in this case

x=1In <\/1 +l ;) = 0481 or —0.481.
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3.27 A closed barrel has as its curved surface the surface obtained by rotating
about the x-axis the part of the curve

y = a[2 — cosh(x/a)]

lying in the range —b < x < b, where b < acosh™' 2. Show that the total surface
area, A, of the barrel is given by

A = na[9a — 8aexp(—b/a) + aexp(—2b/a) — 2b].

If s is the length of the curve defining the surface (measured from x = 0) then
ds? = dx? 4 dy* and consequently ds/dx = (1 4 y'*)'/2.

For this particular surface,
y=a (Z—COShX)
a
and dy — —sinh .
dx a
It follows that

ds

The curved surface area, Ay, is given by
b
Ay = 2/ 2ny ds
0
b
d
= 2/ 21y S dx
0 dx
b
= 47ra/ (2 cosh
0

X
a
b x 1 1 2x
= 47m/ 2cosh™ — _ — _cosh dx
0 a 2 2 a

b

— cosh? Z) dx, use cosh®z = ;(cosh 2z + 1),

= 4na |2asinh x_x_d sinh 2x
a 2 4 a |,

= 7a (Sasinhb — 2b — asinh 2b> .
a a
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The area, A,, of the two flat ends is given by
b\ 2
Ay =2nd® (2 — cosh a)
b b
= 2na? (4 —4cosh 4+ cosh? ) .
a a

And so the total area is

A = 1T |:4a (eb/tl _ e—b/a) _ 2b _ ; (eZb/a _ e—Zb/a)
+8a —4a (eb/“ + e*b/a) + 24“ (ezb/a Lo eZb/a):|

=Tna (9(1 — 8ae P/ 4 g~/ — Zb) .
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4

Series and limits

4.1 Sum the even numbers between 1000 and 2000 inclusive.

We must first express the given sum in terms of a summation for which we have
an explicit form. The result that is needed is clearly

N
1
Sy=> n= SN(N +1),

n=1

and we must re-write the given summation in terms of sums of this form:

n=2000 m=1000
E n= E 2m
n(even)=1000 m=500

= 2(S1000 — Sa99)
=2 (} x 1000 x 1001 — ! x 499 x 500)
= 751500.

4.3 How does the convergence of the series

o]

(n—r)!
Z n!

n=r

depend on the integer r?

For r < 1, each term of the series is greater than or equal to the corresponding

1 L .

term of Z , which is known to be divergent (for a proof, see any standard
]

textbook). Thus, by the comparison test, the given series is also divergent.
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For r > 2, each term of the series is less than or equal to the corresponding term

1 ... .
of Z n(n+ 1) By writing this latter sum as

=~ 1 /1 1
Zn(n+1)zz<n_n+l)

n=1 n=1
=(1=2)+G-)+G—4)+
=1+ (= + )+ + D+ =1

it is shown to be convergent. Thus, by the comparison test, the given series is
also convergent when r > 2.

4.5 Find the sum, Sy, of the first N terms of the following series, and hence
determine whether the series are convergent, divergent or oscillatory:

© n+1
Zl (” * 1) ey, o3
n=0

n=1

(a) We express this series as the difference between two series with similar terms
and find that the terms cancel in pairs, leaving an explicit expression that contains
only the last term of the first series and the first term of the second:

N

N N
| = 1 1)— Inn=In(N+1)—Inl.
Zn I Zn(n+) Znn n(N+1)—In

n=1 n=1 n=1
As In(N + 1) —» oo as N — oo, the series diverges.

(b) Applying the normal formula for a geometric sum gives

N-1
1—(=2)N
M= 176"
n=0
The series therefore oscillates infinitely.
(c) Denote the partial sum by Sy. Then,

(_1);1+1n
3

Il
i[M=

SN

N n+1 N+1 (—1)‘(5 _ 1)
= Z 3n+1 - Z 3s
n=1 s=2
N N+1

W s H ey
- 3s _Z 3s

s=2 s=2

—_
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Separating off the last term of the first series on the RHS and adding Sy to both
sides, with the Sy added to the RHS having its n = 1 term written explicitly,
yields

4 (121 L (=1 SN (—1)s
3SN = 3 +Z n +Z

n=2

(—DNUN +1)
+ 3IN+1 - 3s

1 N (=DN*(N+1) 1

-3 3N+ 9 1—(=hH"
To obtain the last line we note that on the RHS the second and third terms (both
summations) cancel and that the final term is a geometric series (with leading
term —;). This result can be rearranged as

N N+3N AN
N6 3 4 \"3) =

from which it is clear that the series converges to a sum of 136.

4.7 Use the difference method to sum the series

N1

2 — 1)2°
£ 2ni(n 1)

We try to write the nth term as the difference between two consecutive values
of a partial-fraction function of n. Since the second power of n appears in the
denominator the function will need two terms, An~> and Bn~!. Hence, we must
have

2n—1 A B A B

2n—12 n* ' on (n—1)2+n—1

A[-2n+ 1]+ B[n(n—1)(n—1—n)]
n*(n—1)2 ’

The powers of n in the numerators can be equated consistently if we take 4 = —;

57



SERIES AND LIMITS

and B = 0. Thus
2n—1 1{ 1 1}

Mmn—12 2| (=12 n?

We can now carry out the summation, in which the second component of each

pair of terms cancels the first component of the next pair, leaving only the initial
and very final components:

2n—1 _1% [
< 2m2(n — 1)? 2 | (n=1?2 n?

IRV
T 2\1 N2

= (1 =N72).

N

h=

4.9 Prove that

sin J(n+ 1)o
2,( : ) cos(0 + Jna).
2

cos 0 + cos(0 + o) + - - - + cos(0 + no) =

From de Moivre’s theorem, the required sum, S, is the real part of the sum of the
geometric series > ._ e'e™ . Using the formula for the partial sum of a geometric
series, and multiplying by a factor that makes the denominator real, we have

1= ei(n+l)oz 1— e*ia
_ i0
S =Re (e 1 — gin l—ef“)
_cos0 —cos[(n+ 1)a+ 0] —cos(0 — a) + cos(0 + no)

2 x 2sin? S

_ 2sin(0 — Yo sin(— o) + 2sin(ne + 50 4 0) sin jo

4 sin® ;oc

_ 2sin ;oc Zcos(;noc + 60) sin| ;(n + 1)a]

22
4 sin 2
1
sin ,(n + 1)o
= 2_( | ) COS(@—F%VMZ).
sin 5o

o

In the course of this manipulation we have used the identity 1 —cos 0 = 2 sin’ ;0
and the formulae for cos A — cos B and sin 4 — sin B.
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4.11 Find the real values of x for which the following series are convergent:

(@) ;n’;l, ) XGine, @ 3,

0 0
d) Z e, Z Inn
n=1 n=2
(a) Using the ratio test:
. Upy x4
lim = lim
n—w0 Uy, n—son+2 X"

Thus the series is convergent for all |x| < 1. At x = 1 the series diverges, as shown
in any standard text, whilst at x = —1 it converges by the alternating series test.
Thus we have convergence for —1 < x < 1.

(b) For all x other than x = (2m + é)n, where m is an integer, |sinx| < 1 and
so convergence is assured by the ratio test. At x = 2m + ;)n the series diverges,
whilst at x = (2m — })r it oscillates finitely.

(c) This is the Riemann zeta series with p written as —x. Thus the series converges
for all x < —1.

(d) The ratio of successive terms is ¢* (independent of n) and for this to be less
than unity in magnitude requires x to be negative. Thus the series is convergent
when x < 0.

(¢) The sum S = > ,(Inn)* is clearly divergent for all x > —1 (by comparison
with 3" n7'). So we define a positive X by —X = x < —1 and consider

o0 My 1
Si= Z Z (In M;)X’

k=1 r,=Mjy_1+1

where M is the lowest integer such that In My > k. The notation is such that
when =1 < n < & then n = My_ + ry.

For each fixed k, every term in the second (finite) summation is smaller than the
corresponding term in S (because n < Mjy). But, since all the terms in such a
summation are equal, the value of the sum is simply (M) — M;_;)/(In M;)X. Thus,

Z — M =§:(1_971)Mk
(ln Mk = (11’1 Mk)X '
Now, the ratio of successive terms in this final summation is

My (InMp)¥ e
-

k — .
(In M) M, Ine * 7%
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This limit is > 1, and thus S; diverges for all X; hence, by the comparison test,
so does S.

4.13 Determine whether the following series are absolutely convergent, convergent
or oscillatory:

(- - (2n+1) (=)
@ SO S g
© (_l)n © (_1)nzn

@ ;n2+3n+2’ (©) Z; nt/2 -

(a) The sum > n>/? is convergent (by comparison with > n72?) and so
S (—1)"n=3/? is absolutely convergent.

(b) The magnitude of the individual terms — 2 and not to zero; thus the series
cannot converge. In fact it oscillates finitely about the value —(1 4 1n 2).

(c) The magnitude of the successive-term ratio is
_ |x|n+1 n! _ |X|
T4+ D! x]" m

Thus, the series is absolutely convergent for all finite x.

Upt1
Up

— 0 for all x.

(d) The polynomial in the denominator has all positive signs and a non-zero
constant term; it is therefore always strictly positive. Thus, to test for absolute
convergence, we need to replace the numerator by its absolute value and consider
S aso(r? +3n+2)7":

N N

1 1 1 1
_ _ —1— 1 N — .
;n2+3n+2 §<n+1 n+2> N+2 08 AT

Thus the given series is absolutely convergent.

(e) The magnitude of the individual terms does not tend to zero; in fact, it grows
monotonically. The effect of the alternating signs is to make the series oscillate
infinitely.

4.15 Prove that
o0
r —1)
> [
n=2 n
is absolutely convergent for r = 2, but only conditionally convergent for r = 1.

In each case divide the sum into two sums, one for n even and one for n odd.
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(i) For r = 2, consider first the even series:

L) - En(ie )
-y (;112_2;114*”)'

neven
The nth logarithmic term is positive for all n but, as shown above, less than n2.
It follows from the comparison test that the series is (absolutely) convergent.

For the odd series we consider

n Qm+1)y> —1 4m? + 4m
(2m + 1)? 4m2+4m+1

1
=—In (1 * dm(m + 1)>'

By a similar argument to that above, each term is negative but greater than
—[4m(m +1)]~". Again, the comparison test shows that the series is (absolutely)
convergent.

Thus the original series, being the sum of two absolutely convergent series, is also
absolutely convergent.

(i) For r = 1 we have to consider In[(n &+ 1)/n], whose expansion contains a
term +n~' and other inverse powers of n. The summations over the other powers
converge and cannot cancel the divergence arising from Y +n~!. Thus both the
even and odd series diverge; consequently the original series cannot be absolutely
convergent.

However, if we group together consecutive pairs of terms, n = 2m and n = 2m+1,
then we see that

n4+(—1y - 2m+ 1 2m+1—1
Zl{ } {ln m +1In 4 1

M

81

m=1
Zo 0,

m=1 m=1

i.e. the terms cancel in pairs and the series is conditionally convergent to zero.
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4.17 Demonstrate that rearranging the order of its terms can make a condi-
tionally convergent series converge to a different limit by considering the series
S (—=1)"*n~! = In2 = 0.693. Rearrange the series as

L0111 11, 1 141
S=1+3—2tsti—4totu—stunt

and group each set of three successive terms. Show that the series can then be

written
o0

2 2m(dm — 3)(4m — 1)’

which is convergent (by comparison with > n~=2) and contains only positive terms.
Evaluate the first of these and hence deduce that S is not equal to In2.

Proceeding as indicated, we have

G_ 1+1 1 N 1+1 1 N 1+1 1 N
“\1 '3 2 5 7 4 9 11 6
_‘” U

- dn—3  dm—1 2m

(8m —2m) + (8m?> — 6m) — (16m*> — 16m + 3)
2m(4m — 3)(4m — 1)

|
Mx I M

3
3
8 1
-

8&m—3
‘ 2m(4m — 3)(4m — 1)’

m—
As noted, this series is convergent and contains only positive terms. The first of

these terms (m = 1) is 5/6 = 0.833. This, by itself, is greater than the known sum
(0.693) of the original series. Thus S cannot be equal to In2.

4.19 A Fabry—Pérot interferometer consists of two parallel heavily silvered glass
plates; light enters normally to the plates, and undergoes repeated reflections be-
tween them, with a small transmitted fraction emerging at each reflection. Find the
intensity |B|?> of the emerging wave, where

(0]
B=A(1—7r) Z e

n=0
with r and ¢ real.

This is a simple geometric series but with a complex common ratio re®. Thus
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we have

B =A(1—r) Z retn®
n=0
_ 1—r
T T L —reit”

To obtain the intensity |B|> we multiply this result by its complex conjugate,
recalling that r and ¢ are real, but A may not be:

2 _ l412(1 —r)?
1BI"= (1 —re?)(1 —re~i¢)
[AP(1—r)?

- 1—2rcos¢+r?

4.21 Starting from the Maclaurin series for cos x, show that

24
(cosx)2=1+x*+ ;c 4.

Deduce the first three terms in the Maclaurin series for tan x.

From the Maclaurin series for (or definition of) cos x,

x2 Xt

cosx=1—2!—|—4!—|—---

Using the binomial expansion of (1 4 z)~2, we have

2 4 -2
(cosx)? = (l—x +x +)

21 4!
_1_» xz Xt 23 x2 Xt 2
=1- —2!+4!+-~- +2! —2!+4!+~-~ + -
2 23
_ 2 4 6
=14+x"+x (—4!+2!2!2!>+O(X)

=1+x+3x .
We now integrate both sides of the expansion from 0 to x, noting that (cos x)™2 =

sec’ x and that this integrates to tan x. Thus

tanx—/xseczudu—x+x3+2xs+
—Jo N 315
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4.23 If f(x) = sinh~! x, and its nth derivative f"(x) is written as

f(n) _ P,
(1 4= x2)n71/2’

where P,(x) is a polynomial (of order n — 1), show that the P,(x) satisfy the
recurrence relation

Pup1(x) = (1 + x)P;(x) — (2n — 1)xPy(x).

Hence generate the coefficients necessary to express sinh~' x as a Maclaurin series

up to terms in x°.

With f(x) = sinh ! x,

T T
dx coshf (14 x2)/2

dx_
df

Thus P;(x) = 1; we will need this as a starting value for the recurrence relation.

x =sinhf = coshf =

With the definition of P,(x) given,

f(n) — Pn
(1 + x2)n71/2’
o P! (n—1)2xP,

(14 X212 o (1 + x2)n+1/2
_ (1+xH)P)—(2n—1)xP,
- (1 + x2)n+1—1/2 :

It then follows that
Pyi1(x) = (1 + x*)Py(x) — (2n — 1)xPy(x).
With P; = 1, as shown,
Po=(14+x)0—-2—1)x1=—x,
Py = (1 +x)(—1)— (4 — 1)x(—x) = 2x* — 1,
Py = (14 x%)(4x) — (6 — 1)x(2x* — 1) = 9x — 6x°,
Ps = (1 4+ x%)(9 — 18x%) — (8 — 1)x(9x — 6x°) = 24x* — 72x* 4 9.

The corresponding values of f™(0) = P,(0)/(1 + 0?)"~/2 can then be used to

express the Maclaurin series for sinh™' x as
O rn n 3 5
h—ly — frOx" X 9x
sinh x—f(O)—f—E o —x—3!+5!—---

n=1

64



SERIES AND LIMITS

4.25 By using the logarithmic series, prove that if a and b are positive and nearly
equal then

a _2(a—>b)

b~ a+b

Show that the error in this approximation is about 2(a — b)?/[3(a + b)?].

In

Write a +b =2c¢ and a — b = 26. Then

an —Ina—Inb

=In(c + 0) — In(c — 9)

=1nc+1n(1+5)—lnc—ln<1—5)
1 c
_5_52+53_ __(5_52_(53_
T \e 22 3¢ ¢  2¢ 333
26 2(5)3
— + + ...

c 3 \¢

_2a—b) 2 (a—b 3+_._
T a+b 3\a+b ’

i.e. as stated in the question.

We note that other approximations are possible, and equally valid, e.g. setting
b = a+e leading to —(e/a)[ 1 —e/2a+€*/3a*> —- - -], but the given one, expanding
symmetrically about ¢ = (a + b)/2, contains no quadratic terms in (a — b), only
cubic and higher terms.

4.27 Find the limit as x — 0 of [\/1 + xm — \/1 — x™]/x", in which m and n are
positive integers.

Using the binomial expansions of the terms in the numerator,

\/1+x;11_\/1_xn1 l—l—;x"’—}——(l—;x"’—l—)
X" = X"
xm+...
X"
N T

Thus the limit of the function as x — 0 is O for m > n, 1 for m = n and oo for
m<n.
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4.29 Find the limits of the following functions:

X +xE—5x—2

(a) 28 — Tx2 4 4x + 4 as x > 0, x > o0 and x — 2;
sin x — x cosh x i 0
. X —> U]
s/12nhx—x
(c) / (ycosy;smy)dy, as x — 0.
x y

(a) Denote the ratio of polynomials by f(x). Then

lim f(x) = lim X xP=5x-2 -2 1
x—0 0 2x3—Tx2+4x+4 4 2
. o lext=5x2—-2x3 1
)!glgcf(x)_x11—1>lolo2—7x*1—|—4x*2—|—4x*3_2’
FHxr—5x—2 0

23 —TIx24+4x+4 O

This final value is indeterminate and so, using I'Hopital’s rule, consider instead

) o324 2x—5 11
Im ) =lm > laxta™ 0

(b) Using I'Hopital’s rule repeatedly,

i ) =l

= 00.

sin x — x cosh x . cosx —coshx — xsinhx
m . = lim
x—0 sinhx—x x—0 coshx —1
. —sinx — sinh x — sinh x — x cosh x
= lim .
x—0 sinh x
. —cosx — 2cosh x — cosh x — xsinh x
= lim = —4,
X0 cosh x

(c) Before taking the limit we need to find a closed form for the integral. So,

o /2 (ycosyz_smy>dy=lim /2 g <siny)d
x—0 [ y x—0 /. dy y
[siny]™?
= 1lim |>7 ]

x—0 Ly

) ( 2  sinx )
= lim —
x—0 \ T X

2 1 x3
= lim — X— 4
x—0 LT X 3!

2
="-L
Y
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431 Using a first-order Taylor expansion about x = xo, show that a better
approximation than xq to the solution of the equation

f(x) =sinx + tanx = 2

is given by x = xo + 9, where

2 — f(xo)

cos xo + sec? xg

(a) Use this procedure twice to find the solution of f(x) = 2 to six significant
figures, given that it is close to x = 0.9.

(b) Use the result in (a) to deduce, to the same degree of accuracy, one solution
of the quartic equation

-4y +4y+4y—4=0.

(a) We write the solution to f(x) =sinx + tanx = 2 as x = x¢ + 0. Substituting
this form and retaining the first-order terms in 6 in the Taylor expansions of sin x
and tan x we obtain

sinxg 4+ 6 cosxg+---+tanxg+dsec’ xg+ - =2

2 —sin xy — tan xq

cosxg +seczxg
With x¢ = 0.9,

2—0.783327 — 1.260158  —0.0434385

= = —0.01354
0.621610 + 2.587999 3.209609 0.013548,

| =
making the first improved approximation x; = xg + 01 = 0.886452.
Now, using x; instead of x¢ and repeating the process gives

2—0.774833 — 1.225682  —5.15007 x 1074
0.632165 +2.502295 3.13446

2= = —1.6430 x 1074,
making the second improved approximation x; = x;+0, = 0.886287. The method
used up to here does not prove that this latest answer is accurate to six significant
figures, but a further application of the procedure shows that 3 ~ 3 x 1077,

(b) In order to make use of the result in part (a) we need to make a change
of variable that converts the geometric equation into an algebraic one. Since
tanx can be expressed in terms of sinx, if we set y = sinx in the equation
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sin x + tan x = 2, it will become an algebraic equation:

. . sin x

sinx + tan x = sinx + =2,
CcoS X

= y+ U =2
Vi—y?
2
y

1_y2:(2_y)2a

V=(1—y)4—4y+y?)
=—y" 44y’ —3)? —4y+4,
0=y*—4y’ +4y* +4y — 4.

This is the equation that is to be solved. Thus, since x = 0.886287 is an ap-
proximation to the solution of sinx + tanx = 2, y = sinx = 0.774730 is an
approximation to one of the solutions of y* —4y3 +4y? 4+ 4y —4 = 0 to the same
degree of accuracy.

We note that an equally plausible change of variable is to set y = tan x, with sin x
expressed as tanx/secx, i.e. as y/ \/ 1+ y2. With this substitution the resulting
algebraic equation is the quartic y* — 4y® + 4y> — 4y + 4 = 0 (very similar to,
but not exactly the same as, the given quartic equation). The reader may wish to
verify this. By a parallel argument to that above, y = tan 0.886287 = 1.225270 is
an approximate solution of this second quartic equation.

4.33 In quantum theory, a system of oscillators, each of fundamental frequency v
and interacting at temperature T, has an average energy E given by

= S g nhve™™
_ Zw V€™ 2
=

where x = hv/kT, h and k being the Planck and Boltzmann constants, respec-
tively. Prove that both series converge, evaluate their sums, and show that at high
temperatures E ~ kT, whilst at low temperatures E ~ hv exp(—hv /kT).

In the expression
S o nhve™
Ym0
the ratio of successive terms in the series in the numerator is given by
(n + 1)hye (X
nhye="x

E =

Ap+1
an

n+1 _,
=
n

= = — e as n— oo,

where x = hv/kT. Since x > 0, e < 1, and the series is convergent by the ratio
test.
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The series in the denominator is a geometric series with common ratio r = e™*.

This is < 1 and so the series converges with sum
! : 1
S)=l4e e oo™ g =

Now consider
dS(x)
 dx
The series on the RHS, when multiplied by hv, gives the numerator in the
expression for E; the numerator therefore has the value

_dS(x)__d 1 _ e~
dx  dx\l—e>) (1—e)?

_ hwe™ 1—e¢~ hv
E = = .
(1 —e>)2 1 eXx—1

=e—x+2e—2x_i_.”_i_ne—nx_i_.”'

Hence,

At high temperatures, x < 1 and

hv
(1+fy 4o =1
At low temperatures, x > 1 and ¢* > 1. Thus the —1 in the denominator can be
neglected and E ~ hv exp(—hv/kT).

E= kT.

4.35 One of the factors contributing to the high relative permittivity of water
to static electric fields is the permanent electric dipole moment, p, of the water
molecule. In an external field E the dipoles tend to line up with the field, but
they do not do so completely because of thermal agitation corresponding to the
temperature, T, of the water. A classical (non-quantum) calculation using the
Boltzmann distribution shows that the average polarisability per molecule, o, is
given by

o= Z(cothx —x7h,

where x = pE /(kT) and k is the Boltzmann constant.

At ordinary temperatures, even with high field strengths (10*Vm=! or more),
x < 1. By making suitable series expansions of the hyperbolic functions involved,
show that o= p*/(3kT) to an accuracy of about one part in 15x72.

As x < 1, we have to deal with a function that is the difference between two
terms that individually tend to infinity as x — 0. We will need to expand each
in a series and consider the leading non-cancelling terms. The coth function will
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have to be expressed in terms of the series for the sinh and cosh functions, as
follows:

1 E
o (cothx—x), with x=p

kT’
cosh x B 1
sinhx x

L+ +5+ 1

p
Elv(iagege )

T (N
~ Ex 21 7 4! 315!
xz Xt 2

+<3!+5!+...) N |
Cp N ANV R T T R
_Ex{o—i_x (2! 3!>+x< st ae T Ta) T
_px l_x2
_E<3 45" >

Thus the polarisability ~ px/3E = p?/3kT, with the correction term being a
factor of about x?/15 smaller.

_p
E
_p
E
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Partial differentiation

5.1 Using the appropriate properties of ordinary derivatives, perform the following.

(a) Find all the first partial derivatives of the following functions f(x,y):
(i) X%y, (i) x> + y* + 4, (iii) sin(x/y), (iv) tan"!(y/x),
W) r(x,y,2) = (x2 + y* + z2)1/2,

(b) For (i), (ii) and (v), find 0>f/0x>, 0*f/0y*> and 0°f/0x0dy.

(c) For (iv) verify that 0>f/0xdy = 0>f/dydx.

These are all straightforward applications of the definitions of partial derivatives.

L Of _axty) o of _ax*y) _
@ @ ox  Ox 2xy; dy 0y Y
- 24 .2 24 .2
(i) 8f:(3(x +vy +4)=2x; af:a(x +vy +4)=2y.
0x 0x oy dy

x) —x
oy 0y y) ¥
f_ NS AN I S y
(iv) ox o {tan ( )] = 147 X gy
of 0 gy 11 x
6y_6y[tan (x)}_l_Fiix_xz—i—yz
") o x4y +zH)2 DX 2x X
ox ox N C N ) LV
similarly for T and or .
dy 0z
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*(x?y) _ 0(2xy) _ *(xy) _ 0(x?)

®) @) ox2  ox 2v; a2y =0
*(xPy) _o(x) 5
oxdy — ox o
(i) P4y +4) _02x) _, PP+ +4) a2y _
0x? 0x ’ 0y? Oy ’
PPy 44 02y 0
0x0y 0x '
) 02(x? + y? + z2)1/2 _ 0 (x) _ 1 xar
0x? Ox \r roor2ox
1 xx  yP4z2
T o2y
. 2y
similarly for oy2°
PPy 4+ 0 (y) VX xy
0x0y Ox \r 2r =
o 9 _0 < —y ) _ Py —y2y N
dyox 0y \x2+ )2 (x2+y2)? (x2 +y?)?
and

o*f _ 0 X _(x2+y2)—x2x_ y? — x?
oxdy  ox \x*+y?) (x2 4 y2)? (X242

thus verifying the general result for this particular case.

5.3 Show that the differential
df = x*dy — (y* + xy)dx
is not exact, but that dg = (xy*)~'df is exact.
If df = Adx + Bdy then a necessary and sufficient condition for df to be exact

1S
0A(x,y) _ 0B(x,y)

dy 0x
Here A = —(y*> + xy) and B = x?, and so we calculate
2 2
00<") =2x and o=y = xy) = -2y —Xx.
0x Jy

These are not equal and so df is not an exact differential.
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However, for dg, A = —(y*>+xy)/(xy?) and B = x?/(xy?). Taking the appropriate
partial derivatives gives

0 2 1 o [—y*— 1
~ = and I o 0o+ .
0x Xyz y2 ay xy2 y2
These are equal, implying that dg is an exact differential and that the original
inexact differential has 1/xy? as its integrating factor.

5.5 The equation 3y = z3 + 3xz defines z implicitly as a function of x and y.
Evaluate all three second partial derivatives of z with respect to x and/or y. Verify
that z is a solution of

x82z n 0%z —0
ay? " ox2

By successive partial differentiations of
3y =23 4 3xz (*)

and its derivatives with respect to (wrt) x and y, we obtain the following.

Of (*) wrt x O=3zzaz+3z+3xaz,
0x 0x
. 0z z
(M) T oox T x +z2
ja)
Of (*) wrt y 323297 130
ay ay
. 0z 1
(i1) = oy x4z

For the second derivatives:

2 2y0z _ oz
differentiating (i) wrt x szz = —(X te )i; +Zzz()12+ 2 a")
(22— x)?‘; +z
(x + z2)?
(22 — x)(—z) + z(x + z?)

= (x4 22) , using (i),

_ 2xz
(x4 z22)¥
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By 2y0z _ az
differentiating (i) wrt y aayazx =— Gt ix)jfzz)j 20
(-
- (x +z2)2
22 —x S
= (x + 22)%° using (ii);
A2
differentiating (ii) wrt y gyz = (x + 122)2 2z S;
—2z . .
= (x4 22 using (ii).
We now have that
0%z 0’z —2zx 2zx

E)

Yor T TP Ty T

i.e. z is a solution of the given partial differential equation.

5.7 The function G(t) is defined by
G(t) = F(x,y) = x* + y* + 3xy,

where x(t) = at> and y(t) = 2at. Use the chain rule to find the values of (x,y) at
which G(t) has stationary values as a function of t. Do any of them correspond to
the stationary points of F(x,y) as a function of x and y?

Using the chain rule,

dG_&Fdx+6de

dt Oxdt 0Oy dt

(2x + 3y)2at + (2y + 3x)2a

= 2at(2at® + 6at) + 2a(4at + 3at?)
=2d°t(2t* + 9t + 4)

=2a’t(2t + 1)(t + 4).

Thus dG/dt has zeroes at t =0, t = —; and t = —4; the corresponding values of
(x,y) are (0,0), (}ta, —a) and (16a,—8a).

Considered as a function of x and y, F(x, y) has stationary points when

F
0 =2x+43y =0,
0x
F
0 =3x+2y=0.
ay

The only solution to this pair of equations is (x, y) = (0,0), which corresponds to
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(only) one of the points found previously. This stationary point is a saddle point
at the origin and is the only stationary point of F(x, y).

The stationary points of G(t) as a function of ¢ are a maximum of 5a*>/16 at
(}‘a, —a), a minimum of —64a”> at (16a,—8a), and a point of inflection at the
origin. The first two are not stationary points of F(x,y) for general values of x
and y. They only appear to be so because the parameterisation, which restricts
the search to the (one-dimensional) line defined by the parabola y?> = 4ax, does
not take into account the values of F(x, y) at points close to, but not on, the line.

5.9 The function f(x,y) satisfies the differential equation

of | of
=0.
Y ox X ay
By changing to new variables u = x*> — y> and v = 2xy, show that f is, in fact, a

function of x* — y* only.

In order to use the equations

of <~ Of ou;
an - 1 6ui an

that govern a change of variables, we need the partial derivatives

ou ~ o, ou — oy, 0

v
=2
0x 0y Y

ov
2x.
ox ) X

y_

Then, with f(x, y) written as g(u,v),

REENEE
aleals
Thus,
y2£+x2§ =(2xy—2xy)gi +2(y2+x2)gi

and the equation reduces to

g

=0 = g=g) e flxy) = g(x* — y?) only.
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5.11 Find and evaluate the maxima, minima and saddle points of the function

fx,y) =xp(x* + y* — 1).

The required derivatives are given by

o =3x"y +)* —, o =x’+3y’x —x,
0x dy
o*f of 2 2 o*f
0x2 s 0xdy Xy ’ 0y? Xy

Any stationary points must satisfy both of the equations

of = y(3x2 +y2 —1)=0,
0x
of =x(x*+3y?—1)=0.
dy

If x=0then y=0or +1. If y =0 then x =0 or £1.

Otherwise, adding and subtracting the factors in parentheses gives

These have the solutions x = +1, y = +).

Thus the nine stationary points are (0,0), (0,£1), (£1,0), i(;, ;) and i(;,—é).
The corresponding values for f(x,y) are O for the first five, —é for the next two

and g for the final two.

For the first five cases, 0°f/0>x = 0f /0%y = 0, whilst 0>f /dx0y = —1 or 2. Since
(—1)> > 0 x 0 and 2> > 0 x 0, these points are all saddle points.

At +(1, 1), /0% = 02 /3% = 3, whilst 0f /oxdy = L. Since (1) < 3 x 1,
these two points are either maxima or minima (i.c. not saddle points) and the
positive signs for 02f/0%>x and 0%f /0%y indicate that they are, in fact, minima.
At +(L,—1), f/@x = 3f/@y = —3. whilst f/oxdy = L. Since (1) <
—g X —g, these two points are also either maxima or minima; the common
negative sign for 0°f/0>x and 0>f /0%y indicates that they are maxima.
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5.13 Locate the stationary points of the function
f(x,y) = (x* = 2y*) exp[—(x* +*)/a’],
where a is a non-zero constant.

Sketch the function along the x- and y-axes and hence identify the nature and
values of the stationary points.

To find the stationary points, we set each of the two first partial derivatives,

of 2x . 4 2 X2+ y?
ox = {2x 2 (x*—2y )] exp ( ,

0 2 x2 4?2
T {—4y— s —2y2)] exp (— Y >
oy a

equal to zero:

R
Of=0 = x=0orx’—2y*=d*;
0x

q

Of:O = y=0orx>—2y’ = 24"
ay

Since a # 0, possible solutions for (x,y) are (0,0), (0,4+a) and (+a,0). The
corresponding values are f(0,0) = 0, f(0,+a) = —2a’e”" and f(+a,0) = a’e”!.
These results, taken together with the observation that |f(x,y)| — O as either or
both of |x| and |y| — oo, show that f(x,y) has maxima at (+a,0), minima at
(0, +a) and a saddle point at the origin.

Sketches of f(x,0) and f(0,y), whilst hardly necessary, illustrate rather than
confirm these conclusions.

5.15 Find the stationary values of
flx,y) =432 +4y* + x* — 6x7y + y*
and classify them as maxima, minima or saddle points. Make a rough sketch of

the contours of f in the quarter plane x,y > 0.

The required derivatives are as follows:

of =8x +4x° — 12xy2, of =8y — 12x2y + 4y3,
0x oy
02 f o’ f o f
— 84+ 12x2— 122 =24 =8— 12x* + 12)%.
ox2 — oI Yo axay oy A
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Figure 5.1 The contours found in exercise 5.15.

Any stationary points must satisfy both of the equations

of _ 4x(2+x* =3y} =0,
0x
d

I _aya—3d 4% =0
dy

If x = 0 then 4y(2 4 y?) = 0, implying that y = 0 also, since 2 + y> = 0 has no
real solutions. Conversely, y = 0 implies x = 0. Further solutions exist if both
expressions in parentheses equal zero; this requires x> = y> = 1.

Thus the stationary points are (0,0), (1,1), (—1,1), (1,—1) and (—1,—1), with
corresponding values 0, 4, 4, 4 and 4.

At (0,0), 0*f/0*x = 0°f/0%y = 8, whilst 02f/dxdy = 0. Since 0> < 8 x 8, this
point is a minimum.

In the other four cases, 02f/0*x = 0°f/0%y = 8, whilst 0>f/0xdy = +24. Since
(24)*> > 8 x 8, these four points are all saddle points.

It will probably be helpful when sketching the contours (figure 5.1) to determine
the behaviour of f(x, y) along the line x = y and to note the symmetry about it.
In particular, note that f(x,y) = 0 at both the origin and the point (\/2, \/2).
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5.17 A rectangular parallelepiped has all eight vertices on the ellipsoid
x?+3y? +322 = 1.

Using the symmetry of the parallelepiped about each of the planes x =0, y = 0,
z = 0, write down the surface area of the parallelepiped in terms of the coordinates
of the vertex that lies in the octant x,y,z > 0. Hence find the maximum value of
the surface area of such a parallelepiped.

Let S be the surface areca and (x,y,z) the coordinates of one of the corners
of the parallelepiped with x, y and z all positive. Then we need to maximise
S = 8(xy + yz + zx) subject to x, y and z satisfying x> + 3y? 4+ 32> = 1.

Consider
f(x,3,2) = 8(xy + yz 4 zx) + A(x* + 3y* + 32%),

where 4 is a Lagrange undetermined multipier. Then, setting each of the first
partial derivatives separately to zero, we have the simultancous equations

0= of =8y 4+ 8z 4+ 2/x,
0x
0= of = 8x + 8z 4 64y,
dy
0= of =8x+ 8y + 6.z.
0z
From symmetry, y = z, leading to
0=16y + 24x,

0 =28x+ 8y + 64y.
Thus, rejecting the trivial solution x = 0, y = 0, we conclude that 1 = —8y/x,
leading to x> +xy—6y? = (x—2y)(x+3y) = 0. The only solution to this quadratic

equation with x, y and z all positive is x = 2y = 2z. Substituting this into the
equation of the ellipse gives

2y +3°+3y°=1 =

The value of S is then given by
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5.19 A barn is to be constructed with a uniform cross-sectional area A throughout
its length. The cross-section is to be a rectangle of wall height h (fixed ) and width
w, surmounted by an isosceles triangular roof that makes an angle 0 with the
horizontal. The cost of construction is o per unit height of wall and [ per unit
(slope) length of roof. Show that, irrespective of the values of o and [5, to minimise
costs w should be chosen to satisfy the equation

w* = 164(A — wh),
and 0 made such that 2tan20 = w/h.

The cost always includes 2ah for the vertical walls, which can therefore be
ignored in the minimisation procedure. The rest of the calculation will be solely
concerned with minimising the roof area, and the optimum choices for w and 0
will be independent of f3, the actual cost per unit length of the roof.

The cost of the roof is 2 X éw sec, but w and 0 are constrained by the
requirement that

A=wh+ ;w tan 0.

w
2
So we consider G(w, ), where

G(w,0) = BwsecO — A(wh+ w? tan0),

and the implications of equating its partial derivatives to zero. The first derivative
to be set to zero is

00 —ﬂwsec@tan9—4w sec” 0,
= 0=Bsin0—}‘/1w,
- i=4ﬁsm9.
w

A second equation is provided by differentiation with respect to w and yields

oG = fsecl — Ah — ;/"Lwtan(?.
ow
Setting G /dw = 0, multiplying through by cos 6 and substituting for A, we obtain
B —2psin’ 0 = 4p SIHQhCOSG,
w
wcos 20 = 2hsin 20,
tan20 = 2Wh

This is the second result quoted.
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The overall area constraint can be written
4(A — wh)

tan0 =
w2

From these two results and the double angle formula tan 2¢ = 2 tan ¢/(1—tan? ¢),
it follows that

w
o= tan 20
8(A — wh)
_ w2
1 16(A4 — wh)?’

wh
16wh(A — wh) = w* — 16(4 — wh)?,
w* = 164(A — wh).
This is the first quoted result, and we note that, as expected, both optimum values
are independent of f.

