16

Series solutions of ordinary
differential equations

16.1 Find two power series solutions about z = 0 of the differential equation
(1—2z%y" —3zy' + Ay =0.

Deduce that the value of J for which the corresponding power series becomes an
Nth-degree polynomial Uy(z) is N(N + 2). Construct Uy(z) and Us(z).

If the equation is imagined divided through by (1 — z?) it is straightforward to
see that, although z = +1 are singular points of the equation, the point z = 0 is
an ordinary point. We therefore expect two (uncomplicated!) series solutions with
indicial values ¢ =0 and ¢ = 1.

(@) 0 =0and y(z) =, anz" with ag # 0.

Substituting and equating the coefficients of z",
0

(l—zz)Zn(n—lan —3Znanz”+AZanz =0,

n=0 n=0
(m + 2)(}’}’1 + l)am+2 - m( - 1)am - 3mam + /Lam =0,

gives as the recurrence relation

mm—1)+3m—4  mm+2)—1 ;
(m+2)(m+1) m_(m—l—l)(m—|—2) "

Since this recurrence relation connects alternate coefficients a,, and ay # O,
only the coefficients with even indices are generated. All such coefficients with
index higher than m will become zero, and the series will become an Nth-degree
polynomial Upn(z), if A = m(m + 2) = N(N + 2) for some (even) m appearing in
the series; here, this means any positive even integer N.

amy2 =
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To construct U,(z) we need to take 4 = 2(2 + 2) = 8. The recurrence relation
gives a; as

0—38
O+1)0+2%~
(b) o =1and y(z) =z, a,z" with ag # 0.

Substituting and equating the coefficients of z"*1,

ar = —day = Us(z) = ap(1 —4z°).

0

® 0
(1 =2 (n+ Dnapz"" =33 (n+ Daz"™"' + 1) a2 =0,
n=0 n=0 n=0
(m+ 3)(m+ 2)ayr — (m+ V)ma,, — 3(m + V)a,, + La,, =0,

gives as the recurrence relation

mm+1)+3m+1)—4  (m+1)(m+3)—1
m+2)m+3) "7 (m+2)m+3)

Again, all coefficients with index higher than m will become zero, and the series

will become an Nth-degree polynomial Uy(z), if A = (m+ 1)(im+ 3) = N(N + 2)

for some (even) m appearing in the series; here, this means any positive odd

integer N.

A2 = me

To construct Us(z) we need to take 4 = 3(3 4+ 2) = 15. The recurrence relation
gives a, as
3—15

(0+2)(0 4 3)%0 = ~ 2

ay =

Thus,
Us(z) = aop(z — 22%).

16.3 Find power series solutions in z of the differential equation
zy" =2y +9z°y = 0.

Identify closed forms for the two series, calculate their Wronskian, and verify that
they are linearly independent. Compare the Wronskian with that calculated from
the differential equation.

Putting the equation in its standard form shows that z = 0 is a singular point of
the equation but, as —2z/z and 9z7/z are finite as z — 0, it is a regular singular
point. We therefore substitute a Frobenius type solution,

0
y(z)=12z° Z ayz" with ag # 0,
n=0
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and obtain

e}
Z(n +0)n+o—1)a,z"!
n=0
w

»
—2> (n+0)az" " 493 a2t =0,

n=0 n=0
Equating the coefficient of z°~! to zero gives the indicial equation as
g(cd —1)ayg—26ap=0 = ¢=0,3.
These differ by an integer and may or may not yield two independent solutions.
The larger root, ¢ = 3, will give a solution; the smaller one, ¢ = 0, may not.
(a) o = 3.

m+2

Equating the general coefficient of z to zero (with ¢ = 3) gives

(m + 3)(m + 2)61,7, - Z(m + 3)am +9a,,—6 = 0.

Hence the recurrence relation is
9am_6
m(m + 3)’
= dep = — ) Aep—6 = — "ep—6 = 1yao .
6p (6p + 3) 2p(2p+1)  (2p+1)!

The first solution is therefore given by

n © n
3 _ (=1 32n+1) _ 3
y1(x) = apz E (2 +1)’ "= ay nEZO (2n+1)!z = qpsinz’.

(b) o = 0.

Equating the general coefficient of z"~! to zero (with ¢ = 0) gives

y = —

m(m — 1)a,, — 2may, + 9a,,—¢ = 0.

Hence the recurrence relation is
9an176
m(m —3)’
9 B aep—6  _ (—=1)lao
Aep—6 = — = |
6p (6p — 3) 2p(2p—1) (2p)!

am = —
= a()p:_

A second solution is thus

( 1)” 3
ya(x) —aoz (2n )’ "= agcosz’.

We see that ¢ = 0 does, in fact, produce a (different) series solution. This is
because the recurrence relation relates a, to a,.¢ and does not involve a,13;
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the relevance here of considering the subscripted index ‘m + 3’ is that ‘3’ is the
difference between the two indicial values.

We now calculate the Wronskian of the two solutions, y; = agsinz® and y, =
bocosz3:

W (y1,92) = y1¥s — yani
= ag sin z3(—3bgz? sin z*) — by cos z°(3apz? cos z°)
= —3(,10[?022 79 0.

The fact that the Wronskian is non-zero shows that the two solutions are linearly
independent.

We can also calculate the Wronskian from the original equation in its standard
form,

2
V=V 9z%y =0,
as

)
W=Cexp{—/ ) du}zCexp(Zlnz)=C22.

This is in agreement with the Wronskian calculated from the solutions, as it must
be.

16.5 Investigate solutions of Legendre’s equation at one of its singular points as
follows.

(a) Verify that z = 1 is a regular singular point of Legendre’s equation and that
the indicial equation for a series solution in powers of (z — 1) has a double
root o = 0.

(b) Obtain the corresponding recurrence relation and show that a polynomial
solution is obtained if £ is a positive integer.

(c) Determine the radius of convergence R of the ¢ = 0 series and relate it to
the positions of the singularities of Legendre’s equation.

(a) In standard form, Legendre’s equation reads

2z (0 +1)
" /
— =0.
S s 4 + 1—z2 7
This has a singularity at z = 1, but, since
—2z(z —1 L+ 1)(z — 1)
IZ(ZZ)—>1and (—l—l)(zz )—>0asz—>1,
—Z —Z
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i.e. both limits are finite, the point is a regular singular point.

We next change the origin to the point z = 1 by writing u = z—1 and y(z) = f(u).
The transformed equation is

b 2u+l) A+
B —u(u+2)f + —uu+2)” =0
or w4+ 2)f" — 2u+ Df 4L+ D)f =0.

The point u = 0 is a regular singular point of this equation and so we set
f(u)y=u’ " a,u" and obtain

[oe)
—u(u+2) Z(a +n)(o +n— Dau’"?
n=0

o0 o0
—2u+1)> (o +mau ™ +£(/+1)> aut" = 0.
n=0 n=0

Equating to zero the coefficient of u~! gives
—20(6 — )ag —26ap=0 = o> =0;

i.e. the indicial equation has a double root ¢ = 0.

(b) To obtain the recurrence relation we set the coefficient of u™ equal to zero for
general m:

—m(m — 1)a,, — 2(m + V)may1 — 2ma,, —2(m + Vay + (£ + 1)a,, = 0.
Tidying this up gives

Z(m + 1)("’1 + 1)am+1 = [{(/ + 1) - ’nZ +m— 2m]am’
{0+ 1)—m(m+1) ;
2m + 1)

= Ap+1 =

From this it is clear that, if / is a positive integer, then a,, and all further a, are
zero and that the solution is a polynomial (of degree ).

(c) The limit of the ratio of successive terms in the series is given by

Ayt un-‘rl

a,u"

ul(+1)—m(m+1)] _, lul
2(m+1)2 2

For convergence this limit needs to be < 1, i.e. [u| < 2. Thus the series converges
in a circle of radius 2 centred on u = 0, i.e. on z = 1. The value 2 is to be
expected, as it is the distance from z = 1 of the next nearest (actually the only
other) singularity of the equation (at z = —1), excluding z = 1 itself.
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16.7 The first solution of Bessel’s equation for v =0 is

L&y
JO(Z)_;:%n!F(n+1) (2) '

Use the derivative method to show that

z)lnz_Z( 1y (Z )(;)2

n=1 1

is a second solution.

Bessel’s equation with v = 0 reads
" !
zy" +y +zy=0.

The recurrence relations that gave rise to the first solution, Jo(z), were (6 +1)%a; =
0 and (¢ + n)>a, + a,—» = 0 for n > 2. Thus, in a general form as a function of o,
the solution is given by

22 Z4
y(0,2) = aoz" {1 T o422 T (0 +22c+42
+ (_1)n22n + o }
[(0+2)(c+4)...(c +21)]> :

Setting ¢ = 0 reproduces the first solution given above.

To obtain a second independent solution, we must differentiate the above expres-
sion with respect to o, before setting o equal to O:

day,(o
2"( 27t at g = 0.

a =InzJo(z) + Z

Now

daZn(O-)
do

_d { (1" }
oo do \[(@+2)(a+4)...(c+2m)]2],_,

D (L] L L]
= LLP (a+2+a+4+"'+a+2n>

_2( 1)" n
T 2m(nl)? £ 2
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Substituting this result, we obtain the second series as

1nz_z( (z) )"

n=1

This is the form given in the question.

16.9 Find series solutions of the equation y" — 2zy' — 2y = 0. Identify one of the
series as yi(z) = expz? and verify this by direct substitution. By setting y,(z) =
u(z)y1(z) and solving the resulting equation for u(z), find an explicit form for y,(z)
and deduce that

) —v? — 2 2n+1
/Oe do=e 22(2n+1)'(x)

(a) The origin is an ordinary point of the equation and so power series solutions
will be possible. Substituting y(z) = Y., a,z" gives

[e¢] 0 0
Z n(n — ayz"? =2 Z na,z" — 2 Z a,z" = 0.
n=0 n=0 n=0
Equating to zero the coefficient of z"~2 yields the recurrence relation
2m—2 2
am = Am—2 =  am—2.
m m(m - 1) m—2 m m—2

The solution with ap = 1 and a; = 0 is therefore
222 2224 ZnZZn

yi(z) =1+ +(2)(4)+.”+2”n!+

O 2n

=expz>.

z
n!
n=0

Putting this result into the original equation,
(4z> +2)expz? —2z2zexpz® —2expz® =0,
shows directly that it is a valid solution.

The solution with ap = 0 and a; = 1 takes the form

223 22,5 onn | 20+l

RE=2E 5 s T T ey,
ny(zz 2n+1
Z 22n+ 1)1
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We now set y»(z) = u(z)y1(z) and substitute it into the original equation. As they
must, the terms in which u is undifferentiated cancel and leave

W' expz® 4 2u' 2z exp z?) — 2zu' exp z® = 0.
It follows that

u” 2 * 2
=2z = W =47 = uXx) =A/ e dv.
u
Hence, setting the two derived forms for a second solution equal to each other,
we have

)2n+1

iy 2 X 5
Z ;(znx-l_ 1)’ = YZ(X) = yl(x)u(x) = ¢¥ A/ o do,

For arbitrary small x, only the n = 0 term in the series is significant and takes
the value 2x/2 = x, whilst the integral is A [~ 1dv = Ax. Thus A = 1 and the
equality

2n+1

o o n!(2x)
/0 ¢ Z 2020 + 1)!

holds for all x.

16.11 Find the general power series solution about z = 0 of the equation

d2y

dy
2 dz2 3)

b= dz

4
+ y=0.
z

The origin is clearly a singular point of this equation but, since z(2z — 3)/z and
472 /z? are finite as z — 0, it is a regular singular point. The equation will therefore
have at least one Frobenius-type solution of the form y(z) = z° Y., a,z’

The indicial equation for the solution can be read off directly from z2y” + z(2z —
3)y +4y =0 as

o(c6—1)—3c+4=(0—-2>=0 = ¢ =2 (repeated root).

The recurrence relation in terms of a general ¢ is needed and is provided by
setting the coefficient of 2™ equal to 0:

m+o)(m—1+o)a,+2m—1+o0)a,_1 —3(m+ o)a, + 4a,, = 0.
This relation can be simplified and then applied repeatedly to give a,, in terms of
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ap and hence an explicit expression for y(o,z):

—2m—1+o0)
m+oP—m+o)—3m+o)+4
_ —2(m—1+o0)
 (m+o—2)
_(—2y m—1+o)m—2+0)...0 ;
m—2+4+0)(m—3+0)2...(c —1)?

m—1+o0)
m—2+0)(m—3+0)...0(c—1)? a0

am = Am—1

Am—1 form>1

="
Because of the form of the recurrence relation, we write the n = 0 and n = 1
terms explicitly:

20
(0 —1)?

(n—14a)(—2z)
te nz;(n—Z—l—a Y n—340)...0(c —1)*

g+l

y(o,z) = apz’ — apz

We also need the derivative of this with respect to o. As always, the derivative
consists of two terms, the first of which is y(cg,z)Inz. The second, in this case, is

200+1) (n—140)(—2z)"
(o — 1) WF7 a0 Z (n—240)n—3+0)...0(c —1)
1 1 1 1 2
n—1+0¢ n—24¢ n—3+0 g o—1

The factor in square brackets is obtained by considering a,(g) as the product
of factors of the form (¢ + o)f; differentiation of the product with respect to
produces a sum of terms, each of which is the original product divided by (¢ + ),
for some o, and multiplied by the corresponding f. In the actual expression, f§
takes the values +1 (once), —1 (on n — 1 occasions) and —2 (once).

To obtain two independent solutions, we finally set ¢ = 2 and ap = 1 obtaining

)n n+2

zx: (n4+1)(

n=0
y(z) = yi(z)Inz + 6aoz3

(4 1) (=22 1 1 1
+Z n! n+1 n n—1 2

n=2
The general solution is any linear combination of y;(z) and y,(z).
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16.13 For the equation y" + z73y = 0, show that the origin becomes a regular
singular point if the independent variable is changed from z to x = 1/z. Hence
find a series solution of the form yi(z) = . a,z~". By setting yz(z) = u(z)y1(z)
and expanding the resulting expression for du/dz in powers of z~!, show that y,(z)
is a second solution with asymptotic form

Inz
y(z)=c Z+1HZ—;+O< )],
V4
where ¢ is an arbitrary constant.
With the equation in its original form, it is clear that, since z?/z3 — oo as

z — 0, the origin is an irregular singular point. However, if we set 1/z = ¢ and
y(z) = Y (<), with

then
ézd”é (—52‘2’2) +EY =0,
2% + 20 +iY =0,
Y”—I—éY’—I—éY:O.

By inspection, £ = 0 is a regular singular point of this equation, and its indicial
equation is

olc—1)+26=0 = o¢=0, —1.
We start with the larger root, ¢ = 0, as this is ‘guaranteed’ to give a valid series

solution and assume a solution of the form Y (¢) = > a,&", leading to

0

Z n(n — I)anE”*1 + 2§: nané”*1 + zm: a," = 0.

n=0 n=0 n=0
Equating to zero the coefficient of £”~! gives the recurrence relation
e T o L,
m(m + 1) (m+1)(m!)?
and the series solution in inverse powers of z,
yi(z) = ao Z (n +(1 1,)11)2 o

n=0

ay =

To find the second solution we set y>(z) = f(z)y1(z). As usual (and as intended),
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all terms with f undifferentiated vanish when this is substituted in the original
equation. What is left is

0= f"(z)y1(z) + 2f'(2)yi(2),
which on rearrangement yields

f// B _zy/l

I v

This equation, although it contains a second derivative, is in fact only a first-order
equation (for f’). It can be integrated directly to give

Inf'=—-2Ilny +ec.

After exponentiation, this equation can be written as

dif _ 4 A1_1+1__2
dz  y}z) 2x 12z  3x22z2

AT 1 1
- h
alrivo(a)]

where 4 = ¢°.

Hence, on integrating a second time, one obtains

f(z) = (z-l—lnz-l—O(l)),
0 z

which in turn implies

A 1 1 1
@ {z+lnz+0< )] ag <1—2Z+ 1222—-~~)
{z—i—lnz— +O(ltz)].

This establishes the asymptotic form of the second solution.

(z) =
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16.15 The origin is an ordinary point of the Chebyshev equation,
(1—2%)y" —zy' +m’y =0,

which therefore has series solutions of the form z° Y ) ayz" for ¢ =0 and ¢ = 1.

(a) Find the recurrence relationships for the a, in the two cases and show that
there exist polynomial solutions T,,(z):

(1) for ¢ = 0, when m is an even integer, the polynomial having ;(m+2)

terms;
(ii) for o = 1, when m is an odd integer, the polynomial having é(m +1)
terms.
(b) Tyu(z) is normalised so as to have T,,(1) = 1. Find explicit forms for T,(z)
for m=0,1,2,3.

(c) Show that the corresponding non-terminating series solutions S,,(z) have as
their first few terms

S1(2) 00(1—21!22—43!24— >,
510 = (2= 3= 7= ).
Si(2) = ao (1—29!224—15!2 T )

(a)() If, for ¢ = 0, y(z) = >, anz" with ag # 0, the condition for the coefficient
of z' in
o0

o0 o0
(1—1z2%) Z nn— ayz" % —z Z naz"™! 4+ m? Z a,z"

n=0 n=0 n=0
to be zero is that
(}" + 2)(7‘ + l)ar+2 - }"(I" - 1)al‘ —ra, + mzar = 07
r2 _ mZ

2= e+

=

This relation relates a,., to a, and so to ag if r is even. For a,4, to vanish,
in this case, requires that r = m, which must therefore be an even integer. The
non-vanishing coefficients will be ag, as, ... , ay, i.e. é(m + 2) of them in all.

(i) If, for e =1, y(z) = Zfzo a,z"t! with ag # 0, the condition for the coefficient
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of z'+!in
0 %)
(1—2z% Z(n + Dnayz" —z Z(n + Dayz" +m Z Wz
n=0 n=0

to be zero is that

(r 4+ 3)(r + 2)a,42 — (r + Dra, — (r + Da, + m*a, = 0,

(r+ 1) — m?

r+3)0r+2) "

This relation relates a,,, to a, and so to ag if r is even. For a,,, to vanish, in
this case, requires that r + 1 = m, which must therefore be an odd integer. The

non-vanishing coefficients will be, as before, ag, as,... ,a,_1, i.c. ;(m + 1) of them
in all.

= Q2=

(b) For m =0, Ty(z) = ag. With the given normalisation, ap = 1 and Ty(z) = 1.

For m = 1, Ti(z) = apz. The required normalisation implies that ap = 1 and so
To(z) =

For m = 2, we need the recurrence relation in (a)(i). This shows that

a 02_22a 20 = To(z) = ap(l — 2z

2 = 0 = —2do 2(z) = ap(l — 2z7).
(2)(1)

With the given normalisation, ap = —1 and T»(z) = 2z% — 1.

For m = 3, we use the recurrence relation in (a)(ii) and obtain

12-32 4 473
= — T — J—

3)2) “© jd = 3(2) = ao(z 3

For the required normalisation, we must have ay = — ; and consequently that
Ts(z) = 423 — 3z.

).

ay =

(c) The non-terminating series solutions S,,(z) arise when ¢ = 0 but m is an odd
integer and when ¢ = 1 with m an even integer. We take each in turn and apply
the appropriate recurrence relation to generate the coefficients.
(i) ¢ =0, m = 1, using the (a)(i) recurrence relation:
0—1 1 4—1 3

ag=—_, dg, d4= a; =— do.
Qm " 2™ BT @) 4

1, 3
Sl(z)=a0(1—2’ e )

(i) ¢ = 0, m = 3, using the (a)(i) recurrence relation:
4 0— 9 _ 9 . a 4 — 9 45 ;
2 N et a®

@) T T

281

ay =

Hence,



SERIES SOLUTIONS OF ODES

Hence,
9 45
S3(z) = ap (1—2!22+4!z4+~~>.
(iii) ¢ = 1, m = 0, using the (a)(ii) recurrence relation:
a—l_oa—la a—9_0a—9a
EEE) (e R R &) R

Hence,

1 9
So(z) = ao (Z+3!23+5!ZS+~-~>.
(iv) ¢ = 1, m = 2, using the (a)(ii) recurrence relation:
—1_4a ——3a a—9_4a __15a
I E) 1) R T B Y 177 R T

3 15
Sa(z) = ap <Z— 3!23— 5!25—~~~).

az

Hence,
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Eigenfunction methods for
differential equations

17.1 By considering (h|h), where h = f + Ag with . real, prove that, for two
functions f and g,

(fIf)glg) = 1 [{flg) + (g™

The function y(x) is real and positive for all x. Its Fourier cosine transform (k)
is defined by

elk) = / () cosllar)dx,

—00

and it is given that y.(0) = 1. Prove that
Fe(2k) = 2[Fe(k)]* — 1.

For any |h) we have that (h|h) > 0, with equality only if |k) = |0). Hence, noting
that A is real, we have
0 < (hlh) = (f + 2g|f + Ag) = (FIf) + Melf) + 4{flg) + A*(glg)-

This equation, considered as a quadratic inequality in A, states that the corre-
sponding quadratic equation has no real roots. The condition for this (‘b < 4ac’)
is given by

[{glf) + (flg) 1P < 4(fIf){gle),  (*)

from which the stated result follows immediately. Note that (g|f) + (f|g) is real
and its square is therefore non-negative.

The given datum is equivalent to

1=75.(0) = /jJ y(x)cos(0x) dx = /DC y(x)dx.

J —00 —00
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Now consider

Je(2k) = /OC y(x) cos(2kx) dx

—o0

= 2/0C y(x)cos? kx — /3O y(x)dx,

—0 —0
o0

= J(2k)+1= 2/ y(x) cos? kx.

In order to use (*), we need to choose for f(x) and g(x) functions whose
product will form the integrand defining j.(k). With this in mind, we take
f(x) = y'?(x) coskx and g(x) = y'/?(x); we may do this since y(x) > 0 for all x.
Making these choices gives

o0 ) 2 0 o0
(/ ycoskxdx+/ ycoskxdx) §4/ ycoszkxdx/ ydx,

) 2 0
(/ 2y coskx dx) < 4/ ycos?kxdx x 1,
% o

492(k) < 4 / N

y cos” kx dx.
—00

Thus,

o0

Be2k) £ 1 =2 / ¥(x) coskx > 2[F(k)]?

—0

and hence the stated result.

17.3 Consider the real eigenfunctions y,(x) of a Sturm—Liouville equation
(') +qy+ipy =0, a<x<bh,

in which p(x), q(x) and p(x) are continuously differentiable real functions and p(x)
does not change sign in a < x < b. Take p(x) as positive throughout the interval, if
necessary by changing the signs of all eigenvalues. For a < x; < x; < b, establish
the identity

X2

X1

X2
(/ln_;hm)/ pYnymdxz [J/npyyln_J’mPyH
X1

Deduce that if A, > Ay then y,(x) must change sign between two successive zeros
of ym(x).

[ The reader may find it helpful to illustrate this result by sketching the first few
eigenfunctions of the system y" + Ay = 0, with y(0) = y(n) = 0, and the Legendre
polynomials P,(z) for n=2,3,4,5.]
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The function p(x) does not change sign in the interval a < x < b; we take it as
positive, multiplying the equation all through by —1 if necessary. This means that
the weight function p can still be taken as positive, but that we must consider all
possible functions for g(x) and eigenvalues 4 of either sign.

We start with the eigenvalue equation for y,(x), multiply it through by y,,(x) and
then integrate from x; to x,. From this result we subtract the same equation with
the roles of n and m reversed, as follows. The integration limits are omitted until
the explicit integration by parts is carried through:

/ Ym(p ) dx + / Yimq Yn dx + / Ymdnpyn dx =0,
/ Yn(p ) dx + / Ynq Ym dx + / YntmpYm dx =0,
/ [ymP ) = yapyy) | dx + (2n — ) / YmpYn dx =0,
[ympyi ] — /y,’np yudx = [yap vl
+ / VP Vi dX + (i — Jan) / Ympyn dx = 0.
Hence
(Jon — im)/ympyn dx = [yapyy —ympyn] - (%)

Now, in this general result, take x; and x; as successive zeros of y,,(x), where m is
determined by 4, > 4, (after the signs have been changed, if that was necessary).
Clearly the sign of y,(x) does not change in this interval; let it be «. It follows
that the sign of y,(x;) is also «, whilst that of y),(xz) is —o. In addition, the
second term on the RHS of (*) vanishes at both limits, as y,,(x;) = yu(x2) = 0.

Let us now suppose that the sign of y,(x) does not change in this same interval and
is always f. Then the sign of the expression on the LHS of (*) is (+1)(a)(+1)f =
of. The first (+1) appears because 4, > Ay.

The signs of the upper- and lower-limit contributions of the remaining term on
the RHS of (*) are f(+1)(—a) and (—1)p(41)a, respectively, the additional factor
of (—1) in the second product arising from the fact that the contribution comes
from a lower limit. The contributions at both limits have the same sign, —of3, and
so the sign of the total RHS must also be —af.

This contradicts, however, the sign of +uf found for the LHS. It follows that it
was wrong to suppose that the sign of y,(x) does not change in the interval; in
other words, a zero of y,(x) does appear between every pair of zeros of y,,(x).
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17.5 Use the properties of Legendre polynomials to carry out the following ex-
ercises.

(a) Find the solution of (1 — x?)y” —2xy’ + by = f(x) that is valid in the range
—1 < x <1 and finite at x = 0, in terms of Legendre polynomials.

(b) Find the explicit solution if b = 14 and f(x) = 5x>. Verify it by direct
substitution.

[ Explicit forms for the Legendre polynomials can be found in any textbook. In
Mathematical Methods for Physics and Engineering, 3rd edition, they are given
in Subsection 18.1.1.]

(a) The LHS of the given equation is the same as that of Legendre’s equation and
so we substitute y(x) = Yo" a,P,(x) and use the fact that (1 — x?)P) — 2xP, =
—n(n + 1)P,. This results in

o0

Zan[b - n(n + 1)]Pn = f(X)

n=0

Now, using the mutual orthogonality and normalisation of the P,(x), we multiply
both sides by P,(x) and integrate over x:

0 ) 1
;an[b—mw Doy | = /_ EIP2) b

0 — 2m+1
" 2[b—m(m+1

This gives the coefficients in the solution y(x).

=

1
[ sera

)1/

(b) We now express f(x) in terms of Legendre polynomials,

£(x) = 5x° = 2[ }(5x* = 33)] + 3[x] = 2P5(x) + 3Py (x).

and conclude that, because of the mutual orthogonality of the Legendre polyno-
mials, only a3 and a; in the series solution will be non-zero. To find them we
need to evaluate

/ epaz=2, 2 =t
z z zZ = = N
. : 23)+1 7’
similarly, [, f(z)P1(z)dz = 3 x (2/3) = 2.
Inserting these values gives
7 4 3 1
G=qa—qg 7 - 1A= 00 52Ty
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Thus the solution is

1 1 1., _ 52x% —x)
y(x) = 4P1(>c) + P3(x) = n + 2(5x 3x) = 4 .
Check:
60x 30x2 =5 140x3 — 70x
R _ I
(1—x7) 4 2x 4 + 4 5x7,

= 60x — 60x> — 60x> + 10x + 140x> — 70x = 20x°,

which is satisfied.

17.7 Consider the set of functions, {f(x)}, of the real variable x defined in the
interval —oo < x < o0, that — 0 at least as quickly as x~', as x — 4oco. For
unit weight function, determine whether each of the following linear operators is

Hermitian when acting upon {f(x)}:

&

(a) d +x; (b) —idi-i-xz; (c)ixd )i, s

dx dx ;

For an operator £ to be Hermitian over the given range with respect to a unit
weight function, the equation

/_ fr(x)[Lg(x)]dx = {/_vg*(x)[/u’f(x)]dx} (*)

must be satisfied for general functions f and g.

(a) For £ = di + x, the LHS of (*) is

/if*(x)@iﬂg)dx— g% / v gdH/ xgdx

/ gdx—l—/ f*xgdx.
The RHS of (*) is

[ g (@) = { Lo +{[ e
=1wgch dx—i—/igxf*dx.

Since the sign of the first term differs in the two expressions, the LHS # RHS
and L is not Hermitian. It will also be apparent that purely multiplicative terms
in the operator, such as x or x?, will always be Hermitian; thus we can ignore
the x> term in part (b).

*
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(b) As explained above, we need only consider

/_O;f*(x) (—1Zi) dx = [—lf g] o /_OO 0;]; g dx

=0+z/“ df dx
and
=, df Cdf
/_x{g (x) <_ldx> dx} —1/_00ng dx.
.d . .. . .d )
These are equal, and so £L = —i , is Hermitian, as is £ = —i , + x°.
dx dx

(c) For L = ixdi, the LHS of (*) is

/ 7 (x) ixdg dx = [ixf*g]” —i/ xdf gdx—i/ frgdx
o dx o0 —» dx —
=0—i/ xdf gdx—i/ fredx.
_y  dx o

The RHS of (*) is given by

o (d [ df”
/_OO {g (x)ix (d{c) dx} =—1/_mgx d]; dx.

Since, in general, —i f_m% fg"dx #+ 0, the two sides are not equal; therefore L is

not Hermitian.
3

. a . d . .
(d) Since L =i is the cube of the operator —i P which was shown in part (b)

dx3

to be Hermitian, it is expected that £ is Hermitian. This can be verified directly
as follows.

The LHS of (*) is given by

[ adg g [T dft dg
1/_00]r dx3dx:{lf 2} \_l/oo dx dxzdx
df* dg [T dg
=0 l[d dx ] L ae ax®™

) d2f* o0 ) ood3f*
_O—H{dxz g] c@_l»/oc dx3gdx
o0 3f
=0+{/ lgd3 } = RHS of (*).

Thus L is confirmed as Hermitian.
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17.9 Find an eigenfunction expansion for the solution with boundary conditions
¥(0) = y(n) = 0 of the inhomogeneous equation
2y

o Y = [0,

where k is a constant and

f(x)z{ x 0<x<mn/2

n—x w/2<x<m.

2

The eigenfunctions of the operator £ = A2
X

+ x are obviously

yn(x) = A, sinnx + B, cos nx,

with corresponding eigenvalues A, = n> — k.

The boundary conditions, y(0) = y(n) = 0, require that n is a positive integer and

that B, =0, i.e.

. 2 .
Yn(x) = A, sinnx = \/ sin nx,
Y

where A, (for n > 1) has been chosen so that the eigenfunctions are normalised
over the interval x = 0 to x = 7. Since £ is Hermitian on the range 0 < x <
7, the eigenfunctions are also mutually orthogonal, and so the y,(x) form an
orthonormal set.

If the required solution is y(x) = ), a,yu(x), then direct substitution yields the
result

> (= n)anya(x) = f(x).

n=1

Following the usual procedure for analysis using sets of orthonormal functions,
this implies that

1 Y
P GO

and, consequently, that

y(x) = \/2 zlrinr;\/ / f(z)sin(nz) dz.
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It only remains to evaluate
I, = / sin(nx)f(x) dx
0

/2 n
=/ xsinnxdx+/ (r — x) sinnx dx
0 /2

—xcosnx| /2 ™2 cos nx
-
n 0 0 n
—(t — T T (1
{ (m x)cosnx] n (—1)cosnx ix

n/2  Jn)2 h

dx

+

7 cos(nm/2) sinnx]™? sinnx|”
T2 (1_1)+{ n? } | on?
0 /2
(_1)(;171)/2

=0+ 5 (14 1) for odd n and = 0 for even n.

n

Thus,
B 4 (_1)(11—1)/2 ]
y(x) = i Z 2 — 1) sin nx
n odd

is the required solution.

17.11 The differential operator L is defined by

_ d xdy 1 x
Ly = dx <e dx> €Y.

Determine the eigenvalues A, of the problem
Ly, = e’y 0<x<l,

with boundary conditions

dy

yoy=o, ¢

+;y=0 at x=1.

(a) Find the corresponding unnormalised y,, and also a weight function p(x) with
respect to which the y, are orthogonal. Hence, select a suitable normalisation
for the y,.

(b) By making an eigenfunction expansion, solve the equation

Ly = —e"2, 0<x<l,

subject to the same boundary conditions as previously.
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When written out explicitly, the eigenvalue equation is

d xdy 1 x., X
~ ix (e dx) ey =ley, (*)

or, on differentiating out the product,
ey + ey + (4 ey =0.
The auxiliary equation is
m4+m+(+3)=0 = m=-—1tiJ/iL
The general solution is thus given by
y(x) = Ae™/? cos \//lx + Be™/*sin \/ix,

with the condition y(0) = 0 implying that 4 = 0. The other boundary condition
requires that, at x = 1,

—1Be™/2sin \/ix + \JABe™*/? cos \/ix + }Be™*/?sin \/ix =0,
i.e. that cos \/)N =0 and hence that A = (n + é)zn2 for non-negative integral n.
(a) The unnormalised eigenfunctions are
yn(x) = Bneﬂc/2 sin(n + ;)nx

and (*) is in Sturm-Liouville form. However, although y,(0) = 0, the val-
ues at the upper limit in [y;”pyn](l) are yn(1) = Bue /3(—1)", p(1) = ¢' and
ym(1) = =1B,e~1/2(—1)". Consequently, [y,p yn](l) # 0 and S-L theory cannot
be applied. We therefore have to find a suitable weight function p(x) by inspec-
tion. Given the general form of the eigenfunctions, p has to be taken as e¢*, with
the orthonormality integral taking the form

1
L Z\/O P(x))’n(x)Y:n(X) dx
1
= B,,Bm/ e sin[ (n + ;)nx]e*x/2 sin[ (m + ;)nx] dx
0

_{0 for m # n,

!B,B, form=n.

It is clear that a suitable normalisation is B, = /2 for all n.

(b) We write the solution as y(x) = >_,_ ayyn(x), giving as the equation to be
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solved

_ex/Z = ‘Cy =L Z anyn(x)

n=0

= Z an[ Anp(x)yn(x)]

n=0

= Z ay(n+ 5)2712.9"6\/2e*"/2 sinf (n + é)nx]
n=0

= 1= Zan(rH— VPR 2sin[(n + Y)nx].
n=0

After multiplying both sides of this equation by sin(m + ;)nx and integrating
from 0 to 1, we obtain

1 -1 1

) 1 i 1
anm sin“(m+ ;)nxdx = / sin(m + ,)mx dx,

/0 2 (m+ ;)%2\/2 0 :

m —1 /1 . .
= sin(m + ,)mx dx

2 (m+ P22 Jo (nt2)
1

1
cos(m + })mx
(m+)n |

- (m+ 1)2n2/2

V2

Ay = — )
" (m+ 1)ynd

Substituting this result into the assumed expansion, and recalling that B, = \/2,
gives as the solution

.
2
y(x)=— e /2 sin(n + nx.
2 o4 :

17.13 By substituting x = expt, find the normalised eigenfunctions y,(x) and the
eigenvalues A, of the operator L defined by

Ly=x*y"+2xy + 1y, I1<x<e,
with y(1) = y(e) = 0. Find, as a series 3. anyn(x), the solution of Ly = x~/2.

Putting x = ¢' and y(x) = u(t) with u(0) = u(1) =0,
dx d

= @ = =@

dt dx dt
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and the eigenvalue equation becomes

1
eHe ! d <er du) + 2ele! du + JU= u,

dt dt dt
du du  _du 1
i "t ar T (4 _)“> =0

The auxiliary equation to this constant-coefficient linear equation for u is
mz—i—m—i—(}‘—i):O = mz—é—_k\//l,
leading to
u(t) = e 2 (AeWr + Be’\/’ﬂ“) .

In view of the requirement that u vanishes at two different values of t (one of
which is t = 0), we need 4 < 0 and u(t) to take the form

u(t) = Ae "?sin J—At with \/—1 1 = nr, ie. A = —n’n?,
where n is an integer. Thus

A, .
sin(nz In x).

JX

up(t) = Ape™?sinnnt  or, in terms of x, yu(x) =
Normalisation requires that
e AZ 1
1= / " sin’(nm In x) dx = / Alsin’(nnt)dt = A2 = A, =2
1 X 0

To solve
1
Ly=x"+2x) + ly= g
we set y(x) = > dnyn(x). Then the equation becomes

Ly = an(—n* 1) ya(x) = —n’n’a, \/ sin(nwlnx) = .
% AN v’

Multiplying through by y,(x) and integrating, as with ordinary Fourier series,

/ \/251n mm In x) d

¢ 2a, .
sin(nz In x) sin(mmn In x) d s
1 X Cnln

The LHS of this equation is the normalisation integral just considered and has
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the value a,,0,,,. Thus

am = —

V2 /e sin(mmn In x) ix
1

m2n? X
2 [—cos(mrlnx)]®
T omin? mn |

2
= )
m3n

— 2\/2 for m odd,
= min3

0 for m even.
The explicit solution is therefore

sin[(2p + 1) In x]
N n3z Cp+1)P3yx

17.15 In the quantum mechanical study of the scattering of a particle by a po-
tential, a Born-approximation solution can be obtained in terms of a function y(r)
that satisfies an equation of the form

(=V2 = K?)y(r) = F(r).

Assuming that yi(r) = (2n)~>/? exp(ik - 1) is a suitably normalised eigenfunction of
—V? corresponding to eigenvalue k?, find a suitable Green’s function Gk (r,r’). By
taking the direction of the vector r —v' as the polar axis for a k-space integration,
show that G (r,r') can be reduced to

wsinw
4n2|r—r’| wz—w i

[ This integral can be evaluated using contour integration and gives the Green’s
function explicitly as (4nr —r'|)~' exp(iK|r — r]).]

where wy = K|r —r/|.

Given that yy(r) = (2n)~3/? exp(ik - r) satisfies
—V2yi(r) = K yi(r),
it follows that
(—=V = K?)yi(r) = (k¥ — K*)yi(r).

Thus the same functions are suitable eigenfunctions for the extended operator,
but with different eigenvalues.
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Its Green’s function is therefore (from the general expression for Green’s functions
in terms of eigenfunctions)

GK(r,r’)=//11yk(r)y;(r’)dk

1 /exp(ik -1) exp(—ik - 1) ik
-~ (2n)3 k? —K? '

We carry out the three-dimensional integration in k-space using the direction r—r’
as the polar axis (and denote r —r’ by R). The azimuthal integral is immediate.
The remaining two-dimensional integration is as follows:

Gk (r,1) 2 / / e"p lk R ) 20k sin 0, d0y, dk
TC

2n / / exp szcosOk)k sin 0y 6 dk

exp(lkR)—exp( ikR)
(2n) / k* dk

ikR(k* — K?2)
1 ® ksinkR
~ 2n2R 0o k*—K? dk

1 » i
/ wsmw dw, where w = kR and wy = kR,

~ 2R Jy wr—w]

1 “ wsinw
= 5 dw.
4n’R J_, w* —w§
Here, the final line is justified by noting that the integrand is an even function of
the integration variable w.
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18

Special functions

18.1 Use the explicit expressions

Yy = \/4171’ Yy = \/4371 cos 0,
YA = $\/83n sin 0 exp(Zig), ) = \/12n(3 cos?0 — 1),

Y2il = 1\/§2 sin 6 cos 6 exp(Fi¢), Yzﬁ = \/312571 sin® 0 exp(42i¢),
to verify for £ =0,1,2 that

’
20+ 1
2
> Ivre.g)r="",
0

m=—/
and so is independent of the values of 0 and ¢. This is true for any £, but a general
proof is more involved. This result helps to reconcile intuition with the apparently
arbitrary choice of polar axis in a general quantum mechanical system.

We first note that, since every term is the square of a modulus, factors of the
form exp(+mi¢) never appear in the sums. For each value of 7, let us denote the
sum by S,. For / =0 and / = 1, we have

0
1
So=>_I¥'0.9)" =, .

m=0

1
3 3 3
Si=Y_ |Y"(0.9) = 4 COS0H+2 o sin? 0=

m=—1
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For / = 2, the summation is more complicated but reads

2
Sy= Y 1¥3"(0. )

m=-—2
5 ) ) 15 ., ) 15 . 4
= 1611(3005 0—1) +28n sin” 0 cos 9+232n sin” 0
= 12 (9 cos* 0 — 6.cos® 0 + 1 + 12sin® 0 cos® O + 3 sin* 0)
n
= 12 [6cos* 0 —6cos? 0 + 1 + 6sin’ 0 cos® 6 + 3(cos” 0 + sin® 0)* ]
T
_ 0 [6cos® O(—sin® 0) + 1 + 6sin’ O cos’ 0 + 3] = >
167 4n

All three sums are independent of 0 and ¢, and are given by the general formula
(24 + 1)/4n. It will, no doubt, be noted that 2/ 4 1 is the number of terms in S,,
i.e. the number of m values, and that 47 is the total solid angle subtended at the
origin by all space.

18.3 Use the generating function for the Legendre polynomials P,(x) to show that

(2n)!

1
/0 Poa()dx = (=1

and that, except for the case n =0,

1
/ Py (x)dx = 0.
0

Denote fo x)dx by a,. From the generating function for the Legendre poly-
nomials, we have

(1—2xh+h2 12 ZOP (x)h".

Integrating this definition with respect to x gives

1 dx 5 : d hn
/ (1—2xh+h2)1/2=§</0 Py(x) x) ,
[ (1—2xh+h2)1/2} e
Zanh
1
L+ = 1+h]=2anh"
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Now expanding (1 + h?)!/? using the binomial theorem yields

ah" = | 14> PC =1+ | =14)  PC,H
Comparison of the coefficients of A" on the two sides of the equation shows that
all a,, are zero except for ap = 1. Forn=2r+1weneed 2m —1=n=2r + 1,
ie. m=r + 1, and the value of a4 is /2C,41.

Now, the binomial coefficient /2C,, can be written as

Yo =D =2 (b —m+1)

12c

m ' s
B 1(1—2)(1—4T..(1—2m+2)
B 2mm!
=D 2mm)
—_ (_1\yn—1 (2"’[—2)'
=D 2mm! 2m=1 (m — 1)!
— (_1)111—1 (Zm - 2)'

22—yl (m— 1)1
Thus, setting m = r + 1 gives the value of the integral as.,; as
1 v (2r)!
a2r+1 - Cr+1 - ( 1) 22,‘+1 (r + 1)'7’"

as stated in the question.

185 The Hermite polynomials H,(x) may be defined by

0

1
®(x, h) = exp(2xh — h*) = > H,(x)h'".
= n!
Show that
2P L) L)
o2 _2x6x +2h0h =0,

and hence that the H,(x) satisfy the Hermite equation,
y" —2xy" + 2ny = 0,
where n is an integer > 0.

Use @ to prove that

(a) Hy(x) = 2nH,_(x),
(b) Hy11(x) —2xH,(x) 4+ 2nH,_{(x) = 0.
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With
1
O(x, h) = exp(2xh — h*) =) R,
n=0
we have
2
0o _ 2h®, 00 _ (2x — 2h)®, e _ 4h% 0.

0x oh
It then follows that

R oD oD s 5
— = — — @ = V.
o~ X 2= (AR —dhx 4 dhx — 417)P = 0

Substituting the series form into this result gives

zw: ( H// H/ f’l’:) hn — 0’

n=0
= H) —2xH, +2nH, =0.

This is the equation satisfied by H,(x), as stated in the question.

(a) From the first relationship derived above, we have that

o0
= 2h®
0x ’
1 1
> " = 2y R,
n=0 n=0
= ! H = 2 H from the coefficients of h™
m " (m—1)1 " ’
Hence, H,(x) = 2nH,_(x).

(b) Differentiating result (a) and then applying it again yields
H) =2nH,_; =2n2(n—1)H,_,.
Using this in the differential equation satisfied by the H,, we obtain
4n(n — 1)H,_, —2x2nH,_; + 2nH, = 0.
This gives
H,(x) — 2xH,(x) 4+ 2nH,_1(x) =0
after dividing through by 2n and changing n — n+ 1.
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18.7 For the associated Laguerre polynomials, carry through the following exer-
cises.

(a) Prove the Rodrigues’ formula

eXx™m "

L:ln(‘x) = n | dx" (x”+mefx)’

taking the polynomials to be defined by

m _ - 1)k (n—}—m)' k
Ln(x)_z( 1) kl(n — k) \(k +m)!™

k=0

(b) Prove the recurrence relations
(n+ DL (x) = 2n+m+1—x)Ly(x) — (n + m)L;" (x),

x(LMY (x) = nL}(x) — (n + m)LI_(x),

n—1
but this time taking the polynomial as defined by
d?’ﬂ
LP(x)=(—1)"
o) = (1"

or the generating function.

Lyym(x)

(a) It is most convenient to evaluate the nth derivative directly, using Leibnitz’
theorem. This gives

m exx™™ . n ' dr n+m dnfr —X
Lyt = n! rli(n—r)! dxr (™) dxn—r (™)
n
1 ! ,
= x ™ g (7 +m) XM (= 1) e

—rln—r)! (n+m—r)!

~ (=) (n+m)!
r=0r!(n—r)!(n+m—r)!x ’

Relabelling the summation using the new index k = n —r, we immediately obtain

n

m n+m)! X
Lix) =) (-1 X",
; ki(n —k)\(k +m)!

which is as given in the question.
(b) The first recurrence relation can be proved using the generating function for

300



SPECIAL FUNCTIONS

the associated Laguerre functions:

o—xh/(1=h)

e ZL (x)h".

n=0

G(x,h) =

Differentiating the second equality with respect to h, we obtain

(m+ 1)1 —h)— o Xh/(1=h) myn—1
(1 _ h)m+3 an‘ h .

Using the generating function for a second time, we may rewrite this as
[(m+1)(1 —h)—x] Y Lrh" = (1—h)> > nLyh"™.
Equating the coefficients of h" now yields
(m+1)L) —(m+ 1)L | —xL = (n+1)L}!,; —2nL; + (n— 1)L},

which can be rearranged and simplified to give the first recurrence relation.

The second result is most easily proved by differentiating one of the standard
recurrence relations satisfied by the ordinary Laguerre polynomials, but with n
replaced by n + m. This standard equality reads

XL;erm(x) = (}’l + m)Lner(x) - (n + m)Ln71+m(x)-

We convert this into an equation for the associated polynomials,
o L ().
by differentiating it m times with respect to x and multiplying through by (—1)".
The result is

x(Ly')Y +mL) = (n+m)L]) — (n+m)L},,

which immediately simplifies to give the second recurrence relation satisfied by
the associated Laguerre polynomials.

18.9 By initially writing y(x) as x'/*f(x) and then making subsequent changes of
variable, reduce Stokes’ equation,
2y
b
to Bessel’s equation. Hence show that a solution that is finite at x = 0 is a multiple
of x'2J1 5 (3/2x3).

+/1xy—0

With y(x) = x'/2f(x),

!

f I
Y = a2

1/2 ¢1
ax32 Tap XS

+ xl/Zf/ and y// —
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and the equation becomes

f f/ 1/2 g1 14.3/2
_4x3/2+x1/2+x [+ Ax7f =0,

Xf 4 xf 4+ (X = Hf =0.

Now, guided by the known form of Bessel’s equation, change the independent
variable to u = x*? with f(x) = g(u) and

du_3p A _3nd
dx 2 dx 2 du’

This gives

2 du \ 2 du du

2
3u5/3 (3u1/3dg+1u2/3dg)+3udg+

u4/33u1/3 d (3u1/3dg) +u2/33u1/3dg + <)vu2—1
2
2 20 dur 2 du <

9 ,d’¢ 9 dg , 1
=)=
4 e T4 T\ )0
d’g  dg 4 1
2 =)=
udu2+udu+(9u 9)% 0

This is close to Bessel’s equation but still needs a scaling of the variables. So, set
g\/iu = pu = v and g(u) = h(v), obtaining

2 2
v ,d*h v dh , 1

- h=0.
uzudv2+u#dv+ v 0

This is Bessel’s equation and has a general solution

h(v) = c1J13(v) + 21 3(v),
= gu)= 01J1/3(2‘3/iu) + 02‘,_1/3(2#”),
= f(x) = erJis(Y )+ ol s,

For a solution that is finite at x = 0, only the Bessel function with a positive
subscript can be accepted. Therefore the required solution is

y(x) = x5 (),
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18.11 Identify the series for the following hypergeometric functions, writing them
in terms of better-known functions.

(a) F(a,b,b;z),

(b) F(1,1,2;—x),

(C) F(éa la g ;_XZ)’

(d) F(}.3.3:%),

(e) F(—a,a, ;;sin X), this is a much more difficult exercise.

The hypergeometric equation is
z1—z)y" +[c—(a+b+1)z]y —aby =0.

The (n + 1)th term of its series solution, the hypergeometric function F(a, b, c;z),
is given by

a(a+1)---(a+n—1)bb+1)---(b+n—-1) 2"

cc+1)---(c+n—1) n!

for n > 1 and unity for n = 0.
(a) F(a,b,b;z). In each term the equal factors arising from the second and third

parameters cancel, as one is in the numerator and the other in the denominator.
Thus,

Fla.bbiz) =1 +az+ @@FD 2 aarDa+2)

21 31 o
=(1—-z)“
(b) F(1,1,2;—x). The n + 1th term is
(n!)(n!) w_ (=D"X"
m+ 1y T T

making the series

w
(—1)"x" x x> X3 1

—1— Y = (1 +x),

;n—i-l S i o 1 +)

(c) F(1, 1, g;—xz). Directly from the series:

ATIE TP OV [0 e A [CS (O Ve
X2 X4 X6
BRI B s

The coefficients are those of tan~! x, though the powers of x are all too small by

one. Thus F(1,1,3;—x%) = x"!tan!x.
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(d) F(L, 1, 3;x%). Again, directly from the series:

22202
1)2 1)2
02 oy, B

2,2
1) 213 )+
!

11 3.2y __ (2)2
F(LL 3 =1+ ')

=1+ x4 35+ > X0+
336 '

From the larger standard tables of Maclaurin series it can be seen that, although
the successive coefficients are those of sin~! x, the powers of x are all too small
by one. Thus F(1,1,3;—x?) = x"Tsin" x.

2m

(e) F(—a,a, ;,sm x). Since we will obtain a series involving terms such as sin”" x,

the series may be difficult to identify. The series is

14 oM@ Lo (—a)(—a+1)(a)(a+1)

.4
sin” x + sin® x4 --- . (*)
(3) 21)(3)
Clearly, this contains only even powers of x, though just the first two terms alone
constitute an infinite power series in x. However, a term containing x> can only
arise from the first m + 1 terms of (*) and a few trials may be helpful.