5.21 Find the area of the region covered by points on the lines

X Yy
:1’
a+b

where the sum of any line’s intercepts on the coordinate axes is fixed and equal
to c.

The equation of a typical line with intercept a on the x-axis is

X y
fx,y,a) ="+
a c—a

—1=0.

To find the envelope of the lines we set df /da = 0. This gives

of _ x yooo_
da a2+(c—a)2_0'

Hence,

(c—a)yx=ayy,
a= OV
NN
Substituting this value into f(x, y,a) = 0 gives the equation of the envelope as
x(yx+ /) LY _1

e\ /x c— \/i\-l{f/y B

XX+ )+ y(x+ ) =
X+ Ly = e
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This is a curve (not a straight line) whose end-points are (c,0) on the x-axis
and (0,c¢) on the y-axis. All points on lines with the given property lie below
this envelope curve (except for one point on each line, which lies on the curve).
Consequently, the area covered by the points is that bounded by the envelope
and the two axes. It has the value

/Ocydx=/oc(\/c—\/x)2dx
=/((c—2\/c\/x+x)dx
0

_ 2 4 032,12 1,2
=c 3\/cc +2c—6c.

5.23 A water feature contains a spray head at water level at the centre of a round
basin. The head is in the form of a small hemisphere perforated by many evenly
distributed small holes, through which water spurts out at the same speed, vy, in
all directions.

(a) What is the shape of the ‘water bell’ so formed?
(b) What must be the minimum diameter of the bowl if no water is to be lost?

The system has cylindrical symmetry and so we work with cylindrical polar
coordinates p and z.

For a jet of water emerging from the spray head at an angle 0 to the vertical, the
equations of motion are

z=uvpcos0t— gt

p=1vpsinft.

Eliminating the time, t, and writing cot 6 = o, we have

__pvocos 1 p?

" yysinf ZgugsinZO’

0’

2

= 0=z—pcot6+g
20

cosec 20,

i.e. the trajectory of this jet is given by

2
flp,z,0) =z — pa+ iié(l +o?) =0,

To find the envelope of all these trajectories as 0 (and hence «) is varied, we set
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0f /0o equal to zero:

of 20gp?
0: :0—
oa Pt 05
2
= g= 10
gp

Hence, the equation of the envelope, and thus of the water bell, is

U2 gp2 1)4
g(p,Z):Z— 0+ (1+g20pz) :0’

g 20}
2 2
-~ ,_ "0 _8
2¢g 21)(2)

(a) This is the equation of a parabola whose apex is at z = v3/2g, p = 0. It
follows that the water bell has the shape of an inverted paraboloid of revolution.

(b) When z = 0, p has the value v3/g, and hence the minimum value needed for
the diameter of the bowl is given by 2p = 2v3/g.

5.25 By considering the differential
dG=d(U+PV —ST),

where G is the Gibbs free energy, P the pressure, V the volume, S the entropy
and T the temperature of a system, and given further that U, the internal energy,
satisfies

dU = TdS — PdV,

derive a Maxwell relation connecting (0V /0T )p and (0S/0P)T.

Given that dU = TdS — PdV, we have that

dG = d(U + PV —ST)
=dU +PdV + VdP — SdT — TdS
= VdP —SdT.

0G 0G
(6P>T =V and (GT)P =-S.

vy _ PG _ #G _ [0S
0T ), 0ToP  oPOT  \oP);’

This is the required Maxwell thermodynamic relation.

Hence,

It follows that
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5.27 As implied in exercise 5.25 on the thermodynamics of a simple gas, the
quantity dS = T~'(dU + PdV) is an exact differential. Use this to prove that

oU 0P
(aV)T‘T<aT)V_P'

In the van der Waals model of a gas, P obeys the equation

__RT a
S V—b V¥
where R, a and b are constants. Further, in the limit V. — oo, the form of U

becomes U = cT, where c is another constant. Find the complete expression for
uw,T).

P

Writing the total differentials in dS = T~'(dU + PdV) in terms of partial
derivatives with respect to V' and T gives

as as ouU ouU
T T T = T+P

from which it follows that

oS ou oS ou
T = P (* d T = .
(0), = Gv),ro o wa 7 (52), = (o),
Differentiating the first of these with respect to T and the second with respect to
V, and then combining the two equations so obtained, gives

oS 0%S U oP
+T = + ,
v ), OTOV ~— 0TV oT ),
T *s U
oVoT — ovVoT’

NG

The equation (*) can now be written in the required form:

U P
=T —P.

For the van der Waals model gas,

RT a

p= -
V—b V2
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and we can substitute for P in the previous result to give

ou R RT a a
— T —_ —_ — ,
v /)r V—b V—b V2 V2
which integrates to

UV, T) = _3 +{(T).

Since U — ¢T as V — oo for all T, the unknown function, f(T'), must be simply
f(T)=cT. Thus, the full expression for U(V, T) is

a
uwv, T)=cT — _ .
(V. T)=cT—
We note that, in the limit V' — oo, van der Waals’ equation becomes PV = RT
and thus recognise ¢ as the specific heat at constant volume of a perfect gas.

5.29 By finding dI /dy, evaluate the integral
0 ,—XY o1
1) :/ evsmx
0

X

J:/ smxdxzn.
0 X 2

Since the integral is over positive values of x, its convergence requires that y > 0.
We first express the sin x factor as a complex exponential:

© e sinx
1) = / dx

0 —xy+lx
=Im /

And now differentiate under the integral sign:

7X)1+1X
=Im / dx
—\y+l\
=Im [ }
—y 4+ 0

w ()
—y+i

_ 1
1+ y%

This differential equation expresses how the integral varies as a function of y.

Hence show that
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But, as we can see immediately that for y = oo the integral must be zero, we can
find its value for non-infinite y by integrating the differential equation:

yoo—1 n
I(y) —I(0) = / dy=—tan'y+tantoo="_ —tan!y.
w 1+ 2 2

In the limit y — O this becomes

J=/ smxdx—I(O) 0=
A 2

NSRS ]

5.31 The function f(x) is differentiable and f(0) = 0. A second function g(y) is
defined by
Y f(x)dx

NI

dg [ df dx
dy Jo dx =
For the case f(x) = x", prove that

d'g
dy =2(n !)\/y.

g(y) =

Prove that

Integrating the definition of g(y) by parts:
Y f(x)dx
NIES
v, [7,df
= [2f(x)y—x]o+ | 2, Jy—xdx
Jo dx
V
Y -
0
where we have used f(0) = 0 in setting the definite integral to zero.
Now, differentiating g(y) with respect to both its upper limit and its integrand,
we obtain
dg Yidf v [rdf 1

_,df
dy_zdx\/y_y-i_z/o 2dx\/y—x_ o dx Jy—x

This result, showing that the construction of the derivative of g from the derivative
of f is the same as that of g from f, applies to any function that satisfies f(0) = 0
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and so applies to x" and all of its derivatives. It follows that
dg  [rad'f 1

dyn — Jy dxn \/y —X dx
Y !
= dx
0 \/y—x
B [n!(—l)\/y—x]y
R
= 2(n!)\/y.

533 If

1 “__ 1
I(x) = / xl dx, o> —1,
0 nx

what is the value of 1(0)? Show that

x* = x%Inx,

do

and deduce that
d 1
docl(a) Toat

Hence prove that I(o) = In(1 + «).

Since the integrand is singular at x = 1, we need to define I(0) as a limit:

y x() _ 1 y
I1(0) = lim dx = lim 0dx =1im0 =0,
y—=1 Jo Inx y—=1 Jo y—1
re. I(0) = 0.
With z = x*, we have
Inz=o0lnx = 1dz:lnx
z do
dz v
= da =zInx = docx = x*Inx.

The derivative of I(x) is then
dl L R
= 1
ot /0 Iy ¥ B* dx

xac+1 1
B L“i‘l}o

1
o+1"
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Finally, intergation gives

[ as
o-10- [ 7.
I() — 0 = In(1 4 ).

To obtain this final line we have used our first result that 1(0) = 0.

5.35 The function G(t,¢&) is defined for 0 <t < n by

G(t,&) = —costsiné  for & <t,

= —sintcos¢ for & >t

Show that the function x(t) defined by

= G(t, d
s = [ Guor@
satisfies the equation

d*x

o X =100,

where f(t) can be any arbitrary (continuous) function. Show further that x(0) =
[dx/dt];—=, = 0, again for any f(t), but that the value of x(w) does depend upon
the form of f(t).

[ The function G(t,&) is an example of a Green’s function, an important concept
in the solution of differential equations. |

The explicit integral expression for x(t) is
X = [ 6o
0

= —/tcost sinff(f)dé—/nSint cos¢ f(£)d¢.
0 t

We now form its first two derivatives using Leibnitz’ rule:

dx . . L
it =—cost[smtf(t)]+smt/0 sin & f(&)dé

+sint[cost f(t)] —cost/ncoséf(é)dé

= sint/tsinéf(é)dé —cost/ncoséf(é)dé.
0 t
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d*x

= cost/tsinff(.f)dé + sint[sint f(t)]
0

+sint/7r cos & f(&)dE + cost[cost f(1)]
= —x(t) + f(t)(sin” t + cos’ t).

This shows that
d*x
a2 + x = f(1)

for any continuous function f(x).

When t = 0 the first integral in the expression for x(t) has zero range and the
second is multiplied by sin 0; consequently x(0) = 0.

When ¢ = = the second integral in the expression for dx/dt has zero range and
the first is multiplied by sin7; consequently [dx/dt];—, = O.

However, when t = 7, although the second integral in the expression for x(t) is
multiplied by sin 7 and contributes nothing, the first integral is not zero in general
and its value will depend upon the form of f(t).
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6

Multiple integrals

6.1 Identify the curved wedge bounded by the surfaces y*> = 4ax, x +z = a and
z =0, and hence calculate its volume V.

As will readily be seen from a rough sketch, the wedge consists of that part of a
parabolic cylinder, parallel to the z-axis, that is cut off by two planes, one parallel
to the y-axis and the other the coordinate plane z = 0.

For the first stage of the multiple integration, the volume can be divided equally
easily into ‘vertical columns’ or into horizontal strips parallel to the y-axis. Thus
there are two equivalent and equally obvious ways of proceeding.

Either
a \/4ax a—x
V :/ dx/ dy/ dz
0 —Jdax 0
=/ 2\/4ax(a — x) dx
_4\/a{ —2 5/2} — 1643,
0o 15
or

\/4a‘<
/ dz/ dx/
\/4av
=/ dz/ 2\/4axdx
0 0

=4\/a/§(a—z)3/2dz
_ 8\3/a [—2(0—2)5/2}2 _ 16,3

159
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6.3 Find the volume integral of x>y over the tetrahedral volume bounded by the
planes x=0,y=0,z=0and x+y+z=1.

The bounding surfaces of the integration volume are symmetric in x, y and z
and, on these grounds, there is nothing to choose between the various possible
orders of integration.

However, the integrand does not contain z and so there is some advantage in
carrying out the z-integration first. Its value can simply be set equal to the length
of the z-interval and the dimension of the integral will have been reduced by one

‘at a stroke’.
1 1—x 1—x—y
I=/ dx/ dy/ X’y dz
0 Jo 0

1 1—x
=/ dx/ x2y(1 —x—y)dy
0 Jo
1

=/0 [xz(l—x)(1 —zx)z _x2(1—3x)3} dx

1
:1/ x*(1 —3x 4 3x? — x*) dx
6 Jo

1 1_3+3_1
T6\3 4 5 6

_120-45+36—10 1
6 60 T 360"

6.5 Calculate the volume of an ellipsoid as follows:

(a) Prove that the area of the ellipse

is mab.

(b) Use this result to obtain an expression for the volume of a slice of thickness
dz of the ellipsoid

X2 y2 22
2t tL=1

Hence show that the volume of the ellipsoid is 4mabc/3.

(a) Dividing the ellipse into thin strips parallel to the y-axis, we may write its
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arca as

area=2/aydx=2/ab\/1—(Z)zdx.

Set x = acos ¢ with dx = —asin ¢ d¢. Then

0 n
area = Zb/ sinp(—asinp)dep = 2ab/ sin? ¢ dp = 2ab 72T = 7ab.
n 0

(b) Consider slices of the ellipsoid, of thickness dz, taken perpendicular to the
z-axis. Each is an ellipse whose bounding curve is given by the equation

X2 y2 22

a? + 2 1= 2
and is thus a scaled-down version of the ellipse considered in part (a) with semi-
axes a(1 —(z/c)*)/? and b(1 —(z/c)*)!/2. Its area is therefore na(1 —(z/c)*)/>b(1—
(z/¢)*)"/? and its volume dV is this multiplied by dz. Thus, the total volume V of
the ellipsoid is given by

¢ 2 37¢
/ﬂ’nab <1 — i2> dz = mab {z — ;iz}(, = 4n§zbc.

6.7 In quantum mechanics the electron in a hydrogen atom in some particular state
is described by a wavefunction ¥, which is such that |¥|>dV is the probability of
finding the electron in the infinitesimal volume dV . In spherical polar coordinates
Y =W(r,0,¢) and dV = r>sin0drd0d¢. Two such states are described by

1/2 3/2
#im(a) (a) 27
4r do

3 1/2 ) 1 3/2 —r/2ag
¥, =— ( ) sin0 ¢'¢ ( ) re .
87 2ay ao~/3

(a) Show that each Y; is normalised, i.e. the integral over all space [ |¥|*dV is
equal to unity — physically, this means that the electron must be somewhere.

(b) The (so-called) dipole matrix element between the states 1 and 2 is given
by the integral

Py = /‘I”{qrsinOcosgb Y, dV,

where q is the charge on the electron. Prove that p, has the value —2"qag/3°.

We need to show that the volume integral of |¥;|? is equal to unity, and begin
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by noting that, since ¢ is not explicitly mentioned, or appears only in the form
¢'®, the ¢ integration of |W|? yields a factor of 2r in each case. For ¥; we have

/|‘P1|2dV=/|‘I’1|2r2 sin 0 d d¢ dr

14 * 2 —2r/a K :
= ,2m re o dr sin 0 dO
47 ao 0 0

2 o0
= 3/ 212~ gy
0

ap
4 ap ap ap

= 2 =1.
272" 2

The last line has been obtained using repeated integration by parts.

For ¥,, the corresponding calculation is
/ |V, 2 dV = / ¥, %12 sin 0 dO dep dr

o0 Y
_ / e/ gy / sin® 0.d0
64n Cl(s) 0 0

- L / Fher/a gy / (1 — cos 0) sin 0 dO
32(10 0 0

1 2
= 4lay (2—7)=1.
3243 @ ( 3)

Again, the r-integral was calculated using integration by parts. In summary, both
functions are correctly normalised.

(b) The dipole matrix element has important physical properties, but for the
purposes of this exercise it is simply an integral to be evaluated according to a
formula, as follows:

Py = /‘P’l‘qr sin 0 cos ¢ W, r*sin 0 d0 d¢p dr

— T 2n 0
q / sin® 0 d6 / cos ¢p(cos ¢ + isinp)dep / #Ao—3r/20 gy
0 0 0

= 4
8nag

q 2 , 2a0\°
=_ 2— 0)4!
mg( ;) e (%)

27
= —35 qay.
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6.9 A certain torus has a circular vertical cross-section of radius a centred on a
horizontal circle of radius ¢ (> a).

(a) Find the volume V and surface area A of the torus, and show that they can

be written as

2
I
V=", (3=m)ro—r)  A=m(—r]),

i

where r, and r; are, respectively, the outer and inner radii of the torus.
(b) Show that a vertical circular cylinder of radius c, coaxial with the torus,
divides A in the ratio

nc+2a : mwe—2a.

(a) The inner and outer radii of the torus are r; = ¢ —a and r, = ¢ + a, from
which it follows that r2 —r? = 4ac and that r, — r; = 2a.

The torus is generated by sweeping the centre of a circle of radius a, area ma’

and circumference 2na around a circle of radius c¢. Therefore, by Pappus’ first
theorem, the volume of the torus is given by

2
I
V =na® x 2nc = 2n’a*c = 4 (2 =)o — 1),
whilst, by his second theorem, its surface area is
A = 2na x 2nc = 4n’ac = nz(rg — riz).
(b) The vertical cylinder divides the perimeter of a cross-section of the torus into
two equal parts. The distance from the cylinder of the centroid of either half is
given by

. [ xds B ffﬁZaCOSd) adg _ 2a

de fnr/[izad(b ﬂf'

It therefore follows from Pappus’ second theorem that

2 2
A, =ma x2n (c-l— na) and 4; = na X 2n (c— na)’

leading to the stated result.
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6.11 In some applications in mechanics the moment of inertia of a body about
a single point (as opposed to about an axis) is needed. The moment of inertia,
I, about the origin of a uniform solid body of density p is given by the volume
integral

I =/(x2+y2+zz)pdV.
14

Show that the moment of inertia of a right circular cylinder of radius a, length 2b
and mass M about its centre is given by

a*> b2
M<2—|—3>.

Since the cylinder is easily described in cylindrical polar coordinates (p, ¢, z), we
convert the calculation to one using those coordinates and denote the density by
po to avoid confusion:

I =/(x2+y2+22)p0dV
V

— /V (0> + 2)pde dep dz

2n a b
=Po/ dqb/ pdp/<p2+z2>dz
0 0 —b
a 2 3
=27rp0/ 0 (2bp2+ 1; ) dp
0

at 2 a?
— 21pp (2 :
””0( byt 3 2)

Now M = ma® x 2b x pg, and so the moment of inertia about the origin can be

expressed as
a@ b
I=M .

6.13 In spherical polar coordinates r, 0, ¢ the element of volume for a body that
is symmetrical about the polar axis is dV = 2mr®sin0dr d0, whilst its element
of surface area is 2mrsin 0[(dr)* + r*(d0)?]'/2. A particular surface is defined by
r = 2acos 0, where a is a constant and 0 < 0 < /2. Find its total surface area
and the volume it encloses, and hence identify the surface.
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With the surface of the body defined by r = 2acos@, for calculating its total
volume the radial integration variable r’ lies in the range 0 < r’ < 2acos 0. Hence

n/2 2acos 0 )
Vz/ 2nsin0d0/ ¥ dr
0 0

/2 3
— 2 / sin0(2ac§so) d0
0

3 /2
= 16ma / cos> 0sin 0 do
3 )
_ 16na’ _c0s40 m/2
3 4

_ 4.3
—37T(,l.

0

The additional strip of surface area resulting from a change from 0 to 0 + d0
is 2nrsin6d/, where d/ is the length of the generating curve that lies in this
infinitesimal range of 6. This is given by

(d/)* = (dr)* + (r dO)?
= (—2asin 0 d0)* + (2acos 0 d)>
= 44’ (d0)*

The integral becomes one-dimensional with

/2
S=2ﬂ:/ 2acos0Osin 0 2ado
0

;2
o 2 |sin"0
—8na[ ) }

/2

0
= 4nd’.

With a volume of ‘3‘7ra3 and a surface area of 4ma’, the surface is probably that
of a sphere of radius a, with the origin at the ‘lowest’ point of the sphere. This
conclusion is confirmed by the fact that the triangle formed by the two ends of
the vertical diameter of the sphere and any point on its surface is a right-angled
triangle in which r/2a = cos 6.

6.15 By transforming to cylindrical polar coordinates, evaluate the integral

I=///ln(x2+y2)dxdydz

over the interior of the conical region x> +y> <z>, 0<z < 1.

The volume element dx dy dz becomes p dp d¢ dz in cylindrical polar coordinates
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and the integrand contains a factor plnp? = 2plnp. This is dealt with using
integration by parts and the integral becomes

I=///2p1npdpd¢dz over p<z, 0<z<l1,

2n 1 z
=2/ dqﬁ/ dz/plnpdp
JO 0 J0
1 2 z z 2
p-lnp Lp
o (] )
0 2 0 0o P2
1
=4n/0 (;zzlnz—izz) dz
3 1 11,3 371
— o {z lnz] _/ 1z iz _n{z}
3 1o 0o z3 31,
237! T
=2 - —
(o-[3])- 3

2n 0w _571

T 9 37 9
Although the integrand contains no explicit minus signs, a negative value for the
integral is to be expected, since 1 > z> > x?> + y? and In(x* + y?) is therefore
negative.

6.17 By making two successive simple changes of variables, evaluate

Iz///xzdxdydz

over the ellipsoidal region

We start by making a scaling change aimed at producing an integration volume
that has more amenable properties than an ellipsoid, namely a sphere. To do this,
set £ = x/a, n =y/b and { = z/c; the integral then becomes

1:///a252ad5bdncdc over E4+p*+%<1

:a3bc///£2déd17dg“.

With the integration volume now a sphere it is sensible to change to spherical
polar variables: & = rcosf, n = rsinfcos¢ and { = rsinfsin ¢, with volume
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sinhxcosy =1

coshxsiny =1
X

Figure 6.1 The integration area for exercise 6.19.

element d& dnydl = r’sin0dr d0d$. Note that we have chosen to orientate the
polar axis along the old x-axis, rather than along the more conventional z-axis.

2n n 1
I =a3bc/ dqﬁ/ COSZQSiIle@/ rtdr
0 0 Jo

21
=a’bc2
acn35
4

_ 3
= ma be.

6.19 Sketch that part of the region 0 < x, 0 < y < n/2 which is bounded by the
curves x =0, y =0, sinhxcosy = 1 and coshxsiny = 1. By making a suitable
change of variables, evaluate the integral

I = //(sinh2 x + cos’ y) sinh 2x sin 2y dx dy

over the bounded subregion.

The integration area is shaded in figure 6.1. We are guided in making a choice
of new variables by the equations defining the ‘awkward’ parts of the subregion’s
boundary curve. Ideally, the new variables should each be constant along one or
more of the curves making up the boundary. This consideration leads us to make
a change to new variables, u = sinh x cos y and v = cosh xsin y. We then find the
following.

(i) The boundary y = 0 becomes v = 0.
(i) The boundary x = 0 becomes u = 0.
(iii) The boundary sinh x cosy = 1 becomes u = 1.
(iv) The boundary cosh xsiny = 1 becomes v = 1.

98



MULTIPLE INTEGRALS

With this choice for the change, all four parts of the boundary can be characterised
as being lines along which one of the coordinates is constant.

o(u,v)

The Jacobian relating dx dy to dudv, i.e. dudv =
o(x, y)

dxdy, is

(u,v) _ Oudv _ ou 0v
d(x,y) 0xdy dyox
= (cosh x cos y)(cosh x cos y) — (— sinh x sin y)(sinh x sin y)
= (sinh® x + 1) cos® y + sinh® x sin” y
= sinh? x 4 cos? y.
The Jacobian required for the change of variables in the current case is the inverse
of this.

Making the change of variables, and recalling that sin2z = 2sinzcosz, and
similarly for sinh 2z, gives

I= //(sinhzx—i-cos2 y)sinh 2x sin 2y dx dy

1l

du dv
= sinh® x + cos” y) (4uv
/0 /0( I )sinh2x+cos2y

1 1
=4/udu/vdv

0 0

291 291
-4[5], [2],-

210 L2]0

This is the simple answer to a superficially difficult integral!

6.21 As stated in some of the exercises in chapter 5, the first law of thermody-
namics can be expressed as

dU = TdS — PdV.
By calculating and equating 0*U/0Y 0X and 0>U/0X0Y , where X and Y are an
unspecified pair of variables (drawn from P,V,T and S ), prove that

s, T) _ aV,P)

X,Y) OdX,Y)
Using the properties of Jacobians, deduce that

os,T) _,
ov,p)

Starting from
dU = TdS — PdV,
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the partial derivatives of U with respect to X and Y are

oU oS oV oU  _8S oV
ox ~Tox " Pox 4 oy =Toy ~Poy

We next differentiate these two expressions to obtain two (equal) second deriva-
tives. Note that, since X and Y can be any pair drawn from P, V, T and S, we
must differentiate all four terms on the RHS as products, giving rise to two terms
each. The resulting equations are

U %S N oT oS _ , 0*V _ aP aV
0YdX T dYdX  0Y 0X dYdX oY X’
otU 0%S oT 88 otV oP oV

oxoy ~ Loxoy Tox oy T axoy T ox oy

Equating the two expressions, and then cancelling the terms that appear on both
side of the equality, yields

oT S 0P oV _ 0T oS 0P oV
dY 0X 0Y 80X 0X oY 0X oY’

oT oS 0T oS _ 0P oV _ 0P oV
oY X 0X 0Y 0Y 0X 0X oY’

R o(S,T) _ a(V,P)

WX, Y) X, Y)

Now, using this result and the properties of Jacobians (J,r = J,zJy and J,; =
[Jgp] "), we can write

oS, T) 0(S,T) o(X,Y)

o(V,P)  0(X,Y) o(V,P)

_As,T) [av,p)]!
CAX,Y) {6(X,Y)]

_AS, Ty [as, Ty
T AX,Y) {6(X,Y)]

=1
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6.23 This is a more difficult question about ‘volumes’ in an increasing number of
dimensions.

(a) Let R be a real positive number and define K,, by
2 m
K =/ (R* —x?)" dx.
—R
Show, using integration by parts, that K,, satisfies the recurrence relation
2m + DK, = 2mR*K ;.

(b) For integer n, define 1, = K,, and J, = K,,11/,. Evaluate Iy and Jy directly
and hence prove that
22n+1 ! 2 p2n+1
[ PR
2n+1)!
(c) A sequence of functions V,(R) is defined by

(20 + 1)IR2"2
and o= i 1)1

Vo(R) =1,
Va(R) = /R Vi <\/R2 —xz) dx, n> 1.
R

Prove by induction that

nnRZn nn22n+l n !R2n+1
Vou(R) = 1% R) =

(d) For interest,

(1) show that Vau12(1) < Vau(1) and Vaur1(1) < Vau—i(1) for all n > 3;

(i1) hence, by explicitly writing out Vi(R) for 1 < k < 8 (say), show
that the ‘volume’ of the totally symmetric solid of unit radius is a
maximum in five dimensions.

(a) Taking the second factor in the integrand to be unity and integrating by
parts, we have

R

—0+2m / (R2— 2" (x® — R? + R) dx
J-r

= —-2mK,, + 2mR2Kmfl’

ie. Cm+1DK,, = 2mR*Kp_1.  (¥)
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(b) With In = Kn and JN = Kn+1/2a

R
Io=/ 1dx =2R and
—R

R
Jo = / (R> — x*)'/2 dx, (now set x = Rcos0)
-R

=/ R?sin 0 sin 0 d6
0
= énRz.

Using the recurrence relation (*) then gives

2n 2n—2 2
I, = o TRMT
n+12m—1 37 7°
2"l (27 nY) s

(2n+1)!
22n+1(n!)2R2n+1
T @2n+ 1)

Here, and below, we have written (2n+1)(2n—1) - - - 3 in the form (2n+1)!/(2" n!).
For J, the corresponding calculation is

_2n+12n—1 3
J”_2n+2 n 4 Ko
(2n+ 1)! R> 1R>

1 /2)(n+ 1)L (27 nl) 2

_ m(2n+ 1) R¥2
S 2nHipl(n4 1)1

(c) This is the most difficult part of the question as, although we proceed by
induction on n, the general form of the expression for n = N + 1 is not the same
as that for n = N. In fact it is the same as that for n = N — 1. Thus we will find
two interleaving series of forms and have to prove the induction procedure for
even and odd values of N separately. We start by assuming that

7'EnR2" 7T;122n+1n !R2n+1

VZn(R) = 5 V2n+1(R) = (21’! + 1)'

n!

For n = 0, the second expression gives Vi(R) = (z°2 0!R)/1! = 2R, whilst, for
n = 1, the first gives V»(R) = n'R?/1! = nR?; both of these are clearly valid.
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Now, taking n = 2N, we compute Voyi1(R) from Van(R) as

R
Vany1(R) = / Van(V/R? — x2) dx
—R
Rl 2 2\2N/2
= /4{ N!(R —Xx7) dx
N
m
= NIy
TEN 22N+1(N!)2R2N+1
N!(2N +1)!
i.e. in agreement with the assumption about V5,.1(R).

Next, taking n = 2N + 1 we compute Vony42(R) from Voni1(R) as

>

R
Van+2(R) = / Van+1(v/R? — x2) dx
R

7IN22N+1N! R
T AN+ 1) / (VRE =2 de
- J-R
7'EN22N+1N!
T @eN+1p N

aN22NHINT (2N + 1)! R2N+2
(2N 4+ 1)! 22NHINI(N + 1)!
N+ R2N+2

(N+1)!°
i.e. in agreement with the assumption about V3,(R).

Thus the two definitions generate each other consistently and, as has been shown,
are directly verifiable for N = 1 and N = 2. This completes the proof.

(d)(i) Using the formulae just proved

n+1,1
Vona(l) _ w""nl - " <1 for n>3,

Vau(1) — (n+D!an n+1
Vons1(1) _ w" 22+ ) (2n —1)!
Vaui(1)  (2n41)! gn=122-1(n —1)!
_2n
S 2n+1
(ii) These two results show that the ‘volumes’ of all totally symmetric solids of

unit radius in n dimensions are smaller than those in five or six dimensions if
n > 6. Explicit calculations give the following for the first eight:

2, m, 4mn/3, n%/2, 8n?/15, w3/6, 16m3/105, n*/24.
The largest of these is Vs(1) = 87%/15 = 5.26.

<1 for n>3.
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Vector algebra

7.1 Which of the following statements about general vectors a, b and ¢ are true?

(a) c-(axb)=(bxa)-c;

(b) ax(bxc)=(axb)xc;

(c)ax(bxc)=(a-c)b—(a-b)c;

(d) d = 1a + ub implies (a x b) -d =0;

e) axc=bxcimpliesc-a—c-b=cla—b|;
)

All of the tests below are made using combinations of the common properties
of the various types of vector products and justifications for individual steps are
therefore not given. If the properties used are not recognised, they can be found
in and learned from almost any standard textbook.
(a)c-(axb)=—c-(bxa)=—(bxa)-c#(bxa)-c
(b)yax(bxc)=b(a-c)—c(a-b)#b(a-c)—a(b-c)=(axhb)xc
(c)ax(bxc)=(a-cbh)—(a-b)c, astandard result.
(d(axb)y-d=(axb)-(la+ub)=Aaxb)-a+puaxb)-b
=204+p0=0.
(e)axec=bxec=(@a—b)xec=0=a—b|c
=((@a—b)-c=cla—b|=c-a—c-b=cla—b|.
f))axb)yx(exb)y=b[a-(cxb)]—a[b-(cxb)]
=b[a-(cxb)]—0=b[b-(axc)]=—b[b-(cxa)]
#b[b-(cxa).
Thus only (c), (d) and (e) are true.
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7.3 Identify the following surfaces:

(a) rj =k, (b)r-u=1;(c)r-u=mr| for —1 <m < +1;
(d) [r—(r-u)u| =n.

Here k, I, m and n are fixed scalars and u is a fixed unit vector.

(a) All points on the surface are a distance k from the origin. The surface is
therefore a sphere of radius k centred on the origin.

(b) This is the standard vector equation of a plane whose normal is in the
direction u and whose distance from the origin is [.

U'm with

(c) This is the surface generated by all vectors that make an angle cos™
the fixed unit vector u. The surface is therefore the cone of semi-angle cos™! m

that has the direction of u as its axis and the origin as its vertex.

(d) Since (r - u)u is the component of r that is parallel to u, r — (r - w)u is the
component perpendicular to u. As this latter component is constant for all points
on the surface, the surface must be a circular cylinder of radius n that has its axis
parallel to u.

75 A,B,C and D are the four corners, in order, of one face of a cube of side 2
units. The opposite face has corners E,F,G and H, with AE, BF,CG and DH as
parallel edges of the cube. The centre O of the cube is taken as the origin and the
X-, y- and z- axes are parallel to AD, AE and AB, respectively. Find the following :

(a) the angle between the face diagonal AF and the body diagonal AG;

(b) the equation of the plane through B that is parallel to the plane CGE;

(c) the perpendicular distance from the centre J of the face BCGF to the plane
0CG;

(d) the volume of the tetrahedron JOCG.

(a) Unit vectors in the directions of the two diagonals have components
0,2,2 2,2,2
ol 022 02

V8 V12

Taking the scalar product of these two unit vectors gives the angle between them

as
0+4+4 2
0 = cos™! tat = cos™! \/3.

J96
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(b) The direction of a normal n to the plane CGE is in the direction of the cross
product of any two non-parallel vectors that lie in the plane. These can be taken
as those from C to G and from C to E:

(g - c) X (e - c) = (07 29 0) X (_25 23 _2) = (_47 Oa 4)
The equation of the plane is therefore of the form
c=n-r=—4x+40y 44z = —4x 4 4z.

Since it passes through b = (—1,—1, 1), the value of ¢ must be 8 and the equation
of the plane is z — x = 2.

(c) The direction of a normal n to the plane OCG is given by
¢ X g= (17_19 1) X (1’ 17 1) = (_2907 2)
The equation of the plane is therefore of the form
c=n-r=-2x4+0y 42z =—-2x+2z.
Since it passes through the origin, the value of ¢ must be 0 and the equation of
the plane written in the form fi-r = p is
X n z
V22
The distance of J from this plane is fi - j, where j = (0,0, 1). The distance is thus
—0+(1/4/2) = 1/4/2.

(d) The volume of the tetrahedron = é(base area X height perpendicular to the
base). The area of triangle OCG is ;lc x g| and the perpendicular height of the
tetrahedron is the component of j in the direction of ¢ x g. Thus the volume is

1
=5

0.

11 . 1

7.7 The edges OP, OQ and OR of a tetrahedron OPQR are vectors p, q and
r, respectively, where p = 2i+ 4j, q = 2i —j + 3k and r = 4i — 2j + Sk. Show
that OP is perpendicular to the plane containing OQR. Express the volume of the
tetrahedron in terms of p, q and r and hence calculate the volume.

The plane containing OQR has a normal in the direction q x r = (2,—1,3) %
(4,—2,5) = (1,2,0). This is parallel to p since ¢ X r = ;p. The volume of the
tetrahedron is therefore one-third times §|q X 1| times |[p], i.e. é|(1,2, 0)|\/20 = g
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7.9 Prove Lagrange’s identity, i.e.

(axb)-(cxd)y=(a-c)b-d)—(a-d)(b-c).

We treat the expression on the LHS as the triple scalar product of the three
vectors a X b, ¢ and d and use the cyclic properties of triple scalar products:
(@axb)-(ecxd)=d-[(axb)xc]
=d-[(a-¢c)b—(b-c)a]
=(a-c)(d-b)—(b-c)(d-a)
In going from the first to the second line we used the standard result
(axb)yxc=(a-c)b—(b-c)a
to replace (a X b) x ¢. This result, if not known, can be proved by writing it out
in component form as follows.

Consider only the x-component of each side of the equation. The corresponding
results for other components can be obtained by cyclic permutation of x, y and
Z.
axb=(ab.—a.b,, a;b, —ayb., aib, —a,b)
[(a x b) x ], = (a:bx — asb;)c. — (axby — ayby)cy

= by(a.c; +ayc,) — ax(b.c; + bycy)

= by(a:c; + aycy + axex) — ax(byex + boc. + bycy)

= [(a-ob—(b-c)al,.
To obtain the penultimate line we both added and subtracted a.b.c, on the

RHS. This establishes the result for the x-component and hence for all three
components.

7.11 Show that the points (1,0,1), (1,1,0) and (1,—3,4) lie on a straight line.
Give the equation of the line in the form

r=a-+ ib.

To show that the points lie on a line, we need to show that their position vectors
are linearly dependent. That this is so follows from noting that

(1,—3,4) =4(1,0,1) — 3(1,1,0).
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This can also be written
(1,-3,4) =(1,0,1) + 3[(1,0,1) — (1,1,0)] = (1,0,1) + 3(0,—1, 1).
The equation of the line is therefore
r=a+A—j+ k),

where a is the vector position of any point on the line, e.g. i+ k or i+ j or

i— 3j+ 4k or many others. Of course, choosing different points for a will entail

using different values of 4 to describe the same point r on the line. For example,
(1,—5,6) =(1,0,1) + 5(0,—1,1)

(1,1,0) +6(0,—1,1)

or =(1,-3,4)+2(0,—1,1).

or

7.13 Two planes have non-parallel unit normals fi and ¥ and their closest distances
from the origin are A and p, respectively. Find the vector equation of their line of
intersection in the form r = vp + a.

The equations of the two planes are
i-r=/, and m-r=gu

The line of intersection lies in both planes and is thus perpendicular to both
normals; it therefore has direction p = fi x . Consequently the equation of the
line takes the form r = vp + a, where a is any one point lying on it. One such
point is the one in which the line meets the plane containing fi and f; we take
this point as a. Since a also lies in both of the original planes, we must have

i-a=/1 and m-a=p.

If we now write a = x fi + y m, these two conditions become

It then follows that

A

— (f- )’

thus determining a. Both p and a are therefore determined in terms of A, u, i and
m, and so consequently is the line of intersection of the planes.
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715 Let O, A, B and C be four points with position vectors 0, a, b and ¢, and
denote by g = Ja+ pb + ve the position of the centre of the sphere on which they
all lie.

(a) Prove that 2, u and v simultaneously satisfy
(a-a)A+(a-bu+(@ cy=1d

and two other similar equations.

(b) By making a change of origin, find the centre and radius of the sphere on
which the points p = 3i+j—2k, q = 4i+3j—3k, r = 7i—3k and s = 6i+j—k
all lie.

(a) Each of the points O, A, B and C is the same distance from the centre G of
the sphere. In particular, OG = 0A4, i.e.
g -0 =Ja—g,
g?=a>—2a-g+g%
a-g=ld’,
a-(la+pub+ve) = 1d%
(a-a)A+(a-bu+(@-cy=)d
Two similar equations can be obtained from OG = OB and OG = OC.

(b) To use the previous result we make P, say, the origin of a new coordinate
system in which

pP=p—p=1(000),
q¢=q-—p=(12-1),
=r—p=4,-1,-1),
s =s—p=(3,0,1).
The centre, G, of the sphere on which P, Q, R and S lie is then given by
g = 4+’ +vs,

where  (q'-q)2+(q - F)u+(q s =4 -4,
g+ P+ s Hy=1rr,
(8 gV + (s )+ (s sy =55,
ie. 64+ 3u+2v =3,
344180+ 11y =9,
224+ 11u+10v = 5.
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These equations have the solution

)NZS #:;’ v:—l

Thus, the centre of the sphere can be calculated as

2(3505 1) = (2909_1)

Its radius is therefore |G'O’| = |g'| = /5 and its centre in the original coordinate
system is at g’ +p = (5,1, —3).

5 5
= T (1,2,—1 4,—1,—1) —
g 18(,, )+9(, ,—1)

7.17 Using vector methods:

(a) Show that the line of intersection of the planes x + 2y + 3z = 0 and 3x +
2y + z = 0 is equally inclined to the x- and z-axes and makes an angle
cos™1(—2//6) with the y-axis.

(b) Find the perpendicular distance between one corner of a unit cube and the
major diagonal not passing through it.

(a) The origin O is clearly in both planes. A second such point can be found by
setting z = 1, say, and solving the pair of simultaneous equations to give x = 1
and y = =2, ie. (1,—2,1) is in both planes. The direction cosines of the line of
intersection, OP, are therefore

1 21
<\/6’_\/6’ \/6)’
ie. the line is equally inclined to the x- and z-axes and makes an angle
cos~!(—2/4/6) with the y-axis.

The same conclusion can be reached by reasoning as follows. The line of in-
tersection of the two planes must be orthogonal to the normal of either plane.
Therefore it is in the direction of the cross product of the two normals and is
given by

1 2 1

1,2,3) x (3,2,1) = (—4,8,—4) = —4./6 ,— .

(1,2,3) x (3,2,1) = ( )J(%%%)
(b) We first note that all three major diagonals not passing through a corner
come equally close to it. Taking the corner to be at the origin and the diagonal
to be the one that passes through (0,1,1) [ and (1,0,0) ], the equation of the
diagonal is
+ (1,—1,-1).

J3

(x,y,z) =(0,1,1) +
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Using the result that the distance d of the point p from the line r = a + b is
given by
d=|(p—a)xb|,

the distance of (0,0,0) from the line of the diagonal is

1 1 2
[(0,0,0) —(0,1,1)] x \/3(1,—1,—1) = \/3\(0,—1,1)\ = \/3.

7.19 The vectors a, b and ¢ are not coplanar. Verify that the expressions
, b xc , cxa , axbhb
a = 5 = 5 CcC =
[a, b, ] [a, b, ] [a, b, c]

define a set of reciprocal vectors a’', b and ¢’ with the following properties:

(a) a’-a=b-b=c- c-l;
(b)a’-b=a'"-c=b-a etc=0;
(c) [a’ b’c]—l/[abc]

)

d

Direct substitutions and the expansion formula for a triple vector product (proved
in 7.9) enable the verifications to be made as follows. We make repeated use of

the general result (p x q)-p=0=(p x q)-q.

(a) a’a= (F)axlf)c.]a = 1. Similarly for b’-b and ¢’-c.
I o (b X C) b _ s ’ /
(b) a‘bh= (a.bc] — 0. Similarly for a’-c, b"-a etc.
(C) [a/ v c/]:a/‘{(cxa)x(aXb)}
o [a, b, c]’
_ a’ - {[b-(cxa)]a—[a-(cxa)b}
[a, b, c]?
= Ib, ¢ a] - 02(a 'b), using results (a) and (b),
[a, b, c]
B 1
~ [a,be]’
b x ¢ [b,c,al]a—0b )
d = , t (c),
@ el T bRl ey PO
=a, from result (c).
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7.21 In a crystal with a face-centred cubic structure, the basic cell can be taken as
a cube of edge a with its centre at the origin of coordinates and its edges parallel
to the Cartesian coordinate axes; atoms are sited at the eight corners and at the
centre of each face. However, other basic cells are possible. One is the rhomboid
shown in figure 7.1, which has the three vectors b, ¢ and d as edges.

(a) Show that the volume of the rhomboid is one-quarter that of the cube.

(b) Show that the angles between pairs of edges of the rhomboid are 60° and that
the corresponding angles between pairs of edges of the rhomboid defined by
the reciprocal vectors to b, ¢, d are each 109.5°. ( This rhomboid can be used
as the basic cell of a body-centred cubic structure, more easily visualised as
a cube with an atom at each corner and one at its centre.)

(c) In order to use the Bragg formula, 2d sin 0 = nJ, for the scattering of X-rays
by a crystal, it is necessary to know the perpendicular distance d between
successive planes of atoms; for a given crystal structure, d has a particular
value for each set of planes considered. For the face-centred cubic structure
find the distance between successive planes with normals in the Kk, i+ j and
i+ j+ k directions.

(a) From the figure it is easy to see that the edges of the rhomboid are the vectors
b=la(0,1,1), ¢ = }a(1,0,1), and d = }a(1,1,0). The volume V' of the rhomboid
is therefore given by
V =I|[b, ¢, d]|
=[b-(cxd)

= §1ga3|(09 17 1)(_13 19 1)|
= ‘11a3’
i.e. one-quarter that of the cube.

(b) To find the angle between two edges of the rhomboid we calculate the scalar
product of two unit vectors, one along each edge; its value is 1 x 1 x cos ¢, where
¢ is the angle between the edges. Unit vectors along the edges of the rhomboid
are

1 1 L1
0,1,1), ¢= , (1,0,1), d=  (1,1,0)
(0,1,1) ,(1,0.1) ,(1,1,0)

J J

The scalar product of any pair of these particular vectors has the value %, e.g
b-¢=)0+0+1)=1.
Thus the angle between any pair of edges is cos_l(é) = 60°.
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Figure 7.1 A face-centred cubic crystal.

The reciprocal vectors are, for example,

’ cxd az (—1,1,1) 1 1 . )
b = [b, c, d] T4 (a3/4) = a(_l,l,l)_ a(_l+‘l+ k),

where in the second equality we have used the result of part (a). Similarly, or by
cyclic permutation, ¢ =a~'(i— j+ k) and d' = a~ (i + j— k).
The angle between any pair of reciprocal vectors has the value 109.5°, e.g.

b - 2(=1—1+1
0 = cos™! ( , c, ) =cos! (a ( + )) = cosfl(—g) = 109.5°.
Ib'[le’| (J3a1)?
Other pairs yield the same value.
(c) Planes with normals in the k direction are clearly separated by éa.

A plane with its normal in the direction i+ j has an equation of the form

1
2(19 170) ! (an/aZ) =D

J

where p is the perpendicular distance of the origin from the plane. Since the plane
with the smallest positive value of p passes through (%a, 0, éa), p has the value
a/ \/8, which is therefore the distance between successive planes with normals in
the direction i+ j.

Planes with their normals in the direction i+ j+ k have equations of the form
1
\/3(1, L,1)-(x,y,z) =p.

For the plane P; containing b, ¢ and d we have (for b, say)
1

J3

(1? 1’ 1) : (0? ;aS éa) = pl’
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giving p; = a/+/3. Similarly for the plane P, containing ¢ +d, b-+d and b+ ¢ we
have (for ¢ +d, say)

1

J3

(15 1’ 1) : (a’ ;aD ;a) = p25

giving p, = 2a/ \/3. Thus the distance, d, between successive planes with normals
in the direction i+ j+ k is the difference between these two values, ie. d =

P2 — D1 =a/\/3-

7.23 By proceeding as indicated below, prove the parallel axis theorem, which
states that, for a body of mass M, the moment of inertia I about any axis is
related to the corresponding moment of inertia Iy about a parallel axis that passes
through the centre of mass of the body by

I =1+ Mad?,

where a, is the perpendicular distance between the two axes. Note that Iy can be
written as

/(ﬁxr)~(ﬁ><r)dm,

where r is the vector position, relative to the centre of mass, of the infinitesimal
mass dm and 1 is a unit vector in the direction of the axis of rotation. Write a
similar expression for I in which r is replaced by ¥ =r — a, where a is the vector
position of any point on the axis to which I refers. Use Lagrange’s identity and
the fact that [ rdm = 0 (by the definition of the centre of mass) to establish the
result.

Figure 7.2 shows the vectors involved in describing the physical arrangement.
With

Ioz/(ﬁxr)-(ﬁxr)dm
=/mﬂmn—mﬂﬂm,

the moment of inertia of the same mass distribution about a parallel axis passing
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Figure 7.2 The vectors used in the proof of the parallel axis theorem in
exercise 7.23.

through a is given by
L:/mxﬂymxﬂmm
— [lx =) G x =l
— [{@- @ =) (= a) — - (e = al} dm,
=/[r2—2a-r+a2—(ﬁ~r)2+2(ﬁ-r)(ﬁ~a)—(ﬁ-a)2] dm

=IO—2a-0+2(ﬁ-a)(ﬁ-0)+/[az—(ﬁ-a)z] dm
=Iy+d M.

When obtaining the penultimate line we (twice) used the fact that O is the centre
of mass of the body and so, by definition, [ rdm = 0. To obtain the final line
we noted that fi - a is the component of a parallel to fi and so a> — (fi - a)? is the
square of the component of a perpendicular to fi.

7.25 Define a set of (non-orthogonal) base vectors a = j+k, b =i+ k and
c=i-+j

(a) Establish their reciprocal vectors and hence express the vectors p = 3i—2j+k,
q=1i+4j and r = —2i+ j+ k in terms of the base vectors a, b and c.

(b) Verify that the scalar product p - q has the same value, —5, when evaluated
using either set of components.
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The new base vectors are a = (0,1,1), b= (1,0,1) and ¢ = (1,1,0).
(a) The corresponding reciprocal vectors are thus
, bxe  (=1,1,1)

1
= = =,(—11,1),
[a, b, c] 2 2 )
and similarly for b’ = }(1,—1,1) and ¢ = }(1,1,—1).
The coefficient of (say) a in the expression for (say) p is a’-p = —2. The coefficient
of bis b' - p = 3, etc. Building up each of p, q and r in this way, we find that their

coordinates in terms of the new basis {a, b, ¢} are p = (—2,3,0), q = (;,—g,g

and r = (2,—1,—1).

(b) The new basis vectors, which are neither orthogonal nor normalised, have the
propertiesa-a=b-b=c-c=2and b-c=c-a =a-b = 1. Thus the scalar
product p - q, calculated in the new basis, has the value

2(3=340)+1(3=5+3+5+0+0)=—-15+10=—5.

Using the original basis, p- q = 3 — 8 + 0 = —5, verifying that the scalar product
has the same value in both sets of coordinates.

7.27 According to alternating current theory, the currents and potential differences
in the components of the circuit shown in figure 7.3 are determined by Kirchhoff’s
laws and the relationships

14 V.
I = Ri’ I = Ri’ Iy = ioCVs, V4=ioLl,.
The factor i = \/—1 in the expression for I indicates that the phase of I3 is 90°
ahead of V3. Similarly the phase of V4 is 90° ahead of I,.

Measurement shows that V3 has an amplitude of 0.661V, and a phase of +13.4°
relative to that of the power supply. Taking Vo = 1V and using a series of vec-
tor plots for potential differences and currents (they could all be on the same
plot if suitable scales were chosen), determine all unknown currents and potential
differences and find values for the inductance of L and the resistance of Ry.

[Scales of 1cm = 0.1V for potential differences and 1cm = 1 mA for currents
are convenient.)

Using the suggested scales, we construct the vectors shown in figure 7.4 in the
following order:

(1) Vp joining (0,0) to (10,0);

(2) V3 of length 6.61 and phase +13.4°;

B)Vi=Vo—V3;
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| V4 | | Vz |
I 1 I 1
Y [
}L{ I L R,
R =50Q 72
I E——
W, C =10 uF
]
~) Vo coswt [
=
£

Figure 7.3 The oscillatory electric circuit in exercise 7.27. The power supply

has angular frequency o = 2nf = 400% s~

NN

I;
I
[2] y
Vo
Vy
[10]
] [4] I
[/] I Vi
1>

Figure 7.4 The vector solution to exercise 7.27.

(4) I, parallel to V; and (0.1 x 1000)/50 = 2 times as long;

(5) I3, 90° ahead of V3 in phase and (0.1 x 1000) x 400m x 107> = 1.26 times as
long;

6) I, =1, —I3;

(7) draw a parallel to I, through the origin;

(8) drop a perpendicular from V3 onto this parallel to I5;

(9) since V3 =V, 4+ V4 and V; || I, whilst V4 L I, the foot of the perpendicular
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gives V>;

(10) Vy = V53— V.

The corresponding steps are labelled in the figure, which is somewhat reduced
from its actual size.

Finally, R, = Vz/[z and L = (V4 x 0.1 x 1000)/(4007‘[ X 12).

The accurate solutions (obtained by calculation rather than drawing) are:
Iy = (7.76,—-23.2°), I, = (14.36,—50.8°), Is = (8.30,103.4°);

Vi = (0.388,—23.2°), V5, = (0.287,—50.8°), V4 = (0.596,39.2°);

L =33 mH, R, =20 Q.
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Matrices and vector spaces

8.1 Which of the following statements about linear vector spaces are true? Where
a statement is false, give a counter-example to demonstrate this.

) Non-singular N x N matrices form a vector space of dimension N>.

) Singular N x N matrices form a vector space of dimension N2.
c) Complex numbers form a vector space of dimension 2.

) Polynomial functions of x form an infinite-dimensional vector space.

) Series {ag,ai,ay,...,an} for which ZnN:O lay|> = 1 form an N-dimensional
vector Space.

(f) Absolutely convergent series form an infinite-dimensional vector space.
(g) Convergent series with terms of alternating sign form an infinite-dimensional
vector space.

We first remind ourselves that for a set of entities to form a vector space, they
must pass five tests: (i) closure under commutative and associative addition; (ii)
closure under multiplication by a scalar; (iii) the existence of a null vector in the
set; (iv) multiplication by unity leaves any vector unchanged; (v) each vector has
a corresponding negative vector.

(a) False. The matrix Oy, the N x N null matrix, required by (iii) is not non-
singular and is therefore not in the set.

(b) Consider the sum of ( (1) 8 ) and ( 8 (1) ) The sum is the unit matrix

which is not singular and so the set is not closed; this violates requirement (i).
The statement is false.

(c) The space is closed under addition and multiplication by a scalar; multiplica-
tion by unity leaves a complex number unchanged; there is a null vector (= 0+i0)
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and a negative complex number for each vector. All the necessary conditions are
satisfied and the statement is true.

(d) As in the previous case, all the conditions are satisfied and the statement is
true.

(e) This statement is false. To see why, consider b,, = a,+a, for which ny:o |b,|> =
4 # 1, ie. the set is not closed (violating (i)), or note that there is no zero vector
with unit norm (violating (iii)).

(f) True. Note that an absolutely convergent series remains absolutely convergent
when the signs of all of its terms are reversed.

(g) False. Consider the two series defined by
ap =15, ay=2(—) " forn=1; by,=—(—,)" forn=0.

The series that is the sum of {a,} and {b,} does not have alternating signs and
so closure (required by (i)) does not hold.

8.3 Using the properties of determinants, solve with a minimum of calculation the
following equations for x:

x+2 x+4 x—3
=0, (b) | x+3 X x+5 |=0.
x—2 x—1 x+1

(a)

S © S =
S X
o X o Q
—_— =

(a) In view of the similarities between some rows and some columns, the property
most likely to be useful here is that if a determinant has two rows/columns equal
(or multiples of each other) then its value is zero.

(i) We note that setting x = a makes the first and fourth columns multiples of
each other and hence makes the value of the determinant 0; thus x = a is one
solution to the equation.

(i) Setting x = b makes the second and third rows equal, and again the determi-
nant vanishes; thus b is another root of the equation.

(iii) Setting x = ¢ makes the third and fourth rows equal, and yet again the
determinant vanishes; thus ¢ is also a root of the equation.

Since the determinant contains no x in its final column, it is a cubic polynomial
in x and there will be exactly three roots to the equation. We have already found
all three!

(b) Here, the presence of x multiplied by unity in every entry means that sub-
tracting rows/columns will lead to a simplification. After (i) subtracting the first
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column from each of the others, and then (ii) subtracting the first row from each
of the others, the determinant becomes

x+2 2 =5 x+2 2 =5
x+3 =3 2 |= 1 =5 7
x—2 1 3 -4 -1 8

= (x +2)(—40 + 7) + 2(—28 — 8) — 5(—1 — 20)
=—33(x+2)— 72+ 105
= —33x —33.

Thus x = —1 is the only solution to the original (linear!) equation.

8.5 By considering the matrices

10 00
=(00) o=(55)

show that AB = 0 does not imply that either A or B is the zero matrix but that
it does imply that at least one of them is singular.

1 0 0 0 0 0
we=(g 0 )(54)=(00)
Thus AB is the zero matrix O without either A= O or B = 0.

However, AB = O = |A||B| = |O] = 0 and therefore ecither |A| =0 or |B| =0 (or
both).

We have

8.7 Prove the following results involving Hermitian matrices:

(a) If A is Hermitian and U is unitary then U~'AU is Hermitian.

(b) If A is anti-Hermitian then iA is Hermitian.

(c) The product of two Hermitian matrices A and B is Hermitian if and only if
A and B commute.

(d) If S is a real antisymmetric matrix then A = (I — S)(1+ S)~! is orthogonal.

If A is given by
A= cosf sin@
~ \ —sinf cos0

then find the matrix S that is needed to express A in the above form.
(e) If K is skew-hermitian, i.e. KI = —K, then V = (I + K)(I — K)~! is unitary.
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The general properties of matrices that we will need are (AT)~! = (A~1)" and
(AB---C)T =cT...BTAT, (AB---C)f =cf...BAT.
(a) Given that A = A" and UU = |, consider
(U'AU)" = UTAT(UT = U~ TAUT) T = U~ TA(U—) T = U 1AL,
ie. UT'AU is Hermitian.
(b) Given AT = —A, consider
(iA) = —iAT = —i(—A) = iA,

i.e. iA is Hermitian.
(c) Given A = A" and B = B,

(i) Suppose AB = BA, then

(AB) = B'AT = BA = AB,

i.e. AB is Hermitian.
(ii) Now suppose that (AB)" = AB. Then

BA = B'AT = (AB)" = AB,
1.e. A and B commute.

Thus, AB is Hermitian <= A and B commute.
(d) Given that S is real and ST = —S with A = (I — S)(I + S)~!, consider

ATA=[1-8)1+98) "' [(1—8)(1+9)"]
=[14+S) 1T1+8)(1=8)1+595)"!
=(1-8)7'14+s-5-8%)(1+9)"!
=(1=8) =8 (1+S)(1+9)!

==

i.e. A is orthogonal.
IfA=(1—-S)(1+S)"!, then A+ AS=1—S and (A+1)S =1— A, giving

S=(A+N"'(1—-A)

_( 14cos0 sin 0 1 —cos® —sin0

o —sinf® 14cos0 sin 0 1 —cosf

B 1 1+4+cosO —sin0 1—cosf —sin0
T 24 2cosf sin 0 1+ cost sin 0 1—cos@
B 1 0 —2sin0

~ 4cos2(0/2) \ 2sin0 0

_ 0 —tan(0/2)
B ( tan(6/2) 0 )
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(e) This proof is almost identical to the first section of part (d) but with S replaced
by —K and transposed matrices replaced by hermitian conjugate matrices.

8.9 The commutator [X,Y] of two matrices is defined by the equation
[X,Y] = XY — YX.
Two anticommuting matrices A and B satisfy

A’ =1, B> =1, [A,B] = 2iC.

(a) Prove that C* =1 and that [B,C] = 2iA.
(b) Evaluate [[[A,B],[B,C]],[A,B]].

(a) From AB — BA = 2iC and AB = —BA it follows that AB = iC. Thus,
—C? = iCiC = ABAB = A(—AB)B = —(AA)(BB) = —I | = —I,

ie. C* = I. In deriving the above result we have used the associativity of matrix
multiplication.

For the commutator of B and C,

[B,C]=BC—-CB

= B(—iAB) — (—i)ABB

= —i(BA)B + iAl

= —i(—AB)B + iA

=iA 4+ iA = 2iA.
(b) To evaluate this multiple-commutator expression we must work outwards
from the innermost ‘explicit’” commutators. There are three such commutators at
the first stage. We also need the result that [C,A] = 2iB; this can be proved in
the same way as that for [B,C] in part (a), or by making the cyclic replacements

A — B — C — A in the assumptions and their consequences, as proved in part
(a). Then we have

[[[A,B].[B,C]],[AB]] = [[2iC,2iA],2iC]
= —4[[C,A],2iC]
= —4[2iB,2iC]
= (—4)(—4)[B,C] = 32iA.
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8.11 A general triangle has angles o,  and y and corresponding opposite sides
a, b and c. Express the length of each side in terms of the lengths of the other
two sides and the relevant cosines, writing the relationships in matrix and vector
form, using the vectors having components a,b,c and cosa,cos f§,cosy. Invert the
matrix and hence deduce the cosine-law expressions involving o,  and .

By considering each side of the triangle as the sum of the projections onto it of
the other two sides, we have the three simultaneous equations:

a=bcosy+ccosp,
b= ccosa+ acosy,

¢ =bcosu+ acosf.

Written in matrix and vector form, Ax =y, they become

0 ¢ b cos o a
¢c 0 a cosff | =1| b
b a O cos?y c

The matrix A is non-singular, since | A| = 2abc # 0, and therefore has an inverse
given by

1
Al = Sabe ab  —b> bc
ane c  bc
And so, writing x = A~ 'y, we have
cosa | —a> ab  ac a
= b —b> b
cosf§ Sabe a c2
cosy ac bc —c ¢

From this we can read off the cosine-law equation

b*+c*—a?

1 3
— b2 2
coso = ( a +a +ac)— c ,

2abc
and the corresponding expressions for cos f and cosy.
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8.13 Using the Gram—Schmidt procedure:

(a) construct an orthonormal set of vectors from the following :
x1=@0 0 1 1T, xx2=(1 0 —1 07,
x3=({1 2 0 2)T, xx=2 1 1 1T
(b) find an orthonormal basis, within a four-dimensional Euclidean space, for

the subspace spanned by the three vectors

@200, 3@ —1 2 0, o0 o0 2 1.

The general procedure is to construct the orthonormal base set {Z;} using the
iteration procedure

n—1

Z, = Xy — Z[ﬁjxn 12, with z; = x;.

r=1
The vector 2 is the vector z after normalisation and the expression in square
brackets is the (complex) inner product of Z. and x,,.
(a) We start with 2, =2"12x; =2-12[0 0 1 1]T.

Next we calculate (21)"x, as —27!/2 and then form z, as

0
0 -1 1 0 0
S T VOV I B
0 1 !
The normalised vector 2, is 6~/2(2 0 —1)T1.
Proceeding in this way, but without detailed description, we obtain
1 0 2 -1
2 2 1 0 4 1 0 2
ST lo | v | eye | -1 | T -
2 1 1 !
The normalised vector 23 is (39)"/2(—1 6 —1)T1.
Finally,
2 0 —1
2, = L2 0 41 0 41 6
1 V221 J6 6 | —1 V39439 | —1
1 1 1 1
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The normalised vector 24 is (13)~1/2(2 1 2)T—1.

[ Note that if the only requirement had been to find an orthonormal set of base
vectors then the obvious (1 0 0 0)7, (0 1 0 0)7, etc. could have been
chosen. ]

(b) The procedure is as in part (a) except that we require only three orthonormal
vectors. However, we must begin with the given vectors so as to ensure that the
correct subspace is spanned.

We start with 2; = 5712x; =5712[1 2 0 0]T.

Next we calculate (2;)"x, as —57!/2 and then form z, as
3
—1 1 1

2 | U545
0

Zy) =

S O o=
NS}

The normalised vector 2, is (345)~"/2(14 —7 10)T0.

As the final base vector for the subspace we obtain

0 1 14 280
0 12 20 1 | -7 1| 140
B0 | 705 | o | T ysas s | 10 | T 345 | 400
1 0 0 345

Thus, the normalised vector 23 is (18285)1/2(—56 28 98)T69. The fact that
three orthonormal vectors can be found shows that the subspace is 3-dimensional
and that the three original vectors are not linearly dependent.

8.15 Determine which of the matrices below are mutually commuting, and, for
those that are, demonstrate that they have a complete set of eigenvectors in com-

mon:
6 —2 1 8
A_<—2 9 ) B_(S —11)’
—9 —10 14 2
C_<—10 5 ) D_(z 11)‘
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To establish the result we need to examine all pairs of products.

6 —2 138
AB_(—z 9)(8—11)
/=10 70
70 —115
1 38 6 —2
_(8—11)(—2 9)_BA
6 —2 -9 —10
AC_(—z 9)(—10 5 )
_( M 0N (M-
“\-72 65 —~70 65
-9 —10 6 —2
_(—10 5 >(—2 9):CA

AD = <_8?0 _9150> = DA.
so= (S5 s )*( S0 ns) =oe
o- () e
o=(T% 5 )*( T )=

These results show that whilst A, B and D are mutually commuting, none of them
commutes with C.

We could use any of the three mutually commuting matrices to find the common
set (actually a pair, as they are 2 x 2 matrices) of eigenvectors. We arbitrarily
choose A. The eigenvalues of A satisfy
6—1 =2
-2 9-1
2*—15].+50 =0,
(A—5)(A—10)=0.

-

For / = 5, an eigenvector (x, y)' must satisfy x — 2y = 0, whilst, for 1 = 10,
4x 4+ 2y = 0. Thus a pair of independent eigenvectors of A are (2, 1)T and
(1, —2)T. Direct substitution verifies that they are also eigenvectors of B and D
with pairs of eigenvalues 5, —15 and 15, 10, respectively.
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8.17 Find three real orthogonal column matrices, each of which is a simultaneous
eigenvector of

0 0 1 0 1 1
A=1]1 01 0 and B=[1 0 1
1 00 1 1 0
We first note that
1 10
AB=[ 1 0 1 | =BA
01 1

The two matrices commute and so they will have a common set of eigenvectors.

The eigenvalues of A are given by

—A 0 1
0 1—4 0 |=(1—=2)P—-1)=0,
1 0 —A
ie. A =1, 24=1and 4 = —1, with corresponding eigenvectors e! = (1, yi, 1)T,

e? = (1, y», 1)T and e = (1, 0, —1)". For these to be mutually orthogonal
requires that y;y, = —2.

The third vector, €3, is clearly an eigenvector of B with eigenvalue u3 = —1. For
e! or e? to be an eigenvector of B with eigenvalue u requires
0—u 1 1 1 0

1 0—u 1 y |=101;

1 1 0—u 1 0
ie. —u+y+1=0,
and 1—uy+1=0,

.. 2

giving —y+y+1=0,

= y4+y—-2=0,
= y=1 or —2
Thus, y; = 1 with yy = 2, whilst y, = —2 with yup = —1.
The common eigenvectors are thus
el=(L 1, ", e=( -2 =0 -1
We note, as a check, that >, u; =2+ (—1) +(—1) =0="Tr B.

128



MATRICES AND VECTOR SPACES

8.19 Given that A is a real symmetric matrix with normalised eigenvectors €',
obtain the coefficients o; involved when column matrix x, which is the solution of

AX — px =, (*)

is expanded as x = Y_;o;€'. Here p is a given constant and v is a given column
matrix.

(a) Solve (*) when
2 1 0
A=|1 2 0 |,
0 0 3
u=2andv=(1 2 3)T.
(b) Would (*) have a solution if i) p = 1 and v = (1 2 3)T, (i) v =
(2 2 3)T? Where it does, find it.

Let x = >, o€/, where Ae’ = 4;e'. Then

AX — ux = v,

E Ax;el — E poe = v,
i i
E (iiociei — ,LLO(,'ei) =V,

i

o (e])TV

] lj _ ,LL
To obtain the last line we have used the mutual orthogonality of the eigenvectors.
We note, in passing, that if u = 4; for any j there is no solution unless (e/)fv=o0.

(a) To obtain the eigenvalues of the given matrix A, consider
0=A—U=0CB=DA4—-41+22-1)=CB =13 =11 —2).

The eigenvalues, and a possible set of corresponding normalised eigenvectors, are
therefore,

for 21=3,e'=(0,0 1H;

for 1=3,e=2"12(1,1,0"T;

for .=1, el=2"2(1, —1, 0)T.
Since /4 = 3 is a degenerate eigenvalue, there are infinitely many acceptable pairs
of orthogonal eigenvectors corresponding to it; any pair of vectors of the form

(ai, a;, b;) with 2ajay + bib, = 0 will suffice. The pair given is just about the
simplest choice possible.
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With g =2 and v =1, 2, 3)T,

3 _3/2 a_—1/\/2
T3-2 BT o1-2-

o = 3_19 %)
Thus the solution vector is
0 1 1 2
x=3| 0 31 I 1 =11

+ 1 |+ — =
1) V22l ) V220 3
(b) If =1 then it is equal to the third eigenvalue and a solution is only possible
if (e%)fv = 0.
For (i) v=(1, 2, 3), (e%)tv= —1/\/2 and so no solution is possible.

For (i) v = (2, 2, 3), (e*)fv = 0, and so a solution is possible. The other scalar
products needed are (e')'v = 3 and (e?)'v = 2,/2. For this vector v the solution
to the equation is

3 0 22 1 ! !
x=3_1 0 —1—3_1 1 | = 1
1 2\ 3

[ The solutions to both parts can be checked by resubstitution. ]

8.21 By finding the eigenvectors of the Hermitian matrix

10 3i
H ==
(573)
construct a unitary matrix U such that UTHU = A, where A is a real diagonal

matrix.

We start by finding the eigenvalues of H using

10—/4  3i
‘ —3i 2—1’_0’
20— 124+ 22 —3=0,
=1 or 11.

As expected for an hermitian matrix, the eigenvalues are real.

For 2 =1 and normalised eigenvector (x, y)T,
9x + 3iy =0 = x' = (10)712 (1, 3i)".
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For / = 11 and normalised eigenvector (x, y)T,
—x+3iy=0 = x> = (10)7123i, 1)T.

Again as expected, (x')'x*> = 0, thus verifying the mutual orthogonality of the
eigenvectors. It should be noted that the normalisation factor is determined by
(x)'x' =1 (and not by (x')Tx' = 1).

We now use these normalised eigenvectors of H as the columns of the matrix U
and check that it is unitary:

1 1 3i 1 1 —=3i
= =
v \/10(31' 1)’ v \/10<—3i 1 )

1 /1 3i R 1 /10 0
T — = =
uu 10<3i 1)(—31' 1) 10(0 10) .
U has the further property that
1 1 =3 10 3i 1 1 3i
T _
UHU_\/10<—3i 1)(—3;’ 2>\/10(3i 1)
1 1 —=3i 1 33i
10\ =31 3i 11
1 /10 0\ (1 0\ A
10\ 0 110 ) \ 0 11 ) 7

That the diagonal entries of A are the eigenvalues of H is in accord with the
general theory of normal matrices.

8.23 Given that the matrix

has two eigenvectors of the form (1 'y 1), use the stationary property of the
expression J(x) = x'Ax/(x"x) to obtain the corresponding eigenvalues. Deduce the
third eigenvalue.

Since A is real and symmetric, each eigenvalue A is real. Further, from the first
component of Ax = Ax, we have that 2 — y = /, showing that y is also real.
Considered as a function of a general vector of the form (1, y, 1)T, the quadratic
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form xTAx can be written explicitly as

2 -1 0 1
xX'Ax=(1y 1| -1 2 -1 y
0 —1 2 1

2—y

=y 2y-2

2—y

=2y> —dy +4.

The scalar product x"x has the value 2+ y?, and so we need to find the stationary
values of

I_2y2—4y+4
242

These are given by

dl _ 2+ y?)dy —4) — (2y*> — 4y +4)2y

O =
dy 2+ y?)?
0=4y>—38,
y =2

The corresponding eigenvalues are the values of I at the stationary points,
explicitly:

for y=\/2, 1122(2)51\224—4:2_\/2;

202)+42+4
N 242

The final eigenvalue can be found using the fact that the sum of the eigenvalues
is equal to the trace of the matrix; so

for y=—v2, X =242

I3=02+24+2)—2—=V2)—Q2+2)=2.

8.25 The equation of a particular conic section is
0 = 8x7 + 8x3 — 6x;x; = 110.

Determine the type of conic section this represents, the orientation of its principal
axes, and relevant lengths in the directions of these axes.
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The eigenvalues of the matrix ( ) associated with the quadratic form

-3 8
on the LHS (without any prior scaling) are given by
8—72 =3
0= ‘ -3 8—1 ‘
=72~ 164455
=(A=5)(—11).

Referred to the corresponding eigenvectors as axes, the conic section (an ellipse
since both eigenvalues are positive) will take the form

oy

22 10 ’

Thus the semi-axes are of lengths /22 and /10 ; the former is in the direction
of the vector (xi, xz)T given by (8 — 5)x; — 3x; = 0, i.e. it is the line x; = x;.
The other principal axis will be the line at right angles to this, namely the line
X1 = —X3.

5y? +11y7 = 110 or, in standard form,

8.27 Find the direction of the axis of symmetry of the quadratic surface

7x% 4+ 7y* + 722 — 20yz — 20xz + 20xy = 3.

The straightforward, but longer, solution to this exercise is as follows.

Consider the characteristic polynomial of the matrix associated with the quadratic
surface, namely,
7—A 10 —10
fA=| 10 7—-1 -—10
—-10 —-10 7-—1
= (7= A)(=51 — 142+ 2%) + 10(30 + 104) — 10(—30 — 104)
=—7 4+ 2127 + 15374 243,
If the quadratic surface has an axis of symmetry, it must have two equal major
axes (perpendicular to it), and hence the characteristic equation must have a
repeated root. This same root will therefore also be a root of df /d. =0, i.e. of
—3/2+ 4244153 =0,
2F—147—51=0,
A=17 or —3.
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Substitution shows that —3 is a root (and therefore a double root) of f(1) = 0,
but that 17 is not. The non-repeated root can be calculated as the trace of the
matrix minus the repeated roots, i.e. 21 — (—3) — (—3) = 27. It is the eigenvector
that corresponds to this eigenvalue that gives the direction (x, y, z)' of the axis
of symmetry. Its components must satisfy

(7—27)x + 10y — 10z =0,
10x + (7 —27)y — 10z = 0.

The axis of symmetry is therefore in the direction (1, 1, —1).

A more subtle solution is obtained by noting that setting 4 = —3 makes all three
of the rows (or columns) of the determinant multiples of each other, i.e. it reduces
the determinant to rank one. Thus —3 is a repeated root of the characteristic
equation and the third root is 21 — 2(—3) = 27. The rest of the analysis is as
above.

We note in passing that, as two eigenvalues are negative and equal, the surface is
the hyperboloid of revolution obtained by rotating a (two-branched) hyperbola
about its axis of symmetry. Referred to this axis and two others forming a
mutually orthogonal set, the equation of the quadratic surface takes the form
—3y* — 3> +27¢%> = 3 and so the tips of the two ‘nose cones’ (y = n = 0) are
separated by i of a unit.

8.29 This exercise demonstrates the reverse of the usual procedure of diagonalising
a matrix.

(a) Rearrange the result A' = ST'AS (which shows how to make a change of
basis that diagonalises A) so as to express the original matrix A in terms
of the unitary matrix S and the diagonal matrix A'. Hence show how to
construct a matrix A that has given eigenvalues and given (orthogonal)
column matrices as its eigenvectors.