If F(—a,a, 2,sm2 x) = > byx?, then by = 1 and by = —2d? since the cor-
responding powers of x can only arise from the first and second terms of (*),
respectively. The coefficient of x* is determined by the second and third terms of

(*) and is given by
2 2a%(a®> — 1) 2a*
—_— 2 R =
by = —2a ( 3!>+ 3 (1) .

The coefficient of x°, namely b3, has contributions from the second, third and
fourth terms of (*) and is given by

1\ 2] 2% —1) [—4\  4dXa@® — 1)(4—a?)
2
—2a [(31) ts 3 <3z>+ 45
20+ 12 8a*  8d’
(1)

(1)

4 2 4 6
720 18 T g Tys(Tta +3a —a)

B _64+8_16 o _8+20 . 4 N

o\ 720 18 45 18 ' 45 45
4 6

T a5

Thus, in powers up to x°,

F(—a,a, };sin? x) = 1 — 2a°x> + 2a4x4—f5a6x6
(2ax)>  (2ax)*  (2ax)°

2! 4 6!

’23

=1—

304



SPECIAL FUNCTIONS

Though not totally conclusive, this sequence of coefficients strongly suggests that
F(—a,a, é;sin2 x) = cos 2ax. Note that a does not need to be an integer.

This tentative conclusion can be tested by transforming the original hyper-
geometric equation as follows. With z = sin® x, we have that dz/dx = 2sin x cos x =
sin 2x, implying that d/dz = (sin 2x)~! d/dx. The equation becomes

‘ . 1 d 1 dy
2 _ 2
sin” x(1 — sin” x) sin 2x dx (Sin 2x dx>

dy

2. __
sin 2x dx+ay_0'

1
+ [2 —(—a+a+ 1)sin2x]
This can be simplified as follows:

2 a2
lsin2x< 1 d% ZCos2xdy) 1—2sin" x dy

2
_ -0
sin2x dx?  sin?2x dx 2sin2x  dx tay ’

1d?y  cos2x dy cos2x dy = ,

_ -0
4dx? 2sin2x dx = 2sin2x dx+ay ’
dzy 2
2 +4a‘y = 0.

For a solution with y(0) = 1, this implies that y(x) = cos2ax, thus confirming
our provisional conclusion.

18.13 Find a change of variable that will allow the integral
p= [Ty
1 (u ar 1)2

to be expressed in terms of the beta function and so evaluate it.

u

The beta function is normally expressed in terms of an integral, over the range 0
to 1, of an integrand of the form v™(1 — v)", with m,n > —1. We therefore need a
change of variable u = f(x) such that u + 1 is an inverse power of x; this being
so, we also need f(0) = oo and f(1) = 1.

Consider

A
=L
X

A
u+1= < ire. f(x)

This satisfies the first two requirements, and also satisfies the third one if we
choose 4 = 2.

and du=— . The

2(1 — x) 2
X x?2

So, substitute u = 2 —1= 2—x, with u—1=
X X
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integral then becomes

0 21/201 _ )1/2 12 (_
I=/ 2151 —x) /= x=( 2)dx
1

x1/292 2
1
= L /(1—x)1/2x_1/2dx
V2 Jo
r 3 = r;)re)

T LT ey
RN
21 2y

18.15 The complex function z! is defined by
o0
A / u?e " du for Re z > —1.
0

For Re z < —1 it is defined by
(z+n)!
z+niz+n—1)---(z+1)
where n is any (positive) integer > —Re z. Being the ratio of two polynomials, z!

is analytic everywhere in the finite complex plane except at the poles that occur
when z is a negative integer.

Zll =

(a) Show that the definition of z! for Re z < —1 is independent of the value of
n chosen.

(b) Prove that the residue of z! at the pole z = —m, where m is an integer > 0,
is (—=1)y""'/(m —1)\.

(a) Let m and n be two choices of integer with m > n > —Re z. Denote the
corresponding definitions of z! by (z!),, and (z!), and consider the ratio of these
two functions:

(zDm (z+m)! z+niz+n—1)---(z+1)
Y GEH+m@E+m—1)---(z+1) (z4+n)!
_ (z +m)!
Cz+mz+m—1)---z+n+1)x(z+n)!
(z +m)!
(z +m)!

Thus the two functions are identical for all z, i.e the definition of z! is independent
of the choice of n, provided that n > —Re z.
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(b) From the given definition of z! it is clear that its pole at z = —m is a simple
one. The residue R at the pole is therefore given by

R = lim (z +m)z!

= Zgrzlm - n)((zz‘:_”;)_(zl‘)}'") !(Z L) (integer n is chosen > m)
~ lim (z+mn)!
zo—m(z+n)(z+n—1)---z+m+)z+m—1)---(z+1)
_ (—m+n)!
(—m+n)---(—m+m+1)(—m+m—1)---(—m+1)
1
S [=11[=2] - [=(m = 1)]
1
_ (_1\ym—1
= (=1 (m— 1)

as stated in the question.

18.17 The integral

0 e—k2
IZ/_wk2+a2dk, (*)

in which a > 0, occurs in some statistical mechanics problems. By first considering

the integral
o0
J = / eiu(k-‘ria) du
0

and a suitable variation of it, show that I = (n/a) exp(a®)erfc(a), where erfc(x)
is the complementary error function.

The fact that a > 0 will ensure that the improper integral J is well defined. It is

¢ iu(k+ia o :
J= /30 pllktia) g, elulktia _ i -
A ik +ia) |, ~ k+ia

We note that this result contains one of the factors that would appear as a
denominator in one term of a partial fraction expansion of the integrand in (*).
Another term would contain a factor (k — ia)~!, and this can be generated by

o —iuk—ia) 1 _j
J/ — / e—iu(k—ia) du = €. zu lfl _ l. .
0 —ilk —ia)|, k—ia

Now, actually expressing the integrand in partial fractions, using the integral
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expressions J and J’ for the factors, and then reversing the order of integration

gives
= 210 /f (lcie—;kiza B kie—_kiza> dk
= 21 / " * / M du / < dk / e ki
= 2al _/ —k?iuk— Lladk+/ du/ —k?—iuk—ua gp
|

du /
)
) ) R
du/ ef(kflu/Z) —u”/4—ua dk
0 —

0 0 L,
4 / du/ e—(k+lu/2)‘—u /4—ua dk
0 —o0
/OO 2 /4—ua d
=2./n e /AT dy,
\/ 0

using the standard Gaussian result. We now complete the square in the exponent
and set 2v = u + 2, obtaining

o0
2al = 2\/71/ e~ (ut2a? /4t g
0

©
= 2\/n/ e e 2.
a
From this it follows that
I= vr 2¢" N erfc(a) = Tt erfc(a),
a 2 a

as stated in the question.

18.19 For the functions M(a,c;z) that are the solutions of the confluent hyperge-
ometric equation:

(a) use their series representation to prove that

d
c d M(a,c;z) =aM(a+ 1,c+ 1;z2);
z
(b) use an integral representation to prove that

M(a,c;z) = eM(c—a,c;—z).
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(a) Directly differentiating the explicit series term by term gives

a(a+1) zz+---]

d d a
M@cz) =, [H ET e+ 1)

dz

_a  2a(a+1) 3a(a+ 1)(a+2) ,
T T 2lele+ ) T 3lee+ e +2) ”

_a a+1 (a+1)a+2) ,
_c{Hc+1ZJrzz(ch1)(c+2)ZjL ]

= ZM(a—}—l,c—l—l;z).

The quoted result follows immediately.

(b) This will be achieved most simply if we choose a representation in which the
parameters can be rearranged without having to perform any actual integration.
We therefore take the representation

. _ F(C) ! zt a—1 c—a—1
M(a,c,z)—r(c_a)r(a)/oe 7 (1—1) dt

and change the variable of integration to s = 1 — t whilst regrouping the param-
eters (without changing their values, of course). This gives

M(a,c;z)

_ a) 1—~ c B a) / e (1 a—l Sc—a—l (—dS)
_ F(c)e ! —zs c—(c—a)—1 (c a)—1
= Memte—anrle—ay J, €709 &

= e M(c—a,c,—z),

thus establishing the identity, in which a — ¢ —a and z — —z whilst ¢ remains
unchanged.

18.21 Find the differential equation satisfied by the function y(x) defined by

y(x) = Ax*”/o e 't"Ldt = Ax"y(n, x),

and, by comparing it with the confluent hypergeometric function, express y as a
multiple of the solution M(a,c;z) of that equation. Determine the value of A that
makes y equal to M.

As the comparison is to be made with the hypergeometric equation, which is a
second-order differential equation, we must calculate the first two derivatives of
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y(x). Further, as it is a homogeneous equation, we may omit the multiplicative
constant A for the time being:

y(x) = x""p(n, x),
Y(x) = —nx""!
1 —x

= —nx’ly—f—x* e,

V(n’ X) 4 x—ne—xxn—l

2 1,—x

Vi(x)=nx"2y —nx7ly —x2e ¥ —x"le
=nxy —nx7y — (x7 + ) +nx7y),

x?y" = (—nx —x — x?)y + (n — n — nx)y.

The second line uses the standard result for differentiating an indefinite integral
with respect to its upper limit. In the fifth line we substituted for x~'e™ from the
expression obtained for y’(x) in the third line. Thus the equation to be compared
with the confluent hypergeometric equation is

xy"+m+1+x)y +ny=0.
This has to be compared with
zw" + (¢ —z)w —aw = 0.

Now xy” and xy’ terms have the same signs (both positive), whereas the zw”
and zw’ terms have opposite signs. To deal with this, we must set z = —x in the
confluent hypergeometric equation; renaming w(z) = y(x) gives w = —y’ and
w” = y”. The equation then becomes (after an additional overall sign change)

xy" + (c+x)y +ay =0.

The obvious assignments, to go with z — —x, are now a > n and ¢ > n+ 1. We
therefore conclude that y(x) is a multiple of M(n,n + 1; —x).

To determine the constant 4 in the given form of y(x) we expand both its
definition and M(n,n 4+ 1;—x) in powers of x. Strictly, only the first term is
necessary, but the second acts as a check.

From the hypergeometric series,

n(—x)
M }l}l+1'— _—1+ +..._
( b 2 x) 1
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From the definition of y(x),
X
y(x) = Ax*"/ e 't Lt
0

X t2
= Ax " tn—l o t(tn_l) + (tn—l) 4.
A 21

" [”+1 x
= Ax™" _
* {n n+1+ L
x" xn+1
= Ax" _ .
* {n n+1+ }
A Ax n
n n+1

This reproduces the first two terms of M(n,n + 1;—x) if A = n, yielding, finally,
that

y(x) =nx""y(n,x) = M(n,n+ 1; —x).

18.23 Prove two of the properties of the incomplete gamma function P(a,x”) as
follows.

(a) By considering its form for a suitable value of a, show that the error function
can be expressed as a particular case of the incomplete gamma function.

(b) The Fresnel integrals, of importance in the study of the diffraction of light,
are given by

C(x)=/oxcos(§t2) d, S(x)=/0xsin(72rt2) dt.

Show that they can be expressed in terms of the error function by

C(x) +iS(x) = Aerf [ \é” (1— i)x] :

where A is a (complex ) constant, which you should determine. Hence express
C(x) + iS(x) in terms of the incomplete gamma function.

(a) From the definition of the incomplete gamma function, we have

YZ
P(a,x?) = F(la) /0 e~ dr.

Guided by the x? in the upper limit, we now change the integration variable to
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y = ++/t, with 2y dy = dt, and obtain

1

P(a,x*) = I'a) /0 eV YDy dy.

To make the RHS into an error function we need to remove the y-term; to do
this we choose a such that 2(a—1)+1 =0, ie.a = ; With this choice, I'(a) = \/n

and

P (3,x*) = 2 /xe*yzdy

2° \/T[ 0 >
i.e. a correctly normalised error function.
(b) Consider the given expression:
24 \/ﬂ(l—i)x/Z
z =Aerf [ \/n 1- i)x] = / e du.
2 \/TC 0

Changing the variable of integration to s, given by u = ;\/n(l —1i)s, and recalling
that (1 —i)> = —2i, we obtain

Lo A / s m(=20)/4 \én(l—i)ds
0

=
:A(l—i)/ ™12 ds
0

— Al —i)/ox {cos (”232> +isin<”252” ds
— A1 — i) [C(x) +iS(0)].

For the correct normalisation we need A(1 —i) = 1, implying that A = (1 +1i)/2.

Now, from part (a), the error function can be expressed in terms of the incomplete
gamma function P(a, x) by

erf(x) = P(}.x?).

Here the argument of the error function is ;\/n(l —i)x, whose square is —;m’xz,

and so
) 1+ 1 in ,
Cx)+iS(x) = ) P(z,—2x>.
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Quantum operators

19.1 Show that the commutator of two operators that correspond to two physical
observables cannot itself correspond to another physical observable.

Let the two operators be 4 and B, both of which must be Hermitian since they
correspond to physical variables, and consider the Hermitian conjugate of their
commutator:

[4,B]" = (4B)" — (BA)' = B'A" — ATB" = BA— AB = —[4,B].

Thus, the commutator is anti-Hermitian or zero and therefore cannot represent
a non-trivial physical variable (as its eigenvalues are imaginary).

19.3 In quantum mechanics, the time dependence of the state function |yp) of a
system is given, as a further postulate, by the equation

0
ih = H|yp),
o0 = Hlv)
where H is the Hamiltonian of the system. Use this to find the time dependence of
the expectation value (A) of an operator A that itself has no explicit time depen-

dence. Hence show that operators that commute with the Hamiltonian correspond
to the classical ‘constants of the motion’.

For a particle of mass m moving in a one-dimensional potential V(x), prove Ehren-
fest’s theorem:

dt m

d<px> av d<x> <px>
i < dx > and -
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The expectation value of A at any time is (p(x,t)|Alp(x,t)), where we have
explicitly indicated that the state function varies with time. Now

a1ate = () Al w1 5w+ wia (g w).

Since 4 has no explicit time dependence, 04/0t = 0 and the second term drops
out.

The given (quantum) equation of motion and its Hermitian conjugate are

0 1

0
lﬁatlw—HIw) and at<w|——ih<le

since H is Hermitian. Thus,

1
t=— H
i (WIH,

d 1 1
dt<‘P|A“P>——th|HA|‘P>+ ih<w|AH|w>

1
= —ih<w| [H,A] |p)

i
= h(wl [H,A] |y).

This shows that the rate of change of the expectation value of A is proportional
to the expectation value of the commutator of 4 and the Hamiltonian. If 4 and
H commute, the RHS is zero, the expectation value of A has a zero rate of
change, and (i | A | y) is a constant of the motion.

For the particle moving in the one-dimensional potential V(x),

»
H=_"+V(x).
2m

(i) For (p.),
[H,p:]1lw)=[V,p:]lw), since p, clearly commutes with p2,

. 0 .0
= —ihV ax\w + lh@x (Viw))

L0 L0 LoV
——thax\w—l—thaxlw)—l-lh o [ )
ov
i axW)’

implying that
d d i
g P = g wipsly) = (| [H.p] ly)

i oV ov

(ii) For (x) we will need the general commutator property [AB,C] =A[B,C]+
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[4,C]B to evaluate [p2,x]:

1
[H,x]|y) = . [pt.x]|w), since x clearly commutes with V(x),

1
= o (Px [P X1 9) + [Px, x1pxl W)}, as above,

1 ih
= !—‘h,( _.hx = - X )
oy P W) = ipy ) ) mp.\w>

implying that

d d i
dt(X) = dt(wl><\w> = h<w| [H,x] |yp)

i i 1 1
= h<w| - mpx|w> = m(w\pxlw = m<px>~

Ehrenfest’s theorem should be compared to the classical statements ‘momentum
equals mass times velocity’, ‘the force is given by minus the gradient of the
potential’ and ‘force is equal to the rate of change of momentum’.

19.5 Find closed-form expressions for cos C and sin C, where C is the matrix

1 1
=(1 1)
Demonstrate that the ‘expected’ relationships

cos’C+sin’C =1 and sin2C = 2sinCcosC

are valid.

Consider the square of C:
1 1 1 1 2 0
2 _ - =
C_(l—l)(l—l) (0 2) 2.

_ S (_1)n 2n __ - (_l)n nmmo__
cosC—; 2 )!C —g (2n)! 2" —(cos\/2)l

Now

n

and

sinC = i D" ot _ i D g ! (sin/2)C
L (2n+1)! L (2n+1)! J2 '

To test the analogue of ‘cos? 0 4 sin® 0 = 1’
cos’ C + sin’ C = (cos® y/2)l + L(sin? /2)C?
= (cos® \/2)I + ;(sin2 \/2)2I =1,
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as expected.
To test the analogue of ‘sin20 = 2sin 0 cos(’, we note that (2C)*" = 22"(2I)" =
(2221)" = 8M" and obtain

sin2C

[l
!,
=
7N
[\ )
|
Nl\)
~_

=\}8(sin\/8)<§ _22>
=sinj2\/2< i _11 )

But we also have that

2sinCcosC =2 \}2(5111\/2) ( i _11 ) (cos y/2) ( (1) (1) )

_ 2. sin \/jzcos V2 < 1 _11 )’
- Slnj2\/2< 1 _11 )

thus confirming the relationship (at least in this case).

19.7 Expressed in terms of the annihilation and creation operators A and A', a
system has an unperturbed Hamiltonian Hy = hwA'A. The system is disturbed
by the addition of a perturbing Hamiltonian H, = ghw(A + A"), where g is real.
Show that the effect of the perturbation is to move the whole energy spectrum of
the system down by g*hw.

The total Hamiltonian H for the system is Hy + H;, where
Hy=hwA'"A and  H; = ghw(4+ A").

We note that both terms are Hermitian (Hg = H,, H;r = H;) and that the energy
spectrum of the system is given by the eigenvalues y; for which

(Ho + Hy) | wi) = pi | i)
has solutions.

NOW, H =H0+H1
= ho[ATA +g(4 + 4T)]
= ho[(A" + gI)(A +gl)— g1 ].
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We define B by B = A4 + gl, with Bf = AT 4 gI, and consider

[B.B'] = [a+gl.A' +¢gl] = [4,4],
since [C,I] =0 for any C and clearly [I,I] = 0.
Thus, H is expressible as

H = hoB'B — g*hwl

with [B,BT]| = [A,A"]. That is, H has the same structure with respect to B
as Hy has with respect to 4 (apart from an additional term proportional to the
identity operator) and B and BY have the same commutation relation as A and
A'. This implies that H has the same spectrum of eigenvalues A; as Hy, except for

a (downward) shift of —ghw, ie. u; = A — g*hw for each value of i. Thus the
whole spectrum is lowered by this amount.

19.9 By considering the function
F(4) = exp(14)B exp(—14),

where A and B are linear operators and A a parameter, and finding its derivatives
with respect to A, prove that

1
e'Be ™ =B+ [A,B] +

p VA TABI+ 5 T4 TATA B +--.

Use this result to express

iL.0 —iL,0
exp 5 L, exp 5

as a linear combination of the angular momentum operators Ly, L, and L.

Starting from the definition of F(1), we calculate its first few derivatives with
respect to /4, remembering that operator 4 commutes with any function of 4 but
not necessarily with any function of B:

F(1) = exp(1A4)B exp(—1A4),

dF(J)

U= Aexp(AA4)B exp(—AA4) — exp(AA)B exp(—41A4)A

= AF(J) — F(\)A = [A, F(2)],

PF() _ (dF _dF [A, dFW} = [A[4,F(1)]],

2 Al d di.
3
d;;(j) =[A,[A4,[4,F(2)]]], and so on for higher derivatives.
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Now we use a Taylor series in /4, based on the values of the derivatives at 1 =0,
to evaluate F(1). At A =0, F(1) = B, and we obtain
e‘Be ™ = F(1)
dF(0) n 1 d?F(0) 1 d*F(0)
d 21 di? 31 di3

= F(0) +
=B+ [A4,B ! A,[A,B !
=B+[4B]+ , [A[4B]]+,,
To apply this result to

iL6 —iL.0
®Eexp(lﬁ >Lyexp< lh >,

we need to take A as iL,0/h and B as L,. The corresponding commutator is
given by

iL.0 i

l:l h\ ’Ly:| - lﬁ [LX’LV] =—0L..

Because multiple commutators are involved, we will also need

iLo ] _i0 B
|: h 3L2:| - h [L.\’aLZ] —QLy~

Substituting in the derived series, we obtain

1 [i0L,
© =Ly +(—0L)+ ,, { ; ,—0Lz]+---
! 1 Ti0L,
— Ly = 0L+, (~0°L) + { . ,—02Ly]+---
—Ly—eLz—Z!eLy+3!(0Lz>+4![ SN

B 1, 1, 1, 1 [i0L,
_Ly—eLz—z!eL},+3!6Lz+4!(0Ly)+5!{ .

02 04 93 05
:<1_2z+4!_"')Ly_<6_3!+5!_"')LZ

=cost L, —sin0 L..

L0°L, } +

At each stage in the above calculation, the value of the commutator in the nth
term of the series has been used to reduce the (n + 1)th term from a multiple
commutator, with n levels of nesting, to a single commutator.
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20

Partial differential equations:
general and particular solutions

20.1 Determine whether the following can be written as functions of p = x> + 2y
only, and hence whether they are solutions of

ou ou

(a) X*(x* —4) +4y(x* —2) +4(»* — 1);
(b) x*+2x%y +y%;
(c) [x* +4x%y +4y* +41/[2x* + x*(8y + 1) + 8y* + 2y].

As a first step, we verify that any function of p = x? + 2y will satisfy the given
equation. Using the chain rule, we have

du dp _ Oudp

Op 0x _xﬁp oy’
- auzxzxau

op op

This is satisfied for any function u(p), thus completing the verification.

To test the given functions we substitute for y = ;(p —x?) or for x> =p—2y in
each of the f(x, y) and then examine whether the resulting forms are independent
of x or y, respectively.
(a) f(x, ) = X (x> = 4) +4p(x* =2) +4(* — 1)

=X =4 +2p—x)(x*=2)+p*—2p x> +x* —4

=xM 1 =24 1)+ x> (—4+2p+4—2p)—dp+p> —4

=p’ —4p—4=g(p).
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This is a function of p only, and therefore the original f(x, y) is a solution of the
PDE.

Though not necessary for answering the question, we will repeat the verification,
but this time by substituting for x rather than for y:

f6y) =X —4) +4y(x> —=2) +4(° — 1)
=(p=20)(p—2y =4 +4p(p—2y =2) +4(* - 1)
=p> —dpy +4y> —4p+8y +4yp —8y* — 8y +4y* —4
=p’—4p—4=g(p);
i.e. it is the same as before, as it must be, and again this shows that f(x,y) is a
solution of the PDE.
(b) f(x,y) = x* +2x7y +)?
=(p—2y7+2(p—2y)+)
=p —4py+4y’ +2py—4y° +)°
=(p—y’ # 2.
As this is a function of both p and y, it is not a solution of the PDE.
fraxty +4y° 44
© fo9) = 54 i;(s;yc iT) js; +2y
_ PP —4py+4y> +4yp—8y> +4y> +4
2p* —8py +8y> +8yp+p—16y> =2y +8y> +2y
p*+4
= oprip g(p).
This is a function of p only and therefore f(x,y) is a solution of the PDE.

20.3 Solve the following partial differential equations for u(x,y) with the bound-
ary conditions given:

(a) xaz +xy =u, u=2y on the line x =1,
(b) 1+x2; =xu, u(x,0)=x.

(a) This can be solved as an ODE for u as a function of x, though the ‘constant
of integration’ will be a function of y. In standard form, the equation reads

ﬁu_u__
ox x
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By inspection (or formal calculation) the IF for this is x~! and the equation can
be rearranged as

0 [u y
0x (x) T X
= = —ylnx+f0)

u=2yonx=1 = f(y) =2y,
and so u(x,y) = xy(2 —Inx).

(b) This equation can be written in standard form, with u as a function of y:

du oy 1
0y X
for which the IF is clearly ¢7, leading to
eV
) —
oy (e7Vu) N
, ey
= u="°_+f,

u(x,0) =x= f(x) =x—

Substituting this result, and multiplying through by e*, gives u(x, y) as

1 1
u(x,y) = . + (x— x) e

20.5 Find solutions of

1 0u n Lou 0
x0x yody
for which (a) u(0,y) =y and (b) u(1,1) = 1.
As usual, we find p(x, y) from
dx dy ) )

X1yt
(a) On x =0, p = —y? and
u@0,y)=y=(=p)"? = ulxy)=[—(x"—)y)]"=(>—x)""
(b) At (1,1), p= 0 and
u(l,)=1 = u(x,y)=1+g(x*—)%),
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where g is any function that has g(0) = 0.

We note that in part (a) the solution is uniquely determined because the boundary
values are given along a line, whereas in part (b), where the value is fixed at
only an isolated point, the solution is indeterminate to the extent of a loosely
determined function. This is the normal situation, though it is modified if the line
in (a) happens to be a characteristic of the PDE.

20.7 Solve

. Ou ou
sinx . +COSX_. =COSX (*)
0x dy

subject to (a) u(n/2,y) =0 and (b) u(n/2,y) = y(y + 1).

As usual, the CF is found from
dx dy

. = = —Insinx = p.
sinx  CcosXx y p

Since the RHS of () is a factor in one of the terms on the LHS, a trivial PI is
any function of y only whose derivative (with respect to y) is unity, of which the
simplest is u(x, y) = y. The general solution is therefore

u(x,y) = f(y — Insinx) + y.

The actual form of the arbitrary function f(p) is determined by the form that
u(x, y) takes on the boundary, here the line x = /2.

(a) With u(n/2,y) =0:
0=fy—-0+y = flp)=-p
= u(x,y)=Insinx —y+y=Insinx.
(b) With u(n/2,y) = y(y + 1):

Yo+ ) =f—0+y = f(p)=p
= u(x,y) = (y —Insinx)* + y.

20.9 If u(x,y) satisfies
*u *u *u
_ o) -
ox2 axay T2ay2 =0

and u = —x> and du/dy =0 for y = 0 and all x, find the value of u(0,1).
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If we are to find solutions to this homogeneous second-order PDE of the form
u(x,y) = f(x + Ay), then / must satisfy

1-314222=0 = 1=, 1
Thus u(x, y) = g(x + 1) + f(x +y) = g(p1) + f(p2).
Ony=0,p;=p,=xand
—x* = u(x,0) = g(x) + f(x), (*)
du
0=, (x0)= 28/ (x) + f(x).
y
From (), —2x = (%) + /(x).
Subtracting, 2x = —ég/(x).
Integrating, gx)=—-2x>+k = f(x)=x>—k, from ().
Hence, u(x,y) = —2(x + ;y)2 +k+(x+y)?—k

=P 1y
At the particular point (0,1) we have u(0,1) = —0% + }(1)*> =

20.11 In those cases in which it is possible to do so, evaluate u(2,2), where u(x, y)
is the solution of
ou

ou ) )
2yax—xay—xy(2y x7)

that satisfies the (separate) boundary conditions given below.

(a) u(x,1) = x> for all x.

(b) u(x,1) = x? for x > 0.

(c) u(x,1) = x? for 0 < x < 3.
(d) u(x,0) = x for x > 0.

(e) u(x,0) = x for all x.

(f) u(1,/10) = 5.

(8) u(x/10.1) =5.

To find the CF, u(x,y) = f(p), we set

d d
oY X242y =p.
2y X

This result also defines the characteristic curves, which are right ellipses centred

on the origin with semi-axes of lengths \/p and \/p/2 The point (2,2) lies on
the characteristic with p = 2% 4+ 2(2%) = 12; we will only be able to determine the
value of u(2,2) if this curve cuts the boundary on which u is specified.
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For a PI we try u(x, y) = Ax"y™:
2Anx"" 1y — Amx" =l = 2xp3 — Xy,
which has a solution, n = m = 2 with A = 1. Thus the general solution is
u(x, y) = f(x* +2y%) + 122
(a) With u(x, 1) = x? for all x:

X =u(x,1) = f(x* +2) + )%
= fip)=1(p—2)
= u(x,y) = 3(x* +2y? —2) + 1x%)?
= é(x +x2y2 +2y? —2),
u(2,2) = 1(4+16+8—2)=13.

The line y = 1 cuts each characteristic in zero (for p < 2) or two (for p > 2) distinct
points. Here p = 12 (> 2) and the characteristic (ellipse) that passes through (2, 2)
cuts the boundary (the line y = 1) in two places. In general, a double intersection
can lead to inconsistencies and hence to no solution. However, it causes no
difficulty with the given boundary conditions since the required values of x? at
x = i\/12 — 2(12) are equal and u is a even function of x.

(b) With u(x, 1) = x? for x > 0.

Since every characteristic ellipse (with p > 2) cuts the line y = 1 once (and only
once in x > 0), this gives the same result as in part (a).

(c) With u(x,1) = x? for 0 < x < 3.

The ellipses that cut the line y = 1 with 0 < x < 3 have p-values lying between
0% +2(1)> = 2 and 3? + 2(1)> = 11. Thus the p = 12 curve does not do so and
u(2,2) is undetermined.

(d) With u(x,0) = x for x > 0:

x =u(x,0) = (x> +0)+0
= f(p)=p"
= u(x,y) = (F +297)" + a2
= u(2,2)=12+8.
The characteristic (ellipse) p = 12 cuts the positive x-axis (i.e. y = 0) in one and

only one place (x = +\/12) and so the solution is well defined and the above
evaluation valid.

(e) With u(x,0) = x for all x.
This is as in part (d) except that now a characteristic ellipse cuts the defin-
ing boundary in two places, x = i\/p, and requires both u(\/p, 0) = \/p and
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— \/p,O) =— \/p. Since \/z is not differentiable at z = 0, this is not possible and
no solution exists.
(f) With u(1,/10) = 5.
At the point (1, \/10) the value of p is 1 4+ 2(10) = 21. As the ‘boundary’ consists
of just this one point, it is only at the points that lie on the characteristic p = 21
that the value of u(x, y) can be known. Since for the point (2,2) the value of p is
12, the value of u(2,2) cannot be determined.
(g) With u(,/10,1) = 5.
At the point (\/10, 1) the value of p is 104+ 2(1) = 12. Since for (2,2) it is also 12
the value of u(2,2) is determined and is given by f (12) + ;(4)(4) =5+8=13

20.13 The solution to the equation
2 2 2
62;; - Saiauy + Zyl; =14
that satisfies u = 2x + 1 and du/dy = 4 — 6x, both on the line y =0, is
u(x,y) = —8y> —6xy + 2x + 4y + 1.
By changing the independent variables in the equation to
E=x+2y and n=x+3y,
show that it must be possible to write 14(x*> + 5xy 4+ 6y?) in the form
F1(x +2y) + fa(x +3y) = (x* + ),
and determine the forms of fi(z) and f2(z).

Let u(x,y) = v(&,n), with £ = x + 2y and n = x + 3y. We must first express the
differential operators d/0x and d/dy in terms of differentiation with respect to ¢
and #; to do this we use the chain rule:

0o 0&0  ond 0 o . . 0 0 0

ox ~ oxoe Toxoy o T op SR 5 =25, +3,,

The equation becomes
0 0 dv  Ov 0 0 ov
(st an) (Gt on) =5 (0t 2y) (o +35)
0 0 ov ov
+ (20 30y) (206 35, ) =14

0% 0% 0%
12—-25+12 6—15+9 = 14.
per 1225 412) 10 (615 49)

(6 — 10+ 4) o
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Collecting similar terms together, we find
0% _
ocon
This equation has a CF of the form f(¢) + g(y) and a PI of —14¢&y. Thus its
general solution is

—14.

v(&,n) = f(&) + g(n) — 14Ln.
This must be the same as the given answer, i.e.
—8y? — 6xy + 2x + 4y + 1 = f(x 4 2y) + g(x + 3y) — 14(x + 2y)(x + 3y)
for some functions f and g. Thus
w(x,y) = 14(x* + Sxy + 6y?)

= 14(x + 2y)(x + 3y)

= f(x +2y) + g(x +3y) + 8y* + 6xy — 2x — 4y — 1

= f(x+20) +g(x +3y) = (" + %) + h(x, y),
where  h(x,y) = x> +9y? + 6xy —2x —4y — 1

=(x+3y) —2x+2y)—1

= F(x 4 2y) + G(x + 3y).
It follows that

wix,y) = f1(x +2p) + falx +3y) — (* + %),
where f1(z) = f(z) —2z — 1 and f1(z) = g(z) + z°.
After rearrangement this reads
15x% 4+ 70xy + 85y% = f1(x +2y) + fa(x +3y).  (**)
Taking second derivatives with respect to x and y separately,
30=f1+ /2,
170 = 4f1 + 917,
= 50=5f = filz)=52"+oaz+p
and 100 = 5f] = fi(z) = 102> + yz + 0.

Equating the coefficients of xy, x and y and the constants in (*#) gives 70 = 40430,
0=a+7y,0=30+2y, 0=+ 6. These equations have the solution « =7y =0
and f =k = —4. Thus

fiz)=10z—k  and  fa(z) =522 + k.

Clearly, k can take any value without affecting the final form given in the
question.
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20.15 Find the most general solution of 0*u/0x> + 0%u/dy* = x*y>.

The complementary function for this equation is the solution to the two-
dimensional Laplace equation and [either as a general known result or from
substituting the trial form h(x + Ay) which leads to 4> = —1 and hence to 1 = =+i]
has the form f(x + iy) + g(x — iy) for arbitrary functions f and g.

It therefore remains only to find a suitable PI. As f and g are not specified, there
are infinitely many possibilities and which one we finish up with will depend
upon the details of the approach adopted. When a solution has been obtained it
should be checked by substitution.

As no PI is obvious by inspection, we make a change of variables with the object
of obtaining one by means of an explicit integration. To do this, we use as new
variables the arguments of the arbitrary functions appearing in the CF.

Setting £ = x + iy and n = x — iy, with u(x,y) = v(&,n), gives

<0+0><00+6U)
0&  On o0& On

0 .a v E+n\(E—n\?
o) () - (37 (1)
o%v 0*v L D
(1_1)652+(2+2)6§6 +(1— )8 2——16(5 =),
0% Lo an

When we integrate this we can set all constants of integration and all arbitrary
functions equal to zero as any solution will suffice:

v |
_ 26292 4

ov 1 [/& 2897 4
617__64<5_ 3 ter )
e 28 ep?
T T4 ( 5 9o t5 )
Re-expressing this solution as a function of x and y (noting that &y = x* + y?)
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gives
1
u(x,y) = (64)(45) [10&%° —9én(&* +1*)]
1
= (64)(45)[10062 +7) —18(x + y)(x* — 6x°y7 4+ yY)]
x? 4 y? 4 2.2 4 4 2.2 4
= (64)(45)(10x 4+ 20x“y° + 10y" — 18x™ 4+ 108x“y~ — 18y~)
X242
= (4y5 )(128x2y2 —8x* — 8y
1
= 360(15x4y2 — x84 15x%y* — y%).
Check

.0 0? . .
Applying 032 + oy2 to the final expression yields

1
360 [15(12)x%y? — 30x* 4+ 30y* 4 30x* + 15(12)x%y? — 30y*] = x?)?,

as it should.

20.17 The non-relativistic Schrodinger equation,

2
= fmvzu V(= ihg':,

is similar to the diffusion equation in having different orders of derivatives in its
various terms; this precludes solutions that are arbitrary functions of particular lin-
ear combinations of variables. However, since exponential functions do not change
their forms under differentiation, solutions in the form of exponential functions of
combinations of the variables may still be possible.

Consider the Schrodinger equation for the case of a constant potential, i.e. for a
free particle, and show that it has solutions of the form Aexp(Ix + my + nz + At),
where the only requirement is that
no 2., 2 .
o (P +m* 4+ n*) = ihd.

In particular, identify the equation and wavefunction obtained by taking A as
—iE/h, and I,m and n as ip./h,ip,/h and ip./h, respectively, where E is the
energy and p the momentum of the particle; these identifications are essentially
the content of the de Broglie and Einstein relationships.

For a free particle we may omit the potential term V(r) from the Schrodinger
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equation, which then reads (in Cartesian coordinates)
B B (*u  u dlu _ ihdu
2m \ox2 " oyr  0z2)
We try u(x, y, z,t) = Aexp(lx + my + nz 4 At), i.e. the product of four exponential
functions, and obtain
2
— (P +m*+nP)u=ihiu.
2m
This equation is clearly satisfied provided
2
— (P4 m*+n?) =iha
2m
With 4 as —iE/h, and [,m and n as ip./h,ip,/h and ip./h, respectively, where E
is the energy and p is the momentum of the particle, we have

N O R T A
2m R2 m R? ’
which can be written more compactly as E = p?>/2m, the classical non-relativistic
relationship between the (kinetic) energy and momentum of a free particle.

The wavefunction obtained is
i

u(r,t) = Aexp {h

(pxx + pyy +p:z — Et)]

= Aexp {;(pm—Et)},

ie. a classical plane wave of wave number k = p/Ai and angular frequency
w = E/h travelling in the direction p/p.

20.19 An incompressible fluid of density p and negligible viscosity flows with

velocity v along a thin, straight, perfectly light and flexible tube, of cross-section

A which is held under tension T. Assume that small transverse displacements u of

the tube are governed by

*u o’u , T d%u
+ 2v V- — =

ot? 0x0t pA ) 0x?

(a) Show that the general solution consists of a superposition of two waveforms
travelling with different speeds.

(b) The tube initially has a small transverse displacement u = acoskx and is
suddenly released from rest. Find its subsequent motion.
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(a) This is a second-order equation and will (in general) have two solutions of
the form u(x,t) = f(x + At), where both 4 satisfy

T T
)v2+2u/1+<u2—pA) =0 = )vz—vi\/lﬂ—vz-i—pAE—vioc,

and gives (minus) the speed of the corresponding profile. Thus the general
displacement consists of a superposition of waveforms travelling with speeds

v F o

(b) Now u(x,0) = acoskx and i(x,0) = 0, where the dot denotes differentiation
with respect to time ¢. Let the general solution be given by

ulx,t) = flx—(@+o)t] +glx — (v —a],
with acoskx = f(x) + g(x)
and 0=—@+a0)f'(x)— (v —a)g(x).

We differentiate the first of these with respect to x and then eliminate the function

f):

—kasinkx = f'(x) + g'(x),
—ka(v + o) sinkx = (v 4+ o — v + x)g'(x),

k .
g'(x)=— a(z;;— %) sinkx,
= gx)= v acoskx +c,
20

= f(x)= aZo{U acoskx —c.

Now that the forms of the initially arbitrary functions f(x) and g(x) have been
determined, it follows that, for a general time t,

utv,t) =" ¥ acoslkx — k(v +2)c] + “24;” acos[kx — k(v — a)t]
- ‘2‘2 cos(kx — kot) cos kat + ZZ 2 sin(kx — ko) sin(—kar)

= acos[k(x —vt)] coskat — U; sin[ k(x — vt) ] sin kat.
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20.21 In an electrical cable of resistance R and capacitance C, each per unit
length, voltage signals obey the equation 0°V /0x> = RCOV /ot. This (diffusion-
type) equation has solutions of the form

x(RC)!/2

2 ¢
[l = \/n/o exp(—v?)dv, where { = Y

It also has solutions of the form V = Ax + D.

(a) Find a combination of these that represents the situation after a steady volt-
age Vy is applied at x = 0 at time t = 0.

(b) Obtain a solution describing the propagation of the voltage signal resulting
from the application of the signal V =V; for 0 <t < T, V = 0 otherwise,
to the end x = 0 of an infinite cable.

(c) Show that for t > T the maximum signal occurs at a value of x proportional
to t'/2 and has a magnitude proportional to t'.

(a) Consider the given function

x(RC)!/?

2 ¢
Q)= \/ﬂ/o exp(—v?)dv, where { = 21)2

The requirements to be satisfied by the correct combination of this function and
V(x,t) = Ax+ D are (i) that, at t = 0, V' is zero for all x, except x = 0 where it is
Vo, and (ii) that, as t — oo, V is V} for all x.

(1) Att=0,{ =oc0and f({) =1 for all x # 0.
(ii)) As t — o0, { — 0 and f({) — O for all finite x.

The required combination is therefore D = Vy and —V;f({), i.e.

b , X(CR/)'/?
Vix,t) =V |1 — / exp(—v?) dy
Vi
(b) The equation is linear and so we may superpose solutions. The response to
the input V' =V, for 0 <t < T can be considered as that to ¥, applied at t =0
and continued, together with —Vj applied at t = T and continued. The solution
is therefore the difference between two solutions of the form found in part (a):

Vix,t)=

Ly _ 1/2
2y AMCR/=T)]
O/ exp (—v?) dv.

Jr.

(c) To find the maximum signal we set 0V /0x equal to zero. Remembering that
we are differentiating with respect to the limits of an integral (whose integrand

LX(CR/D1?
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does not contain x explicitly), we obtain
L CRN T NCR )1 (CR\' [ XCR]_
2\e—T Pl7ge—1| "2\ ¢ P17 g |57

This requires
t—T\"? x)CR  x*CR
t TPy +

t—T) 4t
—exp |:X2CR(—L‘+I— T)}
4t —T)
For t > T, we expand both sides:
L1 T+m=1_ Tx2CR+m
2t 412 ’

o2 V_1\/2z CR\'"* 1
~ CR "2V CRrR\ ¢ N
The corresponding value of V' is approximately equal to the value of the integrand,
evaluated at this value of v, multiplied by the difference between the two limits
of the integral. Thus
2Vo , . x/CR 1 1
Vinax ~ Jr exp(—v7) (t—T)/2 (/2
N ZVOe_I/zx\/CRl T
- Jn 2 2132
_ VoTe™'/?

2t

In summary, for t > T the maximum signal occurs at a value of x proportional
to t'/? and has a magnitude proportional to t!.

20.23 Consider each of the following situations in a qualitative way and determine
the equation type, the nature of the boundary curve and the type of boundary
conditions involved :

(a) a conducting bar given an initial temperature distribution and then thermally
isolated ;

(b) two long conducting concentric cylinders, on each of which the voltage dis-
tribution is specified;

(c) two long conducting concentric cylinders, on each of which the charge dis-
tribution is specified;

(d) a semi-infinite string, the end of which is made to move in a prescribed way.
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We use the notation

02 2 02 0
AT g T el DM LM = Ry
0x2 0x0y 0y? 0x Oy

to express the most general type of PDE, and the following table

Equation type Boundary Conditions

hyperbolic open Cauchy
parabolic open Dirichlet or Neumann
elliptic closed Dirichlet or Neumann
to determine the appropriate boundary type and hence conditions.
S , ?*T oT
(a) The diffusion equation & P Oat has 4 = k, B = 0 and C = 0; thus
X

B? = 44C and the equation is parabolic. This needs an open boundary. In the
present case, the initial heat distribution (at the t = 0 boundary) is a Dirichlet
condition and the insulation (no temperature gradient at the external surfaces) is
a Neumann condition.

(b) The governing equation in two-dimensional Cartesians (not the natural choice
for this situation, but this does not matter for the present purpose) is the Laplace

02 0%
+ =0, which has 4 = 1, B =0 and C = 1 and therefore
ox2  0y?

B? < 4AC. The equation is therefore elliptic and requires a closed boundary.
Since ¢ is specified on the cylinders, the boundary conditions are Dirichlet in this
particular situation.

equation,

(c) This is the same as part (b) except that the specified charge distribution
o determines d¢p/dn, through d¢/dn = a/ep, and imposes Neumann boundary
conditions. ,

Cu_ 1 &u =0,wehaveA=1,B=0and C = —c 2,
oxr ¢ or?

thus making B> > 44C and the equation hyperbolic. We thus require an open
boundary and Cauchy conditions, with the displacement of the end of the string
having to be specified at all times — this is equivalent to the displacement and
the velocity of the end of the string being specified at all times.

(d) For the wave equation

20.25 The Klein—Gordon equation (which is satisfied by the quantum-mechanical
wavefunction ®(r) of a relativistic spinless particle of non-zero mass m) is

V20 — m*® = 0.

Show that the solution for the scalar field ®(r) in any volume V bounded by a
surface S is unique if either Dirichlet or Neumann boundary conditions are specified
on S.
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Suppose that, for a given set of boundary conditions (® = f or d®/0n =g on S),
there are two solutions to the Klein-Gordon equation, ®; and ®,. Then consider
®; = & — ®,, which satisfies

V205 = V2D, — V2D, = m2®; — m*®, = m*®;
and

()
either &3 =f —f =0, or aa,::g—g:oonS.

Now apply Green’s first theorem with the scalar functions equal to ®3 and ®@5:
§ * aq)} #yv72 *
/ (8 on ds =/[(D3V O3 + (VO3) - (VD3)]4dV,
14
= 0= [(osf Vo av.
-
whichever set of boundary conditions applies. Since both terms in the integrand

on the RHS are non-negative, each must be equal to zero. In particular, |®;] =0
implies that @3 = 0 everywhere, i.e ®; = @, everywhere; the solution is unique.
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Partial differential equations:
separation of variables and other
methods

21.1 Solve the following first-order partial differential equations by separating the
variables:

@ " —x =0 mx -2 =0
0x ay

In each case we write u(x, y) = X(x)Y (), separate the variables into groups that
each depend on only one variable, and then assert that each must be equal to a
constant, with the several constants satisfying an arithmetic identity.

du ou
¢ — = 0
(a) ox oy X
XY —xXY = 0,
X’ Y’
xX=Y=k = InX=1kx*+c, InY =ky+oc,
= X =AY =B,
= ulx,y) = C) where k = 2.
ou ou
b -2 = 0
(b) Xox "y X
xX'Y —2yXY' = 0,
X' 2yY’
XX = yY =k = InX=klnx+c,
InY = ;klny—i-cz,
= X =Ax" Y =By,
= u(x,y) = C(x*y), where k =2/
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21.3 The wave equation describing the transverse vibrations of a stretched mem-
brane under tension T and having a uniform surface density p is

T 0%u + 0%u _ 0%u

axz T ay2 ) TPap
Find a separable solution appropriate to a membrane stretched on a frame of length
a and width b, showing that the natural angular frequencies of such a membrane

are given by
o? = T (n? n m?
op \a® )

where n and m are any positive integers.

We seek solutions u(x, y, t) that are periodic in time and have u(0, y, t) = u(a, y,t) =
u(x,0,t) = u(x,b,t) = 0. Write u(x, y,t) = X(x)Y (y)S(t) and substitute, obtaining

TX"YS+XY"S)=pXYS’,
which, when divided through by XY S, gives
X Y” ) s” w2p

x Ty TS T
The second equality, obtained by applying the separation of variables principle
with separation constant —w?p/T, gives S(t) as a sinusoidal function of ¢ of
frequency w, i.e. A cos(wt) + B sin(wt).

We then have, on applying the separation of variables principle a second time,

that
" Y// wzp
x = A and v = u, where A4+ p=— T

These equations must also have sinusoidal solutions. This is because, since
u(0,y,t) = u(a,y,t) = u(x,0,t) = u(x,b,t) = 0, each solution has to have ze-
ros at two different values of its argument. We are thus led to

(*)

X = Asin(px) and Y = Bsin(g x), where p> = —1 and ¢*> = —p.

Further, since u(a, y,t) = u(x,b,t) = 0, we must have p = nn/a and ¢ = mn/b,
where n and m are integers. Putting these values back into (*) gives

2 2 2 2
> 2 _ _wp 2 (1 m-y _ wp

Hence the quoted result.
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215 Denoting the three terms of V* in spherical polars by V;, V§, Vg in an obvious
way, evaluate V2u, etc. for the two functions given below and verify that, in each
case, although the individual terms are not necessarily zero their sum V>u is zero.
Identify the corresponding values of ¢ and m.

(@) u(r,0,¢) = (Ar + 3) 3005220_1

(b) u(r,0,d) = (Ar + r2> sin 0 expi¢.

In both cases we write u(r, 0, ¢) as R(r)®(0)D(¢) with
10 0 1 0 0 1 0?
2 _ 2 2 _ ino 2 _
V=2 (r ar>’ V0= 12in0 a0 <Sm ae) V6= 2gin?0 092

20 _
u(r,0,¢)=(Ar n 3) 3cos? 0 1

2
10 3B 6B 6u
2. 3 —
V,u_rzar(zm—rz)@ (6A+ 5)®_r2,
R 1 0 R [ —6sin0cos® 0 + 3sin’ 0
2 _ _2ainl _
Vit =12 g gp T3S 000 = 5 ( sin 0 )
R
= 2(—9c0520+3)=—6g,
r r

V¢u =

Thus, although V?u and Vju are not individually zero, their sum is. From VZu =
(¢ + u = 6u, we deduce that / =2 (or —3) and from Véu =0 that m = 0.

(b) u(r,0, p) = (Ar + ﬁ) sin 6 €.

vu L0 (Ar2_23>®®:(2A 2B>®®_2u
r

r2 or r r4
RD 1 0 R® [ —sin® 0 + cos? 6
2 .
= ) 0 0) = )
Viu r? sin0 86(Sm cos6) r? < sin 0 )
_u cos0 u
T2 sin?o Y
RO® u
\% e .
"7 12gin0 5¢2( ") =  2sin? 0
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Hence,

2 20—
Vzu=2u u cos*l u u u< cos* 0 1)20'

22 sin20 2 p2sinte sin® 0
Here each individual term is non-zero, but their sum is zero. Further, /(/+1) =2
and so / = 1 (or —2), and from Viu = —u/(r*sin0) it follows that m* = 1. In

fact, from the normal definition of spherical harmonics, m = +1.

21.7 If the stream function p(r,0) for the flow of a very viscous fluid past a sphere
is written as y(r,0) = f(r)sin’ 0, then f(r) satisfies the equation
4f// 8f/ 8f
4)
= 72 + B A
At the surface of the sphere r = a the velocity field u = 0, whilst far from the
sphere y ~ (Ur%sin® 0)/2.

=0.

Show that f(r) can be expressed as a superposition of powers of r, and determine
which powers give acceptable solutions. Hence show that

3
w(r,0) = Z (2r2 — 3ar + ar ) sin® 0.