(b) Find the matrix that has as eigenvectors (1 2 1T, (1 —1 1T and
(1 0 —1)T and corresponding eigenvalues A, p and v.

(c) Try a particular case, say A =3, u = —2 and v = 1, and verify by explicit
solution that the matrix so found does have these eigenvalues.

(a) Since S is unitary, we can multiply the given result on the left by S and on
the right by S’ to obtain

SA'ST = ss7'ASST = (A (1) = A.
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More explicitly, in terms of the eigenvalues and normalised eigenvectors x' of A,
A=xb x® o xHAXE X o X

Here A is the diagonal matrix that has the eigenvalues of A as its diagonal
elements.

Now, given normalised orthogonal column matrices and n specified values, we can
use this result to construct a matrix that has the column matrices as eigenvectors
and the values as eigenvalues.

(b) The normalised versions of the given column vectors are

1 1 1
(1’ _1’ 1)T’ (15 0’ _I)T’

J6 V3 V2
and the orthogonal matrix S can be constructed using these as its columns:
e V23

2 =2 0

S\ Ly

(15 2’ 1)T5

S

The required matrix A can now be formed as SAS™:

A V23 A0 0 1 2 1
A= 2 =2 0 0 u O NN IING)
1 2 —3 0 0 v Y30 —3
A V23 y) 2. Y
=2 —v2 o V2 —2u 2
1 2 =3 I =3
| A+2u+3v 22—2pu 2+42u—3v
=6 22 —2u 444 2u 24 —2u
A4+2u—3v 2A—2u A+42u+3v
(c) Setting A =3, u=—2 and v = 1, as a particular case, gives A as
| 2 10 —4
A= 6 10 8 10
-4 10 2

We complete the exercise by solving for the eigenvalues of A in the usual way.
To avoid working with fractions, and any confusion with the value A = 3 used
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when constructing A, we will find the eigenvalues of 6A and denote them by #.

0=6A—nl|
2—y 10 -4
=| 10 8—n 10
—4 10 2-p

= (2—n)(n*> — 105 — 84) 4 10(10n — 60) — 4(132 — 41)
= —ip® + 121% 4 180y — 1296

= —(n — 6)(n* — 61 —216)

= —(n —6)(n + 12)(n — 18).

Thus 6A has eigenvalues 6, —12 and 18; the values for A itself are 1, —2 and 3,
as expected.

8.31 One method of determining the nullity (and hence the rank) of an M x N
matrix A is as follows.

o Write down an augmented transpose of A, by adding on the right an N X N unit
matrix and thus producing an N x (M + N) array B.

e Subtract a suitable multiple of the first row of B from each of the other lower
rows so as to make By =0 for i > 1.

e Subtract a suitable multiple of the second row (or the uppermost row that does
not start with M zero values) from each of the other lower rows so as to make
Bi2=0fori>2.

e Continue in this way until all remaining rows have zeros in the first M places.
The number of such rows is equal to the nullity of A, and the N rightmost entries
of these rows are the components of vectors that span the null space. They can
be made orthogonal if they are not so already.

Use this method to show that the nullity of

-1 3 2 7
310 —6 17
A=| -1 —2 2 -3
2 3 -4 4
4 0 -8 —4

is 2 and that an orthogonal base for the null space of A is provided by any two
column matrices of the form 2 +o; —20; 1 o;)T, for which the o; (i = 1,2)
are real and satisfy 60100 + 2(a; + o) +5=0.
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We first construct B as

-1 3 -1 2 4 1 0 00
B— 3 10 -2 3 0 0100
2 -6 2 —4 -8 0010
7 17 -3 4 —4 0 0 0 1

Now, following the bulleted steps in the question, we obtain, successively,

-1 3 -1 2 4 1 0 0 O
B, = 0O 19 -5 9 12 3 1 0 O
0 0 0 0O 0 2 010
0O 38 —10 18 24 7 0 0 1
and
-1 3 -1 2 4 1 0 00
B, — 0 19 -5 9 12 3 1 0 O
O 0 O O 0 2 0 10
O 0 O O 0 1 —2 01

Since there are two rows that have all zeros in the first five places, the nullity of
A is 2, and hence its rank is 4 —2 = 2.

The same two rows show that the null space is spanned by the vectors (2 0 1 0)T
and (1 —2 0 1)T and, therefore, by any two linear combinations of them of
the general form (2+o; —2; 1 ;)T fori= 1,2, where o; is any real number.
If the basis is to be orthogonal then the scalar product of the two vectors must
be zero, i.€.
24+ o)24+0y) +4doqoy + 1+ a0 =0,
60100 + 2(0; +00) +5=0.

Thus oy may be chosen arbitrarily, but ¢, is then determined.

8.33 Solve the simultaneous equations

2x+3y+z =11,
X+y+z=6
5x —y + 10z = 34.

To eliminate z, (i) subtract the second equation from the first and (ii) subtract 10
times the second equation from the third.

x+2y =35,
—5x — 11y = —-26.
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To eliminate x add 5 times the first equation to the second
—y =—L

Thus y = 1 and, by resubstitution, x = 3 and z = 2.

8.35 Show that the following equations have solutions only if n = 1 or 2, and find
them in these cases:

x+y+z=1, (1)
x+2y+4z=n, (i)
x +4y + 10z = 4% (iii)

Expressing the equations in the form Ax = b, we first need to evaluate |A| as a
preliminary to determining A~'. However, we find that |A| = 1(20 — 16) + 1(4 —
10) + 1(4 —2) = 0. This result implies both that A is singular and has no inverse,
and that the equations must be linearly dependent.

Either by observation or by solving for the combination coefficients, we see that
for the LHS this linear dependence is expressed by

2 x (i) + 1 x (iii) — 3 x (i) = 0.
For a consistent solution, this must also be true for the RHSs, i.e.
247> =3 =0.

This quadratic equation has solutions n = 1 and 5 = 2, which are therefore the
only values of # for which the original equations have a solution. As the equations
are linearly dependent, we may use any two to find these allowed solutions; for
simplicity we use the first two in each case.

For n =1,
x+y4+z=1, x+2y+4dz=1=x"=1+20 —30, a)'.
For n =2,
x+y+z=1, x+2y+4z=2=x>=Q2x, 1 —3a, o)".
In both cases there is an infinity of solutions as « may take any finite value.
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8.37 Make an LU decomposition of the matrix

3 6 9
A= 1 0 5
2 =2 16

and hence solve Ax = b, where (i) b=(21 9 28)T, (ii)b=(21 7 22)T.

Using the notation

1 0 0 Uy, Up Up
Ly L3 1 0 0 Us;

and considering rows and columns alternately in the usual way for an LU
decomposition, we require the following to be satisfied.

Istrow: Uy =3, Up=6, U;3=09.

Ist col: L21U11=1, L31U11=2$L21=§, L31=§.
2nd I'OWZL21U12+U22=0, L21U13+U23=53U22=—2 U23—2
2nd col: L3jUyy + L3yUyp = —2 = L3 = 3.
3rd row: L31Ujz + L3y Uy + Uszz = 16 = Usz = 4.
Thus
1 00 3 6 9
L=| 3 1 0 and U= 0 —2 2
231 0 0 4

To solve Ax = b with A = LU, we first determine y from Ly = b and then solve
Ux =y for x.

(i) For Ax = (21, 9, 28)T, we first solve

1 00 " 21
élO 2 = 9
231 V3 28

This can be done, almost by inspection, to give y = (21, 2, 8)T.

We can now write Ux =y explicitly as

3 6 9 X1 21
0 -2 2 x | = 2
0 0 4 X3 8

to give, equally easily, that the solution to the original matrix equation is x =
(-1, 1, 2)T.
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(ii) To solve Ax = (21, 7, 22)" we use exactly the same forms for L and U, but
the new values for the components of b, to obtain y = (21, 0, 8) leading to the
solution x = (=3, 2, 2)T.

8.39 Use the Cholesky separation method to determine whether the following
matrices are positive definite. For each that is, determine the corresponding lower
diagonal matrix L :

2 1 3 5 0 3
A=|1 3 —-1]|], B=| 0 3 0
3 -1 1 J3 0 3

The matrix A is real and so we seek a real lower-diagonal matrix L such that
LLT = A. In order to avoid a lot of subscripts, we use lower-case letters as the
non-zero elements of L:

a 0 0 a b d 2 1 3
b ¢ O 0 ¢ e = 1 3 -1
d e f 00 f 3 -1 1

Firstly, from Ay, a*> = 2. Since an overall negative sign multiplying the elements
of L is irrelevant, we may choose a = ++/2. Next, ba = A;, = 1, implying that
b =1//2. Similarly, d = 3/./2.

From the second row of A we have

Pt =3=c=/}
bd+ce=—1=e=\/§(—1—g):_\/§_

And, from the final row,
P T R S
That f is imaginary shows that A is not a positive definite matrix.

The corresponding argument (keeping the same symbols but with different nu-
merical values) for the matrix B is as follows.

Firstly, from A;;, a> = 5. Since an overall negative sign multiplying the elements
of L is irrelevant, we may choose a = ++/5. Next, ba = By, = 0, implying that
b = 0. Similarly, d = \/3/./5.
From the second row of B we have

PP+ =3=c=1/3,

bd+ce=0:e=\/;(0—0)=0.
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And, from the final row,

d2+e2-|—f2=3:f=(3—g_0)1/2:\/152.

Thus all the elements of L have been calculated and found to be real and, in
summary,

J5 00
0 V3 0

R

That LLT = B can be confirmed by substitution.

L=

8.41 Find the SVD of

showing that the singular values are \/3 and 1.

With

which has eigenvalues given by (2 — 1)(2 — A) — 1 = 0. The roots of this equation
are 4y = 3 and A, = 1, showing that the singular values s; of A are \/3 and \/1.

The normalised eigenvectors (x1, x»)' corresponding to these eigenvalues satisfy

1

2—3)x +x2=0=vl= \/2(1, nt,
C=Dxi+x=0=Vv= \}2(1, —'.

The next step is to calculate the (normalised) column vectors u’ from (s;) 'Avi =
u':
—1 —1

L (1) 1
o' = o1 - 2,
ViV2\ o AL
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and
—1

SR RS L ') R

[a——y

For the third column vector we need one orthogonal to both u' and u?; this can
be obtained from their cross product and is u® = (1/\/3) 1, 1, Ht.

Finally, we can write A in SVD form:

1—1¢3¢2 \/30111
A =UsVl = 20 2 0 1 (1 _1),

e\ i 3 2 0 o) V2

where U and V are unitary. Both the unitarity and the decomposition can be
checked by direct multiplication.

8.43 Four experimental measurements of particular combinations of three physical
variables, x, y and z, gave the following inconsistent results:

13x + 22y — 13z =4,
10x — 8y — 10z = 44,
10x — 8y — 10z = 47,
9x — 18y — 9z =72.

Find the SVD best values for x, y and z. Denoting the equations by Ax = b,
identify the null space of A and hence obtain the general SVD solution.

The method of finding the SVD follows that of exercise 8.41.

We start by computing

1310 10 9 }(3) 328 :}(3)
AfA=| 22 -8 -8 —18 10 -8 —10
—13 —10 —10 -9 o _18 o
450 —36 —450
=| —36 936 36
—450 36 450
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We next find its eigenvalues:

450 —) =36 —450
ATA—J=] =36 936—1 36
—450 36 450 — 2
— 0 —)

=| =36 936—. 36
—450 36 450 — )
= — (2> — 18361 + 839808)

= —() — 864)(. —972).

This shows that the singular values s; are \/972 = 18./3, \/864 = 12,/6 and 0.

The corresponding normalised eigenvectors (xi, Xxa, x3)T, used to construct the
orthogonal matrix V, satisfy

—522x1 — 36x; — 450x3 = 0,
1
—36x1 —36x2+36x3=0=v = (1, =2, —1)T;

6
—414x; — 36x; — 450x3 = 0, v
—36x1 4+ 72x2 4+ 36x3 =0 = v* = \}3 1,1, —nT;
450x; — 36x, —450x3 =0,
—36x1 4+ 936x; +36x3 =0 =V’ = \}2 (1,0, .

The singular value 0 implies that v? will be a vector in (and spanning) the null
space of A, which therefore has rank 2 (rather than 3, as would be generally
expected in this case).

For the non-zero singular values we now calculate the (normalised) column
vectors u’ from (s;) AV = u':

13 22 -13 | -1
g 1 1|10 -8 —10 St 2 |
1836 10 -8 —10 1 321 2 |7
9 —18 -9 3
13 22 —13 . 4
pLo 1|10 -8 —10 Ll bt
1263 10 -8 —10 1 32 | 1
9 —18 -9 0

Although we will not need their components for the present exercise, we now find
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the third and fourth base vectors (to make U a unitary matrix). They must be
solutions of Afui = 0; simple simultaneous equations show that, when normalised,
two suitable vectors are

1 1
W= (0,—1,1,00T and u*= (1,—2,—2,3).
V2 J18
Thus, we are able to write A = USV' explicitly as
-1 4 0 1 183 0 0 L o 4
L2 1 -3 =2 0 126 0 NN
N| 2 1 3 =2 0 0 0 B0 s ’
30 0 3 0 0 0

where N = (/18 x /6.
We now compute R = VSU' as (with N defined as before)

VI | o 0 0 -1 2 2 3
1 83 4 1 1 0
-2 J2 0 0 0 0

N RN 0 120¢6 R 0 -3 3 0
1 -2 -2 3

1 1 0 0 —1 2 3

O e L D 4 1 1 0

N o3 123 0 -3 3 0

T18y3 123 00 1 -2 -2 3

| | w7 7 6
= 16 -5 -5 —12 |.
V18363 \ 10 7 7 g
The best SVD solution is thus given by
4

. 0 7 7 6 “ 1711
Ro= o 16 =5 =5 —12 = —1937 |.
~10 -7 -7 —6 47 —1.711

As noted previously, the null space of A is spanned by the vector x* =
le (1, 0, 1)T. The general SVD solution is therefore

(1.71 4+ 2, —1.94, —1.71 + )T,
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Normal modes

9.1 Three coupled pendulums swing perpendicularly to the horizontal line contain-
ing their points of suspension, and the following equations of motion are satisfied:

—mX; = cmxy + d(x1 — x3),
—MXy; = cMx; + d(x; — x1) + d(x2 — x3),
—mX3 = cmxsz + d(x3 — x3),

where x1, X, and x5 are measured from the equilibrium points; m, M and m are the
masses of the pendulum bobs; and c and d are positive constants. Find the normal
frequencies of the system and sketch the corresponding patterns of oscillation.
What happens as d — 0 or d — o0?

In a normal mode all three coordinates x; oscillate with the same frequency and
with fixed relative phases. When this is represented by solutions of the form
x; = X;cos wt, where the X; are fixed constants, the equations become, in matrix

and vector form,

cm + d — mw? —d 0 X
—d cM +2d — Mw? —d X, | =0
0 —d cm + d — mw? X3

For there to be a non-trivial solution to these simultaneous homogeneous equa-
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tions, we need

(c—w*)m+d —d 0
0= —d (c— )M +2d —d
0 —d (c—®)m+d
(c—w*)m+d 0 —(c—’)m—d
- —d (c— )M +2d —d
0 —d (c—a*)ym+d

=[(c—?)m+d]{[(c—o )M +2d] [(c —0*)m +d] — d* — d*}
= (em — mw?* + d)(c — 0?) [ Mm(c — @?) + 2dm + dM ].
Thus, the normal (angular) frequencies are given by

5 2d d
w =c¢c o =c+ and o =c+ + .
m M m

If the solution column matrix is X = (X1, X, X3)T, then
(i) for w? = ¢, the components of X must satisfy

dX; —dX, =0,
—dX, +2dX> —dX;=0, = X' =(,1, 1DT;

(ii) for ? = ¢+ :riz’ we have

—dX, =0,
—dX1+<—dn]Y +2d) Xy —dX3=0, = X'=(L0, -1
s d '
(iii) for o~ = ¢+ + , the components must satisfy
M  m
2d d
- - X1 —dX, =
[( M m>m+d:| 1 —dX, =0,
2d d om T
—dX v X3 = X*=(1,-"",1) .
d 24-[( y m)m%—d} 1 =0, = ( ", )

The corresponding patterns are shown in figure 9.1.

If d — 0, the three oscillations decouple and each pendulum swings independently
with angular frequency \/c.

If d — oo, the three pendulums become rigidly coupled. The second and third
modes have (theoretically) infinite frequency and therefore zero amplitude. The
only sustainable mode is the one shown as case (b) in the figure; one in which all
the pendulums swing as a single entity with angular frequency \/c.
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1 2 3
m M m
O
/ @ ot=ct?
O/ m
O O
b)) o’*=c
kM
KM O , 2 d
(c) o =c+M-‘r
O/ 2%km m
O

Figure 9.1 The normal modes, as viewed from above, of the coupled pendu-
lums in exercise 9.1.

9.3 Find the normal frequencies of a system consisting of three particles of masses
my = m, my = um, my = m connected in that order in a straight line by two equal
light springs of force constant k. Describe the corresponding modes of oscillation.

Now consider the particular case in which u = 2.

(a) Show that the eigenvectors derived above have the expected orthogonality
properties with respect to both the kinetic energy matrix A and the potential
energy matrix B.

(b) For the situation in which the masses are released from rest with initial
displacements (relative to their equilibrium positions) of x; = 2€, X, = —€
and x3 = 0, determine their subsequent motions and maximum displacements.

Let the coordinates of the particles, x{, x», X3, be measured from their equilibrium
positions, at which the springs are neither extended nor compressed.

The kinetic energy of the system is simply
T = 5m(>’c%+,u5€%+)’<§),
whilst the potential energy stored in the springs takes the form

Vo= 1k [(x2—x1)* + (x3 — x2)*] .

147



NORMAL MODES

The kinetic- and potential-energy symmetric matrices are thus

1 00 1 -1 0
A= 0 u 0 |, B= -1 2 -1
2 0 0 1 2 0 -1 1
To find the normal frequencies we have to solve |B — w?A| = 0. Thus, writing
mw?/k = ), we have
1-2 -1 0
0= -1 2—pult -1
0 —1 1—2
=1 =R —ph =22+ pui> —1)+(—142)
= (1= )AM=p =2+ pa),
which leads to A=0, 1 or 1 +2/pu.

The normalised eigenvectors corresponding to the first two eigenvalues can be
found by inspection and are

The components of the third eigenvector must satisfy
2 2
— X1—X2=0 and Xy — X3=0.
It It

The normalised third eigenvector is therefore

1 2 N\
X = (1, -, 1) :
V2@ n
The physical motions associated with these normal modes are as follows.

The first, with A = @ = 0 and all the x; equal, merely describes bodily translation
of the whole system, with no (i.e. zero-frequency) internal oscillations.

In the second solution, the central particle remains stationary, x, = 0, whilst
the other two oscillate with equal amplitudes in antiphase with each other. This
motion has frequency @ = (k/m)'/?, the same as that for the oscillations of a
single mass m suspended from a single spring of force constant k.

The final and most complicated of the three normal modes has angular frequency
o = {[(+2)/ul(k/m)}'/2, and involves a motion of the central particle which is
in antiphase with that of the two outer ones and which has an amplitude 2/u
times as great. In this motion the two springs are compressed and extended in
turn. We also note that in the second and third normal modes the centre of mass
of the system remains stationary.
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Now setting x4 = 2, we have as the three normal (angular) frequencies 0, Q and
J2Q, where Q% = k/m. The corresponding (unnormalised) eigenvectors are

Xl = (15 17 I)Ta X2 = (19 09 _1)Ta X3 = (13 _19 1)T

(a) The matrices A and B have the forms

1 00 1 -1 0
A=l 02 0], B=| -1 2 -1
0 0 1 0o -1 1
To verify the standard orthogonality relations we need to show that the quadratic

forms (x')'Ax/ and (x')'Bx/ have zero value for i # j. Direct evaluation of all the
separate cases is as follows:

xHAC=140-1=0,
YA =1-2+1=0,
)'AC=140-1=0,
xHBx? = (x" (1,0, -1)T=14+0—-1=0,
xHBx = (x (2, =4, 2)T =2—-4+2=0,
A)Bx =(x*)"(2, =4, 2)T =24+0—-2=0.

If (x')TAx/ has zero value then so does (x/)'Ax’ (and similarly for B). So there is
no need to investigate the other six possibilities and the verification is complete.

(b) In order to determine the behaviour of the system we need to know which
modes are present in the initial configuration. Each contributory mode will
subsequently oscillate with its own frequency. In order to carry out this initial
decomposition we write

(267 —€, O)T = a(la la 1)T+b(1’ Oa _l)T +C(1a _17 1)Ta

from which it is clear that a = 0, b = € and ¢ = €. As each mode vibrates with its
own frequency, the subsequent displacements are given by

x1 = €(cos Qf + cos 1/2Q1),
X, = —€COoS \/ZQt,
x3 = €(—cos Qt + cos \/2Qt).

Since Q and \/ZQ are not rationally related, at some times the two modes will,
for all practical purposes (but not mathematically), be in phase and, at other
times, be out of phase. Thus the maximum displacements will be x;(max) = 2e,
Xx;(max) = € and x3(max) = 2e.
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Figure 9.2 The circuit and notation for exercise 9.5.

9.5 It is shown in physics and engineering textbooks that circuits containing capac-
itors and inductors can be analysed by replacing a capacitor of capacitance C by
a ‘complex impedance’ 1/(ioC) and an inductor of inductance L by an impedance
ioL, where w is the angular frequency of the currents flowing and i> = —1.

Use this approach and Kirchhoff’s circuit laws to analyse the circuit shown in
figure 9.2 and obtain three linear equations governing the currents Iy, I, and I5.
Show that the only possible frequencies of self-sustaining currents satisfy either
(a) @>LC =1 or (b) 3w>LC = 1. Find the corresponding current patterns and,
in each case, by identifying parts of the circuit in which no current flows, draw an
equivalent circuit that contains only one capacitor and one inductor.

We apply Kirchhoff’s laws to the three closed loops PQUP, SUTS and TURT
and obtain, respectively,

1
L +ioL(I; —I3) +ioL(I; —1,) =0,
ioC

1
ioL(I, — 1)+ . I,=0,
ioC

1
iwL(Is — 1) + . I;=0.
ioC

For these simultancous homogeneous linear equations to be consistent, it is
necessary that

ioC + 2imL 1—1wL —iwL PR | |
0= —iwL ioC +ioL 0 = 1 A—1 0 ,
1w 1 1 0 -1
—iwL 0 ) +ioL
ioC

where, after dividing all entries by —iwL, we have written the combination
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(LCw?)~! as / to save space. Expanding the determinant gives
0=A—=2)A—=1P>=(UA—=-1)—(—1)
=A—=10*=31+2-2)
= 24— 1)(2—13).
Only the non-zero roots are of practical physical interest, and these are 4 = 1
and 4 = 3.
(a) The first of these eigenvalues has an eigenvector I' = (I, I, I ;)T that satisfies

I+, +13=0,
L=0 = 1'=(,1, —1T.

Thus there is no current in PQ and the capacitor in that link can be ignored. Equal
currents circulate, in opposite directions, in the other two loops and, although the
link TU carries both, there is no transfer between the two loops. Each loop is
therefore equivalent to a capacitor of capacitance C in parallel with an inductor
of inductance L.

(b) The second eigenvalue has an eigenvector 1> = (I, I», I3)T that satisfies

L+L+1;=0,
L+21=0 = P=(=211".

In this mode there is no current in TU and the circuit is equivalent to an
inductor of inductance L + L in parallel with a capacitor of capacitance 3C/2;
this latter capacitance is made up of C in parallel with the capacitance equivalent
to two capacitors C in series, i.e. in parallel with ;C. Thus, the equivalent single
components are an inductance of 2L and a capacitance of 3C/2.

9.7 A double pendulum consists of two identical uniform rods, each of length /
and mass M, smoothly jointed together and suspended by attaching the free end of
one rod to a fixed point. The system makes small oscillations in a vertical plane,
with the angles made with the vertical by the upper and lower rods denoted by 6,
and 0, respectively. The expressions for the kinetic energy T and the potential
energy V of the system are (to second order in the 0;)

T ~ MP? (307 + 20,0, + 363),
V ~ Mgl (3607 + 163).

Determine the normal frequencies of the system and find new variables & and n
that will reduce these two expressions to diagonal form, i.e. to

@&+ a21'12 and bi&% + b2n2.

151



NORMAL MODES

To find the new variables we will use the following result. If the reader is not
familiar with it, a standard textbook should be consulted.

If Q; = uTAu and Q, = uTBu are two real symmetric quadratic forms and u" are those
column matrices that satisfy

Bu" = 4,Au",
then the matrix P whose columns are the vectors u” is such that the change of variables
u = Pv reduces both quadratic forms simultaneously to sums of squares, i.e. Q; = vICv
and Q, = v'Dv, with both C and D diagonal.
Further points to note are:
(i) that for the u’ as determined above, (u™)TAu”" = 0 if m # n and similarly if A is replaced
by B;
(i1) that P is not in general an orthogonal matrix, even if the vectors u" are normalised.
(iii) In the special case that A is the identity matrix I: the above procedure is the same
as diagonalising B; P is an orthogonal matrix if normalised vectors are used; mutual
orthogonality of the eigenvectors takes on its usual form.

This exercise is a physical example to which the above mathematical result can
be applied, the two real symmetric (actually positive-definite) matrices being the
kinetic and potential energy matrices.

8 3 2
A=<3 l) B=(2 ?) with 4=,
12 0 ! g

We find the normal frequencies by solving

0=|B—JA|
e VA
i 1=

2 2
=i -—Ta+ ¥ -
= 0=28)"—841+27.

Thus, 2 = 2.634 or A = 0.3661, and the normal frequencies are (2.634g/l)!/? and
(0.3661g/1)/2.

The corresponding column vectors u’ have components that satisfy the following.
(i) For 2 =0.3661,

(3 —%03661) 0, — 036610, =0 = u'=(1, 1.431)".
(i1) For A = 2.634,
(3—52634)0; —2.6340, =0 = u®=(1, —2.097)".

1 1
P= < 1431 —2.097 )

152

We can now construct P as



NORMAL MODES

and define new variables (£, 1) by (01, 0,)" = P (&, )T. When the substitutions
01 =¢+nand 0, = 1.431¢ —2.097y = «é — fn are made into the expressions for
T and V, they both take on diagonal forms. This can be checked by computing
the coeflicients of &z in the two expressions. They are as follows.

ForV: 3—uaf =0, and for T: 136+2(oc—ﬁ)—§ocﬁ=0.

As an example, the full expression for the potential energy becomes V =
Mg/ (2.524 &% + 3.699 12).

9.9 Three particles each of mass m are attached to a light horizontal string having
fixed ends, the string being thus divided into four equal portions, each of length a
and under a tension T. Show that for small transverse vibrations the amplitudes
X of the normal modes satisfy Bx = (maw?/T)x, where B is the matrix

Estimate the lowest and highest eigenfrequencies using trial vectors (3, 4, 3)" and
T T

(3, —4, 3)T. Use also the exact vectors (1, \/2, 1) and (1, —\/2, 1) and com-

pare the results.

For the ith mass, with displacement y;, the force it experiences as a result of the
tension in the string connecting it to the (i 4+ 1)th mass is the resolved component

Vit =V Similarly
a
the force due to the tension in the string connecting it to the (i — 1)th mass is

of that tension perpendicular to the equilibrium line, ie. f =

f= Vi=t 7 Vi1 Because the ends of the string are fixed the notional zeroth and
a
fourth masses have yy = y4 = 0.

The equations of motion are, therefore,
. T
mX; = [(0—x1)+ (x2—x1)],
[(x1 —x2) + (x5 — x2) ],

mX‘,z =

[(x2 —x3) +(0—x3)].

mX‘,3 =

* N N9

If the displacements are written as x; = X;coswt and x = (X1, X5, X3)T, then
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these equations become
2

_maw Xi=-2X1+Xo,
T
2
—mC;_,w X=X —2X, + X;5,
2
—m‘ffw X; = X, — 2X,.

. . . maw? .
This set of equations can be written as Bx = T X, with

T
. . . B .
The Rayleigh—Ritz method shows that any estimate A of X T X always lies between
xTx
the lowest and highest possible values of maw?/T.

Using the suggested trial vectors gives the following estimates for A.
(i) For x = (3, 4, 3)T
2 =1(3,4,3)B(3, 4, 3)1]/34
=1[3,4,3)(2, 2, 2)']/34
= 20/34 = 0.588.
(ii) For x = (3, —4, 3)T
4 =13, —4, 3)B(3, —4, 3)1]/34
=[(3, —4, 3)(10, —14, 10)"]/34
=116/34 = 3.412.
Using, instead, the exact vectors yields the exact values of 4 as follows.

(i) For the eigenvector corresponding to the lowest eigenvalue, x = (1, /2, 1),
A= [(1, J2, DB(1, V2, 1)T} /4
- [(1, JL D2 =2, 2222~ \/2)T} /4
=2— /2 =10.586.
(i1) For the eigenvector corresponding to the highest eigenvalue, x = (1, —\/2, nrt,
A= [(1, —J2, 1)B(L, —/2, 1)T} /4
- [(1, S D242 22— 2,2+ Jz)ﬂ /4
=242 =3414
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As can be seen, the (crude) trial vectors give excellent approximations to the
lowest and highest eigenfrequencies.
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Vector calculus

10.1 Ewvaluate the integral
/ [a(b-a+b-a)+a(b-a)—2(a-a)b—bla?] dt

in which & and b are the derivatives of a and b with respect to t.

In order to evaluate this integral, we need to group the terms in the integrand so
that each is a part of the total derivative of a product of factors. Clearly, the first
three terms are the derivative of a(b - a), i.e.

d [a(b-a)] =a(b-a)+a(b-a)+a(b-a).

dt
Similarly, jt[b(a-a)] =b(a-a)+b(a-a)+b(a-a).
Hence, I z/{;t[a(b-a)]—;t[b(a-a)]} dt
=a(b-a)—b(a-a)+h
=ax(axb)+h,

where h is the (vector) constant of integration. To obtain the final line above, we
used a special case of the expansion of a vector triple product.
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10.3 The general equation of motion of a (non-relativistic) particle of mass m
and charge q when it is placed in a region where there is a magnetic field B and
an electric field E is

mi = q(E + t x B);

here r is the position of the particle at time t and i = dr/dt, etc. Write this as three
separate equations in terms of the Cartesian components of the vectors involved.

For the simple case of crossed uniform fields E = Ei, B = Bj, in which the particle
starts from the origin at t = 0 with ¥ = vok, find the equations of motion and show
the following :

(a) if vo = E/B then the particle continues its initial motion;
(b) if vo = O then the particle follows the space curve given in terms of the
parameter & by

mE mE .
3% = B2q(1 —cosé), y=0, z= qu(é —sin ¢).

Interpret this curve geometrically and relate ¢ to t. Show that the total
distance travelled by the particle after time t is given by

ZE/‘ Bqt'
B Jo

dr’.
2m
Expressed in Cartesian coordinates, the components of the vector equation read

sin

mx = qE. + q(yB. — 2B,),
my = qu + Q(ZBx - XBZ):
mzi = qE; + q(xB, — yBy).

For E, = E, B, = B and all other field components zero, the equations reduce to
mx = qE — qBz, my =0, mZ = gBx.

The second of these, together with the initial conditions y(0) = j(0) = 0, implies
that y(t) = 0 for all ¢. The final equation can be integrated directly to give

mz = qBx + muy, (*)

which can now be substituted into the first to give a differential equation for x:
B
mX = qE —gqB (q x—i—vo) ,
m

B\2
= 5&+<q > x=q(E—voB).
m m
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(1) If vo = E/B then the equation for x is that of simple harmonic motion and
x(t) = Acos wt + B sin wt,

where @ = gB/m. However, in the present case, the initial conditions x(0) =
X(0) = 0 imply that x(t) = 0 for all ¢t. Thus, there is no motion in either the x- or
the y-direction and, as is then shown by (*), the particle continues with its initial
speed vy in the z-direction.

(i1) If vp = 0, the equation of motion is

X4 w’x = qE R
m

which again has sinusoidal solutions but has a non-zero RHS. The full solution
consists of the same complementary function as in part (i) together with the
simplest possible particular integral, namely x = gE /m?. It is therefore
qE
mw?’
The initial condition x(0) = O implies that A = —qE /(mw?), whilst x(0) = 0
requires that B = 0. Thus,

x(t) = Acoswt + Bsinwt +

E
x= 1 , (1 —coswt),
mw
B E E
= 2=q xzwq 2(l—coscozt)z 1 (1 —coswt).
m mam

Since z(0) = 0, straightforward integration gives
E sin wt E .
z=1 <t— w)z 1 , (0t — sinwt).
mw 1) mw

Thus, since ¢E/mw?> = mE/B?q, the path is of the given parametric form with
¢ = ot. It is a cycloid in the plane y = 0; the x-coordinate varies in the restricted
range 0 < x < 2¢gE /(mw?), whilst the z-coordinate continually increases, though
not at a uniform rate.

The element of path length is given by ds? = dx* + dy? + dz?. In this case, writing
qE/(mw) = E/B as p,

i\ rdaz\*1"
[ dt) + (dt) ] dt

[ 1? sin ot + p*(1 — cos wt)? | V2 e

ds

[2u%(1 — cos wt)]l/2 dt = 2y| sin jot| dt.

Thus the total distance travelled after time ¢ is given by

o 2E ['| . ¢Bt
s = / 2| sin ;wt’\ dt’ = / q
0 B Jo

sin dt’.
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10.5 If two systems of coordinates with a common origin O are rotating with
respect to each other, the measured accelerations differ in the two systems. Denot-
ing by r and t' position vectors in frames OXY Z and OX'Y'Z’, respectively, the
connection between the two is

F=Ff+dXr+2m0Xi+o X (o Xr),

where o is the angular velocity vector of the rotation of OXY Z with respect to
OX'Y'Z' (taken as fixed). The third term on the RHS is known as the Coriolis
acceleration, whilst the final term gives rise to a centrifugal force.

Consider the application of this result to the firing of a shell of mass m from
a stationary ship on the steadily rotating earth, working to the first order in
(= 7.3 x 10 rad s™!). If the shell is fired with velocity v at time t = 0 and only
reaches a height that is small compared with the radius of the earth, show that its
acceleration, as recorded on the ship, is given approximately by

F=g— 20 x (v+ gt),
where mg is the weight of the shell measured on the ship’s deck.

The shell is fired at another stationary ship (a distance s away) and v is such that
the shell would have hit its target had there been no Coriolis effect.

(a) Show that without the Coriolis effect the time of flight of the shell would
have been 1 = —2g - v/g>.
(b) Show further that when the shell actually hits the sea it is off-target by
approximately

L8 x0) V(@ +1) = (0 x V7 = o x g

(c) Estimate the order of magnitude A of this miss for a shell for which the
initial speed v is 300ms™', firing close to its maximum range (v makes an
angle of m/4 with the vertical) in a northerly direction, whilst the ship is
stationed at latitude 45° North.

As the Earth is rotating steadily & = 0, and for the mass at rest on the deck,

mi’ = mg + 0+ 20 x 0+ mow x (o Xr).

This, including the centrifugal effect, defines g which is assumed constant through-
out the trajectory.

For the moving mass (¥ is unchanged),

ie.

mg+ o X (0 X r) =mi+2mo X t + mo X (0 Xr),

F=g—2w XT.
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Now, wir < g and so to zeroth order in w
F=g = TI=gt+v
Resubstituting this into the Coriolis term gives, to first order in w,
F=g—2m x (v+gt).
(a) With no Coriolis force,
i=gr+v and r= g’ +vi.
Lets = égr2 + vt and use the observation that s - g = 0, giving
égzrz +v.gr=0 = 1= —2;.2g.
(b) With Coriolis force,
F=g—2(wxgt—2w XV),
i=gt— (0 x gt —2w xV)t+v,
r= g — {0 xg) —(0x V)2 +vi. ()

If the shell hits the sea at time T in the position r =s + A, then (s+A)-g =0,
ie.
0=(s+A)-g=1gT>—0—(wxv) - gT?+v-gT,
= —v-g=T(g—(oxV)g),
-1
oy E[iene
28 28
zr<1+2(w><V)'g+m).

g2

Working to first order in w, we may put T = 7 in those terms in (*) that involve
another factor w, namely @ x v and @ x g. We then find, to this order, that

1 , Mo xv)-g, 1 3
s+A=2g<r+ 22 Tt —3(w><g)7:
—(w><v)12+v7:+2(w ngv).gvr

—s+ ((U Z:)g(Zgrz—i—Zvr)— :1‘)((1) % g)’C3—((D % V)'Ez.

Hence, as stated in the question,
2 1
A= Sl x o) Vgt — (@ x e — (o x g
(c) With the ship at latitude 45° and firing the shell at close to 45° to the local
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horizontal, v and @ are almost parallel and the w x v term can be set to zero.
Further, with v in a northerly direction, (g X @) - v = 0.