For solutions of

) 4f'// 8f/ 8f
(4) _
= 2 + P 0

that are powers of r, i.e. have the form Ar", n must satisfy the quartic equation

nn—1)n—-2)n—3)—4nn—1)+8n—8 =0,
(n—D[nn—2)n—3)—4n+8] =0,
m—1)(n—2)[nn—3)—4]=0,
m—Dn—2)n—4)n+1)=0.

Thus the possible powers are 1, 2, 4 and —1.

Since p — ;Ur2 sin? @ as r — oo, the solution can contain no higher (positive)
power of r than the second. Thus there is no n = 4 term and the solution has the
form

2 B
w(r,0) = (U; Y Ar+ r)sinZG.

On the surface of the sphere r = a both velocity components, u, and uy, are zero.
These components are given in terms of the stream functions, as shown below;
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note that u, is found by differentiating with respect to 0 and uy by differentiating
with respect to r.

1 oy Uda? B
=0 = hdnoog =0 T o TAat, =0
—1 oy B

M()ZO = =0 = Ua+A— 2:0,
a

asin@ or
= A=—,Uaand B=,Ud.

The full solution is thus

3
p(r,0) = ZJ <2r2 — 3ar + C; ) sin” 0.

21.9 A circular disc of radius a is heated in such a way that its perimeter p = a
has a steady temperature distribution A+ B cos® ¢, where p and ¢ are plane polar
coordinates and A and B are constants. Find the temperature T(p, ¢) everywhere
in the region p < a.

This is a steady state problem, for which the (heat) diffusion equation becomes
the Laplace equation. The most general single-valued solution to the Lapace
equation in plane polar coordinates is given by

T(p.¢)=Clnp+D+ (Ascosnd + B,sinng)(Cap" + Dup™").

n=1

The region p < a contains the point p = 0; since In p and all p™" become infinite
at that point, C = D,, = 0 for all n.

Onp=a
T(a,¢) = A+ Bcos’p = A+ L B(cos2¢ + 1).

Equating the coefficients of cosn¢, including n = 0, gives 4 + éB =D, A,Cra* =
éB and A4,C,a" = 0 for all n # 2; further, all B, = 0. The solution everywhere
(not just on the perimeter) is therefore

2

B Bp
T(p7¢)_A+ 2 + 2(12

It should be noted that ‘equating coefficients’ to determine unknown constants
is justified by the fact that the sinusoidal functions in the sum are mutually
orthogonal over the range 0 < ¢ < 2m.

cos 2¢.
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21.11 The free transverse vibrations of a thick rod satisfy the equation
A o*u  %u

ox*  ot?

Obtain a solution in separated-variable form and, for a rod clamped at one end,
x =0, and free at the other, x = L, show that the angular frequency of vibration

w satisfies
<601/2L> <w1/2L>
cosh = —sec .
a a

[At a clamped end both u and O0u/0x vanish, whilst at a free end, where there is
no bending moment, 0*u/dx*> and 03u/dx® are both zero.]

=0.

The general solution is written as the product u(x,t) = X(x)T(¢), which, on
substitution, produces the separated equation

xX@ T"
a4 = — = (DZ.

X T

Here the separation constant has been chosen so as to give oscillatory behaviour
(in the time variable). The spatial equation then becomes

XW — y*X =0, where u = w'?/a.
The required auxiliary equation is 4* — u* = 0, leading to the general solution
X(x) = Asin ux + B cos ux + C sinh ux + D cosh px.

The constants 4, B, C and D are to be determined by requiring X (0) = X’(0) =0
and X"(L) = X"(L) = 0.
At the clamped end,
X0)=0 = D=-B,
X" = u(Acosux— Bsinux + C cosh ux — B sinh px),
X(0)=0 = C=-A
At the free end,
X" = p}(—Asin ux — B cos ux — A sinh ux — B cosh pix),
X" = p}(—Acos ux + B sin ux — A cosh pux — B sinh px),
X"(Ly=0 = A(sin uL + sinh uL) + B(cos uL + cosh uL) = 0,
X"(Ly=0 = A(—cosuL — cosh uL)+ B(sin uL — sinh uL) = 0.
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Cross-multiplying then gives
—sin® uL + sinh? uL = cos® uL + 2 cos uL cosh uL 4 cosh? uL,
0=1+42cosulLcoshulL +1,
—1 =cosuL cosh uL,

w1/2L wl/ZL
cosh( )z—sec< )
a a

Because sinusoidal and hyperbolic functions can all be written in terms of expo-
nential functions, this problem could also be approached by assuming solutions
that are (exponential) functions of linear combinations of x and ¢ (as in Chapter
20). However, in practice, eliminating the t-dependent terms leads to involved
algebra.

21.13 A string of length L, fixed at its two ends, is plucked at its mid-point by
an amount A and then released. Prove that the subsequent displacement is given

by
0
_ 84 . [@n+ Dnx (2n + 1)mct
u(x,t)—;n2(2n+1)2 s1n[ L ]cos[ L ,

where, in the usual notation, ¢* = T /p.

Find the total kinetic energy of the string when it passes through its unplucked
position, by calculating it in each mode (each n) and summing, using the result

i 1 _n2
~ (2n+1) 8

Confirm that the total energy is equal to the work done in plucking the string
initially.

We start with the wave equation:

Pu 1 0%u 0
ox2 2 or?
and assume a separated-variable solution u(x,t) = X(x)S(¢). This leads to
X" 18 _ e
X 25 ’

The solution to the spatial equation is given by
X(x) = Bcoskx + Csinkx.

Taking the string as anchored at x = 0 and x = L, we must have B = 0 and k
constrained by sinkL = 0 = k = nn/L with n an integer.
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The solution to the corresponding temporal equation is
S(t) = D coskct + E sinkct.

Since there is no initial motion, i.e. $(0) = 0, it follows that E = 0.
For any particular value of k, the constants C and D can be amalgamated. The
general solution is given by a superposition of the allowed functions, i.e.

o0
. hmXx nmct
u(x,t)zZC,,sm L cos L
n=1
We now have to determine the C, by making u(x,0) match the given initial
configuration, which is

2A4x forngéL,

u(x,0) = L 2
’ 2A(L — x) L< <L
L S

This is now a Fourier series calculation yielding

C,L /W 24x . nmx /L 24(L —x) . nmx
= sin dx + sin dx
2 0 L L L2 L L
24 24
= J1+24J,— J
L + 27 %

with

Thus
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and so it follows that

C,L 24 2L
= T = A L) =24 5 sin
n 2

2 L T

This is zero if n is even and C, = 8A4(—1)""Y/2 /(n?x?) if n is odd. Write n = 2m+1,
8A(—1)"

m = 0, 1,2,..., with C2m+1 = (2}’}’1 + 1)27'52.

The final solution (in which m is replaced by n, to match the question) is thus

u(m)zz‘: 8A(—1)" Sin[(Zn-l—l)nx] COS[(2n+l)nct].

— n2(2n + 1)2 L L

The velocity profile derived from this is given by

i(x, 1) = i 8A(—1)" (—(2n + l)nc)

2 m2(2n + 1) L
. {(271 + 1)nx} . {(271 + 1)71:01
X sin sin ,
L L

giving the energy in the (2n+ 1)th mode (evaluated when the time-dependent sine
function is maximal) as

L
1,2
E2n+1 :/ » PUy, dx
0

. /L p (84)%2 Gin? (2n + Dnx
“Jo 2 L2(2n+ 1)2n2 L
324%pc*> L

T L0+ 19202 2

Therefore

0 0

164%pc? 1 24%pc?

E = Eypiy = = .
; T e ; (2n+ 1) L

When the mid-point of the string has been displaced sideways by y (<K L), the
net (resolved) restoring force is 2T [y/(L/2)] = 4Ty/L. Thus the total work done
to produce a displacement of A4 is

A 2 2 42
AT 2TA2  2pccA
W:/ Yy = _ A
o L L L

i.e. the same as the total energy of the subsequent motion.
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21.15 Prove that the potential for p < a associated with a vertical split cylinder
of radius a, the two halves of which (cos ¢ > 0 and cos ¢ < 0) are maintained at
equal and opposite potentials +V, is given by

4V S (—1)"

(ORI PP

(Z)zn+1 cos(2n + 1)¢.

The most general solution of the Laplace equation in cylindrical polar coordinates
that is independent of z is

0
T(p.¢)=Clnp+D+ Y (Aycosnd + Bysinng)(Cop" + Dyup ™).

n=1
The required potential must be single-valued and finite in the space inside the
cylinder (which includes p = 0), and on the cylinder it must take the boundary
values u = V for cos¢ > 0 and u = —V for cos¢ < 0, i.e the boundary-value
function is a square-wave function with average value zero. Although the function
is antisymmetric in cos ¢, it is symmetric in ¢ and so the solution will contain
only cosine terms (and no sine terms).

These considerations already determine that C = D = B, = D, = 0, and so have
reduced the solution to the form

u(p, p) = Z Anp" cosne.

n=1
On p = a this must match the stated boundary conditions, and so we are faced
with a Fourier cosine series calculation. Multiplying through by cosm¢ and
integrating yields

T

1 /2
Ama’”22n=2/ Vcosm¢d¢+2/ (—=V)cosme dop
0 /2

_oy {sinmqﬁ] /2 oy {sinmqﬁ] "
m 0 m )2

= Zni/ (sin mzn + sin mzn)

V
= (—1)(’”’1)/24 for m odd, = 0 for m even.
m

Writing m = 2n + 1 gives the solution as
4V (=)

2n+1
i 1 (Z) cos(2n + 1)¢.
n=0

u(p, ¢) =

344



PDES: SEPARATION OF VARIABLES AND OTHER METHODS

21.17 Two identical copper bars are each of length a. Initially, one is at 0°C and
the other at 100°C; they are then joined together end to end and thermally isolated.
Obtain in the form of a Fourier series an expression u(x,t) for the temperature at
any point a distance x from the join at a later time t. Bear in mind the heat flow
conditions at the free ends of the bars.

Taking a = 0.5m estimate the time it takes for one of the free endsto attain a
temperature of 55 °C. The thermal conductivity of copper is 3.8x10> Jm ! K—1s!,
and its specific heat capacity is 3.4 x 10° Jm—3 K1,

The equation governing the heat flow is

which is the diffusion equation with diffusion constant x = k/s = 3.8 x 10?/3.4 x
106 =1.12 x 107* m?s~ .

Making the usual separation of variables substitution shows that the time vari-
ation is of the form T(t) = T(O)e*“zt when the spatial solution is a sinusoidal
function of Jx. The final common temperature is 50 °C and we make this explicit
by writing the general solution as

u(x,t) = 50 + Z(A;v sin /x + B; cos Ax)e ",
A
This term having been taken out, the summation must be antisymmetric about
x = 0 and therefore contain no cosine terms, i.e. B; = 0.

The boundary condition is that there is no heat flow at x = +a; this means that
Ou/dx = 0 at these points and requires

@n+)n
- 2a

where n is an integer. This corresponds to a fundamental Fourier period of 4a.
The solution thus takes the form

AA; COS AX|yegy =0 = )vaz(n-i-;)n = A

o0
u(x,1) =50+ Aysin

4q2
n=0

(2n + )nx ( (2n+ 1)2n21<t>
exp | — .
2a
At t =0, the sum must take the values 450 for 0 < x < 2a and —50 for —2a <
x < 0. This is (yet) another square-wave function — one that is antisymmetric
about x = 0 and has amplitude 50. The calculation will not be repeated here but
gives A, = 200/[ (2n + 1)n ], making the complete solution

1 . (2n+ Dnx ( (2n+ 1)27'52Kt)
exp [ — .

u(x,t) = 50 + 200 i sin
T n o n+1 2a 4q2
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For a free end, where x = a and sin[(2n + 1)nx/2a] = (—1)", to attain 55°C
needs
L (=1 ( n+ 1’72112 x 1074 ) Sn

= = 0.0785.
o 2n+1 4 x0.25 200

In principle this is an insoluble equation but, because the RHS <« 1, the n =0
term alone will give a good approximation to t:

exp(—1.105 x 107°t) ~ 0.0785 =t~ 2300 s.

21.19 For an infinite metal bar that has an initial (t = 0) temperature distribution
f(x) along its length, the temperature distribution at a general time t can be shown
to be given by

00 _ £\2
U, 1) = w;m [ o [—(X4Kf)}f(é)dé.

Find an explicit expression for u(x,t) given that f(x) = exp(—x>/a’).

The given initial distribution is f(¢) = exp(—&?/a?) and so

_ 1 ” (x — &) &
u(x,t) = Jdnxt /ﬂj exp [— Art ] exp <_a2) dé.

. . . . 4kt
Now consider the exponent in the integrand, writing 1 4

, as 7* for compact-
a

ness:

&2 —2Ex + X2
exponent = —

4kt

(G xr Y = N

N 4kt
2,2 _ 2

=—n*+ N ~ , defining 7,

4kt
. d
with dn = vde

\/4Kt.

With a change of variable from & to #, the integral becomes

1 x2t2—x2 . 5 Akt
u(x,t) = ex exp(— d
o= o () e Y

4k —

11 172
B \/nreXp (X 4Kt’[2> Vr
a
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In words, although it retains a Gaussian shape, the initial distribution spreads
symmetrically about the origin, its variance increasing linearly with time (a*> —
a® + 4xt). As is typical with diffusion processes, for large enough times the width
varies as /t.

21.21 In the region —o0 < X, y < o0 and —t < z < t, a charge-density wave
p(r) = Acosqx, in the x-direction, is represented by

o) = ¢;n / B(o)e™ do

The resulting potential is represented by

V() e'? /OO f/( ) ioczd
r)= o)e o.
\/27'[ —o0

Determine the relationship between V(o) and p(«), and hence show that the poten-
tial at the point (0,0,0) is given by

/ sin kt ik
TEQ k k2 + q ’

Poisson’s equation,

VZV(r) — _p(r)’

€0
provides the link between a charge density and the potential it produces.

Taking V(r) in the form of its Fourier representation gives V>V as

P2V() V() oV el4x s
o2 T o + 022 \/M/ (—q* — )V (@)e™ do,

with the —q? arising from the x-differentiation and the —a? from the z-differentia-
tion; the 02V /dy? term contributes nothing.

Comparing this with the integral expression for —p(r)/eo shows that
—p(er) = eo(—q” — o)V (2).

With the charge-density wave confined in the z-direction to —t < z < ¢, the
expression for p(r) in Cartesian coordinates is (in terms of Heaviside functions)

p(r) = Ae“[H(z +t) — H(z — t)].
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The Fourier transform p(«) is therefore given by
1 *® -
(o) = / A[H(z+1t)— H(z —t)]e ™ dz
—0

\/271
A Lo
= e " dz
\/ 2n /—t

A e*ial _ eim‘

\/271 —io

A 2sinau
\/271 o
igx 0 ~ )
Now, V(x,0,z) = ¢ / p(e) e da
J2n q> +o?)

elax /““ el A 2sinoat
\/277: eolq®> +o?) 2n @

A [* sinat
= V(0,0,0) = o [ 2o + ) do,

do,

as stated in the question.

21.23 Find the Green’s function G(r,ro) in the half-space z > 0 for the solution
of V2® = 0 with ® specified in cylindrical polar coordinates (p, ¢,z) on the plane
z =0 by

1 for p <1,

1/p for p > 1.

Determine the variation of ®©(0,0,z) along the z-axis.

O(p, h,z) = {

For the half-space z > 0 the bounding surface consists of the plane z = 0 and the
(hemi-spherical) surface at infinity; the Green’s function must take zero value on
these surfaces. In order to ensure this when a unit point source is introduced at
r =y, we must place a compensating negative unit source at y’s reflection point
in the plane. If, in cylindrical polar coordinates, y = (p, ¢,z), then the image
charge has to be at y’ = (p, ¢, —z¢). The resulting Green’s function G(x,y) is given
by
1 1
TN =" 4nx—y Famx -y

The solution to the problem with a given potential distribution f(p,¢) on the
z = 0 part of the bounding surface S is given by

O(y) = /f(p, ( )pd¢>dp,
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the minus sign arising because the outward normal to the region is in the negative
z-direction. Calculating these functions explicitly gives

1 1
N = "t 4 = 202102 T dnlp? 4 (2 20212
oG z— 2z (z + z0)
0z An[p2+(z — 20212 4nlp? + (2 +20) PP/
0G _ —2z9
S0zl Anlpr 4P

Substituting the various factors into the general integral gives

(0,0, 20) —/ £(0) 2mpdp

4r[ p? + 2132

1
_ Zop
“f i Lt [ S
2

™2 z2sectu
=—1z9 [(p +23)” ‘/2] +/ $ L du,
o Jo zgsecu
where, in the second integral, we have set p = zo tanu with dp = zy sec’ udu and
0 = tan~!(1/z). The integral can now be obtained in closed form as

Zo Lo
(1 +22)112 +1+ % [sinu ],
Z0 1 1

(1+z)1/2+ 20 zo(1+z5)V/?
Thus the variation of ® along the z-axis is given by

Z(1+22)1/2_22+(1+22)1/2_1
z(1 + z2)1/2 ’

®(0,0,29) = —

=1-

®(0,0,z) =

21.25 Find, in the form of an infinite series, the Green’s function of the V> operator
for the Dirichlet problem in the region —o0 < x < 00, —0 < y <00, —c <z < cC.

The fundamental solution in three dimensions of VZyp = §(r) is p(r) = —1/(4nr).

For the given problem, G(r,r¢) has to take the value zero on z = 4+¢ and — 0 for
|x| = oo and |y| — co. Image charges have to be added in the regions z > ¢ and
z < —c to bring this about after a charge ¢ has been placed at ro = (xo, yo,zo)
with —c¢ < zg < ¢. Clearly all images will be on the line x = xo, y = yo.

Each image placed at z = ¢ in the region z > ¢ will require a further image of
the same strength but opposite sign at z = —c¢ — & (in the region z < —c) so as

349



PDES: SEPARATION OF VARIABLES AND OTHER METHODS

to maintain the plane z = —c as an equipotential. Likewise, each image placed
at z = —y in the region z < —c¢ will require a further image of the same strength
but opposite sign at z = ¢ + y (in the region z > ¢) so as to maintain the plane
z = ¢ as an equipotential. Thus succesive image charges appear as follows:

—q 2c—zy —2c—z
4+q —3c+zo 3c+2zo
—q 4c—zy —dc—z
+q etc. etc.

The terms in the Green’s function that are additional to the fundamental solution,

1
= 4 = X0 =30 + =201,
T

are therefore

_van: (—1)"
dn 2\ [(x— %0l + (v — 3oP + (2 + (—1)z0 — ne)?]'2

. (1) }
[(x = x0)? + (v = y0)? + (= + (=1)z9 +nc) ]2 J

21.27 Determine the Green’s function for the Klein—Gordon equation in a half-
space as follows.

(a) By applying the divergence theorem to the volume integral

ﬂww-ww—MW—wde

obtain a Green’s function expression, as the sum of a volume integral and a
surface integral, for the function ¢(r') that satisfies

Vo —mihp=p

in V and takes the specified form ¢ = f on S, the boundary of V. The
Green’s function, G(r,r’), to be used satisfies

VG —m’G =d(r—7)

and vanishes when r is on S.

(b) When V is all space, G(x,x') can be written as G(t) = g(t)/t, where t = |[r—’|
and g(t) is bounded as t — co. Find the form of G(t).

(c) Find ¢(r) in the half-space x > 0 if p(r) = o(r —ry) and ¢ = 0 both on
x =0 and as r — oo.
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(a) For general ¢ and y we have
[ 1007 =ty =y —wtr] av = [ [6vp — ] av
v v
= [ V@ —yvarav
= /S(thp —pVe)-nds.

Now take ¢ as ¢, with V2¢p —m’¢p = p and ¢ = f on the surface S, and p as
G(r,r') with VG —m?’G = é(r —r’) and G(r,r) =0 on S:

[ 19wt —r)— G )pwiav = [ 1fwVGEr) 0] -ns.
14 s
which, on rearrangement, gives

d)(r’):/VG(r,r’)p(r)dV—}—/Sf(r)VG(r,r’)-ndS.

(b) In the following calculation we start by formally integrating the defining
Green’s equation,

VG —m*G = 6(r — ),
over a sphere of radius ¢ centred on r'. Having replaced the volume integral of
V2G with the corresponding surface integral given by the divergence theorem, we

move the origin to r, denote |r —r’| by t' and integrate both sides of the equation
fromt' =0tot =t:

/VzGdV—/m2GdV=/5(r—r’)dV,
|4 |4 |4

/VG-ndS—mz/GdV=1,
S 14

t
mz”f—mzfo G({Yant?dl =1, (%)

4nt*G" + 8ntG — 4nm’t>G = 0, from differentiating w.r.t. t,
tG" +2G —m’tG = 0.

With G(t) = g(t)/t,

4

G——8,18 a g-28_%_¢
2ot £ 2 t’
and the equation becomes
2¢ 28 , 28 2 ,
2 p T8 T pt T
0= g// o ng,

= g(t) = Ae™™, since g is bounded as t — co.

351



PDES: SEPARATION OF VARIABLES AND OTHER METHODS

The value of A is determined by resubstituting into (*), which then reads
Ae—M mAe—mt t Ae—mt’
dnt? (-7, — —~ m2/ dnt*di = 1,
t t ot
l.efmt

1 —e ™Mt
—dnAe ™ (1 + mt) — A Am? (— + 62 > —1,
m m

making the solution

—mt
47t
(c) For the situation in which p(r) = o(r —r;y), i.e. a unit positive charge at
ry = (x1,y1,21), and ¢ = 0 on the plane x = 0, we must have a unit negative
image charge at r, = (—xy, y1,z1). The solution in the region x > 0 is then

—m[r—rq| —m|r—ry|
) = — 1 (e e > .

G(r,r') = — , where t = |r —r/|.

4n \[r—r| |r—r
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Calculus of variations

22.1 A surface of revolution, whose equation in cylindrical polar coordinates is
p = p(z), is bounded by the circles p = a, z = +c (a > c). Show that the function
that makes the surface integral I = [ p~1/2dS stationary with respect to small
variations is given by p(z) = k + z2/(4k), where k = [a + (a® — ¢*)!/?] /2.

The surface element lying between z and z + dz is given by
dS =2np [(dp)’ + (dz)1"> = 2mp (1 + p*)' dz
and the integral to be made stationary is
I = /pfl/z ds = 2n/' p2p (14 p'*) 2 dz.
e
The integrand F(p', p, z) does not in fact contain z explicitly, and so a first integral
of the E-L equation, symbolically given by F — p'0F /0p' =k, is
1/2 1
1/2 23172 pTp _
p (L +p7) " —p [(1+p,2)1/z] A,
pl/2 _
(1+p2)

On rearrangement and subsequent integration this gives
dp p— A2 1/2
dz ( A2 > ’

dp dz
/ Vp— A2 N / A’
2/p— A2 = jl +C.
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2
Now, p(+¢) = a implies both that C = 0 and that a — A% = 412

A? ask,

. Thus, writing

4* —dka+c* =0 = k=llat(@® -]

The two stationary functions are therefore

P 4k

with k as given above. A simple sketch shows that the positive sign in k corre-
sponds to a smaller value of the integral.

+k,

22.3 The refractive index n of a medium is a function only of the distance r from
a fixed point O. Prove that the equation of a light ray, assumed to lie in a plane
through O, travelling in the medium satisfies (in plane polar coordinates)

1 (dr\* _ r? n(r) _q
2 \dp)  a®n¥a)
where a is the distance of the ray from O at the point at which dr/d¢ = 0.

If n = [1 4+ (2?/r*)]'/* and the ray starts and ends far from O, find its deviation
(the angle through which the ray is turned ), if its minimum distance from O is a.

An element of path length is ds = [(dr)> + (r d$)*]'/? and the time taken for the
light to traverse it is n(r)ds/c, where ¢ is the speed of light in vacuo. Fermat’s
principle then implies that the light follows the curve that minimises

[ n(r)ds _ n(r’2 +r2)1/2
[

where ' = dr/d¢. Since the integrand does not contain ¢ explicitly, the E-L
equation integrates to (see exercise 22.1)

nr’'

2 N2 _
n(r'™ 4+r°) r(r’z—i—rz)l/z = A4,

nr? B

(' + r2)12 -
Since ¥’ = 0 when r = a, A = n(a)a’/a, and the equation is as follows:
an(a)(r'* + 1) = n*(ryrt
2 (r r 2
= n%(a)a? -

)

)

1 /dr\* n?(r)r?
R (dqb) =n2(a)a2
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If n(r) = [1 + («/r)>]"/?, the minimising curve satisfies
dr\*> 2 + ) )
<d¢) @+o2
22 — a?)
a2 + o2
dé dr

+ .
(@>+ )2 T2 — a2

>

By symmetry,
Ad _ P final — Pinitial

(a2 + o2)1/2 = (a2 + o2)1/2
*© d
=2/ : , setr=acoshy,
o Tt —a?
*© asinh
=2/ 5 v dy
o a*coshiy sinhy
2 o0
= / sech pdy, sete¥ =z,
aJjo
B 2/00 z 7V dz
Cali S+
_ 2/OO 2dz
o a Jq Z2+1

= 2 [tan_lz]cfJ

-G

If the refractive index were everywhere unity (¢ = 0), A¢ would be © (no
deviation). Thus the deviation is given by
n(az + ocz)l/2 — 7.

22.5 Prove the following results about general systems.

(a) For a system described in terms of coordinates q; and t, show that if t does
not appear explicitly in the expressions for x, y and z (x = x(q;,t), etc.)
then the kinetic energy T is a homogeneous quadratic function of the §; (it
may also involve the q;). Deduce that y_; q;(0T /0¢;) = 2T.

(b) Assuming that the forces acting on the system are derivable from a potential
V, show, by expressing dT /dt in terms of q; and q;, that d(T + V)/dt = 0.
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To save space we will use the summation convention for summing over the index
of the qi.

(a) The space variables x, y and z are not explicit functions of ¢t and the kinetic
energy, T, is given by

T = é(axxz + o, j? + a.2%)

(Y e (o Y w70
= b X aqj% y anQJ z aCIk qk

= Aanana

1 0x 0Ox oy dy 0z 0z
Apn = X ) z = Aum-
2 (“ Odam Oan ™ 0 0gn T 04 aqn)

Hence T is a homogeneous quadratic function of the ¢; (though the A4,,, may
involve the ¢;). Further,

with

oT
6q = AinQn + AmiéIm = 2AmiQm
oT
and q’@q = 2q1Am1qm =2T.
(b) The Lagrangian is L =T — V, with T = T(q;,§;) and V = V(q;). Thus
dT_@T.'_i_dT.,‘ and dV_aV.' *)
dt — og; T g dt ~ og I

Hamilton’s principle requires that

d (0L\ oL
di \oq;)  dq;’

d (6T oT ov -
dt \dq:) ¢ g

But, from part (a),

oT
2T = g
qlaqia

d oT d (0T
@B =i Ty, (aqi)
.or oTr oV .
=di 04 + qj&q,- —dqi dqi’ using (%),
dT dv .
= u using (*).
This can be rearranged as

d
LTV =0
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22.7 In cylindrical polar coordinates, the curve (p(0),0,0p(0)) lies on the surface
of the cone z = ap. Show that geodesics (curves of minimum length joining two
points) on the cone satisfy

2r0p2, 72 2
B + o7l
where ¢ is an arbitrary constant, but f has to have a particular value. Determine

the form of p(0) and hence find the equation of the shortest path on the cone
between the points (R,—0p,aR) and (R, 0y, aR).

[ You will find it useful to determine the form of the derivative of cos™'(u™").]

In cylindrical polar coordinates the element of length is given by

(ds)* = (dp)* + (pdOY* + (dz),

and the total length of a curve between two points parameterised by 6y and 6; is

o dp 2 dz\*
- 2 do
: /90 \/<d0) L <d6)
01 2
= / P2+ (14 a?) dp df, since z = ap.
05 do

Since the independent variable 6 does not occur explicitly in the integrand, a first
integral of the E-L equation is
1
\/p2+(1+a2)pr2 ’ ( +OC)
\/ PP+ +a?)p

After being multiplied through by the square root, this can be arranged as follows:

PP (L4 22 — (14 )" = ey/p2 + (1 + 22)p,
pt =P+ (1 + D).

This is the given equation of the geodesic, in which ¢ is arbitrary but f? must
have the value 1+ o2.

Guided by the hint, we first determine the derivative of y(u) = cos™!(u™!):
dy —1 -1 1

du ~ J1—u? u? _u\/uz—l.

Now, returning to the geodesic, rewrite it as
2 2
pt—cpt =By

dp
2 2\1/2 _
p(p* —c?) ﬁdo
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Setting p = cu,

uc2(u2 — 1)1/2 = czﬂjg,
_ pdu
di = u(u? — 1)12’

which integrates to

0 =pcos”! <1> + k,
u

using the result from the hint.

Since the geodesic must pass through both (R, —0y,«R) and (R, 0y, xR), we must
have k =0 and

cos bo _
f R
Further, at a general point on the geodesic,
0 ¢
cos 5=

Eliminating ¢ then shows that the geodesic on the cone that joins the two given
points is
Rcos(0o/f)

PO= " costo/p) -

22.9 You are provided with a line of length ma/2 and negligible mass and some
lead shot of total mass M. Use a variational method to determine how the lead
shot must be distributed along the line if the loaded line is to hang in a circular arc
of radius a when its ends are attached to two points at the same height. Measure
the distance s along the line from its centre.

We first note that the total mass of shot available is merely a scaling factor and
not a constraint on the minimisation process.

The length of string is sufficient to form one-quarter of a complete circle of radius
a, and so the ends of the string must be fixed to points that are 2asin(n/4) = \/2a
apart.

We take the distribution of shot as p = p(s) and have to minimise the integral
[ gy(s)p(s)ds, but subject to the requirement [dx = a/ 2. Expressed as an
1ntegral over s, this requirement can be written

a s=na/4 na/4 2172
= dx=/ (1 —y)=ds,
V2 /s=0 0
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where the derivative y’ of y is with respect to s (not x).

We therefore consider the minimisation of [ F(y,’,s)ds, where
F(y,y',s) = gyp + /1\/1 -y
The E-L equation takes the form

d (0F\ 0OF
ds \oy ) ay’

/

d -y
A = gp(s),
ds <\/ 1— ny>
— s
"= | eesras =gpo
\/1 _ y/2 0
since y'(0) = 0 by symmetry.
Now we require P(s) to be such that the solution to this equation takes the form
of an arc of a circle, y(s) = yo — acos(s/a). If this is so, then y'(s) = sin(s/a) and
—Asin(s/a)
= gP(s).
cos(s/a) gP(s)
When s = na/4, P(s) must have the value M /2, implying that A = —Mg/2 and
that, consequently,

P(s) = ]\2/1 tan (;) .

The required distribution p(s) is recovered by differentiating this to obtain

=172 (2)

2211 A general result is that light travels through a variable medium by a path
that minimises the travel time (this is an alternative formulation of Fermat’s princi-
ple). With respect to a particular cylindrical polar coordinate system (p, ¢, z), the
speed of light v(p, ¢) is independent of z. If the path of the light is parameterised
as p = p(z), ¢ = ¢(z), show that

v+ p*¢” + 1)
is constant along the path.

For the particular case when v = v(p) = b(a* + p*)'/?, show that the two Euler—
Lagrange equations have a common solution in which the light travels along a
helical path given by ¢ = Az + B, p = C, provided that A has a particular value.
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In cylindrical polar coordinates with p = p(z) and ¢ = ¢(z),

1/2
dp\* | 5 (d¢\’

L+ <dz) tp dz dz.

The total travel time of the light is therefore given by

T = / (L+p” +p2¢")
v(p. )

Since z does not appear explicitly in the integrand, we have from the general first
integral of the E-L equations for more than one dependent variable that

(L+p2 + ") 1 p” 1 p*¢” _
v(p, $) o (L+p2 4 p2¢)2 v (14 p2 + p2¢)12

Rearranging this gives

ds =

dz.

L+ +p2¢” — p° — p2¢” = ko(1 + p”* + p2¢*)'/2,
=ko(1+p” + p*¢)2,
= ¥(1+p"” + p2¢"*) = ¢, along the path.

Denoting (1 +,0/2 +p2¢/2) by (*#) for brevity, the E-L equations for p and ¢ are,
respectively,

N G L N .
M“Wf_vzﬁp_ﬂ{Wﬂmy "
(=)' 0 _d [ p¢

o0 0 dz {v(**)l/z]' @

Now, if v = b(a*> + p?)!/?, the only dependence on z in a possible solution
¢ = Az + B with p = C is through the first of these equations. To see this we
note that the square brackets on the RHS’s of the two E-L equations do not
contain any undifferentiated ¢-terms and so the derivatives (with respect to z)
of both are zero. Since dv/0¢ is also zero, equation (2) is identically satisfied as
0 = 0. This leaves only (1), which reads

and

CA? 140+ Cc?4%)12pC _
b(a? + C2)V2(1 40 + C2A2)12 ~ p2(a2 4+ C2)(a2 + CH)Y/2
This is satisfied provided
AXa* + CY) =1+ C24%,
ie. A=al.

Thus, a solution in the form of a helix is possible provided that the helix has a
particular pitch, 2na.

360



CALCULUS OF VARIATIONS

22.13 A dam of capacity V (less than nb*h/2) is to be constructed on level ground
next to a long straight wall which runs from (—b,0) to (b,0). This is to be achieved
by joining the ends of a new wall, of height h, to those of the existing wall. Show
that, in order to minimise the length L of new wall to be built, it should form part
of a circle, and that L is then given by

/b dx
_p (1 —22x2)1/2°

vV o osinlp  (1—pd)l?

hb? 2 It

where A is found from

and u = b.

The objective is to chose the wall profile, y = y(x), so as to minimise

b b
= 2 2 = 12y1/2
L /_b V(dx)? + (dy) /_b(1+y )2 dx

subject to the constraint that the capacity of the dam formed is

b
V=h/ ydx.
—b

For this constrained variation problem we consider the minimisation of

b
K = /b[(l + Y2 Jy]dx,

where / is a Lagrange multiplier.

Since x does not appear in the integrand, a first integral of the E-L equation is

/

INL/2 g y _
(I+y)""—iy—y (1 1y k,
1 )
(1 yryn ~ T
Rearranging this and integrating gives
1 )
k+igp 1=V
(k+ Ay)dy
V1= (k4 iy)?
_ 2
L V=

A
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This result can be arranged in a more familiar form as
Px+c)+k+Ay)P=1.

This is the equation of a circle that is centred on (—c¢,—k/1); from symmetry
¢ = 0. Further, since (+b,0) lies on the curve, we must have

2 +kF =1, (*)

giving a connection between the Lagrange multiplier and one of the constants of
integration. The length of the wall is given by

b 5 12 b 1 b 1
L= 1 / dx = dx = dx.
/—b( R /—b k+ Ay * /—h (1 —A2x2)1/2 ¥

The remaining constraint determines the value of 4 and is that

174 b 1 b
- dx = 1—2x2—k) d
h /_byx A/_b(‘/ X )x
1 b
- 1/ (\/1—12x2—\/1—22b2) dx, using(*),
—b

b 2xx

% b
— 91242 _
e R I N
b 2
=/12/ Y i
b J1 = 22x2

To evaluate this integral we set Ax = sin 6 and u = Ab = sin ¢, to give

dx — [x\/1 —AZbZ} ':b

AV z/d’ sinf@ cos@de’

h —p Acosl
2V o1

I —/¢ 2(1—00s29)d6

=¢— i sin 2¢,

v 1
o =i = 2u(l— ),
Vo osin'p (1—p?)2
hb? 12 T

This equation determines p and hence A.
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22.15 The Schwarzchild metric for the static field of a non-rotating spherically
symmetric black hole of mass M is given by

(ds)* = ¢* (1 — 252]:4 ) (dt)* — - 2(5;; ien 2 (d0)* — r* sin’ 0 (d¢)*.

Considering only motion confined to the plane 0 = 1 /2, and assuming that the path
of a small test particle is such as to make [ ds stationary, find two first integrals
of the equations of motion. From their Newtonian limits, in which GM /r, i* and
r2d? are all < c?, identify the constants of integration.

For motion confined to the plane 6 = n/2, df = 0 and the corresponding term in
the metric can be ignored. With this simplification, we can write

2GM 72 V2
ds={cz <1_ o )_1—<2GM>/<c2r)_r2¢2} .

Writing the terms in braces as {**}, the E-L equation for ¢ reads

d [ —r’¢
dt ({**}1/2> —0=0,
2

{**}1/2 =A.

In the Newtonian limit {#*} — ¢? and the equation becomes r>¢ = Ac. Thus, Ac
is a measure of the angular momentum of the particle about the origin.

The E-L equation for r is more complicated but, because ds does not contain ¢
explicitly, we can use the general result for the first integral of the E-L equations

. . F .
when there is more than one dependent variable: F — Zqi 00 = k. This gives
; qi

us a second equation as follows:

O0F . 0F
F=r o _¢a<z> =5
(axl1/2 4 r r + ¢ 2 = B.

(#5}1/2 [1— (2GM)/(c2r)]  {#*}1/2

Multiplying through by {#*}!/2 and cancelling the terms in #> and ¢> now gives

. 1/2
, 2GM =B{c2— 26M i —r2¢s2} '

r [1—(2GM)/(c*r)]

- —
r

In the Newtonian limits, in which GM /r, > and r?¢? are all < ¢, the equation
can be rearranged and the braces expanded to first order in small quantities to
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2GM 2GM 72 ) V2
B=<g_ r>{8_ r _H—meﬂﬁﬂ_ﬂ#} ’

B 2GM n *GM n c?i? n rig? n
B r c’r 2¢? 2¢?
GM 1 .
== TP+

5

which can be read as ‘total energy = rest mass energy + gravitational energy +
radial and azimuthal kinetic energy’. Thus Bc is a measure of the total energy of
the test particle.

22.17 Determine the minimum value that the integral
1
J= [P+ 40P
0

can have, given that y is not singular at x = 0 and that y(1) = y'(1) = 1. Assume
that the Euler—Lagrange equation gives the lower limit and verify retrospectively
that your solution satisfies the end-point condition

oF 1°
|:116y,:| _05

a

where F = F(y', y,x) and 5(x) is the variation from the minimising curve.

We first set y'(x) = u(x) with u(1) = y’(1) = 1. The integral then becomes
1
J= / Ix*(u')* + 4x*u?] dx. (*)
0
This will be stationary if (using the E-L equation)
d 4./ 2
2x"u") — 8x“u =0,
dx
8x3u 4+ 2x*u” — 8x%u = 0,
x*u" + dxu' —4u = 0.
As this is a homogeneous equation, we try u(x) = Ax", obtaining
nn—1)+4n—4=0 = n=—4orn=1.
The form of y’(x) is thus

V' (x) = u(x) = ; +Bx with A+B=1.
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Further,
A Bx?
— C.
3x3 + 2 +
Since y is not singular at x = 0 and y(1) = 1, we have that 4 =0, B =1 and
C =}, yielding y(x) = }(1 + x?). The minimal value of J is thus

y(x) =

1 1
Jmmz/ [x4(1)2+4x2(x)2]dx=/ Sxctdx =[], = 1.
0 0

In (*) the integrand is G(i/,u, x) and so the end-point condition reads

G 1!
{na“/]o_o.

At the upper limit #(1) =0, since u(1) = y’(1) = 1 is fixed. At the lower limit,
oG
ou’

Thus the contributions at the two limits are individually zero and the boundary

condition is satisfied in the simplest way.

= 2x4u/’ =0.
x=0
x=0

22.19 Find an appropriate but simple trial function and use it to estimate the
lowest eigenvalue Ay of Stokes” equation

d?y

dx?

Explain why your estimate must be strictly greater than A.

+ Axy =0, y(0) = y(n) = 0.

Stokes’ equation is an S-L equation with p = 1, ¢ = 0 and p = x. For the
given boundary conditions the obvious trial function is y(x) = sin x. The lowest
eigenvalue A9 < I/J, where

Iz/ py’zdx=/ cos?xdx = "
0 0 2

and J=/ pyzdx=/ xsin® x dx
0 0

=/ éx(l—cos2x)dx
0

ES n_ x sin2x ”+1/“sin2xdx
4, 12 2 )y 2Je 2
nz

4
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Thus 2 < (Jm)/(in?) =2/n.
However, if we substitute the trial function directly into the equation we obtain

. 2 .
—sinx+ xsinx =0,
n

which is clearly not satisfied. Thus the trial function is not an eigenfunction, and
the actual lowest eigenvalue must be strictly less than the estimate of 2/7.

2221 A drumskin is stretched across a fixed circular rim of radius a. Small
transverse vibrations of the skin have an amplitude z(p, ¢, t) that satisfies

1 %z

¢ or?

in plane polar coordinates. For a normal mode independent of azimuth, in which
case z = Z(p)coswt, find the differential equation satisfied by Z(p). By using a
trial function of the form a’ — p”, with adjustable parameter v, obtain an estimate
for the lowest normal mode frequency.

[ The exact answer is (5.78)/%c/a.]

Vz =

In cylindrical polar coordinates, (p, ¢), the wave equation,
1 6%z
2 orr’
has azimuth-independent solutions (i.e. independent of ¢) of the form z(p,t) =
Z (p) cos wt, and reduces to
1d
pdp
d dz w?
Z =0.
dp (p dp> Tl
The boundary conditions require that Z(a) = 0 and, so that there is no physical
discontinuity in the slope of the drumskin at the origin, Z'(0) = 0.

V2z =

dz Zw?
p coswt = — cos wt,
dp c?

This is an S-L equation with p = p, ¢ = 0 and weight function w = p. A suitable
trial function is Z(p) = a" — p", which automatically satisfies Z(a) = 0 and,
provided v > 1, has Z'(0) = —vp'~!|,—o = 0.
We recall that the lowest eigenfrequency satisfies the general formula
. [z —az1ap

0

)

CZS a4 2
/WZ dp
Jo
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In this case

a
5 /0 p v2p2v72 dp

c? “ v vy2
/0 pla" —p") dp

a
/ V2Pl dp
0

a
/ (pa2v _ 2pv+1av + p2v+1)dp
0

IA

(v2a®)/2v
242 2a2v+2 a2v+2

2 v42 w42
1 v(v+2)(2v + 2)
a2 (vH2)(2v+2) =42y +2) +2(v +2)

_(v+2) v+ 1
B va?

a

Since v is an adjustable parameter and we know that, however we choose it, the
resulting estimate can never be less than the lowest true eigenvalue, we choose the
value that minimises the above estimate. Differentiating the estimate with respect
to v gives

VOV H3)— (P +3v+2)=0 = »—2=0 = v=42
Thus the least upper bound to be found with this parameterisation is

2 (L2424 &
w? < 22 (V2+ \)/(2\/ D _ 2‘;2(\/2+2)2 = w=(5.83)1/22.

As noted, the actual lowest eigenfrequency is very little below this.

22.23 For the boundary conditions given below, obtain a functional A(y) whose
stationary values give the eigenvalues of the equation

d*y

dx?
Derive an approximation to the lowest eigenvalue Ay using the trial function y(x) =
xe™*/2. For what value(s) of y would

d
(1 +x) +(2+x)di+/1y:0, ¥(0) =0, y/(2) = 0.

—x/2

y(x) = xe + B sinyx

be a suitable trial function for attempting to obtain an improved estimate of Jy?
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Since the derivative of 1+ x is not equal to 2 + x, the given equation is not in
self-adjoint form and an integrating factor for the standard form equation,

d’y 24+ xdy Ay
dx?  14xdx  14+x

t)

is needed. This will be

*24u X 1 .
exp{/ 1+udu}=exp{/ <1+ 1+u> du}=e (1 + x).

Thus, after multiplying through by this IF, the equation takes the S-L form
[(14+x)e*y' ] + e’y =0,

with p(x) = (1 4+ x)e¥, q(x) = 0 and p(x) = e*.

The required functional is therefore

J2L( 4 x)e¥y? + 0] dx

Aly) =
I y2ex dx

5

provided that, for the eigenfunctions y; of the equation, [ yip(x)y}(x)]é = 0; this

condition is automatically satisfied with the given boundary conditions.
For the trial function y(x) = xe™/2, clearly y(0) = 0 and, less obviously, y'(x) =
(1 — }x)e™/%, making y'(2) = 0. The functional takes the following form:

foz(l + x)e* (1 — Jx)?e > dx
foz x2e~XeX dx

A+ - Ix)dx

B foz x2 dx

= b+ Iy dx

8/3

_3(, 38,16} _3
8 43716) " 8

Thus the lowest eigenvalue is < 3.

A=

We already know that xe™/? is a suitable trial function and thus y,(x) = sinyx

can be considered on its own. It satisfies y»(0) = 0, but must also satisfy y5(2) =
ycos(2y) = 0. This requires that y = ;(n + ;)n for some integer n; trial functions
with y of this form can be used to try to obtain a better bound on /4y by choosing
the best value for n and adjusting the parameter f.
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22.25 The unnormalised ground-state (i.e. the lowest-energy) wavefunction of
the simple harmonic oscillator of classical frequency w is exp(—ax?), where o =
mw/2h. Take as a trial function the orthogonal wavefunction x*"*! exp(—ox?), us-
ing the integer n as a variable parameter, and apply either Sturm—Liouville theory
or the Rayleigh—Ritz principle to show that the energy of the second lowest state
of a quantum harmonic oscillator is < 3hw /2.

We first note that, for n a non-negative integer,

/OO x2n+le—1x2 e—xxz dx =0
—0o0

on symmetry grounds and so confirm that the ground-state wavefunction, exp(—ax?),
and the trial function, y,,; = x*"*! exp(—ax?), are orthogonal with respect to a
unit weight function.

The Hamiltonian for the quantum harmonic oscillator in one-dimension is given
by

&k,
2m dx? * 2%
This means that to prepare the elements required for a Rayleigh—Ritz analysis we
will need to find the second derivative of the trial function and evaluate integrals
with integrands of the form x" exp(—2ax?). To this end, define

H =

o

o . . n

I,= / x"e™2*" dx, with recurrence relation I, = I,5.
—0o0

Using Leibnitz’ formula shows that

d2 n
5;2+1 = [2n(2n + 1)x2n*1 +2(2n+ 1)(—206))(2"-“
+ (4oPx% — 20)x>"H1 ] o

= [2n(2n + D)x?=1 — 2(4n 4 3)ax>" 1 + 4a2x2”+3} e

Hence, we find that (H) is given by

> [* e PP k [* o2
x2n+le ox Yot dX+ 2 x2x4n+Ze 200x dX

om ), dx? o
=— [2n(2n + DIy — 2(4n + 3)odgpi2 + 4o I4n+4] + Lapta
2m 2
R? [ 2n(2n + 1)4a 402 (4n + 3) k(4n + 3)
= Lo 4 — —2(4n+3
4"“{ Zm{ dn+1 (nt 3t 0y, L

where we have used the recurrence relation to express all integrals in terms of
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I4,1>. This has been done because the denominator of the Rayleigh—Ritz quotient
is this (same) normalisation integral, namely

0
*
/ Pont+1¥2n+1 dx = L4y,

—o0

Thus, the estimate Ey,y1 = (H)/I4,42 is given by

E _ RPa (16n” +8n—16n" —16n—3 k(4n + 3)
T om ( 4n+1 ) gy

_ R 8n+3 | k(4n+3)

C 2m 4n+1 8a

. k .
Using o? = " and o = r;l;j then yields

ho 8n2 + 12n+3
2 4n+1

For non-negative integers n (the orthogonality requirement is not satisfied for
non-integer values), this has a minimum value of ghw when n = 0. Thus the
second lowest energy level is less than or equal to this value. In fact, it is equal
to this value, as can be shown by substituting 1 into Hy = Ep.

ho (8n+3
Ezpr = 4 \ans1

+4n+3> =

22.27 The upper and lower surfaces of a film of liquid, which has surface energy
per unit area (surface tension) y and density p, have equations z = p(x) and
z = q(x), respectively. The film has a given volume V (per unit depth in the y-
direction ) and lies in the region —L < x < L, with p(0) = q(0) = p(L) = q(L) = 0.
The total energy (per unit depth) of the film consists of its surface energy and its
gravitational energy, and is expressed by

L
E=§pg/L(p2—q2)dx+v/

—L

L
{(1 +pH++ qﬂ)l/ﬂ o,

(a) Express V in terms of p and q.
(b) Show that, if the total energy is minimised, p and q must satisfy

P’ q°

(1 + p2)12 a (1 + ¢')1/2

(c) As an approximate solution, consider the equations

= constant.

p=a(ll—Ix]), g =b(L—Ix),

where a and b are sufficiently small that a* and b® can be neglected compared
with unity. Find the values of a and b that minimise E.
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(a) The total volume constraint is given simply by

L
V= /_L[p(x)—qu)]dx.

(b) To take account of the constraint, consider the minimisation of E — AV, where
A is an undetermined Lagrange multiplier. The integrand does not contain x
explicitly and so we have two first integrals of the E-L equations, one for p(x)
and the other for g(x). They are

1 , d

P80 = @)+ (40P (14 = 2p— g) p’(1 Ly =h
and

1 ( 2 2) + (1 + /2)1/2 + (1 + /2)1/2 _/"L( _ )_ / Vq, _ k

2Pg P-—q Y p Y q P—4)—4q (1 +q’2)1/2 2

Subtracting these two equations gives

2 2
4 q

— = constant.
(1 +p/2)1/2 (1 +q/2)1/2

p=a(L—|x]),  q=>b(L—|x|])

the derivatives of p and g only take the values +a and +b, respectively, and the
volume constraint becomes

Vv

L
V=[L(a—b)(L—|x\)dx=(a—b)L2 = b=a—L2.

The total energy can now be expressed entirely in terms of a and the given
parameters, as follows:

L
E= ;pg/ (> = B*)(L — |x])> dx + 2yL(1 + a®)"/? + 2yL(1 + b*)'/?
—L

1 213
=2pg(a2—b2) ; +2yL(1 + Ja® + 1 + 1b%) + O(a*) + O(b*)

< [Pt e e )

3
pgl? (2aV  V? , av V2
= — 2L (2 — )
3 ( ) TP T g
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This is minimised with respect to a when

2pg L3V 2yLV
32 +4yLa— 12 =0,
L a V. pgV
202 6y’
o o sV
2L 6y

As might be expected, |b| > |a| and there is more of the liquid below the z =0
plane than there is above it.