Thus we are left with only the cubic term in 7. In this,
L 2 x 300 cos(n/4)

B 9.8
and o x g is in a westerly direction (recall that w is directed northwards and g is

directed downwards, towards the origin) and of magnitude 7107 9.8 sin(n/4) =
4.8510~* m s—3. Thus the miss is by approximately

—433s,

—1 x4.85107* x (43.3)’ = —13m,

i.e. some 10 — 15 m to the East of its intended target.

10.7 For the twisted space curve y* +27axz —81a’y = 0, given parametrically by
x = au(3 —u?), y = 3au?, z = au(3 + u?),

show that the following hold :

(a) ds/du = 3\/2a(1 + u?), where s is the distance along the curve measured
from the origin;

(b) the length of the curve from the origin to the Cartesian point (2a,3a,4a) is
4\2a;

(c) the radius of curvature at the point with parameter u is 3a(1 + u

(d) the torsion t and curvature k at a general point are equal;

(e) any of the Frenet—Serret formulae that you have not already used directly
are satisfied.

2)2 .

(a) We must first calculate

j; = (3a — 3au?, 6au, 3a + 3au?),
from which it follows that
1/2
jz = (;IZ . j;) =3a(l — 2u® + u* + 4P + 1 4 2% +u*)!/?

=32a(1 + u?).

(b) The point (2a,3a,4a) is given by u = 1; the origin is u = 0. The length of the
curve from the origin to the point is therefore given by

1 311
s=/ 32a(1 + u?) du = 3/2a [wﬁé] = 4./2a.
0 0
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(c) Using
~ dr drdu 3a
t= = = 1—u?, 2u, 14+ u?),
ds  duds  3.2a(1+ u2)( )
we find that
dt  dt du
ds  du ds

_ 1 1 [d [1—u? d 2u d [1+u?
3 2a(1+12) 2 Ldu \14+2) " du \1+u2 )" du \1+u?

1
= —4u, 2 —2u*, 0).
6a(l + w2y TH 2720 0)

We now recall that dt/ds = h, where « is the curvature and the principal normal
fi is a unit vector in the same direction as dt/ds. Thus

1 dt|  2(4u? + 1 —2u2 + u*)!/? 1
=K = = == .
P ds 6a(1 + u?)3 3a(l + u?)?
(d) From part (c) we have the two results
A 1
t= 1—u2,2u,1+u2,
V201 + uz)( )
L1 2
n= 1+u2(—2u, 1—u?, 0),

and so the binormal b is given by

b=txn
1
- Ay [ut —1, —2u(l +u?), (1 +u?)*]

_ 1 (w1
_\/2 w+1 w4+ '
From this it follows that
b db du
ds  du ds
B 1 1 < du 2P —1) >
3\/2a(1+u2) \/2 (1+u2)2’ (1+u2)2’ .
Comparing this with —zfi, with fi as given above, shows that
2
7= .
6a(1 4 u?)?

But
1 1

K = =

p 3a(l +u?)?¥’
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thus establishing the result that t equals x for this curve.

(e) The remaining Frenet-Serret formula is
di

ds = b — xt.
Consider the two sides of the equation separately:
div  didu
LHS = =
S ds du ds
—2u d (1—u 0
3\/2a + u?) 1+u2)’ du \1+u2 )’
[ 2u> —2 —4u ]
3\/2a +u2 (I +u)? (14 u?)*
—4u, 0
3\/2a +u2)3( )
RHS = b — «t = x(b — 1)
K 2 2 2 2
= u—1—(1—-u’), 2u—2u, 1+u" —(1+u
St (1—1) (1+1)]
1

= 2u? — 2, —4u, 0).
3y2a(1 + u2)3( )

Thus, the two sides are equal and the unused formula is verified.

10.9 In a magnetic field, field lines are curves to which the magnetic induction B
is everywhere tangential. By evaluating dB/ds, where s is the distance measured
along a field line, prove that the radius of curvature at any point on a line is given
by

B3

P= Bx®B-V)Bl

We start with the three simple vector relationships

e . dt 1,

= = B = Bt
s t, s~ p n and t,
and note that
dB = aBd)H— ade—!— ade=(dr~V)B.
0x Jy 0z

Differentiating the third relationship with respect to s gives

dB _ dB HBdi
ds — ds ds’
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We can replace the LHS of this equation with

dB dr-V " B-V
= B=(t-V)B= B
ds ( ds ) ®-V) B
and obtain
B-V dB. B,
B= t+ n
ds 0
Finally, we take the cross product of this equation with t and obtain
~ B- ~
t X v B=0+ B t X i,
B p
Bx(B-V)B B,
="b,
B? p
IBx(B-V)B] B B3
B2 o B x (B-V)B|

In the penultimate line we have given the unit vector t x i its usual symbol b (for
binormal), though the only property that is needed here is that it has unit length.
To obtain the final line, we took the modulus of both sides of the equation on
the previous one.

10.11 Parameterising the hyperboloid

2 2 2
x2+y Ty
a b2 2

by x = acosfsec ¢, y = bsinfsec ¢, z = ctan ¢, show that an area element on
its surface is

dS = sec® ¢ [* sec® ¢ (b cos® 0 + a* sin® 0) + a’b” tan’ ¢ 2 49 do.

Use this formula to show that the area of the curved surface x*> + y* — z> = a?
between the planes z =0 and z = 2a is

na® <6 + \}z sinh™! 2¢2) .

With x = acosfsec¢, y = bsinfsec ¢ and z = ctan ¢, the tangent vectors to the
surface are given in Cartesian coordinates by

;i(r) = (—asin 6 sec ¢, bcosfsec ¢, 0),
5; = (acos 0 sec ¢ tan ¢, bsin @ sec ¢ tan ¢, ¢ sec’ ),
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and the element of area by

dr y dr
do ~ d¢
= ‘ (bccos 0 sec® ¢, acsin 0 sec® ¢, —ab sec’ ¢ tan ¢) | dodg

= sec? ¢ [? sec? § (b? cos 0 + a? sin” 0) + a2b* tan? " d0 dg.

ds =

d0d¢

We set b = ¢ = a and note that the plane z = 2a corresponds to ¢ = tan~! 2. The
ranges of integration are therefore 0 < 0 < 2m and 0 < ¢ < tan~' 2, whilst

dS = sec’ p(a* sec? ¢ + a* tan® ¢)'/? d0 d¢,

i.e. it is independent of 6.

To evaluate the integral of dS, we set tan ¢ = sinhy/4/2, with

sec? pdp = coshypdy and sec’¢p =1+ ) sinh? 1.

1
V2
The upper limit for y will be given by ¥ = sinh™! 2\/2; we note that cosh'¥ = 3.
Integrating over 6 and making the above substitutions yields

L s 1., 1., \"?
S = 27[/ coshy dya (1 + _sinh“y + _ sinh )
) o sy 5 sinh™y + ) sinh”y

¥
= \/271:a2/0 cosh? p dy

2 g
=\/2§“ / (cosh 2y + 1) dyp
0

_ \/27m2 sinh 2y n ¥
- 2 I

7T(,12

= \/Z[sinhtpcoshlp—i-lp]gj
_ma

g S _n2< | )
\/2[(2\/2)(3)+smh 221 =nd® 6+ \/Zsmh 22).

10.13 Verify by direct calculation that
V-(axb)=b-(Vxa)—a-(Vxbh).

The proof of this standard result for the divergence of a vector product is most
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easily carried out in Cartesian coordinates though, of course, the result is valid
in any three-dimensional coordinate system.
LHS=V-(axb)
0 0

= ax(aybz — Clzby) + 0)/ (asz - axbz) + Z(axby - a)’bX)

. _0b; n ob, ta 0b.  0by ta _0by n 0by
o dy 0z Y\ ox 0z : ox dy
da; Oda, 0a,  day da,  Oay
+bx<8y 0z>+by< 6x+6z>+bz<8x 8y>

=—a-(Vxb)+b-(V xa)=RHS.

(o)

D

10.15 Evaluate the Laplacian of the function

Zx2

T X242 22
(a) directly in Cartesian coordinates, and (b) after changing to a spherical polar
coordinate system. Verify that, as they must, the two methods give the same result.

Y(x,y,2)

(a) In Cartesian coordinates we need to evaluate

oy Py Py
20—
Viw = 0x? + 0y? + 0z’
The required derivatives are

ap 2xz(y? + z2) Mty (VP +z2)(2zy? + 223 — 6x%2)

ox (xz + yz + 22)2’ Ox2 (xz + yz + 22)3 >
dpy  —2xyz Py 22X+ 27 = 3yY)

dy (x4 yr4z2)? 0y? (X2 +y2 422 7

oy XA(xPHyr—zh) Py _2zx2(3x2 +3y2 —2?)

0z~ (24242220 922 (2 + 2 + 22)3

Thus, writing r> = x* + y* + 22,

2z[(y? + 22)(y* + 22 — 3x%) — 4x*]

Vi =
v (x2 + y2 4 z2)3
2z[ (12 — x?)(r? — 4x?) — 4x*]
= "
2z(r? — 5x?%)
= 4 .

166



VECTOR CALCULUS

(b) In spherical polar coordinates,

rcos 0 r? sin® 0 cos? ¢

5 = rcos 0 sin’ 0 cos’ ¢.
r

y(r,0,¢) =

The three contributions to V2 in spherical polars are

1 0 oy
2N 2
Vo) = r2 or <r ar)

2 .
= " cos0sin® 0 cos’ ¢,
,

V= L0 (sinOaw)

r2sinf 00 00
lcos?’p 0 [ . 0 .
= . sind 00 [sman(cosOsm 0)}
2
- Cosr P (4cos 0 — 8 sin” 0 cos ),

1 %y
r2sin® 0 0¢>
cos (—2cos? ¢ + 2sin’ ).

(V) =

r

Thus, the full Laplacian in spherical polar coordinates reads

0
Vi = CO: (2sin” 0 cos ¢ + 4 cos? 0 cos® ¢

— 8sin’ 0 cos® ¢ — 2cos® ¢ + 2sin’ )
0 . .
= CO: (4cos® ¢ — 10sin? 0 cos> ¢ — 2 cos® ¢ + 2sin® ¢)

= CO:G (2 — 105sin’ 0 cos’ ¢)

_ 2rcos 0(r* — 5 sin” 0 cos’ ¢)
= y .
,

Rewriting this last expression in terms of Cartesian coordinates, one finally
obtains

2z(r* — 5x2)
20—
V Y= 7'4 ]

which establishes the equivalence of the two approaches.
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10.17 The (Maxwell) relationship between a time-independent magnetic field B
and the current density J (measured in SI units in Am~2) producing it,

VXBZMQJ,

can be applied to a long cylinder of conducting ionised gas which, in cylindrical
polar coordinates, occupies the region p < a.

(a) Show that a uniform current density (0,C,0) and a magnetic field (0,0, B),
with B constant (= By) for p > a and B = B(p) for p < a, are consistent
with this equation. Given that B(0) = 0 and that B is continuous at p = a,
obtain expressions for C and B(p) in terms of By and a.

(b) The magnetic field can be expressed as B =V x A, where A is known as the
vector potential. Show that a suitable A can be found which has only one
non-vanishing component, Ay(p), and obtain explicit expressions for Ag(p)
for both p < a and p > a. Like B, the vector potential is continuous at
p=a.

(c) The gas pressure p(p) satisfies the hydrostatic equation Vp = J X B and
vanishes at the outer wall of the cylinder. Find a general expression for p.

(a) In cylindrical polars with B = (0,0, B(p)), for p < a we have
10B 0B
,U()(O,C,O)zva:( s T ) >
pop Jp
As expected, 0B/0¢ = 0. The azimuthal component of the equation gives

OB
—‘;p —1C for p<a = B(p)=B(0)— uCp.

Since B has to be differentiable at the origin of p and have no ¢-dependence, B(0)
must be zero. This, together with B = By for p > a requires that C = —Bg/(apy)
and B(p) = Bop/afor 0 < p < a.

(b) With B =V x A, consider A of the form A = (0, 4(p), 0). Then

(0, 0, B(p)) = | ( om0 ! (pA))
p \ oz ap

10
= (0.0 2 ).
p op
We now equate the only non-vanishing component on each side of the above
equation, treating inside and outside the cylinder separately.
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For0 < p <a,

10 Bop
sy ="""
pap a
3

pa =B p
3a

Bop®> D

A(p) = .

(p) 3 +p

Since 4(0) must be finite (so that A is differentiable there), D = 0.

For p > aq,
10
(pA) = Bo,
pop
B 2
pA = 0p +E
2
1 E
A(p) = B
(p) ) 0P+p

At p = a, the continuity of A requires

B()Cl2 1 E B()a2
= B E == — .
3a 2 oa -+ a = 6
Thus, to summarise,
B 2
A(p) = 0P for 0<p<a,
3a
2
and A(p) = By p_d for p>a.
2 6p

(c) For the gas pressure p(p) in the region 0 < p < a, we have Vp = J x B. In

component form,
<dp, 0, 0> = <0, _Bo 0> x <0, 0, B°p>,
dp a a

with p(a) = 0.
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10.19 Maxwell’s equations for electromagnetism in free space (i.e. in the absence
of charges, currents and dielectric or magnetic media) can be written
(i) V-B=0, (i) V-E=0,

JB . 1 0E
(ii1)) VX E+ ot =0, (iv) V><B—C2 P

A vector A is defined by B=V x A, and a scalar ¢ by E = —V¢ — 0A/dt. Show
that if the condition

0.

1dp
ot
is imposed (this is known as choosing the Lorentz gauge), then A and ¢ satisfy
wave equations as follows.

(v) V-A+ 0

. 102

(i) Vo L5 ¢ =0
.. 1 %A
(m)WA—&aﬂzo

The reader is invited to proceed as follows.

(a) Verify that the expressions for B and E in terms of A and ¢ are consistent
with (i) and (iii).

(b) Substitute for E in (ii) and use the derivative with respect to time of (v) to
eliminate A from the resulting expression. Hence obtain (vi).

(c) Substitute for B and E in (iv) in terms of A and ¢. Then use the gradient
of (v) to simplify the resulting equation and so obtain (Vvii).

(a) Substituting for B in (i),
V- B=V.-(VxA)=0, asitis for any vector A.

Substituting for E and B in (iii),

0B 0A
VxE+ or =—(VxV¢p)—V x or

0
VxA)=0.
+ or (VxA)
Here we have used the facts that V x V¢ = 0 for any scalar, and that, since 0/0t
and V act on different variables, the order in which they are applied to A can be
reversed. Thus (i) and (iii) are automatically satisfied if E and B are represented
in terms of A and ¢.
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(b) Substituting for E in (ii) and taking the time derivative of (v),

0
0=V-E=—V2¢—at(V~A),

0 1 0%
0= -A .
ot V-A)+ c? ot?
Adding these equations gives
1 0%¢
_
0=—-Vo+ 2o

This is result (vi), the wave equation for ¢.

(c) Substituting for B and E in (iv) and taking the gradient of (v),

VXx(VxA)— ! ( aV(l) 62A)=0,

2\ ot o
10 1 0°A
V(V-A)—V°A+ 2ot (Vo) + 2 o 0.
10
From (v), V(V-A)+ ,  (Vg)=0.
c? ot
2
Subtracting these gives — V?A + LA =0.
c? o2

In the second line we have used the vector identity
V2ZF =V(V-F)—V x (V xF)

to replace V x (V x A). The final equation is result (vii).

10.21 Paraboloidal coordinates u,v, ¢ are defined in terms of Cartesian coordi-

nates by

X = uv cos ¢, y = uv sin ¢, Z= ;(u2 —v?).
Identify the coordinate surfaces in the u,v, ¢ system. Verify that each coordinate
surface (u = constant, say) intersects every coordinate surface on which one of
the other two coordinates (v, say) is constant. Show further that the system of
coordinates is an orthogonal one and determine its scale factors. Prove that the
u-component of V X a is given by

1 @ dag\ 1 day
(w2 +v?)/2 \ v ov u 0’

To find a surface of constant u we eliminate v from the given relationships:

2_X2+y2

2,2 _ .2 —
x“+y- =u‘v = 2z=u 2
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This is an inverted paraboloid of revolution about the z-axis. The range of z is
—o0 <z < huk

Similarly, the surface of constant v is given by

2 4.2
X
2z = t o 2.

v
This is also a paraboloid of revolution about the z-axis, but this time it is not

inverted. The range of z is —;vz <z < oo

Since every constant-u paraboloid has some part of its surface in the region z > 0
and every constant-v paraboloid has some part of its surface in the region z < 0,
it follows that every member of the first set intersects each member of the second,
and vice-versa.

The surfaces of constant ¢, y = xtan ¢, are clearly (half-) planes containing the
z-axis; each cuts the members of the other two sets in parabolic lines.

We now determine (the Cartesian components of) the tangential vectors and test
their orthogonality:

e = or = (vcos ¢, vsin g, u),
du
e = or = (ucos ¢, usin¢p, —v),
ov
e; = or = (—uv sin ¢, uvcos ¢, 0)
3 = a¢ - v > > >

e - ey = uv(cos ¢ cos¢p + sin¢sinp) —uv =0,
e - €3 = u’v(—cos ¢ sin ¢ + sin ¢ cos ) = 0,

e; - €3 = uv’(—cos ¢ sin ¢ + sin ¢ cos ¢) = 0.

This shows that all pairs of tangential vectors are orthogonal and therefore that
the coordinate system is an orthogonal one. Its scale factors are given by the
magnitudes of these tangential vectors:

hi = ler|* = (vcos )* + (vsin @)* +u? = u? + v,
hl = les]* = (ucos ¢)* + (usin ¢)* + v* = u* +v?,

hé = les|> = (uvsin ¢)? + (uv cos ) = u*v°.
Thus
hu=hv=\/u2+vz, hy = uv.
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The u-component of V x a is given by

hu 6 6
huhohy L;v (hypag) — ¢(hvau)}
1

= uv\/uz 2 { (uvagy) — \/MZ + UZaL)}

1 a da 1 da,
_ 6 049 _
J2 02\ v ov u 0¢p°

as stated in the question.

[Vxal],=

10.23 Hyperbolic coordinates u,v, ¢ are defined in terms of Cartesian coordinates
by
X = coshucoswvcos ¢, y = coshucosvsin ¢, z = sinhusinwv.

Sketch the coordinate curves in the ¢ = 0 plane, showing that far from the origin
they become concentric circles and radial lines. In particular, identify the curves
u=0,v=0 v=mn/2 and v = n. Calculate the tangent vectors at a general
point, show that they are mutually orthogonal and deduce that the appropriate
scale factors are

h, =h, = (cosh2 u — cos’ 0)1/2, hy = coshucosuv.

Find the most general function y(u) of u only that satisfies Laplace’s equation
Vi = 0.

In the plane ¢ = 0, i.e. y = 0, the curves u = constant have x and z connected by

x2 z2

+ j—
cosh’>u  sinh’u
This general form is that of an ellipse, with foci at (+1,0). With u = 0, it is the

line joining the two foci (covered twice). As u — oo, and coshu = sinhu the form
becomes that of a circle of very large radius.

The curves v = constant are expressed by

x2 z2

— =1.

cos?v  sin’v
These curves are hyperbolae that, for large x and z and fixed v, approximate
z = t+xtanuv, i.e. radial lines. The curve v = 0 is the part of the x-axis 1 < x < o
(covered twice), whilst the curve v = 7 is its reflection in the z-axis. The curve

v =m1/2 is the z-axis.
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In Cartesian coordinates a general point and its derivatives with respect to u, v
and ¢ are given by

r = coshucosvcos¢i+ coshucosvsingj—+ sinhusinvk,

or . . S .

e = 5 = sinhucosvcos ¢i—+ sinhucosvsingj+ coshusinvk,
u
or . . S,

2= = —coshusinvcos ¢i— coshusinvsin¢j+ sinhucosvk,
v
or .. .

e3 = o0 = coshucosv(—sin ¢ i+ cos ¢j).

Now consider the scalar products:

e; - e, = sinh u cosv cosh u sin v(— cos? ¢ — sin® ¢+1)=0,
e - 3 = sinh u cos® v cosh u(— sin ¢ cos ¢ + sin ¢ cos ¢) = 0,

e, - e3 = cosh® usinv cos v(sin ¢ cos ¢ — sin ¢ cos ¢) = 0.
As each is zero, the system is an orthogonal one.

The scale factors are given by |e;| and are thus found from:

le;|> = sinh? u cos® v(cos? ¢ + sin’ ¢) + cosh? usin® v

= (cosh? u — 1) cos® v + cosh® u(1 — cos® v)
= cosh?u — cos?v;

les|* = cosh? usin? v(cos® ¢ + sin’ ¢) + sinh® ucos’ v
= cosh? u(1 — cos®v) + (cosh®u — 1) cos’v

= cosh’ u — cos’ v;

2 2

les|? = cosh? ucos® v(sin® ¢ + cos? ¢) = cosh® ucos® v.

The immediate deduction is that

1/2
2

h,=h, = (cosh2 u — cos’v) hy = coshucosuv.

An alternative form for h, and h, is (sinh? u + sin® v)'/2.

If a solution of Laplace’s equation is to be a function, yp(u), of u only, then all
differentiation with respect to v and ¢ can be ignored. The expression for V2y
reduces to

1 [0 (hhyo
2 vy 0P
V= by {é‘u ( h, w)]

= ) coshucosv .
cosh u cosv(cosh” u — cos?v) [ Ou du

Laplace’s equation itself is even simpler and reduces to

0 oy
ou (coshu 6u) =0.

174



VECTOR CALCULUS

This can be rewritten as

aop ko 2k 2ke"
Ou coshu e'4et 41’
Ae' du

dy p=Btan e +c.

T (e

This is the most general function of u only that satisfies Laplace’s equation.
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11

Line, surface and volume integrals

11.1 The vector field F is defined by
F = 2xzi + 2yz%j + (x* + 2y°z — Dk.

Calculate V x F and deduce that F can be written F = V¢. Determine the form

of ¢.

With F as given, we calculate the curl of F to see whether or not it is the zero
vector:

VXxF=(4yz—4yz, 2x—2x, 0—0)=0.
The fact that it is implies that F can be written as V¢ for some scalar ¢.

The form of ¢(x, y,z) is found by integrating, in turn, the components of F until
consistency is achieved, i.e. until a ¢ is found that has partial derivatives equal to
the corresponding components of F:

2xz =F, = qu = ¢(x,y,2) =xz+g(),2),
X

0
=F=, [¥z4e0a)] = g0.2)=y'2 +ha),

x> 4+2yz2—1=F, = aaz [x%z + %22 + h(z)]
= h(z)=—z+k
Hence, to within an unimportant constant, the form of ¢ is

d(x,y,2) = x*z + y?z* — z.
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11.3 A vector field F is given by F = xy?i+2j+xk and L is a path parameterised
by x =ct, y = c¢/t, z = d for the range 1 <t < 2. Evaluate the three integrals

(a) /Lth, (b) /Lde, (c) /LF-dr.

Although all three integrals are along the same path L, they are not necessarily
of the same type. The vector or scalar nature of the integral is determined by that
of the integrand when it is expressed in a form containing the infinitesimal dt.

(a) This is a vector integral and contains three separate integrations. We express
each of the integrands in terms of t, according to the parameterisation of the
integration path L, before integrating:

2 /03
/th:/ ( i+2j+ctk> dt
L 1 t

1 2
= {c3lnti+21j+ thzk}
1

=cn2i+2j+ ;ck.

(b) This is a similar vector integral but here we must also replace the infinitesimal
dy by the infinitesimal —c dt/t* before integrating:

23 —c
/Lde=/1 <t1+2j+ctk)(t2)dt

2

A2,
= Ltzl-i— t]—c lntk}1

4
=—3§ i—cj—cn2k.

(c) This is a scalar integral and before integrating we must take the scalar product
of F with dr = dxi+ dyj+ dzk to give a single integrand:

2 63 C
/F~dr=/ ( i+2j+ctk)~(ci— Li+0k)dt
L L\t t
[ (5-E)
\t
2
= {c“lnt—i—ztc]

=c*In2—c.

1
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11.5 Determine the point of intersection P, in the first quadrant, of the two ellipses
2 2 2 2

X . _ X o _

a2+b2_1 and b2+a2—1.
Taking b < a, consider the contour L that bounds the area in the first quadrant
that is common to the two ellipses. Show that the parts of L that lie along the
coordinate axes contribute nothing to the line integral around L of xdy — y dx.
Using a parameterisation of each ellipse of the general form x = X cos¢ and
y = Y sin ¢, evaluate the two remaining line integrals and hence find the total

area common to the two ellipses.

Note: The line integral of xdy — y dx around a general closed convex contour is
equal to twice the area enclosed by that contour.

From the symmetry of the equations under the interchange of x and y, the point
P must have x = y. Thus,

(1 1 ! ab
NpgTp)=t = YT @)

Denoting as curve C; the part of

that lies on the boundary of the common region, we parameterise it by x = acos 6;
and y = bsin ;. Curve C; starts from P and finishes on the y-axis. At P,

ab

a
:(a2+b2)1/2 = tan0; = .

acost; = x
b

It follows that 0 lies in the range tan~'(a/b) < 0; < n/2. Note that 0; is not the
angle between the x-axis and the line joining the origin O to the corresponding
point on the curve; for example, when the point is P itself then 0; = tan~' a/b,
whilst the line OP makes an angle of n/4 with the x-axis.

Similarly, referring to that part of

X2 y2

b2+a2:1

that lies on the boundary of the common region as curve C,, we parameterise it
by x = bcos0, and y = asin 0, with 0 < 0, < tan~!'(b/a).

On the x-axis, both y and dy are zero and the integrand, x dy — y dx, vanishes.
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Similarly, the integrand vanishes at all points on the y-axis. Hence,
I= %(xdy —ydx)
L
= / (xdy — ydx) +/ (xdy — ydx)
C2 Cl
tan—'(b/a
= / [ ab(cos 6, cos 0;) — ab sin 0,(— sin 6,) ] d6,
0
/2
+ / [ab(cos 0y cosB1) — absin 0{(— sin H1)] db,
tan~'(a/b)
b v a
_ -1 U
= ab tan ; + ab (2 tan b)
= 2abtan™!

As noted in the question, the area enclosed by L is equal to ; of this value, i.e.
the total common area in all four quadrants is

1 b
4 x _ x2abtan”'" = 4abtan™!
2 a

Note that if we let b — a then the two ellipses become identical circles and we
recover the expected value of na® for their common area.

11.7 Evaluate the line integral
I= 7{ [y(4x* + y?) dx + x(2x* + 3y%) dy]
c

around the ellipse x*/a> + y*/b* = 1.

As it stands this integral is complicated and, in fact, it is the sum of two integrals.
The form of the integrand, containing powers of x and y that can be differentiated
easily, makes this problem one to which Green’s theorem in a plane might usefully
be applied. The theorem states that

%(de%—Qdy) //(ax y)dxdy,

where C is a closed contour enclosing the convex region R.
In the notation used above,

P(x,y) = y(@x*+)?) and Q(x,y) = x(2x* + 3)?).
It follows that

op =4x*>+3y* and aQ=6xz—l-3y2,
dy X
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leading to
00 op
ox dy

This can now be substituted into Green’s theorem and the y-integration carried
out immediately as the integrand does not contain y. Hence,

I=//2x2dxdy
R
a 2 1/2
=/ 2x22b<1—x2) dx
—a a

0
= 4b/ a? cos? ¢ sin ¢ (—asin ¢ d¢p), on setting x = a cos ¢,
T

= 2x2.

0
= —ba’ / sin®(2¢) d¢p = L nba’.

In the final line we have used the standard result for the integral of the square of
a sinusoidal function.

11.9 A single-turn coil C of arbitrary shape is placed in a magnetic field B and
carries a current I. Show that the couple acting upon the coil can be written as

M=I/C(B~r)dr—I/CB(r~dr).

For a planar rectangular coil of sides 2a and 2b placed with its plane vertical
and at an angle ¢ to a uniform horizontal field B, show that M is, as expected,
4abBlI cos ¢ k.

For an arbitrarily shaped coil the total couple acting can only be found by
considering that on an infinitesimal element and then integrating this over the
whole coil. The force on an element dr of the coil is dF = I dr x B, and the
moment of this force about the origin is dM = r x F. Thus the total moment is
given by

szgrx(ldpr)
c

=17£(r-B)dr—17£B(r-dr).

To obtain this second form we have used the vector identity
ax((bxc)=(a-c)p—(a-b)c.

To determine the couple acting on the rectangular coil we work in Cartesian
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coordinates with the z-axis vertical and choose the orientation of axes in the
horizontal plane such that the edge of the rectangle of length 2a is in the
x-direction. Then

B = Bcos¢i+ Bsingj.

In the first term in M,
(i) for the horizontal sides

r=xitbk, dr=dxi, r-B=xBcosg,

/(r~B)dr=Bcos¢i</Zxdx+/a_axdx) =0;

(i1) for the vertical sides

r=+tai+zk, dr=dzk, r-B=+aBcosqo,

b —b
/(r-B)drchosqbk (/ (+a)dz+/ (—a)dz) = 4abB cos ¢ k.
—b b

For the second term in M, since the field is uniform it can be taken outside the
integral as a (vector) constant. On the horizontal sides the remaining integral is

/r-drzi/ xdx =0.

Similarly, the contribution from the vertical sides vanishes and the whole of the
second term contributes nothing in this particular configuration.

The total moment is thus 4abB cos ¢ k, as expected.

11.11 An axially symmetric solid body with its axis AB vertical is immersed in an
incompressible fluid of density po. Use the following method to show that, whatever
the shape of the body, for p = p(z) in cylindrical polars the Archimedean upthrust
is, as expected, pogV, where V is the volume of the body.

Express the vertical component of the resultant force (— [ pdS, where p is the
pressure) on the body in terms of an integral; note that p = —pogz and that for
an annular surface element of width dl, n-n, dl = —dp. Integrate by parts and use
the fact that p(z4) = p(zg) = 0.

We measure z negatively from the water’s surface z = 0 so that the hydrostatic
pressure is p = —pogz. By symmetry, there is no net horizontal force acting on
the body.
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The upward force, F, is due to the net vertical component of the hydrostatic
pressure acting upon the body’s surface:

F=—ﬁz~/pdS

— i+ [(pugz)2mpid),
where 2np dl is the area of the strip of surface lying between z and z + dz and n
is the outward unit normal to that surface.

Now, from geometry, i, - it is equal to minus the sine of the angle between dl and
dz and so i, - iidl is equal to —dp. Thus,

zp
F =2npog / pz(—dp)
Z4

ZB a
= —27rp0g/ (p 65) zdz
27°%8B zp 52
:—anog{[zpz} —/ /)2 dz}.

But p(z4) = p(zg) = 0, and so the first contribution vanishes, leaving
ZB 5
F = pog/ np~dz = pogV,
Z4

where V is the volume of the solid. This is the mathematical form of Archimedes’
principle. Of course, the result is also valid for a closed body of arbitrary shape,
p = p(z, p), but a different method would be needed to prove it.

11.13 A vector field a is given by —zxr—3i — zyr=3j + (x> + y?)r 3k, where r*> =
x?+ y? +z2. Establish that the field is conservative (a) by showing that V x a = 0,
and (b) by constructing its potential function ¢.

We are told that

zx, zy.

x2+2
i+ yk,

a=—
3

3 3

with 2 = x? + y? 4+ z2. We will need to differentiate r—> with respect to x, y and
z, using the chain rule, and so note that dr/dx = x/r, etc.
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(a) Consider V x a, term-by-term:

0 [x*+y? 0 [—zy
WXﬂ]X_&y( r3 )_6z<r3)
=3 4+yY)y 2y |y 3(ey)z

rtr +r3+r3_ rtr

— ) (_x2_y2+x2+y2+22_z2)=0;

0 [—zx 0 [x*+y?
[an]y=62<r3>_0x< r >

3(zx)z x 2x n 3(x? 4+ y?)x

rér I rér

— rS(Z _x2_y2_22+x2+y2)=o;

IV xa], = 0 <—zy) 0 (—ZX)

ox \ 13 /) oy \ 3
3zy)x  3(zx)y
— _ -0
r4r r4r

Thus all three components of V x a are zero, showing that a is a conservative
field.

(b) To construct its potential function we proceed as follows:

0¢ —zXx z

ox (X2 4 y2 + z2)3/2 = ¢ = (x2 + 2 4 2212 + f(y,2),
o _ —zy B —zy of B
Ay (242 H22B2 (X2 4 y2 4 22)32 + by f(y,z) = g(2),
o X242
0z (X242 42232
_ 1 n —zz L 02
= (Xz + yz + 22)1/2 (x2 + yz + 22)3/2 oz
=g(z) =c
Thus,
zZ z
(p(x)yaz) =c+ (X2 +y2+22)1/2 =c+ .

The very fact that we can construct a potential function ¢ = ¢(x,y,z) whose
derivatives are the components of the vector field shows that the field is conser-
vative.
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11.15 A force F(r) acts on a particle at r. In which of the following cases can F
be represented in terms of a potential? Where it can, find the potential.

r _ 2
(a) F=Fy i—j—2(x2y)r exp —r2>;
i a a
24 22 2
(b) F = I;O [zk—i— (x +ZZ a )r} exp <—22> :
[ a(r x k)
(C) F=F, k + 2 :|

(a) We first write the field entirely in terms of the Cartesian unit vectors using
r =xi+ yj—+ zk and then attempt to construct a suitable potential function ¢:

L. 2Azx— 2
F=F {1—]— (a2 y)r] exp(—a2>

= [(a2 —2x% 4 2xy) i + (—a® — 2xy +2y7)j

2
+  (—2xz +2yz)k] exp <— 22) .

Since the partial derivative of exp(—r?/a®) with respect to any Cartesian coordi-
nate u is exp(—r?/a®)(—2r/a*)(u/r), the z-component of F appears to be the most
straightforward to tackle first:

0

F, 2
= ag(—2xz+2yz)exp< : )

_aZ
2
= ¢(X,y,2) = FQ(X—y)CXp <_(’;2> +f(an/)

= ¢1(x,3,2) + f(x, ).

Next we examine the derivatives of ¢ = ¢ + f with respect to x and y to see
how closely they generate Fy and F):

a(/)l [ 7'2 r2 _2X
0x =Fo _exp (_a2> +(x —y)exp (_a2 2
F
= ag (a* — 2x* + 2xy) exp(—r’/a’) = F  (as given),

01 [ r? r? —2y
and oy =Fy _—exp <_a2) + (x — y)exp (_a2 2

F .
= ;)(—a2 —2xy + 2y exp(—r?/a*) = F, (as given).
a )
2
Thus, to within an arbitrary constant, ¢{(x,y,z) = Fo(x — y)exp <— 2) is a
a
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suitable potential function for the field, without the need for any additional
function f(x, y).

(b) We follow the same line of argument as in part (a). First, expressing F in
terms of i, j and Kk,

F 24,2 2 2
F=" zk+x +y2 ar]exp(—rz)
a a a

F . .
= ag [x(x* +y* —a)i+ (x> + ) — a*)j
2
+ z(x2+y2)k] expl{— , ),
a

and then constructing a possible potential function ¢. Again starting with the

Z-COmpOnent .
Oqﬁ F()Z r2
0 = 3 (xz + y2) eXp (_ 2 >
z a a

2
= $xrz)=— 002 4 ) exp (—’ ) f(xy)

2a a?
= ¢1(x,9,2) + f(x, ),
24,2 2
Then, 01 = _Fo 2x — 2x(x"+y7) exp ) = F, (as given),
0x 2a a? a?
¢y Fo 2y(x% + y?) r? _ .
and oy = 2a [2)} 2 exp 2= F, (as given).

2

F . . . .
Thus, ¢1(x,y,z) = . (x> + y*)exp —22 , as it stands, is a suitable potential

0
2a
function for F(r) and establishes the conservative nature of the field.
(c) Again we express F in Cartesian components:

a(r x k) ay. ax,

F=F0{k+ 2 ]Zrzl—rzj—}-k.

That the z-component of F has no dependence on y whilst its y-component does
depend upon z suggests that the x-component of V x F may not be zero. To test
this out we compute

ol 0 y—ax 2axz

- =0— 0,
oy 0z ( r2 ) r4 7
and find that it is not. To have even one component of V X F non-zero is sufficient

to show that F is not conservative and that no potential function can be found.
There is no point in searching further!

(VXF)x:

The same conclusion can be reached by considering the implication of F, = k,
namely that any possible potential function has to have the form ¢(x,y,z) =
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z + f(x,y). However, d¢/0x is known to be —ay/r* = —ay/(x* + y* + z?). This
yields a contradiction, as it requires df(x,y)/dx to depend on z, which is clearly
impossible.

11.17 The vector field £ has components yi — xj + k and y is a curve given
parametrically by

r=(a—c+ccosO)i+(b+csin0)j+c*0k, 0<0<2n

Describe the shape of the path y and show that the line integral f/ f - dr vanishes.
Does this result imply that f is a conservative field?

As 6 increases from 0 to 27, the x- and y-components of r vary sinusoidally and
in quadrature about fixed values a — ¢ and b. Both variations have amplitude ¢
and both return to their initial values when 6 = 2n. However, the z-component
increases monotonically from 0 to a value of 2mc?. The curve y is therefore one
loop of a circular spiral of radius ¢ and pitch 27n¢?. Its axis is parallel to the z-axis
and passes through the points (a — ¢, b, z).