22.29 The ‘stationary value of an integral’ approach to finding the eigenvalues of
a Sturm—Liouville equation can be extended to two independent variables, x and
z, with little modification. In the integral to be minimised, y'* is replaced by (Vy)?
and the integrals of the various functions of y(x,z) become two-dimensional, i.e.
the infinitesimal is dx dz.

The vibrations of a trampoline 4 units long and 1 unit wide satisfy the equation
VZy +k*y =0.

By taking the simplest possible permissible polynomial as a trial function, show
that the lowest mode of vibration has k* < 10.63 and, by direct solution, that the
actual value is 10.49.

Written explicitly, the equation is
0%y
0x?

This is an extended S-L equation with p(x,z) = 1, q(x,z) = 0, p(x,z) = 1 and

eigenvalue A. We therefore consider the stationary values of A =1/J, where

=G () e

and J is the normalisation integral [ y*(x,z)dxdz.

62
+ 6;2} +k*y =0.

For a trampoline 4 units long and 1 unit wide, the simplest trial function that
satisfies y(0,z) = y(4,z) = y(x,0) = y(x,1) =0 is

y(x,z) = x(4 — x)z(1 — z2).
For this function,

ay 0

4—2x)z(1—z) and 2 =1 —22)x(4 — x).
0x 0z
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Thus, I is given by

4 1 4 1
2 2 2 2 2 2
/0(4—2x) dx/o 22(1—2) dz+/0 x2(4 — x) dx/o (1—2z2)dz
16 64 1 1 1
- (5) 44 (5)] [(5)-2(0) + (5)]

[of5) () () o))
(i) o B ()

Similarly, J is given by

4 1
/ x? —x)zdx/ 22(1 —z)* dz
0 0
256+1024 1_21+1
4 5 3 4 5
12 1\* 1024
_1024<3_4+5) T 900
Thus the lowest eigenvalue k? < (1088/90) =+ (1024/900) = 10.63.

The obvious direct solution satisfying the boundary conditions is
. WX .
y(x,z) = Asin 4 sinmz.

Substituting this into the original equation gives
2
- 16y(xvz) - nzy(x,z) + sz(X,Z) = Oa

which is clearly satisfied if
1772

2 = =
ke = 16 10.49.
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Integral equations

23.1 Solve the integral equation
/ cos(xv)y(v) dv = exp(—x?/2)
0

for the function y = y(x) for x > 0. Note that for x <0, y(x) can be chosen as is
most convenient.

Since cosuv is an even function of v, we will make y(—v) = y(v) so that the
complete integrand is also an even function of v. The integral I on the LHS can

then be written as

1= ;/ cos(xv)y(v)dv = ;Re / e y(v)dv = ;/ e y(v) dv,

the last step following because y(v) is symmetric in v. The integral is now \/275 X
a Fourier transform, and it follows from the inversion theorem for Fourier
transforms applied to

; / ‘ eixvy(v) dv = eXp(—XZ/Z)

—0o0

that
2 [* . ;
y(x) _ 5 / et /Zefmx du
T J—o
1 *® 2 2
— / e—(u-Hx) /2e—x /2 dx
T J-w

= I \/271 e x/2
T

2
= \/ e 12,
n

374



INTEGRAL EQUATIONS

Although, as noted in the question, y(x) is arbitrary for x < 0, because its form
in this range does not affect the value of the integral, for x > 0 it must have the
form given. This is tricky to prove formally, but any second solution w(x) has to
satisfy

/OC cos(xv)[y(v) — w()]dv =0
0

for all x > 0. Intuitively, this implies that y(x) and w(x) are identical functions.

23.3 Convert ;
o) =expx+ [ (x=)fr)dy
into a differential equation, and hence show that its solution is
(o + fx)expx + y exp(—x),

where o, 8, y are constants that should be determined.

We differentiate the integral equation twice and obtain

Fo) =+ (= 0f 0+ [ fw
f'(x) ="+ f(x).
Expressed in the usual differential equation form, this last equation is
f"(x) — f(x) = €%, for which the CF is f(x) = Ae* + Be ™.

Since the complementary function contains the RHS of the equation, we try as a
PI f(x) = Cxe*:

Cxe*+2Ce*—Cxe*=¢" = f=C= é
The general solution is therefore f(x) = Ae* + Be™ + ;xex.

The boundary conditions needed to evaluate A and B are constructed by consid-
ering the integral equation and its derivative(s) at x = 0, because with x = 0 the
integral on the RHS contributes nothing. We have

f0)=e+0=1 = A+B=1
and f(0)=e+0=1 = A-B+!=1

Solving these yields ¢ = 4 = i and y =B = }1 and makes the complete solution

f(x)=je"+ je™™ + Jxe.
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235 Solve for ¢(x) the integral equation

s=sw+i [ [(7) +()] oas

where f(x) is bounded for 0 < x < 1 and —; <n< é expressing your answer in
terms of the quantities F,, = fol fy)y™dy.

(a) Give the explicit solution when A = 1.
(b) For what values of A are there no solutions unless Fy, are in a particular
ratio? What is this ratio?

This equation has a symmetric degenerate kernel, and so we set
P(x) = f(x) + a1x" + apx™",
giving

_ 1 n n
qs(x)lf(x) =A (;n +in> [f(y)—i—aly”—i-azy_"]dy

14 1
=X"/ f(f) dy+x*”/ y'f(y)dy + arx”
Jo Y 0
1 1
—l—azx*"—l—alx*”/ yzndy—l—azx"/ y~ 2 dy
Jo Jo

ay _ ag
=x"(F_, ) " F, .
(Fata+ 2 ) 4x < +a2+2n+1>

This is consistent with the assumed form of ¢(x), provided

a =2 (F_n+a1 + =

1—2n

a
) and a2=/1(Fn+a2+2n_1}_1).

These two simultaneous linear equations can now be solved for a; and a,.
(a) For 4 =1, the equations simplify and decouple to yield
a=—(1—-2n)F_, and a; =—(1+2n)F,,
respectively, giving as the explicit solution
¢(x) =f(x) — (1 +2n)F,x" — (1 —2n)F_,x~".
(b) For a general value of /,
(1 —A)a; —

B A
1+2n

A
1—2n ap = iana

ar + (1 — A)a, = AF,.
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The case 4 = 0 is trivial, with ¢(x) = f(x), and so suppose that 4 % 0. Then,
after being divided through by 4, the equations can be written in the matrix and
vector form Aa = F:

1 1

_ F

P G “a :
! - | .
1+2n “ "

In general, this matrix equation will have no solution if |A] = 0. This will be the

case if
1 2 1
—1) = —
(/1 ) 1 —4n? 0

which, on rearrangement, shows that A would have to be given by

L, !
Y T =4

We note that this value for 4 is real because n lies in the range —; <n< ; In
fact —0 < 1 < é Even for these two values of A, however, if either F, = F_, =0
or the matrix equation

1 1

+ J—
1 —4n? 1—2n
1 1

— +
142n _\/1_4n2

a F_,

as Fn

is equivalent to two linear equations that are multiples of each other, there will
still be a solution. In this latter case, we must have

Fy $\/1 —2n
F_, 14+2n

Again we note that, because of the range in which n lies, this ratio is real; this
condition can, however, require any value in the range —oo to oo for F,,/F_,.
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23.7 The kernel of the integral equation

b
=4 / K, 7)) dy

has the form

= ha(x)gu(y).

n=0

where the h,(x) form a complete orthonormal set of functions over the interval
[a, b].
(a) Show that the eigenvalues A; are given by
M— A"l =0,

where M is the matrix with elements
b
My = [ ey du
a

If the corresponding solutions are ' (x) = 37" a¥h,(x), find an expression

for all).
(b) Obtain the eigenvalues and eigenfunctions over the interval [0,2n] if

o0

1
K(x,y) = Z ; COS X COS 1y.

n=1

(a) We write the ith eigenfunction as

0
= alhy(x).
n=0

From the orthonormality of the h,(x), it follows immediately that

b
_ / () () dx

However, the coefficients a!? have to be found as the components of the eigen-
vectors a) defined below, since the ' are not initially known.

Substituting this assumed form of solution, we obtain
3 ) = / Zhn(x)gn(wZa}“hl(y)dy
m=0 =0

= ) Z a, nlh

n,l
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Since the {h,} are an orthonormal set, it follows that

0
(,15111) = )~i Z agl)MnI(smn = )~i Z Mmlagl)a
n,l 1=0

ie. (M—"na” =o.

Thus, the allowed values of /; are given by |[M — A~'I| = 0, and the expansion

coefficients a) by the components of the corresponding eigenvectors.

(b) To make the set {h,(x) = cosnx} into a complete orthonormal set we need to
add the set of functions {5,(x) = sinvx} and then normalise all the functions by
multiplying them by 1/ \/n. For this particular kernel the general functions g,(x)
are given by g,(x) = n’l\/n COS nX.

The matrix elements are then

2n 1
0 \/ﬁ

2

M, = sinvu \/n coskudu =0.
0 \/ﬂf k

Thus the matrix M is diagonal and particularly simple. The eigenvalue equation
reads

My = Cos ju \én coskudu = Zékj,

o0

n —1 (0 _
> (0w —20) ) =,
Jj=0
giving the immediate result that %, = k/m with a) = 1 and all other ay{) =al =

0. The eigenfunction corresponding to eigenvalue k/x is therefore

PR (x) = he(x) = ! coskx.

JT

23.9 For f(t) = exp(—t>/2), use the relationships of the Fourier transforms of f'(t)
and tf(t) to that of f(t) itself to find a simple differential equation satisfied by f(w),
the Fourier transform of f(t), and hence determine f(w) to within a constant. Use
this result to solve for h(t) the integral equation

0
/ eft(t72x)/2h(t) dt = e3x2/8.
—0

As a standard result,
F[f'(0)] =iof(w),
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though we will not need this relationship in the following solution.

From its definition,

FLf ()] = w / () e dt

it f
—idw <\/2n/ 10 dt) -

Now, for the particular given function,

~ 1 *© 2 2 :

e [ e
T J—0

1 le—tz/2e—ia)t @

1 0 te—t2/2 e—i(ul
+ / , dt
N2 3V S 10

\/27'[ —iw
1 idf
io do’
Hence,
Seol = M=otk = Feaevh ()
w

giving f(w) to within a multiplicative constant.

Now, we are given

0
/ e—t(t—Zx)/2 h(t) dt = e3x2/8’
—0
© 2 2 2
= / e T2 () dt = &7,
—0

= / e T2ty de = e 78, (*%)

The LHS of (**) is a convolution integral, and so applying the convolution
theorem for Fourier transforms and result (*), used twice, yields

Lrde Phw) = F [e—(x/z)z/z} — A~ CP/2,

- \/271 (w) = e—zwz/z _ e—(ﬁ(u)l/z,

1
= h(t) = o2 —
\/27'5/1 \/27'5/1
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We now substitute in (**) to determine A:
@© 2 2 1 2 6 2 8
/ et/ e 0dt = /8,
o \/277:/1

1 2 2 2
/ @23 ¥ X2 X8 g = 1,
2rA J s

1 [~ 2 3x\?
= di = 1.
JznA/xeXpl 3(t 4)1 t

From the normalisation of the Gaussian integral, this implies that

1 2

J2mA a3

which in turn means A = \/3/ 2, giving finally that

_ 2 6
h(t)—\/3ne .

This solution can be checked by resubstitution.

23.11 At an international ‘peace’ conference a large number of delegates are seated
around a circular table with each delegation sitting near its allies and diametrically
opposite the delegation most bitterly opposed to it. The position of a delegate is
denoted by 0, with 0 < 0 < 2n. The fury f(0) felt by the delegate at 0 is the sum
of his own natural hostility h(6) and the influences on him of each of the other
delegates; a delegate at position ¢ contributes an amount K(0 — ¢)f(¢p). Thus

2n

f(0) = h(0) + : K(0—¢)f(p)dé.
Show that if K(y) takes the form K (yp) = ko + ki cosy then
f(0) =h(0)+p+qgcosO +rsinl

and evaluate p, q and r. A positive value for ki implies that delegates tend to
placate their opponents but upset their allies, whilst negative values imply that
they calm their allies but infuriate their opponents. A walkout will occur if f(0)
exceeds a certain threshold value for some 0. Is this more likely to happen for
positive or for negative values of ki?

Given that K (y) = ko+k; cosy, we try a solution f(0) = h(0)+p+q cos0+rsin 0,
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reducing the equation to
p+qcosO +rsinf
= /271 [ko + ki(cos O cos ¢ + sin O sin ¢) ]
’ X [h(¢)+p+qcosg+rsing] do
= ko(H + 2np) + k1(H. cos 0 + Hsin 0 + nq cos 0 + nr sin 0),
where H = f z)dz, H, = fo ycosz dz and Hy = fo h(z)sin z dz.

Thus, on equating the constant terms and the coefficients of cos 0 and sin 0, we
have

koH
p=koH +2kop = p= ") .
kiH
q=kHe+king = q=_ "°,
l—leE
k{H
r=kHs+kinr = r= s
1—](17'[

And so the full solution for f(6) is given by

koH kiH. kiHy .
f(@)—h(0)+ o k0+1—k1ncosg+1—k1nsmg
= h(0) + koH + k (H2 + H2)Y? cos(0 — w),

1—2nky 1—kim
where tano = Hg/H..

Clearly, the maximum value of f(6) will depend upon h(f) and its various
integrals, but it is most likely to exceed any particular value if k; is positive and
~ n~!. Stick with your friends!

23.13 The operator M is defined by

MF(x) = /_ K(x )1 () dy,

where K(x,y) = 1 inside the square |x| < a,|y| < a and K(x,y) = 0 elsewhere.
Consider the possible eigenvalues of .# and the eigenfunctions that correspond
to them; show that the only possible eigenvalues are O and 2a and determine the
corresponding eigenfunctions. Hence find the general solution of

F6) = g(0) + A /_ K(%9)f () dy
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From the given properties of K(x,y) we can assert the following.
(i) No matter what the form of f(x), .#f(x) =0 if |x| > a.

(ii) All functions for which both ffa f(y)dy = 0 and f(x) = 0 for |x| > a are
eigenfunctions corresponding to eigenvalue 0.

(iii) For any function f(x), the integral f_aa f(y)dy is equal to a constant whose
value is independent of x; thus f(x) can only be an eigenfunction if it is equal to a
constant, u, for —a < x < a and is zero otherwise. For this case f_aa f(y)dy = 2au
and the eigenvalue is 2a.

Point (iii) gives the only possible non-zero eigenvalue, whilst point (ii) shows that
eigenfunctions corresponding to zero eigenvalues do exist.

Denote by S(x,a) the function that has unit value for |x| < a and zero value
otherwise; K(x,y) could be expressed as K(x,y) = S(x,a)S(y,a). Substitute the
trial solution f(x) = g(x) + kS(x, a) into

F() = g(0) + 7 [ K () 0)dy.
This gives

g +kS(xa) = g0+ 7 [ K(xp)le() +kSa)] .

kS(x,a) = 2S(x,a) g(y)dy + Ak 2aS(x, a).

Here, having replaced K(x,y) by S(x,a)S(y, a), we use the factor S(y,a) to reduce

the limits of the y-integration from +oo to +a. As this result is to hold for all x
we must have

/’{G a
k= = 2al’ where G = /_ag(y)dy.

The general solution is thus
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23.15 Use Fredholm theory to show that, for the kernel
K(x,z) = (x + z)exp(x — z)
over the interval [0, 1], the resolvent kernel is

. exp(x —2)[(x +z) — Alx+ Lz —xz = 1)]
1

and hence solve
1
y(x) = x> + 2/ (x + z)exp(x — z) y(z) dz,
0
expressing your answer in terms of I,,, where I, = fol u" exp(—u) du.

We calculate successive values of d, and D,(x, z) using the Fredholm recurrence
relations:

b
dy= [ Drstrx) i,
’ b
Dyx.2) = K(x.2)dy = [ K(x.z0Dpm1(21.2) dan
starting from dy = 1 and Dy(x,z) = (x + z)e**. In the first iteration we obtain
1
dy = / (u+u)e"du=1,
0
1
Di(x,z) =(x+z)e"?(1)—1 / (x+u)eu+z)e" “du
0
1
=(x+4z)e" 7 —e"F / [xz 4 (x + 2)u+ u*]du
0

=e"_z[;(x+z)—xz— ;].

Performing the second iteration gives
! 2
- 1 1_1_1 1
d2=/0 Mu—u—)du= 5 — 3 — 3 =—,
x—z( 1
Dy(x,z) = (x +z)e" (=)

1
—2/ (x+u)e " [Ju+z)—uz— 3] du
0
. 1 z z 1 1 z z 1
{330 ()

=" F {—é(x+z)—2 {—1)62 — 122}} =0.

384



INTEGRAL EQUATIONS

Since Ds(x,z) =0, d3 = 0, D3(x,z) = 0, etc. Consequently both D(x,z; 1) and d(4)
are finite, rather than infinite, series:

D(x,z;2)=(x+z)e¥ 7 — 4] é(x +z)—xz— % ]e* =,
22 _
21

The resolvent kernel R(x,z;4), given by the ratio D(x,z;A)/d(4), is therefore as
stated in the question.

d(A)=1—7+(=}) 1—2— 42

For the particular integral equation, 2 = 2 and f(x) = x°. It follows that

dl)y=1-2-— 142 = —‘3‘ and D(x,z : 1) = (2xz + g)e“‘*z.

The solution is therefore given by

1
y(x) = f(x) + i/o R(x,z;A)f(z)dz

2 X—z
=x2+2/1 (2xz + 34)226 dz
0

3
1
= x? —/ (3xz° 4+ z%)e" dz
0

= x> — (3xI3 + I))e".
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24

Complex variables

24.1 Find an analytic function of z = x + iy whose imaginary part is

(ycosy + xsiny)exp x.

If the required function is f(z) = u + iv, with v = (ycosy + xsiny)expx, then,
from the Cauchy—Riemann equations,

0ov . . . ou
=e*(ycosy+xsiny+siny)=—_ .
0x dy

Integrating with respect to y gives
u= —ex/(ycosy + xsiny +siny)dy + f(x)

=—e* (ysiny—/sinydy—XCOSy—cosy) + f(x)
= —e"(ysiny +cosy —xcosy —cosy) + f(x)
= e"(xcosy — ysiny) + f(x).

We determine f(x) by applying the second Cauchy-Riemann equation, which
equates du/0x with dv/0dy:

0 .
az = e*(xcosy — ysiny + cosy) + f'(x),
v - .
. =e*(cosy —ysiny + xcosy).
ay
By comparison, ffx)=0 = f(x)=k,
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where k is a real constant that can be taken as zero. Hence, the analytic function
is given by

f(z)=u+iv=-e*(xcosy —ysiny +iycosy + ixsin y)
=e*[(cosy +isiny)(x+iy)]
= e¥ e (x + iy)
= zé’.

The final line confirms explicitly that this is a function of z alone (as opposed to
a function of both z and z*).

24.3 Find the radii of convergence of the following Taylor series:

2, gn “. nlz"
@ . ®>"
n=2 n=1

o0

o0 n2
(c) Zz”nl‘”‘, (d) Z (n;{l-p) z", with p real.
n=1

n=1

In each case we consider the series as >, a,z" and apply the formula
= lim |a,|""
n—o0

derived from considering the Cauchy root test for absolute convergence.

1 1 1/n
T . . o 1
(a) R—,}l_r& <lnn> =1, since —n~ Inlnn — 0 as n — oo.
Thus R = 1. For interest, we also note that at the point z = 1 the series is
1 1
>
D n 2
n=2 n=2

which diverges. This shows that the given series diverges at this point on its circle
of convergence.

1 . n\ "
o o)

Since the nth root of n! tends to n as n — oo, the limit of this ratio is that of n/n,

namely unity. Thus R = 1 and the series converges inside the unit circle.
(C) 1 = lim (nlnn) 1/n = lim n(lnn)/n
R

n—ao0 n—oo

= lim exp [h:ln lnn] =exp(0) = 1.

n—0o0
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Thus R = 1 and the series converges inside the unit circle. It is obvious that the
series diverges at the point z = 1.

1/n "
. n
= lim ( TP )
n—oo n

n+p n’
(")
= 1im (14 7)" =
n
Thus R = ¢7? and the series converges inside a circle of this radius centred on
the origin z = 0.

@ p=ln

n—0o0

24.5 Determine the types of singularities (if any ) possessed by the following func-
tions at z =0 and z = oo:

(@ z—2)7', (b) (1+2%)/2% (c) sinh(1/z),
(d) e?/23, (e) z'/2/(1 + z3)V/2,

(a) Although (z —2)~! has a simple pole at z = 2, at both z = 0 and z = oo it is
well behaved and analytic.

(b) Near z = 0, f(z) = (1 + z°)/z> behaves like 1/z% and so has a double pole
there. It is clear that as z — oo f(z) behaves as z and so has a simple pole there;
this can be made more formal by setting z = 1/¢ to obtain g(¢) = &2 + ¢! and
considering £ — 0. This leads to the same conclusion.

(c) As z — oo, f(z) = sinh(1/z) behaves like sinh ¢ as & — 0, i.e. analytically.
However, the definition of the sinh function involves an infinite series — in this
case an infinite series of inverse powers of z. Thus, no finite n for which

lin(l)[z"f(z)] is finite

can be found, and f(z) has an essential singularity at z = 0.

(d) Near z = 0, f(z) = ¢°/z° behaves as 1/z* and has a pole of order 3 at
the origin. At z = oo it has an obvious essential singularity; formally, the series
expansion of e!/¢ about ¢ = 0 contains arbitrarily high inverse powers of ¢&.

(e) Near z = 0, f(z) = z'/2/(1 + z%)'/? behaves as z!/? and therefore has a branch
point there. To investigate its behaviour as z — oo, we set z = 1/ and obtain

£l 172 ¢ 12
f(Z)=g(i)=<1+é_2) =<52+1) ~EV2 s 0.

Hence f(z) also has a branch point at z = oo.
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24.7 Find the real and imaginary parts of the functions (i) z2, (ii) €, and (iii)
coshz. By considering the values taken by these parts on the boundaries of the
region x > 0, y < 1, determine the solution of Laplace’s equation in that region
that satisfies the boundary conditions

¢(X: 0) = 09 ¢(09 y) = O:
o(x, 1) = x, ¢(1,y) =y +sinmny.

Writing fi(z) = uk(x, y) + ive(x, y), we have

i) file) = Z=(x+iy)
= u=x"— y2 and vy = 2xy,
(i) faz) = € =e =e (cosy+isiny)
= uy=-e"cosyand v = e siny,
(iii))  f3(z) = coshmz =coshnxcosny +isinhnxsinny
= u3 = coshnxcosny and v; = sinhxsinmny.

All of these u and v are necessarily solutions of Laplace’s equation (this follows
from the Cauchy—Riemann equations), and, since Laplace’s equation is linear, we
can form any linear combination of them and it will also be a solution. We need
to choose the combination that matches the given boundary conditions.

Since the third and fourth conditions involve x and sin 7y, and these appear only
in vy and v, respectively, let us try a linear combination of them:

¢(x,y) = A(2xy) + B(sinh nx sinmy).

The requirement ¢(x,0) = 0 is clearly satisfied, as is ¢(0, y) = 0. The condition
¢(x,1) = x becomes 24x + 0 = x, requiring A = é, and the ,remaining condition,
¢(1,y) = y+sinny, takes the form y+B sinh w sinty = y+sin ny, thus determining
B as 1/sinhm.

With ¢ a solution of Laplace’s equation and all of the boundary conditions
satisfied, the uniqueness theorem guarantees that

sinh x siny

$(x,y) = xy + sinh 7

is the correct solution.
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249 The fundamental theorem of algebra states that, for a complex polynomial
Pn(z) of degree n, the equation p,(z) = 0 has precisely n complex roots. By applying
Liouville’s theorem, which reads

If f(z) is analytic and bounded for all z then f is a constant,

to f(z) = 1/pu(z), prove that p,(z) = 0 has at least one complex root. Factor out
that root to obtain p,_1(z) and, by repeating the process, prove the fundamental
theorem.

We prove this result by the method of contradiction. Suppose p,(z) = 0 has no
roots in the complex plane, then f,(z) = 1/p,(z) is bounded for all z and, by
Liouville’s theorem, is therefore a constant. It follows that p,(z) is also a constant
and that n = 0. However, if n > 0 we have a contradiction and it was wrong to
suppose that p,(z) = 0 has no roots; it must have at least one. Let one of them
be z = zy; i.e. py(z), being a polynomial, can be written p,(z) = (z — z1)pp—1(2).

Now, by considering f,_1(z) = 1/p,—1(z) in just the same way, we can conclude
that either n — 1 = 0 or a further reduction is possible. It is clear that n such
reductions are needed to make f a constant, thus establishing that p,(z) = 0 has
precisely n (complex) roots.

Many of the remaining exercises in this chapter involve contour integration and the choice
of a suitable contour. In order to save the space taken by drawing several broadly similar
contours that differ only in notation, the positions of poles, the values of lengths or angles,
or other minor details, we show in figure 24.1 a number of typical contour types to which
reference can be made.

24.11 The function
flz)y=(1—23)"?

of the complex variable z is defined to be real and positive on the real axis for
—1 < x < 1. Using cuts running along the real axis for 1 < x < 400 and
—o0 < x < —1, show how f(z) is made single-valued and evaluate it on the upper
and lower sides of both cuts.

Use these results and a suitable contour in the complex z-plane to evaluate the

integral
1= /OO dx .
1 x(x2—=1)1/2

Confirm your answer by making the substitution x = sec 0.
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Figure 24.1 Typical contours for use in contour integration.

As usual when dealing with branch cuts aimed at making a multi-valued function
into a single-valued one, we introduce polar coordinates centred on the branch
points. For f(z) the branch points are at z = +1, and so we define r; as the
distance of z from the point 1 and 6; as the angle the line joining 1 to z makes
with the part of the x-axis for which 1 < x < 400, with 0 < 6; < 2x. Similarly,
r, and 6, are centred on the point —1, but 6, lies in the range —n < 6, < 7.
With these definitions,
fe)=(1=2)"=(1-2)"(1+2)

[( 7‘1@191 (r 6192)]1/2

i )1/2 i(01+0>— n)/2

= (rr
In the final line the choice between exp(+in) and exp(—in) for dealing with the
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minus sign appearing before rq in the second line was resolved by the requirement
that f(z) is real and positive when —1 < x < 1 with y = 0. For these values of z,
rnm=1—x,rm=1+x,0; =xn and 0, = 0. Thus,

f(z) — [(1 o X)(l + X)]1/2 e(n+0771)/2 — (1 _ XZ)I/ZeiO — +(1 o x2)1/2,
as required.

Now applying the same prescription to points lying just above and just below
each of the cuts, we have

x>1y=04 rn=x—1 rmn=x+1 0=0 0,=0
- f(Z) — (x2_ I)I/Zei(0+0—n)/2 — —i(x2 _ 1)1/2’
x>1,y=0_ rn=x—1 rmn=x+1 0,=2n 6,=0

= f(z) = (xF = 1)@ H0-12 _ 2 q)1/2,
x<—1,y=0, rn=1l-x m=—x—-—1 0i=n 0=n=x

= f(z) = (x* = D202 — 2 )12
x<—-Ly=0_ rn=1l-x rn=-—x—1 O0i=n 0=-=x

= f(z) = (x* = D202 = _j(x2 1)1/,

To use these results to evaluate the given integral I, consider the contour integral

dz dz
7= /c A2y / 2f(z)

Here C is a large circle (consisting of arcs I'; and I, in the upper and lower
half-planes, respectively) of radius R centred on the origin but indented along
the positive and negative x-axes by the cuts considered earlier. At the ends of
the cuts are two small circles y; and y, that enclose the branch points z = 1
and z = —1, respectively. Thus the complete closed contour, starting from y; and
moving along the positive real axis, consists of, in order, circle y;, cut Cy, arc I'y,
cut C,, circle y,, cut Cs, arc I'; and cut Cy, leading back to ;.

On the arcs I'; and T, the integrand is O(R™2) and the contributions to the
contour integral — 0 as R — oo. For the small circle y;, where we can set
z =1+ pe' with dz = ipe' d¢, we have

/ dz _/2“ ipe'¢ i
w2221 =2)12 7 fo L+ pei®)(2 + peid) /2 (—pei®)/2 7

and this — 0 as p — 0. Similarly, the small circle y, contributes nothing to the
contour integral. This leaves only the contributions from the four arms of the
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branch cuts. To relate these to I we use our previous results about the value of
f(z) on the various arms:

Ci,z= d _ [ dx =il;

on Cf, z = Xx an Cl_ 1 x[—i(xz—l)l/z]_l’
1

—dx .

on Cp, z = —x and sz/w —x[i(x2—1)1/2]=ll’

Cs,z= d _ [ —dx =il
on C;3, z = —Xx an c3_ 1 —x[—i(xz—l)l/z]_l°

1
dx .
on Cy4, z = x and /Q:Lx[i(xz—l)l/z]zll.

So the full contour integral around C has the value 4il. But, this must be the
same as 27i times the residue of z~!(1—2z%)~1/2 at z = 0, which is the only pole of
the integrand inside the contour. The residue is clearly unity, and so we deduce
that I = n/2.

This particular integral can be evaluated much more simply using elementary
methods. Setting x = sec 6 with dx = sec 0 tan 0 df gives

I_/°° dx
i x(x2—=1)12

_/n/2 sec 0 tan 0 dO _/”/2610_7I
Jo  secO(sec20—1)1/2 [, =

and so verifies the result obtained by contour integration.

24.13 Prove that if f(z) has a simple zero at zy then 1/f(z) has residue 1/f'(zo)

there. Hence evaluate
* sin0
[0
_z a—sin0

where a is real and > 1.

If f(z) is analytic and has a simple zero at z = zo then it can be written as

f(2) =Y az—z)",  witha; #0.

n=1
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Using a binomial expansion,

o 1
fiz) >

z al(Z_ZO)<1+ZZ:(Z_ZO)n1>
n=2

= ! (1+b1(Z_ZO)+b2(Z—20)24-...),
ay(z — zp)

for some coeflicients, b;. The residue at z = z; is clearly afl.

But, from differentiating the Taylor expansion,

o0
fi(2)=> nayz—z)"",
n=1
= fz2o)=a+0+0+4---=ay,

. . 1 1
ie. the residue =  can also be expressed as , ..
a f'(z0)

Denote the required integral by I and consider the contour integral

J—/ dz _/ 2izdz
c 1.(2_2_1) c2aiz —z24+ 1’

a—

2i

where C is the unit circle, i.e. contour (c¢) of figure 24.1 with R = 1. The
denominator has simple zeros at z = ai + \/—az +1=ilat \/a2 —1). Since a is
strictly greater than 1, o = i(a — \/a2 — 1) lies strictly inside the unit circle, whilst
B =ila+ \/a2 — 1) lies strictly outside it (and need not be considered further).

Extending the previous result to the case of h(z) = g(z)/f(z), where g(z) is analytic
at zo, the residue of h(z) at z = zy can be seen to be g(zo)/f'(z0). Applying this,
we find that the residue of the integrand at z = o is given by

2iz
2ai — 2z

iol

o
Z=“_ai—ai+i\/a2—1 B Ja2—1

Now on the unit circle, z = ¢ with dz = ie' df, and J can be written as

J_/“ ie do _/“ i(cos 0 + isin 0) do
e—i()) ’

1 a—sin0
- g .(el() o —n
2i

Hence,

0 — Ja— 1
—Re2nil(a \/a )

\/az—l

=2n<\/a2a—1 _1>'
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Although it is not asked for, we can also deduce from the fact that the residue at
z = o is purely imaginary that

/ cos 0 40 =0,

_za—sinf
a result that can also be obtained by more elementary means, when it is noted
that the numerator of the integrand is the derivative of the denominator.

24.15 Prove that

“  cosmx 7
dx="7 (42— ™) > 0.
/0 At 4 52 4 1 X 6 e e for m

Since, when z is on the real axis, the integrand is equal to
eimz eimz
Re = Re . . . o
(z2+1)(4z2 +1) (z4+i)(z—1)QRz+1i)(2z —i)
eimz
we consider the integral of f(z) = (2 + i)z — )2z + )2z — i) around contour (d)
in figure 24.1.

As |f(z)] ~ |z|™ as z — oo and m > 0, all the conditions for Jordan’s lemma to
hold are satisfied and the integral around the large semicircle contributes nothing.
For this integrand there are two poles inside the contour, at z =i and at z = ;i.
The respective residues are

—m

e _ je—m and efm/Z _ _2ie7m/2
2i3ii 6 I(=H2i 3

The residue theorem therefore reads

0 eimx je—m 2ie—m/2
d 0=2mi —
/w4x4+5x2+1 X+ ’”( 6 3 )

and the stated result follows from equating real parts and changing the lower
integration limit, recognising that the integrand is symmetric about x = 0 and so
the integral from 0 to oo is equal to half of that from —oo to co.
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Imz

Figure 24.2 The contour used in exercise 24.17.

24.17 The following is an alternative (and roundabout!) way of evaluating the
Gaussian integral.

(a) Prove that the integral of [exp(inz?)]cosecnz around the parallelogram with
corners +1/2 + Rexp(in/4) has the value 2i.

(b) Show that the parts of the contour parallel to the real axis give no contri-
bution when R — oo.

(c) Evaluate the integrals along the other two sides by putting z’' = r exp(in/4)
and working in terms of z' + é and z/ — ; Hence by letting R — oo show

that
o 2
/ e ™ dr = 1.
—0

The integral is

., einzz
e™ cosec mzdz = . dz
C c SInmz

and the suggested contour C is shown in figure 24.2.

(a) The integrand has (simple) poles only on the real axis at z = n, where n is an
integer. The only such pole enclosed by C is at z = 0. The residue there is

o zeim? 1
a_y =lim . = .
z—0 SINTTZ T

The value of the integral around C is therefore 2mi x (n~!) = 2i.
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(b) On the parts of C parallel to the real axis, z = +Re™*+x’, where —} < x’ < 1.
The integrand is thus given by

1 .
— : in/4 "2
f(z) sin 7z exp [ln(iRe + x) }

1 ) )
= exp [in (Rze’”/2 + 2Rx'e™* 4 x’z) }
sinmz
1 2miRx
= . exp [—nR2 4 T (1410 + inx’z}
sin 7tz \/2

=0 (exp[—nR2 F \/27TRX/])

— 0 as R — oo.

Since the integration range is finite (—é <x < ;), the integrals — 0 as R — oo.

(c) On the first of the other two sides, let us set z = ) + re™* with —R <r < R.
The corresponding integral I; is

P2
I, = / e™ cosec nzdz
L,

_ /R exp [in(} + re™/*)? ] o/t g

_r sin [ () +rei/4)]
/R e™/4 exp(inre™*) exp(inr’i)e™ y
= . r
_R cos(mrei™/4)

_ / R exp(inre™/4)e= y
J_r cos(mrein/4)

Similarly (remembering the sense of integration), the remaining side contributes
R jexp(—imre™*)e—’
12 = — . dr
_r  —cos(mrei™/4)
Adding together all four contributions gives

2

0404 /R i[eXp(jTCrein/4) + exp(_inrein/4) ]e—nr dr’

_R cos(nrei™/4)

which simplifies to

R 2
/ 2ie ™ dr.
—R
o0

From part (a), this must be equal to 2i as R — oo, and so / e dr = 1.

—00
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24.19 Using a suitable cut plane, prove that if o is real and 0 < o < 1 then

L —a
/ X dx
0 1+X

has the value w cosec ro.

As o is not an integer, the complex form of the integrand f(z) = 1:_ is not
z

single-valued. We therefore need to perform the contour integration in a cut
plane; contour (f) of figure 24.1 is a suitable contour. We will be making use
of the fact that, because the integrand takes different values on y; and y;, the
contributions coming from these two parts of the complete contour, although
related, do not cancel.

The contributions from y and I' are both zero because:

zz™® 1—o

(i) around v, |zf(z)| ~ , =7 ™ —>0as|z|]| - 0,since a < 1;
(i1) around T, |zf(z)| ~ 25— L 0as |z| = oo, since o > 0.
z

—0o

Therefore, the only contributions come from the cut; on y;, z = xe, whilst on
72, z = xe*™. The only pole inside the contour is a simple one at z = —1 = €',
where the residue is e=™*. The residue theorem now reads

0y 0 x—ae—2nio< )
0 d 0— cdx =2mie” ™
+/0 14 x X + /0 14 xe2 b mie ",

) RS ] )
= (11— 872””‘)/ dx =2mie” ™.
0 1 + X
This can be rearranged to read

/ w0 x i e~ 2mi T
0

X o= =
14+x (1 — e 2%y pint — p—in gin o’

thus establishing the stated result.

24.21 By integrating a suitable function around a large semicircle in the upper
half plane and a small semicircle centred on the origin, determine the value of

_[* (Inx)p
I_/o 1+x2dx

and deduce, as a by-product of your calculation, that

“ Inx
/0 1+x2dx_0'
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The suggested contour is that shown in figure 24.1(e), but with only one inden-
tation y on the real axis (at z = 0) and with R = oo. The appropriate complex
function is

~ (Inz)?
=100
The only pole inside the contour is at z = i, and the residue there is given by

(Ini)’  (nl+i@x/2)p o
i+i 2i 8P

To evaluate the integral around 7, we set z = pe with Inz = Inp + i0 and

dz = ip e d0; the integral becomes

0 1192 . 5
1 2i0lnp — 0>, .
/ n j_+lp2225 ip e’ df, which — 0 as p — 0.

Thus y contributes nothing. Even more obviously, on I, |zf(z)| ~ z~!' and tends
to zero as |z| — oo, showing that I' also contributes nothing.

On 74, z = xe® and the contribution is equal to I.

On y_, z = xe™™ and the contribution is (remembering that the contour actually
runs from x = oo to x = 0) given by

0 )2
(Inx +in)*
I,:—A 1+x2 e™dx

“ Inx * 1
=1 +2i dx —n? dx.
+ m/o 142 X n/o 42 X

The residue theorem for the complete closed contour thus reads

© 2
0+I+0+I+2in/0 1i§2dx—n2[tan1x]ff=2ni(87;).
Equating the real parts = 2 —ln’=—n® = I= !z

Equating the imaginary parts gives the stated by-product.
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25

Applications of complex variables

Many of the exercises in this chapter involve contour integration and the choice of a suitable
contour. In order to save the space taken by drawing several broadly similar contours that
differ only in notation, the positions of poles, the values of lengths or angles, or other minor
details, we make reference to figure 24.1 which shows a number of typical contour types.

25.1 In the method of complex impedances for a.c. circuits, an inductance L is
represented by a complex impedance Z; = iwL and a capacitance C by Zc =
1/(ioC). Kirchhoff’s circuit laws,

Zli =0 at a node and ZZJ:‘ = Z V; around any closed loop,
i i j
are then applied as if the circuit were a d.c. one.

Apply this method to the a.c. bridge connected as in figure 25.1 to show that if
the resistance R is chosen as R = (L/C)'/? then the amplitude of the current I
through it is independent of the angular frequency w of the applied a.c. voltage
VO eiwt.

Determine how the phase of Ig, relative to that of the voltage source, varies with
the angular frequency .

Omitting the common factor ¢! from all currents and voltages, let the current

drawn from the voltage source be (the complex quantity) I and the current
flowing from A to D be I;. Then the currents in the remaining branches are
AE : I —I1;,DB : Iy —Ig and EB : I — I + Ig.
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Figure 25.1 The inductor—capacitor—resistor network for exercise 25.1.

Applying 3, Zil; =}, V; to three separate loops yields

1
loop ADBA ioLl + . (Iy —Ir) = Vo,
ioC
1
loop ADEA ioLIi +RIg— . (I —1;) =0,
iowC
1
loop DBED ioC (Iy —Ir) —iwL(I — Iy +1Igr) — RIg =0.

Now, denoting (LC)™! by w? and choosing R as (L/C)"? = (wyC)~!, we can
write these equations as follows:

2
(1 _ “’2) I, —Ix = ioCV,,
20

2
—I+<1—‘“2>11+i‘”1R=0,
COO o

2 2 2
“’21+(1—“’2>11+(—1+“’2—i“’>1R=O.
(O (O g ()

Eliminating I from the last two of these yields

2 2 P 2
() ()[R ) (i) eme
(O (& (Oh) g

Thus,
I+ wi 2 2 2
I = a()g = Wy + w. w0(1w2CV0 42—IR).
1+ wo(wo + iw) Wy —
o
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After some cancellation and rearrangement,
(05 — @) Ig = wo(wo — iw)(iwC Vo +1Ig),

(iowy — wz)IR = wow(iwy + w)CVy,

and so
In = o CVo ™ to _ w()CV()(l,wO + w) (—fwo — o)
iwyg — w (iwg — w)(—iwg — w)
W2 — w? = 2imwy
=woyCVy °
@00 o] + w?

From this we can read off

[(w2 — u)é)2 + 4w2w§ } 12

Ir| = woCV,
Ir| = woCVo 02 + 02

= woCV), ie. independent of w,

and
| —2wwg

2 527
g w

¢ = phase of Ig =tan™
Thus Ir (which was arbitrarily and notionally defined as flowing from D to E in
the equivalent d.c. circuit) has an imaginary part that is always negative but a
real part that changes sign as w passes through wy. Its phase ¢, relative to that
of the voltage source, therefore varies from 0 when w is small to —n when o is

large.

25.3 For the function
f(z)=1n (”C),
z—c

where c is real, show that the real part u of f is constant on a circle of radius
ccosech u centred on the point z = ccothu. Use this result to show that the
electrical capacitance per unit length of two parallel cylinders of radii a, placed
with their axes 2d apart, is proportional to [cosh™'(d/a)]~".

From

we have that

z4+c
z—¢C

1, (x4+c)+)? s (x4 y?
= In = e = .
2 (x—c)P+)? (x—c)?+)?

The curve upon which u(x, y) is constant is therefore given by

u=1In

(x* = 2ex + & + yP)e? = x> 4+ 2xc + & + )2
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This can be rewritten as

X2 —1) = 2xe(e® + 1) + y* (e — 1) + (e —1) =0,
2u

x2—2xc2 +y 4+ =0,
eu_

1
x* —2xccothu+ y* 4+ ¢* =0,

which, in conic-section form, becomes
(x — ccothu)? + y? = ¢ coth? u — ¢* = *cosech’u.
This is a circle with centre (c cothu,0) and radius |c cosech u.

Now consider two such circles with the same value of |ccosech u|, equal to a,
but different values of u satisfying ¢ cothu; = —d and ccothu; = +d. These two
equations imply that u; = —u,, corresponding physically to equal but opposite
charges —Q and +Q placed on identical cylindrical conductors that coincide with
the circles; the conductors are raised to potentials u; and u;.

We have already established that we need ccothu, = d and ccosech u; = a.
Dividing these two equations gives coshu, = d/a.

The capacitance (per unit length) of the arrangement is given by the magnitude
of the charge on one conductor divided by the potential difference between the
conductors that results from the presence of that charge, i.e.

1 1
C = Q oC = 1 ,
uy—u;  2uy  2cosh™'(d/a)

as stated in the question.

25.5 By considering in turn the transformations
zZ= éc(w +w) and w=expl,

where z = x + iy, w = rexpif, { = £ 4+ in and c is a real positive constant,
show that z = ccosh{ maps the strip £ > 0, 0 < n < 2m, onto the whole z-
plane. Which curves in the z-plane correspond to the lines ¢ = constant and n =
constant? Identify those corresponding to ¢ =0, n =0 and n = 2.

The electric potential ¢ of a charged conducting strip —c < x < ¢, y = 0, satisfies
¢ ~ —kIn(x> + y*)'?for large values of (x* + y*)!/2,

with ¢ constant on the strip. Show that ¢ = Re [—kcosh™'(z/c)] and that the
magnitude of the electric field near the strip is k(c* — x?)~/2.
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We first note that the combined transformation is given by
C I3 - -1 zZ
z=2(es+e-)=ccosh§ = { =cosh .
c

The successive connections linking the strip in the {-plane and its image in the
z-plane are
z = ccosh{ = ccosh(& +in)
= ccosh & cosn + icsinh &siny, with £ > 0,0 <5 < 27,

re = w = e* = ece™, with the strip as 1 <r < o0, 0 < 6 < 2m,
. c —1
x+ly=z=2(w—|—w )

= ;[V(COSO +isin0) +r(cos O —isin0)]

c 1 c 1\ .
=, (r-i— r)cos@-i—lz (r—r)sm(?.

This last expression for z and the previous specification of the strip in terms of
r and 6 show that both x and y can take all values, i.e. that the original strip in
the {-plane is mapped onto the whole of the z-plane. From the two expressions
for z we also see that x = ccosh & cosn and y = ¢sinh & sing.

For & constant, the contour in the xy-plane, obtained by eliminating 7, is

x2 y2

c2cosh? ¢ + ¢2sinh? ¢
The eccentricity of the ellipse is given by
e <02 cosh? & — ¢2sinh? é)l/z _ 1
¢2cosh? & cosh ¢’
The foci of the ellipse are at + ex the major semi-axis, i.e. 1/ cosh & x ccoshé =
+c. This is independent of ¢ and so all the ellipses are confocal.

=1, 1ie. an ellipse.

Similarly, for n constant, the contour is

x2 y2

— =1
c? cos? n c2 sin2 n
This is one of a set of confocal hyperbolae.

i)&=0 = y=0, x=ccosy.
This is the finite line (degenerate ellipse) on the x-axis, —c < x < c.

(i))p =0 = y=0, x=ccoshi.
This is a part of the x-axis not covered in (i), ¢ < x < oo. The other part,
—0o0 < X < —¢, corresponds to y = 7.

(iii) This is the same as (the first case) in (ii).
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Now, in the {-plane, consider the real part of the function F({) = —k{, with k
real. On £ = 0 [case (i) above] it reduces to Re {—ikn}, which is zero for all #,
i.e. a constant. This implies that the real part of the transformed function will be
a constant (actually zero) on —c < x < ¢ in the z-plane.

Further,
(x* + yH)'/2 = (c? cosh? & cos?  + ¢? sinh? ¢ sin’ y)!/?
~ lce for large ¢,
= ¢~ In(x*+ y*)"/? + fixed constant.
Hence,

Re {—k{} = —ké ~ —kIn(x® + y*)V/? for large (x> + y?)'/2.
Thus, the transformation
F(()= ki — f(z) = —kcosh™! i

produces a function in the z-plane that satisfies the stated boundary conditions
(as well as satisfying Laplace’s equation). It is therefore the required solution.

The electric field near the conducting strip, where y = 0 and z?> = x?, can have

no component in the x-direction (except at the points x = +c), but its magnitude
is still given by
k

Jz2 — 2

. k
- (cz _ x2)1/2'

E=|f’(2)|=’—

25.7 Use contour integration to answer the following questions about the complex
zeros of a polynomial equation.

(a) Prove that z® + 323 4 7z + 5 has two zeros in the first quadrant.
(b) Find in which quadrants the zeros of 2z3 + 7z> + 10z + 6 lie. Try to locate
them.

(a) Consider the principle of the argument applied to the integral of f(z) =
z8 4323 4+ 7z + 5 around contour (b) in figure 24.1.

On OA f(z) is always real and A, arg(f) = 0.

On AB the argument of f increases by 8 x ;n = 4m.

On BO z =iy and f(z) = h(y) = y® — 3iy® + 7iy + 5. The argument of h(y) is
therefore

3Ty

t
yEes
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The appropriate choice at y = co for this multi-valued function is 47, as we have
just shown. As y decreases from co the argument initially decreases, but passes
through 47 again when y = \/ 7/3. After that it remains greater than 4z until
returning to that value at y = 0. Further, since y® + 5 has no zeros for real y,
arg(h) can reach neither ;n nor gn. Consequently, we deduce that Agg arg(f) = 0.

In summary, Aarg(f) around the closed contour is 47, and it follows from the
principle of the argument that the first quadrant must contain 2 zeros of f(z).

(b) For f(z) = 2z3 4 72> + 10z + 6 we initially follow the same procedure as in
part (a), although, as it is a cubic with all of its coefficients positive, we know
that it must have at least one negative real zero.

It is straightforward to conclude that Ap4 arg(f) = 0 and that around the curve
AB the change of argument is Ayp arg(f) = gn. On BO,

: _; 10y —2y°
arg(f) = tan 672 "
At y = oo this is gn (as we have just established) and, as y decreases towards
0, it passes through = at y = \/5 and én at y = \/6/7, and finally becomes
zero at y = 0. Thus the net change around the whole closed contour is zero,
and we conclude that there are no zeros in the first quadrant. Since the zeros
of polynomials with real coefficients occur in complex conjugate pairs, it follows
that the fourth quadrant also contains no zeros. This shows that the complex
conjugate zeros of f(z) are located in the second and third quadrants.

We start our search for the negative real zero by tabulating some easy-to-calculate
values of f(x), the choice of successive values of x being guided by previous
results:

z 0 -1 —2 —1L5
fzy 6 1 =2 0

By chance, we have hit upon an exact zero, z = —g. It follows that (2z + 3) is a
factor of f(z), which can be written

f(z) = 2z +3)(z* + 2z + 2).
The other two zeros are therefore

z=—1+J1-2=—1+i
As expected, these are in the second and third quadrants.
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25.9 Prove that

o0
1
Zn2+3n+1 = 4n.
—0o0 4 8
Carry out the summation numerically, say between —4 and 4, and note how much
of the sum comes from values near the poles of the contour integration.

In order to evaluate this sum, we must first find a function of z that takes the
value of the corresponding term in the sum whenever z is an integer. Clearly this
is

1
22+Zz+é.

Further, too make use of the properties of contour integrals, we need to multiply
this function by one that has simple poles at the same points, each with unit
residue. An appropriate choice of integrand is therefore

mcotnz mcotnz

flz) = = -
PHizty EHE+y)

The contour to be used must enclose all integer values of z, both positive and

negative and, in practical terms, must give zero contribution for |z| — oo, except

possibly on the real axis. A large circle C, centred on the origin (see contour (c)

in figure 24.1) suggests itself.

As |zf(z)] = 0 on C, the contour integral has value zero. This implies that the
residues at the enclosed poles add up to zero. The residues are

1
T —0 aeeny,

27T 4

1

ncolt(+41n)=_4n atz = —|,

4 T2

- 1

Z { { at z =n, —o0 < n < o0.
n:—oc(n+2)(n+4)

The quoted result follows immediately.
For the rough numerical summation we tabulate n, D(n) = n> + 2n + 21; and the
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nth term of the series, 1/D(n):

n D(n) 1/D(n)
—4 13.125 0.076
-3  6.875 0.146
—2 2625 0.381
—1 0375 2.667

0 0125 8.000
1 1875 0533
2 5625 0178
3 11.375  0.088

4 19.125 0.052

The total of these nine terms is 12.121; this is to be compared with the total for
the entire infinite series (of positive terms), which is 47 = 12.566. It will be seen
that the sum is dominated by the terms for n = 0 and n = —1. These two values

bracket the positions on the real axis of the poles at z = —; and z = —l.

25.11 By considering the integral of

q 2
sin oz b1 b1
. ] o< 9
oz sinmz 2

around a circle of large radius, prove that

o0

2:(_1),,,_1sin2 mou 1
~ (mo)?2 2

Denote the given function by f(z) and consider its integral around contour (c) in
figure 24.1.

As |z| = oo, sinaz ~ €%l and so f(z) ~ |z|2e*le ™l = 272%™l and, since
o< én, |zf(z)dz| — 0 as |z| — oo and the integral around the contour has value
zero for R = co.

The function f(z) has simple poles at z = n, where n is an integer, —o0 < n < c0.
The pole at z = 0 is only a first-order pole as the term in parentheses — 1 as
z — 0 and has no singularity there. It follows that the sum of the residues of f(z)
at all of its poles is zero. For n 0, that residue is

i sinno\ 2 d(sinnz) _1_ sinna\? 1
no dz  |,_, -\ na cosmn
- 2

sin no
=(=1)" .

o ()
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For n = 0 the residue is 1.

Since the general residue is an even function of n, the sum for —oo <n < —1 is
equal to that for 1 < n < o0, and the zero sum of the residues can be written

2
1+2Z (smnoc) _o,

leading immediately to the stated result.

25.13 Find the function f(t) whose Laplace transform is

S —1+4s
52 '

fs) =

Consider first the Taylor series expansion of f(s) about s = 0:

- e‘s—l+s_(1—s+§sz+~--)—1+s

f(s) = ~ ; + O(s).

52 52
Thus f has no pole at s = 0, and / in the Bromwich integral can be as small as

we wish (but > 0). When the integration line is made part of a closed contour C,
the inversion integral becomes

S¢St — St | got
t) = .
fo= [T T

For t < 0, all the terms — 0 as Re s — oo, and so we close the contour in the
right half-plane, as in contour (h) of figure 24.1. On T, s times the integrand — 0,
and, as the contour encloses no poles, it follows that the integral along L is zero.
Thus f(t) =0 for t < 0.

For t > 1, all terms — 0 as Re s —» —o0, and so we close the contour in the left
half-plane, as in contour (g) of figure 24.1. On I, s times the integrand again
— 0, and, as this contour also encloses no poles, it again follows that the integral
along L is zero. Thus f(t) = 0 for t > 1, as well as for t < 0.

For 0 <t < 1, we need to separate the Bromwich integral into two parts (guided
by the different ways in which the parts behave as [s| — o0):

—S st . st
f(t):/e Ze ds—}—/(5 21)6 ds=1; + 1.
L S L S

For I; the exponent is s(t — 1); t — 1 is negative and so, as in the case t < 0, we
close the contour in the right half-plane [contour (h)]. No poles are included in
this contour, and we conclude that I = 0.

For I, the exponent is st, indicating that (g) is the appropriate contour. However,
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(s — 1)/s? does have a pole at s = 0 and that is inside the contour. The integral
around I" contributes nothing (that is why it was chosen), and the integral along
L must be equal to the residue of (s — 1)e/s* at s = 0. Now,

(s—Det (1 1 s2t? 11
s \s ¢ st 2!+”. __s2+s(1_t)+”.'

The residue, and hence the value of I,, is therefore 1 —t. Since I; has been shown
to have value 0, 1 —t is also the expression for f(t) for 0 <t < 1.

25.15 Use contour (i) in figure 24.1 to show that the function with Laplace
transform s—'/% is (nx)~1/2.

[ For an integrand of the form r~'/? exp(—rx), change variable to t = r'/?.]

With the suggested contour no poles of s~!/2¢*¥ are enclosed and so the integral
of (2mi)~'s~1/2¢** around the closed curve must have the value zero. It is also
clear that the integral along I" will be zero since Re s < 0 on I

For the small circle y enclosing the origin, set s = p e, with ds = ip ¢’ d0, and
consider

—1/2,=i0/2

2n
lim 0 exp(xp e?)ip " do.

=0 Jo
This — 0 as p — 0 (as p'/?).
On the upper cut, y, s = re™ and the contribution to the integral is
1[0 p—in/2 o
i /Oc 12 exp(rxe™)e'™ dr,

whilst, on the lower cut, y,, s = re™"", and its contribution to the integral is

1 0 ein/Z ) )
) / 12 exp(rxe ™)e " dr.
nifo

Combining the two (and making both integrals run over the same range) gives

! ) /3C 2 e Ndr = —1 /w 1 e*’2x2tdt, after setting r = %,
2ri Jo rl/2 Ty t
2 Jn
n 2\/x'
Since this must add to the Bromwich integral along L to make zero, it follows
that the function with Laplace transform s~!/2 is (7x)~'/2.
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25.17 The equation
d?y 1 1,

_ =0
d22+(v+2 4Z>y :
sometimes called the Weber—Hermite equation, has solutions known as parabolic
cylinder functions. Find, to within (possibly complex ) multiplicative constants, the
two W.K.B. solutions of this equation that are valid for large |z|. In each case,
determine the leading term and show that the multiplicative correction factor is of
the form 1 4+ O(v?/z?).

Identify the Stokes and anti-Stokes lines for the equation. On which of the Stokes
lines is the W.K.B. solution that tends to zero for z large, real and negative, the
dominant solution?

If we consider the equation to be of the generic form

d?y

S =0,

then the W.K.B. solutions are, to within a constant multiplier,

1 [F
yi(z) = ] exp{il/ \/f(u)du}.

In this particular case, writing v + é as u for the time being, these solutions are

1 7 u?
y+(z) = (u— (1122)1/4 eXP{il/ \/ ~ 4 du}.

Now we seek solutions for large z, and, in this spirit, make binomial expansions
of both roots in inverse powers of the relevant variable, z or u. This enables
us to write, for a succession of multiplicative complex constants and working to

O(z7),
A S (7 u?
VB = 1 e e"p{i’z/ \/4 _’“l“}
B B M Q/Zu _4# 1/2
= \/z (1 + 22 + )exp{il ) (1 2 du
B It _ [ (u op
=\/Z (1+22)exp{~|—/ <2_u_u3+”.> du}.

411



APPLICATIONS OF COMPLEX VARIABLES

Performing the indefinite integral in the exponent yields
B I ez #2
y+(z) = 2 (1+22)exp{+<4 —plnz + 22 4.

B W\ 1.2 _u
_ 1 )+z/4 +u
\/z( +z2 ¢ z +222+

B - 2uTF u?
= e+zz/4ziu(1+ B+ p _|_)

N
Replacing u by v + ; and writing the two solutions separately, we have
2

2
yi(z)=Ce =14z [1 +0 <v2> } . ya(z) =D D {1 +0 (V )] :
zZ

72
The Stokes lines are determined by the argument(s) of z that make the exponent
in the solutions purely real, resulting in one solution being very large (dominant)
and one very small (subdominant). As the exponent is proportional to z2, the
Stokes lines are given by argz equals 0, n/2, = or 3n/2. For z large, real and
negative, the solution that tends to zero is y;(z) oc ¢~7'/4_ This is dominant when
z? is real and negative, i.e. when z lies on either argz = n/2 or argz = 3n/2.

The anti-Stokes lines, on which the exponent is purely imaginary and consequently
the two solutions are comparable in magnitude, are clearly given by the four lines
argz = (2n+ 1)n/4 forn=0,1,2, 3.

25.19 The function h(z) of the complex variable z is defined by the integral

100
h(z) = / exp(t> — 2zt) dt.
—100

(a) Make a change of integration variable, t = iu, and evaluate h(z) using a
standard integral. Is your answer valid for all finite z?

(b) Evaluate the integral using the method of steepest descents, considering in
particular the cases (i) z is real and positive, (ii) z is real and negative and
(iil) z is purely imaginary and equal to if}, where [ is real. In each case
sketch the corresponding contour in the complex t-plane.

(c) Evaluate the integral for the same three cases as specified in part (b) using
the method of stationary phases. To determine an appropriate contour that
passes through a saddle point t = ty, write t = ty + (u + iv) and apply the
criterion for determining a level line. Sketch the relevant contour in each
case, indicating what freedom there is to distort it.

Comment on the accuracy of the results obtained using the approximate methods
adopted in (b) and (c).
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Before we consider the three different methods of evaluating the integral, we note
that its limits lie one in each of the n/2 sectors of the complex t-plane that are
centred on the negative and positive parts of the imaginary axis. All contours
that we employ must do the same, though it will not matter exactly where in
these sectors they formally end, as, within them, the integrand, which behaves
like exp(—|t|*), goes (rapidly) to zero as |t| — cc.

(a) Making the change of integration variable t = iu with dt = idu gives h(z) as

h(z) = / exp(—u® — 2izu)idu

—o0
o0
=/ exp[ —(u + iz)*] exp(—z>)idu
.700 2
=iyne ™.
It is the behaviour of the dominant term in the exponent that determines the
convergence or otherwise of the integral. In this case, the t> term dominates the

term containing z, and, since, as discussed above, it produces convergence, the
result is valid for all (finite) values of z.

(b) We first identify the saddle point(s) ¢ of the integrand by setting the derivative
of the exponent equal to zero:
d .

0= dt(t2 —2zt)=2t—2z =ty = z; only one saddle point.
The second derivative of the exponent is 2 (independent of the value of z in this
case), and so, in the standard notation f”(tg) = Ae'*, we have A = 2 and o = 0.
The value of fo = f(to) is t§ — 22ty = —z*.
The remaining task is to determine the orientation and direction of traversal of
the saddle point. With t — ty = se', the possible lines of steepest descents (l.s.d.)
are given by 20 + o = 0, +7 or 2x. Of these, the need for ;As2 cos(20 + o) to be
negative picks out 6 = ién. Thus the Ls.d. through the saddle point is parallel
to the imaginary axis and the direction of traversal is +én. Since this lies (just)
in the range —én <0< ;n, we take the positive sign from the general formula

2\ /2
+ ( 4 ) exp(fo) exp[ Ji(m — o)]
and obtain
- 1/2
h(z) =+ ( 5 ) exp(—z%) exp[ yi(n —0)]

=iyn e
The conclusion about the orientation and sense of traversal of the saddle point
did not depend upon the value of z (because f”(tg) did not). Consequently the
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~
A~

z z
(b)(i)z >0 (b)(ii) z < O (b)(iii) z = if
z /
z z ‘\"
(©)i)z>0 (o)) z <0 (c)(iii) z = if

Figure 25.2 The contours following (b) the lines of steepest descents and (c)
the lines of stationary phase for the integral in exercise 25.19.

value of the integral is the same for all three cases, though the path in the complex
t-plane is determined by z, as is shown in the upper row of sketches in figure
25.2.

(c) We know from general theory that the directions of the level lines at a saddle
point make an angle of n/4 with the ls.d. through the point. From this and
the results of part (b) we can say that the level lines at ¢y, = z have directions
0 = +n/4 and +3n/4.

The same conclusion can be reached, and an indication of suitable contours
obtained, by writing t = to + u + iv and requiring that the resulting integrand has
a constant magnitude for all u and ». That magnitude must be the same as it is
at the saddle point, i.e. when u =v = 0.

We consider first cases (i) and (ii) in which ¢ty = z is real and t = (z + u) + iv. The
integrand is then

g(u,v) = exp(t® — 2zt) = exp[ (z + u)> —v*> + 2iv(z + u) — 2z(z + u + iv) ],

with g(0,0) = exp(—z?). For the integrand to have a constant magnitude, the real
part of the exponent must not depend upon u and v. The u- and v-dependent part
of the real part of the exponent is 2zu + u> — v> — 2zu, and this must therefore

414



APPLICATIONS OF COMPLEX VARIABLES

have the value O for all u and v, i.e. v = +u. These are the same lines as 0 = +n/4
and 0 = +3n/4.

Now, although the saddle point at ¢y = z lies outside both of the regions in which
the contour must begin and end, the contour must go through it. It is therefore
necessary for the contour to turn through a right angle at the saddle point; it
transfers from one of the level lines that pass through the saddle to the other
one. As will be seen from sketches (c)(i) and (¢)(ii), the contour in case (i), z > 0,
turns to the left by n/2 as it passes through the saddle; that for z < 0 turns to
the right through n/2.

The formula for the total contribution to the integral from integrating through
the saddle point along a level line is the same as that for an ls.d. evaluation,
though the former is a Fresnel integral and the latter is an error integral. The
stationary phase calculation therefore also yields the value i\/n exp(—z2) for h(z).

In both of the present cases, the sharp turn through a right angle at the saddle
point means that the vector diagram for the integral consists of one-half from
each of two Cornu spirals that are mirror images of each other. Each is broken
at its centre point where the phase of the integrand is stationary. The two half
spirals join at right angles at the point that is midway between their ‘winding
points’.

We now turn to case (iii), in which z = if is imaginary. In this case the saddle
point lies within one of the two regions that each contain one end of the contour.
However, a parallel analysis to that for cases (i) and (ii), setting t = u + i(f + v),
yields the same conclusion, namely that v = 4u are appropriate level lines through
the saddle.

It is a matter of choice whether the solid line shown in sketch (c)(iii), or its mirror
image in the imaginary axis, is chosen; the calculated value for the integral will
be the same. The result for h(z) will also be the same as for cases (i) and (ii),
Le. i/n exp(—z?), or, more explicitly in this case, iyn exp(B?). Since the contour
does not have to go through any particular point other than ¢t = iff (and does not
need to take a right-angled turn there) and the integrand is analytic, the contour
in the end-region not containing z can follow almost any path. One variation
from two intersecting straight lines is shown dashed in figure 25.2(c)(iii).

Finally, we note that the fact that all methods give the same answer for h(z), even
though the l.s.d. and stationary phase calculations are, in general, approximations,
can be put down to the particular form of the integrand. The exponent, 1> —2zt, is
a quadratic function, and so its Taylor series terminates after three terms (of which
the second vanishes at the saddle point). Consequently, the L.s.d. and stationary
phase approaches which ignore the cubic and higher terms in the Taylor series
are not approximations. This, together with the fact that there is only one saddle
point in the whole t-plane, means that the methods produce exact results for this
form of integrand.
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25.21 The stationary phase approximation to an integral of the form
b .
FO) = [ a0 > L

where f(t) is a real function of t and g(t) is a slowly varying function (when
compared with the argument of the exponential), can be written as

2\ S gltn) T
F(v)~(|v|> n}_‘NAnexp{z[vf(tn)usgn(vf )]}

where the t, are the N stationary points of f(t) that lie in a < t; <t < --- <
ty <b, A, = |f"(t,)|, and sgn(x) is the sign of x.

Use this result to find an approximation, valid for large positive values of v, to the
integral
|
F(v,z) = /_OO L+2 cos[ (2¢° — 3z12 — 122%t)v ] dt,

where z is a real positive parameter.

Since the argument of the cosine function is everywhere real, we can consider the
required integral as the real part of

»
/ 1it2 expli[(2 —3z£* — 122%t)v ]} dt,
—00

to which we can apply the stated approximation directly. To do so, we need to
calculate values for all of the terms appearing in the quoted ‘omnibus’ formula.

We start by determining the stationary points involved, given by

0=f(t)=60>—6zt — 122> = (t+z)(t—2z)=0

= i =—zand t, =2z.

Thus N = 2 and the required second derivatives, ”(t) = 12t — 6z, and values,
fn = f(tn), are given by

f1 =2z =323 +122° =723, f, = 162° — 1223 — 242° = —2023,
f'(t1) = —12z — 6z = —18z, f"(t) = 24z — 6z = 18z.

The two corresponding values of the multiplicative function g(t) = (1 +?)~! are
gt)=(1+z)" and g(t)=(1+4z5)""
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Substituting all of these gives

2n) 1/2 {exp[i(7v23 _ 411”)] N exp[i(—20vz3 + }‘n)] }

Flv.2) ~ Re (v J182 (1 4 22) J182 (1 + 422)

_ ( n )1/2 cos(7vz® — ym)  cos(20vz® — m)
~ \9zy 1+ 22 1+ 4z2

as the stationary phase approximation to the integral.

25.23 Use the method of steepest descents to find an asymptotic approximation,
valid for z large, real and positive, to the function defined by

F,(z) = / exp(—izsint + ivt) dt,
c

where v is real and non-negative and C is a contour that starts at t = —n + ico
and ends at t = —ioo.

Let us denote the integrand by g(¢) and the exponent by f(t); thus g(t) =
exp[f(1)].

We first check that the integrand — 0 at the two end-points; if it did not, the
method could not be even approximately correct. As the end-points involve +oo,
we should formally consider a limiting process, but in practice we need only
identify the dominant term in each expression and determine its behaviour as
t — 0.

Att = —mn + ioo,

: _ 1 i(—m+ico) —i(—m+io0) 7 __ 1 0\ __ 1 0
s1nt—2i[e e ]_2i( 0+e)—2ie.
Thus
g(—n + ioo) = exp[—iz(e™/2i) + iv(—n + ic0)] = 0,
for z real and > 0 and for all v. Similarly, at t = —ico,
(s _ —io0 __ LiPooy _ 1 )
sin(—io0) = ’i (e e'”) 9 e
and

g(—ioo) = exp[ —iz(e®/2i) + iv(—io0)] = 0.

In each case, the behaviour of f(t) is dominated by the exponentiation appearing
in the sine term; as this produces a negative exponent for the exponential function
determining g(t), the latter — 0 at both end-points.
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We next determine the position(s) and properties of the saddle points. These are
given by

df

0= i —izcost 4+ iv
v .
= fy=cos ! (real) with —n <ty <0 and z > v,
z
d? o
dt{ = izsint,
iy 72 2
: . v —iz~Jz2 —
f"(ty) = izsin (cos ! ) = v
z zZ
= —iJ2—?
i 3n
= Aé” withA=+/z2—v2and o = 5

fo=f(to) = —izsin (cosf1 v) +iv (cos’1 V)
z z
= iJz2—v2+iv (cos_1 v) .
z

Thus the only saddle point is at ty = cos~'(v/z), and the values of f(ty) and
f"(ty) are given above.

The final step before evaluating the approximate expression for the integral is
to determine the direction of the contour through the saddle point. A line of
steepest descents (l.s.d.), on which the phase of f(t) is constant, is given by
sin(20 + o) = 0, where t — to = se’’ and o is as determined above by f”(to). Thus
20 4+ 3n/2 =0, +x, 2n are possible lines, and, of the resulting possible values of
+7n/4 and +37/4 for 0, it is clear that approaching from the direction 6 = 3 /4
and leaving in the direction § = —n/4 is appropriate. This can be verified by
considering the first non-constant, non-vanishing term in the Taylor expansion of
f(t), namely

1 N B P VoL e s
5y (= 10f"(t) =, 5% (—inz2 —v2) = , -

This is real and negative (in both cases, since e~ 2™/* = ¢%%/4) thus confirming

that the standard result for integrating over the saddle point can be used. This is

2 1/2
Izi(A) exp(fo) expl 3i(r — )],

with the + choice being resolved by the direction in which the Ls.d. passes
through the saddle point; it is positive if |0| < 7/2 and negative otherwise. In this
particular case, the ls.d. is traversed in the direction —n/4 through the saddle

point and the plus sign is appropriate.

Finally, inserting all of the specific data for this case into the general formula, we
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F,(z)~

Q

_\/Zz —y2
|22 —

PIks Ve T
_Z] exp{i(z— — ”,forz>>v.
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2n 172 v
} exp [i\/zz —v2+ivcos! } exp[ Ji(n — 3m)]
zZ

2n 12 vVooT
} exp [i(\/zz—vz—i-vcos_1 — )}
\)2 zZ 4

2 4

This last approximation enables us to identify the function F,(z) as probably
being a multiple of the Hankel function (Bessel function of the third kind)
HV(z), though, as different functions can have the same asymptotic form, this
cannot be certain.
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Tensors

26.1 Use the basic definition of a Cartesian tensor to show the following.

(a) That for any general, but fixed, ¢,
(u1,up) = (x1 cos p — x5 8in ¢, x1 sin ¢ + x; cos @)

are the components of a first-order tensor in two dimensions.

(b) That
X% X1X2
X1X2 x%

is not a tensor of order 2. To establish that a single element does not trans-
form correctly is sufficient.

Consider a rotation of the (unprimed) coordinate axes through an angle 0 to give
the new (primed) axes. Under this rotation,

X; — X] = x;cos0 + x, sin 0,
Xy — Xy = —x1 sin 0 + x; cos 0,
X3 — X5 = X3,

and the transformation matrix L;; is given by

cos sinf O
L= —sin0 cosf O
0 0 1

(a) Denoting cos @ and sin 6 by c and s, respectively, we compare

Uy = X} cos ¢ — X} sin ¢ = cx1 cos P + sx3 COS ¢ + sX1 8in p — ¢x; sin ¢
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with
Uy = cup + suy = ¢x1 cos P — ¢x; sin ¢ + sxy sin ¢ + sx; cos ¢.

These two are equal, showing that the first component transforms correctly.
However, this alone is not sufficient; for (uy,u;) to be the components of a first-
order tensor, all components must transform correctly. We therefore also compare
the remaining transformed component:

uy = X sin ¢ + x5 cos ¢ = cxq sin ¢ + sx3 sin ¢ — sx1 COS P + x5 COS P
is to be compared with
uy = —suy + cuy = —sx1 €o8 P + sx; sin ¢ + ¢x sin ¢ + cx; cos .

These two are also equal, showing that both components do transform correctly
and that (uy,u;) are indeed the components of a first-order tensor.

We note, in passing, that u; + iu, is the complex vector obtained by rotating the
‘base vector’ x; + ix; through an angle ¢ in the complex plane:

up + ity = € (x; + ixa)
= (cos ¢ + isin ¢)(x; + ix3z)
= (x1 cos ¢ — xp sin ¢) + i(x sin ¢ + x5 cos ).

In view of this observation, and of the definition of a first-order tensor as a set
of objects ‘that transform in the same way as a position vector’, it is perhaps not
surprising to find that the given expressions form the components of a tensor.

(b) Consider the transform of the first element u;; = x3. This becomes
W = (x5)% = (=sx1 + ex2)? = s2x] — 2sex %2 + ¢*x3.

If it transforms as a component of a tensor, then it must also be the case that

u’“ = Lyt Lyug = czx% + csx1xy + sex1xy + szx%.

But, these two RHSs are not equal, and it follows that the given set of expressions
cannot form the components of a tensor of order 2. It is not necessary to consider
any more u;;; failure of any one element to transform correctly rules out the
possibility of the set being a tensor.
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26.3 In the usual approach to the study of Cartesian tensors the system is consid-
ered fixed and the coordinate axes are rotated. The transformation matrix used is
therefore that for components relative to rotated coordinate axes. An alternative
view is that of taking the coordinate axes as fixed and rotating the components of
the system; this is equivalent to reversing the signs of all rotation angles.

Using this alternative view, determine the matrices representing (a) a positive ro-
tation of m/4 about the x-axis and (b) a rotation of —n/4 about the y-axis.
Determine the initial vector v which, when subjected to (a) followed by (b), finishes
at (3,2,1).

The normal notation for the two rotation matrices would be

1 0 0 cos¢p 0 sing
A= 0 cosf sin0 and B = 0 1 0 ,
0 —sinf cos0 —sing 0 cos¢

with 0 = ¢ = n/4.

In the alternative view (denoted by ) they would have the same forms but with
0 = ¢ = —n/4, namely

1 J2 0 0 (1 0 -l
A = 0 1 —1 | andB”= 0 2 0
2o 1 V21 0

The matrix representing (a) followed by (b) in this alternative view is thus

1 0 -1 J2 0 0

1
B"A”= | 0 J2 0 0 1 —1
1 o 1 0 1 1

V2 -1 -l
=; 0 2 —2
V21 1

The required point is the solution of

) 21—l x 3
S 0 V2 =2 y | =1 2
N 1 z 1

Using the fact that B”A” is orthogonal, and therefore its inverse is simply its
transpose, this can be solved directly as

x J200 2 3 22
y | = -1 2 1 2 | = —-1+2

z -1 =2 1 1 —1—2
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As a partial check, we compute |Finial]> = 8 + (3 —2/2) + (3 +2/2) = 14 =
32 422 + 12 = |rgnall% ie. the length of the vector is unchanged by the rotations,
as it should be.

26.5 Use the quotient law for tensors to show that the array

y2+z2—x2 —2xy —2xz
—2yx x? + 22 — y? —2yz
—2zx —2zy x? + y? — z?

forms a second-order tensor.

To test whether the array is a second-order tensor we need to contract it with an
arbitrary known second-order tensor. By ‘arbitrary tensor’ we mean a tensor in
which any one component can be made to be the only non-zero component.

Since any second-order tensor can always be written as the sum of a symmetric
and an anti-symmetric tensor, and all operations are linear, it will be sufficient to
prove the result for one known symmetric tensor and one known antisymmetric
tensor. The simplest symmetric second-order tensor §;; is the (symmetric) outer
product of the (by definition) first-order tensor (x,y,z) with itself, i.e S;; = x;x;.
Denoting the given array by B;;, we consider
BijSij = B,‘inXj
— x2(y2 + 22 _ XZ) + y2(x2 + 22 _ y2) + 22(X2 + y2 _ 22)
+ 2[xy(—2xy) + xz(—2xz) + yz(—2yz)]

S NN, e e, e e S S R

=—(x*+y 427 =—x*
The term in parentheses in the last line is formally x;x;, i.e the contracted product
of a first-order tensor with itself, and therefore an invariant zero-order tensor.

Squaring an invariant or multiplying it by a constant (—1) leaves it as an invariant,
leading to the conclusion that B;;S;; is a zero-order tensor.

We now turn to an antisymmetric tensor, where a suitable second-order tensor
Aj; is the contraction of the third-order tensor €;j, with the first-order tensor x;.
Thus 4;; has the form

0 z =y
A= —z 0 X
y —x O

and the contracted tensor is

BijAij = 0 —2xyz + 2yxz + 2zyx + 0 — 2xyz — 2yzx + 2xzy +0 = 0.
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Now, 0 is an even more obvious invariant than |x|> and so BjjA;j is also a
zero-order tensor.

Taking the results of the last two paragraphs together, it follows from the quotient
law that B;; is a second-order tensor.

26.7 Use tensor methods to establish that
grad ;(u -u) =u X curlu+ (u- grad)u.
Now use this result and the general divergence theorem for tensors to show that,

for a vector field A,

/ [A(A - dS) — L 4%S] = / [A divA — A x curl A] dV,
S 14

where S is the surface enclosing the volume V.

We start with the most complicated of the terms in the identity:

Ouyy,
[ux (Vxu)l;=epuj(Vxu) =ejjxu;€ernm ox,

Oy, Ouj ou;

= (010 jm — Oim0j1)u; ox, =u; ox; — U ox;
10 |
= 5 o, (W) = (- Vg = [} V(- — (- Vyu,
which establishes the first result. To establish the second result we first note that
0 (A;A4;) = 4,04 +AjaA" —[AV-A+(A-V)AL. (%)
0x; 0x; 0x;

Next we consider the ith component of the integrand on the RHS of the putative
equation and use the first result to replace A x (V x A).

[RHS]; = 4;(V-A) = [A x (V xA)];
10(42)

T2 ox using (*).

— AV -A)— VA2 + (A-V)A, = a(;(AiAj)
J

We can now integrate this equation over the volume V' and apply the divergence
theorem for tensors to both terms individually:

0 1 [ o4
RHS];dV = AiAj)dV —
/V[ SlidV /Vax,-( jav 2/V ox WV
=/AiAjdsj—I/Azds,:/[A(A.dS)—;Azds]i.
S 2 S S

This concludes the proof.
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26.9 The equation
|Al€mn = AliAmjAnkeijk (*)

is a more general form of the expression for the determinant of a 3 X 3 matrix A.
This would normally be written as

|A| = €k Ait A jp Axs,

but the form (*) removes the explicit mention of 1,2,3 at the expense of an ad-
ditional Levi—Civita symbol. The (*) form of expression for a determinant can be
readily extended to cover a general N x N matrix.

The following is a list of some of the common properties of determinants.

(a) Determinant of the transpose. The transpose matrix AT has the same determinant as

A itself, i.e.
|AT| = |A].

(b) Interchanging two rows or two columns. If two rows (or columns) of A are inter-
changed, its determinant changes sign but is unaltered in magnitude.

(c) Identical rows or columns. If any two rows (or columns) of A are identical or are
multiples of one another, then it can be shown that |A| = 0.

(d) Adding a constant multiple of one row (or column) to another. The determinant of
a matrix is unchanged in value by adding to the elements of one row (or column)
any fixed multiple of the elements of another row (or column).

(e) Determinant of a product. If A and B are square matrices of the same order then

|AB| = |A[[B] = |BA|.
A simple extension of this property gives, for example,
|AB--- G| =|A|[B]--- |G| = |A||G| - - - |B] = |A---GB],
which shows that the determinant is invariant to permutations of the matrices in a

multiple product.

Use the form given in (*) to prove the above properties. For definiteness take
N = 3, but convince yourself that your methods of proof would be valid for any
positive integer N > 1.

(a) We write the expression for |AT| using the given formalism, recalling that
AT);; = (A);. We then contract both sides with €j,,:
j j

T
|A”€1mn = AilAijkneijk,
‘AT‘Glmnelmn = AilAijkn61n1n€ijk’
= |Alejjk€ijks
T
IAT] = Al

In the third line we have used the definition of |A| (with the roles of the sets of
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dummy variables {i, j,k} and {l,m,n} interchanged), and in the fourth line, we
have cancelled the scalar quantity ey €1mn = €jjk€ijk; the value of this scalar is
N(N — 1), but that is irrelevant here.

(b) Every non-zero term on the RHS of (*) contains any particular row index
once and only once. The same can be said for the Levi—Civita symbol on the LHS.
Thus interchanging two rows is equivalent to interchanging two of the subscripts
of e1,,, and thereby reversing its sign. Consequently, the whole RHS changes sign
and the magnitude of |A| remains the same, though its sign is changed.

(c) If, say, Ay = AApj, for some particular pair of values i and j and all p, then
in the (multiple) summation on the RHS of (*) each 4, appears multiplied by
(with no summation over i and j)

€ijkAliAmj + €jicA1jAmi = €ijkAA1jAmj + €jicAijlAmj = 0,

since €% = —€ji. Consequently, grouped in this way, all pairs of terms contribute
nothing to the sum and |A| = 0.

(d) Consider the matrix B whose m, jth element is defined by B,,; = A,j + 44,
where p # m. The only case that needs detailed analysis is when [, m and n are
all different. Since p & m it must be the same as either [ or n; suppose that p = [.
The determinant of B is given by

IBl€tmn = Ali(Amj + ju"llj)Ankeijk
= AjApjAnceijk + AA1i Al Ankeiji
= |A|Elmn + )"03

where we have used the row equivalent of the intermediate result obtained for
columns in (c). Thus we conclude that |B| = |A|.

(e) If X = AB, then

| X |€mmn = AlexiAmyByjAnzszfijk'
Contract both sides with €j,:
| X |€tmn€imn = EImnAlemyAnZ eijkaiBijzk
€xyz AT |€xy:[BI,

= |X|=|AT||B| =]|A||B|, using result (a).

To obtain the last line we have cancelled the non-zero scalar €€ = €xyz€xy:
from both sides, as we did in the proof of result (a).

The extension to the product of any number of matrices is obvious. Replacing B
by CD or by DC and applying the result just proved extends it to a product of
three matrices. Extension to any higher number is done in the same way.
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26.11 Given a non-zero vector v, find the value that should be assigned to o to
make

P,'j = oiv; and Q,’j = 5,']‘ — o;v;

into parallel and orthogonal projection tensors, respectively, i.e. tensors that satisfy,
respectively, Pjjv; = v;, Pijju; = 0 and Q;jv; = 0, Q;ju; = u;, for any vector u that
is orthogonal to v.

Show, in particular, that Q;; is unique, i.e. that if another tensor T;; has the same
properties as Q;; then (Q;j — T;j)w; = 0 for any vector w.

Consider
Pijvj = awjv; = ot|v|2vi, and
Pijuj = awvju; = aw;(vju;) = 0, as u is orthogonal to v.
For Pjjv; = v; it is clearly necessary that o = lv|~2.
With this choice,
-2
Qijvj = (0;j — oww;j)v; = v; — alv;v;)v; = v; — |[v|”~(vjv;)v; = 0, and
Qijuj = (5ij — OCU,'Uj)Mj = U — (x(vjuj)vi = U — 01.7,‘ = U;.
Thus the one assigned value for o gives both P;; and Q;; the required properties.

Let u) and u® be any two linearly independent non-zero vectors orthogonal to
v. Then any vector w can be expressed as Av 4+ pu!) 4+ yu®,
Now suppose that Tj; has the same properties as Q;; and consider

) 1 2
(Qij — Tij)w; = (Qi; — Tiy)(Av; + ,uug- )+ vu§ )
=20 + ,UM(II) + Vu(j2) — )NTijl)j — ,uT,'ju.(jl) — vTijuﬁ-z)
=0+ ,uu;l) + vu}z) —0— uu}l) — vu;_z) -0

In this sense, Q;; is unique.

26.13 In a certain crystal the unit cell can be taken as six identical atoms lying at
the corners of a regular octahedron. Convince yourself that these atoms can also
be considered as lying at the centres of the faces of a cube and hence that the
crystal has cubic symmetry. Use this result to prove that the conductivity tensor
for the crystal, ij, must be isotropic.

It is easiest to start with a cube and then join the centre points of any pair of
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faces that have a common edge. The network of 12 lines so formed are the edges
of a regular octahedron.

The crystal has cubic symmetry and must therefore be invariant under rotations
that leave a cube unchanged (apart from the labelling of its corners). One such
symmetry operation is rotation (by 27/3) about a body diagonal; this relabels
the axes 0123 as axes 03’1’2 in the rotated system. The (orthogonal) base-vector
transformation matrix S has as its i, jth component the ith component of e; with
respect to the basis {e;}. The coordinate transformation matrix L is the transpose
of this. For the rotation under consideration,

0 0 1 01 0
S=(1 00 and L=S"=( 0 0 1
01 0 1 0 0
The conductivity tensor is a second-order tensor and so a,fj = Ly Lok or, in
matrix form,
¢ =LoLT
010 g11 012 013 0 0 1
= 0 0 1 021 022 023 1 0 0
1 00 031 032 033 01 0

02 023 021
= 03 033 031
012 013 011

This must be the same tensor as ¢ and so requires that
011 = 02 = 033; 012 =023 =031; 021 =03 =03

We also note that the transformed tensor is the original one, but with 1 — 2,
2—>3and 3 > 1.

Now, restarting from the original situation, consider a rotation of n/2 about
the 3-axis. This clearly carries the Ol-axis onto the original O2-axis and the
02-axis onto the original negative O1-axis. Therefore, by the substitutions 1 — 2,
2 — —1 and 3 — 3 (where a component changes sign for each minus sign on
its subscripts) or by a matrix calculation similar to the previous one, the new
transformed conductivity tensor is

0 —021 023

!
g = —012 011 —013
03 —031 033

Again the invariance of ¢ imposes requirements. In this case,

011 = 022; 013 =023 = —013.
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The last set of equalities requires that o135 = 03 = 0 and hence, by the previous
result, that ¢;; = O whenever i # j. Since 611 = 62, = 033, ¢ is a multiple of the
unit matrix, and it follows that ¢;; is an isotropic tensor.

Either by direct calculation or by noting that any rotational symmetry of a cube
can be represented as an ordered sequence of the two rotations already used, it
can be shown that other symmetries do not impose any further constraint on the
remaining non-zero elements of the conductivity tensor. Intuitively this must be
80, since ¢ now contains only one free parameter, the common value of o1, 02
and 033, and this is required to describe the level of conductivity, which must vary
from one crystal to another, and certainly between crystals of different elements.

26.15 In a certain system of units the electromagnetic stress tensor M;; is given
by

M;j = E;E; + BiB; — ,6;;(ExEx + BiBy),
where the electric and magnetic fields, E and B, are first-order tensors. Show that
M;; is a second-order tensor.

Consider a situation in which |E| = |B| but the directions of E and B are not
parallel. Show that E + B are principal axes of the stress tensor and find the
corresponding principal values. Determine the third principal axis and its corre-
sponding principal value.

In the calculation of the transformed RHS, E and B transform with a single ‘L-
matrix’, but d;;, being a second-order tensor, requires two. It may simply be noticed
that E E; and BB are scalars and therefore unaltered in the transformation;
but, if not, then the orthogonal properties of L, Ly L, = d;; and Ly;Ly; = J;;, are
needed:

M;; = EiE; + B;B; — 16,(ExEy. + BiBy),
M,-’j = LiwE,Lj,E, + LinBnwLjyB,
— JLipLjySpg(Lir E,LisEg + Ly B, LiBy)
= LinLjn(EmEy + BuBy) — 3 LipLjq0pq(0rsE+Es + 8,5B,By)
= LiwLju[ EnEy + BBy — }8,m(E.E, + B,B,)]
= LimLjn M.
To obtain the penultimate line we relabelled the dummy suffices p and ¢ as m

and n. Thus M;; transforms as a second-order tensor; it is real and symmetric
and will therefore have orthogonal eigenvectors.
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For the case |[E| = |B|, i.e. E> = B?, denote E; + B; by v; and consider
Mijv; = My;(E; £ B))
= E,E;(E; + B)) + BB/(E; + B;) — }5;;(E* + B*)(E; + B))
= E;E*+ E{(E-B) + B(B - E) + B;B*
— J(E*+ B*)(Ei + By)
= (E; + B)[E* £ (E-B)— } 2E?], using E* = B?,

This shows that E+B are eigenvectors of M;; (i.e. its principal axes) with principal
values +(E - B).

The third principal axis is orthogonal to both of these and is therefore in the
direction
(E+B)x(E—B)=0+(BxE)—(ExB)—0=2B xE).
To determine its principal value, consider
M;j(B x E); = M;j€jimBIEn
= EiEjfjlmBlEm + BiBjEjImBIEm - ;51‘] 2'E26jlmBlEm
=0+0— E*B x E);, since €, X;X; = 0.
Thus, the third principal value is —E? (or —B?). This value could have been
deduced from the trace of M;; = E? + B> — 3(E? + B?) = —E?, since the two

eigenvalues found previously are +E- B, which sum to zero. The three eigenvalues
together must add up to the trace; hence, the third one is —EZ.

26.17 A rigid body consists of eight particles, each of mass m, held together by
light rods. In a certain coordinate frame the particles are at positions

ia(3a 1’_1)’ ia(la_la 3)3 ia(la 33_1)’ ia(_ls 173)

Show that, when the body rotates about an axis through the origin, if the angular
velocity and angular momentum vectors are parallel then their ratio must be 40ma?,
64ma’ or 712ma?.

Because the particles are symmetrically placed in pairs with respect to the origin,
the inertia tensor, given by

Iij = Z m(r’i; — xix;),

particles
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will be twice that calulated for the + signs alone. It components are therefore

I = 2ma*(2 4 10 + 10 + 10) = 64ma’,
I =1 = —2ma*(3—1+43—1) = —8ma?,
I3 = I3; = —2ma*(—3 4+ 3 — 1 — 3) = 8md?,

I, = 2ma*(10 + 10 + 2 + 10) = 64ma?,
I3 = I3y = —2ma*(—1 — 3 — 3 + 3) = 8ma’,

I33 = 2ma*(10 + 2 + 10 + 2) = 48md’.

The resulting tensor is

and its principal moments are 8ma’/, where
8§—2 -1 1
0=| -1 8-—121 1
1 1 6—/
=8 =)W =141 +41)+(=T+ )+ (=942
=8 —A)(A2— 141+ 47—2)
=8—=AA—=9)(A—-9).

A
A

Thus the principal moments are 40ma?, 64ma®> and 72ma®. As a partial check:
40+ 64+ 72 = 8(8 + 8 +6).

If the angular velocity @ and the angular momentum J = [ are parallel, then
the body is rotating about one of its principal axes (the eigenvectors of I); their
ratio is the principal moment about that axis and is thus one of the three values
calculated above.

26.19 A block of wood contains a number of thin soft-iron nails (of constant
permeability ). A unit magnetic field directed eastwards induces a magnetic moment
in the block having components (3,1,—2), and similar fields directed northwards
and vertically upwards induce moments (1,3, —2) and (—2,—2,2) respectively. Show
that all the nails lie in parallel planes.

The magnetic moment M, the permeability u and the magnetic field H for iron
of constant pemeability are connected by M; = u;;H;. Taking the 1-, 2- and
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3-directions as East, North and vertical, u has the form

3 1 =2
1 3 =2
-2 =2 2

By adding the first two columns to twice the third one, it can be seen that
this matrix has zero determinant. The matrix therefore has at least one zero
eigenvalue. (The same conclusion can be reached using the routine method for
finding eigenvalues; they are 0, 2 and 6.)

Thus, a field parallel to the eigenvector corresponding to this zero eigenvalue will
induce no moment in the block. Physically this means that all the nails lie in
planes to which this direction is a normal. To find the direction we solve

3 1 =2 X 0 X 1
1 3 =2 y |=120 = y |=11
-2 -2 2 z 0 z

We conclude that all the nails lie at right angles to this direction.

26.21 For a general isotropic medium, the stress tensor p;; and strain tensors e;;
are related by
oE

E
Pi= (1 + o)1 = 20) 140

where E is Young’s modulus and ¢ is Poisson’s ratio.

e 0ij + €ijs

By considering an isotropic body subjected to a uniform hydrostatic pressure (no
shearing stress ), show that the bulk modulus k, defined by the ratio of the pressure
to the fractional decrease in volume, is given by k = E /[3(1 — 20)].

Consider a small rectangular parallelepiped, with one corner at the origin and
the opposite one at (aj, as, a3), subjected to a uniform hydrostatic pressure. The
isotropy of the pressure means that all forces are normal to the surfaces on which
they act and that the stress and strain tensor components p;; = e;; = 0 for i # j.
Furthermore, because of the symmetry of the situation, when i # j, not only is
ejj zero, but so are the individual du;/0x; that are its constituents.

In the current situation, p;; = py» = p33 = —p and so, writing > , ex as 0, we
have, for each i (i = 1,2, 3) with no summation over i implied, that
E
—p =Dpi = [0+ (1 —20)e;].

(1+0)(1 —20)
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Adding the three equations together gives

EO

[360+(1-20)0] =, " .

. E
PT (14 0)(1 - 20)

Now the fractional increase f in the volume of the parallelepiped is given by

1 ouy Ouy dus
a1+ ai+... a2+ ai_l_... a3+ ai+... _1
aaas 0x; 0x; 0x;

Since Ou;/0x; = 0 for i # j, the only three non-zero first-order terms are

0 0 0
=t e pen e =0.
5)(1 6x2 6X3

We conclude that the bulk modulus, k, is given by
I p —E0O 1 E

T —f T 3(1=20) (—0)  3(1—20)

26.23 A fourth-order tensor Tjj has the properties
Tjixi = —Tij, Tijik = —Tiju.-
Prove that for any such tensor there exists a second-order tensor K, such that
Tijki = €ijm€xinKmn

and give an explicit expression for K,,,. Consider two ('separate) special cases, as
follows.

(a) Given that Tjj is isotropic and Tij;; = 1, show that Tjjy is uniquely deter-
mined and express it in terms of Kronecker deltas.
(b) If now Tjjx has the additional property

Trij = —Tijui,

show that Tij has only three linearly independent components and find an
expression for Tij in terms of the vector

1
Vi=— € Tijk-

As K,,, 1s to be a second-order tensor, we need to construct such a tensor from
Tijii. Since the latter is of fourth order, it needs to be contracted n times with
a tensor of order 2n — 2 for some positive integer n. In view of the final stated
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expression for Tjj, involving €;jm€xy, i.€. a sixth-order tensor, we try n = 4 and,
starting from Tij = €;jm€xinkm, consider

€pij€qkl Tijki = €pij€aki€ijmEkinKmn
= (0j0pm — O jmOp;)(0110gn — O1n0g1) Kmn
= (30pm — Opm)(30gn — Ogn)Kmn
= 4K ,,.

Clearly, K,,, = };emijenkl Tijk has the required property.

(a) Given that Tjjy is isotropic, and noting that e,,;; and e, are also isotropic,
we conclude that K,,,, must itself be isotropic. It must therefore be some multiple
of d,,, (as this is the most general isotropic second-order tensor), i.e. K, = A0
for one or more values of A. Thus,

Tijki = €ijm €kinAOmn
J J
= ;Leijm €klm

= M0 dj1 — 6itdjk).
Now, since Tjj;; = 1,

1= 4(dij0ji — 0iid,j)
=8 — (i) 1=23-9) = Ii=-—|
We conclude that /4, and therefore also Tjj, is unique with Tjj; = é(éilajk_ai@ﬂ).

(b) To examine the implications of the antisymmetry indicated by Ty;; = —Tiju,
we interchange the pair of dummy suffices {i, j} with the pair {k,[} to obtain the
third line below — and then switch them back again in the fourth line using the
antisymmetry:

K= J;Emij €Enkl Tijkl’
Km = };enij Emkl Tijkl
31€nk1 €mij Tkiij
= — L eut €mij Tiju
= —K,u.

Thus K,,, is antisymmetric. It therefore has zeros on its leading diagonal and
only three linearly independent components as non-diagonal elements. Since Tjjx
is uniquely defined in terms of K,,,, it too has only three linearly independent
components.
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Now consider
€k Tijut = €1 €ijm €kinKinn,
—4Vi = (OrmO1i — OkiOim)€kinK yn

= (€min — €imn)Kmn

= 2€pinK .
To ‘invert’ this relationship, consider
€irsVi=— ;Eirs EminKimn
= _;(5rn53m - 5}‘n155n)Kmn
= _;(Ksr —Ks)
=K. = Kuwm=€ml)

Finally, expressing Tjj, as given in the question, explicitly in terms of the vector
Vi, using the result obtained above, we have

Tijkl = €ijm €kin €pmn Vp
= (5in5jp - 5ip5jn)€kln Vp
= ewiVj — €ujVi

26.25 In a general coordinate system ', i = 1,2, 3, in three-dimensional Euclidean
space, a volume element is given by

AV = ley du® - (es du® x e3du’)).

Show that an alternative form for this expression, written in terms of the determi-
nant g of the metric tensor, is given by

dv = /g du® du® du’.

Show that under a general coordinate transformation to a new coordinate system
", the volume element dV remains unchanged, i.e. show that it is a scalar quantity.

Working in terms of the Cartesian bases vectors i, j and k, let
en = Amx i+ Amyj + Am: K, for m=1,2,3.
Then,
exdu? x eydu’ = du? du*(Jayday k — doyaz j— Aaylank

+ AoyAzz i+ Aoz sy j — Aoz A3y i),

435



TENSORS

and it follows that

AV = ey du' - (e; du® x e3du)
= du® du? du*[ J1x(Aaylsz — Ja:23y) + Aay(Aasdzx — Jaxiaz)
+ A1z(AaxAzy — Aaydsx) ]
Mx Ay Az
=du' d* du’ | Jox day o

I3 A3y A3z
= du' du® di’|A|, thus defining A.

Now consider an element of the matrix AAT:

(AAT)mn = Z AmrAnr = imxinx + imy/lny —"_ /’Lan)"VlZ'
r

But the elements of the metric tensor are given by
Gun = €m - € = DA + j~my/1ny + Amz oz

Hence AAT = g and, in particular, |A| |AT| = | g|. Since |A| = |AT], it follows that
Al=1g|"?= /g and

AV = du' dv® du* |A| = Jg du' du’ dur’.

. ’s I
For a transformation u' = u'(u', u?,u’
b b

! ! !
dul du? du’® =

’ Ou du du? du’,
u

and the covariant components of the second-order tensor g;; transform as

,ouk oul
gij - au/i au/j gkla
, ou du . .
= g'= g (on taking determinants),
o | | ow
Ju
= \/g’ = ’ o \/g.

Thus, the new volume element is
dv' = /g du’ du® du>
ou ou'
ow’ \/g du
= \/g du du? dv® = av.

du' du? du®

This shows that dV is a scalar quantity.
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26.27 Find an expression for the second covariant derivative, written in semi-

colon notation as vi,jx = (vi;j).x, of a vector v;. By interchanging the order of

diﬁ"erentiation and then subtracting the two expressions, we define the components
uk of the Riemann tensor as

_ pl
Vi jle = Viskj = Rijur.
Show that in a general coordinate system u' these components are given by
!
orl, orl,
j m 1l m 1!
ijk = au; ouk +I krmj_r ijrmk

By first considering Cartesian coordinates, show that all the components R, ik =0
for any coordinate system in three-dimensional Euclidean space.

In such a space, therefore, we may change the order of the covariant derivatives
without changing the resulting expression.

R!

For the covariant derivative of the covariant components of a vector, we have

ali,‘
ou

where l"kij is a Christoffel symbol of the second kind. Hence,

k
viij = 5 o — Dok,

Uik = (Vigj) k

61),-
I

= (“ j _Fijvl
ou *

5 av, ! m 51),,, 1
~ <6uf _F"f”’> S (auj _Fw’“l)

2 I
_ 0 v; _ 1—~l__ avl al—"] _m 6v,n + m l—~l
oukow - Touk T U auk * pui
Interchanging subscripts j and k,
0%v; ov ort ov,
Vikj = . - lik 14 — U l.k - ’?- " + F’{’»F’mkvl.
’ oul Ouk ou ou T ouk ]

When these two expressions are subtracted to define the Riemann tensor, the
first, second and fourth terms (the second of one with the fourth of the other and
vice versa) on the two RHSs cancel in pairs to yield

art, orl;
Rlijkli[ = Vigjk — Vikj = < au; ou lij + F Fl — F’"ka

Now, in three-dimensional Euclidean space, one possible coordinate system is
the Cartesian one. In this system g = 1 and all of its derivatives are zero. Thus
all Christoffel symbols and their derivatives are zero, as are all components of
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the Riemann tensor. As all the components vanish in this Cartesian coordinate
system, they must do so in any coordinate system in this space.