The line element dr has components (—c sin 0 df, ¢ cos 0 df, ¢*> d0) and so the line

integral of f along y is given by

2n
/f~dr=/ [y(—csin0) — x(ccos0) + ¢*] dO
Y 0
2n
:/ [—c(b+ csin0)sin 0 — c(a — ¢ + ccos 0) cos 0 + 2] do
0
2n
:/ (—bcsin@—czsinzﬂ—c(a—c)cos@—c200529+c2) do
0
=0—nc? —0—nc* +2nc? = 0.

However, this does not imply that f is a conservative field since (i) y is not a
closed loop, and (ii) even if it were, the line integral has to vanish for every loop,
not just for a particular one.

Further,
Vxf=(0—-0,0—-0, —1—1)=(0, 0, =2) £ 0,
showing explicitly that f is not conservative.
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11.19 Evaluate the surface integral [ r - dS, where r is the position vector, over
that part of the surface z = a> —x* — y?* for which z > 0, by each of the following
methods.

2

(a) Parameterise the surface as x = asin0 cos ¢, y = asin0 sin ¢, z = a*> cos> 0,

and show that
r-dS = a*(2sin’® 0 cos 0 + cos’ 0 sin 0) dO d¢.

(b) Apply the divergence theorem to the volume bounded by the surface and the
plane z = 0.

(a) With x = asin0 cos¢, y = asin0 sin ¢, z = a*> cos” 0, we first check that this
does parameterise the surface appropriately:

a> —x* —y? = a*> — a*sin® O(cos’ ¢ + sin® ¢) = a*(1 — sin® 0) = a® cos® O = z.

We see that it does so for the relevant part of the surface, i.e. that which lies
above the plane z = 0 with 0 < 6 < =/2. It would not do so for the part with
z < 0 for which x? + y? has to be greater than a”; this is not catered for by the
given parameterisation.

Having carried out this check, we calculate expressions for dS and hence r - dS in
terms of 6 and ¢ as follows:

r =asinfcos¢i+ asindsin¢j+ a®cos® Ok,

and the tangent vectors at the point (6, ¢) on the surface are given by

0 S .
82 = acosfcosdpi+ acosfsingj— 24’ cosdsin Ok,
or . S . .
o0 = —asin0sin¢i+ asinOcos@j.
The corresponding vector element of surface area is thus
or Or
BS= 00" a9

= 24’ cos 0 sin® 0 cos ¢ i + 24> cos 0 sin® O sin ¢ j + a° cos O sin O k,
giving r - dS as

r - dS = 2a* cos 0 sin’ 0 cos® ¢ + 2a* cos 0 sin’ 0 sin” ¢ + a* cos® 0 sin 0

= 2a* cos 0sin’ 0 + a* cos’ 0sin 0.
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This is to be integrated over the ranges 0 < ¢ < 27 and 0 < 0 < 7/2 as follows:

2n /2
/r-dS:a4/ d¢/ (2sin® 0 cos 0 + cos® 0sin 0) d
0 0

/2

. 4 4 /2
0 —cos™ 0
— g 2sm
na<{4 . + 4 .

2 1 3na®
= 4 ==
= 2na (4+4) 5 -

(b) The divergence of the vector field r is 3, a constant, and so the surface integral
J r-dS taken over the complete surface X (including the part that lies in the plane
z = 0) is, by the divergence theorem, equal to three times the volume V of the
region bounded by X. Now,

2

a? a
V=/ npdz = / n(az—z)d2=7t(a4—éa )= éna“,
0 Jo

and so [;r-dS =3na*/2.

However, on the part of the surface lying in the plane z = 0, r = xi+ yj+ Ok,
whilst dS = —dS k. Consequently the scalar product r - dS = 0; in words, for any
point on this face its position vector is orthogonal to the normal to the face. The
surface integral over this face therefore contributes nothing to the total integral
and the value obtained is that due to the curved surface alone, in agreement with
the result in (a).

11.21 Use the result

/I/qudV:?idde,

together with an appropriately chosen scalar function ¢, to prove that the position
vector T of the centre of mass of an arbitrarily shaped body of volume V and

uniform density can be written
1
= ]! 1.2
r= r-ds.
vV J?

The position vector of the centre of mass is defined by

f/pdV:/rpdV.
14 14

Now, we note that r can be written as V(;rz). Thus, cancelling the constant p, we
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have

fV:/V(;rz)an=f;r2ds
14 S

1
= V}éérzds.

This result provides an alternative method of finding the centre of mass zk of
the uniform hemisphere r = a, 0 < 0 < n/2, 0 < ¢ < 2xn. The curved surface
contributes 3a/4 to z and the plane surface contributes —3a/8, giving z = 3a/8.

]|

=

11.23 Demonstrate the validity of the divergence theorem:

(a) by calculating the flux of the vector
or
= (12 + a2)3/2

through the spherical surface |r| = \/3a;
(b) by showing that
3oa®
V . F = (r2 + a2)5/2
and evaluating the volume integral of V - F over the interior of the sphere
Ir| = \/3a. The substitution r = atan 0 will prove useful in carrying out the
integration.

(a) The field is radial with
ar ar
(2 + a2 = (2 + a2

The total flux is therefore given by

dnror

_ _ dna’ 0 3./3 _ 3./3na
(r2 + a2)3/2 .

8a3 2

r=a\/‘3
(b) From the divergrence theorem, the total flux over the surface of the sphere is
equal to the volume integral of its divergence within the sphere. The divergence

is given by
2
V.F— 1 a(rzFr)_ 10 <( reor >

r2 or Cr20r \(r2+ a2’
1 3or? 3o
TR+ a2 (124 a?)32
3oa?

T+ a2y
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and on integrating over the sphere, we have

Ve 3g42
/V~FdV=/ = 4rnr? dr, setr=atan0,0<0 < 7%,
14 0 r

+ a2)3/2
w3 2 2 2
=127umz/ a ‘[al}5 Bczsec Hdﬂ
0 a’ sec’ 0
/3
= 127w/ sin® 0 cos 0 dO
0
sin® 01" 3 33
= 12na [ } = 12na g = 2 as in (a).
0

The equality of the results in parts (a) and (b) is in accordance with the divergence
theorem.

11.25 In a uniform conducting medium with unit relative permittivity, charge den-
sity p, current density J, electric field E and magnetic field B, Maxwell’s electro-
magnetic equations take the form (with poeg = ¢=2)

(i V-B=0, (ii) V-E = p/eo,
([iii) VXE+B =0, (iv) VxB—(E/c?) = puoJ.

The density of stored energy in the medium is given by ;(eoE2 + ug'B?). Show
that the rate of change of the total stored energy in a volume V is equal to

1
—/J-EdV— %(ExBde,
v Ho Js

where S is the surface bounding V.

[ The first integral gives the ohmic heating loss, whilst the second gives the electro-
magnetic energy flux out of the bounding surface. The vector ug'(E x B) is known
as the Poynting vector. ]

The total stored energy is equal to the volume integral of the energy density. Let
R be its rate of change. Then, differentiating under the integral sign, we have

d €0 2 1 2
R = E B° | dV
dt/v(z +2/10
=/ <60E.E+ 113.~B> dv.
Jv Ho
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Now using (iv) and (iii), we have

1
R=/ [eoE-(—,uoch—l-cszB)— B-(VXE)] dv
14

Ho

=—/E~JdV—|—/ {eoczE.(VxB)— L B~(V><E)] v
|4 v Ho

1
=—/E-JdV— /V-(ExB)dV
v Ho Jv

= —/ E-JdV — lll j{(E x B)-dS, by the divergence theorem.
14 0.Js

To obtain the penultimate line we used the vector identity

V-(axb)=b-(Vxa)—a-(Vxbh).

11.27 The vector field F is given by
F = 3x%yz 4+ y’z + xe )i+ (3xy%z + X3z + ye)j + (x°y + y*x + xp*z°)k.

Calculate (a) directly, and (b) by using Stokes’ theorem the value of the line integral
fL F-dr, where L is the (three-dimensional ) closed contour OABCDEQ defined by
the successive vertices (0,0,0), (1,0,0), (1,0,1), (1,1,1), (1,1,0), (0,1,0), (0,0,0).

(a) This calculation is a piece-wise evaluation of the line integral, made up of
a series of scalar products of the length of a straight piece of the contour and
the component of F parallel to it (integrated if that component varies along the
particular straight section).

On 04, y=z=0and Fy = xe™;

1 1
I, =/ xe Ydx = [—xe*x]é +/ e Ndx=1—2¢"".
0 0
On AB, x =1 and y = 0 and F, = 0; the integral I, is zero.
On BC,x=1andz=1and F, =3y>+ 1 +ey;

1
13=/(3y2+1+ey)dy=1+1+§e.
0
OnCD,x=1andy=1and F. =1+ 1+ 2%;
0
14=/(1+1+22)dz=—1—1—§.
1
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On DE,y=1and z =0 and F, = xe™¥;
0
I5=/ xe ¥ dx = —142¢7!
1

On EO, x =z =0 and F, = ye’;

0
I =/ ye®dy = —;.
1

Adding up these six contributions shows that the complete line integral has the

value ¢ _
2 6

(b) As a simple sketch shows, the given contour is three-dimensional. However,
it is equivalent to two plane square contours, one OADEO (denoted by S;) lying
in the plane z = 0 and the other ABCDA (S,) lying in the plane x = 1; the
latter is traversed in the negative sense. The common segment 4D does not form
part of the original contour but, as it is traversed in opposite senses in the two
constituent contours, it (correctly) contributes nothing to the line integral.

To use Stokes’ theorem we first need to calculate

(Vx F)y = x* + 3)°x + 2yxz? — 3>cy2 —x’ = 2yxz2

(VxF), =3x%y + 17 —3x%y — P —)y?2? = —y?2

(V x F)., = 3y%z + 3x%z + ye* — 3x%z — 3)%z = ye*.
Now, S; has its normal in the positive z-direction and so only the z-component
of V X F is needed in the first surface integral of Stokes’ theorem. Likewise only

the x-component of V x F is needed in the second integral, but its value must be
subtracted because of the sense in which its contour is traversed:

/ (VXF)-dr= (VXF) dxdy — /(VxF)xdydz
0ABCDEO

//ye dxdy — //2y><1><z dydz

J11_e s
_2(8_1) 23° 27 6

As they must, the two methods give the same value.
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Fourier series

12.1 Prove the orthogonality relations that form the basis of the Fourier series
representation of functions.

All of the results are based on the values of the integrals

Xo+L 2 xo+L 2
S(n)=/ sin( X dx and C(n)z/ cos( nx dx
X0 L X0 L

for integer values of n. Since in all cases with n > 1 the integrand goes through
a whole number of complete cycles, the ‘area under the curve’ is zero. For the
case n = 0, the integrand in S(n) is zero and so therefore is S(0); for C(0) the
integrand is unity and the value of C(0) is L.

We now apply these observations to integrals whose integrands are the products
of two sinusoidal functions with arguments that are multiples of a fundamental
frequency. The integration interval is equal to the period of that fundamental
frequency. To express the integrands in suitable forms, repeated use will be made
of the expressions for the sums and differences of sinusoidal functions.

We consider first the product of a sine function and a cosine function:

Xo+L 21rx 2npx
I =/ sin( )cos< )
“ L L
_ /-‘0“1 in 2n(r 4 p)x + sin 2n(r — p)x I
e 2 L L

= ;[S(r +p)+ S —p)] =0, for all r and p.
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Next, we consider the product of two cosines:

Xo+L 2mrx 2npx
I, = / coSs ( > cos ( >
o L L
XL q 2n(r + p)x 2n(r — p)x
—/xo 2[cos( L >+cos< L )] dx

1
= [Cr+p)+Cr—p) =0,

unless r = p > 0 when I, = ;L. If r and p are both zero, then the integrand is
unity and I, = L.

Finally, for the product of two sine functions:

xo+L
I = / sin (2nrx) sin (2npx)
. L L
_ /XOH 1 cos 2n(r —p)x\ cos 2n(r + p)x I
e 2 L L

1
=,[Cr=p) = Clr+p] =0

unless r = p > 0 when I3 = ;L. If either of r and p is zero, then the integrand is
zero and Iz = 0.

In summary, all of the integrals have zero value except for those in which the
integrand is the square of a single sinusoid. In these cases the integral has value
;L for all integers r (= p) that are > 0. For r (= p) equal to zero, the sin® integral
has value zero and the cos’ integral has value L.

12.3 Which of the following functions of x could be represented by a Fourier
series over the range indicated?

(a) tanh™!(x), —00 < x < 00;
(b) tanx, —0 < x < 005
(c) |sinx|~1/2, —00 < X < 00
(d) cos™!(sin 2x), —00 < X < 00;
(e) xsin(1/x), —n~ ! < x < n!, eyclically repeated.

The Dirichlet conditions that a function must satisfy before it can be represented
by a Fourier series are:

(i) the function must be periodic;
(i1) it must be single-valued and continuous, except possibly at a finite number
of finite discontinuities;
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(iii) it must have only a finite number of maxima and minima within one
period;
(iv) the integral over one period of [f(x)| must converge.

We now test the given functions against these:

(a) tanh~!(x) is not a periodic function, since it is only defined for —1 < x < 1
and changes (monotonically) from —oo to 400 as x varies over this restricted
range. This function therefore fails condition (i) and cannot be represented as a
Fourier series.

(b) tanx is a periodic function but its discontinuities are not finite, nor is its
absolute modulus integrable. It therefore fails tests (ii) and (iv) and cannot be
represented as a Fourier series.

(c) |sinx|~'/? is a periodic function of period 7 and, although it becomes infinite
at x = nn, there are no infinite discontinuities. Near x = 0, say, it behaves
as |x|7'/? and its absolute modulus is therefore integrable. There is only one
minimum in any one period. The function therefore satisfies all four Dirichlet
conditions and can be represented as a Fourier series.

(d) cos™!(sin2x) is clearly a multi-valued function and fails condition (ii); it
cannot be represented as a Fourier series.

(e) xsin(1/x), for —n~! < x < n~! (cyclically repeated) is clearly cyclic (by

definition), continuous, bounded, single-valued and integrable. However, since
sin(1/x) oscillates with unlimited frequency near x = 0, there are an infinite
number of maxima and minima in any region enclosing x = 0. Condition (iii) is
therefore not satisfied and the function cannot be represented as a Fourier series.

12.5 Find the Fourier series of the function f(x) = x in the range —n < x < 7.
Hence show that

This is an odd function in x and so a sine series with period 27 is appropriate.
The coefficient of sinnx will be given by

2 T
b, = / x sin nx dx
2n

—T

1 xcosnx 1™ T cosnx
27[{[_ n ]_W+Ln n dx}
! {_n(—l)”—(—n)(—l)“ +0} 2=y

T n n
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0 (_l)n-&-l
Thus x=f(x)=2 sin nx.
: fo=23""
n=1
We note in passing that although this series is convergent, as it must be, it has
poor (i.e. n~') convergence; this can be put down to the periodic version of the
function having a discontinuity (of 27) at the end of each basic period.

To obtain the sum of a series from such a Fourier representation, we must make
a judicious choice for the value of x — making such a choice is rather more of an
art than a science! Here, setting x = /2 gives

n L (—=1)"*sin(nn/2)
) =2 2

n
n=1

n+1 (_1)(;1—1)/2)

(=1
=2 Z . ,

nodd

12.7 For the function
f(x)=1-—x, 0<x<1,

a Fourier sine series can be found by continuing it in the range —1 < x < 0 as
f(x) = —1—x. The function thus has a discontinuity of 2 at x = 0. The series is

l_x:f(x):izsin:nx_ (*)
n=1

In order to obtain a cosine series, the continuation has to be f(x) = 1+ x in
the range —1 < x < 0. The function then has no discontinuity at x = 0 and the
corresponding series is

1 4 COSNmXx
1—x=f(x)=2+nzz N
nodd

For these continued functions and series, consider (1) their derivatives and (ii) their
integrals. Do they give meaningful equations? You will probably find it helpful to
sketch all the functions involved.

(i) Derivatives

(a) The sine series. With the continuation given, the derivative df/dx has the
value —1 everywhere, except at the origin where the function is not defined
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(though f(0) = 0 seems the only possible choice), continuous or differentiable.
Differentiating the given series (*) for f(x) yields

df =
=2 § : .
dx cosnmx

n=1
This series does not converge and the equation is not meaningful.
(b) The cosine series. With the stated continuation for f(x) the derivative is +1

for —1 < x <0 andis —1 for 0 < x < 1. It is thus the negative of an odd (about
x = 0) unit square-wave, whose Fourier series is

4 Z sin nx
T n
nodd
This is confirmed by differentiating (*#*) term by term to obtain the same result:

df 4 Z —n7 sin nmx 4 Z sin nmx
dx 2 n? oo n
nodd nodd

(i) Integrals
Since integrals contain an arbitrary constant of integration, we will define F(—1) =
0, where F(x) is the indefinite integral of f(x).

(a) The sine series. For —1 < x <0,

X

Fux)=F(—-1)+ [1(—1 —X)dx =—x— ;xz — é

ForO0<x <1,
Fa(x):F(O)—}—/'(l—x)dx:—é—i—[x—%xz]gzx—éxz—é.
0

This is a continuous function and, like all indefinite integrals, is ‘smoother’ than
the function from which it is derived; this latter property will be reflected in the
improved convergence of the derived series. Integrating term by term we find that
its Fourier series is given by

Fox) = 2 /“" zoo: sin nx’ i
a o T 1n=1 n

o0
2 Z cosnnx' |7
T n?

n=1 -1

2 “ (—1)" — cos nmx
=22
n=1

o0
1 2 Z COSNMX
6 =2 n

n=1
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a series that has n=2 convergence. Here we have used the result that Y7 (—1)'n™2 =

—n%/12.

(b) The cosine series. The corresponding indefinite integral in this case is

Fpx)=x+3x>4+1 for —1<x<0,

=X
Fyx)=x—1x>+1 for 0<x<1,

and the corresponding integrated series, which has even better convergence (n™?),
is given by

1 4 sin nmx
2(x+1)+n3z -
nodd

However, to have a true Fourier series expression, we must substitute a Fourier
series for the x/2 term that arises from integrating the constant (;) in (**). This
series must be that for x/2 across the complete range —1 < x < 1, and so neither
(*) nor (**) can be rearranged for the purpose. A straightforward calculation (see
exercise 12.25 part (b), if necessary) yields the poorly convergent sine series

© (_1)n+1

x=2 sin nmx,

nm
n=1

and makes the final expression for F(x)
Ry (L 4 sinnmx
2+Z . s1nnnx+n3z B
n=1 nodd
As will be apparent from a simple sketch, the first series in the above expression

dominates; all of its terms are present and it has only n~! convergence. The

second series has alternate terms missing and its convergence ~ n>.

12.9 Find the Fourier coefficients in the expansion of f(x) = exp x over the range
—1 < x < 1. What value will the expansion have when x = 27

Since the Fourier series will have period 2, we can say immediately that at x =2
the series will converge to the value it has at x = 0, namely 1.

As the function f(x) = exp x is neither even nor odd, its Fourier series will contain

198



FOURIER SERIES

both sine and cosine terms. The cosine coefficients are given by

2 1
a, = 2/ e* cos(nmx) dx
—1

1
= [cos(nmx) ex]l_l +/ nm sin(nmx) e* dx
-1

= (=1)"(e' — e ) + [nn sin(nnx)e¥ ]!,

1
—/ n’n? cos(nmx) e* dx
-1

=2(—1)"sinh 1 — n’n’ay,
2(—1)"sinh 1
1+ n?n?

Similarly, the sine coefficients are given by

= an=

7
b, = / e* sin(nmx) dx
2J4

1
= [sin(nmx) e'\']lf1 —/ nm cos(nmx)e* dx
-1

1
=0+ [—n=n cos(nmx) ex]il —/ n’n? sin(nmx) e* dx
-1

= 2(—=1)"'nzsinh 1 — n’n®b,,

2(=1)"*'nm sinh 1

= b= 14+ n2n2

12.11 Consider the function f(x) = exp(—x?) in the range 0 < x < 1. Show how
it should be continued to give as its Fourier series a series (the actual form is not
wanted ) (a) with only cosine terms, (b) with only sine terms, (c) with period 1 and
(d) with period 2.

Would there be any difference between the values of the last two series at (i) x = 0,
(i) x =1?

The function and its four continuations are shown as (a)—(d) in figure 12.1. Note
that in the range 0 < x < 1, all four graphs are identical.

Where a continued function has a discontinuity at the ends of its basic period, the
series will yield a value at those end-points that is the average of the function’s
values on the two sides of the discontinuity. Thus for continuation (c) both (i)
x = 0 and (ii)) x = 1 are end-points, and the value of the series there will be
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(a) (b) (c) (d)

Figure 12.1 The solution to exercise 12.11, showing the continuations of
exp(—x?) in 0 < x < 1 to give: (a) cosine terms only; (b) sine terms only; (c)
period 1; (d) period 2.

(1 + e~1)/2. For continuation (d), x = 0 is an end-point, and the series will have

value ;(1 + ¢™*). However, x = 1 is not a point of discontinuity, and the series
will have the expected value of e~ !.

12.13 Consider the representation as a Fourier series of the displacement of a
string lying in the interval 0 < x < L and fixed at its ends, when it is pulled aside

by yo at the point x = L/4. Sketch the continuations for the region outside the
interval that will

(a) produce a series of period L,

(b) produce a series that is antisymmetric about x = 0, and

(c) produce a series that will contain only cosine terms.

(d) What are (i) the periods of the series in (b) and (c) and (ii) the value of the
‘agp-term’ in (c)?

(e) Show that a typical term of the series obtained in (b) is

32y sin nm sin nTx
3n2n? 4 L~

Parts (a), (b) and (c) of figure 12.2 show the three required continuations. Con-
dition (b) will result in a series containing only sine terms, whilst condition (c)
requires the continued function to be symmetric about x = 0.

(d) (i) The period in both cases, (b) and (c), is clearly 2L.
(ii) The average value of the displacement is found from ‘the area under the
triangular curve’ to be (éLyo)/ L= ; yo, and this is the value of the ‘ap-term’.

(e) For the antisymmetric continuation there will be no cosine terms. The sine

200



FOURIER SERIES

0 L
(a)
= 0 L \ 2L
(b)
: ; i i
(c)
- 0 . i

Figure 12.2 Plucked string with fixed ends: (a)—(c) show possible mathemat-
ical continuations; (b) is antisymmetric about 0 and (c) is symmetric.

term coefficients (for a period of 2L) are given by

L
b, =2 22L / f(x)sin(nkx)dx, where k =2n/2L = n/L,
0

2y | [Mrax Lra ax\ .
=7 l/o L sm(nkx)dx-l—/L/4 37 3L sin(nkx) dx

8y() L/4 L

= .72 / 3x sin(nkx) dx + / (L — x) sin(nkx) dx
3L% | Jo L/4
8y 3x cos(nkx) L/4 /L/4 3 cos(nkx)

= — + dx
312 nk 0 0 nk

L L L
n {_L cos(nkx) } n { x cos(nkx) } _ / cos(nkx) i\
nk L/4 nk L Jua Tk

Integrating by parts then yields

b = 8yo{ 3L cos(nm/4) 0 [3sin(nkx)}”4 L cos(nm)
T\ N N

4n(n/L) n2k?2 0 n(n/L)
Lcos(nm/4)  Lcos(nm)  Lcos(nm/4) {sin(nkx) } L
n(n/L) n(r/L) 4n(n/L) n2k? L/4

8y [3L?sin(nm/4) B L? sin(nm) N L?sin(nn/4)] _ 32y0 . (nn)
- 312 n2n2 n2m? n?n? R 4
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A typical term is therefore

32y sin (nn) sin <nnx)
3n2n2 4 L/

We note that every fourth term (n = 4m with m an integer) will be missing.

12.15 The Fourier series for the function y(x) = |x| in the range —t < x < 7 is
T 4 zoc: cos(2m + 1)x
b

v =, Lo (2m+ 1)

By integrating this equation term by term from 0 to x, find the function g(x) whose

Fourier series is
Z sin(2m + 1)x
2m+1)3

Using these results, determine, as far as possible by inspection, the form of the
functions of which the following are the Fourier series:

(a)

1 1
cos 0 + 9c0s30—|— 25 cos50 + -+ ;

. 1 . |
sin 0 + 7 sin 360 + 125 sin50 + - - - ;

L> 412 cos ™ 1 cos 2nx N 1 cos 3nx
3 72 L 4 L 9 L

[ You may find it helpful to first set x = 0 in the quoted result and so obtain values
for So =S (2m + 1)72 and other sums derivable from it.]

First, define

S = Z n2, So=2n’2, Se = Z n2.

all n#0 odd n even n#0
Clearly, S, = }‘S .
Now set x = 0 in the quoted result to obtain
T4 1 n
0= — - S,.
2 mZO (2m + 1)? T2 g
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Thus, S, = n?/8. Further, S = S, + S. = S, + ,S; it follows that S = n?/6 and,
by subtraction, that S, = n?/24.

We now consider the integral of y(x) = |x| from 0 to x.

()Forx<0/|x|dx—/( )dxz—;xz.
0

X

(i) Forx>0,/ |x|dx:/ xdx:;xz.
0

0
Integrating the series term by term gives
Z sin(2m + 1
(2m + 1
Equating these two results and isolating the series gives

@m4+1p3 2
= éx(n+x) for x < 0.

Z sin(2m + 1)x Ly(n

—x) for x > 0,

Questions (a)—(c) are to be solved largely through inspection and so detailed
working is not (cannot be) given.

(a) Straightforward substitution of 0 for x and rearrangement of the original
Fourier series give g1(0) = n(in —|0)).
(b) Straightforward substitution of 6 for x and rearrangement of the integrated
Fourier series give g,(0) = 8n0(n —101).

(c) This contains only cosine terms and is therefore an even function of x. Its
average value (given by the ay term) is ;Lz. Setting x = 0 gives

2 2
P (1_1+;_”_)

3 w2 4
L2 412
= 3 - 7T2 (SO - SC)

_L2 412 [ n? 72 —0
T3 72 \ 8 24) 7

= ()

12 4172
T3 (=5) =17

All of this evidence suggests that f(x) = x> (which it is).

Setting x = L gives
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12.17 Find the (real) Fourier series of period 2 for f(x) = coshx and g(x) = x>
in the range —1 < x < 1. By integrating the series for f(x) twice, prove that

2‘”: (—1)rt! 1 15
— n*r2(n’r? + 1) “2\sinh 1 6)°

Since both functions are even, we need consider only constants and cosine terms.
The series for x> can be calculated directly or, more easily, by using the result of
the final part of exercise 12.15 with L set equal to 1:

_1\n
(x)=x"= o ) cosmnx for —1 < x < 1.
g n2

n=1

For f(x) = coshXx,

2 1
ap = 22/ cosh x dx = 2sinh(1),
0

2 1
ay, = ) 2/ cosh x cos(nmx) dx
0

. 1 . .
_> {coshxsm(nnx)} _ 2/ sinh x sin(nmx) i
nm 0 0 nmw

. 1
sinh x cos(nnx) ay
n?m?

=0+2 [ Ryre
Rearranging this gives

o= (—1)"2sinh(1)
" 14 n2r?

Thus,

n=1

cosh x = sinh(1) <1 +2 Z 14 1) , €os nnx) .

We now integrate this expansion twice from O to x (anticipating that we will
recover a hyperbolic cosine function plus some additional terms). Since sinh(0) =
sin(mn0) = 0, the first integration yields

—1)"
sinh x = sinh(1) (x +2 Z i ( e LGz) sin nnx) .

n=1

For the second integration we use cosh(0) = cos(mn0) = 1 to obtain

cosh(x) — 1 = sinh(1) <2x +2 Z 2 2(11—):“2 2 [cos(nmx) — 1])
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However, this expansion must be the same as the original expansion for cosh(x)
after a Fourier series has been substituted for the é sinh(1)x? term. The coefficients
of cosnnx in the two expressions must be equal; in particular, the equality of the
constant terms (formally cos nmx with n = 0) requires that

(_1)n+2

. T B
sinh(1) — 1 = ) sinh(1) 3 +2smh(1); n2r2(1 + n2m2)’

Le.
i (G VAR RV 5
— nn2(m’n2+1) 2 \sinh1 6)°

as stated in the question.

12.19 Demonstrate explicitly for the odd (about x = 0) square-wave function
that Parseval’s theorem is valid. You will need to use the relationship

i 1 _n2
— (2m+1)>  8°

m=0

Show that a filter that transmits frequencies only up to 8n/T will still transmit
more than 90% of the power in a square-wave voltage signal of period T.

As stated in the solution to exercise 12.7, and in virtually every textbook, the
odd square-wave function has only the odd harmonics present in its Fourier sine
series representation. The coefficient of the sin(2m + 1)nx term is
4
b = .
2m+1 (2m + 1)7_[

For a periodic function of period L whose complex Fourier coefficients are c,, or
whose cosine and sine coefficients are a, and b,, respectively, Parseval’s theorem
for one function states that

[ rra= 3 e

X0 r=—o0

= (Jao)” + 1 Y (@ + ),

r=1

and therefore requires in this particular case, in which all the a, are zero and
L =2, that

1< 16 _1°°b2_1 ! Pdx =1
2;}(2171—1-1)2712_2; n= o ) IEIFdx=1.
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Since

2

1
,;) Qm+12 ~ 8’

this reduces to the identity

116 n? _1

22 8 '
The power at any particular frequency in an electrical signal is proportional to
the square of the amplitude at that frequency, ie. to |b,|* in the present case. If
the filter passes only frequencies up to 8n/T = 4w, then only the n = 1 and the
n = 3 components will be passed. They contribute a fraction

1 1 72
= =0.901
<1 + 9> g 0.90
of the total, i.e. more than 90%.

12.21 Find the complex Fourier series for the periodic function of period 2m
defined in the range —n < x < m by y(x) = coshx. By setting x = 0 prove

that
NS DL VA -
;n2+1_2(sinhn_1)'

We first note that, although cosh x is an even function of x, e~ is neither even
nor odd. Consequently it will not be possible to convert the integral into one
over the range 0 < x < w. The complex Fourier coefficients ¢, (—oo0 < n < o0) are
therefore calculated as

1 (7 '
Ch = 2n / coshx e ™ dx

n 1 )
/ 5 71nx+x+eflnx7x) dX

e(l in)x1 ™ 1 e(—l—in)x n
" [1 N [
1 (1 +in)(—1)"(2sinh ) — (1 — in)(—1)"(—2sinh )
1+ n?
_ (—1)”4 sinh(r)
4r(1 + n?)
Thus,

(=1)"sinhnm
coshx = Z (1 + ) e,

n=—0o0
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We now set x = 0 on both sides of the equation:

o0

(—1)"sinh
1 =
2w
i ( 1)” n
1+n2  sinhn’

n=—0o0

Separating out the n = 0 term, and noting that (—1)" = (—1)™", now gives
o0
(=" n
142 = .
+ ; 1+n* sinh=n

and hence the stated result.

12.23 The complex Fourier series for the periodic function generated by f(t) =
sint for 0 <t < n/2, and repeated in every subsequent interval of n/2, is

2 &K dni—1 g,

sin(t) = n 2 1672 — 1 e

Apply Parseval’s theorem to this series and so derive a value for the sum of the

series
17 65 145 16n> + 1

ase T3 T ame T T dew — 1y

Applying Parseval’s theorem (see solution 12.19) in a straightforward manner to
the given equation:

2 (2, 4 K dni—1 —4ni—1
in“(t) dt
n/o 0= 24 g1 1em— 1

21n 4 Z"O: 16n+1
22 w2 &= (160 —
0

2 1612 + 1
142
g — ; (1612 — 1)2°

o1 +1 nr—8
= =
— (16n2 —1)2 16
To obtain the second line we have used the standard result that the average value
of the square of a sinusoid is 1/2.
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12.25 Show that Parseval’s theorem for two real functions whose Fourier expan-
sions have cosine and sine coefficients a,, b, and o, f, takes the form

I . 1 1<
L s = o+ s Dt b

(a) Demonstrate that for g(x) = sinmx or cosmx this reduces to the definition
of the Fourier coefficients.

(b) Explicitly verify the above result for the case in which f(x) = x and g(x) is
the square-wave function, both in the interval —1 < x < 1.

If ¢, and y, are the complex Fourier coefficients for the real functions f(x) and
g(x) that have real Fourier coefficients a,, b, and «,, f,, respectively, then

Cp = é(an - ibn) and Yn = 0p — iﬁn’
Cp= ;(an + lbn) and Y—n = O + iﬁn-

The two functions can be written as

_ i . ex 2minx
- n p L )

o .
_ Z ox 2ninx (*)
. Yn €XP L .

Thus,
“(x) = Z g (x) exp <2m'nx>
g n=—0uo0 ng L .

Integrating this equation with respect to x over the interval (0, L) and dividing
by L, we find

/ f(x)g"(x)dx = Z Cn / x) exp (27t£nx> i

n=—00
o0

L . *
Z Cn {i/ g(x)exp <—27£mx> dx}
0

n=—00

-~
N *
§ Cn'Yp-

n=—o0

To obtain the last line we have used the inverse of relationship (*).

Dividing up the sum over all n into a sum over positive n, a sum over negative n
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and the n = 0 term, and then substituting for ¢, and y,, gives

/ P (0 = & (e — it + 18,

nl

S . o
+ 4 Z(an + lbn)(an - lﬁn) + 4a00(0

n=1
0

1 1
=4 > (Qane, + 2b,p) + 4 0%

n=1

1 & 1
= ) Z(an“n + bufn) + 461()06(),

n=1

i.e. the stated result.

(a) For g(x) = sinmx, f§,, = 1 and all other «,, and f§,, are zero. The above equation
then reduces to

1t , 1

L /0 f(x)sin(mx) dx = 2bn,
which is the normal definition of b,. Similarly, setting g(x) = cos mx leads to the
normal definition of a,,.
(b) For the function f(x) = x in the interval —1 < x < 1, the sine coefficients are

2 1
b, = / x sinnmx dx
2/

1
2 / xsinnmx dx
0
—x cos nnx 1 U cosnmx
+ dx
0 0 nm

1
"‘H sm nTX
=2 n2n2
0

_ 2(_1)n+l
onm

2

As stated in exercise 12.19, for the (antisymmetric) square-wave function f, =
4/(nrn) for odd n and B, = 0 for even n.

Now the integral

L 0 1
114/0 f(x)g" (x)dx = ; {/1(—1)xdx+/o (—i—l)xdx} = ;,

4 2—1y*+ 4 1 42 1
Zbﬁn—zz nn nzznzznzgzz'

nodd nodd

whilst
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The value of the sum " n~2 for odd n is taken from S, in the solution to exercise
12.15. Thus, the two sides of the equation agree, verifying the validity of Parseval’s
theorem in this case.
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Integral transforms

13.1 Find the Fourier transform of the function f(t) = exp(—|t|).

(a) By applying Fourier’s inversion theorem prove that

i “ cos wt
) exp(—|t]) = /o 1+ o2 dw.

(b) By making the substitution @ = tan 6, demonstrate the validity of Parseval’s
theorem for this function.

As the function |t | is not representable by the same integrable function through-
out the integration range, we must divide the range into two sections and use
different explicit expressions for the integrand in each:

flw) = \/12n /_Z e gm0t gy

1 0 1 0
— / e—(1+iw)t dt + / e(l—iw)t dt
\/27'5 0 \/27'5 —0
1 bt
L U tio  1T—io
1

B 2
B \/27'5 1+ w?
(a) Substituting this result into the inversion theorem gives

expfl t — it

1 /%“ 2
V271 = 21(1 + 02)

Equating the real parts on the two sides of this equation and noting that the
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resulting integrand is symmetric in ®, shows that

ox _‘,‘_2/oc coswt
P mn e 400

(b) For Parseval’s theorem, which states that

/_ I de = /_ ) do,

© 0 0
/ |f(t)\2dt=/ e2ldt+/0 e dt
=2/ e 2 dt
0

as given in the question.

we first evaluate

—2t o0
=2 {e } =1.
-2 |,
The second integral, over w, is
o0 - o0 2
/_OO |f (@) do> = 2/0 2( + w2 dw, set w equal to tan 0,
4 (2 1
= / 4 sec’ 0 do
w Jo sectf

4 [, 41n
= 0do = =1
ﬁ/o cos” 0d . ,

i.e. the same as the first one, thus verifying the theorem for this function.

13.3 Find the Fourier transform of H(x — a)e ", where H(x) is the Heaviside
function.

The Heaviside function H(x) has value 0 for x < 0 and value 1 for x > 0. Write
H(x — a)e™™ = h(x) with b assumed > 0. Then,

- 1 o .
h(k) = / H(x — a)e ™ e gx
W= ) Hx=a

1 —bx—ik
= e T dx
\/2713 /a

1 e—bx—ikx ©
- \/27'5 |:_b - lk:| a
_ 1 e—hae—ika _ e—iku e—ba b —ik
S 2w b+ik T ar bk
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This same result could be obtained by setting y = x — a, finding the transform of
e P4e7bv and then using the translation property of Fourier transforms.