26.29 We may define Christoffel symbols of the first kind by
Tije = gl .

Show that these are given by

T — 1 (Ogii , 0gij 0k
Yo \ouw o oouk oul )
By permuting indices, verify that
o
ail,f = Lijk + L'jik-

Using the fact that F’jk = Flkj, show that
gij;k =0,

i.e. that the covariant derivative of the metric tensor is identically zero in all
coordinate systems.

Starting from Christoffel symbols of the second kind, we have

ik = gilrljk
_ 1 In aglm agnj agjk
AL ( o ouk our
_ Lgn (08, Ognj _ Ogi
270\ ow  ouk ou
_ 1 (g | Ogij _ 0gp
2\ 0w  ouk  oul )’
Next, forming the symmetric sum of two Christoffel symbols:
1 <5gkf 0gij 5gjk> 1 <agkj 0gji agik)

Li + i = — ; .
Y It 2 2\ ou ouk  ou

ow  ouk  oul
1 (0gij | 0gji 1 (Og  Ogi
2 (éu" Tow ) To\ow T ow
L[ Ogj , Ogj
+ 2( ou' + ou'
_ 0gij
ouk
To obtain the last line we have used the fact that the metric tensor is symmetric,

8ij = &ji-

+0+0.
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Further, since F’jk = F’kj, and therefore g,»,F’jk = gi,F’,<j, we have that Ty = Ty,
i.e Christoffel symbols of the first kind are symmetric under the interchange of
the last two indices.

Finally, forming the covariant derivative of g;;:

i o
Bijk = 5k (gije' ®e)

_auke®e +guauk®e -I-glje@auk
- ail'f e ®e +g; (—Te) @/ +gjje' ® (T, e")
- ﬁil’f e ®e — rﬂkel ®e —I'je' ®e”, since g;; = gji,

0gii ; ; .
= ( i” — I — l"ijk> ¢’ ® e/, renaming dummy suffices,
=0(e ® ¢/), from the previous result.

Thus the covariant derivative of the metric tensor is identically zero in all
coordinate systems.
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Numerical methods

27.1 Use an iteration procedure to find the root of the equation 40x = exp x to
four significant figures.

To provide a satisfactory iteration scheme, the equation must be rearranged in
the form x = f(x), where f(x) is a slowly varying function of x; we then use
Xu41 = f(x,) as the iteration scheme.

In the present case the rearrangement is straightforward, as, by taking logarithms,
we can write the equation as x = In40x. Since Inz is a slowly varying function

of z, we can take x,+1 = In40x, as the iteration scheme.

We start with the (poor) guess that x = 1. The successive values generated by the
scheme are (to 5 s.f.)

1, 3.6889, 4.9942, 5.2972, 5.3560, 5.3671, 5.3691, 5.3696, 5.3696, ....

Thus to 4 s.f. we give the answer as x = 5.370. In fact, after 15 iterations the
calculated value is stable to 10 s.f. at 5.369640395.
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27.3 Show the following results about rearrangement schemes for polynomial equa-
tions.

(a) That if a polynomial equation g(x) = x™ — f(x) = 0, where f(x) is a poly-
nomial of degree less than m and for which f(0) # 0, is solved using a rear-
rangement iteration scheme X,.1 = [f(x.)]'/™, then, in general, the scheme
will have only first-order convergence.

(b) By considering the cubic equation

x* —ax? 4 2abx — (b> + ab®) = 0

for arbitrary non-zero values of a and b, demonstrate that, in special cases,
the same rearrangement scheme can give second- (or higher-) order conver-
gence.

(a) If we represent the iteration scheme as x,+1 = F(x,) then the scheme will
have only first-order convergence unless F'(£) = 0, where ¢ is the solution to the
original equation satisfying £” = f(&) or, equivalently, & = F(&).

In this case F(x) = [f(x)]"™ and

F(&) = [f(&)10mims ).

1
T m
Since f(0) #= 0, x = 0 cannot be one of the solutions ¢ of the original equation.
Now, f(&) = &™ and so the first two factors in the expression for F'(£) have the
value m~!(&m)I=m/m — y=1£1-m Thjs is neither zero nor infinite and so F'(¢) can
only be zero if f'(£) = 0; in general this will not be the case and the convergence
will be only of first order.

(b) For the given equation m = 3 and f(x) = ax®> — 2abx + (b* + ab?). It follows
that f'(x) = 2ax — 2ab and that f’(x) = 0 when x = b. However, x = b, also
satisfies the original equation

b —ab* + 2ab*> — b* —ab> =0,

and therefore, in the terminology used in part (a), ¢ = b and F'(¢) = F'(b) = 0.
This shows that the convergence will be of second (or higher) order.

In fact, further differentiation shows that F”(b) = 2a/3b? and, as this is non-zero,
the convergence is only of second order.
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27.5 Solve the following set of simultaneous equations using Gaussian elimination
(including interchange where it is formally desirable):
X1+ 3x2 + 4x3 + 2x4 =0,
2x1 4+ 10x; — 5x3 + x4 = 6,
4x, + 3x3 + 3x4 = 20,
—3x1 + 6x7 + 12x3 — 4x4 = 16.

Since the largest (in magnitude) coefficient of x; appears in the final equation, we
reorder them to make it first (labelled I) and divide through by —1 to make the
coefficient of x; positive:

3x; —6xy — 12x3 + 4x4 = —16. (I

The first and second equations now have ; and % (respectively) of (I) subtracted
from them to eliminate x;. The third equation does not contain x; and so is left
unchanged:
5x2 + 8x3 + §X4 = 136, (a)
14XZ + 3X3 — §X4 = 530, (b)
4xy 4 3x3 + 3x4 = 20. (c)

Equation (b) is now the one with the largest coefficient of x;, and so we take as
the second finalised equation

14x, +3x3—3x4 =%, (1)

and subtract the needed fractions of this from (a) and (c) to eliminate x, from
them:

Dot G u= -0 @
B—1Dx3+B+P)xa=20=-20. (e)
Rationalising these two equations we have
291x3 + 53x4 = —26, (d") = (111)
90x3; + 146x4 = 640. (")
Finally, eliminating x5 from (¢’) gives
(146 — )9 53)x4 = 640 — 9 (—26),
37716x4 = 188580,
X4 =3. (Iv)
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Resubstitution then gives

from (III), x3 = _26;&“5) =—1,

from (I1), x; = (¥ +°5 —=3(-1) =2,

from (I), x; = }(=16 — (4 x 5) + 12(=1) + 6(2)) = —12,

making the solution x; = —12, x; = 2, x3 = —1 and x4 = 5.

27.7 Simultaneous linear equations that result in tridiagonal matrices can some-
times be solved in the same way as three-term recurrence relations. Consider the
tridiagonal simultaneous equations

Xi—1 +4%; + Xip1 = 3(0ip10 — 0i—10), i=0,£1,%2,....

Prove that for i > 0 the equations have a general solution of the form x; =
ap’ + Bq', where p and q are the roots of a certain quadratic equation. Show that
a similar result holds for i < 0. In each case express xq in terms of the arbitrary
constants o, f3,. ...

Now impose the condition that x; is bounded as i — =00 and obtain a unique
solution.

We substitute the trial solution x; = ap’ + B¢’ into the given equation for i > 2
and obtain

ap™ 4 +p™) + B¢ + 44 + 4 =3(0-0) = 0;
this is satisfied for arbitrary o and f if p and g are the two roots of the quadratic
equation 1 +4r +r> = 0.
Using the same form for i = 1, but with these specific values for p and ¢, we have
xo +4x; +x2 =3(0—1),
Xo +4(p + Bq) +op® + pg* = =3,
Xo + o(4p + p*) + Bldq +¢7) = =3,
xo +o(—=1) + p(—1) = =3.

To obtain the final line we used the fact that both p and g satisfy 4r + r> = —1.
Similarly, for i < —1 the solution is x; = &/p' + p'q', with xg — o/ — ' = +3.

In addition, for i = 0, we have from the original equation that
a/ !
) +[; +4xo+ap+ fqg=0.
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The values of p and g are —2 + \/4 — 1, with, say, p= -2+ \/3 and |p| < 1, and
g=—-2—+/3and |q| > 1.

Now, the solution is to be bounded as i — +oo. The fact that |¢g| > 1 and the
condition at 400 together require that # = 0, whilst [p|~' > 1 and the condition
at —oo imply that o/ = 0. We are left with three equations for three unknowns:

X — o+ 3= 0,
Xo—p' =3=0,
ﬁ/
+4x0+a(—2++/3)=0.
a3 o+ o V3)
We now rearrange the last of these and substitute from the first two:
B +4(—2—3)xo+a =0,
= (x0—3)— (8 +4/3)x0 + (x0+3) =0,

and xo =0, o = 3, f/ = —3. The solution is thus
(=243 ix=1,
X = 0 i= 0,

—3(—2—3) i<-—L

The final entry could be written as —3(—2 + /3)™".

27.9 Although it can easily be shown, by direct calculation, that

1

1+ kY

the form of the integrand is also appropriate for a Gauss—Laguerre numerical
integration. Using a 5-point formula, investigate the range of values of k for which
the formula gives accurate results. At about what value of k do the results become
inaccurate at the 1% level?

/ e ¥ cos(kx) dx
0

The integrand is an even function of k and so only positive k need be considered.
The points and weights for the 5-point Gauss—Laguerre integration are

Xi Wi
0.2635603197  0.52175 56106
1.4134030591  0.39866 68111
3.5964257710  0.07594 24497
7.08581 00059 0.00361 17587
12.6408 00844  0.00002 33700
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The table below gives the exact and calculated results to four places of decimals,
as well as the percentage error in the calculated result. It shows that the error is
not more than 1% for | k| less than about 1.1.

k Exact Calculated % error

0.0 1.0000 1.0000 0.0
0.5 0.8000 0.8000 0.0
0.8 0.6098 0.6097 0.0
1.0 0.5000 0.5005 0.1
1.1 04525 0.4545 0.4
1.2 0.4098 0.4145 1.1
1.3 03717 0.3800 22
1.5 0.3077 0.3200 4.0
1.7 0.2571 0.2535 —14
2.0 0.2000 0.1184 —40.8
3.0 0.1000 0.1674 67.4

27.11 Consider the integrals I, defined by

(a)

(b)

1 2p
X
I =/ dx.
! 1 \/1—x2

By setting x = sin0 and using the recurrence relation quoted below, show
that I, has the value

2p—12p—3 1=
2p 2p—2 22

Recurrence relation: If J(n) is defined for a non-negative integer n by

I,=2

/2
J(n) = / sin" 0 d0,
0

then, for n > 2,
n—1

J(n) = , J(n—2).

Evaluate I, for p = 1,2,...,6 using 5- and 6-point Gauss—Chebyshev inte-
gration (conveniently run on a spreadsheet such as Excel) and compare the
results with those in (a). In particular, show that, as expected, the 5-point
scheme first fails to be accurate when the order of the polynomial numera-
tor (2p) exceeds (2 x 5) — 1 = 9. Likewise, verify that the 6-point scheme
evaluates Is accurately but is in error for Ig.
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(a) Setting x = sin 0 with dx = cos 0 converts I, to

/2 Si1’12p 0 /2
I, = =2 in? 0d0 = 2J(2
» /_n/2 cos 0 cos0do /0 sin“? 0 d0 J(2p),

using the given definition of J(n). Applying the reduction formula then gives

2p—12p—3 1=

I =2
b 2p 2p—2 22

where we have used the obvious result J(0) = /2.

(b) The points and weights needed for a Gauss—Chebyshev integration are given
analytically by
C_ 1
xi=cos(1 2)71’ wizn, fori=1,...,n.
n n
Here we have to take the cases n = 5 and n = 6. The following table gives the

exact result calculated in (a) and the values obtained using the n-point Gauss—
Chebyshev formula.

P Exact n=>5 n==6
1 1.570796 1.570796 1.570796
2 1.178097 1.178097 1.178097
3 0981748 0981748 0.981748
4 0.859029 0.859029 0.859029
5 0.773126 0.766990 0.773126
6 0.708699 0.690291 0.707165

It will be seen that, as stated in the question, the p =5, n =5 and both the p =6
values diverge from the exact result. The discrepancy is of the order of 1% when
p = n, ie. when the order of the polynomial in the numerator of I, first exceeds
2n— 1.

27.13 Given a random number n uniformly distributed on (0, 1), determine the
function & = &(n) that would generate a random number £ distributed as

(a) 2¢ on 0<é<,

(b) 3¢ on 0<é<],
(c) T cos T
4a 2a

(d) ;exp(—|«f|) on —oo<Eé<oo

on —a<¢é<a,
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For each required distribution f(¢) in the range (a,b) we need to determine the
cumulative distribution function F(y) = fay dt and then take F(y) as uniformly
distributed on (0,1). A correctly normalised distribution has F(b) = 1. For
any given random number 1, the corresponding variable, distributed as f(¢), is

&E=F'(n).
(a) For f(t) = 2t,

v
F(y)=/02tdt=y2 = = = &= n
(b) For (1) = 3/,

Yy
F(y)=/ Vdt=y? = =82 = =g
0

T Tt
F =
(c) For f(t) 4 cos g’

o= g [ (3) = s (3) 1]

—a

R N 1s _ _2a . B
= r]—z[sm(za)-l-l} é—nsm 2n —1).

(d) For f(t) = ; exp(—|t]),

t oY

,
for y <0, F(y)=/ Zdt -

0 ot Vet
for y > 0, F(y)z/ dt+/ dt
2 0 2

—00

1 1—ev 1
— = (2—e)
)T =)

It follows that

1,¢
_ ,ef £ <0, _ In 2y n <0.5,
n {1_5635 £>qo nd¢ {_111(2—2;7) 05<n<Ll

27.15 Use a Taylor series to solve the equation
d
Yhxp=0,  y0)=1,
dx

evaluating y(x) for x = 0.0 to 0.5 in steps of 0.1.

In order to construct the Taylor series we need to find the derivatives y =
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d™y/dx" up to, say, n = 6 and evaluate them at x = 0. We will also need
y(0) = 1. The derivatives are

y =—Xxy = y(l)(o) =0,
==—y—x/x)=—y+xy = yI0)=-1,
W =2+ (1 + XY () =3y —xy = ¥0) =0,
Y =3y —3x%y + (3x — x°)y'(x)

=3y— 6x2y + x4y = y(4)(0) =3,
Y =—12xy +4x%y + (3 — 6xF + x*)/(x)

=—15xy + 10X’y —=x°y = yP(0) =0,
Y = —15y +30x7y — 5x*y + (—15x + 10x° — x))/(x)
=15y +45x%y — 15x*y +x%y = »©0) = —15.

Thus, the Taylor series for an expansion about x = 0 is given by

2 3x*  15x°

X
YO =1=0 1+ 4 = 4 +0(x")
X2t X8 g
—1—2+8—48+O(x).

To four significant figures the values of y(x) calculated using this Taylor series
are y(0.1) = 0.9950, y(0.2) = 0.9802, y(0.3) = 0.9560, y(0.4) = 0.9231 and y(0.5) =
0.8825.

For interest, we note that the exact solution of the differential equation, which is
separable, is given by

d 2
Vo xdx = lnyz—x +c
y 2
x2/2

0 =1 = c¢=0 = yx)=e"",

which has the Taylor series

x2 x* X0

Toan Tty Tyt

yx) =1

As expected, this is the same as that found directly from the differential equation,
up to the last term calculated; clearly the next term is O(x%).

To four significant figures the exact solution and the Taylor expansion give the
same values over the given range of x; for x = 0.6 they differ by 1 in the fourth
decimal place.
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27.17 A more refined form of the Adams predictor—corrector method for solving
the first-order differential equation

dy
=TIy

is known as the Adams—Moulton—Bashforth scheme. At any stage (say the nth)
in an Nth-order scheme, the values of x and y at the previous N solution points
are first used to predict the value of y,.i. This approximate value of y at the
next solution point, x,.1, denoted by y,.1, is then used together with those at the
previous N — 1 solution points to make a more refined (corrected) estimation of
V(xnt1)- The calculational procedure for a third-order scheme is summarised by
the following two equations:

Yn+1 = Yn + h(alfn + a2fnfl + a3fn72) (prEdiCtor)s
Yn+1 = Vn A h(blf(xn+layn+1) + ben + b3fn71) (COVV@CIOT').

(a) Find Taylor series expansions for f,_1 and f,_, in terms of the function
fn=f(xn, yu) and its derivatives at x,.

(b) Substitute them into the predictor equation and, by making that expression
for V.1 coincide with the true Taylor series for y,.1 up to order h*, establish
simultaneous equations that determine the values of aj,a, and as.

(c) Find the Taylor series for f,i1 and substitute it and that for f,_p into the
corrector equation. Make the corrected prediction for y,i1 coincide with the
true Taylor series by choosing the weights by,by and bs appropriately.

(d) The values of the numerical solution of the differential equation

dy  2(1+x)y+x3?
dx  2x(1+4x)

at three values of x are given in the following table.

x 01 0.2 0.3
y(x) 0.030628 0.084107 0.150328

Use the above predictor—corrector scheme to find the value of y(0.4) and
compare your answer with the accurate value, 0.225577.

(a) ‘Taylor series’ expansions, using increments in x of —h and —2h, give
fot = fao—=hfy+ 02 f7 — g+
fn—Z = fn - 2hf;1 + ghzf;; — 2]’13]‘,(13) +

These expansions are not true Taylor series as the only derivatives used are those
with respect to x; however, the same is true of all subsequent expansions.
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(b) Substitution in the predictor equation gives

Ynt1 =Yn+ h(alfn + a2fn—1 + ann—Z)
= yu + h[(a1 + a2 + a3)fn + h(—a2 — 2a3)f,,
+h*(Yay + 2a3)f7 + - ].

Now, the accurate Taylor series for y,. is
Ynt1 = Yn + hfn + éhzf;/z + éh3fr/1/ +oee
To make these two expressions coincide up to order h*, we need

art+a+az =1

4 _ 5 23

_a2_2a3 = ay = 3 az = 12° ap = 12°

N = N =

éaz +2a; =
(c) In the same way as in part (a),
Fosr = Fa+hfy+ 020+ B3O+
and substitution in the corrector equation gives
Yat1 = Yn + h(b1f (Xnt15 Ynt1) + bafu + b3 fu—1)
= Yu + h[b1f (Xnt1, Yut1) + bafn + b3fu_i ], to order h?
=y, + h(bi1fns1 + bafn + b3fu_1), to order h3
= yu + h[ (b1 + b2 + b3)fn + h(bs — b3)f,
+h*(Sbyr+ Ib3)fl 4]
To make this coincide with the accurate Taylor series up to order h’, we need
bi+by+b; =1
by —by =
;b1 + ;bs =

> b1=152’ b3=_112’ b2=§'
1

6
(d) We repeat the given table, indexing it and adding a line giving the values of

f(x,p).

n 1 2 3

X 0.1 0.2 0.3
yu(xa) 0030628 0.084107 0.150328
Fulxnya) 0450020 0.606874 0.711756

Now, taking n = 3, we apply the predictor formula with the calculated values for
the a; and find y, = 0.224582. This allows us to calculate f(x4,y4) as 0.787332.
Finally, applying the corrector formula, using the calculated values for the b;, we
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find the corrected value y4 = 0.225527. This is to be compared with the accurate
value of 0.225577 (and the predicted, but uncorrected, value of 0.224582).

27.19 To solve the ordinary differential equation

du
= t
for f = f(t), the explicit two-step finite difference scheme
Upt1 = Oy + ﬁun—l + h(:ufn + vfn—l)

may be used. Here, in the usual notation, h is the time step, t, = nh, u, = u(t,)
and f, = f(un,t,); o, B, p, and v are constants.

(a) A particular scheme has oo = 1, f = 0,u = 3/2 and v = —1/2. By consid-
ering Taylor expansions about t = t, for both u,,; and f,.;, show that this
scheme gives errors of order h.

(b) Find the values of o, 5, u and v that will give the greatest accuracy.

We will need the Taylor expansions of u,+; and f,—;. They are given by

1 1
Uy = Uy = hu; + o hzu;’ + 31 h3u§13) +.-,
1

1
fnfl = u;fl = u; - hug + 21 h2u§13) - 3

'h3u£l4)+-~~.

(a) This scheme calculates u,+ as

3 1
n = Uy h .n - .nf
Unt1 = Uy + < Y 1>
3 1 , 1 1
This is to be compared with
1
N Rl .
Omitting terms that appear in both expressions, we have
1
3!
showing that the error is

11 5
<3v + 4> Bl = O ru) + O(h).

1
Upi1 = Uy + i), + o null +

1
P e = U
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(b) For the best accuracy we require that
1 1
Upt1 = uy + hu), + 51 ! + 31 RPu 4 ...
and

1 1
ou, + f <un — hu, + 51 Wl — 31 Ru® + .. ) + hyu,
1 1
s (i, = g B = g )

should match up to as high a positive power of h as possible.

With four parameters available, we can expect to match terms in 4" up to n = 3:

W:l=a+p,
W l=—B4+pu+v,
hz.é—é v,
Woel=—lp+1v

The final two equations are equivalent to f = 1+ 2v and 1 + = 3v, yielding
v =2 and ff = 5; it then follows that u = 4 and o = —4. With this set of values,
the finite difference scheme,

Upy1 = —duy, + Sup_1 + h(4fn + 2fn—1)a

has errors of order h*.

27.21 Write a computer program that would solve, for a range of values of A, the
differential equation

dy 1

dx  \/x2+42y?
using a third-order Runge—Kutta scheme. Consider the difficulties that might arise
when 4 < Q.

y(0) =1,

The relevant equations for a third-order Runge—Kutta scheme are

Vir1 = i+ g(by + 4by + b3),
where
by = hf(xi, yi),
by = hf(xi + Sh, yi+ 5by),
by = hf(xi+ h, yi + 2bs — by).
The function f(x, y), in this case, is (x> + Ay*)~1/2.
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This calculation can be set up easily on a spreadsheet such as Excel, and it is
immediately apparent that, with the given boundary value y(0) = 1, no significant
finesse is needed. For positive values of A the solution y is a monotonically (and
boringly!) increasing function of x with values lying between 1 and oo, the latter
being approached rapidly only when 4 is very small. Even with 1 as small as 0.01,
a step size Ax of 0.1 is adequate unless great precision is needed.

The difficulties that might arise for 4 < 0 do not need much consideration; there
is no real solution for any negative value of 4. The reason for this is easy to see.
At the initial point, x =0, y = 1 and Ay? is negative and so the square root does
not yield a real value for the derivative dy/dx.

More interesting results arise if the initial value is given elsewhere than at x = 0.
For example, if f(1) = 1 then a solution can be calculated for negative values of 4
greater than about —0.582 and if f(1) = 2 then a solution exists for 2 > —0.2057.

27.23 For some problems, numerical or algebraic experimentation may suggest the
form of the complete solution. Consider the problem of numerically integrating the
first-order wave equation

ou ou

or T 4o T
in which A is a positive constant. A finite difference scheme for this partial differ-
ential equation is

0,

u(pan + 1) _ ”(Pa n) + A“(pa n) — u(p — 1: n)
At Ax
where x = pAx and t = nAt, with p any integer and n a non-negative integer. The
initial values are u(0,0) = 1 and u(p,0) = 0 for p # 0.

:0’

(a) Carry the difference equation forward in time for two or three steps and
attempt to identify the pattern of solution. Establish the criterion for the
method to be numerically stable.

(b) Suggest a general form for u(p,n), expressing it in generator function form,
i.e. as ‘u(p,n) is the coefficient of s* in the expansion of G(n,s)’.

(c) Using your form of solution (or that given in the answers!), obtain an ex-
plicit general expression for u(p,n) and verify it by direct substitution into
the difference equation.

(d) An analytic solution of the original PDE indicates that an initial distur-
bance propagates undistorted. Under what circumstances would the difference
scheme reproduce that behaviour?
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If we write AAt/Ax as ¢, the equation becomes
u(p,n+ 1) —u(p,n) + clu(p,n) —u(p —1,n)] =
with u(0,0) = 1 and u(p,0) = 0 for p # 0.

(a) For calculational purposes we rearrange the equation and then substitute trial
values:

u(p,n+1) = (1 —cJu(p,n) + cu(p — 1,n), (*)
u(0,1) = (1 — c)u(0,0) + cu(—1,0) =1 —,
u(1,1) = (1 — c)u(1,0) 4+ cu(0,0) = c,
u(m, 1) = (1 — c)u(m,0) + cu(m — 1,0) =0 for m > 1,
u(0,2) = (1 — c)u(0,1) + cu(—1,1) = (1 — ¢)?,
u(1,2) = (1 —c)u(1,1) + cu(0,1) = 2¢(1 — ¢),
w(2,2) = (1 —cyu(2, 1) + cu(1,1) = %,
u(m,2) = (1 — cyu(m, 1) + cu(m — 1,1) = 0 for m > 2.

By now the pattern is clear, as is the condition for numerical stability, namely
c<l1.

(b) For the nth time-step, the n + 1 values of u(p,n), p = 0,1,... ,n appear to
be given by the terms in the binomial expansion of [(1 — ¢) + ¢s]". Using the
language of generating functions, we would say that ‘u(p,n) is the coefficient of
s? in the expansion of [(1 —c¢) + ¢s]™.

(c) If this conjecture is correct, then

nl(l—c)"rc?

u(p,n) =
p!(n—p)!
Substituting this form into the difference equation (*) yields
(m+ DA =yt rer (I—c)n!(l—c)" e enl(l—cyttrer!
pln+1—p)! p!(n—p)! p—D'n+1—p)

Multiplying through by p ! (n 4+ 1 — p)! and dividing by n! (1 — ¢)""'=P ¢? gives
m+1)=m—p+1)+p.

This is satisfied for all n and p, showing that the proposed solution satisfies the
equation. It also gives u(0,0) = 1, confirming that it is the required solution.

(d) For the special case ¢ = 1, the recurrence relation reduces to
u(pan + 1) = u(p - 19”))

i.e. the disturbance u at the point pAx at time (n + 1)At is exactly the same as
that at position (p — 1)Ax one time-step earlier. In other words, the disturbance
propagates undistorted at speed A.
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From the point of view of the numerical integration, this situation (¢ = 1 exactly)
is both on the edge of instability and unlikely to be realised in practice.

27.25 Laplace’s equation,
ikl A %
ox2 aF oy? =0,

is to be solved for the region and boundary conditions shown in figure 27.1.

Starting from the given initial guess for the potential values V and using the
simplest possible form of relaxation, obtain a better approximation to the actual
solution. Do not aim to be more accurate than +0.5 units and so terminate the
process when subsequent changes would be no greater than this.

We start by imposing a coordinate grid symmetrically on the region, so that the
initial guess is

V(0,1) = V(£1,1) = 20,
V(i,2) = 40 for all i,
and the fixed boundary conditions are
V(i,0) =0 for |i| < 2,
V(i,1) =0 for all |i| > 2,
V(i,3) = 80 for all i.
On symmetry grounds, we need consider only non-negative values of i.

We now apply the simplest relaxation scheme,

Vij = sVierj + Viej+ Vi + Vi jo),

V =80

20 20 20

V=0
Figure 27.1 Region, boundary values and initial guessed solution values.
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V =280

—o0  40.5] 418 46.7 48.4 46.7 41.8 40.5 0

16.8 20.4 16.8

V=0

Figure 27.2 The solution to exercise 27.25.

for each point (i, j) that does not lie on the boundaries, where V;; is prescribed
and cannot be changed. The very simplest scheme would use only values from the
previous iteration, but there is no additional labour involved in using previously
calculated values from the current iteration when evaluating the RHS of the
relationship. For this scheme the first few iterations produce the following results
(to 3 s.f):

Vou Via Voo Vipg Vap Vap
20.0 20.0 40.0 40.0 40.0 40.0
20.0 150 450 450 413 403
18.8 159 472 46.1 41.6 404
19.8 16.5 48.0 46.5 41.7 404
20.2 16.7 48.3 46.7 41.8 404
204 168 484 468 41.8 404

The value at (0,1) is the one most likely to show the largest change at each
iteration, as it is the one ‘furthest from the fixed boundaries’. As the most recent
changes have been 0.4 and 0.2, the process can be halted at this point, although
the monotonic behaviour of values after the second iteration makes it harder to
be sure that the differences between the final values and the current ones are
within any given range.

The correct self-consistent solution (again to 3 s.f.) has corresponding values 20.6,
16.8, 48.5, 46.8, 41.8 and 40.5. This set of values is reached after nine iterations
and is shown in figure 27.2. If the values from the previous iteration (rather than
the most recently calculated ones) are used, the same ultimate result is reached (as
expected), but about 17 iterations are needed to achieve the same self-consistency.
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27.27 The Schrodinger equation for a quantum mechanical particle of mass m
moving in a one-dimensional harmonic oscillator potential V(x) = kx?/2 is

m d*y  kxPy _

" 2m dx? 2

For physically acceptable solutions the wavefunction p(x) must be finite at x = 0,
tend to zero as x — +oo and be normalised, so that [ lp|>dx = 1. In practice,
these constraints mean that only certain (quantised) values of E, the energy of

the particle, are allowed. The allowed values fall into two groups, those for which
w(0) = 0 and those for which y(0) # 0.

Show that if the unit of length is taken as [h*/(mk)]'/* and the unit of energy as
fi(k/m)'/? then the Schrodinger equation takes the form

Eyp.

d*yp

dy?
Devise an outline computerised scheme, using Runge—Kutta integration, that will
enable you to:

+QE' —y*)p =0.

e determine the three lowest allowed values of E;
e tabulate the normalised wavefunction corresponding to the lowest allowed energy.

You should consider explicitly:

the variables to use in the numerical integration;

how starting values near y = 0 are to be chosen;

how the condition on p as y — oo is to be implemented;

how the required values of E are to be extracted from the results of the integra-
tion;

how the normalisation is to be carried out.

We start by setting x = oy, where o is the new unit of length; then d/dx = o~'d/dy
and

h2 5 d2w k0(2y2

_ = E
om” dy? + 2 v

Py mk »2mE

dyz—oc hzytp—!—oc h21p=0.

Although, strictly, it should be given a new symbol, we continue to denote the
required solution by vy, now taken as a function of y rather than of x.

Now if « is chosen as (A2/mk)'/* and E is written as E = BE’, where = fi(k/m)'/?,
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this equation becomes

d*yp
2E" — y)yp =0.
dy? +( yw
We note that this is a Sturm-Liouville equation with p = 1, ¢ = —y?, unit weight

function and eigenvalue 2E’; we therefore expect its solutions for different values
of E’ to be orthogonal.

To keep the notation the same as that normally used when describing numerical
integration, we rewrite the equation as

d?y

dx?
So that this second-order equation can be handled using an R—K routine, it has
to be written as two first-order equations using an auxiliary variable. We make
the simplest choice of z = dy/dx, thus making a (two-component) ‘vector’ of
dependent variables (y, z)T with governing equations

dy dz )

i = and P (x> —2A)y.

The computer program will need to contain a subroutine that, given an input
vector (x, y, z)T, returns an output vector (dy/dx, dz/dx)" calculated as (z, (x*>—
2)y)T. This is used to calculate the function f(x;, u;) that appears on the (four)
RHSs of, say, a fourth-order RK routine:

+(A=x})y=0. (*)

Uipr = u; + §(c1 +2¢2 + 2¢3 + c4),
where
c1 = hf(xi, i),
¢ = hf(xi+ 3h, ui+ 1),
3 =hf(xi+ 3h ui+ 1ca),
ca = hf(xi + h, ui + ¢3).

Here, at each stage in the calculation of a one-step advance, u; stands for y; and
z; in turn.

Since equation (*) is unchanged under the substitution x — —x, and the boundary
conditions, y — 0 at +o0, can be considered as both symmetric and antisymmetric,
we can expect to find solutions that are either purely symmetric or purely
antisymmetric. Consequently, we need only consider positive values of x, starting
with y(0) = 1 for symmetric solutions and y(0) = 0 for antisymmetric ones. What
will distinguish one potential solution from another is the value assigned to the
initial slope z(0). Clearly, one combination to be avoided is y(0) = z(0) = 0; such
a computation will ‘never get off the ground’. Intuition suggests that the initial
slope should be zero if y(0) = 1 and non-zero if y(0) = 0.
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As the formal range of x is infinite, we need to investigate the likely behaviour
of a computed solution for large x; we want it to tend to zero for acceptable
solutions. For large x equation (*) approximates to

d2y 2

and if we substitute a trial function y = ¢’*" with n > 0 we find that

d2y _ n—2 yx" 2,,2..2n—2 yx"
5 =n(n—1)yx""7e™ +ntyIxT e
dx
The dominant term in this expression is the second one; if this is to match x’y
thenn =2 and y = —_F;. The case y = —; is clearly the one that is required, but,

inevitably, even if the appropriate eigenvalue could be hit upon exactly, rounding
errors are bound to introduce some of the y = +; solution. Thus we could
never expect a computed solution actually to tend to zero and remain close to it
however many steps are taken.

A more practical way to implement the boundary condition is to require y (and
hence necessarily z) to remain within some specified narrow (but empirical) band
about zero over, say, the interval 5 < x < 6 — chosen because 5" exp(—52/2) is
less than ~ 1073 for any moderate value of n and we cannot hope to achieve
better accuracy than one part in a thousand without using more sophisticated
techniques. Thus, in practice, the integration has to be over a finite range.

A crude technique is therefore to run the integration routine from x = 0 up to
x = 5 for a mesh of values for A (> 0) and z(0) (in the ranges discussed above)
and so evaluate the solution v(4,z(0)) = y(5). If all v have the same sign and
vary smoothly with 4 and z(0), then a larger range of / is indicated. However, if
the v have mixed signs, interpolated values of 4 and z(0) should be tried, aiming
to produce v(4,z(0)) &~ 0. When this has been achieved, the test in the previous
paragraph should be implemented to give further refinement. A graphical screen
display of the calculated solution would be a considerable advantage in following
what is happening.

Once a value of 4 that results in a solution that approaches and stays near
zero over the test range has been found, the corresponding values of y need to
be divided by the square root of the value of the integral ffcﬂ y2dx, so as to
normalise the solution; they can then be tabulated. The integral can be evaluated
well enough using the trapezium or Simpson’s rule formulae over the finite range
0 < x < 5 and doubling the result.

In order to be reasonably certain of finding the three lowest allowed values of E,
the search should start from A (i.e. 2E) equal to zero and incremented in amounts
AJ less than, but not negligible compared with, the average values of x> to be
covered. The latter are of order unity, and so AA = 0.1 is reasonable. The step
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length h in the x-variable might be chosen in the range 0.01 to 0.1 with the
smaller values used when near a potential solution in the (4,z(0)) grid.

[As has been indicated in several exercises in previous chapters, the actual
eigenvalues 1 are 1, 3, 5, ..., 2n+ 1, ... and the corresponding solutions are
exp(—x?/2) multiplied by a Hermite polynomial H,(x).]
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Group theory

28.1 For each of the following sets, determine whether they form a group under the
operation indicated (where it is relevant you may assume that matrix multiplication
is associative ) :

the integers (mod 10) under addition;

the integers (mod 10) under multiplication;

the integers 1,2,3,4,5,6 under multiplication (mod 7);
the integers 1,2,3,4,5 under multiplication (mod 6);

all matrices of the form
a a—b>b
0 b ’

where a and b are integers (mod 5) and a # 0 #+ b, under matrix multipli-
cation;
those elements of the set in (€) that are of order 1 or 2 (taken together);
all matrices of the form
1 0 0
a 1 0 |,
b ¢ 1

where a, b, ¢ are integers, under matrix multiplication.

In all cases we need to establish whether the prescribed combination law is
associative and whether, under it, the set possesses the properties of (i) closure,
(i1) having an identity element and (iii) containing an inverse for every element
present. If any one of these conditions fails, the set cannot form a group under
the given law.
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(a) Addition is associative and the set {0,1,2,...,9} is closed under addition
(mod 10), e.g. 7+ 6 = 3. The identity is 0 and every element has an inverse, e.g.
(7)~' = 3. The set does form a group.

(b) For the set {0,1,2,...,9} under multiplication the identity can only be 1.
However, for any element X # 1 the set does not contain an inverse Y such that
XY = 1. As a specific example, if X = 2 then 0.5 would need to be in the set —
but it is not. The set does not form a group under multiplication.

(c) Multiplication is associative and the group table would be as below. The
entries are calculated by expressing each product modulo 7. For example, 4 x 5 =
20=2x7)+6=06(mod 7)

1 23 456
1 1 2 3 4 5 6
2 24 6 1 35
3 36 2514
4 41 5 2 6 3
55316 4 2
6 6 5 4 3 2 1

This demonstrates (i) closure, (ii) the existence of an identity element (1) and (iii)
an inverse for each element (1 appears in every row). The set does form a group.

(d) The set is not closed under multiplication (mod 6) and cannot form a group.
For example, 2 X 3 =0 (mod 6) and 0 is not in the given set.

(e) With the associativity of matrix multiplication assumed and a = b = 1 yielding
a unit element, consider

a a—b>b ¢c ¢c—d\ [ ac ac—ad+ad—bd
0 b 0 d Lo bd
[ ac ac—bd
L0 bd ’
implying closure. We also note that interchanging a with ¢ and b with d shows

that any two matrices in the set commute.

Since neither a nor b is 0, the determinant of a general matrix in the set is
non-zero and its inverse can be constructed as

1 b b—a\ _ al al—p!
ab \ 0 a N 0 b1 '
The question then arises as to whether a~! is an integer; in multiplication mod 5

it is. For example, if a = 3 then a~' = 2 since 3 x 2 =6 = 1 (mod 5). The full set
of valuesis: 171 =1,2"1=3,31=2and 4! =4
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Thus each inverse is of the required form and a general one can be verified:

1 b b—a a a=b\ 1 ab ab—b*+b*—ab
ab\ 0 a 0 b T ab 0 ab

(5 V)

All four requirements are satisfied and the set of matrices is, in fact, a group.

(f) As always, the only element of order 1 is the unit element. Elements of order
2 must satisfy

(o)) =0 %" )= b))

Thus a and b must both be elements whose squares are unity (mod 5); each must
be either 1 or 4 [since 4> = 16 = 1 (mod 5)]. The four matrices to consider are

T D G ()

The identity element is present and, from the way they were defined, each is its
own inverse. Only closure remains to be tested. As all matrices in the set commute
[see (e) above], we need test only

(b 9)(0a)=(3 1)
(69 3)-(ad)
(b)) 4)

Each product is one of the set of four. So closure is established and the set does
form a group — a subgroup, of order 4, of the group in (e).

(g) The product of two such matrices is

1 00 1 00 1 0 o0
a 1 0 x 1 0 |= a+x 1 0
b ¢ 1 y z 1 b+ex+y c+z 1

Since all elements of the original two matrices are integers, so are all elements of
the product and closure is established.

Clearly, a = b = ¢ = 0 provides the identity element and, since the determinant
of each matrix is 1, inverses can be constructed in the usual way, typically

1 0 0
—a 1 0
ac—b —c 1
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This is of the correct form as can be verified as follows:

1 0 0 1 00 1 00
—a 1 0 al 0 ]=(010
ac—b —c 1 b ¢ 1 0 0 1

Thus, assuming associativity, the group property of the set is established.

28.3 Define a binary operation e on the set of real numbers by
Xey=Xx+y+rxy,
where r is a non-zero real number. Show that the operation e is associative.

Prove that x ey = —r~! if, and only if, x = —r~! or y = —r~'. Hence prove that
the set of all real numbers excluding —r—" forms a group under the operation e.

To demonstrate the associativity we need to show that x e (y ez) is the same thing
as (x e y) e z. So consider
xe(yez)=x+(yez)+rx(yes)

=x+y+z+ryz+rx(y+z+ryz)
=x+y+z+r(yz+xy+xz)+rixyz

and (xey)ez=(xoy)+z+r(xey):z
=x+y+rxy+z+r(x+y+rxy)z
=x—l—y—i—z—l—r(xy—i—xz—i—yz)—i—rzxyz.

The two RHSs are equal, showing that the operation e is associative.

Firstly, suppose that x = —r~!. Then

1 1 1 1
xoy=—r+y+r . y=—r+y—y=—r-

1 -1

Similarly y = —r7! = xey=—r
Secondly, suppose that x e y = —~!. Then

x+y+rxy = —r1,

rx4ry+rixy+1=0,
(rx+1)@ry+1) =0,
= eitherx=—r"lory=—r"1

1

Thus xey = —r' <<= (x=—rtory=—r").

If § = {real numbers # —r~'}, then
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(i) Associativity under e has already been shown.

(ii) If x and y belong to S, then x e y is a real number and, in view of the second result
above, is # —r~!. Thus x e y belongs to S and the set is closed under the operation e.
(i) For any x belonging to S, x ¢ 0 = x + 0 4+ rx0 = x. Thus 0 is an identity element.

(iv) An inverse x~! of x must satisfy x e x~! =0, i.e.

-1 _ X

X+xT+mx'=0 = «x _1—|—rx.

This is a real (finite) number since x # —r~! and, further, x~! # —r~!, since if it were we
could deduce that 1 = 0. Thus the set S contains an inverse for each of its elements.

These four results together show that S is a group under the operation e.

285 The following is a ‘proof” that reflexivity is an unnecessary axiom for an
equivalence relation.

Because of symmetry X ~ Y implies Y ~ X. Then by transitivity X ~ Y and ¥ ~ X
imply X ~ X. Thus symmetry and transitivity imply reflexivity, which therefore need not
be separately required.

Demonstrate the flaw in this proof using the set consisting of all real numbers plus
the number i. Show by investigating the following specific cases that, whether or
not reflexivity actually holds, it cannot be deduced from symmetry and transitivity
alone.

(@) X ~Y if X+ Y is real
(b) X ~Y if XY is real.

Let elements X and Y be drawn from the set S consisting of the real numbers
together with i.

(a) For the definition X ~ Y if X 4+ Y is real, we have
(i) that
X~Y = X+Y isreal = Y +X isreal = Y ~X,

i.e symmetry holds;

(i1) that if X ~ Y then neither X nor Y can be i and, equally, if Y ~ Z then
neither Y nor Z can be i. It then follows that X + Z is real and X ~ Z, ie.
transitivity holds.

Thus both symmetry and transitivity hold, though it is obvious that X + X if X
is i. Thus symmetry and transitivity do not necessarily imply reflexivity, showing
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that the ‘proof” is flawed — in this case the proof fails when X is i because there
is no distinct ‘Y’ available, something assumed in the proof.

(b) For the definition X ~ Y if XY is real, we have
(i) that
X~Y = XY isreal = YX isreal = Y ~X,

i.e symmetry holds;

(ii) that if X ~ Y then neither X nor Y is i. Equally, if Y ~ Z then neither Y
nor Z is i. It then follows that XZ is real and X ~ Z, i.e. transitivity holds.
Thus both symmetry and transitivity hold and, setting Z equal to X, they do
imply the reflexivity property for the real elements of S. However, they cannot
establish it for the element i — though it happens to be true in this case as i’ is
real.

28.7 S is the set of all 2 x 2 matrices of the form

A=<W x)’ where wz — xy = 1.
y z

Show that S is a group under matrix multiplication. Which element(s) have order
2?7 Prove that an element A has order 3 if w+z+1=0.

The condition wz — xy = 1 is the same as |A| = 1; it follows that the set contains
an identity element (with w =z = 1 and x = y = 0). Moreover, each matrix in S
has an inverse and, since |A~'||A| = || = 1 implies that |[A~'| = 1, the inverses
also belong to the set.

If A and B belong to S then, since |AB| = |A||B| = 1 x 1 =1, their product also
belongs to S, i.e. the set is closed.

These observations, together with the associativity of matrix multiplication estab-
lish that the set S is, in fact, a group under this operation.

If A is to have order 2 then
WX w x\ (10
y z y z ) \0 1)’
ie. wH+xy=1 x(w+z) =0, yw+z)=0, xy+:z>=1

These imply that w?> = z? and that either z = —w or x = y = 0. If z = —w, then
both

wlxy =1, from the above condition,

and —w?—xy=1, from wz — xy = 1.
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This is not possible and so we must have x = y = 0, implying that w and z are
either both +1 or both —1. The former gives the identity (of order 1), and so the
matrix given by the latter, A = —I, is the only element in S of order 2.

If w+z+41=0 (as well as xy = wz — 1), A> can be written as

A2 — wr+xy x(w4z)
yw+z) xy+2z2

_ w2 +wz—1 —X

N —y wz — 1+ 22

o —w=1 —X

B —y —z—1 )
Multiplying again by A gives

Ad —w—1 —X WX
B —y —z—1 y z

__(W(W+1)+xy (w—l—l)x+xz>
B wy+yz+1) xy+zz+1)

o ww+ D) +wz—1 xx0
y x0 wz—14z(z+1)

B (wx0)—1 0
__( 0 (sz)—l)

(6 V)

Thus A has order 3.

28.9 If Ais a group in which every element other than the identity, I, has order 2,
prove that A is Abelian. Hence show that if X and Y are distinct elements of A,
neither being equal to the identity, then the set {I,X,Y,XY} forms a subgroup
of A.

Deduce that if B is a group of order 2p, with p a prime greater than 2, then B
must contain an element of order p.

If every element of A, apart from I, has order 2, then, for any element X, X> = 1.
Consider two elements X and Y and let XY = Z. Then

X’Y=XZ = Y=XZ,
XY =ZY = X=2ZY.

It follows that YX = XZZY. But, since XY = Z, Z must belong to A and
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therefore Z2 = I. Substituting this gives Y X = XY, proving that the group is
Abelian.

Consider the set S = {I,X,Y, XY}, for which

(1) Associativity holds, since it does for A.

(i1) It is closed, the only products needing non-trivial examinations being XY X = X XY =
X’Y =Y and Y XY =XY Y = XY? = X (here we have twice used the fact that .4, and
hence S, is Abelian).

(iii) The identity I is contained in the set.

(iv) Since all elements are of order 2 (or 1), each is its own inverse.

Thus the set is a subgroup of A of order 4.

Now consider the group B of order 2p, where p is prime. Since the order of an
element must divide the order of the group, all elements in B must have order 1
(I only) or 2 or p.

Suppose all elements, other than I, have order 2. Then, as shown above, B must
be Abelian and have a subgroup of order 4. However, the order of any subgroup
must divide the order of the group and 4 cannot divide 2p since p is prime.
It follows that the supposition that all elements can be of order 2 is false, and
consequently at least one must have order p.

28.11 Identify the eight symmetry operations on a square. Show that they form a
group Dy (known to crystallographers as 4mm and to chemists as Cy, ) having one
element of order 1, five of order 2 and two of order 4. Find its proper subgroups
and the corresponding cosets.

The operation of leaving the square alone is a trivial symmetry operation, but an
important one, as it is the identity I of the group; it has order 1.

Rotations about an axis perpendicular to the plane of the square by n/4, n/2
and 37/2 each take the square into itself. The first and last of these have to be
repeated four times to reproduce the effect of I, and so they have order 4. The
rotation by /2 clearly has order 2.

Reflections in the two axes parallel to the sides of the square and passing through
its centre are also symmetry operations, as are reflections in the two principal
diagonals of the square; all of these reflections have order 2.

Using the notation indicated in figure 28.1, R being a rotation of ©/2 about an
axis perpendicular to the square, we have: I has order 1; R%, my, m», m3, ms have
order 2; R, R? have order 4.
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my(m)

my(m)

ms(m) ()

Figure 28.1 The notation for exercise 28.11.

The group multiplication table takes the form

1 R R2 R3 my mp; m3 My
1 1 R R2 R3 my mp; m3 My
R R R2 R3 1 mg m3 mp mp
R2 R2 R3 1 R m; mp myg mj
R3 R3 1 R R2 mi3 myg mpy; My
my mp ms My My 1 R2 R R3
mpy mp Mg mMp M3 R2 1 R3 R
ms ms3 mp Mg My R3 R 1 R2
mg mg mMp M3 My R R3 R2 1

Inspection of this table shows the existence of the non-trivial subgroups listed
below, and tedious but straightforward evaluation of the products of selected
elements of the group with all the elements of any one subgroup provides the
cosets of that subgroup. The results are as follows:

subgroup {I, R, R>, R} has cosets {I, R, R*, R}, {my, my, m3, my};
subgroup {I, R?,m;,m,} has cosets {I, R>,my,my}, {I,R>,m3,my};
subgroup {I, R?,m3,my} has cosets {I, R>,m3,my}, {I,R>,m;,my};
subgroup {I, R?} has cosets {I, R*}, {R,R*}, {m;,my}, {m3,my};
subgroup {I,m;} has cosets {I,m;}, {R,m3}, {R*>,my}, {R®,my};
subgroup {I,m;} has cosets {I,my}, {R,ms}, {R>,my}, {R*,m3};
subgroup {I,ms} has cosets {I,m3}, {R,my}, {R*,my}, {R*,m};
subgroup {I,my4} has cosets {I,my}, {R,mi}, {R>, m3}, {R*,my}.
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28.13 Find the group G generated under matrix multiplication by the matrices

0 1 0 i
A_(10>’ B_(io)'
Determine its proper subgroups, and verify for each of them that its cosets exhaust

g.

Before we can draw up a group multiplication table to search for subgroups, we
must determine the multiple products of A and B with themselves and with each

0 1 0 1 10
2 _ _ _
A _<1 0)(1 0)‘(0 1)"'
Since B = iA, it follows that B> = —I, that AB = il = BA, and that B> = —B. In
brief, A is of order 2, B is of order 4, and A and B commute. The eight distinct

elements of the group are therefore: I, A, B, B2, B, AB, AB? and AB’.

other:

The group multiplication table is

I A B B2 B AB AB? AB?