13.5 By taking the Fourier transform of the equation

&
o — K% = f(x)
show that its solution, ¢(x), can be written as
© eikx?(k)

d(x) = dk,

\/2 o k*+ K2

where f(k) is the Fourier transform of f(x).

We take the Fourier transform of each term of

¢

dx?

o g2 0
1 d (f e—ikx dx — Kz(ﬁ(k) — 1 f(x) e—ikx dx.
\/27'5 —0 dx \/27'5 J—0

Since ¢ must vanish at +oo, the first term can be integrated twice by parts with
no contributions at the end-points. This gives the full equation as

—K*¢=f(x)

to give

—k>p(k) — K*(k) = f(k

Now, by the Fourier inversion theorem,

_ 1 oy ikx
o= / e

1 o0 ]'?(k) eikx ik
\/27'5 o KT+ K2
Note
The principal advantage of this Fourier approach to a set of one or more linear
differential equations is that the differential operators act only on exponential
functions whose exponents are linear in x. This means that the derivatives
are no more than multiples of the original function and what were originally
differential equations are turned into algebraic ones. As the differential equations
are linear the algebraic equations can be solved explicitly for the transforms
of their solutions, and the solutions themselves may then be found using the
inversion theorem. The ‘price’ to be paid for this great simplification is that the
inversion integral may not be tractable analytically, but, as a last resort, numerical
integration can always be employed.
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13.7 Find the Fourier transform of the unit rectangular distribution

f(t)={ 1 Je <1

0 otherwise.

Determine the convolution of f with itself and, without further integration, deduce
its transform. Deduce that
0 o2
sin” @
/ , do=m,
O

0 iad
2
/ sin wdw: n.

The function to be transformed is unity in the range —1 < ¢ < 1 and so

1 —iw __ o :
o) = 1 / L om0t gy — 1 {e — ¢ } =2smw.
\/271 -1 \/Zn —lw \/an

Denote by p(t) the convolution of f with itself and, in the second line of the
calculation below, change the integration variable from s to u =t — s:

00 1
p(t) = /_ £t — 5)f(s)ds = /_ (e 1ds
t—1 t+1

= flu)(—du) = 1 f(u)du.

t+1 t—

It follows that

( t+1)—(—-1) 0>t>-2 2—t] 0< |t <2,
p(t) = =
1—(t—1) 2>t>0

0 otherwise.

The transform of p is given directly by the convolution theorem [which states
that if h(t), given by h = f = g, is the convolution of f and g, then /1 = \/27117@]
as

5 2sinw 2s8inw 4 sin’ow
plw) =/

2n =
LCro L2ro 2n o?
Noting that the two integrals to be evaluated have as integrands the squares of

functions that are essentially the known transforms of simple functions, we are
led to apply Parseval’s theorem to each. Applying the theorem to f(t) and p(t)

yields
© 4sin’ w *© * sin® w
/ 2ra? do» = / If(o)Fdi=2 = / w? T,
—00 —00 —00
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0 . 4 0 2
and / 16 sin “’dwzf (2+t)2dt+/(2—t)2dt
_o 2 ot ) 0
_ [<2+t>3]° _{(2—r>3r
3 -2 3 0
_8 8
33

* sin*w 2n
= . do = .
e @ 3

13.9 By finding the complex Fourier series for its LHS show that either side of
the equation

_ —2nnit/ T
D dnT)= > e
n=—o0 n=—oo

can represent a periodic train of impulses. By expressing the function f(t+nX), in
which X is a constant, in terms of the Fourier transform f(w) of f(t), show that

- X) — \/2” ~ o (2nm dmnit/ X
Do fetnx) =N ST F (5, ) e,
n=—o0 n=—0o0
This result is known as the Poisson summation formula.

Denote by g(¢) the periodic function ' 6(t+nT) with 2/ T = w. Its complex

Fourier coefficients are given by

= 1 /T g([) e—inwl dt = 1 /T 5(t) e—inwt dt = 1
"TT T J

Thus, by the inversion theorem, its Fourier series representation is

n=—0o0

1

1 . 1 . _
g(t) = Z T oMot — Z T g inot Z T e—zan/T’

n=—00 n=—00 n=—00
showing that both this sum and the original one are representations of a periodic
train of impulses.

In this result,

Z ()(t—i-nT Z e—2nmt/T

n=—0o0 n=—0o0

we now make the changes of variable t > w,n > —n and T — 2n/X and obtain

Z 5 (w_ 2)7;71) _ 2)2 Z YO (x)

n=—o0 n=—o0
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If we denote f(t + nX) by f.x(t) then, by the translation theorem, we have
fux(@) = ™ f(w) and

f(t+nX) = jzﬂ /_ Z Fux(@) e doo

1 o ~ :
— / e"‘wa(co) ew)z dw,
\/27[ —0

Z f(t+nX) = \/12 /3C f(w)e™ Z "X dw, use (*) above,
T J—0

n=—0uo0 n=—0o0
1 /x - AT 2nn
= f(w)e™ ) (w — ) dw
Jor LT 2 ooy
2 N - (2 .
_ \/Xn Z f( )‘I;Vl) el27rnt/X.

In the final line we have made use of the properties of a d-function when it
appears as a factor in an integrand.

13.11 For a function f(t) that is non-zero only in the range |t| < T /2, the full
frequency spectrum f(w) can be constructed, in principle exactly, from values at
discrete sample points w = n(2n/T). Prove this as follows.

(a) Show that the coefficients of a complex Fourier series representation of f(t)
with period T can be written as

. — \/2nf (2nn> '

T T

(b) Use this result to represent f(t) as an infinite sum in the defining integral
for f(w), and hence show that

f(w) = nzoi:wf (2;n> sinc (nn — w2T> ,

where sinc x is defined as (sin x)/x.

(a) The complex coefficients for the Fourier series for f(¢) are given by

T/2
f(t) e—i2nnt/T dr.

Cy =
"T Jorp

But, we also know that the Fourier transform of f(¢) is given by
T/2

7 1 ” —imt _ 1 —imt
f() = Jon 1 Oof(t)e dt = Jom 7T/2f(t)e dt.
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Comparison of these two equations shows that ¢, = | \/2xf (*).

(b) Using the Fourier series representation of f(t), the frequency spectrum at a
general frequency w can now be constructed as

7 1 T/2 —imt
for= /_ e

1 M & ~ (2 , ,
— \/27_[ /T/Z [Z T\/znf< ;n) el2nnt/T et gy

n=—0o0

2Sin<27rn wT)

1 &K~ 2nn 2 2 . . [ 2mn\ . oT

:Tn;wf<T> 27m_w =n;wf<T>smc<nn— 2).
T

This final formula gives a prescription for calculating the frequency spectrum
f(w) of f(t) for any w, given the spectrum at the (admittedly infinite number of)
discrete values w = 2nn/T. The sinc functions give the weights to be assigned
to the known discrete values; of course, the weights vary as w is varied, with, as
expected, the largest weights for the nth contribution occurring when o is close
to 2nn/T.

13.13 Find the Fourier transform specified in part (a) and then use it to answer
part (b).

(a) Find the Fourier transform of

e Msinpt t>0

fmnﬂ={ 0 F<0

where y (> 0) and p are constant parameters.
(b) The current I(t) flowing through a certain system is related to the applied
voltage V(t) by the equation

I(t) = /jo K(t —u)V(u)du,

where
K(t) = aif(y1,p1,7) + axf(y2, p2, 7).

The function f(y,p,t) is as given in part (a) and all the a;,y; (> 0) and
pi are fixed parameters. By considering the Fourier transform of 1(t), find
the relationship that must hold between a; and a, if the total net charge
Q passed through the system (over a very long time) is to be zero for an
arbitrary applied voltage.
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(a) Write the given sine function in terms of exponential functions. Its Fourier
transform is then easily calculated as

" 1 0 e(fyfi(u-&-ip)t _ e(fyfiwfip)t
(w,7,p) = . dt
forn= y
1 1 —1 1
= . . .+ . .
2n 2 \=y—io+ip  —y—iw—ip
1 p

T J2n @ FiwP 4

(b) Since the current is given by the convolution

I1(t) = /jo K(t —u)V(u) du,

the convolution theorem implies that the Fourier transforms of I, K and V are

related by I( \/ZnK(w) V(w) with, from part (a),
> 1 aip axp>
K(w) = ) + .
(@) J2n |:(V1 +io) +pi (2 +iw)* +p3

Now, by expressing I(¢') in its Fourier integral form, we can write

oenr= [ 1= [ [ L s

But [ " di’ =2nd(w) and so

/\/27[ w) 218(w) do

_n 1(0) = 21 /21 K (0) V(0)

J2n
_5 1 api axp>
=4n 2.4 .2 24 .2
2r Li+et o v +ps

For Q(o0) to be zero for an arbitrary V(t), we must have

7(0).

aipi apa _
y4+0i 93+ 03

and so this is the required relationship.
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13.15 Show that the Fourier transform of tf(t) is idf(w)/dw.
A linear amplifier produces an output that is the convolution of its input and its
response function. The Fourier transform of the response function for a particular
amplifier is

io
2n(o + iw)?
Determine the time variation of its output g(t) when its input is the Heaviside step

function.

K(w) =

This result is immediate, since differentiating the definition of a Fourier transform
(under the integral sign) gives

df(w) i —iwt 2 . —imt
o \/271 Jo </ f(H)e dt) N n/ tf(t) e " dt,

i.e. the transform of ¢f(¢).

Since the amplifier’s output is the convolution of its input and response function,
we will need the Fourier transforms of both to determine that of its output (using
the convolution theorem). We already have that of its response function.

The input Heaviside step function H(t) has a Fourier transform
1 1

~ 1 * . 1 o .
H(w) = H(t)e ™ dt = / el dt = .
(@) \/271 /—oc (®) \/271 0 \/271 0]

Thus, using the convolution theorem,
1 1

= \/271 o +im)? 21 i®
1
-~ 2n (0t io)?

i 0 1
h \/271 ow \ o+ iw

where we have used the ‘library’ result to recognise the transform of a decaying
exponential in the penultimate line and the result proved above in the final step.
The output of the amplifier is therefore of the form g(t) = te™ for t > 0 when
its input takes the form of the Heaviside step function.
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13.17 In quantum mechanics, two equal-mass particles having momenta p; = hk;
and energies E; = hw; and represented by plane wavefunctions ¢; = expl[i(k;-r;—
w;t)], j = 1,2, interact through a potential V = V(|ry —r2|). In first-order pertur-
bation theory the probability of scattering to a state with momenta and energies
P}, E} is determined by the modulus squared of the quantity

M = ///w;‘thidrl dr; dt.

The initial state i is ¢p1¢2 and the final state yy is ¢jp5. It can be shown that
M is proportional to the Fourier transform of V, i.e. to I7(k), where 2hk = (p2 —
p1) — (p2 — p))-

For some ion—atom scattering processes, the spherically symmetric potential V(r)
may be approximated by V = |r; —r2| =" exp(—pu|r; —r2|). Show that the probability
that the ion will scatter from, say, py to p} is proportional to (u*> + k*)=2, where
k = |k| and Kk is as given above.

We start by showing how to reduce the three-dimensional Fourier transform to
a one-dimensional one whenever V(r) is spherically symmetrical, i.e. V(r) = V(r).
This result will be a general one and is not restricted to this particular example.

Choose spherical polar coordinates in which the vector k of the Fourier transform
lies along the polar axis (0 = 0); this can be done since V(r) is spherically
symmetric. We then have

dr=r*sinfdrddd¢ and k-r=krcos6,

where k = |k|. The Fourier transform is given by

1 1 —ik-r 73
V= / V() e g

1

— o )3/2/ d}"/ do d¢) V(V)V sin @ e—krcos0
T

1 lk1c056
2n)3/ / dr2nV(r /dO sinfe”

The integral over 0 may be evaluated straightforwardly by noting that

d
do

(e—ikr cos 9) —ikr cosﬁ'

= jkrsinfe

This enables us to carry through the angular integration over # and so reduce
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the multiple integral to a one-dimensional integral over the radial coordinate:

_ 1 / 2 V g ikrcos 0 0=n
© (2r)¥2 ren ikr |,
(2;)3/2/ 4nr2V(r)<SIZfr> dr

2n)1 /2k/ 47V (r)r sinkr dr.

The ion-atom interaction potential in this particular example is V(r) = r~! exp(—ur).

As this is spherically symmetric, we may apply the result just derived to it. Sub-
stituting for V(r) gives

~ 1 [Fe |
MocV(k)ock/ rsinkr dr
k Il’l’l / e —pur+ikr dr
1 —1
k {—,u + ik}
1k
"k w2+ k2

Since the probability of the ion scattering from p; to p; is proportional to the
modulus squared of M, the probability is oc |M|? oc (u® + k?)~2

13.19 Calculate directly the auto-correlation function a(z) for the product f(t) of
the exponential decay distribution and the Heaviside step function,

1) = ie—”H(t).

Use the Fourier transform and energy spectrum of f(t) to deduce that

00 eiwz oo = ne—/l\z\
o A2+ w? A

221



INTEGRAL TRANSFORMS

By definition,

© 1 1,
a(z) = ie—%r(t) )e_m“)H(t—l—z)dt

e—)vz 0
= 12 / 6_2/“ dt,
20

where zop = 0 for z > 0 and zy = |z| for z < 0; so

efﬂ.z e72/ll @©
@@=y |-u
20
ef).(z+220) ef/l\z\

243 2037
The Fourier transform of f(t) is given by

7 1 1 —it _—iwt 1
w) = e e dt = .
J(@) \/271: 0o 4 2100+ iw)

The special case of the Wiener—Kinchin theorem in which both functions are
the same shows that the inverse Fourier transform of the energy spectrum,
J27|f(w)]?, is equal to the auto-correlation function, i.e.

1w7 ef/llz\
\/27:/ V2 "2n/12 /12+w2)d Y ER

from which the stated result follows immediately.

13.21 Find the Laplace transforms of t~'/> and t'/?, by setting x> = ts in the

result
o0
/ exp(— =, \/n
0

Setting x* = st, and hence 2xdx = sdt and dx = sdt/(2./st), we obtain

©
—st \/5 —1/2 g, _ \/”
/0 e 5 t dt 5

= 2] = [Cemera= T

Integrating the LHS of this result by parts yields

o0
[ e 2t1/2] - —/ (—s)e 2t/ 2 dr = \/n.
0 0 S
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The first term vanishes at both limits, whilst the second is a multiple of the
required Laplace transform of t'/2. Hence,

1/2 —st 1/2 70 _
< [t } _/0 et =de 25\/3.

13.23 Use the properties of Laplace transforms to prove the following without
evaluating any Laplace integrals explicitly:

(@) 2 [157] = 15 Jrs/2;
(b) & [(sinhat)/t] = YIn[(s+a)/(s—a)], s> lal:
(c) Z [sinhat cos bt] = a(s*> — a*> + b?)[(s — a)> + b*] 7 [(s + a)* + b*]7L.

(a) We use the general result for Laplace transforms that

d"f(s)

LIl =000

forn=1,2,3,....

If we take n = 2, then f(t) becomes t'/2, for which we found the Laplace transform
in exercise 13.21:

A [tS/Z} = {ﬂ 11/2} _ (_1)2;522 <\/n523/2)

_ Jr( 3\ (.5 2 15\/ns_7/2
2 2 2 8 )

(b) Here we apply a second general result for Laplace transforms which states

that
% |:f(t)] _ /ch(u)du,

t

provided lim,_[ f(¢)/t] exists, which it does in this case.

o {smh(at)] =/ Cdu, u>lal,

t u?2 — a2
1 [* 1 1
= / < — )du
2 Js u—a u-ta
1 s+a
= _In , S§>]al.
2 s—a

(c) The translation property of Laplace transforms can be used here to deal with
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the sinh(at) factor, as it can be expressed in terms of exponential functions:

& [sinh(at) cos(bt)] = .Z [1e cos(bt)] —.& [1e~ cos(bt)]

1 s—a _1 s+a
T 2(s—a)+b> 2(s+a)P’+b?
1 (s> — a®)2a + 2ab?

T 2[(s—a)? + b2 1[(s+ a) + b?]
_ a(s*> —a*> + b?)
T [(s—a? +b1[(s+aP + 2]

The result is valid for s > |al.

13.25 This exercise is concerned with the limiting behaviour of Laplace transforms.

(a) If f(t) = A+ g(t), where A is a constant and the indefinite integral of g(t)
is bounded as its upper limit tends to oo, show that

lin(l) sf(s) = A.

(a) For t > 0, the function y(t) obeys the differential equation
2
y  dy
dr? ta dt
where a, b and ¢ are positive constants. Find y(s) and show that sy(s) — ¢/2b
as s — 0. Interpret the result in the t-domain.

+ by = ccos’® wt,

(a) From the definition,
6= [ T+e0] e
0

Ae—st71® T
- { ¢ } + lim [ g(t) e ™dt,
—S 0 T—-w 0

T
sf(s)=A+s lim / g(t) e S dt.
T—oo 0

Now, for s > 0,

< < B, say.

T T
lim / g(t) e dt lim / g(t)dt
0 T—w Jo

T—0

Thus, taking the limit s — 0,

1jrr$ sf(s)=A+ 1jrr$ sB = A.
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(b) We will need
N n 1
2(s2 +4w?) 2

Taking the transform of the differential equation yields

L [cos’ wt] =& [Lcos2m + 1] =

—/ — %y - y y = ’ 1
V'(0) = 59(0) + 5°3 + a[—y(0) + s3] + by c[z(s2+4w2)+2s '

This can be rearranged as

s2+4w?) 2

s2+as+b
In the limit s — 0, this tends to (¢/2)/b = ¢/(2b), a value independent of that of
a and the initial values of y and y'.

2
¢ ( 2 S + 1) + 59/(0) + asy(0) + s2(0)
sy = .

The s = 0 component of the transform corresponds to long-term values, when a
steady state has been reached and rates of change are negligible. With the first
two terms of the differential equation ignored, it reduces to by = ccos’ wt, and,
as the average value of cos® wt is ;, the solution is the more or less steady value
of y = ;c/ b.

13.27 The function f.(x) is defined as unity for 0 < x < a and zero otherwise.
Find its Laplace transform f(s) and deduce that the transform of xfu(x) is

2 [1—(14as)e™].

Write f,(x) in terms of Heaviside functions and hence obtain an explicit expression

for
&) = [ Lfx =)y
Use the expression to write g.(s) in terms of the functions fu(s) and faa(s), and

their derivatives, and hence show that g.(s) is equal to the square of fu(s), in
accordance with the convolution theorem.

From their definitions,

Fuls) = /O le™de= (1)

a _a 1
/ X fa(x)e N dx = —df = 2(1 — %) — ae—Sa
0 dS S s
1

= [1 —(1+ as)e_sa] . (*)
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In terms of Heaviside functions,
f(x)=H(x) — H(x — a),

and so the expression for g,(x) = fox fa)fa(x —y)dy is

/[H(y)—H(y—a)][H(x—y)—H(x—y—a)]dy.

—0o0

This can be expanded as the sum of four integrals, each of which contains
the common factors H(y) and H(x — y), implying that, in all cases, unless x
is positive and greater than y, the integral has zero value. The other factors
in the four integrands are generated analogously to the terms of the expansion
(a—b)(c—d)=ac—ad—bc—+ bd:

| Hom =y
- [ HOHE =y - ady
—/ZH(y—a)H(x—y)dy
+/_::H(y—a)H(x—y—a)dy.

In all four integrals the integrand is either 0 or 1 and the value of each integral
is equal to the length of the y-interval in which the integrand is non-zero.

The first integral requires 0 < y < x and therefore has value x for x > 0.

The second integral requires 0 < y < x — a and therefore has value x — a for
x > a and 0 for x < a.

The third integral requires a < y < x and therefore has value x — a for x > a
and 0 for x < a.

The final integral requires a < y < x — a and therefore has value x — 2a for
x > 2a and 0 for x < 2a.

Collecting these together:

x<0 2,(x)=0—0—0+4+0=0,
O<x<a gix)=x—0—-0+4+0=x,
a<x<2a gix)=x—(x—a)—(x—a)+0=2a—x,
2a < x g(x)=x—(x—a)—(x—a)+ (x—2a)=0.
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Consequently, the transform of g,(x) is given by

a 2a
g4(5) = / xe ¥ dx + / (2a — x)e™ dx
0 a

2a a 2a
— / xe Ndx +2 / xe N dx + 2a / e dx
0 0 a

—S12 [1— (1 +2as)e 2] + 2 [1— (1 4 as)e™]

s2
2a —sa —2sa
+ s (e e
1
= (1 —2e7% 4 ¢72%4)
1 —as 7
= LU= = [Fo)1

which is as expected. In order to adjust the integral limits in the second line, we
both added and subtracted
/ (—x)e " dx.
0

In the third line we used the result (*) twice, once as it stands and once with a
replaced by 2a.
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First-order ordinary differential
equations

14.1 A radioactive isotope decays in such a way that the number of atoms present
at a given time, N(t), obeys the equation
dN
= —JN.
dt

If there are initially Ny atoms present, find N(t) at later times.

This is a straightforward separable equation with a well known solution:

dN
= —)N.
dt
Separating the variables, d]i]\f = —/dt.
Integrating, InN(t) —In N(0) = —A(t — 0).

Thus, since N(0) = Ny, we have that, at a later time,

N(t) = Noe ™.

14.3 Show that the following equations either are exact or can be made exact,
and solve them:

(@) y(2x?y* + 1)y +x(y* + 1) = 0;
(b) 2xy' +3x+y =0;
(c) (cos®x 4+ ysin2x)y’ +y> = 0.

In general, given an equation expressed in the form A dx + B dy = 0, we consider
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the function
1[04 OB
h(x,y) = —
() B [ oy Ox ]
If this expression is zero, then the equation is exact and can be integrated as it
stands to give a solution of the form f(x,y) = c¢. Even if g(x, y) is non-zero, if it
is a function of x alone then

u(x) = exp { / ¢(x) dx}

provides an integrating factor (IF) that will make the equation exact. Similar
considerations apply if g(x, y) is a function of y alone. If g does actually depend
on both x and y, then, in general, no further progress can be made using this
method.

(a) Following the above procedure, we consider

1
2x2y3 4y

_ 4xy3 — 4xy3 _

hx, ) = SO

0 0
(vt +x)— (2% +y)

ay 0x
It follows that the equation is exact and can be integrated as it stands:

c=f(x,y) /(2xy +y)dy + g(x)

1
= xy +2y + g(x), where

2
2 1
xy4+><=8{c=xy +H0+g(), = g =,x+k
1
= c=f(xy) = (N +yP+ ).

2

The common factor of é on the RHS can, of course, be absorbed into the constant
on the LHS and has no particular significance.

(b) Again following the procedure, we consider

1[0 0
h(x,y) = oy [6)} (Bx+y)— ox (2x)] =

This is non-zero and implies that the equation is not exact. However, it is a
function of x alone and so there is an IF given by

1 1 1
u(x) = exp{/—bC dx} = exp(—2 Inx) = Ry

The exact equation is thus
2xY2dy + (3x"? + yx71?)dx = 0,

229



FIRST-ORDER ODES

and this can now be integrated:

c=flxp) = [ 252 dy + (v
= 2x!2y 4 g(x), where
3x12 4 yx712 = 2{( =x12y+4dx), = gx)=2x"2+k,
= c=f(xy)=2x"2y+x¥).

Again, the overall numerical multiplicative factor on the RHS has no particular
significance.

(c) Following the same general procedure,

1 0
h(x,y) = %) —
() cos?x + ysin2x | dy o)

1
= 2 in2x —2 2
coszx—i—ysinzx( y -+ sin2x — 2y cos 2x)

aﬁx (cos® x 4 y sin 2x)

4y sin® x + 2 sin x cos x
cos? x + y sin2x

2 sin x(2y si
_ sin x( ysmx-i—c.osx) otanx
cos x(cos x + 2y sin x)

This is non-zero and implies that the equation is not exact. However, it is a
function of x alone and so there is an IF given by

u(x) = exp {/ 2tanxdx} =exp(—2lncosx) =

cos? x’
The exact equation is thus
(1+2ytanx)dy + y*sec’ xdx =0,

and this can now be integrated:

c=f<x,y)=/<1+2ytanx>dy+g(x)
=y + y? tanx + g(x), where
of

y?sec’ x = ox = 0+ y?sec’x+g'(x), = gx)=k,

= c=f(x,y)=y+ )y tanx.
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145 By finding a suitable integrating factor, solve the following equations:

(a) 1— xz)y/ + 2Xy — (1 . X2)3/2;
(b) y' — ycotx + cosec x =0;
© x4y =y (treat y as the independent variable ).

(a) In standard form this is

2
Y+ xy2 — (1=,
1—x
The IF for this standard form is
2 1
1(x) = exp / Y dx b =exp[—In(1 —x3)] =
1—x2 1

—x2’

ie. (1 —x?)72 for the original form. Applying it gives

y 2xy 1

1o T a—ep = q -

d( y ): 1

dx \1 —x2 (1 —xy)v/2’
y
1—x2
= y=(1—x%sin"" x+k).

=sin ' x4k,

(b) In standard form this is

,  ycosx 1

sin x sinx’
The IF for this standard form is given by

,u(x)=exp{—/cosxdx} — exp[—In(sinx)] = ..

sin x sinx’

Applying it gives

y yCcosx 1
. - ) — T .2 >
sInx  sin”x sin” x
d
( .y ) = —cosec’x,
dx \sinx
.y =cotx +k,
sin x

= y=cosx+ksinx.

(c) Rearranging this to make y the independent variable,

dx x )
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By inspection (or by the standard method) the IF is y~!, yielding

ydy y* vy
d [x B
dy(y)_y’
x 1,
y=2y +k,
= x=§y3—|—ky.

14.7 Find, in the form of an integral, the solution of the equation
dy

Yt

for a general function f(t). Find the specific solutions for

+y =1

(a) f(t) = H(1),
(b) f(z) =o(),
(c) f(t) = p~te /PH(t) with B < a.

For case (c), what happens if f — 0?

The IF needed for the standard form is expl[ [ o' dt], ie. e/*. The equation then
reads

gy el fel

dt + « o
d A f(t)et/“
dt (ye )_ o

t "t /o
J’(t)ze_t/“/ f(tle dr'.

We now apply this general result to the three specific cases.

(a) f(t) = H(t), the Heaviside function. This is zero for t < 0 and so we can take
the integral as running from O to t. The value of H(t) for t > 0 is unity. Hence,

.y
() = e‘t/“/ " = e —1]=1—e
0o «

(b) With f(t) = o(t), the integration will be trivial:

t ! —
o= [ gy L
o o o
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(c) For f(t) = p~'e "/PH(t), with f < o, we have

t ' )u ,—t'/B
y(t) = efl/rx/ e’'"e dr
0 oaf

—1_p—1yy t
I o =B
Bl = ph ||
e—t/[i e—t/a

T f—a f—u
e t/% _ o—t/B
ox—p

As ff — 0, f(t) becomes very strongly peaked near ¢t = 0, but with the area
under the peak remaining constant at unity. In the limit, the input f(¢) becomes
a Jd-function, the same as that in case (b). It can also be seen that in the same
limit the solution y(t) for case (c) tends to that for case (b), as is to be expected.

14.9 A two-dimensional coordinate system that is useful for orbit problems is
the tangential-polar coordinate system. In this system a curve is defined by r,
the distance from a fixed point O to a general point P of the curve, and p, the
perpendicular distance from O to the tangent to the curve at P. It can be shown
that the instantaneous radius of curvature of the curve is given by p = rdr/dp.

Using tangential-polar coordinates, consider a particle of mass m moving under
the influence of a force f directed towards the origin O. By resolving forces along
the instantaneous tangent and normal, prove that

dv ) dr
f= —my and mo —fpdp.

Show further that h = mpv is a constant of the motion and that the law of force
can be deduced from
h* dp

f= mp3 dr’

Denote by ¢ the angle between the radius vector and the tangent to the orbit
at any instant. Then, firstly, we note that cos ¢ = dr/ds, where s is the distance
moved along the orbit curve and, secondly, that p = rsin ¢.

Now we equate the tangential component of the central force —f cos¢ to the
rate of change of the tangential momentum:
dr dv dv ds dv

S

i =—fcosp=m, = = mv

-7 de = Mas ar T "™as
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Hence,

f=—mo dv ds - dv
B ds dr dr’

This is the first of the results.

Equating the normal component of the central force to that needed to keep the
particle moving in an orbit with instantaneous radius of curvature p = rdr/dp
gives
2
mv . dr dr
=fs1nq5=fp = mvzzfp =
p r

Eliminating f from the two equations yields

5 dv dv
mv- = —mvp = mv+mp, =0
dp dp

= h =mpv is a constant of the motion.
It follows that
_mvtdp  h* dp

f= p dr  mpddr

from which the law of force can be deduced once p is given as a function of r.

14.11 Solve
d
(y —x) 4 +2x 43y =0.
dx

We first test whether the equation is exact, or can be made so with the help of
an integrating factor. To do this, we write the equation as

(y—x)dy +(2x+3y)dx =0

and consider

1 0 0 4
hi(x,y) = (2x+3y)— . (y—x)| = :
y—x [0y 0x y—x
This is not a function of x alone. Equally
1 0 0 —4
h, = —. (2x+3 — =
v(x,y) 2%+ 3y { ay( X3+, W X)] 2% + 3y

is not a function of y alone. We conclude that there is no straightforward IF and
that another method has to be tried.
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We note that the equation is homogeneous in x and y and so we set y = vx, with

6yzv+x8

ox 61’ and obtain
ov 243
U+x6x:_v—1’
x&v_—2—3v—vz+v__v2+217+2
0x v—1 v—1 ~
dx (1 —wv)dv
x 42042
2 v+1

T w12+l 1241
= InAx=2tan"'(v+1)— JIn[1+ (v +1)*],

In{Bx*[1+4 (v+1)*]} =4tan ' (v +1).

On setting v = y/x this becomes

B[x* + (y+x)*] =exp [4tan_1 <y1—x>} ,

the final form of the solution.

14.13 One of the properties of Laplace transforms is that the transform of the
nth derivative of a function f(t) is given by

af f

__ JNhf n—1 n—2 d dnilf
dtn]—Sf—s 70) =20 0) =

t Codmt
Using this and the result about the Laplace transform of tf(t) obtained in exercise

13.25, show, for a function y(t) that satisfies
dy
t t—1)y=0
=1y =)

with y(0) finite, that y(s) = C(1 + s)~2 for some constant C.

Zz [ (0), for s> 0.

Given that
o0
YO =t+> ant",
n=2

determine C and show that a, = (—1)""!/(n — 1)!. Compare this result with that
obtained by integrating (*) directly.

Using the stated property of derivatives with n = 1 and the result from the
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exercise, we Laplace transform the equation and obtain
d dy(s)

—dS[SP(S)—Y(O)] ds —¥(s) =0,
dy _ dy _
sy V0= =7 =0,
dy
(1+s) +25=0,
ds
dy 2ds

+1+S_O’
= Iny+2In(l+s) =k,
. ._ ¢

YT s

As a power series, y(s) takes the form

j)(s)=§<l+ )

1

S
:c0_2+(m()2+”)

S S

52 21!
_C &~ (=D)'(n+1)
_52+Z Sn+2 :

n=1

But, transforming the given solution,

o0
=t+ Z amt™,

m=2
yields
1 & m!
= 2D W
m=2

Comparing coefficients in the two expressions for y shows that C = 1 and that
apy1 = (—1)"/m), ie. a, = (—=1)"1/(m — 1)\

Direct integration of (*) by separating the variables gives

Ozdy-l-(l—l)dt,
y t

= A=Iny+t—Int,

= y=Bte"

1”tn+1
—Bt—l—BZ( )

( l)m 1tm
_Bt+BZ m—1)!
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With B determined by the linear term as unity, the two solutions agree.

14.15 Solve
dy x+y

dx — 3x+3y—4

Since x and y only appear in the combination x + y we set v = x 4+ y with
dv/dx =1+ dy/dx. The equation and its solution then become

dv 1 v
dx 3v—4°
3 —4 3 2
dx= o 4= <2+2v—4> o,

= x+k=3v+In—2)=3(x+y) +In(x+y—2),
1n(x+y—2)=k—;(x+3y).

Although the initial equation might look as if it could be made exact with an
integrating factor, applying the method descibed in exercise 14.3 shows that this
not so; B~'[0A/dy — 0B/dx] is neither zero nor a function of only one of the
variables.

14.17 Solve
dy

=3 22’
dx+y X7y

x(1 —2x%y)

given that y(1) = 1/2.

Though this is clearly not a homogeneous equation, we test whether it might be
an isobaric one by giving x a weight 1 and y a weight m and then seeing whether
a suitable value for m can be found. From the presence of the term 1 — 2x?y it
is clear that the only possible value of m is —2, since 2x*>y must have the same
weight as unity, namely weight 0. For this value of m the three terms in the
equation have weights

1+04+(—2)—1, =2, 2+4+2(-2).
These are all the same (at —2) and so the equation is isobaric.

To find its solution we set y = vx™ = vx~? with
dy 2v 1 dv

dx x3  xZdx’
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Substituting in the original equation produces

v 1 dv v 3x20?
x(1 —2v) (_x3 + 2 dx) =

i

x2 x4

(1—2v) <—2U+xdu> +0 =30
dx
(1—2v)x d =v(1 —v),
dx
1—2v dx

v(1 —v) do = X

(1_ 1 >dv=dx,
v 1—v X

= Inv+In(l—v)=Inhx+4 = v(l—v)=Cx

>

Expressing this in terms of the original variables by substituting v = yx? gives
yx*(1 — yx?) = Cx, with }(1 — }) = C. Thus, after cancelling x from both sides,
the solution is

4yx(1 — yx?) = 1.

14.19 Find the curve with the property that at each point on it the sum of the
intercepts on the x- and y-axes of the tangent to the curve (taking account of
sign) is equal to 1.

At a point (X, Y) on the curve, the tangent to the curve is the straight line given
by

y—Y =p(x—X),

where p is the slope of the tangent. This meets the axis y =0at x=X — (Y /p)
and the axis x = 0 at y = Y — pX. Thus, taking account of signs (i.e. some
intercepts could be negative), the condition to be satisfied is

Y
X— +Y—pX =1

Since (X, Y) lies on the required curve, the curve has an equation that satisfies

l—x+px
1—pt

Differentiating both sides of (*) with respect to x, we now ecliminate y by using

x—Z—l—y—px:l = y= (*).
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the fact that its derivative with respect to x is p:

_(=pY=1+p+xp)—(1—x+px)p?p’
P= (1—p!p ’
pp—1} =" —pp—1)+p'[x(p* —p) —1+x—px].

The LHS and the first term on the RHS are equal, and so we have that either
p'=0or

x(p*—2p+1)—1=0,
= X = 1

(p—1*
1

o

= p=1+
From this and (*) it follows that

1
' p—1 = +1
*
= (£x + D1 £ ).

As expected, the solution is symmetric between x and y; this is demonstrated by
the following rearrangement of the form just obtained:

y= (1% x),
Tt py=1=£ Jx (£ signs not correlated),
Tt py—1= +/x,
(1F ) =x

Because of the square roots involved, a real curve exists only for x and y both
positive, ie. in the first quadrant. That curve is \/x + V= 1.

The singular solution p’ = 0 (ignored earlier) corresponds to a set of curves, on
each of which the slope is a constant. Any one such curve is a straight line joining
the axial points (6,0) and (0,1 — 0) for any arbitrary real 6; the tangent at any
point on such a ‘curve’ is always the curve itself, whose intercepts,  and 1 — 0,
sum to unity.
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14.21 Using the substitutions u = x> and v = y*, reduce the equation
dy\’ d
Xy u —(x2+y2—1)y+xy=0
dx dx

to Clairaut’s form. Hence show that the equation represents a family of conics and
the four sides of a square.

Writing dy/dx = p and dv/du = ¢q, we have
du dv dv X
=p. q= =" p="q
dx du X y

Making the substitutions yields

x2 X
xyyzqz—(u+v—1)yq+xy =0.

We now multiply by i and substitute again:
ug® — (u+v—1)g+v =0,

v(l —q) —uq + q + ug*> =0,

v=uq+ q E 1 Clairaut’s form (*).

As the equation now has Clairaut’s form it has two solutions.

(i) The first is

v =cu-+ ¢
B c—1’
22 ¢
Y- —cx 1

e For ¢ > 1, this is a hyperbola of the form y> — o>x? = 2.
e For 1 > ¢ >0, it is a hyperbola of the form x> — o?y* = 2.
e For ¢ < 0, the conic is an ellipse of the form y? 4+ «>x> = 2.

In each case o > f§ > 0.

(i1) The second (singular) solution is given by

d q
dq (q_1)+u—0,

—1

(q—1p T4=0
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Substituting this into (*) expressed in terms of x and y then gives

1
A=
y2:x2<1i >+ IX
* +
X
=x>+x+tx+1
=(x 1),
y==x(x=+1).

These lines are the four sides of the square that has corners at (0,+1) and (+1,0).