A B B! B AB AB? AB?

| |
A A | AB AB> AB* B B*> B’
B B AB B> B} |  AB> AB’ A
B2 B> AB? B? | B AB* A AB
B> B* AB® | B B> A AB AB?
AB AB B AB> AB® A B> B’ |
AB? AB?2 B> AB* A B B’ | B
AB> AB® B* A AB AB? | B B’

By inspection, the subgroups and their cosets are as follows:
{I,A} : {I,A},{B,AB}, {B* AB?}, (B>, AB%};
{1,B%} : {I,B%},{A,AB?},{B,B%}, {AB,AB®};
{I,AB?} : {I,AB%}, {A,B?},{B,AB’}, {(B*,AB};
(1,B,B%, B} : {I,B,B% B}, {A,AB,AB* AB’};
{I,AB,B? AB%} : {I,AB,B? AB*}, {A,B,AB?,B%].

As expected, in each case the cosets exhaust the group, with each element in one

and only one coset.
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28.15 Consider the following mappings between a permutation group and a cyclic
group.

(a) Denote by A, the subset of the permutation group S, that contains all the
even permutations. Show that A, is a subgroup of S,.

(b) List the elements of Sz in cycle notation and identify the subgroup As.

(c) For each element X of S3, let p(X) = 1 if X belongs to A3 and p(X) = —1 if
it does not. Denote by C, the multiplicative cyclic group of order 2. Determine
the images of each of the elements of S for the following four mappings:

D :855-C X — p(X),
®; 183 - C X — —p(X),
@3 : 53 — Az X - X2,
Dy :5; > 83 X - X

(d) For each mapping, determine whether the kernel K is a subgroup of Ss and,
if so, whether the mapping is a homomorphism.

(a) With 4, as the subset of S, that contains all the even permutations, we need
to demonstrate that it has the four properties that characterise a group:

(i) If X and Y belong to A4, so does XY, as the product of two even permutations is even.
This establishes closure.

(ii) From the definition of an even permutation, the identity I belongs to 4,.

(iii) If X belongs to A, so does X!, as the number of pair interchanges needed to change
from X to I is the same as the number needed to go in the opposite direction. This
establishes the existence, within the subset, of an inverse for each member of the subset.
(iv) Associativity follows from that of the group S,.

Thus A, does possess the four properties and is a subgroup of S,,.

(b) (1), (123) and (132) belong to A3. The permutations (12), (13) and (23) do not
belong, as each involves only one pair interchange.

(c) With the given definition of p(X),

p(X) = 1for X = (1), (123), (132),
p(X) = —1 for X = (12), (13), (23).

C, consists of the two elements +1 and —1.

For @; : S5 —» C;, X — p(X), elements in 43 have image +1; those not in A4;
have image —1.

For @, : S5 —» C;, X —» —p(X), elements in 43 have image —1; those not in 43
have image +1.
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FOI‘(D3 IS3—>A3,X—>X2

(1) — ()(1) = (1),
(123) — (123)(123) = (132),
(132) — (132)(132) = (123),
(12) = (12)(12) = (1), similarly, (13) and (23).

FOI‘(D4 IS3—>S3,X—>X3

(1) = (1)(1) = (1),
(123) — (123)(123)(123) = (132)(123) = (1),
(132) — (132)(132)(132) = (123)(132) = (1),
(12) - (12)(12)(12) = (1)(12) = (12), similarly, (13) and (23).

(d) For @y, the kernel is the set of elements belonging to A; and, as already
shown, this is a subgroup of S;.

We note that the product of two even or two odd permutations is an even
permutation, whilst the product of an odd and an even permutation is an odd
permutation. We also note that +1x+1 and —1 x —1 are both equal to +1, whilst
+1 x —1 = —1. Since ®; maps even permutations onto +1 and odd permutations
onto —1, the preceding observations imply that @ is a homomorphism.

For @,, the kernel is the set of elements not belonging to A43. Since this set does
not contain the identity (1), it cannot be a subgroup of Si.

For @5 the kernel is the set {(1),(12),(13),(23)}. Since, for example, (12)(13) =
(132), the set is not closed and so cannot form a group. It cannot, therefore, be
a subgroup of Sj.

For @, the kernel is the set {(1),(123),(132)}, i.e. the subgroup As. However, for
example, [(12)(13)]’ = (132) = (1), whilst (12)'(13) = (12)(13) = (132); these
two results are not equal, showing that the mapping cannot be a homomorphism.

28.17 The group of all non-singular n X n matrices is known as the general linear
group GL(n) and that with only real elements as GL(n,R). If R* denotes the multi-
plicative group of non-zero real numbers, prove that the mapping ® : GL(n,R) —
R*, defined by ®(M) = det M, is a homomorphism.

Show that the kernel IC of @ is a subgroup of GL(n,R). Determine its cosets and
show that they themselves form a group.

If P and Q are two matrices belonging to GL(n,R) then, under @,
(PQ) = |PQ| = |P||Q| = P'Q".
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Thus ® is a homomorphism.

The kernel I of the mapping consists of all matrices in GL(n, R) that map onto
the identity in R", i.e all matrices whose determinant is 1.

To determine whether K is a subgroup of the general linear group, let X and Y
belong to K. Then, testing K for the four group-defining properties, we have

(i) (XY)=X'Y' =1x1=1,ie XY also belongs to K, showing the closure of the kernel.
(ii) The associative law holds for the elements of X since it does so for all elements of

GL(L,R).
(iii) | 1] = 1 and so | belongs to .
(iv) Since X~'X = 1, it follows that |X~'[|X| = |I| and |X~'| x 1 = 1. Hence |[X~!| = 1 and

so X! also belongs to K.

This completes the proof that i is a subgroup of GL(n, R).

Two matrices P and Q in GL(n, R) belong to the same coset of K if
Q = PX, where X is some element in /.

It then follows that
Q| = |P|[X] = [P[ x 1.

Thus the requirement for two matrices to be in the same coset is that they have
equal determinants.

Let us denote by C; the (infinite) set of all matrices whose determinant has the
value i; the label i will itself take on an infinite continuum of values, excluding 0.
Then,

(i) For any M; € C; and any M; € C; we have
IMiM;| = [My] [M;| =i X j,

implying that we always have M;M; € C;. Thus the set of cosets is closed, with
C,‘ X Cj = C(ixj)-
(ii) The associative law holds, since it does so for matrix multiplication in general, and the
product of three matrices, and hence its determinant, is independent of the order in which
the individual multiplications are carried out.
(iii) Since
IMiM| = [M;| [My| =i,

C: x C; = C;, showing that C; is an identity element in the set.
(iv) Since

IMiMy i = [Mi] [Myi] =i x (1/1) = 1,

C;i x Cy;; = Cy, showing that the set of cosets contains an inverse for each coset.
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This completes the proof that the cosets themselves form a group under coset
multiplication (and also that I is a normal subgroup).

28.19 Given that matrix M is a member of the multiplicative group GL(3,R), de-
termine, for each of the following additional constraints on M (applied separately ),
whether the subset satisfying the constraint is a subgroup of GL(3,R):

(a) M" =M;

(b) MTM = 1;

(c) M |=1

(d) M;; =0 for j>iand M; # 0.

The matrices belonging to GL(3,R) have the general properties that they are
non-singular, possess inverses and have real elements. The operation of matrix
multiplication is associative, and this will be assumed in the rest of the exercise,
in which A and B are general matrices satisfying the various defining constraints.

(a) MT = M: the set of symmetric matrices.
Now, for two symmetric matrices A and B,

(AB)T = BTAT = BA

and this is not equal to AB in general, as matrix multiplication is not necessarily
commutative. The set is therefore not closed and cannot form a group; equally it
cannot be a subgroup of GL(3,R).

(b) MTM = I: the set of orthogonal matrices.
Clearly, the identity | belongs to the set, and furthermore

MM =MD IMt = (MM = MM =,
i.e. if M belongs to the set then so does M~!. Finally,
(AB)TAB = BTATAB =BTIB =1,
showing that the set is closed. This completes the proof that the orthogonal
matrices form a subgroup of GL(3,R).
(c) IM] = 1: the set of unimodular matrices.
|AB| = |A||B|=1x1=1 closure,
|1 =1 identity,
M M= = |M!YM=1 = |[M!=1 inverse.

These three results (and associativity) show that the unimodular matrices do form
a subgroup of GL(3,R).
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(d) M;; = 0 for j > i and M;; # 0: the set of lower diagonal matrices with
non-zero diagonal elements.

Taking first the question of closure, consider the matrix product C = AB. A
typical element of C above the leading diagonal is

Ci» = A11B12 + A12By + A13Bx»
=A110+0By» +0A43 =0,

and a typical element on the leading diagonal is

Ci1 = A11B11 + A1nBoy + A13B3;
= A11Bi1 + 0By + 043 = A11By; #0.

That Cy; is not equal to zero follows from the fact that neither 4{; nor By is
zero. Similarly, Cy3 and Cy3 are zero, whilst Cy; and Cs; are non-zero. Thus C
has all the properties defining the set, and so belongs to it. The set is therefore
closed.

Clearly the matrix I3 belongs to the set, which therefore contains an identity
element.

Since no diagonal element is zero, the determinant (which is the product of the
diagonal elements for lower triangular matrices) of any member of the set cannot
be zero. All members must therefore have inverses. For the matrix

A O 0
A=| Ay An O )
A3z A Az
the inverse is given by
1 AnAszz 0 0
Al= —AnA A1A 0
Ay AnAss 21433 11433

Asi Az — ApnAz —Andzn Andxn

We note that each of the diagonal elements of A~! is the product of two non-
zero terms, and is therefore itself non-zero. Thus A~! has the correct form for a
member of the set — lower diagonal with non-zero diagonal elements — and so
belongs to the set, which has now been shown to have all the properties needed
to make it a group and hence a subgroup of GL(3,R).
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28.21 Show that Dy, the group of symmetries of a square, has two isomorphic
subgroups of order 4.

The quaternion group Q is the set of elements
{la _17 ia _i7 j7 _j7 ka _k}a
with i = j> = k> = —1, ij = k and its cyclic permutations, and ji = —k and its
cyclic permutations. Its multiplication table reads as follows:
1 -1 i —i j —j k —k
1 1 —1 i =i j —j k —k
-1 -1 1 —i i —j j =k k
i i —i —l1 1 k —k —j j

k k —k j —j —i i —1 1

—k —k k —j j i =i 1 =1
Show that there exists a two-to-one homomorphism from the quaternion group Q
onto one (and hence either) of the two subgroups of Dy, and determine its kernel.

We first reproduce the multiplication table for Dy:

R R2 R3 mpy mp; ms My
1 1 R R2 R3 m mp; m3 my
R R I my my m m

Here R is a rotation by 7/2 in the plane of the square, m; and m, are reflections
in the axes parallel to the sides of the square, and ms and my4 are reflections in
the square’s diagonals.

As shown in exercise 28.11, D4 has three proper subgroups of order 4. They are
{I,R,R?,R*}, Hy = {I,R*,m,my} and Hy = {I, R*>,m3,my}. The first of these is
a cyclic subgroup but the other two are not. The group tables for the latter two,
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extracted from the one above, are as follows

H1 1 R2 m; mp Hz 1 R2 ms3 My
I I R m m I I R m my
R R I m m R R I my m
mq mpy mp 1 R2 mi3 m3 my 1 R2
nm; mp; my R2 1 myg my m3 R2 1

Clearly, these two subgroups are isomorphic with m; < m3 and m; < my4 and the
other elements unchanged.

Next, we reproduce the group table for the quaternion group, but with the
columns and rows reordered (this does not alter the information it carries):
i k —1 —i —j —k

i k —1 —i —j —k

T e
|
2
|

1
1
J
k
1 -1 =i —j —k 1 i j k
—i —i 1 =k j i =1 k —j
—j - k1 —i j —k =1 i
—k —k —j i 1k j —i -1

If we now make the two-to-one mapping
® : 11, +i>R, +jom, Lkom,

each quadrant of the table for Q becomes identical to that for H;, showing that
® is a homomorphism of Q onto H;. As H; and H, are isomorphic there exists
a similar homomorphism onto H,.

Finally, the kernel of either mapping contains those elements of Q that map onto
I, namely 1 and —1.

28.23 Find (a) all the proper subgroups and (b) all the conjugacy classes of the
symmetry group of a regular pentagon.

A regular pentagon (see figure 28.2) has rotational symmetries and reflection
symmetries about lines that join a vertex to the centre-point of the opposite side.
Clearly there are five of the latter, m; (i = 1,2,...,5). If R represents a rotation
by 27/5, then the rotational symmetries are R, R, R® and R* To these must be
added the ‘do nothing’ identity I. The symmetry group of the regular pentagon
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my

Figure 28.2 The regular pentagon of exercise 28.23.

(Csy in chemical notation) therefore consists of the following ten elements (with
their orders):

element : I R R R> R* my m m3 my ms
order 15 5 5 5 2 2 2 2 2

(a) As the order of the group is 10, the order of any proper subgroup can only be
2 or 5. As I must be in every subgroup and the order of any element in it must
divide the order of the subgroup, it is clear that there is only one subgroup of
order 5 and that is {I, R, R?>, R}, R*}. Similarly, there are five subgroups of order
2, namely {I,m;} for m; (i=1,2,...,5).

(b) As always, I is in a class by itself.

We now prove a useful general result about elements in the same conjugacy
class: namely, that they have the same order. Let X and Y be in the same class
(Y = giXg;! for some g; belong to the group) and let X have order m, ie. X" =1.
Then

Y™ =giXg ' giXg o giXg ! =g X g =gig =1

This implies that the order of Y divides the order of X. Similarly the order of X
divides the order of Y. Therefore X and Y have the same order. Applying this
result to the given group, we see that a conjugacy class cannot contain a mixture
of rotations and reflections.

We first note the obvious result that R? R4 (RP)~' = RY for any valid p and
q. Next, by considering the effects of various combinations of symmetries on a
general point x of the pentagon (as marked in the figure), we find that for any i
and j, (i,j=1,2...,9),

mRm; = R* and m;R*m; = R.
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These results, together with that noted above, imply that R and R* constitute a
class. Similarly R?> and R® make up a (different) class.

Turning to the reflections, we see that the following chain of results, for example,
shows that all five reflections must be in the same class (recall that each reflection
is its own inverse):

mympymy = ms, msmsms = my, mymimp = ms, mymsmi; = my.

In summary, there are four conjugacy classes and they are I, (R, R*), (R?, R?) and
(my, ma, m3, ma, ms).
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Representation theory

29.1 A group G has four elements I,X,Y and Z, which satisfy X> =Y?>=2Z7? =
XYZ = 1. Show that G is Abelian and hence deduce the form of its character
table.

Show that the matrices

o= (o 7). o= (3 )
=% ) ey 4)

where p is a real number, form a representation D of G. Find its characters and
decompose it into irreps.

Since I necessarily commutes with all other elements, we need only consider
products such as XY. Now,

XYZ=1 = XYZ=X = YZ=X,
XYZ=1 = XYZ’=Z7Z = XY=Z
= XY?’=ZY = X=2ZY.

Thus, YZ = X = ZY, showing that Y and Z commute. Similarly, XY =7 =
YX and XZ =Y = ZX. We conclude that the group is Abelian.

As the group is Abelian, each element is in a class of its own and there are
therefore four classes and consequently four irreps D, Since

4
dom=g=4
=1
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where n, is the dimension of representation A, the only possibility is that n; = 1
for each 4, i.e the group has four one-dimensional irreps.

As for all sets of irreps, the identity irrep D) = A; must be present and the
characters of the others must be orthogonal to the (1,1,1,1) characters of Aj.
Further, for each one-dimensional irrep, the identity I must have the character
+1. The character table must therefore take the form

y I X Y Z
Ay 1111
D® 1 1 -1 -1
D® 1 —1 1 -1
DW 1 —1 —1 1

For the proposed representation we first need to verify the multiplication prop-
erties. Those for D(/) are immediate. For the others:

o ) 5)=(

Since the defining relationships for I, X, Y and Z are X> = Y2 =Z>=XYZ =1,
these results show that the matrices form a representation of G, whatever the
value of p.

Now y(g;) is equal to the trace of D(g;) and so the character set for this repre-
sentation (in the order I, X, Y, Z) is (2,—2,0,0). The only rows in the character
table that can be added to produce the correct totals for all four elements are the
third and fourth. This shows that

D =D @ DY,
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29.3 The quaternion group Q (see exercise 28.21) has eight elements
{+1, +i, +j, tk} obeying the relations

P=ji=k*=—1 ij=k=—]ji

Determine the conjugacy classes of Q and deduce the dimensions of its irreps.
Show that Q is homomorphic to the four-element group V, which is generated by
two distinct elements a and b with a*> = b*> = (ab)? = 1. Find the one-dimensional
irreps of V and use these to help determine the full character table for O.

As always, the identity, 41, is in a class by itself and, since it commutes with
every other element in the group, so is —1.

Now consider all products of the form X ~'iX:
lil=i, (=1i(—1)=i
(—iyii=1i, ii(—i)=1i,
(=Dij=(=Nk=—i, ji(=j)= (k) (=j)=—i,
(—k)ik = (=k) (—=j) = =i, ki(—k) = j(—k) = —i.
These show that i and —i are in the same class. Similarly {j,—j} and {k,—k} are

two other classes. This exhausts the group.

In summary there are five classes, the elements in any one class all having the
same order. They are

class : {1} {—1} {Fi} {£j} {Zk}
order : 1 2 4 4 4

It follows that there are five irreps and, since 22;1 n? = 8, they can only be one
two-dimensional and four one-dimensional irreps.

Turning to the group V,

(ab =1 = abab>=b = aba=b = aba’®=bha

= ab = ba,
1.e. a and b commute. Also, it follows that
a(ab) = a(ba) = (ab)a and b(ab) = (ba)b = (ab)b.

Thus, all four elements commute, the group V is Abelian, and each of its elements
is in a class of its own. As in exercise 29.1, an Abelian group of order 4 must
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have four irreps and the character table

vw I a b ab
A 101 1 1
D® 1 1 -1 -1
D® 1 -1 1 -1
DWW 1 —1 -1 1

The multiplication table for the quaternion group is, as given in exercise 21 of
chapter 28 of the form

i i =i -1 k —k —j ]
—i =i i 1 -1 —k k j —j

j i —j —k k -1 i —i
—j —j j k -k 1 -1 —i

kK k —k j —j —i i —1 1

If each entry +1 is replaced by I, each entry +i by a, each entry 4+j by b and
each entry +k by ab, then this table reduces to four copies of the table

YV I a b ab
I I a b ab
a a I ab b
b b ab I

ab ab b a 1

which is the group multiplication table for group V. The same conclusion can be
reached by replacing each 2 x 2 block containing only +1 by I, each 2 x 2 block
containing only +i by a, etc.; this results in a single copy. Both approaches lead
to the conclusion that there is a two-to-one homomorphism from Q onto V.

Since the homomorphism maps all elements of any one conjugacy class of Q
onto the same element of V, the one-dimensional irreps of Q must be the same
as those of V. Further, since both of the classes {1} and {—1} map onto I in
V they will have common characters in each one-dimensional irrep (1 in every
case, as it happens). As shown earlier, there will also be a two-dimensional irrep.
Its character for I must be 2 (the dimension of the irrep); the other characters
can be determined from the requirement of orthogonality to the characters of the
other (one-dimensional) irreps.
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The character table for Q therefore has the form

o 1 =1 +i +j +k
A 11 1 1 1
D@ 1 1 1 -1 -1
D® 1 1 -1 1 -1
D 1 1 -1 -1 1
DO 2 w X y z

We require that

L(1)(2) + 1(1)(w) + 2(1)(x) + 2(1)y + 2(1)z =0,
1(1)(2) + 1(1)(w) +2(1)(x) + 2(=1)y + 2(—1)z =0,
1(1)(2) + 1(1)(w) + 2(=1)(x) + 2(1)y + 2(-=1)z = 0,
1(1)(2) + 1(1)(w) + 2(=1)(x) + 2(=1)y + 2(1)z = 0
These equations have the solution w = —2, x = y = z = 0, thus completing the

full character table for Q.

29.5 The group of pure rotations (excluding reflections and inversions) that take
a cube into itself has 24 elements. The group is isomorphic to the permutation
group Sy and hence has the same character table, once corresponding classes have
been established. By counting the number of elements in each class, make the
correspondences below (the final two cannot be decided purely by counting, and
should be taken as given ).

Permutation Symbol Action
class type  (physics)

(1) 1 none

(123) 3 rotations about a body diagonal

(12)(34) 25 rotation of m about the normal to a face
(1234) 4, rotations of +m/2 about the normal to a face
(12) 24 rotation of m about an axis through the

centres of opposite edges

Given in table 29.1 is the character table for S,. Reformulate it in terms of the
elements of the rotation symmetry group (432 or O) of a cube and use it when
answering exercise 29.7.

The rotational symmetries of the cube are as follows.

(i) ‘Do nothing’. There is only one such operation; it is the identity and so
corresponds to (1) = (1)(2)(3)(4).
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Typical element and class size

Irrep (1) (12) (123) (1234) (12)(34)
16 8 6 3

A 11 1 1 1

A, 1 -1 1 —1 1

E 2 —1 0 2

T, 3001 0 —1 —1

T, 3 -1 0 1 —1

Table 29.1 The character table for the permutation group Ss.

(ii) Rotations about a body diagonal. There are four body diagonals and rotations
of 27 /3 and 4n/3 are possible about each. Thus there are eight elements and this
must correspond to (123) = (123)(4).

(iii) Rotations by n about a face normal. Although there are six faces to the cube,
they define only three distinct face normals and hence there are three elements in
this set. They therefore correspond to (12)(34).

(iv) Rotations of n/2 and 3w/2 about a face normal. With three distinct face
normals and two possible rotation angles for each, the set contains six elements.
These could correspond to (12) = (12)(3)(4) or to (1234).

(v) Rotations of n about axes that join the centres of opposite edges. There
are six such axes and hence six elements. As in (iv), these could correspond to
(12) = (12)(3)(4) or to (1234).

Taking the identification given in the question for (iv) and (v), the reformulated
table (in which only the headings have changed) is given in table 29.2.

Typical element and class size

Irrep 1 24 3 4, 2,
1 6 8 6 3
A 1 1 1 1 1
A, 1 -1 1 —1 1
E 2 0 —1 0 2
T, 3 1 0 —1 —1
T, 3 -1 0 1 —1

Table 29.2 The character table for the symmetry group 432 or O.

We note that the rotational symmetries of a cube can, alternatively, be char-
acterised by the effects they have on the orientations in space of its four body
diagonals. For example, a rotation of = about a face normal interchanges them in
pairs — represented in cycle notation by the form (12)(34). Using this formulation
of the symmetry group, the assignments for (iv) and (v) are unambiguous.
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29.7 In a certain crystalline compound, a thorium atom lies at the centre of a
regular octahedron of six sulphur atoms at positions (+a, 0,0), (0, +a,0), (0,0, +a).
These can be considered as being positioned at the centres of the faces of a cube
of side 2a. The sulphur atoms produce at the site of the thorium atom an electric
field that has the same symmetry group as a cube (432 or O).

The five degenerate d-electron orbitals of the thorium atom can be expressed, rel-
ative to any arbitrary polar axis, as

(3cos’0 — 1)f(r), et ?sinfcosOf(r), e sin’ 0f(r).

A rotation about that polar axis through an angle ¢’ in effect changes ¢ to ¢ — ¢'.
Use this to show that the character of the rotation in a representation based on
the orbital wavefunctions is given by

14 2cos¢’ +2cos2¢’

and hence that the characters of the representation, in the order of the symbols
given in exercise 29.5,is 5, —1, 1, —1, 1. Deduce that the five-fold degenerate level
is split into two levels, a doublet and a triplet.

The electric field at the thorium atom has the symmetries of group 432 and the
d-electron orbitals are

p1 = (3cos? 0 — 1)f(r),
Y23 = e sin 0 cos 0 (r),
Y45 = e sin® 01 (r).

Taking the y; (i = 1,2,...,5) as a basis, the representation of a rotation by ¢’
is a 5 x 5 matrix whose diagonal elements are equal to the factor by which each
basis function is multiplied when that function is subjected to the rotation.

1 does not depend upon ¢ and so is unaltered; its entry is 1.
23 become sin 0 cos Of (r) eT'#F¢; their entries are e and €',
Y45 become sin’ 0f (r) eT2¢F29"; their entries are e=2¢" and 2%

The trace of the representative matrix, and therefore the character of the rotation,
is thus

y=14e 49 472 4 2 =1+ 2cos¢’ + 2cos2¢.
For the symmetry elements in the group 432, the corresponding rotation angles

486



REPRESENTATION THEORY

and characters are as follows:

Symmetry ¢’ 1

I 0 142+2=5
3 +21/3 1+2(—)) 421 =-1
2, T L+2(=1)+2(1) = 1

4. +n/2 1+2(0)+2(-1) =

2 n 142(— n+an=

Rewriting these results in a form similar to that in which the character table of
432 has been previously presented, we have

Symmetry I 2; 3 4z 2z
Character,y 5 1 -1 -1 1

We now compare this with table 29.2, compiled in exercise 29.5, and see, or
calculate using the equation

%=;§:MWMFMM=;§:QMWKWM&L

X i

that this character set is the direct sum of those for the two dimensional irrep E
and the three-dimensional irrep T;, as given in that table:

I 2, 3 4, 2
E 20 -1 0 2
T, 3 1 0 -1 -1
7 51 -1 -1 1

The n (mixed) orbitals transforming according to any particular n-dimensional
irrep will all have the same energy, but, barring accidental coincidences, it will be
a different energy from that corresponding to a different irrep. Thus the five-fold
degenerate level is split into a doublet (E) and a triplet (T;).
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29.9 The hydrogen atoms in a methane molecule CHy form a perfect tetrahedron
with the carbon atom at its centre. The molecule is most conveniently described
mathematically by placing the hydrogen atoms at the points (1,1,1), (1,—1,—1),
(—=1,1,—1) and (—1,—1,1). The symmetry group to which it belongs, the tetrahe-
dral group (43m or T;), has classes typified by I, 3, 2., mgq and 4., where the first
three are as in exercise 29.5, my is a reflection in the mirror plane x —y = 0 and
4, is a rotation of m/2 about the z-axis followed by an inversion in the origin. A
reflection in a mirror plane can be considered as a rotation of m about an axis
perpendicular to the plane, followed by an inversion in the origin.

The character table for the group 43m is very similar to that for the group 432,
and has the form shown in table 29.3. By following the steps given below, determine
how many different internal vibration frequencies the CH4 molecule has.

(a) Consider a representation based on the twelve coordinates x;, y;, z; for i =
1,2,3,4. For those hydrogen atoms that transform into themselves, a rotation
through an angle 0 about an axis parallel to one of the coordinate axes gives
rise in this natural representation to the diagonal elements 1 for the corre-
sponding coordinate and 2 cos 6 for the two orthogonal coordinates. If the
rotation is followed by an inversion then these entries are multiplied by —1.
Atoms not transforming into themselves give a zero diagonal contribution.
Show that the characters of the natural representation are 12, 0, 0, 0, 2 and
hence that its expression in terms of irreps is

AieEa T @ 2T,.

=

The irreps of the bodily translational and rotational motions are included in
this expression and need to be identified and removed. Show that when this
is done it can be concluded that there are three different internal vibration
frequencies in the CHy molecule. State their degeneracies and check that
they are consistent with the expected number of normal coordinates needed
to describe the internal motions of the molecule.

(a) We consider each type of rotation in turn and determine how many of the
hydrogen atoms are transformed into themselves, i.e. do not change position.

Under I all twelve atoms retain their original positions and so y(I) = 12.

For the symmetry 3 the rotation angle is +2n/3 and for each such rotation
one atom retains its original place. However, it contributes 1 4 2cos(2n/3) =
1+2(—1)=0and so x(3) = 0.

For the symmetries 2. and 4. no atoms retain their original places and the
corresponding characters are both 0.
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Typical element and class size ~ Functions transforming

Irreps 1 3 2, 4, my according to irrep
1 8 3 6 6

Ay 1 1 1 1 1 X2 4y 4+ 22

A, 1 1 1 —1 —1

E 2 —1 2 0 0 (x? —y%, 322 —1?)

T, 3 0 —1 1 —1 (R, Ry, R:)

T, 3 0 —1 —1 1 (x,¥,2); (xy,yz,2X)

Table 29.3 The character table for the symmetry group 43m.

Finally, for my, a reflection in one of the six mirror planes, there are two atoms
that lie in any one of the planes (with the other two atoms placed symmetrically,
one on ecither side of it). Thus two atoms are unchanged. As explained in the
question, a reflection in a mirror plane can be considered as a rotation of = about
an axis perpendicular to the plane, followed by an inversion in the origin; the
latter gives rise to an additional factor of —1. As a result, each of the two atoms
contributes (—1)(1 + 2cosn) = 1 to the character of m,. Thus y(my) = 2 and the
full character set of the natural representation is (12,0,0,0, 2).

It then follows that
1(1)(12) 4+ 8(1)(0) 4 3(1)(0) 4+ 6(1)(0) 4+ 6(1)(2)

ma, = 24 = 1,
e — L(1)(12) 4 8(1)(0) + 3(1)(0) + 6(—1)(0) + 6(—1)(2) 0
Az - 24 - Y
e — 1(2)(12) 4 8(—=1)(0) + 3(2)(0) + 6(0)(0) + 6(0)(2) |
E — 24 - b
e — 13)12) +8(0)(0) + 3(=1)(0) + 6(1)(0) + 6(—1)(2) _ ,
T] - 24 — L
e — 13)12) +8(0)(0) + 3(=1)(0) + 6(=1)(0) + 6(1)(2) _,
b 24 ==

Thus the irreps present in this representation are
AieEa@ T, @ 2T,

(b) Bodily translation of the centre of mass of the molecule is included in this rep-
resentation since the representation allows all coordinates to vary independently.
From table 29.3, the set (x, y, z) transforms as T, and so this motion corresponds
to one of the two T, irreps found above.

Equally a rigid-body rotation of the molecule about its centre of mass is included;
from the table (R, R, R.) transform as T and so this rotation, which contains
no internal vibrations, accounts for the T; irrep.
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After these two irreps are removed we are left with the irreps of the internal
vibrations, which are Ay, E, and T,. They are, respectively, one-, two- and three-
dimensional irreps and therefore the corresponding vibration frequencies have
degeneracies of 1, 2 and 3. This gives a total of six internal coordinates, in
accordance with the twelve original ones, less the three translational coordinates
of the centre of mass and the three coordinates needed to specify the direction of
the axis of a rigid-body rotation.

29.11 Use the results of exercise 28.23 to find the character table for the dihedral
group Ds, the symmetry group of a regular pentagon.

As shown in exercise 28.23, the group Ds has ten elements and four classes: {I},
{R,R*}, {R?,R*} and {my,my, m3,ms,ms}. Here R is a rotation through 2r/5.

Since there are ten elements and four classes, and hence four irreps, we must have
that the dimensionalities of the irreps satisfy

n? +n3 +ni+ni = 10.

This has only one (non-zero) integral solution, ny = n, = 1 and n3 = ny = 2. The
identity irrep, Aj, must be one of the one-dimensional irreps, and the character
table must have the form

Irrep I RR* RLR® mi(i=1,5)

Ay 1 1 1 1
A, 1 a b c
E1 2 d e f
E» 2 g h J

For A, we must have both 1 4 2|a|> + 2|b|? + 5|c|> = 10 (summation rule) and
1 4+ 2a + 2b 4 5¢ = 0 (orthogonality with A;). Since the m; have order 2 and A,
is one-dimensional, ¢ can only be a second root of unity, i.e. either of 1 or —1.
The only solution to these simultaneous equations, even allowing a and b to be
complex (but restricted to each being a fifth root of unity), is a = b = 1 and
c=—1.

For E; (and similarly for E,),
44 2|d)> + 2le)® + 5|f|> = 10.

Arguing as previously, we conclude that, because E is two-dimensional, f can
only be the sum of two values which are either +1 or —1. Hence, only 0 and +2
are possible, and the values +2 are impossible in this case. This conclusion can
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be confirmed by noting that the E; character set has to be orthogonal to those
for both A; and A,. So both

1(1)2 +2(1)d + 2(1)e + 5(1)f =0
and 1(1)2 + 2(1)d + 2(1)e + 5(=1)f =0,

implying that f = 0.
We are left with

ld? +le>=3and 1 +d+e=0.

This clearly has no integer solutions, but we attempt to find real solutions before
considering complex ones. If d is real then e must also be real. Substituting
e = —1 —d into the first equation gives the quadratic equation

—14+./5

PH(—=1—d’=3 = d+d—1=0 = d= 5

If d is taken as é(—l + \/5) (the golden mean!) then e = ;(—1 — \/5), the other
root of the quadratic. This completes the character set for E;. That for E; is
obtained by setting j = 0 and assigning }(—1+ ./5) to h and }(—1 —/5) to g;
this can be confirmed by checking the orthogonality relation

12)(2) + 2[3 (=1 + /35) J(—=1 — /)]
F2[L (=1 — /3 L1+ /5] +5(0)0(0) =4 —2—2+0 = 0.

We also note that, for example,

-1 ; \/5 = exp <2;”> + exp <4 ><52m> = 2cos 257r = 0.6180,

i.e. d and h are each the sum of two fifth roots of unity. The same applies to e
and g. The final character table reads

Irrep I R, R* R2, R? m; (i=1,5)
Ay 1 1 1 1
A, 1 1 1 -1
E, 2 M=1+45) =11 +9) 0
E, 2 =M1+ M=1+45) 0
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29.13 Further investigation of the crystalline compound considered in exercise 29.7
shows that the octahedron is not quite perfect but is elongated along the (1,1,1) di-
rection with the sulphur atoms at positions +(a+9,0,0), (0, a+9, ), +(9, 9, a+9),
where 0 < a. This structure is invariant under the (crystallographic) symmetry
group 32 with three two-fold axes along directions typified by (1,—1,0). The lat-
ter axes, which are perpendicular to the (1,1,1) direction, are axes of two-fold
symmetry for the perfect octahedron. The group 32 is really the three-dimensional
version of the group 3m and has the same character table. That for 3m is

3m I A,B C,D,E
A 11 1
A 11 —1
E 2 -1 0

Use this to show that, when the distortion of the octahedron is included, the doublet
found in exercise 29.7 is unsplit but the triplet breaks up into a singlet and a
doublet.

The perfect octahedron is invariant under the operations of group 432, whose
character table is as follows:

Typical element and class size

Irrep I 24 3 4, 2,

1 6 8 6 3
Aq 1 1 1 1 1
A, 1 -1 1 -1 1
E 2 0 -1 0 2
T 3 1 0 -1 —1
T, 3 -1 0 1 —1

The distorted octahedron is invariant only under the operations of the smaller
group 32, whose character table is

3m I RR* m;
A 1 1 1
A, 1 1 —1
E 2 -1 0

Here R is a rotation through 27/3 and its class corresponds to the class denoted
by ‘3’ in group 432. The reflection symmetries correspond to rotations by = when
considered as operations in three dimensions (as opposed to in a plane); thus
they correspond to the class 2;. We are thus concerned with the first three classes
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in the 432 table, but with the second and third interchanged as compared with
the 32 table.

Using the order in the 32 table, E has the characters (2,—1,0). This two-
dimensional irrep also appears in the 432 table, and so the corresponding doublet
level in the thorium atom is not split as a result of the distortion of the sulphur
octahedron. However, the triplet level, whose components transform as Tj, will
be affected by the distortion. The irrep T does not appear in the 32 table but
has to be made up from E and A;; in terms of character sets

(3,0,1) =(2,—1,0) + (1,1, 1).

In physical terms, the triplet state in thorium is split by the distorted electric field
due to the sulphur atoms into a doublet and a singlet.
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Probability

30.1 By shading or numbering Venn diagrams, determine which of the following
are valid relationships between events. For those that are, prove the relationship
using de Morgan’s laws.

(a)( ) Xn¥Y.
(b) XUY =(XUY).
(c)( )mz (XUZ)NY.
d) X (YmZ)—(XUY)mZ.
€) XU(YNZ)=(XUY)UZ.

For each part of this question we refer to the corresponding part of figure 30.1.

(a) This relationship is correct as both expressions define the shaded region that
is both inside X and outside Y.

(b) This relationship is not valid. The LHS specifies the whole sample space apart
from the region marked with the heavy shading. The RHS defines the region that
is lightly shaded. The unmarked regions of X and Y are included in the former
but not in the latter.

(c) This relationship is not valid. The LHS specifies the sum of the regions marked
2, 3 and 4 in the figure, whilst the RHS defines the sum of the regions marked 1,
3 and 4.

(d) This relationship is not valid. On the LHS, Y N Z is the whole sample space
apart from regions 3 and 4. So X U (Y NZ) consists of all regions except for
region 3. On the RHS, X U Y contains all regions except 3 and 7. The events Z
contain regions 1, 6, 7 and 8 and so (X U Y)N Z consists of regions 1, 6 and 8.
Thus regions 2, 4, 5 and 7 are in one specification but not in the other.
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(a) (b)

(c) (d) and (e)

Figure 30.1 The Venn diagrams used in exercise 30.1.

(e) This relationship is valid. The LHS is as found in (d), namely all regions except
for region 3. The RHS consists of the union (as opposed to the intersection) of
the two subregions found in (d) and thus contains those regions found in either
orbothof XUY (1,2, 4,5,6 and 8) and Z (1, 6, 7 and 8). This covers all regions
except region 3 — in agreement with those found for the LHS.

For the two valid relationships, their proofs using de Morgan’s laws are:
(a) (XuY)=XnY=Xn7Y,
(e) Xu(YnzZ)=xuuz)y=XxuyY)uZz.

30.3 A4 and B each have two unbiased four-faced dice, the four faces being num-
bered 1, 2, 3 and 4. Without looking, B tries to guess the sum x of the numbers
on the bottom faces of A’s two dice after they have been thrown onto a table. If
the guess is correct B receives x> euros, but if not he loses x euros.

Determine B’s expected gain per throw of A’s dice when he adopts each of the
following strategies:

(a) he selects x at random in the range 2 < x < 8;

(b) he throws his own two dice and guesses x to be whatever they indicate;

(c) he takes your advice and always chooses the same value for x. Which number
would you advise?
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We first calculate the probabilities p(x) and the corresponding gains g(x) =
p(x)x*> — [1 — p(x)]x for each value of the total x. Expressing both in units of
1/16, they are as follows:

x 2 3 4 5 6 7 8
px) 12 3 4 3 2 1
g(x) —26 —24 —4 40 30 0 —56

(a) If B’s guess is random in the range 2 < x < 8 then his expected return is

11 40
16 7(—26—24—4—1—40+30—!—0—56)——112 = —0.36 euros.

(b) If he picks by throwing his own dice then his distribution of guesses is the
same as that of p(x) and his expected return is

116 116 [1(—26) + 2(—24) + 3(—4) + 4(40) + 3(30) + 2(0) + 1(—56)]
108
= 556 = 0.42 euros.

(c) As is clear from the tabulation, the best return of 40/16 = 2.5 euros is expected
if B always chooses ‘5’ as his guess. Of course, you should not advise him but
offer to take his place!

30.5 Two duellists, A and B, take alternate shots at each other, and the duel is
over when a shot (fatal or otherwise!) hits its target. Each shot fired by A has a
probability o of hitting B, and each shot fired by B has a probability f of hitting
A. Calculate the probabilities Py and P,, defined as follows, that A will win such
a duel: Py, A fires the first shot; P,, B fires the first shot.

If they agree to fire simultaneously, rather than alternately, what is the probability
P; that A will win, i.e. hit B without being hit himself?

Each shot has only two possible outcomes, a hit or a miss. P; is the probability
that A will win when it is his turn to fire the next shot, and he is still able to do
so (event W). There are three possible outcomes of the first two shots: Cy, A4 hits
with his shot; C,, A misses but B hits; Cz, both miss. Thus

Py = " Pr(C;) Pr(W|C;)

=[ax1]+[(1—a)f x 0]+ [(1 —a)(1—f) % Pi]
04

o+ B —af’

When B fires first but misses, the situation is the one just considered. But if B

= P =
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hits with his first shot then clearly A’s chances of winning are zero. Since these
are the only two possible outcomes of B’s first shot, we can write

P=lpx0l+lA-pxp] = p= U

When both fire at the same time there are four possible outcomes D; to the first
round: Dy, A hits and B misses; D, B hits but A misses; D3, they both hit; Dy,
they both miss. If getting hit, even if you manage to hit your opponent, does not
count as a win, then

Py =" Pr(D;) Pr(W|D;)

= [l =B) x 1]+ [(1 =) x 0] + [af X O] + [(1 —a)(1 —f) x P5].
This can be rearranged as
_oul=p) _
P3_oc+ﬁ—ocﬂ_P2'

Thus the result is the same as if B had fired first. However, we also note that if
all that matters to 4 is that B is hit, whether or not he is hit himself, then the
third bracket takes the value «ff x 1 and P; takes the same value as P;.

30.7 A tennis tournament is arranged on a straight knockout basis for 2" players,
and for each round, except the final, opponents for those still in the competition
are drawn at random. The quality of the field is so even that in any match it is
equally likely that either player will win. Two of the players have surnames that
begin with ‘Q’. Find the probabilities that they play each other

(a) in the final,
(b) at some stage in the tournament.

Let p, be the probability that before the rth round the two players are both still
in the tournament (and, by implication, have not met each other). Clearly, p; = 1.

Before the rth round there are 2""'~" players left in. For both ‘Q’ players to still
be in before the (r 4+ 1)th round, Q; must avoid Q, in the draw and both must

win their matches. Thus
211+1—r -2 1 2
pr+1 = 2n+17r o 1 (2> pr~
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(a) The probability that they meet in the final is p,, given by

_r-21ioon 221
Pr=Son pg4o-1 147 2214

' [@ D@ =12 = 1)
<4) l: (2n_1)(2n—1_1)(22—1)

n—1
— 1 21171 1
4 »—1

B 1
Sl — 1y

(b) The more general solution to the recurrence relation derived above is

B R R T B
Pr=Son a1 147 14

N [@T =D =@ )
(4> |: (271 — 1)(2”—1 _ 1) A (2n+2—r _ 1)

1 r—1 2n+17r_1
- (2) w1

Before the rth round, if they are both still in the tournament, the probability that
they will be drawn against each other is (2""+! — 1)~!. Consequently, the chance
that they will meet at some stage is

n n r—1 -
1 1 = _q 1
Z Pr on—r+1 1 = Z (2) on 1 on—r+1 1
r=1 - o -

r=1

1 n 1 r—1
B 2n—1;<2)

1= 1
S I PO Ik

This same conclusion can also be reached in the folowing way. The probability
that Q; is not put out of (i.e. wins) the tournament is ( ;)”. It follows that the
probability that Q; is put out is 1—(;)” and that the player responsible is Q, with
probability [1 — (;)”] /(2" —1) = 27", Similarly, the probability that Q, is put out
and that the player responsible is Q; is also 27". These are exclusive events but
cover all cases in which Q; and Q, meet during the tournament, the probability
of which is therefore 2 x 27" = 2"1,
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30.9 An electronics assembly firm buys its microchips from three different suppli-
ers; half of them are bought from firm X, whilst firms Y and Z supply 30% and
20%, respectively. The suppliers use different quality-control procedures and the
percentages of defective chips are 2%, 4% and 4% for X, Y and Z, respectively.
The probabilities that a defective chip will fail two or more assembly-line tests are
40%, 60% and 80%, respectively, whilst all defective chips have a 10% chance
of escaping detection. An assembler finds a chip that fails only one test. What is
the probability that it came from supplier X ?

Since the number of tests failed by a defective chip are mutually exclusive
outcomes (0, 1 or > 2), a chip supplied by X has a probability of failing just one
test given by 0.02(1 — 0.1 —0.4) = 0.010. The corresponding probabilities for chips
supplied by Y and Z are 0.04(1—0.1—0.6) = 0.012 and 0.04(1—0.1—0.8) = 0.004,
respectively.
Using ‘1’ to denote failing a single test, Bayes’ theorem gives the probability that
the chip was supplied by X as

Pr(1|X) Pr(X)
Pr(1|X) Pr(X) + Pr(1|Y) Pr(Y) + Pr(1|1Z) Pr(Z)
_ 0.010 x 0.5 50
0010 x 0.540.012 x 0.3 +0.004 x 0.2 94’

Pr(X|1) =

30.11 A boy is selected at random from amongst the children belonging to fam-
ilies with n children. It is known that he has at least two sisters. Show that the
probability that he has k — 1 brothers is
(n—1)!
2=t —n)k — 1)!(n—k)!’
for 1 <k <n—2 and zero for other values of k. Assume that boys and girls are
equally likely.

The boy has n — 1 siblings. Let A; be the event that j — 1 of them are brothers,
ie. his family contains j boys and n — j girls. The probability of event 4; is

e ()" (n—1)!

> "IC (;)nil 27l = Dlin— )V

PI'(Aj) =

If B is the event that the boy has at least two sisters, then

1 1<j<n-2,

Pr(BMj):{ 0 n—1<j<n

499



PROBABILITY

Now we apply Bayes’ theorem to give the probability that he has k — 1 brothers:
1 Pr(A4y)
S Pr(4;)

for 1 < k < n—2. The denominator of this expression is the sum 1 = (; + é)”_l =

Pl‘(Ak|B) =

—1 D ] ) .
Z;?ZI =1C (;)n , but omitting the j = n — 1 and the j = n terms, and so is

equal to
(n—1)! (n—1)! 1 n1
! 2=l(n—=2)111 2=l (n—1)10!  2n-1 [2 (n—=1) 1]'
Thus,
—1)! n—1 — 1!
Pr(A,|B) = (n—1)! 2 (n—1)!

2k — )n—k)l 21 —n (21 —p)(k — 1)(n — k)1’

as given in the question.

30.13 A set of 2N +1 rods consists of one of each integer length 1,2,...,2N,2N +
1. Three, of lengths a, b and c, are selected, of which a is the longest. By considering
the possible values of b and c, determine the number of ways in which a non-
degenerate triangle (i.e. one of non-zero area) can be formed (i) if a is even,
and (ii) if a is odd. Combine these results appropriately to determine the total
number of non-degenerate triangles that can be formed with the 2N + 1 rods, and
hence show that the probability that such a triangle can be formed from a random
selection (without replacement) of three rods is

(N —1)dN + 1)
2A4N2—1)

Rod a is the longest of the three rods. As no two are the same length, let
a > b > c¢. To form a non-degenerate triangle we require that b + ¢ > qa, and, in
consequence, 4 < a < 2N + 1.

(i) With a even. Consider each b (< a) in turn and determine how many values
of ¢ allow a triangle to be made:

b Values of ¢ Number of ¢ values
a—1 2,3, ---,a—2 a—3
a—2 3,4,---,a—3 a—>5
éa—l—l éa 1

Thus, there are 1 +3 + 5+ --- 4+ (a — 3) possible triangles when a is even.
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(ii)) A table for odd a is similar, except that the last line will read b = é(a + 3),
c = é(a —1) or é(a + 1), and the number of ¢ values = 2. Thus there are

24446+ -+ (a—3) possible triangles when a is odd.

To find the total number n(N) of possible triangles, we group together the cases
a=2mand a=2m+ 1, where m =1,2,...,N. Then,

[l
] =

n(N) [1434 - +Cm—=3)]+[2+4+ - +2m+1-3)]

3
II
Y

2m

— N
Z Z 2m—2)2m—1) =N om* —3m+1

N(N+ )(2N+1)—1]—3[;N(N+1)—1]+N—1

Il
Mz

[2(N+ 12N +1)—9(N +1)+6]

02@2:ﬁ

(4N? —3N —1) = 12(41\1 +1)(N —1).

The number of ways that three rods can be drawn at random (without replace-
ment) is (2N + 1)(2N)(2N — 1)/3! and so the probability that they can form a
triangle is
N@AN +1)(N—1) 3! _(N=D@AN+1)
6 (2N +1)2N)2N —1)  2@N2—1) °

as stated in the question.

30.15 The duration (in minutes) of a telephone call made from a public call-box
is a random variable T. The probability density function of T is

0 t<O0,
f(t) = boo0<r<1,
ke™® t>1,

where k is a constant. To pay for the call, 20 pence has to be inserted at the
beginning, and a further 20 pence after each subsequent half-minute. Determine by
how much the average cost of a call exceeds the cost of a call of average length
charged at 40 pence per minute.

From the normalisation of the PDF, we must have

Y 1 | ke™? 5
1_/0 f(t)dt—er/1 ke dt—2+ ) = k=e.
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The average length of a call is given by

1 1 o0
fz/ t dt+/ tete 2 dt
0o 2 i

_11+ te’e™? 30_}_/”62.9szt_l_i_1+e2 e 00_3_1_1_1
S22 -2 |, L 2 4022 - -

Let p, = Pr{}(n—1) <t < jn}. The corresponding cost is ¢, = 20n.
Clearly, p; = p, = | and, for n > 2,

n/2

n/2 efzt 1
Pn = ez/ e 2dt =e? { } = _eXe—1)e™.
(n—1)/2 2 2

The average cost of a call is therefore

1

¢ =20
¢ 4

1 &1, _ 5 =
+24+ane (e—1)e ”] =154 10e (e—l)Zne ",

n=3 n=3

Now, the final summation might be recognised as part of an arithmetico-geometric
series whose sum can be found from the standard formula

a rd

S = 1—r+(1—r)2’

witha=0,d =1 and r = ¢!, or could be evaluated directly by noting that as a
geometric series,

¢ 1
Zefnx _ I

Differentiating this with respect to x and then setting x = 1 gives

—X —1

= e = e
—;ne J:_(l—e—x)2 = ;ne =(1_e_1)2.
From either method it follows that

- e
ne " = L
; (e—1)?

e—e42—e' =244 =277 3e7! —2e7?

B (e—1)? S (e—1)?
The total charge therefore exceeds that of a call of average length (1 minute)
charged at 40 pence per minute by the amount (in pence)

3¢~ —2¢72 _ 10(3e —2) —25¢+25 Se+5

15+ 10e%(e — 1) —40

= 10.82.
(e —1)2 e—1 e—1
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30.17 If the scores in a cup football match are equal at the end of the normal
period of play, a ‘penalty shoot-out’ is held in which each side takes up to five
shots (from the penalty spot) alternately, the shoot-out being stopped if one side
acquires an unassailable lead (i.e. has a lead greater than its opponents have
shots remaining ). If the scores are still level after the shoot-out a ‘sudden death’
competition takes place.

In sudden death each side takes one shot and the competition is over if one side
scores and the other does not; if both score, or both fail to score, a further shot is
taken by each side, and so on. Team 1, which takes the first penalty, has a proba-
bility py, which is independent of the player involved, of scoring and a probability
q1 (=1 —py) of missing; p, and q, are defined likewise.

Let Pr(i:x, y) be the probability that team i has scored x goals after y attempts,
and f(M) be the probability that the shoot-out terminates after a total of M shots.

(a) Prove that the probability that ‘sudden death’ will be needed is

5

fU14) =D "CC (b (@192) "

r=0

(b) Give reasoned arguments (preferably without first looking at the expressions
involved ) which show that, for N = 3,4,5,

fM=2N)=>" + ¢ Pr(1:6 — N +r,N)Pr(2:r,N — 1)

2N—6{ p2 Pr(1:r, N)Pr(2:5—N+r,N —1) }
r=0

and, for N = 3,4,

IN—5
p1Pr(1:5— N +r,N)Pr(2:r,N)
M=2 1)=
#( N+1) z;{ + g1 Pr(1:r, N)Pr(2:5 — N +r, N).
(c) Give an explicit expression for Pr(i:x,y) and hence show that if the teams
are so well matched that py = p, = 1/2 then

A | NI(N —1)!6
feN) = ; (22N> PN =) (6—N+r)!2N—6—r)!

2N—5 1 (N')z
2N +1) = ’ .
FeN +1) ; (22N> PN — )15 — N +r)I2N — 5 — 7)1
(d) Evaluate these expressions to show that, expressing f(M) in units of 278,

M 6 7 8 9 10 11+
f(M) 8 24 42 56 63 63

Give a simple explanation of why f(10) = f(11+).
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(a) For ‘sudden death’ to be needed the scores must be equal after ten shots, five
from each side. A score of r goals each has a probability

(°Cria™) x (PG,

and the total probability that the scores are equal after ten shots is obtained by
summing this over all possible values of r (r =0,1,...,5). Thus

5
FO1H) =Y CCY (pip) (@12
r=0
(b) For the shoot-out to terminate after 2N shots (< 10 shots), one team must be
6 — N goals ahead and team 2 must just have taken the last shot.

(1) If team 1 won, it was because team 2 failed with their Nth shot and team 1 must
have been 6 — N goals ahead before the final shot was taken. The probability for this is
¢@Pr(1 :6—N+r,N)Pr(2:r,N —1).

(i1) If team 2 won, it must have been successful with its last shot and, before it, must have
been 5 — N goals ahead. The probability for this is p, Pr(1 : ¥, N)Pr(2 : 5— N +r,N —1).

This type of finish can only arise if N > 5— N, i.e. N = 3, 4 or 5. Further, since
in Pr(i : x,y) we must have x < y, the range for r is determined, from (i), by
6—N+r < N and, from (ii), by 5—N+r < N—1; these both give 0 < r < 2N —6.
Thus

2“{ P Pr(1:r, N)Pr(2:5— N +r,N — 1) }

f(M =2N) = ;) + @2 Pr(1:6 — N +7,N)Pr(2:r,N — 1)

For M = 2N + 1, the shoot-out terminates after team 1’s (N 4+ 1)th shot, which
must have been successful if it wins, or unsuccessful if team 2 wins.

(1) If team 1 wins, it must now be 6 — N goals ahead, i.e. it was 5 — N goals ahead before
its successful (N + 1)th shot. This has probability p; Pr(1 : 5— N 4+r, N)Pr(2 : r, N).

(i) If team 2 wins, it must have been 5 — N goals ahead, before team 1’s unsuccessful
(N + 1)th shot. The probability for this is g; Pr(1 : 7, N)Pr(2 : 5— N +r,N).

This type of ending can only occur if N > 5— N and 2N +1 < 10,ie. N =3
or 4. Arguing as before, we see that both (i) and (ii) require 5— N +r < N, ie.
0<r<2N —5. Thus

2N-5
- _ p1 Pr(1:5—N+4r,N)Pr(2:r,N)
JM=2N+1)= z:; { +q; Pr(1:r,N)Pr(2:5—N+r,N) [~

(c) As in part (a), Pr(i:x, y) is given by the binomial distribution as
Pr(i:x,y) = "Cipia
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We now set p; = p» = q; = ¢» = } and calculate

2N—6 1N Nt 1 N 1 N—1
f(2N)=§ )G -c5N+r(2> (2)
1 1 N 1 N—1
b ive N-la(z) (2> ]
1 NI(N = 1)!
<22N)[ '6—N+r)!Q2N—-6—r)!
NI(N = 1)!
+ N+r) (2N — 6—r)'r'(N—1—r)}
1 —1'[6 N+r+N—r]
(22N 16— N+ (2N —6—r)!

B NI(N—1)!6
_XO:<Z2N)V!(N—r) 1(6—N+7)!(2N—6—r)

=l

The value of f(2N+1) is found in a similar way. But, since p; = p, =q1 = ¢» = ;
the two terms contributing to it for any particular value of r are equal and each

has the value
1y N\ . /"
) Cs_N4r (2> G, <2) .

When these terms are added and then summed over r we obtain

2N-5 1 (N')z
2N+1)= ’ .
feN +1) ; (22N) PN — )15 — N +1)I2N — 5 — )1
(d) Evaluating these expressions for the allowed values of N, that is 3, 4 and 5
for f(2N), and 3 and 4 for f(2N + 1), is straightforward but somewhat tedious.
The results, as given in the question, are

M 6 7 8 9 10 11+
f(M) 8 24 42 56 63 63

Here f(M) is expressed in units of 278, As expected, these probabilities add up
to unity, and it can be seen that sudden death is needed in about one-quarter of
such shoot-outs.

The equality of f(10) and f(11+4) is simply explained by the fact that, if the
shoot-out has not been settled by then, team 2 is just as likely (p, = ;) to take
it into sudden death by scoring with its fifth shot as it is to lose it (¢q; = ;) by
missing.
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30.19 A continuous random variable X has a probability density function f(x);
the corresponding cumulative probability function is F(x). Show that the random
variable Y = F(X) is uniformly distributed between 0 and 1.

We first note that, as F(x) is a cumulative probability density function, it has
values F(—o0) = 0 and F(o0) = 1 and that y = F(x) has a single-valued inverse
x = x(y).

With Y = F(X), we have from the standard result for the distribution of single-
valued inverse functions that

g(Y)=f<X<Y))‘dX’.

dy

However, in this particular case of Y being the cumulative probability function
of X, we can evaluate | dX/dY | more explicitly. This is because

dy d d (¥
o = ax PO = 5 [ rwan=gon),
and is non-negative. So,
dx| dYy |dX
g(Y)—f(X(Y))‘dY ] =% ‘dY‘ - 1.

This shows that Y is uniformly distributed on (0, 1).

30.21 This exercise is about interrelated binomial trials.

(a) In two sets of binomial trials T and t, the probabilities that a trial has a

~—~

successful outcome are P and p, respectively, with corresponding probabilites
of failure of Q =1 — P and q = 1 — p. One ‘game’ consists of a trial T,

followed, if T is successful, by a trial t and then a further trial T. The two

trials continue to alternate until one of the T-trials fails, at which point the
game ends. The score S for the game is the total number of successes in the
t-trials. Find the PGF for S and use it to show that
E[S] = Pp (1—Pq)

0 0
Two normal unbiased six-faced dice A and B are rolled alternately starting
with A, if A shows a 6 the experiment ends. If B shows an odd number no
points are scored, one point is scored for a 2 or a 4, and two points are
awarded for a 6. Find the average and standard deviation of the score for
the experiment and show that the latter is the greater.

yisj= TP
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This is a situation in which the score for the game is a variable length sum, the
length N being determined by the outcome of the T-trials. The probability that
N =n is given by h, = P"Q, since n T-trials must succeed and then be followed
by a failing T-trial. Thus the PGF for the length of each ‘game’ is given by

o0

(=Y hir =Y pror= ©
n=0

n=0

For each permitted Bernoulli t-trial, X; = 1 with probability p and X; = 0
with probability ¢; its PGF is thus ®x(t) = g + pt. The score for the game is
S = Zfi 1 Xi and its PGF is given by the compound function

Es(t) = xn(DPx (1))
_ 0
1—P(q+pt)

in which the PGF for a single t-trial forms the argument of the PGF for the
length of each ‘game’.

It follows that the mean of S is found from

_ QPp _ Pp
S (1-P2 Q

To calculate the variance of S we need to find Z§(1). This second derivative is

2QP2p2 2P2p2
=2(t) = 2i(1) = .
0= g ppy = ="
The variance is therefore
V[S]=Z4(1)+ E(1) — [E(D)]?
B 2P2p2 Pp B P2p2
0? 0 0’
_ Pp(Pp+0Q) Pp(P—Pq+Q) Pp(l—Pq)
B 0? B 0? B 0? '

(b) For die A: P = and Q = | giving yn(t) = 1/(6 — 5t).

(
For die B: Pr(X =0) = g, PrX =1) = g and Pr(X =2) = é giving @y (1) =
(3+2t+1t3)/6.

The PGF for the game score S is thus

1 6

Es(t) = = :
S = @) 21— 10— 50
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We need to evaluate the first two derivatives of ZEg(t) at t = 1, as follows:

B —6(—10 — 101) 60 + 60t
E0= 1 Z 10— 52 = @21 — 10— 522
, 120 10
= EISI=Z()= , = 5 =33,
_, 60 2(60 + 601)(—10 — 107)
ES0= 01 100—s22 T @1 — 10— 52
Ly 2020200 _ 215
=S 36 (6)3 9 -

Substituting the calculated values gives V [S] as

215 10 10\% 145
Visl= 9 +3_<3> T 9
from which it follows that

os = \/V[S] = 4.01, i.e. greater than the mean.

30.23 A point P is chosen at random on the circle x*> + y* = 1. The random
variable X denotes the distance of P from (1,0). Find the mean and variance of
X and the probability that X is greater than its mean.

With O as the centre of the unit circle and Q as the point (1,0), let OP make an
angle 0 with the x-axis 0Q. The random variable X then has the value 2 sin(0/2)
with 0 uniformly distributed on (0,2n), i.e.

f(x)dx = 21n do.

The mean of X is given straightforwardly by

2 2n 2n
(X}z/ Xf(x)dx=/ 2sin ) 1 d0=1 —20050 = 4.
0 0 2)2=n v 21, i

For the variance we have

2n
0\ 1 16 41 16 16
2 2 2 -2
=(X°)—(X)" = 4 do — = 21 — =2— _.
ox = (X5 =X /0 s <2> 2r 2 w2 R n?

When X = (X) = 4/x, the angle 6 = 2sin~!(2/x) and so

21 — 4sin”!

Pr(X > (X)) = o, T =061
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30.25 The number of errors needing correction on each page of a set of proofs
follows a Poisson distribution of mean u. The cost of the first correction on any
page is o and that of each subsequent correction on the same page is 5. Prove
that the average cost of correcting a page is

ot f(u—1) = (2= pe "

Since the number of errors on a page is Poisson distributed, the probability of n
errors on any particular page is

n

Pr(n errors) = p, = e * # .
n!
The average cost per page, found by averaging the corresponding cost over all

values of n, is

o0
¢=0po+opi+ Y [o+(n—1)B1p,
n=2

= ape ™ + (= B)> _pu+ B npu

n=2 n=2

Now, > p, = 1 and, for a Poisson distribution, >, np, = . These can be
used to evaluate the above, once the n = 0 and n = 1 terms have been removed.
Thus

c=ope "+ (=)l —e " —pe™)+ f(u—0—pe™)
=o+Bu—1)+e (au—o+f—pu+up — pup)
=a+pp—1)+e"(p—a),

as given in the question.

30.27 Show that for large r the value at the maximum of the PDF for the gamma
distribution of order r with parameter . is approximately i/\/Zn(r —1).

The gamma distribution takes the form

J0) = iy e

and its maximum will occur when y(x) = x"~De™* is maximal. This requires

dy

Ozdx

=@ —1xU2e™™ — x0TV =  Jx=r—1.
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The maximum value is thus

A
g = — )= p=(r=1)
pmax(r) = ) (= D

Now, using Stirling’s approximation,

I'n+1)=n!~ \/Znn (:)n for large n,

we obtain
~ el (r=1) y—(r=1)
Tmax (1) & \/27'5(1’ —1) (r — 1)) (r—1) e
A
~ 2nr—1)

30.29 The probability distribution for the number of eggs in a clutch is Po(4),
and the probability that each egg will hatch is p (independently of the size of the
clutch). Show by direct calculation that the probability distribution for the number
of chicks that hatch is Po(4p).

Clearly, to determine the probability that a clutch produces k chicks, we must
consider clutches of size n, for all n > k, and for each such clutch find the

probability that exactly k of the n chicks do hatch. We then average over all n,
weighting the results according to the distribution of n.

The probability that k chicks hatch from a clutch of size n is "Cyxp*q" ¥, where
g = 1 — p. The probability that the clutch is of size n is e=*1"/n!. Consequently,
the overall probability of k chicks hatching from a clutch is

n

- A
Pr(k chicks) = Z e 0l "C Pk g"k
n=k '

ke (g n! _
=e¢ piz; Kl — k) setn—k =m,

_ Uk 5 G

k! m!
m=0

— (ip)k oM
N k!
_ e P(p)
k!t~
since ¢ = 1 — p. Thus Pr(k chicks) is distributed as a Poisson distribution with
parameter u = Ap.
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30.31 Under EU legislation on harmonisation, all kippers are to weigh 0.2000 kg
and vendors who sell underweight kippers must be fined by their government. The
weight of a kipper is normally distributed with a mean of 0.2000 kg and a standard
deviation of 0.0100 kg. They are packed in cartons of 100 and large quantities of
them are sold.

Every day a carton is to be selected at random from each vendor and tested ac-
cording to one of the following schemes, which have been approved for the purpose.

(a) The entire carton is weighed and the vendor is fined 2500 euros if the average
weight of a kipper is less than 0.1975 kg.

(b) Twenty-five kippers are selected at random from the carton; the vendor is
fined 100 euros if the average weight of a kipper is less than 0.1980 kg.

(c) Kippers are removed one at a time, at random, until one has been found that
weighs more than 0.2000 kg, the vendor is fined 4n(n— 1) euros, where n is
the number of kippers removed.

Which scheme should the Chancellor of the Exchequer be urging his government
to adopt?

For these calculations we measure weights in grammes.

(a) For this scheme we have a normal distribution with mean u = 200 and s.d.
¢ = 10. The s.d. for a carton is /1006 = 100 and the mean weight is 20000.
There is a penalty if the weight of a carton is less than 19750. This critical value
represents a standard variable of

19750 — 20000
h 100 h

The probability that Z < —2.5 =1 — ®(2.5) = 1 —0.9938 = 0.0062. Thus the
average fine per carton tested on this scheme is 0.0062 x 2500 = 15.5 euros.

VA —2.5.

(b) For this scheme the general parameters are the same but the mean weight of
the sample measured is 5000 and its s.d is \/25 (10) = 50. The Z-value at which
a fine is imposed is

_ (198 x 25) — 5000
= P =
The probability that Z < —1.0 = 1 — ®(1.0) = 1 — 0.8413 = 0.1587. Thus the
average fine per carton tested on this scheme is 0.1587 x 100 = 15.9 euros.

VA —1.

(c) This scheme is a series of Bernoulli trials in which the probability of success is
; (since half of all kippers weigh more than 200 and the distribution is normal).
The probability that it will take n kippers to find one that passes the test is
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g 'p= (é)”. The expected fine is therefore

5¢) n 1
f=Z4n(n—1)<;) =4§1(;3) = 16 euros.
2

n=2

The expression for the sum was found by twice differentiating the sum of the
geometric series » " with respect to r, as follows:

zw: rn — 1 = z‘ﬂ: m,n—l 1
g 1—r — (1—r)?
- 2
= Zn(n — 1"t = (1— )
n=2
- " 252
= Zn(n—l)r :(l—r)3'

There is, in fact, little to choose between the schemes on monetary grounds;
no doubt political considerations, such as the current unemployment rate, will
decide!

30.33 A practical-class demonstrator sends his twelve students to the storeroom
to collect apparatus for an experiment, but forgets to tell each which type of
component to bring. There are three types, A, B and C, held in the stores (in
large numbers) in the proportions 20%, 30% and 50%, respectively, and each
student picks a component at random. In order to set up one experiment, one unit
each of A and B and two units of C are needed. Let Pr(N) be the probability that
at least N experiments can be setup.

(a) Evaluate Pr(3).

(b) Find an expression for Pr(N) in terms of ki and k,, the numbers of com-
ponents of types A and B, respectively, selected by the students. Show that
Pr(2) can be written in the form

6 8—i
Pr(2) = (0.5)2) " 2C; (04) Y " *C; (0.6).

i=2 j=2

(c) By considering the conditions under which no experiments can be set up,
show that Pr(1) = 0.9145.

(a) To make three experiments possible the twelve components picked must be
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three each of 4 and B and six of C. The probability of this is given by the
multinomial distribution as

12)!
Pr(3) = (12)

313161 (0.2)%(0.3)%(0.5)° = 0.06237.

(b) Let the numbers of 4, B and C sclected be ki, k, and ks, respectively,
and consider when at least N experiments can be set up. We have the obvious
inequalities k; > N, k, > N and k3 > 2N. In addition k3 = 12 — k; — k, implying
that k; < 12 — 2N — k;. Further, k; cannot be greater than 12 — 3N if at least N
experiments are to be set up, as each requires three other components that are
not of type A. These inequalities set the limits on the acceptable values of k; and
k> (ks is not a third independent variable). Thus Pr(N) is given by

12—3N 12—2N—k;

12
kzl:\] Z kl‘kz'(l(2 )kl ka)! (0.2)K1(0.3) (0.5)12 ki =h2,

The answer to part (a) is a particular case of this with N = 3, when each
summation reduces to a single term.

For N = 2 the expression becomes

8k|
12) k k 12—k —k
P 2)K1(0.3)% (0. 1=k
r(2) = szlvky(u b — )!(02) (0.3)% (0.5)
k1>2 ko>2
6 8—i

_ 05)" (12)1(0.2/0.5)" (12 —i)!(0.3/0.5)

=03 ZZ i12—i!  jra2—i—j)!
8—i

= (052> G (04) > IC; (0.6) .

i=2 J=2

i=2 j=

(=2}

(c) No experiment can be set up if any one of the following four events occurs:
= (ky =0), Ay = (k = 0), A3 = (ks = 0) and A4 = (k3 = 1). The probability
for the union of these four events is given by

4
Pr(A; UA;UAs UAg) =Y Pr(dy) — > Pr(4;NA)) +

The probabilities Pr(A4;) are straightforward to calculate as follows:

Pr(4;) = (1 —0.2)"2, Pr(4,) =(1—0.3)",
Pr(4;) = (1 —0.5)"2,  Pr(44) = 2C;(1 —0.5)'2(0.5).

The calculation of the probability for the intersection of two events is typified by

Pr(A; NAs) =[1—(0.240.3)]"?
and Pr(4; NA4s) = 2Ci[1—(0240.5)]'(0.5)".
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A few trial evaluations show that these are of order 10~* and can be ignored by
comparison with the larger terms in the first sum, which are (after rounding)

Z Pr(4;) = (0.8)"2 +(0.7)'2 + (0.5)'? 4 12(0.5)'1(0.5)

= 0.0687 + 0.0138 + 0.0002 + 0.0029 = 0.0856.

Since the probability of no experiments being possible is 0.0856, it follows that
Pr(1) = 0.9144.

30.35 The continuous random variables X and Y have a joint PDF proportional
to xy(x—y)> with0 < x < 1 and 0 < y < 1. Find the marginal distributions for X
and Y and show that they are negatively correlated with correlation coefficient —

This PDF is clearly symmetric between x and y. We start by finding its normali-
sation constant c:

Lol 11 11 11 ¢
3y —2x?y? Hdxdy = -2 = _ .
/O/OC(” Xyiadedy=cly 5 =23 3% 4 ) = 5

Thus, we must have that ¢ = 36.

The marginal distribution for x is given by

1
7 =36 [y =205+ )y
0
= 36(§x3 — %xz + ix)
= 18x% — 24x? 4 9x,
and the mean of x by

! 18 24 9 3
—x= [ (18x* — 24y} Ndx = _ — = .-
Ux =X /0(8x X~ + 9x7)dx 5 4-1-3 5

By symmetry, the marginal distribution and the mean for y are 18y° — 242 +9y
and g, repectively.

To calculate the correlation coefficient we also need the variances of x and y and
their covariance. The variances, obviously equal, are given by

1

a§=/ (18x% — 24x? + 9x) dx — (2)?
0

18 _24+9_ 9

6 5 ' 4 25

900 — 1440+ 675—108 9

o 300 © 1007
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The standard deviations oy and oy are therefore both equal to 3/10.

The covariance is calculated next; it is given by

Cov[X,Y] =(XY) — uxuy

—36/ / xty? —2x%y? + Xy dxdy —

36 9

5><3 4><4+3><5_25
_12_9+12_9
5 275 25
120-225+120—18 3

33
55

50 50
Finally,
Cov[X,Y -3 2
Corr[X,Y] = ovLX, ]= ;52 =_"
0x 0y 10 10 3

30.37 Two continuous random variables X and Y have a joint probability distri-
bution

f(x,y) = A* + %),

where A is a constant and 0 < x < a,0 < y < a. Show that X and Y are negatively
correlated with correlation coefficient —15/73. By sketching a rough contour map
of f(x,y) and marking off the regions of positive and negative correlation, convince
yourself that this (perhaps counter-intuitive ) result is plausible.

The calculations of the various parameters of the distribution are straightfor-
ward (see exercise 30.35). The parameter 4 is determined by the normalisation
condition:

1—/a/aA(x2+ 2dxdy = A ”’4+a4 4=
) S yIexar=a13 7 3 = 2at

The two expectation values required are given by

X]=/ / Ax(x* + y*)dx dy
o Jo
3 a a’ 5a
244 (4><1+2><3>_ 8’ (E[Y] = E[X]),
E[X?] = / / Ax*(x? + y?)dx dy
o Jo
3 ab N at \ _ 7a?
T 2a4\5x1  3x3)  15°
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Hence the variance, calculated from the general result V[X] = E[X?] — (E[X])%,
is

76 (5a\* 73
Y] = _ _ 2
VIXI= s ( 8 ) 960"

and the standard deviations are given by

73
X =9 =\ 960 ¢

To obtain the correlation coefficient we need also to calculate the following:

a a
E[XY] = / / Axy(x* + y?)dx dy
o Jo
3 a® N a® '\ 3d’
S 2a4\4x2 2x4) 8
Then the covariance, given by Cov[X,Y] = E[XY] — E[X]E[Y], is evaluated as

Cov[X,Y] = 2612— =—

Combining this last result with the standard deviations calculated above, we then
obtain

—(a?/64) 15

k)
\/960 a\/%o a

As the means of both X and Y are ga = 0.62a, the areas of the square of side
a for which X — uy and Y — uy have the same sign (i.e. regions of positive
correlation) are about (0.62)> ~ 39% and (0.38)? ~ 14% of the total area of the
square. The regions of negative correlation occupy some 47% of the square.

Corr[X, Y]

However, f(x,y) = A(x> + y?) favours the regions where one or both of x and
y are large and close to unity. Broadly speaking, this gives little weight to the
region in which both X and Y are less than their means, and so, although it is the
largest region in area, it contributes relatively little to the overall correlation. The
two (equal area) regions of negative correlation together outweigh the smaller
high probability region of positive correlation in the top right-hand corner of the
square; the overall result is a net negative correlation coefficient.
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30.39 Show that, as the number of trials n becomes large but np; = 4;, i =
1,2,...,k — 1, remains finite, the multinomial probability distribution,

n! Xt X2

.. XA
xl!xz!n-xk!pl P> Pics

Mn(x19x2n' . 'nxk) =

can be approximated by a multiple Poisson distribution with k — 1 factors:

, k=1 e—H )i
My (x1,x0,.x-1) = [ | ’

x;!
i=1 !

(Write Zf_l pi = 0 and express all terms involving subscript k in terms of n and
0, either exactly or approximately. You will need to use n! ~ n[(n — €)!] and

(1 —a/n)" = e for large n.)

(a) Verify that the terms of M, add up to unity when summed over all possible

values of the random variables xi, X2, ..., Xx_1.
(db) If k =7 and 4; =9 for all i = 1,2,...,6, estimate, using the appropriate
Gaussian approximation, the chance that at least three of xi, X3, ..., X¢ will

be 15 or greater.

The probabilities p; are not all independent, and p, = 1 — > p;, where, for
compactness and typographical clarity, we denote Zi:ll by 3. We further write
> pi as 6. In the same way, we denote >’ x; by € and can write x; =n—e.

Now, as n — oo with p; — 0, whilst the product np; remains finite and equal
to 4;, we will have that 6 — 0, nd — >.'A; and (n —€)/n — 1. Making these
replacements in the factors that contain subscript k gives

Mﬂ(xla x23 RS Xk)
n! .y

— X1 xZ... 1_5"76
il xpy(n— ey 1 P2 Pt (1=0)

n—e
N nt(n—e)! pope e (1 - no
xilxo!l - oxpl(n—e)! 712 =1 n

X1+X2+- X1 n—e
_ h X1 X2 Xkl 1— no
= 1,P1 1) Pk

xi!xp! e X n
R A Ay oot tiic)
Xl!X2!---Xk_1!
B Iﬁ e—)v,'/l%\'i
- b
pairy Xi!
ie. as n —» oo M,(x1,xs,...,x;) can be approximated by the direct product of

k — 1 separate Poisson distributions.
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(a) Since the modified expression M, (xi,Xa,...,Xx;—1) consists of this multiple
product of factors, the summation between 0 and co over any particular variable,
X; say, can be carried out separately, with the factors not involving x; treated as
constant multipliers. A typical sum is

D ek ) o
E I =Mt = 1.
Xj!
x;=0

When all the summations have been carried out,

> M1, xa, .. xie) = (D =1

all x;
(b) The Gaussian approximation to each Poisson distribution Po(9) is N(9,9), for
which the standard variable is given by

X —
Z = ?

o
Thus the probability that one of the x; will exceed 15 (after including a continuity
correction) is
145-9
3

That (any) three of them should do so has probability

Pr(x; > 15) = Pr (Z > ) —1— ®(1.833) = 1 — 0.966 = 0.0334.

6C3(0.0334) =20 x 3.726 107> = 7.5 x 107,

The probabilities that 4, 5 or 6 of the x; will exceed 15 make negligible additions
to this, which is already an approximation in any case.
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Statistics

31.1 A group of students uses a pendulum experiment to measure g, the accelera-
tion of free fall, and obtains the following values (in ms=2): 9.80, 9.84, 9.72, 9.74,
9.87, 9.77, 9.28, 9.86, 9.81, 9.79, 9.82. What would you give as the best value and
standard error for g as measured by the group?

We first note that the reading of 9.28 m s2 is so far from the others that it is
almost certainly in error and should not be used in the calculation. The mean of
the ten remaining values is 9.802 and the standard deviation of the sample about
its mean is 0.04643. After including Bessel’s correction factor, the estimate of the
population s.d. is ¢ = 0.0489, leading to a s.d. in the measured value of the mean
of 0.0489/,/10 = 0.0155. We therefore give the best value and standard error for
g as 9.80+0.02 m s—2.

31.3 The following are the values obtained by a class of 14 students when measur-
ing a physical quantity x: 53.8, 53.1, 56.9, 54.7, 58.2, 54.1, 56.4, 54.8, 57.3, 51.0,
55.1, 55.0, 54.2, 56.6.

(a) Display these results as a histogram and state what you would give as the
best value for x.

(b) Without calculation, estimate how much reliance could be placed upon your
answer to ().

(c) Databooks give the value of x as 53.6 with negligible error. Are the data
obtained by the students in conflict with this?
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204

50 55 60

mean = 55.1

Figure 31.1 Histogram of the data in exercise 31.3.

(a) The histogram in figure 31.1 shows no reading that is an obvious mistake and
there is no reason to suppose other than a Gaussian distribution. The best value
for x is the arithmetic mean of the fourteen values given, i.e. 55.1.

(b) We note that eleven values, i.e. approximately two-thirds of the fourteen
readings, lie within +2 bins of the mean. This estimates the s.d for the population
as 2.0 and gives a standard error in the mean of ~ 2.0/./14 ~ 0.6.

(c) Within the accuracy we are likely to achieve by estimating ¢ for the sample
by eye, the value of Student’s t is (55.1 — 53.6)/0.6, i.e. about 2.5. With fourteen
readings there are 13 degrees of freedom. From standard tables for the Student’s
t-test, C13(2.5) ~ 0.985. It is therefore likely at the 2 x 0.015 = 3% significance
level that the data are in conflict with the accepted value.

[ Numerical analysis of the data, rather than a visual estimate, gives the lower
value 0.51 for the standard error in the mean and implies that there is a conflict
between the data and the accepted value at the 1.0% significance level. ]

315 Measured quantities x and y are known to be connected by the formula
ax

T X4

where a and b are constants. Pairs of values obtained experimentally are

x: 20 30 40 50 60
y: 032 029 025 021 0.18.

Use these data to make best estimates of the values of y that would be obtained
for (a) x = 7.0, and (b) x = —3.5. As measured by fractional error, which estimate
is likely to be the more accurate?

y
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In order to use this limited data to best advantage when estimating a and b
graphically, the equation needs to be arranged in the linear form v = mu +c, since
a straight-line graph is much the easiest form from which to extract parameters.
The given equation can be arranged as

which is represented by a line with slope a~!' and intercept b/a when x? is used as
the independent variable and x/y as the dependent one. The required tabulation
is:

X 2.0 3.0 4.0 5.0 6.0
y 032 029 025 021 018
x? 4.0 90 160 250 360
x/y 625 1034 16.00 2381 33.33

Plotting these data as a graph for 0 < x> < 40 produces a straight line (within
normal plotting accuracy). The line has a slope

1 281-27
4= 30.0—00 =0847 = a=118.
The intercept is at x/y = 2.7, and, as this is equal to b/a, it follows that
b = 2.7 x 1.18 = 3.2. In fractional terms this is not likely to be very accurate as
b < x? for all but two of the x-values used.

(a) For x = 7.0, the estimated value of y is

1.18 x 7.0
V= 490432 = 08
(b) For x = —3.5, the estimated value of y is
1.18 x (—3.5)
= 125432 0207

Although as a graphical extrapolation estimate (b) is further removed from the
measured values, it is likely to be the more accurate because, using the fact
that y(—x) = —y(x), it is effectively obtained by (visual) interpolation amongst
measured data rather than by extrapolation from it.
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31.7 A population contains individuals of k types in equal proportions. A quantity
X has mean p; amongst individuals of type i and variance a?, which has the same
value for all types. In order to estimate the mean of X over the whole population,
two schemes are considered; each involves a total sample size of nk. In the first
the sample is drawn randomly from the whole population, whilst in the second
(stratified sampling) n individuals are randomly selected from each of the k types.

Show that in both cases the estimate has expectation

1 &
n= k Z,ui,
i=1

but that the variance of the first scheme exceeds that of the second by an amount

k
1
p2y DA — 1)
i=1

(i) For the first scheme the estimator i has expectation

nk

. 1
(W=, >
j=1
where
1 &
(x;) = f ;,ui for all j,
since the k types are in equal proportions in the population. Thus,
TR 1K
<M>=nkj=zlk;/«li=k;/«li:#

The variance of [t is given by

1

Vip] = 2K nk V[x]
_ 1 N2
=k ((x7) — )

1 (1
(1),
i=1

again since the k types are in equal proportions in the population.

Now we use the relationship o> = (x?) — 12 to replace (x?) for each type, noting
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that ¢ has the same value in each case. The expression for the variance becomes

11
vinl= lkZ(ﬂ?+02)—u2
1 k
_o— - 2
= +nk2 ;(#z W+ p)
- kzZ (i — 1) + 2u(ps — ) + 1|

o2 — kﬂz
sk kzz 40+ nk?2

_ o’ 1 )

(ii) For the second scheme the calculations are more straightforward. The expec-
tation value of the estimator fi = (nk)~ Zl ((xi) s

1 g e
<ﬁ>=nk;nuf=k;uf=u,

whilst the variance is given by

k 1 ko? o2
n2k2 Z Vi) 2k2 Zna = ok’

~«;>

since ¢? = ¢? for all i.

Comparing the results from (i) and (ii), we see that the variance of the estimator
in the first scheme is larger by

k
1
2 D=y
i=1
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31.9 Each of a series of experiments consists of a large, but unknown, number n
(> 1) of trials, in each of which the probability of success p is the same, but also
unknown. In the ith experiment, i = 1,2,..., N, the total number of successes is X;
(> 1). Determine the log-likelihood function.

Using Stirling’s approximation to In(n — x), show that
dlIn(n—x) _ 1
dn T 2(n—x)
and hence evaluate 0("Cy)/0n.

+ In(n — x),

By finding the (coupled) equations determining the ML estimators p and i, show
that, to order n=', they must satisfy the simultaneous ‘arithmetic’ and ‘geometric’
mean constraints

N A <
npzN;xi and (l—p)N=H(1—);ll).

i=1

The likelihood function for these N Bernoulli trials is given by

N

L(x;np) =[] "Cep* (1 —py™

i=1

and the corresponding log-likelihood function is

N N N
InL=>In"C,+Inp» xi+In(l—p) [Nn—Zx,l .
i=1 i=1 i=1

The binomial coefficient depends upon n and so we need to determine 0("Cy)/0n.
To do so, we first consider the derivative of n!. Stirling’s approximation to n! is

n
n! ~ \2an (n) , for large n.
e
The derivative of n" is found by setting y = n" and proceeding as follows:
dy

Iny=nlnn = 1dy=111n+n = =n"(1 +Inn).

y dn n dn
It follows that

-
= /2n [ 5
— 2mn (

\1/ (”)” \/ n"(1+1nn)— \/nn"en:|
o %wlnn]
)2
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An immediate consequence of this is

dnn) 1 dn) 1
dn  n! dn —2n+1nn.

We now return to the log-likelihood function, the first term of which is

N

N
Zln "Cy, = Z[lnn! —Inx;! —In(n —x;)!],
i=1

i=1

with, for large n, a partial derivative with respect to n of
XN: ! +Inn—0— L —In(n — x;)
— | 2n 2(n — x;) '

N
_ Z In n _ Xi
— [ n—x; 2n(n—x;) } '

We are now in a position to find the partial derivatives of the log-likelihood
function with respect to p and n and equate each of them to zero, thus yielding
the equations p and 7/ must satisfy.

Firstly, differentiating with respect to p gives

N N

op P

1< 1 &
i)§>q=Nﬁ = ﬁi)zNZx,-.

Secondly, differentiation with respect to n yields

anL) & " . )
on _; {lnn—xi _2"(Vl—xi)] + Nlin(l —p) =0.

For large n (and, consequently, large x;), the first term in the square brackets is

of zero-order in n whilst the second is of order n~!. Ignoring the second term and
recalling that In 1 = 0, the equation is equivalent to

N A N )
A=, " =1 = a-p"=TI(1-7)
i=1 ! i=1
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31.11 According to a particular theory, two dimensionless quantities X and Y
have equal values. Nine measurements of X gave values of 22, 11, 19, 19, 14, 27,
8, 24 and 18, whilst seven measured values of Y were 11, 14, 17, 14, 19, 16 and
14. Assuming that the measurements of both quantities are Gaussian distributed
with a common variance, are they consistent with the theory? An alternative theory
predicts that Y> = 12X ; are the data consistent with this proposal?

On the hypothesis that X = Y and both quantities have Gaussian distributions
with a common variance, we need to calculate the value of t given by

t_v‘v—w NiN» 12
6 N+ N, ’

where w = X| — X2, = u; — up = 0 and

A NlS%"i‘NQS% 172
Ni+N,—2

The nine measurements of X have a mean of 18.0 and a value for s> of 33.33.
The corresponding values for the seven measurements of Y are 15.0 and 5.71.
Substituting these values gives

1/2
. [9><33.33+7><5.71] 493,

94+7-2
. . 1/2
_ 180—-150—-0 /9 x7 _ 11
493 947

This variable follows a Student’s ¢-distribution for 9 + 7 — 2 = 14 degrees of
freedom. Interpolation in standard tables gives C4(1.21) ~ 0.874, showing that a
larger value of t could be expected in about 2 x (1 —0.874) = 25% of cases. Thus
no inconsistency between the data and the first theory has been established.

For the second theory we are testing Y2 against 72X ; the former will not be
Gaussian distributed and the two distributions will not have a common variance.
Thus the best we can do is to compare the difference between the two expressions,
evaluated with the mean values of X and Y, against the estimated error in that
difference.

The difference in the expressions is (15.0)> — 18.0n> = 47.3. The error in the
difference between the functions of Y and X is given approximately by
V(Y?—m*X)=QRY)PV[Y ]+ @*)V[X]

571 33.33
— 2 2\2
= (0.0 7 @ T

=1262 = o ~355.
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The difference is thus about 47.3/35.5 = 1.33 standard deviations away from
the theoretical value of 0. The distribution will not be truly Gaussian but, if it
were, this figure would have a probability of being exceeded in magnitude some
2 x (1 —0.908) = 18% of the time. Again no inconsistency between the data and
theory has been established.

31.13 The y* distribution can be used to test for correlations between character-
istics of sampled data. To illustrate this consider the following problem.

During an investigation into possible links between mathematics and classical mu-
sic, pupils at a school were asked whether they had preferences (a) between mathe-
matics and english, and (b) between classical and pop music. The results are given
below.

Classical None Pop

Mathematics 23 13 14
None 17 17 36
English 30 10 40

By computing tables of expected numbers, based on the assumption that no corre-
lations exist, and calculating the relevant values of x>, determine whether there is
any evidence for

(a) a link between academic and musical tastes, and
(b) a claim that pupils either had preferences in both areas or had no preference.

You will need to consider the appropriate value for the number of degrees of
freedom to use when applying the x> test.

We first note that there were 200 pupils taking part in the survey. Denoting no
academic preference between mathematics and english by NA and no musical
preference by NM, we draw up an enhanced table of the actual numbers mxy of
preferences for the various combinations that also shows the overall probabilities
px and py of the three choices in each selection.

C NM P Total DX

M 23 13 14 50 0.25
NA 17 17 36 70 035
E 30 10 40 80 0.40

Total 70 40 90 200
PY 035 020 045

(a) If we now assume the (null) hypothesis that there are no correlations in the
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data and that any apparent correlations are the result of statistical fluctuations,
then the expected number of pupils opting for the combination X and Y is
nxy = 200 X px X py. A table of nxy is as follows:

C NM P Total
M 17.5 10 225 50
NA 24.5 14 315 70
E 28 16 36 80
Total 70 40 90 200

Taking the standard deviation as the square root of the expected number of votes
for each particular combination, the value of y> is given by

2
2 mi—mi -
x E ( i ) 12.3.

all XY combinations

For an n x n correlation table (here n = 3), the (n — 1) x (n — 1) block of entries
in the upper left-hand can be filled in arbitrarily. But, as the totals for each row
and column are predetermined, the remaining 2n — 1 entries are not arbitrary.
Thus the number of degrees of freedom (d.o.f.) for such a table is (n — 1), here
4 d.o.f. From tables, a 3> of 12.3 for 4 d.o.f. makes the assumed hypothesis less
than 2% likely, and so it is almost certain that a correlation between academic
and musical tastes does exist.

(b) To investigate a claim that pupils either had preferences in both areas or
had no preference, we must combine expressed preferences for classical or pop
into one set labelled PM meaning ‘expressed a musical preference’; similarly for
academic subjects. The correlation table is now a 2 x 2 one and will have only
one degree of freedom. The actual and expected (nxy = 200pxpy) data tables are

PM NM Total Px
PA 107 23 130 0.65
NA 53 17 70 0.35
Total 160 40 200
PY 0.80 0.20

PM NM Total
PA 104 26 130
NA 56 14 70
Total 160 40 200

The value of ¥ is

s (537 03P )P (3
= o4 Toe T s T oqa 12

This is close to the expected value (1) of 4> for 1 d.o.f. and is neither too big nor
too small. Thus there is no evidence for the claim (or for any tampering with the
data!).
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31.15 A particle detector consisting of a shielded scintillator is being tested by
placing it near a particle source whose intensity can be controlled by the use of
absorbers. It might register counts even in the absence of particles from the source
because of the cosmic ray background.

The number of counts n registered in a fixed time interval as a function of the
source strength s is given as:

source strengths: 0 1 2 3 4 5 6
counts n: 6 11 20 42 44 62 61

At any given source strength, the number of counts is expected to be Poisson
distributed with mean

n=a-+ bs,

where a and b are constants. Analyse the data for a fit to this relationship and
obtain the best values for a and b together with their standard errors.

(a) How well is the cosmic ray background determined?

(b) What is the value of the correlation coefficient between a and b? Is this con-
sistent with what would happen if the cosmic ray background were imagined
to be negligible?

(c) Do the data fit the expected relationship well? Is there any evidence that the
reported data ‘are too good a fit’?

Because in this exercise the independent variable s takes only consecutive integer
values, we will use it as a label i and denote the number of counts corresponding
to s =i by n;. As the data are expected to be Poisson distributed, the best estimate
of the variance of each reading is equal to the best estimate of the reading itself,
namely the actual measured value. Thus each reading n; has an error of Jhis and
the covariance matrix N takes the form N = diag(ng,ny, ... ,ns), 1.€. it is diagonal,
but not a multiple of the unit matrix.

The expression for 2 is

6 n—a—bi\’
x2<a,b>=2(’ m ) (*).

i=0

Minimisation with respect to a and b gives the simultaneous equations
6 .
0y n; —a— bi
0= =-2 ,
Jda ; n;

b 6 . PR,
0:0)( :_2Zl(nl a bz).
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As is shown more generally in textbooks on numerical computing (e.g. William H.
Press et al., Numerical Recipes in C, 2nd edn (Cambridge: Cambridge University
Press, 1996), Sect. 15.2), these equations are most conveniently solved by defining

the quantities
6

1 .
D, 8,

i=0 ' i=0 i=0

6

n;
>
n

1

S

I

(-

S o~
[

i2

6 .
S = , Sy = Z lnAl, A=S8S — (Sx)2~

i=0

M-

Il
S

n;
1

With these definitions (which correspond to the quantities calculated and accessi-
bly stored in most calculators programmed to perform least-squares fitting), the
solutions for the best estimators of a and b are

SxxSy — SxSyy

a= A ,
~ S8 —S.S
b= Xy xRy
A b
with variances and covariance given by
Sex S Sy
632 A ang, Cov(a,b)z—A.

The computed values of these quantities are: S = 0.38664; S, = 0.53225; §, = 7;
Sex = 1.86221; S, = 21; A = 0.43671.

From these values, the best estimates of 4, b and the variances 02 and a,% are
a=42552, h=10061, o¢>=4264, op=0.8853.
The covariance is Cov(a,b) = —1.2187, giving estimates for a and b of
a=43+21 and b =10.06 + 0.94,

with a correlation coefficient r,, = —0.63.

(a) The cosmic ray background must be present, since n(0) # 0, but its value of
about 4 is uncertain to within a factor of 2.

(b) The correlation between a and b is negative and quite strong. This is as
expected since, if the cosmic ray background represented by a were reduced
towards zero, then b would have to be increased to compensate when fitting to
the measured data for non-zero source strengths.

(c) A measure of the goodness-of-fit is the value of %> achieved using the best-fit
values for a and b. Direct resubstitution of the values found into (*) gives x> = 4.9.
If the weight of a particular reading is taken as the square root of the predicted
(rather than the measured) value, then »? rises slightly to 5.1. In either case the
result is almost exactly that ‘expected’ for 5 d.o.f. — neither too good nor too bad.
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There are five degrees of freedom because there are seven data points and two
parameters have been chosen to give a best fit.

31.17 The following are the values and standard errors of a physical quantity f(0)
measured at various values of 0 (in which there is negligible error):

0 0 /6 n/4 n/3
1(0) 3.724+0.2 198 +01 —-006+0.1 —2.05+0.1

0 /2 2n/3 3n/4 T
f(® —283+02 115401 399402 9.71 + 0.4

Theory suggests that f should be of the form a; + a, cos 0 + a3 cos 20. Show that
the normal equations for the coefficients a; are

481.3a; + 158.4a; — 43.8a3 = 284.7,
158.4a; + 218.8a, + 62.1a3 = —31.1,
—43.8a; + 62.1a, + 131.3a3 = 368.4.

(a) If you have matrix inversion routines available on a computer, determine the
best values and variances for the coefficients a; and the correlation between
the coefficients ay and a;.

(b) If you have only a calculator available, solve for the values using a Gauss—
Seidel iteration and start from the approximate solution a; = 2, ay = —2,
az = 4.

Assume that the measured data have uncorrelated errors. The quoted errors are
not all equal and so the covariance matrix N, whilst being diagonal, will not be
a multiple of the unit matrix; it will be

N = diag(0.04,0.01,0.01,0.01,0.04,0.01,0.04, 0.16).

Using as base functions the three functions h;(0) = 1, hy(0) = cos 6 and h3(0) =
cos 20, we calculate the elements of the 8 x 3 response matrix R;; = h;(0;). To
save space we display its 3 x 8 transpose:

1 1 1 1 1 1 1 1
RT=1| 1 0866 0707 0500 0 —0.500 —0.707 —1
1 0.500 0 —0.500 —1 —0.500 0 1

Then

25 100 100 100 25 100 25 625
RIN-!= [ 25 866 70.7 50 0 —50 —17.7 —6.25
25 50.0 0 —500 —25 —50 0 625
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and

1 1 1
1 0.866 0.500
1 0.707 0
1 0.500 —0.500

Tn—1lp — pTn—I

R'N~"R=R'N | 0 1
1 —0.500 —0.500
1 —-0.707 0
1 —1 1

481.25 158.35 —43.75
= 15835 21876 62.05
—43.75 6205 131.25

From the measured values,
f=(3.72, 1.98, —0.06, —2.05, —2.83, 1.15, 3.99, 9.71)T,
we need to calculate RTN~!f, which is given by

3.72
1.98

25 100 100 100 25 100 25 6.25 :(2)32

25 86.6 707 50 0 —50 —177 —6.25 ,

25 500 0 —50 —25 —50 0 625 _ffg

3.99
9.71

ie. (284.7, —31.08, 368.44)T.

The vector of LS estimators of a; satisfies R'TN"'Ra = RTN~!{. Substituting the
forms calculated above into the two sides of the equality gives the set of equations
stated in the question.

(a) Machine (or manual!) inversion gives

3362 —3.177 2.623
RIN'Ry T =107 | —3.177 8282 —4975 |.
2623 —4.975 10.845

From this (covariance matrix) we can calculate the standard errors on the a; from
the square roots of the terms on the leading diagonal as +0.058, +0.091 and
40.104. We can further calculate the correlation coefficient r1; between a; and a,
as

—3.177 x 1073

= 0058 x 0.091 — 60

F12
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The best values for the a; are given by the result of multiplying the col-
umn matrix (284.7, —31.08, 368.44)T by the above inverted matrix. This yields
(2.022, —2.944, 4.897)T to give the best estimates of the a; as

a; =2.024+0.06, a=-299+0.09, a3=4.90+0.10.

(b) Denote the given set of equations by Aa = b and start by dividing each
equation by the quantity needed to make the diagonal elements of A each equal
to unity; this produces Ca = d. Then, writing C = | — F yields the basis of the
iteration scheme,

a,+1 = Fa, +d.

We use only the simplest form of Gauss—Seidel iteration (with no separation into
upper and lower diagonal matrices).

The explicit form of Ca =d is

1 0.3290 —0.0909 a 0.5916
0.7239 1 0.2836 a, | = | —0.1421
—0.3333 0.4728 1 as 2.8072
and
0 —0.3290  0.0909
F=1] —0.7239 0 —0.2836
0.3333 —0.4728 0
Starting with the approximate solution a; = 2, a = —2, a3 = 4 gives as the result

of the first ten iterations

ap [75) as
2.000 —2.000 4.000
1.613 —2.724 4.419
1.890 —2.563 4.633
1.856 —2.824 4.649
1.943 —2.804 4.761
1.947 —2.899 4.781
1.980 —2.907 4.827
1.987 —2.944 4.842
2.000 —2.953 43861
2.005 —2.969 43870
2011 —2975 4879

This final set of values is in close agreement with that obtained by direct inversion;
in fact, after eighteen iterations the values agree exactly to three significant figures.
Of course, using this method makes it difficult to estimate the errors in the derived
values.
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31.19 The F-distribution h(F) for the ratio F of the variances of two samples of
sizes Ny and N, drawn from populations with a common variance is

n m/2 pm=2)/2 1+n1F —(n1+n2)/2
w) B Ut ’

where, to save space, we have written Ny — 1 as ny and N, — 1 as n,.

Verify that the F-distribution P(F) is symmetric between the two data samples, i.e.
that it retains the same form but with Ny and N, interchanged, if F is replaced by
F' = F~'. Symbolically, if P'(F’) is the distribution of F' and P(F) = n(F, Ny, N»),
then P'(F') = n(F', Ny, Ny).

We first write F~! = F’ with |dF| = |dF’|/F'* and rewrite h(F) as

n ni/2 (F/)—(111—2)/2 - n —(n1+n2)/2
) By UTwr

2 bl
_ (nl>"1/2 (F/)f(mf2)/2 (F’)("1+nz)/2 (nz)(111+'lz)/2 (F/ 1 N 1) —(ny+mp)/2
1 B(","%) n n
1, \ /2 (Fym+2)/2 n, I\ Tt 2
=<2> (B)"l i <1+ : > '
m (5.7) m
Further,
1y \ 272 (Fm+2)/2 n, 1\ ~mtm)/2
h(F)|dF| = <n?> (B ()711 ﬂz) <1 + 21 > F/2 ‘dF/‘
222
n ny/2 FYm=2)/2 n F' —(nm+n2)/2
- ( 2) ( )nz N (1 + ) |dF'|.
m B(%.%) n

In the last step we have made use of the symmetry of the beta function B(x,y)
with respect to its arguments. To express the final result in the usual F-distribution
form, we need to restore n; to Ny — 1 and n; to N, — 1, but the symmetry between
the data samples has already been demonstrated.
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