14.23 Find the general solutions of the following:

dy xy b) dy _4y*

(a)dx+a2+x2_ B A

dx x2

(a) With dy/dx appearing in the first term and y in the second (and nowhere
else), this is a linear first-order ODE and therefore has an IF given by

— X _ 1 2V (a2 1 2312
,u(x)—exp{/ a2+x2} dx =exp[, In(a” + x7) ] = (a” + x7) 2,
When multiplied through by this, the equation becomes

d(i:[(az 4 x2)1/2y] _ x(aZ +X2)1/2,

- (a2+x2)1/2y= % ;(a2+x2)3/2 14,
a* + x? A

= V= 3 T

(b) The RHS can be written as the product of one function of x and another one
of y; the equation is therefore separable:

dy 4
o (xz - 1) e

1 4
= — =— —x+A4,
y X
X
= =
YT x4 Bx+ 4
where B = —A and is the arbitrary integration constant.
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14.25 An electronic system has two inputs, to each of which a constant unit signal
is applied, but starting at different times. The equations governing the system thus
take the form

X+ 2y = H(t),
y—2x=H(t—3).

Initially (at t =0), x =1 and y = 0; find x(t) at later times.

Since we have coupled equations, working with their Laplace transforms suggests
itself. This will convert the equations into simultaneous algebraic equations —
though there may be some difficulty in converting the solution back into t-space.

The transform of the Heaviside function is s~!, and so the two transformed
equations (incorporating the initial conditions and using the translation property
of Laplace transforms) are

sx— 142y =

s

—_ =

s —0—2x = e,

o]

Since it is x(t) that we require, we eliminate y to obtain
2= 2 —3s <
S°X — s+ Se P 4+4x =1,
from which

24 s—2e7
X = ,

s(s> 4+ 4)
s+l 1 s 3
_s2+4+[ 2s+2(s2+4)]e '

For the first term in square brackets, the coefficient in the partial fractions
expansion was determined by considering the limit s — 0; that for the second
term was found by inspection.

Now, using a look-up table if necessary, we find that, in ¢-space, the function
corresponding to the X found above is

x(t) = }sin2t +cos2t — JH(t — 3) + yH(t — 3) cos 2(t — 3).
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14.27 Find the complete solution of
dy\* ydy 4
(dx) _xdx+x_0’

where A is a positive constant.

At first sight this non-linear equation may appear to be homogeneous, but the
term A/x rules this out. Since it is non-linear, we set dy/dx = p and rearrange
the equation to make y, which then appears only once, the subject:
A
P="p+" =0,
X X
A
xp—y+ =0,
D
A
y

=xp+ . (%)
p

This is now recognised as Clairaut’s equation with F(p) = A/p. Its general solution
is therefore given by

A .
y =cx+ for arbitrary c.
¢

It also has a singular solution (containing no arbitrary constants) given by

d (4 A A A
+x=0, = =\/ = =X\/ + = 24/Ax.
dp <p> P X g X \/A4/x v

The final result was obtained by substituting for p in (*).

14.29 Find the solution y = y(x) of

subject to y(1) = 1.

After being divided through by x, this equation is in the form of a Bernoulli
equation with n = 2, i.e. it is of the form

d n
o+ PRy = 00",
X
Here, P(x) = x~! and Q(x) = x>2. So we set v = !> = y~! and obtain

dy d (1 __ldv
dx dx \v/) = 0?dx
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The equation then becomes

1 dv 1 1

v dx  vx  02x3/%

dv v 1 . .
A x T s for which the IF is 1/x,
d (v)__ 1
dx \x/ — x7/?
v 2 1 3 .
5 x5 + 5 using y(1) =1,
I 21 +3x
y 5x32 057
5x3/2
y= 5/2°
2+ 3x

The equation can also be treated as an isobaric one with m = 3 ; the substitution

y = vx*/? is made and the equation is reduced to the separable form
dv _dx
vQv—75)  2x

After the LHS has been expressed in partial fractions, the integration can be
carried out. The boundary condition, v(1) = 1, determines the constant of inte-
gration and after resubstituting yx—>/? for v, the same answer as obtained earlier
is recovered, as it must be.

14.31 Find the family of solutions of

Py (dy\®  dy
dx? + (dx) +dx =0

that satisfy y(0) = 0.

As the equation contains only derivatives, we write dy/dx = p and d*y/dx*> =
dp /dx; this will reduce the equation to one of first order:

d
Pyp+p=o0
dx
Separating the variables:
dp
= —dx.
p(p+1)
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We now integrate and express the integrand in partial fractions:

JGrty) o

In(p)—In(p+1)=A4—x,

P Be
p+1 ’
e—X
= PT e
Now p = dy/dx and so
dy ™
dx C—e>’

y=In(C—e*)+D

=In(C — e ™) — In(C — 1), since we require y(0) =0,
=In €= e_x.
Cc—-1
This is as far as y can be determined since only one boundary condition is given
for a second-order equation. As C is varied the solution generates a family of

curves satisfying the original equation.

A variety of other forms of solution are possible and equally valid, the actual
form obtained depending on where in the calculation the boundary condition is
incorporated. They include

e =Fl—eX)+1, y=In[G—(G—1)e™], y=Ine®+1—e¥)+K.
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15

Higher-order ordinary differential
equations

15.1 A simple harmonic oscillator, of mass m and natural frequency wg, expe-
riences an oscillating driving force f(t) = macoswt. Therefore, its equation of
motion is

d*x

dt?
where x is its position. Given that at t = 0 we have x = dx/dt = 0, find the
function x(t). Describe the solution if w is approximately, but not exactly, equal
to wy.

AF wéx = acos wt,

To find the full solution given the initial conditions, we need the complete general
solution made up of a complementary function (CF) and a particular integral
(PI). The CF is clearly of the form A coswyt + B sin wpt and, in view of the form
of the RHS, we try x(t) = C coswt + D sin wt as a PI. Substituting this gives
—w*C coswt — w*Dsinwt + wfC cos wt + wfD sinwt = acos wt.

Equating coefficients of the independent functions cos wt and sin wt requires that

0 C+wiC=a = C= ," |

Wi — o

—0’D4+wlD=0 = D=0

Thus, the general solution is

. a
x(t) = A cos wot + B sin wpt + 5 , coswt.
w5 — o

The initial conditions impose the requirements
x0)=0 = 0=4+ , 2
Wi — o
and X(0)=0 = 0= wyB.
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Incorporating the implications of these into the general solution gives
a
x(t)= , (cos wt — cos mot)
w5 —

_ 2asin[ (@ 4 wo)t] sin[ j(wo — w)t]

(wo + w)(wo — @)
For wyg — w = e with |e|t € 1,

2a sin wot ;et at

x(t) = sin wyt.

2(00 € 2(00
Thus, for moderate ¢, x(t) is a sine wave of linearly increasing amplitude.

Over a long time, x(t) will vary between +2a/(w3 — »?) with sizeable intervals
between the two extremes, ie. it will show beats of amplitude 2a/(w3 — »?).

15.3 The theory of bent beams shows that at any point in the beam the ‘bending
moment’ is given by K /p, where K is a constant (that depends upon the beam
material and cross-sectional shape) and p is the radius of curvature at that point.
Consider a light beam of length L whose ends, x = 0 and x = L, are supported
at the same vertical height and which has a weight W suspended from its centre.
Verify that at any point x (0 < x < L/2 for definiteness) the net magnitude of
the bending moment (bending moment = force X perpendicular distance) due to
the weight and support reactions, evaluated on either side of x, is Wx/2.

If the beam is only slightly bent, so that (dy/dx)*> < 1, where y = y(x) is the
downward displacement of the beam at x, show that the beam profile satisfies the
approximate equation

’y  Wx

dx2 2K’
By integrating this equation twice and using physically imposed conditions on your
solution at x = 0 and x = L/2, show that the downward displacement at the centre

of the beam is W L?/(48K).

The upward reaction of the support at each end of the beam is ;W.

At the position x the moment on the left is due to
(i) the support at x = 0 providing a clockwise moment of ;Wx.

The moment on the right is due to
(i1) the support at x = L providing an anticlockwise moment of éW(L—x);
(iii) the weight at x = %L providing a clockwise moment of W(éL — X).
The net clockwise moment on the right is therefore W(;L —X)— ;W(L —X) =
—é Wx, ie. equal in magnitude, but opposite in sign, to that on the left.
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The radius of curvature of the beam is p = [1 4+ (—)')>1¥/2/(—y"), but if || < 1
this simplifies to —1/y” and the equation of the beam profile satisfies
14 K 2
YKo gdy
2 o dx?
We now need to integrate this, taking into account the boundary conditions
¥(0) = 0 and, on symmetry grounds, y/(éL) =0:

Wx? WL?
/—— 1 /(1 — —
V== 4k +A4, with y)GL)=0 = A4 16K
w [ L?
’_ 2
VT (4 x>’
W [(L*x X3
= — B ith =0 B=0.
y 4K ( 4 3 + ),Wl y(0) = 0

The centre is lowered by

W (I2L 113\ WL
y(1L) ( >—

T4k \ 42 38)7 48K’
Note that the derived analytic form for y(x) is not applicable in the range

;L < x < L; the beam profile is symmetrical about x = ;L, but the expression
4L2x — }x3 is not invariant under the substitution x —» L — x.

15.5 The function f(t) satisfies the differential equation
&f | df

8
dr? + dt

For the following sets of boundary conditions determine whether it has solutions,
and, if so, find them:

+12f = 12¢7*.

(a) f(0)=0, f(0)=0, f(iny2)=0;
(b) f(0)=0, f/(0)=-2, f(Iny2)=0.

Three boundary conditions have been given, and, as this is a second-order linear
equation for which only two independent conditions are needed, they may be

inconsistent. The plan is to solve it using two of the conditions and then test
whether the third one is compatible.

The auxiliary equation for obtaining the CF is

m+8m+12=0 = m=-2orm=—6
= f(t)=Ae % + Be .
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Since the form of the RHS, Ce™, is not included in the CF, we can try it as the
particular integral:

16C -32C+12C=12 = C=-3
The general solution is therefore
f(t) = Ae 8" + Be ™ — 3¢7H,
(a) For boundary conditions f(0) =0, f'(0)=0, f(In \/2) =0:

f0)=0 = A+B-3=0,
f(0)=0 = —64—2B+12=0,
= A= ;, B = ;
Hence, f(1) = Je ™+ 3 -3¢

Recalling that e~V = 1/,/2, we evaluate

31 31 .1 3
fin2)=) g +5,=3,= 470

Thus the boundary conditions are inconsistent and there is no solution.

(b) For boundary conditions f(0) =0, f(0)= -2, f(In \/2) = 0, we proceed
as before:

f(0)=0 = A+B-3=0,
f(0)=0 = —64—2B+12=-2,
= A=2 B=1.
Hence, f(f) = 2e % 472 —3e7%,
We again evaluate
f(ln\/2)=21+ Loty
8 2 4

This time the boundary conditions are consistent and there is a unique solution
as given above.

15.7 A solution of the differential equation
d’y | . dy
2
dx? o dx
takes the value 1 when x = 0 and the value e=' when x = 1. What is its value
when x = 2?

+y=4e "
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The auxiliary equation, m? + 2m + 1 = 0, has repeated roots m = —1, and so the
general CF has the special form y(x) = (4 + Bx)e™.

Turning to the PI, we note that the form of the RHS of the original equation
is contained in the CF, and (to make matters worse) so is x times the RHS. We
therefore need to take x” times the RHS as a trial PI:

y(x) = Cx*e™, Yy =C2x—xe™, y'=CQ2—4x+x})e™
Substituting these into the original equation shows that
20 =4 = (C=2
and that the full general solution is given by
y(x) = (A + Bx)e™ + 2x%e .

We now determine the unknown constants using the information given about the
solution. Since y(0) = 1, A = 1. Further, y(1) = e~! requires

el'=(14+B)e'+2! = B=-2

Finally, we conclude that y(x) = (1—2x+2x?)e™~ and, therefore, that y(2) = 5¢~2.

15.9 Find the general solutions of

4Py dy
—12 16y = 32x — 8
(a) I3 dx+ y x—38,

® ¢ (1) 4 acothzax) (1Y) =22,
dx \ y dx y dx

where a is a constant.

(a) As this is a third-order equation, we expect three terms in the CF.

Since it is linear with constant coefficients, we can make use of the auxiliary
equation, which is

m* —12m+ 16 = 0.
By inspection, m = 2 is one root; the other two can be found by factorisation:
m —12m+16 = (m — 2)(m*> 4+ 2m — 8) = (m — 2)(m + 4)(m — 2) = 0.

Thus we have one repeated root (m = 2) and one other (m = —4) leading to a
CF of the form

y(x) = (A + Bx)e* + Ce ™.
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As the RHS contains no exponentials, we try y(x) = Dx + E for the PI. We then
need 16D =32 and —12D + 16E = —8, giving D =2 and E = 1.

The general solution is therefore
y(x) = (A + Bx)e™ + Ce ™ +2x + 1.

(b) The equation is already arranged in the form

EI) 4 gz = )
X

and so needs only an integrating factor to allow the first integration step to be
made. For this equation the IF is

exp { / 2acoth2ax dx} = exp(In sinh 2ax) = sinh 2ax.
After multiplication through by this factor, the equation can be written
. d (1d 1d .
sinh 2ax v + (2a cosh 2ax) V') = 24%sinh 2ax,
dx \ ydx y dx

d sinh 2ax Ldy = 24° sinh 2ax.
dx y dx

Integrating this gives

2
sinh 2ax Ldy = 2a cosh2ax + A,
y dx 2a
1dy
= th2 .
y dx acoth 2ax + sinh 2ax

1 A
Integrating again, Iny = ) In(sinh 2ax) + / sinh 2ax dx+ B

1 A
= _In(sinh2ax) + , In(|tanhax|) + B,
2 2a
= y = C(sinh2ax)"? (| tanh ax|)".
The indefinite integral of (sinh 2ax)~! appearing in the fourth line can be verified

by differentiating y = In|tanhax| in the form y = éln(tanh2 ax) and recalling
that

cosh ax sinh ax = ; sinh 2ax.
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15.11 The quantities x(t), y(t) satisfy the simultaneous equations
%+ 2nx +n’x =0,
Y+ 2ny + n’y = ux,

where x(0) = y(0) = y(0) = 0 and x(0) = A. Show that

3(0) = L (1 = L) exp().

For these two coupled equations, in which an ‘output’ from the first acts as the
‘driving input’ for the second, we take Laplace transforms and incorporate the
boundary conditions:

(s*x —0— 2) + 2n(sx — 0) + n’x = 0,
(527 — 0 —0) + 2n(sy — 0) + n*y = pu(sx — 0).
From the first transformed equation,

)
s2 4 2ns +n?’

X =

Substituting this into the second transformed equation gives

_opsx UAS
VS s n? T (s 4 n)2(s +n)2
UA uin

(5N s+t

£ nt?
= y(t) = ul <2' e — 31 e"‘) , from the look-up table,

1 ., nty\ _
= 1— nt
Z,uxlt < 3>e ,

i.e. as stated in the question.

15.13 Two unstable isotopes A and B and a stable isotope C have the following
decay rates per atom present: A — B,3s7!; A — C, 1s7'; B — C, 257\, Initially
a quantity xo of A is present but there are no atoms of the other two types. Using
Laplace transforms, find the amount of C present at a later time t.

Using the name symbol to represent the corresponding number of atoms and
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taking Laplace transforms, we have

[f;lz—(3+1)A = sA—xo=—44
- XO
A=
= s+4°
342 ~ B-31-28
- B= 3XQ ’
(s+2)(s+4)
Tt = C=A+2B
N C:xo(s+2)+6x0.
s(s +2)(s +4)

Using the ‘cover-up’ method for finding the coefficients of a partial fraction
expansion without repeated factors, e.g. the coefficient of (s +2)~' is [(—=2 +
8)x01/[(—2)(—2 4+ 4)] = —6x(/4, we have

Xo(s+8)  Xxo B 6x0 n 4x¢
s(s+2)(s+4) s 4s+2) " 8(s+4)

= C(t)=xo(1—3e 2+ 1le ™).

C =

This is the required expression.

15.15 The ‘golden mean’, which is said to describe the most aesthetically pleasing
proportions for the sides of a rectangle (‘e.g. the ideal picture frame), is given by
the limiting value of the ratio of successive terms of the Fibonacci series u,, which
is generated by

Upto = Upt1 + Uy,

with ug = 0 and u; = 1. Find an expression for the general term of the series and
verify that the golden mean is equal to the larger root of the recurrence relation’s
characteristic equation.

The recurrence relation is second order and its characteristic equation, obtained
by setting u,, = AA", is

P=A—1=0 = Ji=(1£5.

The general solution is therefore

— <1+2\/5>"+B (1—2\/5>".
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The initial values (boundary conditions) determine A and B:

up=0 = B=-—4,

w=1 = A<1+\/5—1_\/5>=1 ~ 4= 1!

2 2
1

<1+\/5>"_ <1—\/5>"]
\/5 2 2 '

If we write (1 —+/5)/(1 + \/5) =r < 1, the ratio of successive terms in the series
is

Hence, u, =

e L4 /SM — (1= /5]
Up 1+ \/5)n —(1- \/S)n
45— (1= /5]

11—
— as n — oo;

i.e. the limiting ratio is the same as the larger value of A.

This result is a particular example of the more general one that the ratio of
successive terms in a series generated by a recurrence relation tends to the largest
(in absolute magnitude) of the roots of the characteristic equation. Here there are
only two roots, but for an Nth-order relation there will be N roots.

15.17 The first few terms of a series uy,, starting with ugy, are 1,2,2,1,6,—3. The
series is generated by a recurrence relation of the form

u, = Puy_» + Qun—4a

where P and Q are constants. Find an expression for the general term of the series
and show that, in fact, the series consists of two interleaved series given by

2 14m

Uy = 3 & 34 5

7 1m

Um+1 = 3 34 5

form=0,1,2,....

We first find P and Q using

n=4  6=2P+0,
n=5 —3=P+4+20, = Q=-4and P =5.
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The recurrence relation is thus
Uy = Sup—y — 4uy_4.
To solve this we try u, = A + BA" for arbitrary constants A and B and obtain

A+ B)" =54+ 5B)"* —44 —4B)"*,
= 0=2"-524+4
== —-4) = Li=41,+2
The general solution is  u, = A + B(—1)" + C2" + D(-2)".

We now need to solve the simultaneous equations for A, B, C and D provided by
the values of ug,... ,u3:

1=A+B+C+D,
2=A—B+2C—2D,
2=A+B+4C +4D,
1=A—B+8C—8D.

These have the straightforward solution

and so

g

3 5 1
— _ _1 n 2"
=)= 2y

When n is even and equal to 2m,

When n is odd and equal to 2m + 1,

3 5 4m 4m 7 47
bt =yt et 6 T2 T3 3
In passing, we note that the fact that both P and Q, and all of the given values
uo,. .. , Uy, are integers, and hence that all terms in the series are integers, provides
an indirect proof that 4™ + 2 is divisible by 3 (without remainder) for all non-
negative integers m. This can be more easily proved by induction, as the reader
may like to verify.
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15.19 Find the general expression for the u, satisfying
Upp1 = 2Up_p — Uy

with uy = uy = 0 and uy = 1, and show that they can be written in the form

1 /2 3nn p
U, = 5 \/5 cos 4 ,

where tan ¢ = 2.

The characteristic equation (which will be a cubic since the recurrence relation is
third order) and its solution are given by
in-H — 2/1n—2 _)n
B —2=0,
A=1DAP+2142)=0 = i=1lori=—1+i

Thus the general solution of the recurrence relation, which has the generic form
AN+ B2+ CA5, is

Uy =A+ B(—14+10)"+ C(—1—1i)"

—A4+B 211/2€i3nn/4 e 211/281'57111/4.

To determine A, B and C we use

u=0, O0=A+B+C,
U = 0’ 0=A+ le/2ei3ﬂ:/4 +C 21/2ei5n/4

= A+ B(—1+i)+C(—1 —i),
w =1, 1 = A+ B2  C219* = A + 2B(—i) + 2C(i).

Adding twice each of the first two equations to the last one gives 54 = 1.
Substituting this into the first and last equations then leads to

2
B—}—Cz—1 and —B+C= _,
5 5i

from which it follows that

g 12 V5 g

10 10 ¢

—1-2i /5,
. - — i(n+¢)
and C 10 10 e ,

where tan¢ =2/1 = 2.
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Thus, collecting these results together, we have

/2
2" \/5 (ei3nn/4ei(7z—d)) + eiSnn/4ei(7z+¢))

U, = 10

1

5

R CN P
o i3nn/4 —idp —i3nn/4 Ji¢p

5 10 (e e’ +e e'?)

1 2v25 3nn

5 10 {2 cos ( 4 ¢>>}

1 22 cos 3nn _é

5 5 4 ’

i.e. the form of solution given in the question.

15.21 Find the general solution of

d’y  _dy
2 _
dx? _xdx ty=x

given that y(1) =1 and y(e) = 2e.

X

This is Euler’s equation and can be solved either by a change of variables,
x = ¢!, or by trying y = x*; we will adopt the second approach. Doing so in the
homogeneous equation (RHS set to zero) gives

A=) —x x4 X =0.
The CF is therefore obtained when 4 satisfies
Mh—1)—2+1=0 = (A—1>=0 = i=1 (repeated).
Thus, one solution is y = x; the other linearly independent solution implied by
the repeated root is xInx (see a textbook if this is not known).

There is now a further complication as the RHS of the original equation (x) is
contained in the CF. We therefore need an extra factor of Inx in the trial PI,
beyond those already in the CF. (This corresponds to the extra power of t needed
in the PI if the transformation to a linear equation with constant coefficients is
made via the x = ¢' change of variable.) As a consequence, the PI to be tried is
y = Cx(Inx)*:
X2 [2ch;x + ZXC ] “x [Cx 21;“‘ +C(Inx)? | + Cx(Inx)? = x.

This implies that C = é and gives the general solution as

y(x) = Ax + BxInx + éx(ln x)2.
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It remains only to determine the unknown constants A and B; this is done
using the two given values of y(x). The boundary condition y(1) = 1 requires
that 4 = 1, and y(e) = 2e implies that B = é; the solution is now completely
determined as

y(x)=x+ éxlnx(l + In x).

15.23 Prove that the general solution of

>y d
a2 T3

1 2 1
y(x) = (x— 202 {k (3x — 2) +cx2] :

This equation is not of any plausible standard form, and the only solution method
is to try to make it into an exact equation. If this is possible the order of the
equation will be reduced by one.

4
(x—2) Y=o
X X

is given by

We first multiply through by x> and then note that the resulting factor 3x? in
the second term can be written as [x?(x — 2)] + 4x, i.e. as the derivative of the
function multiplying y” together with another simple function. This latter can
be combined with the undifferentiated term and allow the whole equation to be
written as an exact equation:

d |, dy dy _

dx {x (x 2)dx] +4xdx+4y—0,
d |, dy d(4xy)
dx [x (x 2)dx} LY =0,

= x’(x— 2)dy +4xy = k.
dx

Either by inspection or by use of the standard formula, the IF is (x — 2)/x* and
leads to

dx x2 x4
(x — 2 1 2
2 - (2x2+3x3)+c’
1 ko 2k,
- y_(x—2)2< 2+3x+cx)
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15.25 Find the Green’s function that satisfies

PG(x.E)

o G(x,&)=d(x—¢&)  with  G(0,&) = G(1,&) =0.

It is clear from inspection that the CF has solutions of the form e**. The other
pair of solutions that may suggest themselves are sinh x and cosh x, but these are
merely independent linear combinations of the same two functions.

As both boundary conditions are given at finite values of x (rather than at
X — Fo0) and both are of the form y(x) = 0, it is more convenient to work with
those particular linear combinations of ¥ and e~ that vanish at the boundary
points. The only common linear combination of these two functions that vanishes
at a finite value of x is a sinh function. To construct one that vanishes at x = xg
the argument of the sinh function must be made to be x — x¢. For the present
case the appropriate combinations are

1 1
sinh x = 2(ex —e ) and sinh(l —x) = (;) et — (2e> e~

Thus, with 0 < & < 1, we take

[ A(&)sinhx x <,
Glx.c) = { B(&)sinh(1 —x) x> ¢&.

The continuity requirement on G(x,£) at x = £ and the unit discontinuity
requirement on its derivative at the same point give

Asinhé — Bsinh(1 —¢) =0
and — Bcosh(l1 —&)—Acoshé =1,
leading to
Asinh € cosh(1 — &) + A cosh & sinh(1 — &) = —sinh(1 — &),
A[sinh(¢ +1 —¢)] = —sinh(1 — &).

Hence,
_ sinh(1—=¢) _ sinh¢
A== sinh 1 and B= sinh 1’
giving the full Green’s function as
—Smi’igh_l Ysinhx x<é,
G(x,¢) = b
_sinhe Gl —x) x> ¢,
sinh 1
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15.27 Show generally that if yi(x) and y,(x) are linearly independent solutions of

2

d°y dy _
et p(x) ot q(x)y =0,

with y1(0) = 0 and y,(1) = 0, then the Green’s function G(x,&) for the interval
0<x,& <1 and with G(0,¢) = G(1,&) = 0 can be written in the form

»(x)y2(8)/W(E) 0<x <,
G(x, &) =
X))/ W(E) E<x<l,
where W (x) = W [yi1(x), y2(x)] is the Wronskian of yi(x) and y,(x).

As usual, we start by writing the general solution as a weighted sum of the
linearly independent solutions, whilst leaving the possibility that the weights may
be different for different x-ranges:

G(X é) _ A(é)yl(X) + B(é)yz(x) 0<x < ’f,
’ C(é)yl(x) +D(é)y2(x) é <x<l1.

Imposing the boundary conditions and using y(0) = y»(1) =0,
0=G(0,8) =A(E)y1(0) + B(&)y2(0) = B(¢) =0,
0=06(1,¢) =CEnM) + D) = C(E)=0.

The continuity requirement on G(x,¢) at x = ¢ and the unit discontinuity
requirement on its derivative at the same point give

A(Dy1(€) = D()y2(8) = 0,
A)Y1(&) = D(E)ys(&) = —1,

leading to
AD =il =y =A@ =,
(6 ~
PO=064= wey
Thus,

n(X)y2(E)/W(E) 0<x<,
G(x, &) =
»(x)yi&)/W(E) <x<lL
This result is perfectly general for linear second-order equations of the type stated
and can be a quick way to find the corresponding Green’s function, provided the

solutions that vanish at the end-points can be identified easily. Exercise 15.25 is
a particular example of this general result.
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15.29 The equation of motion for a driven damped harmonic oscillator can be
written

%4 2%x + (1 4+ xH)x = f(2),

with i # 0. If'it starts from rest with x(0) = 0 and x(0) = 0, find the corresponding
Green’s function G(t,t) and verify that it can be written as a function of t —
only. Find the explicit solution when the driving force is the unit step function, i.e.
f(t) = H(t). Confirm your solution by taking the Laplace transforms of both it
and the original equation.

The auxiliary equation is
m +2m+(1+>)=0 = m=—1+ix,
and the CF is x(t) = Ae " cosxt + Be 'sinkt.
Let
G(t.7) A(t)e 'coskt + B(r)e'sinkt 0<t<r,
b ’L— = .
C(t)e 'coskt + D(t)e 'sinkt t> 1.

The boundary condition x(0) = 0 implies that 4 = 0, and
x(0)=0 = B(—e 'sinkt+xe 'coskt)=0 = B=0.
Thus G(t,7) =0 for t < 7.

The continuity of G at t = 7 gives

. Ccoskrt
Ce "coskt+De *sinkt=0 = D=— | .
sin Kt
The unit discontinuity in the derivative of G at t = 1 requires (using s = sinkt
and ¢ = coskt as shorthand)

Ce *(—c—xs)+De "(—s+xc)—0=1,
C|—c—Ks— z(—s—i— KC)} =e',

C(—sc — ks> + ¢s — Kkc?) = se’,
giving
e’ sin Kt €’ cos Kt

C=— and D=
K K

Thus, for t > 1,

e’ . . _
G(t,7) = (—sinktcoskt + coskTsinit)e "
K

(=7

sin k(t — 7).
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This form verifies that the Green’s function is a function only of the difference
t — 7 and not of t and 7 separately.

The explicit solution to the given equation when f(t) = H(t) is thus
o0
x(t) = / G(t,7)f (1) dx
0

t
= / G(t,7)H(t)dr, since G(t,7) =0 for 7 > ¢,
0

1 t
/ e Isink(t — 1) dt
K

0
t
Im / e‘r-‘riK(zfr)dT
K 0

t
et it pT—iKT =t
Im
=0

K 1—ix

e

e—t et _ eiKI
Im ] .
K 1—ix

Now multiplying both numerator and denominator by 1 + ix to make the latter

real gives

eft

(1+x2)

—t
= (le~|— ) [k(e" — coskt) — sinkt ]
K
1 — 1, .
= 1—e"coskt— e 'sinkt].
14+ %2 K

x(t) = . Im [(e' — e™)(1 + ix)]

The Laplace transform of this solution is given by

L (1 syl 1
142 \s (sH1)24K2 k(s+H12 42
(s+1) 2 +r2—s(s+1)—s
(1 +x?)s[(s+1)> + «?]

1

Cos[(s+ 12+ 2]

The Laplace transform of the original equation with the given initial conditions
reads

1
[$’Xx —0s— 0] +2[sx — 0]+ (1 +x>)x = g

again showing that

1 1
s[s24+2s+14+x2]  s[(s+12+x2]

j_C=
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and so confirming the solution reached using the Green’s function approach.

15.31 Find the Green’s function x = G(t,ty) that solves

d®>x  dx
a2 T Ocdt = 0(t — tp)
under the initial conditions x = dx/dt = 0 at t = 0. Hence solve
d*x

dx

where f(t) = 0 for t < 0. Evaluate your answer explicitly for f(t) = Ae P (t > 0).

It is clear that one solution, x(t), to the homogeneous equation has X = —ax and
is therefore x(t) = Ae~*. The equation is of second order and therefore has a
second solution; this is the trivial (but perfectly valid) x is a constant. The CF is
thus x(t) = Ae * + B.

Let
Ae ™ + B, 0<t<t,
G(t,to) =
Ce™ 4+ D, t>t.

Now, the initial conditions give

x(0)=0 = A+B=0,

x0)=0 = —a4=0 = A=B=0.
Thus G(t,ty) =0 for 0 < t < ty.
The continuity/discontinuity conditions determine C and D through

Ce™ +D—0=0,
oto

1
—qCe™ —0=1, = C=-— and D = .
o o

1
It follows that G(t,ty) = y [1—e =] for t > t,.

The general formalism now gives the solution of

d*x dx
dr? +“dt =10

as

x(t) = /0 i[1—e*“<fff’]f(f)df.
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With f(t) = Ae™P* this becomes

x(t) = / U e e e

/(e ﬂr_ —ot (oc )d‘C

1—8 Pt efﬁr_eaz
=4 T a(u—m}
_ _oc—ﬁ—oce_/“+ﬁe_°“}
=4 Baa—p)

B _oc(l—e_ﬁt)—ﬂ(l—e_“’)}
=4 Boer — ) '

This is the required explicit solution.

15.33 Solve

d*y dy\ d?y dy\* :
2ydx3 +2 <y+3dx> 2 +2 (dx) = sinx.

The only realistic hope for this non-linear equation is to try to arrange it as an
exact equation! We note that the second and fourth terms can be written as the
derivative of a product, and that adding and subtracting 2y’y” will enable the
first term to be written in a similar way. We therefore rewrite the equation as

d d?y d dy y &’y .
dx (2ydx2) * (2 Y dx )+(6 2)01 a2 S

d d*y d dy d dy .
dx (2ydx2> t (2ydx) T ax 2 (dx) - s

This second form is obtained by noting that the final term on the LHS of the
first equation happens to be an exact differential. Thus the whole of the LHS is
an exact differential and one stage of integration can be carried out:

2y
2yd

+2 dy +2 dy 2——cos + A
dx? yd ax) — XA

We now note that the first and third terms of this integrated equation can be
combined as the derivative of a product, whilst the second term is the derivative
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of y2. This allows a further step of integration:

d d d
2y v +2y y=—cosx—|—A,
dx dx

dx
d dy\ | dy?)
dx <2ydx> + dx cosx +4,

d .
= 2ydi + y? = —sinx + Ax + B,

d(»*)
dx
At this stage an integrating factor is needed. However, as the LHS consists of
the sum of the differentiated and undifferentiated forms of the same function, the
required IF is simply e*. After multiplying through by this, we obtain
d
dx

X
= y=¢ [C +/ (B + Au — sinu)e" du}

+ y? = —sinx + Ax + B.

(exyz) = —¢*sinx + Axe® + Be*,

=Ce ™+ B+ A(x— 1) — }(sinx — cos x).

The last term in this final solution is obtained by considering

X X
/ e“sinudu=1m/ I+ gy

e(1+i)u X
i)
= Im [é(l _ l‘)e(1+i)x]

= ;ex(sinx — COs X).

|

15.35 Express the equation

2

v + 4x dy + (4x* 4+ 6)y = e~ sin2x
dx? dx

in canonical form and hence find its general solution.

In the standard shortened notation, we have
aj(x) =4x,  ap(x)=4x*+6,  f(x)=e " sin2x.

Then, with y(x) expressed as y(x) = u(x)v(x), in order to have an equation with
no v’ term in it, we choose u(x) as

u(x) =exp{—! [Yai(z)dz} =exp{—1 [Y4zdz} =¥
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The equation is then reduced to
d*v

o 80 = h()

where
g(x) = ao(x) — Mar(x)* = laj(x) =4x* + 6 —4x* —2 =4
and h(x) = f(x)exp {} [ai(z)dz} = (e sin 2x) exp{} [4zdz}
= (e_"CZ sin 2x) ¢ = sin2x.
For this particular case the reduced equation is
v" + 4v = sin 2x.

This has CF A4 cos2x + B sin2x but, because the RHS is contained in the CF, we
need to try as a PI y(x) = C(x)cos2x + D(x)sin 2x. Substituting this shows that
C and D must satisfy

C" cos 2x —4C'sin 2x + D" sin 2x + 4D’ cos 2x = sin 2x,
yielding the pair of simultaneous equations
C"+4D" =0,
—4C"+D" = 1.
Any solution will suffice, and the simplest is C(x) = —}‘x with D(x) = 0.

We can now write the general solution and express it in terms of the original
variables:

v(x)=(4— ix) cos 2x + B sin 2x,
y(x) = u(x)v(x) = [(4 — ix) cos2x + B sin 2x]e’x2.

15.37 Consider the equation

3-2 —2\?
xpy”+n—;_1 pxpfly/_i_ <Z_1> xp72y=yn’

in which p #+ 2 and n > —1 but n #+ 1. For the boundary conditions y(1) =0 and
y'(1) = 2, show that the solution is y(x) = v(x)x?=2/0"=1 where v(x) is given by

v(x) dz
/ = In x.
0 [/12 + 2zt /(n + 1)]
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To start, we test whether the equation is isobaric by giving y a weight m relative
to x. The weights of the four terms are then

m—2+4+p, m—1+p—1, m+p—2, mn

These are all equal, provided m is chosen to satisfy m +p —2 = mn, i.e. m =
(p —2)/(n — 1). Thus the equation is isobaric.

Now set y(x) = v(x)x™, noting that y(1) = 0 = v(1) = 0. As derivatives we have

y/ ='x" + mvxm—l’ yu ='x" + 2mvrxm—1 + m(m _ 1)Uxm—2.

We further note that, since y'(1) = A implies v'(1) + mv(1) = 1, we must have
v'(1) = A

Substituting the derivatives into the equation, rewriting the constants in terms of
m and dividing through by x?*"=2 gives

x*0" 4 2mxv’ + m(m — Do + (1 — 2m)(xv’ + mv) + m*v = v"x°,

X" 4 xv' 4 [m(m — 1) +m—2m* +m’ Jo = 0",

X" + xv' = 0",

To solve this non-linear equation we set x = ¢' and v(x) = u(t). The operator
d/dx becomes e~'d/dt. The initial conditions are that u(0) = 0 and

du dv dx ) 0
Q= dx dt =/Je” att =0.

The equation itself transforms to

d du du
2t —t —t t —t _.n
ee dt(e dt)+ee ="

" / /
U —u +u =u",

u/u// — u/un
1 (du\* urt!
= k.
2 (dt> n+1 +
Since ¥'(0) = A and u(0) = 0, it follows that k = %2 and that

) 1/2
du _ 2yt g _
dt n+1

Integrating this gives

u(t) 2 n+1 —1/2
/ < g + 12> dz=1t—0,
0 n + 1

267



HIGHER-ORDER ODES

and, by changing back to the original variables,

v(x) n+1 —-1/2
/ <2Z 1 12) dz = Inx.
0 n-+ 1

For any given x, this equation determines v(x).
The solution y(x) to the original equation is then given by

y(x) = U(x)x(pfz)/("fl).
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